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ABSTRACT. We present stability and convergence analysis of the fractional step ©-
scheme for the Navier-Stokes equations coupled with the of the finite element approx-
imations. The solutions of the underlying Stokes and Burgers problem are described
in detail. The asymptotic solution obtained by the numerical stabilization is com-
pared with the analytical solution of the Lid-driven cavity problem.

INTRODUCTION

We present stability analysis of the nonstationary Navier-Stokes equations fully
discretized by the finite element method and fractional step ®-scheme.

The main advantage of this approach, developed by R.Glowinski in [G II], con-
sists in the separation of the two underlying problems: solution of the nonlinear
parabolic equation and the imposed incompressibility constrain. The method con-
sists in the subsequent solution of the Generalized Stokes problem (linear parabolic
equation with the incompressibility condition), of the solution of the Regularized
Burgers problem (nonlinear parabolic equation), and, of the correction of the in-
compressibility condition by solving again the Generalized Stokes problem.

For the sake of completeness we have included a detailed description of the numer-
ical solution of these two underlying problems. The central idea behind the use
of the conjugate gradient (CG) solution of the Stokes and Burgers problems is to
reduce the update procedure to the solution of the Poisson equation. The imple-
mentation can be highly optimized since we deal with just one type of the linear
system. On the other hand the use of the CG method to solve the Regularized
Burgers problem limits the range of the characteristic scales of the numerical flow.

The paper contains also example comparing the numerical assymptotic solution
with the analytical solution of the simple Lid-driven cavity flow. The cavity compu-
tations suggest that the method works up to Re = 3000 (with the Taylor-Hood ve-
locity /pressure approximation). We observed production of a considerable amount
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2 PETR KLOUCEK AND FRANZ S. RYS

of oscillations in the kinetic energy prohibiting the convergence of the CG method
for the Regularized Burgers problem above this range.

The paper is organized as follows:
— In section 1 we recall the known theoretical results about the Navier-Stokes
equations.
— In Section 2 we describe the Fractional step ©-time stepping scheme. We

also describe the solution of the corresponding Generalized Stokes and Reg-
ularized Burgers problems.

— In Section 3 we recall the results about the conforming and nonconforming
finite element approximations of the Navier-Stokes equations .

— Section 4 contains the proof of the stability of the fractional step ©-scheme
and the convergence of the finite element approximations.

— In Section 5 we recall the analytically solvable Lid-driven cavity problem to
discuss some of the properties of the method.

The derivation of the stability conditions leading to the proof of the Theorem is
rather long. The reason is that we cannot use all of the properties of the nonlinear
term because of the form of the scheme.

1. NAVIER-STOKES EQUATIONS

The flow of a viscous incompressible fluid is frequently described by the following
initial-boundary value problem:

Gy —v AT+ (@V)i+Vp=f, inQx(0,T),
V.i=0, inQx(0,T),
% =g, ond,
u(0) = dp, in Q,

(NS)

where @ = i(z,t),p = p(z,t) are the unknown velocity and pressure, respectively,
and  is a bounded region in R",n = 2,3, with a sufficiently regular boundary 0.
Given data of the initial-boundary value problem are the viscosity, v, the volume
force, f = f(a:,t), the boundary velocity, § = §(z,t), and the initial velocity,
iip = tp(z). The density of the fluid is normalized. We assume that [, §.7dz = 0,
7 being the unit outward normal on 992.

Functional setting. The following subsets of the space [H1(Q)]™ will be fre-
quently used

Hy(Q) = {5 € [H Q)" | 7], = 7,
Vo(®) = {7 e (Y Q)" | V.5 =03, =3}

We also use the spaces Ho(f2) and V4(2), which are defined as above, provided the
functions have zero trace on the boundary 9. Sometimes we refer to these spaces
as either H or V. Also, [H}(£2)]™ is endowed with the product structure and conse-
quently the spaces H,V are equipped with a scalar product and the Hilbert norm
given by ((4,79)) = Y1 [o Vui.Vo;dz and by |d]| = V/((%, 1)), respectively. All
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the considered spaces are Hilbert spaces for this norm. Consequently, the [L2(Q)]"
scalar product and the corresponding norm are given by (i,%) = S5, Jq wivi dz

and by |4]| = \/(ﬁ, ). For the usual Bochner spaces of the time dependent functions
with values in some Banach space X we use the notation:

T
LP(0,T;X)={u|vw:(0,T) — X, measurable;/ lu(T)||% dr < 40},
0

with the standard modification for p = co. Moreover, we denote
b(i, v, w) = ((2.V)7, D).
The form b(.,.,.) is defined and trilinear continuous on [H(Q)]" x [H1(Q)]* x
[H(Q)]".
In this notation we define the weak solution of the problem (NS) as follows:

Definition. Given @ € V; and f € L*(0, +oo; [L*(Q)]™) the weak solution of the
initial boundary value the problem (NS), defined on some interval [0,T], T > 0, is
a function u such that

ue LOO(O’Tv Vg)a

(WNS) (ﬁt7¢) + V((ﬁ’ 95)) + b(ﬁ7 ﬁv (ﬁ) = (fv 95)7 \VI()Z € VOa
(0) = o.

We note that there exists unique weak solution to the problem (WNS) on some

time interval [0,T]. Moreover, it is known that there exists unique strong solution
u € L®(0,T; V)N L*(0,T; Von[H2(Q)]™), us € L*(0,T;[L*()]™), for all T > 0, in
two space dimensions, which is uniformly bounded in the H! norm, i.e. ||@(t)| <
C < 400, where C = C’(V,[j,f,Q). In addition, the corresponding pressure p
satisfying (NS) is in L2(0,T; H*(Q)). Under somewhat stronger assumptions @ €
[H2(Q)]" and f; € L2(0,+00;[L3(Q)]") we have & € L(0,T;[HY{(Q)]), u; €
L=(0,T; [LA(Q)]™) n L¥(0,T; [HY{(Q)]™) and p € L*=(0,T; HY(Q)).
In the case of the three space dimensions the strong solution is known to exist
and to be unique on some interval [0,T}], where Ty = C/(1 + ||@||*)?. The weak
solution, which exists for all T' > 0, coincides with the strong solution at least on
the interval [0, 73] but its uniqueness is not proved. These results can be found e.g.
in Heywood[H], Ladyzhenskaya[L], Temam[T I].

To avoid the difficulties of the discretization of the divergence-free space V it is
convenient to work with the following formulation (in the form of the saddle point
problem) which is equivalent to (WNS) for sufficiently regular functions:

Find {&,p} € L*°(0,T; H,) x L*() such that
(ﬁtﬂ 93) + V((ﬁa SB)) + b(ﬁv ﬁv 93) - (p’ Vcﬁ) = (.f; 93)7 V‘ﬁ € 1107
(SNS) (V.ii,q) =0, Vge 12(Q),
i(0) = p.

The pressure p is unique in L2(£2)/R in both definitions (WNS) and (SNS) .



4 PETR KLOUCEK AND FRANZ S. RYS

2. FRACTIONAL STEP METHOD AND NAVIER-STOKES EQUATIONS

Fractional step (or splitting up) methods can be applied to the Navier-Stokes
equations in many different ways. We will use the version advocated in R.Rannacher
[R], where some more details and comparisons with other time stepping schemes
(Euler, Crank—Nicolson, etc.) can be found.

In order to treat the main difficulties of the problem, the incompressibility and
the nonlinearity, separately, we define Generalized Stokes problem and Regular-
ized Burgers problem by splitting up the sum v((@, @)) + b(#, @, @) into two parts,
av((i,P)) and (1-a)v((T,$))+b(i, @, @), considered on the space V and the space
H | respectively.

Denoting 4™ = 4(z,t,), = flaz,t n), simple version of the fractional step method
applied to the Navier—Stokes equations reads:

Generalized Stokes problem Find {@"t3,p"t7} € {H, x L*(Q)} such that
(ﬁ"+2,99)+a1/(( "5, @) - (071, V.9) =
1 - —n —n - rmo =
(FRN81) E(u 795) - (1 - a)l/(({[n) ‘P)) - b(u s U ,(P) + (f )(10)7 v‘P € HO,

1
(V.@"2,q) =0, VqeL*Q).
Regularized Burgers problem. Find @"*! € H, such that

At(”"“#ﬁ)ﬂl — (@, @) + b(a™t, @, @) =
(FRNS2)
7 (@ *3,0) — an((@F, @) + (" E,V.9) + (S5, 9), V@ e H,.

2.1 Fractional step O-scheme for the Navier-Stokes equations.
Further refinement of the splitting up approach consists in introduction of further
correction of the solution with respect to the incompressibility condition.

We divide the time interval [t,,t,4+1] of the length At into the three subintervals
[tn,tnt0)s [tntrestnt(1-0)) and [tay(1-0), tnt1] Of the lengths OAL, (1-20)At and
OALt, respectively. Using this partition, we obtain @"*! from @™ by first solving
(FRNS1) for @*+© then by solving (FRNS2) for @*t(1=®) with @™t replaced by
#@"*® and finally by solving (FRNS1) for @**! with 4™ replaced by @"+(1=©).

Different implementation of this method can be found in Glowinski [G II].

Let O, =120 and § = 1 — a. Assuming O € (0, %) and a € (0,1), the scheme
in the saddle point formulation reads:

First step. Find {¢"t®,p"t®} € H, x L*(Q) such that

@At(ﬁn+®7 95) + al/((ﬁn-l-e) 9_9‘)) - (pn+0’ V(ﬁ) =
1 —n = —n = ~11 i 3 no - -
@—A—t(u L @) — Bu((@", @) - b(@", @, @)+ (f*,@), V@e H,

(V. ¢) =0, Vqe L}Q).
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Second step. Find @"+(1=©) ¢ [, such that

e At< 700, 5) 4 Bu((TH179), §)) 4 Y(amHI-0), gH(-0) ) =

N N @) — av((@™°,9)) + (p™°,V.9) + (f*, @), Vge H,.

Third step. Find {g"*!,p"*1} € H, x L2(Q) such that

1

S (TP + ar(@H,9) - (", V.9) = 5 (I0-0) )

—ﬁv((a"“l ©),@)) - b 1), 0-0) ) (f”“ #), Ve,
(V.itt,q) =0, VgeI*Q).
On each time level we have to solve two saddle point problems and one nonlinear
Dirichlet problem.

2.2 Solution of the Stokes problem.

The first and the third step can be solved by the modified version of the conjugate
gradient algorithm (c.f. R.Glowinski [G I], Chp. VII, §5.8.7.3.4). This method
appears to be quite robust and efficient.

Consider W C L%*(Q) defined by W = {q € L*(2) | [, ¢(z)dz = 0}. The solution
method is based on the following Proposition, proved in Crouzeix [C].

Proposition. Let operator A : L2(Q) — L*(Q) be defined by

Aq = V.7,
where, for ¢ € L*(R), the function ¢ € Hy is the solution of the equation
(2.2.1) By —v AT =—-Vgq, in Q.

For 8 > 0 and v > 0 the operator A is W—elliptic, self-adjoint and automorphic
from W toW. 0O

We apply the Proposition in the following way. Let {@,p} € Hy x L*(Q) be the
weak solution of the following Stokes problem

aﬁ—uAﬁ+Vp:f, in Q,

(2.2.2) V.i=0, inQ,
i=g, ondf,

and let @y € H, be the weak solution of the Dirichlet problem

Bty — v Ny = f, inQ,

2.2.3
( ) g = g, on Ofd.
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Existence of the strong solutions (i.e. solutions in H%(Q) x H(Q) and H?(Q),
respectively) in both cases justifies the subtraction of (2.2.2) and (2.2.3) and we

obtain L.
a(t —ty)— v A (i—1d)=-Vp, inQ,

4 — iy € Hy.
Applying the above Proposition and the incompressibility condition, it follows that
the pressure is given by the unique solution in L?(2)/R of the equation
(SP) Ap = —v.’l_l:().

2.3 Conjugate gradient solution of the problem (SP). For arbitrary p° €
L*()) and @° being the solution of (2.2.3) we set 2° = V.i® and w° = 2°. Then,
for n > 0, we compute p™t1, 2"+l "+ from p”, 2", w" as follows.

First step (Descent).

n

2™ wn
PR G e

- (Awm,w?)’

Second step (New descent direction).

zn+1 — " _ pnAwn,
il
Tn = |Z”|2 )

wn-l-l — Zn-l—l + ’ann-

Since the operator A is defined through the solution of (2.2.1), we use the following
implementation of the algorithm (2.3).

Initialization. Let p° € H(Q) be arbitrary. Find @° € H, such that
A2, @) + (@, @) = (f, @) — (V1" 9), V@e Ho.
Find 2° € H(Q) such that
(2°,¢) = (V.i%,9), Vo el (Q)
0_,0

w =2z .

Then, for n > 0, we compute p"t1, 2"+ w™t! from p”, 2", w" as follows.
First step (Descent). Find ¥ € Hj such that

X", @) + v((X" @) = —(Vu™,@), Vg e H.
Find 9 € H}(Q) such that
(0", ¢) = (V.X",¢), V¢e HY(Q),
(znvwn)
=27 d
pn (19"’ wn)’ a‘n
ptt = pt — paw.
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Second step (New descent direction). Find 2"*! € H1(Q) such that

(2", ¢0) = (0", ¢), Vée HY(Q),

sl
771 = 2
27|
wn+1 — Zn+1 +')’nwn

Stop condition: p,||w™|| < e < 1.

Remark 1. The above version differs through the introduction of ¥ € H'(Q) from
the version described in Glowinski [GI]. O

Remark 2. Corresponding velocity is computed by Initialization step with p°
replaced by p™*!. The Initialization step for the first and the third step of the
©O-scheme reads:

Find @° € H, such that

S (T8 +an(i®,8) = xr(T™,6) — (™, §)

—b(@™, @™, @) + (f™, @) + (™, V.¢), Ve Hy, m=n, orn+0.

For m = n+ 0, fm = f"+1. We use the pressure from the preceding time level as
the starting value instead of an arbitrary choice of p°. 0O

2.4 Solution of the Regularized Burgers problem. We use the conjugate
gradient method to minimize the cost functional J arising from the least square
formulation.

The second step of the ©-method consists, in general, in solving the following
problem. Find 4 € H, such that

-y NG+ (ZV)i=f, inQ, ay,ay>0.

We reformulate this problem to find the minimum of the quadratic functional J.

Let £ = 5(15) € Hj be the solution of the state equation with @ € Hg:

a1(€,¢) + aa((€,6) =
01 (15, §) + aa((, @) + (5,5, 8) - (f,@), V& e Ho.
We define the functional J : H; — R by
o Q1 a2 Q2 m0
Now, the problem in the least square formulation reads: I'ind % € H, such that

(BP) J(@) < J(@), Ve H,
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2.5 Conjugate gradient minimization.

We solve the problem (BP) using the well-known Polack-Ribier strategy in im-
plementing the conjugate gradient method to minimize the cost functional.

Initialization. Let @® € H, is arbitrary. Find §° € Hy such that

(5%, @) + a2((3°,9) =< J'(@°),¢ >, Ve H,,

—0:g

Here, < .,. > is the duality pairing between Hy and Hj. We have for the right-hand
side

< (@), >= a1 (€, @) + a2((€,9)) + (F.V)T,€) + (.V), ).

Then, for n > 0, we compute @+, gnt1, 7741 from 4™, §°, 7™ as follows.
First step (Line minimization). Find A" € R such that

J(@ — A"F") < J(@" - A7), VAER,

Attt = " — A",

Second step (New descent direction). Find §**! € Hy such that

a(§™,6) + as(§,9) =< J(@1), 6>, V€ Ho.
Set (Polack-Ribier strategy)

al(-'n+1 g‘n+1 *n)+az((~n+l n+1l __ g*n))

Ynt1 = , and
" ay |7 + ez 1§71
5n+1:§n+1+7n+1?1'

Stop condition: J(@"t!) <e < 1.

In order to implement this method for the solution of the Regularized Burgers step
in the O-scheme we have to modify the state equation. Now, £ € Hj is the solution
of the following problem:

6. i 6D+ PUEP) = oy (59)+ B(0,9) + 1(5,5.,9)

(@"°, @) + Br((@°, @) — (»"*°,V.9) - ([,@), V@e H,.

@At

We set "t(1-0) = g if J(i") < e < 1.
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3. SPATIAL APPROXIMATION OF THE SOLUTION

The squeezing property of the solution of (WNS) indicates that the flow is essen-
tially characterized by a finite number of parameters. Taking into account that also
the number of determinig modes is finite (c.f. P.Constantin et al. [CFT]), there
is some theoretical justification to the use of the Galerkin approximation of the
Navier-Stokes equations in the spaces Hy, and V},, with dimHp=dimV}, = nN(h).

When the solution of (WNS) converge to a permanent regime this approach does
not always leads to acceptable results. Permanent regime is usually characterized
by the presence of the small scale structures which are difficult to capture by the
Galerkin approximation.

The existence of some kind of attracting sets for the solution of the Navier—Stokes
equations may lead to the construction of a nonlinear system for the functions
representing different modes (scales) of the solution. Capturing the interactions of
the different modes can help to deal with difficult flows.

Yet, the Galerkin approximation remains the most reliable approximation method
so far, as it is neither clear which modes determine the qualitative properties of
the solution (e.g. the time of the transition to turbulence) nor it is established in
general how to determine them.

3.1 Mixed finite element approximation.

The choice of finite element spaces is basically driven by the approximation
of the Generalized Stokes problem. Let Hp(2) and L%(Q), with dimHp(Q) =
nN(h), dimL(Q) = M(h), are the finite element approximations of the spaces
[HY(Q)]", L*(Q), where h is parameter of the mesh size. We define Hyn, Vyn, Hop,
Vor by

Hgn(Q) = {th € Hi(Q) | 9|, = 7},
Vgh(Q) = {6’1 € Hlll(Q) ‘ (V'ﬁha Q) = O7V(Ih € Li(Q)vﬁh!aQ = g}v
Von(Q) = {@ € HA(Q) | (V.3n,q) = 0,Van € L}(R), 5], = 0},

and Hgp = Hh(Q) N [H(}(Q)]n

Replacing the spaces V, H, L? by their finite dimensional equivalents in (WNS) and
(SNS) we obtain the Galerkin approximations i@ € L*°(0,T;Vyn) and {in,pr} €
L>®(0,T; Hgpn) X Lp() of the weak solution of (WNS) and (SNS).

3.2 Properties of the approximate spaces. Let {Qr}x be a family of quadri-
laterals so that Q = Ugeq, @- We set h(Q) = length of the longest diagonal of @,
and h = maxgeq, h(Q). We suppose

h
(A) W <B, VQn.

The decompositions @, are assumed to be “face to face”.
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Finite element spaces approximating the “velocity space” [H'(2)]" and the “pres-
sure space” L2?(Q) have, in general, the forms

Hu(Q) = {5 € [LX(Q)]" | 5|, € [P@Q)]I",VQ € Qu},
Li(®) = {Gn € [L*(Q]" | G| , € [RQ)]",VQ € Qu},

where P(Q) and R(Q) are spaces of polynomials, the maximum degree of which is
bounded uniformly with respects to @ € Qj and h. We refer to the approximation
H}, as conforming (and we denote this space H}) if the polynomial space P(Q) is
such that Hy C [H'(9)]" and nonconforming otherwise. Moreover, we assume:

(B) Bach # € Hu(®) satisfies (7], ~ |, )45 = 0,7 = QNQ',Q,Q’ € Qy and
fp 77h]QdS =0,I=00NnQ,Q € Qp.

|

(C) For each 7 € [H}(Q)]" N [H(Q)]" and ¢ € H'(Q) there exist approxima-
tions o € Hp(Q) and mhg € Lip(Q) so that ||[Vi(7 — I,9)|| < Ch||5]|, and
lg — 7Th<1|L2(Q)/m < Ch ||‘IHL2(Q)/1R'

The “discrete gradient” V, is understood in the piecewise sense with respect to the
decomposition of Q.

To ensure that the discrete pressure py(t) € Lx(£2) depends continuously on the dis-
crete velocity 4 € Vgn(Q) uniformly in h, we assume classical “inf-sup” condition
for the mixed finite element methods (Babuska-Brezzi-Ladyzhenskaya condition):

For every gi € Ly(R2), there exists a nontrivial function ¢, € V() such that

Vi-Oh,
- s ( f¢h qn) >
a4 €LA(Q) ¢ eV,n () ||Bnll. |gn]

(D)

4. STABILITY AND CONVERGENCE OF THE FRACTIONAL STEP ©®-SCHEME

The proof of the stability and convergence of the scheme follow the framework
developed in [T III]. The difficulty in obtaing the a priory estimates lies in the
presence of the trilinear form on the right-hand side of the Stokes steps.

Technical preliminaries. We assume that the gradient operator has an extension
Vi on the algebraic sum [H]™ + Hy, so that V = Vj, on [H}]™ and ((.,.))r =
(Vhey Vi)r2 gives the norm on Hj. This extension Vj, of V is understood in the
nonconforming case in the piecewise sense with respect to the decomposition @
of Q. Thus for ¢ € [H3|™ + Hj, the term V¢ is the L?-function over  which

coincides WitthbIQ, YQ € Q.

Since the spaces Hy, V}, are finite dimensional they can be equipped with equivalent
norms induced by [L2(Q)]™ and [H}(£2)]". Moreover the condition (A) ensures that
this equivalence can be written in the form:

(4.1) D1 lun| < [lunlly, € D2h™" Jun].
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The constant D, depends on the degree of polynomial approximation. In the fol-
lowing we will assume that D; = D, = 1.

For each iy, Un, Wy € Hy, we define

Lol 1 . - . -
(4.2) br(tin, Un, Wh) = 2 (((uh V)0, Wr) — ((@n - Vi) Ws, vh)>~
It holds
(4.3) br(in, Oy Bn) = 0, Vin, oy € Hp.

There exists a function S(h) so that
(4.4) br (iR, Try Wh)| < S(R) |GR| ||Ukll), [Dal

and S(h) = D3h™!, in the conforming case, and S(h) = D3h~(1%9)in the non-

conforming case, in 2D, and $(h) = D4h™2 in 3D, where € > 0, D3 > 0 and
Dy > 0.

We assume homogeneous boundary conditions in what follows. To approximate the
initial condition we project @y to Vop by finding ugn € Vpp such that

(4.5) ((Zon, @n))n = (o, Br))n,  V@h € Von.

From now on we consider the following fully discrete problems (m =n + (1 — 0)).

Find 4} + € Von such that

1 i - —n =
o Un O, Bn) + av((@°, n))n =
(4.6)
1 —n - —n = =N —n moo= -
@At(uh’wh) :BV((uh7 (Ph))h - bh(uh’ Up, ‘Ph) + (f P ‘Ph)a V(Ph € ‘/Oh-

Find 4}' € Hop, such that
(4.7)

]' Jm = o2 —m ~Sm =
m(uh y@n) + Br((A7, @r))n + br(dy, iy, Gr) =

G‘) At )(Ioh) - aV((un+O’ @h)) + (p o V (Ph) + (f (Ph) V(ﬁh € HOh-

Find 4 “"+1 € Vop, such that
(4.8)
—n+1

@At(uh L&)+ av((@Y, @n))n =

1 —“m = —m = —“m -m = m = -
@At(uh ’(Ph) ﬂy((uh 799h))h - bh(uh 7UZ 7‘Ph) + (f +1799h)7 V(Ph € V0h~
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We define ™ = —Al— fn '~ f(t)dt and the pressure prt® € L2(Q)/R we define by

n+0 ~n+@

1 n n
(B0, Vi) = g (BiF® = TR, @) + an(T50, @)t

4.9
o Bu((@f, @n))n + bn(iR, Th, En) — (" @n)s  Vn € Hon.
Next, we define the following three families of functions 1723& :[0,T] — Vi (resp.
Hy, for i = 3)

Tone(t) = T,
(4.10) Bndlt) = 7,

3 -.n—{— 1-0
ﬁ(h )At(t) (-9,

fae(t) =
forn=1,2,..,N,N-At=T.

Correspondingly, we use the functions Wx a¢ : [0,T] — Vp:

t € [nAt, (n+ 1)At),

1
(4.11) B at(t) = @5 + E(t DA =R, te[nAt (n+1)AL).

The functions defined above in (4.10,12) satisfy

(f) (0 B) + (T + 50, @)+ (T, (1), G =

(412) o 000~ 200, B) — BT (0, D) — V(T 0, (), D)~

bhwﬁf’mm TN (8), @h) — bR(Tn (1), T (1), B1) + (S + [, Bn),
for all @ € Vo, t € [nAt, (n + 1)At).

The results concerning the stability and convergence of the scheme (4.6-8) are given
by the following

Theorem. Let us assume that there exists unique strong solution of the prob-
lem (WNS), with homogeneous Dirichlet boundary condition, on the time interval
(0,T). Let us assume that © € (0,1 — %—Z), a €(0,1),6 €(0,3), and, let us assume
that the time step At and mesh size h are connected with the data by the following
stability conditions

(4.13) Ds ((V%) : + (AtS(h)Y AT) < (1-96)0Atay, where

At
ATzlﬁo|2+Ds(( 2 ol + a5 ol ol + | ]

n=(3) (+(2))

L2(0 TL2(Q)))
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Then:

(1) The functions 175:,)& belong to a bounded set in L*(0,T; Vy)NL*°(0,T; [L2(Q)]"),
for i = 1,2 and to a bounded set in L*(0,T; Hy) N L*(0,T; [L*(Q)]"), for
1= 3.

(2) These functions converge strongly to the unique strong solution of (WNS)
in L2(0,T; [H(Q)]™) 0 LU0, T; [LA(Q)]"), for q € [1,00), as (h, At) — 0y,
in the case of conforming approximations and in L4(0,T;[L*(Q)]"), for g €
[2,00), in the nonconforming case.

The proof of the Theorem is given in the sections 4.1 (stability) and 4.2 (conver-
gence).

4.1 Stability of the scheme. First, we obtain a priori estimates.

Step 1: We take @, = @77° in (4.6) to get }

1

wry o e ITEL = G ) — vl 7))

G)At

—bn (@, @, @y 0) + (7, 3 +0)

Since the right-hand side of (4.1.1) is equal to

(4.1.2)
—n —n |2 —n —n || 2
“seat T - u"l * 2®At 7T + 355 2®At @+ 7l = il
B - B2 o — b @ 1) (),
and, since by (4.1) we have ||u"+® - 11‘2“2 < |ﬁ"+® - 1IZ|2, we obtain
(4.1.3) [
570" + (1 + a)0Aw ||apte|[, + 0Ay a2 +
\
(1 B Gizﬂv) }ﬁ,i:-l—@ - ﬁﬂz < sz - 2®Atbh(uh7uh’ UZ+®) + 2®At(f” +®) l
\
\

We estimate the right-hand side of (4.1.3) by the Young’s inequality and (4.3,4). ‘
Because 0 < © < 1 — AZQ we have 20? < ©2 and we obtain |

2 12\ =n mro2 , OAOL | =,
(4.1.4) L]apt® — ap|" + (0,015 (R)) | |GRI[, + O A |ait |, + — | f
The last two inequalities yield
(4.1.5)
ot 0|2 nt0 2 o 1 OABrY | ., 2
lapt®|” + 0Atay ||@;t°||, + ©ALBY a2 + (5 - T ) lap+® —ap|” <
0A

[@h | + (Op 05 () @5 || I|h+—— 7l




710
Jot

+ U i) ((n)gr7) + Y] (—é))a

+ lowi] > |orin — dn|(9e — 1) (Zr'1¥)

+ | g izl 01790 + UL nll agr 00 + L nl
speal (¢'1°%) Ayrenboaur ay) ‘ojewr)sa jse| oY) Suis()

Uaml| Jiel ((9)$v%) + Yl n) (rzzzv—q%a>

o
S llir = gpinllorve + [in - opinl

(1T°1'%)

Kyrenbaut 9y seA1d pue
‘(qu:’—l 9+u’- uj) (yull - @—}-gﬂ’ ‘3.7_7' ‘qll’)qq + q((:ﬁ} - @+qw-n ‘qn))/zg'+

Y AYAS)
q((ﬁl’ O-{—’Lill @+un))ﬂn+ Il[n_ 9+u I = ((ZZL @+u-—) llA @-{-u )

(01'1'17)
speal 404 5 Zn — O+:‘J_L = Y yym (6'y) 2Inssaxd a1) 10] uoryenba oy,

9%
| vq@ izl lénl ((Dsrvie) T
Y\ 9% )%, .
Y ||Z(—,1W® C o Jin - ozl ()% o)

> Jowir —dp| (98 — 1) + [l o i 01w + U sinll 1% + lin|
urejqo am ‘(1°y) pue (§'§) yewryse ‘& > 9 > 0 yym Ayenbour s Sunox oy Sursp)
(o+al ‘wf V0 + (gyan — Jﬁ@‘”n“’n)”wv‘*@ +4((gaan — dnin))agivio+
(1 o 1im)) 101790 + || g 4i2 | 7017%0 — | g4l — uin] | o 4ip — B 9+

(a2 o4l )101790 = [o4ip| 15 |o4um — uin| § + (lldnll gt + I un| 2

(817)
aA[fa (9'T°'%) pue Ajenbes aa0qe oY,

(oaln = oo “tn ¥m)iq 4 9(( Yo — Jln “Un))agf + "((@+Z@ ~ il gqul)) 1O+
IAVAC)
1

(@-{-;{Lﬂ’_uﬁl‘;{u@ 9+w—)

((@+ ) A o+u ) ( an - A 9+ud)
(L1%)
ureyqo om (6°) Ul YO S o in — n = Y Sunyey,

q
R+ (A o) + ()0 — (o ) 0

(91%)
= Y| dnl ag + | 4n] W ©

198 am (gp) Suisn pue (J°§) ur IIOH S uln = Yo oxey opp 17 doig

SAM 'S ZNVUJd ANV YEONOTI LA vI



STABILITY OF THE FRACTIONAL STEP ©-SCHEME 15

Step 3: We take @, = @j 1" € Vop, in (4.8) and we get

1 2 2
—n+1
(4.1.13) o [T Hav|l@tt, =
@(ﬁhm7 1TI;L+1) - ﬁy((@) ﬁz+l))h - bh(ﬁ;zna ?Ihm7 ﬁ;:+1) + (f’n+1, 7IZ+1)-

As in the step 1 we obtain

TP + 01 + o) ||@tt L + 08y | +

OAL
(4.1.14) (1 —~ hzﬁ”) @t — ap|” < |ap|? - 20 Atby (], @, @)+

2041, T,

To evaluate by (@, 4, dpt') we use (4.7) with @, = a3t — @
(4.1.15)
_bh(ﬁ;znaﬁ?, u_mh+1) = —bh(ﬁ'ﬁlﬁhm,ﬁzﬂ - {[;ln) =
1 " .
m(ﬁ? — O, At — Ay + pr((a@, T - a))at

av((@pt®, aptt — ap)n — (U@t - ap) - (PO, Va - (@ - ay)).

Since by the equation for the pressure (4.9)
(4.1.16)

I .
(Vi (@ - ) = — g (T @ T - )

(@, T — T — Bu((T, T — T — bR, T - T)
+(fn7 i2+l - ﬁ?)?
we express —20Atb, (U, 4}, ﬁ;:“) in the form
C)
2— (@ — gntO, antt — @) — 2t te —an At —am
i o (T — WO, = ) - AT T - )

+2®Atﬂl/((ﬁ;zn - ﬁ;:-'—ev ﬁz+1 - ﬁ;zn))h - 2®Atbh(ﬁ1}:7 ’l_j:Z, {ZZ+1 - ﬁ;?)

Now, we obtain the following inequality from (4.1.14) using (4.1.17) and Schwarz’
and Young’s inequalities and (4.1)

it |? + 0 ALy ||[artt||) + 0ALBy |[ar |

1 OAt . . N
+(5- 22 - <y s (22 ap

8 h? h?
(4.1.18)

G) 2 012 o) 2
+2((—9—b> lap — apt©|" + 8 |apt® — ayl

OAL

. 2
(20 A15(n))* [ R + = | 1]
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2
For0<0O <1- 32@ there exists § > 0 such that 2 (&-) < 1—36. The results of
the step 1 and step 2, namely (4.1.12,11) and (4.1.5), provide the desired inequality

|z 41" + 0 Atar ||aptt| + @Atﬂl/ 17315

1 OABvY | .. (2 2
h2 )l“h+1_“h| §|h|+D5 (f

(4.1.19) +(§_
Atv\?
D, ((_hz ) l@Rll5, + (AtS(h)) @z nﬁhni) -

Summing up the above inequality for n = 1,2, ...,7 we obtain

[ + Otar 3 || + 04180 Y

n=0 n=0

- 2
f"+1| )+

r+1

1 OAtBr\ |- . At
(4.1.20) + (§ - hzﬂ )Z aptt — iy < |on]” +D5—Z(

n=0

At : (2 g1 n (2

+Ds Z” h“h+D5 (AtS(h)) Z|“h| @RIy
n=0

To obtain the a priori estimates we proceed by induction in 7. Since the left-hand
side of (4.1.20) is bounded for 7 = 0 let us assume that

fr

)

[P+ 0tar Y ([T + 02080 Y a1

n=0 n=0

1 OAtfy . . A\
(4.1.21) +(§— ’B )ZI e h|2§lu0h|2+Ds<vh—2) ll@on Iy

)

We show that this inequality is also true for 7+ 1 and then the a priori estimate for
uy follows by recursion. We denote the right-hand side of the inequality (4.1.21)
by A, and we observe that by the induction assumption we have

(4.1.22) |, +1| <A, <Ap, forn=1,2,.
This implies that the right—hand side of (4.1.20) for 7 4+ 1 can be estimated by

At -
Avsr + Ds ((,,h_2> + (AtS(R)Y r+1> Z a1 -

The stability assumption (4.13) now implies that (4.1.21) is also true for 7 + 1 and
thus for arbitrary N we have

fr

At r+1
+Ds (AS(h)) [onl” ||u0hn,,+Ds—Z(

N
|uh+1| + 60 Atav Z ||apt “h + OAtBY Z (|

n=0

(4.1.23)

N
1 (-)Atﬁl/ — n+(1-0) 2
’ <§ TR ) M LAREE AN I £

n=0
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Inequalities (4.1.5), (4.1.23) and the regularity requirement (4.13) in the form

(OpAtS(h)) Ar < Ds (AtS(h)) Ap < OAtav

yield

2

fn

IN

~ . 0At
| +0| < |a h| +@Atal/ZHuh“h v Z
(4.1.24) -

0
AT<1+5+—>.
v

The next estimate comes from (4.1.12), (4.1.24) and (4.13). We have

1 —

e’ + b AN LAY A e A
(4.1.25) |B1 +Ds | {vgy | +(ALS(R) Ar Z”uh I+ —

o (1424 Q00Y,

6 av

@ |* <

Summing up (4.1.11) for n = 0,1, ..., N, we obtain by (4.1.23)
Z [ — @h|" + O Atar E a5 — g, <

6 av

(4.1.26)

fn

2
OAtav Z llan 17 +
n=0

and, also, from (4.1.26) and (4.1.5), we see that

N
ontan Y 7] <
(4.1.27) n=0

2
OAtav Z d5+® = g, + ©Ltav E 113 < Az (1 ot —

n=0

Expressing the results of (4.1.23-27) in terms of the functions i[ﬁ:,)m,i =1,2,3, we

have
2 20
sup |U t‘ < Ap (1+—+—), fori=1,2,3,
tG[OpT]‘ h, At( ) (5 av
n+1
(4.1.28) / H“hmt dt = Z/ hAt(t ‘ _At

6 oav

Ar (2 O .
-+ — fi =1,2,3
Oaﬁu( + >’ OT 7 y =y
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where k = n for i =1, k:n-l—G)fori:?andk—n—l—(l—@)fori:3

The a priori bound for W, a; is obtained using (4.1.23) and the stability assumption
(4.13), namely

2

(1) = _
‘u”’m YhAt a0, TiLA)n)

(4.1.29) (At)zzrn“_“hl/ (t—t, :_At2|~n+1

201 e+l grs @)’ <ondz L

n=0
We infer from (4.1.28) and (4.1.29) that {w@n a¢}(n,aty C Vi is a bounded set in
L?(0,T;[L*()]") as it follows by the inequality

T T 2
(4.1.30) / |G pel? dt < / ”zzﬁj)m dt + / ‘aﬁj)m — dnpe| dt.
0 0 0

4.2 Convergence of the scheme. The results (4.1.28) and (4.1.29) justify the
existence of functions s )(t) and W, such that as (h, At) — 04 we have

2

weakly in L2(0,T;V), conforming case,

(4.2.1) 12‘(;’)& — g weakly in L2(0,T;[L*(Q)]"), nonconforming case,
weakly—+ in L(0,T;[L*(Q)]"), fori=1,2,
weakly in L%(0,T;[H(Q)]"), conforming case,
(4.2.2) ﬁ(,?)At — ¥ weakly in L?(0,T;[L%(2)]"), nonconforming case,
weakly—+ in L°(0,T;[L%(Q)]").

Since {Wh,at}(n,at) is bounded in L?(0,T;[L*(Q)]") by (4.1.30), we have
(4.2.3) Wh At — W, weakly in L2(0, T; [L*(Q)]™).

The inequality (4.1.26) yields

2

L2 T2 ()") Z/

At Z @y — “Z+®|2 — 0, as (h, At) — 04..

YO N

1 2
I-’() _{) Up, At — Up At dt =

Up At — Un At

(4.2.4)

Similarly, from (4.1.23) we have

2

(4.2.5) | — T 0, as (h,Al) — 0.

L2(0,T5[L2(Q)]™)
Now, from (4.1.29) and (4.2.3-5), we see that for almost all ¢t € (0,7
(4.2.6) @) = @, = 4., ae inQ, fori=1,23

We show that @, is the solution of (WNS) by proving that the family {@p a¢} is
relatively compact in, at least, L%(0,T;[L%(Q)]"). We treat the conforming and
nonconforming approximations separately.
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Conforming finite element approximations. We note that in this case the
spaces Vi, and H}, are subspaces of [H}(Q)]. Integrating (4.12) over the time interval
[t,t + 7], for some 0 < 7 < 1, we obtain

L ot +7) ~ Bl @) 4w [ (@l + D0, ) dst
oo [ (@ 5 = g [ )~ Tl ) s
(4.2.7) Bu / ” (#00e(5), @) ds — /t a (T2 (5), &) ds—
/ T (51, E0(), 80) + W (), T (), ) dst

thy .
/ (fat(s) + fat(s + At), @r) ds.
¢

Now, we estimate the terms in (4.2.7). Recalling the estimates in (4.1.28), we get
lAt(S)l

for:=1,2,3
t+y
<li@l [
1
2

(4.2.8) vl (| M N i)’ <

VI (/ #8000 @ )%q/@ﬁ};y (3+2) Al

We majorize the trilinear forms by using the estimate (4.1.28), and we get
(4.2.9)

C | &l Up At(s)
[l

cJA_Tusohnf(/ |8t ds) <ol (g (54 %))%ﬁu@u.

The first term on the right-hand side of (4.2.7) can be controled by integrating (4.8)
over the time interval [0, T] with we @) € Vi,. We have

ds <

/t (@00, (5), n) ds

,N

uh At('s) “h At(s) @Gr)ds| <

o=
wles

up, At(‘s)H ds < C+/Ar || @l / ‘“h At(‘s)“ ds <

1
@At/ (d(’?)At(S) “h At(s) Pr)ds| <

t+y
rav| [ (), B0 ds| +
t

(4.2.10) l / (@), @n)) ds

+ ‘/ttﬂ(fm(s)’@h) ds| .

t+vy
(3 -
/ bh(ﬁ(hB)At(S)?uh,)At(s)’ (IQh) ds
t
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Applying the estimates (4.2.8-10) and (4.1.28) to (4.2.7) we obtain

(4.2.11) |(Bh,6(t +7) = Bn,ae(t), ) < CVT Bl Ve € Vi,

where the constant C' > 0 is independent of v, At and h. Integrating the above
inequality for ¢ € [0,7 — ] we obtain with @ = Wx ae(t +7) — Wh at(t) € Vi, the

inequality
(4.2.12)

T—v T )
[ tnads +2) = dado)l ds < c’\/ 1 [ e as < oA
0 0

where again the constant C” > 0 does not depend on v,At and h. We have
{Bh,at}n,ar C [He(Q)]™ CC [L*(Q)]". Application of the compactness criterion
[N, Theorem 2.3.1] and the inequality (4.2.12) imply that the set {wWh at}(n,at)
is relatively compact in L9(0,T;[L%()]"), for ¢ € [1,2]. Because the sequance
{@h,at}(n,at) converges weakly to @, in L2(0,T;[L*(2)]") by (4.2.3), it converges
strongly to this function in L%(0,T;[L%(Q)]"), for ¢ € [1,2], due to its relative
compactness in this space. The strong convergence of the sequence {wWh, at}(n,at)
in the space L2(0,T;[L*()]"), its uniform bound in L*(0,T;[L*(2)]"), and, the
Lebesque dominated convergence theorem, yield finally the strong convergence in
L0, T;[L*}(Q)]™), for g € [1, 00).

To show the strong convergence in L%(0,T;[H}(2)]"), we assume, for a moment,
that w, is the unique strong solution of (WNS). Integrating (WNS) over the time
interval [0,T] and taking ¢ = W, — W A¢, We obtain

(4.2.13)

T T
/ s — Bppe]|? dt = / (Bt B — W) di—
0 0
T du—)»* . . T . . . . T . .
7y Wx — Wh At) — Wy, Wyy Wx — Wh At y We — Wh At .
e - [ o vt [ )

Due to the strong convergence w, — Wh ¢ — 0 in L2(0,T;[L%(02)]") the last three
terms converge to zero. We estimate similarly as in (4.1.28)

T
- 2 A 2 0
2. < LT
(4 2 14) /) ||wh,AtH dt < Oafv (5 + cw)

Because of the compact imbedding of L%(0,T; [Hg()]") into L*(0,T; [L*(2)]") and
the already known strong convergence in L?(0,T;[L?(2)]"), we conclude that

(4.2.15) Wpar — ey  weakly in L2(0,T;[Hg(Q)]").

Thus, for the first term on the right-hand side of (4.2.13) we have

T T T
timsup [ (G .~ dnad) = = Tmoup [ s+ [
(h,At)—>0+ 0 (Il,At)—'0+ 0 0
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The previous strong convergence results and (4.1.28) yield

2 T T

> [ = [ e,
0 0

(4.2.16) What — @a,  strongly in L?(0,T;[Hg(Q)]"). O

T T
lim sup / | Bnall® > limSUP/ ”ﬁ(hl)At
(h,t)—04 JO (h,At)—04 Jo '

which implies together with (4.2.13) that

Nonconforming finite element approximation. The relative compactness of
the set {Wn, At }(h,at) is again essential to obtain the strong convergence. Extending
the function Wy a¢ by zero outside the interval [0, T], we show first that there exists
a constant C(v) > 0, independent of h and At, and, such that for v € (0, 1), it
holds

+ o0 N A 2 O
291 |7 T - o
(4217) ‘/_oo |7' | "U)h,At(T)l dr S C(V)OOZﬁI/ (6 + Otl/) < o0,

where {Z)'h,m is the Fourier transform of Wy a¢. To show that the above inequality
holds, we define a function §h a¢ : (0,7) — Vi, by
(4.2.18)

(e B0 = (0 (1) = T (1), )

Qav((; At(t + At), Br))n — @ﬂ'/((“h ne(8), @) — OBv((ay At(t) @n))n—
QaV((uh,At(t)$ @n))h — th(“h At(t)’ up, At(t) @n) — th(“h At(t)’ up, At(t) @n)t
O(fac(t) + fac(t+ A1), @),  V@n €W,

and t € [nAt,(n + 1)At). Then, (4.12) can be interpreted as

d, - . . .
a(wh,At(t)aSOh) = ((Gn,at(t), Gn))n, VgLeVn, te (0,T).

We estimate
(4.2.19)

2 [ o at= & [ s (s gt <

[[&n |l =1

1 3 2 ! i ;
2 ) [ttt a2 [ (o] + [0, ) s

B / s, dr+ | ' (s, + B0} ) e +2 / [ et .

We conclude from (4.1.28), (4.2.4,5) and (4.2.19) that

T
(4.2.20) / |Gn,ae(t)]],, dt < C,
0




22 PETR KLOUCEK AND FRANZ S. RYS

where the constant C' > 0 does not depend on h and At.
Extending the function g, a¢ from [0,7] to R by zero and using (4.12), we get

d, . -
E(wh,At(t)NPh) =

((Gn,ae(2), @n))n + (ilon, )60 — (07, @n)or, V@ € V.
Here, 6o, 67 are the Dirac distributions at 0 and T', respectively, describing possibly

ocuring discontinuities at these points. Taking the Fourier transform of (4.2.21) we
obtain

(4.2.21)

— 277 (B, ae(T), Br) =

((ﬁh,At(T)v @h))h + (ton, Pn) — (’[[Q’, Bh) exp(—27ri7'T).
This equation implies

(4.2.22)

- 2 - - -
2 |7 |Gn,0e(r)| < [Gnaem)|], [BnselD]|, + 1onl [n.0(r)] <
(4.2.23)

T -~ ~
[, ], o]
0 1

This estimate and (4.2.20) imply the exitence of a constant C > 0, independent of
h, At and -, such that

. 2 5
|7 I?Bh,m| <C “ﬂ)‘h,m”h .
Since v < 1, it holds
1+ 7]

14 7' 727
and thus, by Parceval equality and the two above inequalities, we have

+o00 R T
/ |72 |, 00(1)] dt < C(’y)/ @n(r)|2 dr <
—00 0

Ar (2 ©
C(v)@aﬂu (5 + E) '
The last inequality follows from (4.1.28) and (4.1.29).

The relative compactness of the set {@x at}(n,a¢) in the space L2(0,T; [L*(Q)]") is
now assured by [T I, Theorem 2.2, Ch. III, §2], because of (4.1.30) and (4.2.24).
Moreover, because {wWr at}(n,a¢) is bounded in L°°(0, T’ [L2(2)]™), what follows by
(4.1.28), the convergence is shown in the space L(0, T; [L*(Q)]"), for ¢ € [2,00). O

Applying (4.2.4,5) and (4.1.29) we finally see that
(4.2.25) 17.'§Ii,)At — Wy, strongly in L(0,T;[L3(Q)]"), i=1,2,3,

for ¢ € [1,00) in the conforming case and for ¢ € [2,00) in the nonconforming
case. Moreover, this convergence holds in L%(0,T;[H}(22)]") for the conforming
case, because

T . B 2 T i) . 2 B . )
/ ‘ﬁh)(t) _ w*(t)“h dt < / (H“l (1) - wh,m(t)nl | Bhad(t) - w*(t)Hh) dt,
0 0 4

provided W, is the unique solution of (WNS). This will be shown next.

|727| < Vr R,

(4.2.24)
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Passage to the limit. We take ¢ € C[0,T], with ¥(T) = 0, @, = I, for
some 7 € Vo N [D(2)]" and integrate (4.12) over the time interval [0,T]. Using the
Green’s theorem we obtain

(4.2.26)

/ (e, ¥'(O)T105) dt + av / (@00t + AL, Y(&)TIT) )y dit
B / (3 00, YOI dt = / (N (8) = Tyn (1), () I14T) dt
By / (@ n (1), BOTID)n dt — aw / (Thne (1), B(OTRD))n di—
/0 (T2 (00, T (0, 90 L) dt / (0 (1), B0 (1), (1)1 7) i+
/0 (Fae(t) + Foa(t+ ), $(0)10) di — 5 (o, TH3)h(0).

Since, by (4.7), we have

o / 0~ T2 0, B =~ 20 [ (@0, TR i
% RCHNOR ANORIOL R 2% / (GNORTONI) T
o [ ot oM

we substitute the above into (4.2.26) and pass directly to the limit due to the strong
convergence results (4.2.25). Using the condition (C) (section 3.2) and (4.5) for the
approximation of the initial velocity, we obtain

T T T
- [(@ovonat [ (@pnmat [ s a.somd-
T
(@(0), %)y (0) — /0 (f(1), (1)) dt.

Consequently, (WNS) is satisfied in the distributional sense. Using the approxima-
tion of the initial velocity field and the Green’s theorem it follows that the initial
condition is also satisfied.

Convergence of the whole sequence {wy, at}(n,a¢) to the solution of (WNS) is garan-
teed by the assumed unicity of the strong solution on the given time interval [0, 7.
This concludes the last step of the proof. O

5. LID-DRIVEN CAVITY FLOW

In this section we use a benchmark problem originally described by O.Burggraf
[B] to display some of the computational properties of the method. The test problem
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consists in the solution of the Navier-Stokes equations in the square duct with
prescribed shear and body forces. The shear force is non-zero on one face of the
duct and zero on the other three. Since the velocity is set to be zero at the corners
with the given shear it is a type of a regularized cavity problem. The details of this
benchmark problem can be found in T.Shih et al. [S].

We use four groups of the two dimensional finite elements that satisfy the conditions
(B)-(E). We restrict to the polynomials up to the order < 2 and we use the following
notation: Py, k non-negative integer, for the space of polynomials up to order < k
and @y is the space of polynomials up to order < £ in each variable.

(I) @2/Q1 element: Conforming piecewise biquadratic velocities and continues
piecewise bilinear pressure. The element is referred to as Taylor-Hood finite ele-
ment.

(II) @2/ Py element: Conforming piecewise biquadratic velocities and discontin-
ues piecewise linear pressure. We refer to this element also as Crouzeix-Raviart
element.

(III) rQ,/P; element: Conforming piecewise reduced biquadratic (serendipity
family) velocities and discontinues piecewise linear pressure.

(IV) Q1/ P, element: Nonconforming piecewise bilinear velocities (continuity at
midpoints of sides only) and piecewise constant pressure.

The accuracy for Taylor-Hood, Crouzeix—Raviart and rQ;/P1 elements is O(h3) x
O(h?), and the accuracy is O(h?) x O(h) for Q1/P, element.

5.1 Description of the test problem. We consider = [0,1] X [0,1]. We define
the shear § = (g1,92) by

) = 16(z* — 223 +2?), z€dQy=1
g(2,9) = 0, elsewhere
g2(z,y) =0, z,y€ 0.

The body force f: (f;,f;) is given by

f:((l),y) =0, $7y€Q

fola,y) =v- 8(24S<w> 125/ (a)"(y) + s"'(w)v(w) n
v o4V ) - s,

where
s(z) = a* — 223 4 22,
o(y) =y* -y,
1

1 1
S(z) = /s(rc)dx = gws - 51‘4 + grcg’,
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S1(z) = s(z)s"(z) — (s'(z))* = —42° + 1225 — 14z* + 823 — 242

ki

5:(2) = [ s(a)s'(@) da = 5 (s(2))"

V(z) =o(y)v" (y) — v'(y)v"(y) = —24y° + 8y° — 4y.

In the above expressions the primes denote the differentiation with respect to z
and y, respectively. The solution {(u$°,u$°),p>} to the stationary Navier—Stokes
equations with the above given data is given by:

uf® = 8s(2)o/(y) = 8(a* — 22° + o*)(43° — 2),
ug® = —8s'(2)u(y) = —8(4z° — 62® + 22)(y* — ¥°),

oo __
p =
oA e
v PR [
vl >
v 7 ¥y,
1 7 e
t T 4 H
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1¥ Tt Pl i
T 4y 4
v T ‘\‘\s.,,{l I
' T A \«&va(( i;
' T 4 «'\'\‘-q-p(\/ PRREEY 11
rT144 ‘\\'\’\H—y(\/ ¢ it
110 ‘\«’\Wq—w(\é Y4+ 14
bR $ ARSI 1T 1
4
¢ 1 TR AR Y 3344,
.111\1‘\‘\‘\%&4.._‘,\,\,\/\/\/1 VP RE
¢ 11V A RRRR oSyl i i
R S LN TR RRS S ASAAASL S B DI
“1 11‘(‘\\‘\&'\'\“‘44-1—1—1—\4/\/(((((11 4040
GO VRV RARARRR Sttt e e v L 4 4
TAAVAAAARARRS Sttt e e e L et
R R R Y e e aa R R
. EELE KR o h ol ok ol ol ol ol ol o o o e o R R A

B I A e e A I R S R

Fig. 1: Velocity field, v = 0.01[m~2571]

v-8(S(z)v" (y) + 5'(2)v'(y)) + 64 (Sa(2)(v(¥)" (v) — (v'(y))?) -

Fig. 2: Maximum error distribution, v = 0.01[m~2571]

Numerical results. We have computed the test problem for v = 0.01[m~2s71]
and v = 0.001[m~2s7!]. The later case is far beyond the validity range of the
analytical solution of the test problem because there is presented permanent time-
dependent regime. We display the plots of the velocity field, pressure and error
distribution for v = 0.01[m~2s—1]. Moreover, we indicate the behavior of various
errors and |4(t)|. For the case with lower viscosity, the computed pressure seems
to be in a good agreement with the analytical solution and this is true even for v =
0.0001[m~2s71], where the velocity field is different from the analytical solution.
The numerical results suggest the use of this method for the values of up to Re ~
3000, behind this limit the convergence namely of the Burgers step is very slow
(rate about .95) because of oscillations produced by a very weak dumping of the

method.

In all the computations, we use the finite element approximations of the group (I,1I)
and only for a lower viscosity ~ 0.1[m~?s71] the other approximations seems to be
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Fig. 3: Pressure isolines, v = 0.01[m~2s~1] Fig. 4: Errors behavior, v = 0.01[m~2s~1]

acceptable. We did the computations on the scale resolution A = 1/64 and we used
the time step At = 0.1s, fractional parameter § = 0.25, spliting parameter @ = 0.5
(for this sort of problems) and the integration was performed by the 4 x 4 Gaussian
quadrature formula.
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