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1i
Abstract

We study the symplectic geometry and topology related to Lagrangian submanifolds. More
specifically we study the following two problems. How do iterated Dehn twists affect the
symplectic and Lagrangian topology (in particular Floer homology groups) and how does
the existence of certain Lagrangian submanifolds depend on the symplectic structure?

First, we review the definition of symplectic Dehn twists and Lagrangian and fixed point
Floer homologies. We then construct a chain complex that fits in long exact sequences
generalizing Seidel’s exact sequences for a single Dehn twist. This chain complex can be
viewed as the difference between Floer homologies before and after the iterated Dehn twists.

Next, we study the second problem in the case of Lagrangian projective planes in rational
symplectic 4-manifolds. Using previous results specific to dimension 4, we can reduce the
problem to describing a finite-dimensional cone in H?(M, R) using finitely many inequalities.
Finally, using rational blow-up we can relate Lagrangian projective planes in M with certain
symplectic spheres in the blow-up of M, whose dependence on the symplectic structure is
known when the blow-up is small.

Finally, we use almost toric fibrations to prove the existence of Lagrangian projective
planes for many symplectic structures in arbitrarily large blow-ups of the complex projective

plane.
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Chapter 1

Introduction

A symplectic manifold (M,w) is a smooth manifold M together with a closed non-
degenerate 2-form w € H?(M,R). Clearly, such manifolds have to have even dimension 2n.
A Lagrangian submanifold of a symplectic manifold is a smooth submanifold of M of
dimension n such that w|r, = 0. An embedding i : M — M’ from (M,w) to (M,w’) is a
symplectic embedding if ¢*w’ = w. It is a symplectomorphism if, in addition, it is
a diffeomorphism. A Hamiltonian vector field Xy of a smooth function H : M — R
is a vector field on M such that dH = w(Xpg,—). It can be easily verified that flows
of such vector fields are symplectomorphisms from (M,w) to itself, and are isotopic to
identity by scaling H. The existence and uniqueness of Lagrangian submanifolds have
been studied extensively for the past twenty years, yet most of the results are restricted
to the cases of spheres and tori when M has dimension 4 and the cases of tori for higher
dimensions. (Existence) Fixing diffeomorphism type L and a class A € H,(M,Z), does
there exist a Lagrangian embedding of L into a given symplectic manifold (M,w) with
[L] = A? Given Lagrangian embeddings ¢, : L — (M, w), does there exist a (Hamiltonian)
symplectomorphism ¢ such that ¢(L) = L'?

Both problems are very hard. For the existence problem, systematic constructions
often require extra structures like Lagrangian torus fibrations and Lefschetz fibrations.
Other constructions rely on case-by-case studies of very specific symplectic manifolds like
rational surfaces (blow-ups and downs of CP?). In this paper, we will study the existence
of nonorientable Lagrangians in rational surfaces using rational blow-up and almost toric
vibrations.

Another important problem in symplectic geometry is the study of the symplectic topol-
ogy of singularities (also known as Landau-Ginzburg models). One of the first algebraic
invariants introduced for the simplest nontrivial LG model, namely Lefschetz fibrations,
is Seidel’s Fukaya-Seidel category, which is very abstract. Another natural invariant is

the fixed point Floer homology of the global monodromy map, which in the case of



Lefschetz fibrations are just composition of Dehn twists along all vanishing cycles. Seidel
conjectured that the Hochschild homology of the Fukaya-Seidel category and the fixed point
Floer homology of the global monodromy are almost the same with the difference being the
topology of the ambient space. We will construct a long exact sequence that realizes this

picture.



Chapter 2

Floer homologies and Dehn twists

2.1 Floer homologies

2.1.1 Lagrangian Floer homology

The open string analog of Hamiltonian Floer theory is Lagrangian Floer theory. Recall
we are working with exact symplectic manifolds with boundaries and exact Lagrangians.
Given two closed exact Lagrangian L, L’ in (M, 6), we want to develop a cohomology theory
where the generators are the points in LNL’ and the differentials are given by J-holomorphic
strips uw : R x [0, 1] asymptotic to two given intersection points. However, note that the
intersection L N L' may not be isolated and transverse. Therefore, one should use a Hamil-
tonian symplectomorphism ¢ so that ¢ (L) N L' is transverse. This is always possible and
since L and L' are compact the ¢y can be chosen to be compactly supported. Note that

phig (L) N L' is in bijection to the space of hamiltonian chords

Pu (L, L) :={a:[0,1] = (M,0) | a(0) € L,a(1) € L, tangent to Xp}

Now we can define out action functional to be

An(y) = ( [ o+, y(t))dt) T ho(y(1)) — i (y(0)) (2.9)

and its critial points are precisely the hamiltonian chords. Pick any compactible almost
complex structure J, the gradient flow equation is precisely the Floer equations again, with

the domain being u : R x [0,1] :

{ Dsu + J(t,u) (Byu — X (t,u)) = 0 (2.10)

u(s,0) € Lo, wu(s,1) € Ly

Now if the transversally, compactness, and gluing issues are resolved like in the Hamilto-
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nian Floer case, we have a well-defined ungraded cochain complex C'F (L, L") with coefficient
in Z/2 that is independent of (H,.J). If in addition the grading and orientation issues are
resolved, we will get a Z-graded cochain complex with coefficients in Z. We only present

the problems that do not emerge in the definition of Hamiltonian Floer theory:

1. Problem of disc bubbling: The boundaries of the moduli space of trajectories consist of
three kinds of elements: broken J-holomorphic strips, sphere bubbling in the interior of
the strip and disc bubbling in the boundaries of the strip. The second one cannot exist
in an exact symplectic manifold. The third one cannot exist for exact Lagrangians
by Stokes theorem. However, in general disc bubbling is possible and since they are
codimension 1 phenomenon, 9% # 0 in general. There are several solutions to this

issue but the simplest one is to restrict to exact Lagrangians.

2. Problem of orientation: Unlike Hamiltonian Floer theory or closed Gromov-Witten
theories, open string invariants like Lagrangian Floer homology in general need ad-
ditional data to be orienable. For example, a common assumption would be the

Lagrangians should be spin. Then the path space hence Py (L, L') will be oriented.

3. Problem of grading: In general C'F (L,L’) has a relative Z/N-grading where N is
the minimal Maslov index of the Lagrangians. It is possible to have an absolute
Z/N-grading by replacing Lagrangians by their lifts to the N-fold cover of Lagrangian
grassmanian bundles. In particular, when 2¢;(X) = 0, one lifts the Lagrangian grass-
manian bundles to their fiberwise universal cover and define an absolute Z-grading on

CF(L,L)

Fixed point Floer homology

Given a symplectomorphism ¢ : (M,w) — (M,w), the fixed point Floer homology roughly
speaking counts the number of essential fixed points that do not vanish under small per-
turbation by symplectomorphism (but could vanish under small perturbation by diffeomor-
phism). In nice cases, it can be defined as an infinite dimensional Morse homology on
the ¢-twisted loop space on M. In this paper, we will use Seidel’s definition that uses
pseudo-holomorphic sections which is more general.

Consider the mapping torus Yy defined using ¢ on M, the product Xy := R x Y} projects
naturally to the cylinder R x S*. X has a natural symplectic structure ds A dt + wy where
wg is the pullback of the closed two form on Yy that restricts to w on each fiber. In fact,

the map

Xy 5 Rx S (2.1)
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is a symplectic fibration whose monodromy is ¢.

Now there is a one-to-one correspondence between fixed points of ¢ and periodic orbits
of (the pullback of) 0t on Y, that covers S L once. The fixed point Floer chain complexes
CF(¢) are generated by these orbits. For the differential, we count pseudo-holomorphic
sections of the symplectic fibration X I R x S! that are asymptotic to different orbits as
s — +oo.

2.2 Fukaya categories

2.2.1 A, categories

To properly model Floer theory for all (nice) Lagrangians simultaneously in a symplectic

manifold (M, w) requires the language of A-algebra and categories:

Definition 2.2.1. An A.-category is a
1. A collection of objects obj A, and

2. a collection of graded vector spaces homy (Xo, X1) for every pair of objects (Xo, X1),

and
3. A collection of linear maps for d > 1 :
pd homy (Xg_1, Xg) ® - ® homy (Xo, X1) — homy (Xo, X4) [2 — d] (1.3)
That satisfy the A-relations

Z(—l)*"ﬂjfmﬂ (adv -+ oy Qntm+1, :u;ln (an+m> s 7a'n+1) yAny - - 7a1) =0 (14)

m,n
Where %, == |a1| + -+ + |an| — n
Now we explain the definitions. For simplicity let’s forget about the grading and signs

and use p? for ujll

1. An A, category need not be a category in the ordinary sense. First note that it
is not required in the definition that there are identity morphisms. Moreover, the
composition between two morphisms :“31 need not be associative. Instead according

to (1.3) they satisfy the equation:

A AORIDEN VD
=pt (G ) i (O ) 1 (ot () )+ (et ()
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So p? is associative up to homotopy given by u3, and those homotopies are associative

up to higher homotopies given by higher . This is exactly the content of the Ao-relations.
2. The first two equations in (1.3) are
ptop' =0

pt (12 () = w2 (W), ) + 1? (6t ()

These showes that A,-categories can be viewed as generaliztion to dg-categories, with

(1.7)

differential given by p!' and multiplication given by u?, except that the multiplication is no
longer associative. In particular, one can define the cohomology category H(A) of A by
replacing morphisms by cohomology classes of morphisms. This is a genuine dg-category
except that there may be no identities.

Examples of A, categories includes A, algebras (A~ categories with one object), dg
categories (as Ao categories with u? = 0) for d > 3, and more generality any graded abelian
categories (,ul =0,u = ()) for d > 3 and p? is ordinary composition of morphisms).

For As-categories over K with finitely many objects {L;}, one can consider the equiv-
alent A.-algebra € over R = Ke; @ --- @ Key, with € = @; ; hom (X;, X;). Since many
categories we consider are finitely generated (e.g. The Fukaya-Seidel category of a Lef-
schetz Fibrations F8(m) is generated by Lefschetz thimbles), it is often harmless to make
this change of view.

Also, the data of an A.-algebra A can be packaged into a dg-coalgebra structure on
TA[l] = @i=0A[1]®. All the ' fits into a map u : TA[1] — A[1], and can be extended to
amap i : TA[l] - TA[1] by:

ﬂ (Ik (SRR 1‘1) = Z(—l)ziSUk R Q Titj+1 X [Lj ($i+j, - ,.737;+1) Rr; Q-+ QX1 (18)
%,J

Now the A relations are equivalent to
2 =0 (1.9)
Definition 2.2.2. An A, functor F between two A, categories A and B is:

1. For every object X € A, an objects FX € B

2. For every finite collection of objects in A, a map of graded vector spaces .Z¢ :
homy (Xd—17 Xd) ® --- ®homy (X(), Xl) — homg (?Xo, ?Xd) [1 - d} that satisfy
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DTN un (F(ads - Gamst1) s F (A, 01)) (1.10)

T 81,.-,8r

= (=1 F" (ag, . angmats R (@ngms 5 Gng1) s - 01) (1.11)

Same as the Ao, relations, this formula should be interpreted as saying J respects
composition of morphisms up to coherent higher homotopies.

The first relation says that F commutes with p} and uk, hence induces a functor H(F)
between the cohomology categories H(A) and H(B).

Isomorphisms between As.-algebras and equivalences between two A, categories can
be defined in the obvious way. However the more useful notion are quasi-isomorphism and
quasi-equivalences. Two A-algebras A and B are quasi-isomorphic if there is a morphism
between them that induces isomorphism between H(A) and H(B). Two Ax-categories are
quasi-equivalent if the induced functor H(F) is an equivalence.

For the applications in Fukaya category and Mirror symmetry, it is often convienent to

work in some larger categories of A..-modules

Definition 2.2.3. An A, (right) module over an A, category A is an Ao, functor M :
A°P — Ch into the category of chain complexes.

Here is a more illuminating and concrete definiton:

An A (right) module over an A, category A is:

A chain complex M(X) for every objects X € A and a set of map for d > 1

,u%/[ M (Xd—l) ® homg (Xd_g,Xd_l) ® -+ ®homy (Xo,Xl) (112)
— M (Xp) [2 — d]

that satisfy:

E /.Ln+1 ( -n (b’ ad—1,- - an+1 ) (1 14)
=0

+ Zm n /J?v[ m (b7 ad—15- -+ nt+m+1, MA (an-l—ma i an+1)

An A, left module is defined in a similar way. An A, bimodule is defined with both
right and left action of A :

Definition 2.2.4. An A, bimodule M over an A, category A is:

1. A chain complex M(A, B) for every pair of objects in A.
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2. For every finite collection of objects V; and W; a map of chain complexes

it homyg (Ve_y, Vi) x -+~ homy (Vo, Vi) x M (Vo, Wo) x (1.15)
X homy (Wl, W(]) X +++ X homy (WS, Ws—l) — M (‘/r, WS) (116)

that satisfy:

r—i[lls—j il1]7
ZMM (Urv"’avi-‘rlauj\/[ (Uz‘,...,'l)l,b,'lUl,...7wj),"LUj+1...,ws
r—i+1|1|s ]
+ZMM (UT,...,Uk+i+1,M‘ZA('Uk+Z‘,...,’Uk+1),’Uk,..-,Ul,b,wl,...,ws (1 20)
r|lls—j+1 b j .
+Z,U’M Upy ..., 01, aw17"')wlaMA(wl+17°"awl+j)7wl+j+1"')ws

=0

Again, this formula should be interpreted as saying the action of A on M is associative
up to coherent higher homotopies.

The most important examples of bimodules include the diagnal bimodule Aa and its
dual. AA is defined by

-AA(Xv Y) = homA(Xv Y)

and

rllls _  r41+s
Hg = Hy

Therefore A is essentially just the algebra A, considered as a module over itself.

Pre-morphisms between A-(bi)modules can be simply be defined as the natural transfor-
mations between functors from A to Ch. The category of (bi)modules with pre-morphisms
has a natural dgcategory structure by pulling back the dg-structure from Ch. Now mor-
phisms between (bi)-modules are defined to be the pre-morphisms that are closed and a
quasi-isomorphism is defined to be a morphism that induce isomorphism on cohomologies.

Most of the operations one can do to bimodules over associative algebra can be carried
over to bimodules over Ao, algebras. The most important ones here are the degree shifts
M][1], tensor product and dual. The shifts M[1] of a module M is defined by

sl [ I _ ai|l+-+llar|4+1 &L (1
:u‘M[l] (a57"'7a1am7ar7"'7a1) - (_1)” g el Hove (

L.
as,...,al,m,a,,,...,al)

. The dual MY of M is defined by
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s;1;r L / _ +1 rilis (1 I -
<'“M (as,...,ahﬂ,ar,...,al),m>—(—1)"" <7r,uM (ar,...,al,m,as,...,a1)>

Given Aso-bimodules M and N over A, their tensor product is defined to be the vector

space

MeT(A[L]) @N

with structure maps

M0|1‘0<m7d17"‘7dk7n) :M?\/'[Ht<m7d17'”7dt)®dt+l®"'®dk®n

P mRd @ ®dk—s®/‘§\‘[l|0 (dk—st1,---,dg, 1)
) . (1.24)
+22(=1D)7 -0 md @ @dj @ py (djy1, -5 djr) @
djtit1 ®--@d,@n
and
w0 ey, e mydy, . dy,n) = (1.25)
w- D
S (=0T -0 ug (e, ermydy, ) @ di @ @ dj @ (1.26)
t
,u0|1|3 (m,dy,...,dg,n,ep,... e5) = (1.27)
Z med - Qd_;® ,ug\}l‘s (dk—js1,-- - di,m,eq, ..., €5) (1.28)
J
and
s =0ifr>0ands>0 (1.29)

The upshot is that, the coherent higher homotopies /!* does not mix the left and the
right actions.

One would expect tensoring with the diagonal bimodule Aa gives the identity functor
on the category of A-bimodules. This is true up to quasi-equivalences. Similarly tensoring
with the dual diagonal bimodule gives the Serre functor up to quasi-equivalences.

Bimodule P that is invertible can be defined as have a bimodule P! such that the

following modules are quasi-equivalent

PloPoAPe,y P! (1.30)
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This is important in the definition of noncommutative divisors since classically line
bundles corresponds to invertible modules.
Perhaps the most important invariant of an A., category are its Hochschild homology

and cohomology. They govern the deformation of the A, structures.

Definition 2.2.5. The Hochschild homology of an A, category A with coefficients in an
A bimodule B is the homology of the chain complex:

CC*(A, B) =M (Xk, Xo) X hom g (Xk—lan) X +++ X homy (Xo,Xl) (131)
where the direct sum is over all k£ and k + 1-tuples of objects X;. The differential is:

deck (bR ® - @ag) =
DB (Th—jrty s Thy DT, ) @ T @ D Tpj (1.32)
+Zb®9€1®---®M34(90s+1®---®x5+j)®x3+j®--~®xk

Hochschild cohomology can be defined in a similar way on the vector space CC*(A, B) :=
homvect (T'A, B). However the differential is harder to describle. So we choose a definition

that is more concise and useful.

Definition 2.2.6. The Hochschild cochain complex is defined as
CC*(.A, B) = homA_ bimod (.AA, B) (2.2)

That is, it is the cochain complex of morphisms in the category of bimodules between A
and B Like Hamiltonian Floer homologies, one can define product structures on Lagrangian
Floer homologies. However, the details will be more complicated because the Floer datum
(J, H) used for different pairs of Lagrangians L, L' are different. Given lagrangians Ly, Lo, L3
and elements a,b,c in CF (Ly, L), CF (Lo, L3) and CF (L1, L3) respectively, they are de-
fined by using three different set of Floer datums (Ji2, H12) , (Jos, Ha3) and (J13, Hi3). We
want to define the moduli space M(a, b, c; J, H) of maps of discs D with 3 punctures on 0D
into M. To achieve transversality of this moduli space we also need a pertubation datum.
Roughly speaking it is a family of J and H that is both domain-dependent and direction
dependent such that near the boundary punctures they agree with the Floer datum. More-
over, we need to make sure that these datum are compatible with the gluing maps. We
won’t give a precise definition of perturbation datum here but instead refer to [Sei08], which
also contains a proof of the existence of a compatible choice of perturbation datum.

Now M(a, b, c; J, H) can be defined as moduli space of maps that:

1. satisfy the perturbed Floer equations w.r.t the pertubation datum.
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2. The three arcs of D divided by the three punctures are being mapped to L, L’ and L”

respectively.

3. Near the punctures it is asymptopic to the three hamiltonian chords a,b and c.

Then the product structure can be defined as:

pab) = Y [ M(a,beJ H)| ¢ (2.1)
ceCF(L,L")

By looking at the boundaries of the moduli spaces M(a,b,c; J, H) we see that this
product satisfy the Leibniz rule. However it is not associative since [, M(a, b, d) x M(d, ¢, €)
is not cobordant to [[, M(b,c,d) x M(a,d, e) for every e. Indeed if we look at the moduli
space of maps of discs with four boundary punctures and define the operations > using
it, we see there are four more ways the map could degenerate, leading to the four types of
boundaries that gives the four terms p3(d-,-,-) + p3(-, d-, )+ (-, -, d-) + dp3(-,,). This
is exactly equation (1.9). So Floer theoretic operations are only associative up to coherent
higher homotopies.

Similarly, we can define higher operations p using d + 1-boundary punctured discs.
Then (under the assumption that issues 1-3 are resolved and Floer and perturbation datum
are chosen accordingly) these define an A, structure on CF (L, L), and more generally an
Aoo category structure if we define the objects to be Lagrangian submanifolds (that are spin
together with a lift to covers of Lagrangian grassmanian bundles) and morphism groups to
be CF (L,L").

Let us summarize the construction so far.

Definition 2.6. Given an exact symplectic manifold (M, ), the Fukaya category F(M, 0)
as an Ao, category has objects (L,s) where L is a closed spin Lagrangian submanifold,
s: L — Lér(TM ) a lift of the Lagrangian Gauss map. The morphisms are Floer chain
groups: Mor (L,L') = CF (L,L') and u? is defined by counting perturbed Floer polygons
as above

There are many other versions of Fukaya categories as listed in the introduction. Here
we will only define two of them: The Fukaya-Seidel category F8(m) of a Lefschetz fibration
m and the Wrapped Fukaya category. To motivate the definitions we recall a notion for

their mirrors:

Lagrangian surgery as mapping cones

The mapping cone of a morphism Iq 2y Ly often can be quasi-represented by a Lagrangian

Li#,Lo defined as the Lagrangian surgery of L; and Lo at p. To be more precise, this
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quasi-representability means that for any Lagrangian T', there is a long exact sequence
HF(T, L) 2" gp(T, Ly) - HF(T, Li#,L2) (2.3)

We can avoid using the testing object 1" by using the language of exact triangles in the

Fukaya category:

L% Ly — Li#, Ly — (2.4)

Lagrangian correspondence as bimodules

It turns out ”closed string objects” like symplectomorphisms ¢ can also be characterized
using Lagrangian Floer theory. Recall ¢ : M — M is a symplectomorphism if and only if
its graph Gr(¢) C (M x M,w & (—w)) is Lagrangian. Wehrheim and Woodward proved the

following isomorphism:

Theorem 2.2.7. Given Lagrangian submanifolds Lg, L1, Lo, L3 and symplectomorphism

¢:
° HF(LI X LQ,Lg X L4) = HF(LLLQ) X HF(L47L3>
o Ly x Ly,Gr(¢pY) = HF (L1, $(Lo))
e HF(A,Gr(¢™1)) = HF(¢)

where A = Gr(id) is the diagonal

2.3 Dehn twist exact sequences

It is a classical result that for an isolated hypersurface singularity
f:Ct = C

the nearby smooth fibers are homotopy equivalent to a bouquet of spheres S™ called van-
ishing cycles. Moreover, the monodromy around the singularity is a composition of Dehn
twists along these vanishing cycles [1]. In fact, these structures are compatible with the
Weinstein structure on the total space C*™! (with some minor modifications). For exam-
ple, the vanishing cycles are exact Lagrangian submanifolds, and the Dehn twists are exact
symplectomorphisms. It is therefore natural to study their symplectic invariants, such as

Lagrangian Floer homology, Fukaya categories, and fixed-point Floer homology.
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Seidel’s exact sequences and generalization

Seidel proved the following exact sequences regarding the effect of Dehn twists along a
Lagrangian sphere L on the symplectic topology of (M,w) and the Lagrangian topology of

other Lagrangian submanifolds:

Theorem 2.3.1. (Seidel’s sequence, open string version) Given Lagrangian sphere L and

Lagrangians L1, L, there exists a long exact sequence
s — HF(Ll,L) ®HF(L,L2) #—2> HF(Ll,L2> — HF(Ll,TL(LQ)) — e (25)

where ps is the map defined by counting pseudo-holomorphic triangles bounded by (L, Ly, Ls).

Theorem 2.3.2. (Seidel’s sequence, closed string version) Given Lagrangian sphere L and

a symplectomorphism ¢, there exists a long exact sequence
.= HF(L, (L)) £ HF(¢) = HF (poTL) — - - (2.6)

Given a finite collection of (monotone or exact) Lagrangian spheres {L;} in a (monotone
or exact) symplectic manifold (M, w), the (compact) Fukaya category B generated by {L;}
is defined to have {L;} as objects and cF'(L;, L;) as morphisms. In the case of Lefschetz
fibrations, the order of the vanishing cycles is also important, which motivates Seidel [21]

to define the directed Fukaya category A.:

CF(LjaLk) ] < ka

homA (Lj, Lk) - Kej ] = k’,

0 j>k
In this paper, we work in a Z-graded setting. Let (M,w) be a symplectic manifold of
dimension 2d with 2¢;(M,w) = 0 and {L;} be graded Lagrangian spheres. Seidel conjec-

tured that the fixed-point Floer homology of the composed Dehn twists 7 := 1y 0--- 07,

can be computed from the topology of M and all of homy (L;, Li). To be more precise:

Conjecture 2.3.1 ([20, Conjecture 3]). There is a long exact sequence:
-+ —=> H*(D) - HF*(id) - HF*(1) — ... (2.7)
Where D is the following cochain complex:

&y P CFLi,. L) ®CF(Li_,,Li,) - ® CF(Li,, Li,)[d + n] (2.8)

1<k<n 1<i; <--<ip<n



2.3. DEHN TWIST EXACT SEQUENCES 14

with a differential analogous to the Hochschild differential.

Remark 2.3.3. The differential has a more natural description, again due to Seidel. Con-
sider A and B as an A, algebra over the semi-simple ring R = Ke; & - - - ® Ke,, and A4 to
be the kernel of the augmentation map A — R. Then (2.8) is the chain complex

(Bld] @ T(A4[1]) " (2.9)

which is exactly CC.(A, B[d]). See [11, Section 2.9

Let F := Fuk(M) be the compact Fukaya category of M. In this paper, we construct
an exact triangle in the category of F-bimodules that we expect to give the exact sequence
(2.7) when we apply the bimodule Hom functor. We fixed the notations. We use 7; to
denote 77,. The left and right Yoneda modules are denoted as Y4 (V) := hom(X,Y) and
Y (Y) := hom(Y, X) respectively. Fa and &, are the diagonal and graph bimodule of 7
respectively. All chain complexes are over Z/2, though we expect everything to work over
7.

The following is the main theorem.

Theorem 2.3.2 (Main theorem). Let (M,w) be a symplectic manifold with 2cq1(M) = 0
with a collection of Lagrangian spheres {L;} such that their Floer cohomologies are well
defined. There is an exact triangle of Fuk(M )-bimodules

LN SN

where

En(A,B) = P P CFAL)® - @CF(Ly,B)k-1]

1<k<n 1<ii <-<ig<n
1s a bimodule version of the bar complex TA. Its structure maps consists of all possible

contractions by the Ay operations u; and ev is the map
pit1 : CF(A L)) ®---®@ CF (L, B)[k — 1] — (A, B) (2.10)

on each direct summand.

Example 2.3.3. When n = 1, the exact triangle reduces to the exact triangle
Yg, ®x YL, = Fa = 6

which is the bimodule version of the exact triangle in [16]

Remark 2.3.4. We point out that Sikimeti Ma’u and Tim Perutz announced a proof of
Conjecture 2.3.1 as early as 2011 using a direct approach via quilted Floer theory. Although
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our approach also relies on M’au-Wehrheim-Woodward’s Lagrangian correspondence theory,
the main tool we use is the Lagrangian cobordism due to Biran and Cornea [5][3], as well as
techniques from [16]. It is also worth pointing out that the Biran and Cornea generalized

their work to Lagrangian cobordism in Lefschetz fibrations [4].

To relate this exact triangle in the category of bimodules over F, we consider the category
F*(M x M~) which is the pre-triangulated split closure of the compact Fukaya category
of M x M~ together with the diagonal A. we use the subcategory F?2 of the category
F*(M x M) which is generated by products of compact Lagrangians.

Remark 2.3.5. When M is exact and therefore noncompact, the category F*(M x M ™)
needs some clarification since the diagonal is not a compact Lagrangian. The morphism
between a compact Lagrangian A and a non-compact Lagrangian B can be defined without
difficulties. The morphism between two noncompact Lagrangians (e.g. A = B = A) is
defined by perturbing B using a small positive Hamiltonian flow that is equal to the Reeb

flow near the boundary.

It is an algebraic fact that the functor M : F2 — JF-mod—F that maps A x B to
Yl, ®@x Y% is full [11, Proposition 1.2]. When M is nondegenerate, A (and hence the graph

of any symplectomorphism) is also contained in 32, and M is full on these objects too. This

implies:
Homg_5(Fa, Fa) X HF (A, A +) = HF(id, +) (2.11)
Homr;,g(ffA, fTr(Zg) = HF(‘I), +) (2.12)
homg_g(N x N’, A) = HF(N, N’) (2.13)

Remark 2.3.6. We explain what the & means. When M is exact, which means that
it is not compact, one has to perturb the symplectomorphism ¢ near the boundary to
define HF'(¢,+). This is achieved by picking a Hamiltonian H such that Hjsy, = 0 and
the Hamiltonian flow ¢/ equal to the Reeb flow. Then the perturbation ¢ o ¢} defines
HF(¢,+) when t > 0 and HF(¢,—) when ¢t < 0. When M is non-exact and closed, then

we can ignore the ”4” and ”—" as the Floer homologies do not depend on the perturbation.
Now taking Homg_5(Fa, —) and the isomorphisms we have:

Corollary 2.3.4. If M and {L;} are exact or monotone, and the compact Fukaya category

1s nondegenerate, then there’s a long exact sequence

.o = H*(D) = HF*(id, +) — HF*(1,+) — ... (2.14)
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where D is the chain complex Homg_5(E,,Fa). See [11, Definition 2.18].

Remark 2.3.7. If in our definition of F*(M x M~) we use the negative Hamiltonian to

perturb the Lagrangians near infinity, we would get similar results with ”+” replaced by

n_»

Given two Lagrangians N and N’, taking Homg_g(N x N’, —), we have the open version

of the exact sequence.

Corollary 2.3.5. Under the same hypothesis as Theorem 2.3.2, for every pair of La-

grangians N and N’ there is a long exact sequence
<+ — H*(&,(N,N")) - HF*(N,N') = HF*(N,7(N'")) — ... (2.15)

Remark 2.3.8. Theorem 2.3.2 works for any symplectic manifolds (X,w) and graded La-
grangian spheres {L;} that satisfy 2¢1 (X, w) = 0 since our argument is purely algebraic and
uses the Z-grading (though when d is odd a Z/2 grading is enough). It is possible to use our
argument on the category of product Lagrangians directly (without going to the category of
bimodules) to produce an object E,, in 32 corresponding to the bimodule &,. However, the
chain complex CF(E,,A) is harder to work with than Homg_5(&,,Fa). Also one needs

to prove a Lagrangian surgery version of Lemma 2.3.15.

2.3.1 Proof

First, we recall the definitions of diagonal bimodules, Yoneda modules, and algebraic twists
in an A, category &, as defined in [19]. For simplicity, we use (A, B) to denote homg (A, B)
and u; to denote ug.

Definition 2.3.6. The diagonal bimodule is defined as Fa (A, B) = (A, B) with structure

maps:

Pl (A, A ) @ ® (A9, Bo) ® -+ @ (Bs_1, Bs) — (Ay, By) (2.16)

. r|lls
given by fin"" = pryst1

Definition 2.3.7. Given an object X, the left Yoneda module HZX is defined as HZX =

(—, X)) with structure maps:

P (A A ) @ - ® (Ag, X) = (A, X) (2.17)

. r|l
given by piyy = pir41
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Definition 2.3.8. Given an object X, the right Yoneda module Y% is defined as Y’y :=
(X, —) with structure maps:
P (X, By) @ -+ ® (Bs_1, Bs) — (X, By) (2.18)

. 1|s
given by py = pst1

Definition 2.3.9. Given a left module M and a right module N, there’s a bimodule M@ N
defined as (M ® N)(A, B) := M(A) ® N(B) with structure maps:

u;\?@id s=0,7>0
. 1ls
i) ) 1d @ pog r=0,5s>0
Fovesen = 0|1 1[0 (219)

Py Rid+id@ py 7=0,8=0

0 r>0,s>0

\

Definition 2.3.10. Given a left module M and an object X, the abstract twist of M
along X is defined as (TxM)(A) := M(A) @ (A, X) @ M(X)[1] with structure maps:
|1l 7|l r+1[1 |l
Hreni(@,b @) = (i (@), iy ' (0,0) + D@ i (0) (2.20)
Definition 2.3.11. Given any covariant A, functor ¢ : F — F, the graph bimodule & is
defined as G4(A, B) := (¢(B), A). The structure maps

/‘(ﬁms D (Ag—1, Ak) @ ... @ (¢(Bo), Ao) ® ... ® (Bs, Bs—1) — (¢(Bs), Ar,) (2.21)

are given by the composition

Hipe = O Masgrao( Y, idF @, @@ e;) (2.22)
1<j<s 4=

We can see that for the composed Dehn twist 7, &, has a complicated structure map
to perform calculations, since its structure maps involve the functor 7. Here we construct
using Lagrangian correspondences a bimodule that is quasi-isomorphic to &, and easier to
work with.

The relation between Lagrangian correspondences Loy C My x M and functors from
HY(Fuk(Mp)) to HY(Fuk(M;)) was first written by Wehrheim and Woodward in [25].
Then together with Ma’u they were able to enhance it to produce chain-level functors from
Fuk(Mp) to Fuk(Mj) [15]. Recall 3?2 is the subcategory of Fuk(M x M~) generated by
product Lagrangians and graphs of compactly supported exact symplectomorphism. From
[16] (also see [18], [10], and [12]) we have an exact triangle in F2:
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Ly X Ly — A = Gr(r; Y (2.23)

Let Fmod-F be the category of F — F-bimodules. There’s an A, functor ® : F2 —
F-mod—F. This functor is similar to the M’au-Wehrheim-Woodward functor in [15], except
that the target is the category of bimodules instead of functors. It is also similar to the
one constructed by Ganatra in [11], except that we are in the compact setting instead of
the wrapped setting. The functor ® takes the exact triangle above to the well-established
exact triangle in F-bimodule due to Seidel [19]:

Y @Y, <> Fa— 6, (2.24)

Where ev : yan ®k 97, — T is the map evyjy)s == pristo.
There is an autoequivalence (7; x id)4 on the subcategory of F-bimodules generated by

®(F?) that are induced by the symplectomorphisms 7; x id. We define
ev) = (1y X ido-- o1 xid)y(ev) = (11 X id)g o+ o (1; x id) (ev)

Applying (11 X id)y 0 - o (Tp—1 X id)4 to (2.24) we get an exact triangle:

ev _
y! Rk YL, — By = B (2.25)

T1Tn—1Ln

We introduce the following notation:

6, =6, (2.26)
Li=Y om0, K YL, (2.27)
The structure maps of T,, := ylﬁ,,, 1Ly, COLL be computed easily using formulas for abstract

twists in Definition 2.3.10 which come from [19] and the fact that abstract twists of Yoneda

modules are quasi-isomorphic to Dehn twists.
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Therefore by Definition 2.3.9 the structure maps of £; = J; ® Y7 is given by

(1

p,ﬂ@)id s=0,r>0
. 1]
il — id ® g, r=0s>0 (2.28)
| eidvide)? r=0s5=0
0 r>0,s>0

Where ugil involves all possible contractions from the left.
We define

Gi := Cone(L; I Cone(Li_1 N Cone(---Cone(L1 =5 A)))) (2.29)

= COTLG(Li %—71> 9i71) (2.30)

Then we have from (2.25)

i~ 6, (2.31)
9, is a more explicit model for &; since we can now describe the underlying vector spaces
clearly:
Sn(A,B)= P Lita(4,B)1] (2.32)
0<i<n—1
= B P CFAL)® - ®CF(L,B)k (2.33)

0<k<n 1<i1 << <n

However, the structure maps of G, are still implicit, since they include the maps ev;,
whose formula is not explicit from the definition. In the following section, we will introduce
a new collection of explicit maps ev; that represent ev, up to multiplication by a nonzero

constant. So we can write down the structure maps for G, explicitly using ev;.

Remark 2.3.9. In principle, it is possible to compute the formula for ev], using Wehrheim-
Woordward’s result [24] on the fibered Dehn twist 7; x id

To describe the domain and codomain of the maps accurately we introduce the following
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notations for any bimodule B:

B(Ag, Bs) := CF(Ag, Apy1) ® -+ ® B(Ag, Bo) ® - - - ® CF(Bs_1, Bs)
Nt (A, B) := CF(A, L,) ® CF(Liy, L) ® - - - ® CF(L;,, B)
“miknrll\s = fyghpsr1 : NUTH(AL B,) — CF(Ag, B)

=) id® @ py @ id®F T N (Ag, By) — N (Ag, Bo)

%

r|lls
BRE s SR 7

i1---ikn:1|.l.‘jk4 = id @ pyyep1 : N (Ap,Bs) — Nil"'ik*l(Ao, By) (2.38)
1 . i1eerd o
i1y :z|/‘szk = k41 @ id @ N (Alw BU) — Nt (Aka BO) (2'39)
r|lls
A1 My iy dy g i (240)
=1d @ py—j41 R id Ntk (AQ, Bo) —y T =10 Tk (Ao, Bo) (2.41)
1] 1] 1] 1]
When k # 0, n;,jk, i1-~~ikn:1~~jk4 and il"'ikn;""Zlflilurl"'ik are 0. When s # 0, n;,,fzk,
o oprltls and ritls are 0
11k ’il/---ik 11 il---il,1i1/+1---ik
Definition 2.3.12. Under the identification of graded vector spaces
Lit1(A,B) = (2.42)

P P Ntk (A, B)[k — 1] (2.43)

1<k<i+1 1<iy <--<ip=i+1

We define ev; € homg_5(Lit1,Gr...r;) as follows:

> R (E S i IR L) (2.44)

1<i<n+11<iy <--<ig=n+1 0<i<k

The following is the key proposition of our argument, which we will prove using induction

in the next section.

Proposition 2.3.13. [ev;] = c[ev]] as elements in Homg_5(Liy1,Gi) for some nonzero

constants c.

Corollary 2.3.14. There is a quasi-isomorphism
n ~ Cone(L; —=% Cone(Li—1 —=2 Cone(---Cone(L1 <5 A)))) (2.45)

The last step is to use the next lemma:

Lemma 2.3.15. Let X, Y and Z be Axo-bimodules, g :Y — Z and f : X — Cone(Y EN Z) be

bimodule morphisms. Then there exist unique maps f : X — Y and § : Cone(X ERN Y) — 2)
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such that this is a quasi-isomorphism:
id : Cone(X EN Cone(Y & 2)) = Cone(Cone(X[—1] EN Y) IN Z) (2.46)

Proof. Let X,Y, Z denote the underlying graded vector spaces of X, Y, Z respectively. Clearly
the underlying graded vector spaces of both side of (2.46) agree and is equal to

A=X[1leY[l]®Z
Under this identification of vector spaces, we have:

f=(f): X[ =Y[l]eZ

and
g: Y[l > Z
Now define
f=nh
g:=fotyg
We see

da(z[1],y[1}, 2) = (dx=z[1], dyy[l] + frz[l],dzz + frx[1] + gy[1])
dp([1],y[1], 2) = (dxa[1], dyy[1] + fz[1],dzz + §([1], y[1]))
= (dx=[1], dyy[l] + fiz[1], dzz + fax[1] + gy[1])
Indeed they agree. The compatibility with higher operations can be verified likewise. [J
Applying lemma 2.3.15 repeatedly on (2.45) we can rearrange the iterated cone:

€Un—1

o = Cone(- - Cone(Ln[—n + 1] 222 ) E5 £1) 2 A) (2.47)

where all of ev; combined is essentially the same as all of ev; combined. For example, the

component of ev;, _1 in (2.45) that maps
CF(A L)) ®..® CF(L;,, B)[k]
to
CF(A,B)

is the same as the map év in (2.47) restricted to CF(A, L;,) ® ... @ CF(L;,, B): They are

)
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both just pg1.
Now define

e

&n = Cone(- - Cone(Ln[—n + 1] 25 L 1[-n+2]) 2272 ) D0 g,

Its structure map is explicit since ev; and hence ev; are explicit. By construction, we have

that &, sits in an exact triangle
En A= G, (2.48)

What'’s left to prove is Proposition 2.3.13, which we will prove in the next section using

induction and a dimension argument.

Proof of Proposition 2.3.13 by induction

We explicitly describe the domain and codomain of ev] first. Recall by (2.32):

Definition 2.3.16. Let G,, be the bimodule whose underlying vector space is

Sn(A,B)= @ Lin(A B)1] (2.49)

0<i<n—1

&b B  N(A,B)K] (2.50)

0<k<n 1<iy<-<ix<n

where it is understood that when k = 0, N%(4, B) = CF(A, B). Its structure maps is given

by As multiplications and ev}:

r|lls r\1|s r|1|s
E : E : (nil---ik+ § i1t zl/ zk § 110 11 A1ty g zk) (251)

0<k<n 1<i1 <+ <n o<l'<k 1<i<l'<k

+ Z evy, (2.52)
Where it is understood that when k& = 0, ev|, = ev is the map ev : HlLl ®k Yy, = Fa in
(2.24)

Definition 2.3.17. Under the identification of graded vector spaces

Lit1(A, B) = (2.53)
&b a CF(A, L) ®---® CF(L;,, B)[k — 1] (2.54)

1<k<i+1 1<i1 <--<ip=i+1
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We define ev; € homg_5(Liy1,Gr...r;) as follows:

Z Z (( Z i1--~ikn;|-1-‘fzk,l) + gy 1) (2.55)

1<i<n+11<ii <--<ig=n+1 0<i<k

Now we proceed by induction to prove proposition 2.3.13. The case when ¢ = 1 is exactly
(2.24). Assuming for i < n, ev; satisfy the hypothesis of the following lemma, then we can
use the following dimension argument to conclude [ev;] = c[ev]] for i < n for some nonzero

constant c:

Lemma 2.3.18. Let 0 € homg_5(Liy1,9:) be any bimodule pre-morphism satisfying
1. 0 of degree zero.
2. 0 is closed (i.e it is a bimodule morphism).
3. [0] # 0.

then its class [0] is sent under the isomorphism

H*(Li+1) = HF(LZ‘+1, Li+1) = HF(LZ+1 X Li+1, A) (256)
= HF(Tl tee Ti(Li+1) X Li+1, GT(T;l cee Tfl)) (257)
= Homg_g(Lit1,Gi) = Homg_5(Lit1, 9i) (2.58)

to some nonzero elements in Ho(L;)

Remark 2.3.10. Note that when d is odd this argument works fine with just Z/2 grading.
See Remark 2.3.8

This is because ev, also satisfies the hypothesis of Lemma 2.3.18 since it is the image
of a degree preserving homologically nontrivial morphism under the fully faithful functor
(11 xido--- o X id)y.

Therefore, by the induction hypothesis, when we are proving that ewv, satisfies the
hypothesis of the above lemma, we can replace all the ev] in the structure maps of G, by
ev;.

First of all, note that the degree of ev, is 0 by construction. Indeed we have:

01/0

0 = g (2.59)

i1
which has degree 1 — k and maps

CF(A, L) ® - ® CF(L;,, B)[k — 1]
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into (A, B). Also
iy--ikn?l'-l-‘-(i)k,l = Hi+1 (2.60)
Which has degree 1 — [ and maps
CF(A L)) ®---®CF(Ly, B)[k — 1]

into

CF(A, L, ,)®---®CF(L;,,B)[k—1]

The proof that ewv,, is closed is a long computation which we retain to the next section.
Once we prove that ev; is closed. The fact that it represents a nontrivial class follows by
using the following basic algebraic lemma on ev; restricting to the submodule WLZ'H QK
yii-}—l
maps in homology from [16].

C L;, we see the map after the restriction is ev, which we know induces nontrivial

Lemma 2.3.19. Let f : B — B’ be a bimodule morphism. Suppose that there exists a
submodule B of B such that (fi8)s : Hu (B) — H.(B') is nontrivial, then f. is nontrivial.

Proposition 2.3.20. The maps ev; are homologically non-trivial.

)0l

Proof. We just need to prove (ev; induces a nontrivial map on homology. Note that

‘dlLZ_H ®r Y7,,, C Liis a sub-module and the restriction of ev; is the map ev in (2.24), which

was shown to induce nontrivial map on homology O

proving ev; is closed

Recall by the argument using induction hypothesis in the last section, we can replace the

maps ev, in pg, by ev;. This allows us to prove that ev, is closed:

Lemma 2.3.21. ev, is closed, that is, the following equality holds

Z Iug:i\lls—j o vl (2.61)

i’j

=> e M 0id® " @ il @i (2.62)
i’j

+ 3 e M 04T @y @ id® (2.63)
Z"j

+ 3 vt 0 id® ™ @y @ id® (2.64)

Z‘?j
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Proof. We verify this for r = s = 0 first, which is to prove the following equation:

Mgljlﬂ o evgmo = evgmo o u%liﬁ (2.65)

We just need to prove this for any given pair of summands that is the domain and
codomain. That is, given 1 < ¢y ---i,, < n and a subset {j1 - j} C {i1-*im}, we just
need to prove the LHS and RHS of (2.65) agree on each component:

0[1/0 0[1/0

( oev o110
i1-im G, n

R — o[1jo o
)]1“']m/ T d1im (an © HLn+1)Jl"‘]m/

that maps the component N1 im to N1 Jm C G,,.

Fixing index set {i1 - i}, a subset {j1 - v} and elements

(Cl’ e 7cm+1) E NVUZm
we compute
0|1]0
i (g0 ety (er e em) (2.66)
and
0|1]0
ilmim(evgll\o o Mﬁlnll)jl”'jm’ (c1,- 5 Cmg1) (2.67)

First of all, observe that both (2.67) and (2.66) vanish unless {j1 -+ v} C {i1-* im}

if of one of the following form:
LGy =91 UpJ1 - Jmiq -~ im for some p > 1 and ¢ < m.
2. 091 = 1 Jple Gt Jpa1 o Jilg - U fOr some p > 1,7 > 1,1 > 0,9 <m.
3. 41 im = J1° - Jmlq - - im for some q.

since ev; only involves A, multiplication from the right and pz, only involves A, multi-

plication from the left. Therefore, for all other types of ordered subsets j; - - - j,./, there are

. 0|10 0[1]0 0[1/0 _ 0[1]0
no terms in ,u9|n| o evnl | or evn‘ | o ;LL| |+1 that map N 'm to NI Im/,
n

Case 0: The empty subset corresponds to the summand N? = A. In this case M(9)|1|0 o

n

0[1]0 o[1j0 _ o[10 . . .
evn‘ 0 _ evn‘ 9, ’LLLln-I',-l is equivalent to the A, relation of order m + 2.
Case 1:
0[1/0 0[1]0
fig "o ev?M0(cy, o emyt) (2.68)
. o[1]0 ol1]0
_(il"'iqflnipJ—l“‘iq—l o i1~--imni1~~-iq_1)(cl’ L Cml) (2.69)

:(Np—I—l(Cl, e 7Cp+1)7 T 7/~Lm—q4r2(cq7 e 7Cm+1)) (270)
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0[1]0
evd00 ugM (cr, e ema) (2.71)
0[1]0 0[1]0
:(ipﬂ---imniijl...iqfl o il---imnii+|1...im)(c1, o, Cmgl) (2.72)
:(:UP-H (cla T >cp+1)v T 7:um—Q+2(C(1? T ’Cm+1)) (2'73)
This finishes the verification for Case 1.
Case 2:
MgEIO o ey, emyt) (2.74)
0[1]0 0[1]0
:(il“'iq—l ill""irir+l"'iq—1 i1 i1|-~|-2'q,1)(617 s ,Cm+1) (275)
:( o HMH—Q(Cerl’ e 7Cp+l+2)7 t a/*‘m*quQ(qu T achrl)) (276)
0[1]0
evd0 o ML'nL—l (1, ,Cm+1) (2.77)
1 r|l
= Cipivir i Do iy @ i P i (€ Cmg1) (2.78)
:( o vul+2(cp+1v T acp+l+2)7 e ’:U’m—l]-i‘Q(Cq’ e ’Cm+1)) (279)
This finishes verification for Case 2.
Case 3:
10 enl0(cr, - ) (2.80)
0[1]0 0[1]0
= > z‘1~~z’m_zni1‘~|~iq_1 0 iy Mo )  (er, e Cm) (2.81)
0<l<m—qg+1
0[1]0 0[1]0
+ i1ige1 Wiy -ig_q O iy i1-ig_1 (282)
- Z(clu T ),Ufl(ci)7 T 7,um—q+2(CQ7 o 7Cm+1) (283)
1<q
+ (C]_, e 7ﬂl(ﬂm—q+2(cqa R P 7cm+1))) 284)
+ Z (c1,--- 7Nm—l—q+2(cqu"’ s (Cmtg1, 0 s Cmt1))) (2.85)

0<l<m—q+1
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0[1]0
Q10 6 4y | | P er o em) (2.86)
0[1]0 0[1|0
:il"'imnill""iq ! Oil"'imnil‘"|'im(cl’ ) (2.87)
0[1]0 0[1]0

+ Z U1yl tm 11| lzq 1 © z'1--~imni1|--‘-iri,.+l---im (Cl7 T ,Cm+1) (288)
= Z 1y pa(e), ,,um,q+2(cq, o Cmetl) (2.89)

1<q

+ Z(Cla e aﬂm*q+2(cq» e Hul(ci)’ T ,Cerl) (290)

129
+ Z(cla e 7,U’mflfq+l(CQ7 to aMlJrQ(' o )7 to acm-i-l)) (291)

We see that both sides agree by the A, relations of order m — g + 3.

For the case when r > 0 and s > 0 we proceed similarly. First, we list all the cases for

each of the three maps ,urll|s7 qumjl and €UT|1|8.

S0y w205 £0

0<k<n+11<i1-+ip=n+1

eviltls = > > e #£0,5=0 (2.92)
0<k<n+11<¢y-ip=n+1

1
> > (z‘l...iknr|1|s + > il"’ikn;l--‘jk,)vr =0,s#0

L0<k<n+11<iyig=n—+1 0<l<k
0,r#0,s#0
r[1]s _
MT|1|5 — > > > iy eeei Mg s T #0,s=0 (2.93)
Lnt1 0<k<n+1 1<ty <n+1 0<i<k :

riils
Z Z ’i1~~~ikni1~~-ik7r - 0’ § ;é 0
0<k<n+11<is-ip <n+1

Z il.,.iknrmsar #0,5s#0

0<k<n 1<i; —ip<n

1
ol sy () 20,5 =0 (2.94)

" 0<k<n 1<i1 i, <n 0<I<k

1
S0 (X ami o ) =05 #0

0<k<n 1<ii—ip<n 0<I<k

Now fix any subset {j1---ji} C {i1---im} just like in the case when r = s = 0, the maps in

Lemma 2.3.21 vanishes unless {j; ---j;} is one of the four cases we listed there. We verify
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the equality in 2.3.21 for these 4 cases one by one.

Case 0: 0 C {1 -4, }. This is equivalent to Ay-relation of order m +r + s + 2.

Case 1: i1--+ipm = 11 -IpJ1 - Jm'lq - %m. In this case, all maps in Lemma 2.3.21
vanish unless r = s = 0. This is because when {j; - - - j, } is not empty, all maps with r # 0
and s # 0 vanish. But then neither (2.92.2)o (2.93.2) nor (2.94.3)o (2.92.3) maps N1 ~im
to NIt Im

Case 2: @1ty = J1 - Jplr I/ Jp+1 - Jm/lq - - %m. In this case, all maps in Lemma
2.3.21 vanish unless r = s = 0. This is because nrms

SRR} St SRR S 1Zl’+1 Tk
s>0

Case 3: We have

are 0 whenever r > 0 or

Zuoms_j o evd™ (by, - b)) (bjy - b1) Ty -+, T0) (2.95)

_z : j : 7"|1\s r|l|s
i1l —1 7,1 “Im—p—q © il---imnilmim,p(bS? e 7b]+1)(b]7 o 7b1)(33m7 e 7‘%.0)
J pte=l

(2.96)

- § E (/’LS—j-‘v-q-‘t-l(bS? I bj+17 :u’j-‘rp-l-l(ij b1, Ty :mm—q)7 Tm—p—1,""" 7$m—p—q)a
J pte=l

(2.97)
Tm—p—g—1;""" ,T0) (2.98)
Where the sum is over p + ¢ = [ such that i,,_,_4 = .

Z WOls=i O“O‘ii(bs’”' i) (b b1) (T - 20) (2.99)

= Zzl o i (b b (B b)) (s 0) (2.100)
:Z fhs— i1 (b s bjaty i1 (Bjy - 01, Tm))s Ton 1y -+ > T 1)y T 15+ > L0)

(2.101)

Zevoms I (b, i (biggs e+ 3 big1) s bise -+ 3 b1) (Tms -+ 5 0) (2.102)
_Z (f1s— y+l+2 b, - - - 7Nj(bi+j7"' 2 bit1),bis b1 Ty T 1)y T 15+ 5 T0)

(2.103)

We see that (2.98)+(2.101)+(2.103)=0 by applying the A relations separately for each .
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This finishes the proof for Lemma 2.3.21 and hence Theorem 2.3.2.
O

proof of theorem 2.3.2. The exact triangle is obtained by using lemma 2.3.15 on the right-
hand side of (2.45) as indicated. The statement about the differential follows from our

formula for ev;. O
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Chapter 3

Minimal Lagrangian genus of a

rational surface

We fix some notations. Let & be the set of homology classes represented by smoothly

embedded spheres of self-intersection —1.
& ={F € &| E is represented by an embedded w—symplectic sphere}.

we will denote by H, Ej, Es,--- ,Ey a basis of Ho(Xg,Z), under which the intersection

matrix takes its standard form, i.e.,
H*=1, E}!=-1, H-E;=E;-E;=0, Yi#j.

In addition, each E; is assumed to be in €. Such a standard basis naturally arises from any
explicit identification of X; with CP2#kCP2. There are many choices of standard bases,
all related by the D(X})—action.

We fix a standard basis. If w is given, F; is further assumed to be in €,. Let g €
Hy(Xy;Z9) and ~y; € Ho(Xp;Z2) be the mod 2 reductions of H and E;. Let Ay = H —
Zle E; and & = [+ Ele vi € Ho(Xy;Z2) its mod 2 reduction. Ay is an integral
characteristic class and & is a mod 2 characteristic class. In fact, £ is the unique one by

Poincare duality and hence independent of the basis.

3.0.1 Cremona transformation and minimal genus for an ordinary class

«

The Cremona transformation is an automorphism of the second homology group Hs (X, Z)
preserving the canonical class Ky and realized by diffeomorphisms. Note that the Mod 2

Cremona transformations preserve the Pontriagin square, the characteristic class and zero
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class. Also that —1 reflection acts as identity on Ha(X;Zs2).

For S? x S2, the characteristic class is the zero class. The two fiber classes mod 2
are Cremona equivalent by the factor switching automorphism. So each nonzero class in
Hy(S? x §%,Z5) is Cremona equivalent to b (mod 2) or (b+ f) (mod 2).

The group of Cremona transformation of Xj, is generated by the reflections along L,
or B — E; ([LiLi]) with the action given by

Riji(A) = A+ (A- Liji) Lijk

Rij(A) = A+ (A- (B — E;))(E; — Ej).

Note that there is a unique characteristic class by Poincare duality. For X, it is & =
B+

Proposition 3.0.1. For any rational surface, nonzero ordinary mod 2 classes with the
same Pontriagin square are unique up to Cremona transformations. For X, any nonzero
ordinary mod 2 class is Cremona equivalent to one of 4 model ordinary classes: (5,3 +
Y1,71, 71 + Y2, which have Pontriyagin square 1,0, —1, —2 respectively.
Consequently,
CHX) A D<= n=2—-P(a) mod 4.

In other words, n*(X) =2 — P(«).

Proof. We observe that it suffices to show that any nonzero ordinary mod 2 class is Cremona
equivalent to a class with all components zero except two. If there are at most two nonzero

terms, since the class is nonzero, it is of the form in the list by possibly applying the R;;:
B = (1|0a07"'))5+71 = (1|1707"')7’71 = (0|1701"')7’71 + 2= (0|1711)

If there are at least 3 nonzero terms, since there is at least one zero term we can assume
the first 4 components are of the form (1|0,1,1) or (0/1,1,1) by possibly applying the
R;;. The action of Ri23 only change the first 4 components and the effect on the first 4
components is as follows:

Ri23(0[1,1,1) = (1]0,0,0)

R123(1’O> 1) 1) = (O‘L 07 0)

So if there are at least 3 nonzero terms and at least one zero terms, the class is Cremona
equivalent to one class with less nonzero terms. We can therefore reduce to the case there
are at most 2 nonzero terms.

If k£ = 0 there are no such classes; if £k = 1 the only such classes are H and E; which have

Pontrjagin square 1 and —1 respectively. If k¥ > 2, a nonzero ordinary class in Ha(Xy; Zs2)
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is Cremona equivalent to exactly one of the following four classes: 3,5 + v1, 71, 71 + Yeo-
Now we apply the Lagrangian blowup construction to get a Lagrangian 2RP? in the
class B+ from a Lag RP? in the class 3. Similarly, applying the Lag blowup construction
to get a Lag 3RP? in the class 0++; from a Lag Clifford torus. By applying the Lag blowup
construction again to get a Lag 4RP? in the class v + vo. O

We next compute the cardinality of each orbit. Recall that Pointryagin square is simply
the lift of cup product mod Z4 if such a lift exists. For rational manifold since there’s no
torsion class such a lift always exists. Let aj(i) be the number of ordinary classes of X}

with Pointryagin square 1.

Lemma 3.0.2. Wheni=1,2,3, ax(i) =

ag (1) i+k#1

when i =0, ag(i) =
ap(i)—1 i+k#1
ag(i) —2 i+k=1

Where C_Lk(l) = 51(2) + ZlZl (4[111') + ZlZl (4l+k17i)

Proof. ay (1) is simply the number of Zg-classes with Pontryagin square i. It is straightfor-
ward to obtain the formula for ax(i) once we list all the classes. Let P(i) denote the set
of classes with Pontryagin square i. To simplify the notation, we use E,,) to denote the
classes of the form F; + ...+ E;  with j1 < ... < jn.

P(1) ={H, E3), H — E), Eqz), H = Eg)...} (3.1)
P(2) = {E), H — E), Eg), H — E7)...} (3.2)
P(3) ={Ew), H — Eq), E5), H = Eg).-.} (3.3)

P(0) = {0, H — Eqy, By, H — E5), Eg)-} (34)

Now we need to remove the zero class and characteristic classes. Note that the characteristic
class is in P(7) if and only if ¢ + £ = 1. This finished the proof.

The numbers relevant to our studies of RP? are a1(1) = az(1) = 1,a3(1) = 2,a4(1) =
5,a5(1) = 16,a6(1) = 36,a7(1) = 72 and ag(1) = 135.
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Remarkably, it was shown by Shevchishin and Nemirovski ([S] and [N]) that the mod 2
class of a Lagrangian Klein Bottle in a uniruled manifold with ¢; - w > 0 must be nonzero.

On the other hand, Shevchishin gave an example of null-homological embedded Lagrangian
Klein Bottle in 72-bundle over T2

3.0.2 Symplectic -4 spheres from rational blow-up

The following important result comes from an observation in [6], which follows immediately

from Dorfmeister’s symplectic cut/sum formula for the sympletic Kodaira dimension [D].

Lemma 3.0.3. Given a Lagrangian RP? in (Xj,w),k > 1, the rational blow-up yields a

symplectic rational surface (Xy41,8) along with a symplectic —4 sphere.

We will first classify their classes up to actions of D(Xjy1). We need a standard basis
H,Ey,--- , Epyq for (Xp41,Q). Note that Xp, 1,k > 1 is identified with S? x S?#kCP2. An
explicit transformation of the basis H, Fy,--- , Ex11 is given by

[ ] b:H—El,f:H—EQ,ele—El—EQ
[ ] ei:Ei—f—l;QSiSk-

Here, b, f are the homology of the the first and the second factors of S?, and e;’s form a basis
for H, consisting of exceptional classes. In terms of this basis we can classify symplectic
(—4)-sphere classes coming from rational blow-ups up to actions of D(Xj41). We need a
similar result on ordinary blow-ups first:

We recall the classification of symplectic —4 sphere classes in [DLW]. Let (Xgi1,w)
be a rational symplectic surface and {H, E1,..., Fxy1} a standard basis of Ho(Xy11;7Z).
Consider any class A € Hao(Xj41,7Z) with A- A = —4 and represented by an w—symplectic
sphere. Up to D(Xj.1)-equivalence, the class A is one of the following:

1. If A is characteristic, then k = 5 and A is equivalent to H—F1—...— E5 (e —ea—e3—ey)
2. If A is not characteristic, then it is equivalent to one of the following:

(a) —H +2E; — Ey (b—2f) or

(b) —a(—3H + ), E;) — 2E19 (a € N*).

Lemma 3.0.4. If a symplectic —4 sphere Z in (Xi11,$) arises from blowing up a symplectic
—2 sphere in a rational surface, then [Z] is D(Xky1)—equivalent to —H + 2E; — Ey or
H — Ey — ... — E5. If [Z] is characteristic, then k = 4 and [Z] is D(Xk11)— equivalent to
H—-FE —..—FEs.
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Proof. For (Xi,w),k = 0,1, there are no symplectic —2 classes. When k > 2, symplectic
—2 sphere classes of (X;,w),l > 2 are D(X;)—equivalent to £y — Eo or H — E1 — Ey — Ej
([LiLi]). The only possibility left is when S? x S? blows up to X3, but symplectic —2 sphere
classes of (S? x S2,w) are all equivalent to b — f.

O

Using this lemma we can prove the corresponding result for rational blow-ups:

Proposition 3.0.5. Suppose Z C (Xp+1,Q),k > 1 is a symplectic —4 sphere that arises
from rational blowing up a Lagrangian RP? in (Xy,w). Then the class [Z] is D(Xpi1)—
equivalent to —H +2FE1 — FEy or H — E1 — ... — E5.

Proof. Note the rational blow down of Z C (Xj41,) is (X, w), which is not minimal. By
D13],

e ecither there exists a symplectic exceptional sphere disjoint from Z,

e or there exist two disjoint symplectic exceptional spheres C1 and Cs each intersecting
Z exactly once and positively.

Therefore we can assume after blowing down some number of exceptional spheres disjoint
from Z that the resulting rational surface W is minimal or (ii) occurs for Z C W.

If we reach a minimal rational surface then W = S2 x S2, since the other possibility,
CP?, does not have a symplectic (—4) sphere. So [Z] is either b—2f or f —2bin Ho(W;Z).

Assume now that (ii) occurs for Z C W, where W has no exceptional spheres disjoint
from Z. We can assume that Z intersects C; and Cs normally up to a local isotopy of Z.
After blowing down C; and Cs, we get a symplectic —2 sphere in a rational surface .
Then Z is obtained by blowing up a symplectic —2 sphere and thus we can apply Lemma
3.0.4 to finish the proof. O

3.0.3 Characteristic classes and 7(X,w)

There is a unique characteristic class by Poincare duality for every rational surface: it is
the zero class for S? x S?, and & for X;. We first study the Lagrangian RP? C Xy, in
the class £4,. We'll also prove some results about higher genus non-orientable Lagrangian
surfaces in X}, via the Rieser’s result on real blowup of (CP2?, RP?). Finally, we derive the

estimate of (X, w).

Existence of Lagrangian RP?

Proposition 3.0.6. There are Lagrangian RP? in the characteristic class &ap of Xup if and
only if p=10,1.
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Proof. Suppose &4, is represented by a Lagrangian RP? L in Xyp for p > 2. Such a La-
grangian RP? would give rise to a —4 symplectic sphere Z in X4py1 from rational blow-up.
Assume p > 2. Then 4p+1 > 9 > 5. By Proposition 3.0.5, [Z] is D(X4p+1)—equivalent
to —H + 2F, — Ey. By [MOJ, for the exceptional class Eg which has trivial pairing with
—H + 2E; — Es, there is an exceptional sphere S disjoint from Z. When we reverse the
(local) rational blow-up process S becomes an exceptional sphere in X4, which is disjoint
from L. But this contradicts to the fact that [L] is characteristic.
The existence of Lagrangian RP? in &, is obvious. In [DHL] a Lagrangian RP? in & is
constructed from Lagrangian blowing up a characteristic Lagrangian S in X?3.
O

Remark 3.0.7. The error in [DHL] occurred when claiming that Ayp—1 for p > 2 is also

represented by a Lagrangian sphere in Xy, for any p.

Real blow-up of (CP?,RP?) and n%(X})

Assume (X, w) carries an involution ¢ : X — X that is anti-symplectic. That is ¢*w = —w.
Then its fixed point set Fiz(¢) = L is a Lagrangian surface in X. Now v is a real packing
of (X,¢,L) if w;l(L) is the real part Bgﬁ of Bs, for any 7 and ¢ commutes with complex
conjugation ¢g on Bs, and ¢ on X.

By [Ri] Theorem 1.21, the symplectic form & on X := X#kCP? can be constructed
such that there exists involution QNS : X — X such that <z~5*~ = -0, T o& = ¢oll, L =
p~HL) = sz(qg) and is w-Lagrangian. Here II is the blow-down map. In this case, we call
(X, ¢, L) a real blowup of (X,,L). Note that L = L#RPP? and [L] = [L] + E. On the
other hand, ¢ is a L-obstructed packing of (X, L) if ¢; (L) = ) for any i. Thus L still
survives in X.

Rieser proved the following result regarding equal sized real blow ups:
Theorem 3.0.8. [Ri] The real and absolute packing numbers of (CPP2 RPP?) coincide.
The technique he used can be applied to real blow ups with different sizes:

Lemma 3.0.9. If there exist absolute packing of balls v; : (Bs,,wo) — (CPP? wy), then
there real packing of balls ;] : (Bgi,¢0,BéRi) — (CPP?, ¢o, RPP?) where ¢q is the complex
conjugation.

Proof. Let (Xk,dje,qg) denote the real blow up of (CPP?,wg,¢) along k balls with size

¢ very small. Let J denote the induced almost complex structure on (Xj,@.) such that
Gud = —J s Let

k
a = [H*wo] - WZ(SJE]‘,
j=1
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where e; are poincare duals to the exceptional divisors. By the existence of the absolute
packing of balls v;, we see a admits a symplectic form p. Therefore a-a > 0, a(E) > 0
for all the exceptional classes E in X; and @, - a > 0 by taking € small enough. Now by
inflation we have that for every y > 0, &, = %(Z) + p is symplectic and tames J. By lemma
4.4 in [Ri], wy = %(ch — gE*o]y) is also symplectic and ¢*w, = —w,. Now by Corollary 4.3
in [Ri] (X,wop,do) admits real symplectic embeddings of balls with sizes ;. Finally note
that Fiz(¢g) = RPP?. This finishes the proof. O

Theorem 3.0.10. Consider the unique characteristic class & of X,k > 1. P(&) =
—l+1e€{-2,-1,0,1} if k=4p—1,0 <1 < 3.

1. &4p, which has P(E4p) = 1 (mod 4), admits a Lag RP? for some symplectic form if
and only if p = 1.

2. % (Xg) =k +1 (mod 4).
o % (Xy) =k+1 fork <3,
onﬁk(Xk):k—3for4§k§8,
o % (Xy) <k—3 fork>9,

3. €k 1 (X) = €5(Xy) = C(Xy).

Proof. The first bullet is Audin’s congruence since Ay, = H — Z,’f:l E; an integral lift of &
and hence P(&;) =1 —k (mod 4).

To prove the second bullet, note that there is a Lagrangian S? in the characteristic class
As = H — E; — E3 — E5 of X3 (for any symplectic form pairing trivially with As). By
performing the real blow-up of such a Lagrangian S? we have the upper bound n(Xy, &) <
k + 1. Clearly, this lower bound is sharp for k < 3.

For k > 4, if performing the real blow-up of a characteristic Lagrangian S? in X3, we
get the upper bound n(Xk, &) < k — 3. Clearly, n(Xk, &) =k — 3 for k =4,5,6,7.

By Proposition 3.0.6 (i), n(Xap, &sp) > 5 for p > 2. It follows that 7(Xg, &) = 5. These
proves the third and fourth bullet.

By Lemma 3.0.9, the real and absolute packings of (CP? RP?) coincide. Each real
packing with k balls induces a symplectic form in X}, which admits a Lagrangian (k+1)RP?
in the class &;. This proves the last bullet. ]

Remark 3.0.11. Theorem 3.0.10 (i) also corrects Lemma 4.6 in [6] for the case of charac-
teristic classes. Lemma 4.6 in [6] is still valid for ordinary classes and hence the proof of

Theorem 1.3 in [6] is still valid for ordinary classes.



37

3.0.4 Minimal genus of (X,w)

Note by Audin’s theorem S? x S? does not contain Lagrangian RP? since no class there
has Pontryagin square 1. However, it contains many other interesting non-orientable La-

grangians like Klein bottles (see proposition [Evans]).

Corollary 3.0.12. Every symplectic rational surface (X,w) admits an embedded homology
essential non-orientable surface of complexity e(X)—2. In other words, n(X,w) < e(X)—2.

Proof. For X}, it follows from Theorem 3.0.10 (2) and (3).

For $? x S2, it follows from Evans [Evans| that
n(S? x %, w) = minn*(S?% x 2, w) = 2.

Explicitly, given any symplectic form, there is a Lag Klein bottle in one of the fiber classes.
Up to scaling, the symplectic forms are of the form B + AF for A € (0, 0).

For X € (0,2), Lag Klein bottle in the F class.

For A € (3,00), Lag Klein bottle in the F class. O
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Chapter 4

Lagrangian RP? cone of a rational

surface

Note that the K —symplectic cones are disjoint for distinct K. Let H, F; be a standard
basis of X}, and Ko = —3H + Z;“:l E;. We will focus on Gf(Xk, Kj) and establish several
properties. For k > 7, we calculate Cf (Xk, Ko) explicitly. Then we calculate Cf (X, Ko) for
other ordinary classes a with P(a) = 1 using Cremona transformations. We also calculate
8 (X4, Ko).

Finally we show that C; (X, Ko) # C(Xk, Ko) for any k& > 1..

4.0.1 A general rational blowup correspondence for /3

Lemma 4.0.1. For a framed rational surface (Xj,w) with & > 1, the sub-lattice £z C
H?(X},7) is generated by 2H, E1, ..., Ej.

For a  Lag L, there is a framing on X}, and a monomorphism ¢y, : L5 — Ho(Xj41,7Z)
with the following properties:

1. iy @R : H*(X3;R) — H%(Xg11;R) is an isomorphism onto z* for the —4 sphere class
Z:—H+2E1—EQ,

2. The homology homomorphism ¢, is given by

v = (2ale1,...,ck) = B(v) = (3a —c1|2a — ¢1,a — ¢1, ¢, ..., k) (4.1)

3. 1y, preserves the Z-intersection product. In particular, B(v) - B(v) =v-v >0

CI (M) = (12 ® R) ™ (€(Xp41,2)),
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where C(Xj41,2) is the cone of z—relative symplectic forms on Xp.

Proof. Given an ordinary Lagrangian RP? L in X}, performing the rational blow up gives
us a (—4) sphere Z in X .

Since (3 is ordinary, by Lemma we can pick a basis {H', EY, ..., B} for Ho(X}p11,7)
such that [Z] = —H + 2E; — Ej.

Consider the classes
3H' —2E| — E},H' — E| — E}, EX, ---7El/c+1

which are orthogonal to z and pairwisely orthogonal. By corollary 3.3 in [6] and [MO] there

exist disjoint symplectic spheres D] such that
[D}] = 3H' — 2E| — Fy, Dy = H — E} — Ey, (D3] = Es, ..., [Dj ] = Ejy

and are disjoint from Z.
Now performing rational blow-down on Z we get back to X and a (4)-sphere D; and
k exceptional spheres Dy, ...Dg 11 in Xi. We can pick a basis H, Fq, ..., E}, such that

[D1] = 2H, D3] = Ex, ..., D] = By

In terms of these basis on H?(X},Z) and H?(X}41,7) respectively, we can write down
the homomorphism from B : T' — H?(Xy1,7Z):

9H — 3H' —2E, — By By — H' — B, — By E; — Bl 1, i=2,--- k. (4.2)

This gives the expression of B(v). The second part is a straightforward computation.
O

Note that 7 (X) = ULCE(X}).
Lemma 4.0.1. For a framed Xy, Gf(Xk) = CH(Xy) and it is described by B.

Proof. Back to Xj;. We consider the subgroup of D(X}) fixing the class 8. We need to
show that a real class (alcy, ..., ¢ ) is in the Lag cone with respect to one framing if and only
if it is so with respect to any other framing.

The given framing of X and the L—framing are related by ¢. ¢ induces ® of Xy 1.

Bo¢=®0B.

Such frames are related by the subgroup of D(Xy,1) fixing the class z. Note that the

z—relative cone is invariant under such actions. Since X, has b* = 1, for any Z with
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[Z] = z, the relative cone C(Xy41,7) is C(Xky1,2), which is the z—positive portion of

C(Xpp1)-
O

We define p : Hy(Xg; R) — Ho(Xk—1;R) and ¢ : Ho(Xk_1;R) — Ha(Xg;R) in terms of
the basis. Recall (alcy, ..., cx) represents the class aH —c1 By — ... — ¢ By, in either H? (X}, Z)
or H?(X},R). For our purpose we can always normalize so that a = 1 when we are working

over R. However we cannot do this over Z.
Proposition 4.0.2. v = (1|cy, -+ ,cx) s in Gf(Xk,Ko) if and only if

3

BE) = (5 — el = 1), (5 — ez o)

is in the Ko—symplectic cone of Xi11.
(i) Gf(Xk,Ko) is symmetric in c;.
(ii) If v = (1|er, -+, ex) € CF (X, Ko) then 0 < ¢; < 3.
(iii) €5 (Xy_1, Ko) = p(C} (X, Ko)).

Proof. Let w, denote any symplectic form in the class v If v € G? (Xg, Ko) then (Xp,wy)
admits an Lagrangian RP?. Performing rational blow up along it gives us (Xkt1,WBMWw))
where wp(,) is some symplectic form in the class B(v). Conversely, given (Xgi1,wp())
with k > 2, performing rational blow down gives us a Lagrangian RP? in the class 3 in
(X, wy)-

(i) is clear since f is symmetric in the 7; and K is symmetric in the F;.

Now we the fact that B(v) has to pair positively with the V}:

It is obvious that ¢; > 0 from V.

¢ < & from V] = Eb.

By the 4th bullet of Proposition 4.0.1 we have

€S (X5—1, Ko) C p(C™ (X, Ko)).

By Lemma 4.0.1, Gbl(a) (X&, Ko) is determined by the area condition B,(,)(v)(V') > 0 where
Ve EKO(XI@—H)'

Similarly, v' = (1|e1, -+« ,ck—1) is in C§(Xg—_1, Ko) if and only if B,(v') is in the sym-
plectic cone of Xj. Note that p(v)? = v2 — ¢ > 0. We show that p(v) satisfies the area
conditions. For V' € Ex,(X%), (V) € Exy(Xit1)-
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4.0.2 The cone C(X,, K,) for k <7

We now apply Proposition 4.0.2 to describe the relative cone explicitly for k = 7.

Lemma 4.0.3. A vector v = (1|c1,--- ,cx) with 0 < v-v is in the cone @’f(Xk,Kg),k <7
if and only if :

° ()<ci<%
® ¢, +ci,+ciy+tci,+ci, <2ifk>5H
ecitotestatotogto<sifk=T

Proof. By Proposition 4.0.2 (ii), it suffices to assume that k = 7.
We first prove these conditions are necessary. For this purpose, we list classes in
€k,(X3g). Up to the permutations of E, the list is given by
Vo’ = (0[-1) (K =1
=(1]1,1) k' >
=(2/1,1,1,1,1) k
V}S =(3/12,1,1,1,1,1,1)
( k
=( k
(

k

V4 = (4]2,2,2,1,1,1,1,1)
52,2,2,2,2,2,1,1)
V6 = (63,2,2,2,2,2,2,2)

/
/
k/
/
/
/

o o000 00 N Ot N
—— Y Y ~— Y ~— ~—

(
(
(
(
(
(

VvV IV IV IV IV

Now we use the fact Proposition 4.0.2 and the fact that B(v) has to pair positively with
the V/:

It is obvious that ¢; > 0 from V.

c1 <3 L from V] = Ei.

01+02—|—03—|—C4+C5 <2 from Vj =2H' — E| — E; — E} — EL — E

c1t+cotestestestegtoer< g from Vi =3H' —2E] — Ef — --- — E.

e Now we check these conditions are also sufficient.
To reduce the computations, we observe that it suffices to check that B(v) pairs posi-
tively with the minimal area exceptional classes. By the symmetry in ¢;, Proposition 4.0.2

(i), we may assume that

In this case, we have
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since ¢; < %

Recall By = ((2—c1)|(1—c1), (3—c1), 2, -+ , ck—1), We see the maximal area exceptional
class is E] with area 1 — ¢; while the minimal area exceptional class is either E with area
3 —c1, or Ej, with area . So for the VJ type, the minimal area one is either E} or E},. We
have B, - Efy = % —c1 >0 and By - E} = ¢; > 0 from (4.0.5).

For the other types, the E} coefficient of a minimal area class should be the largest
since (1 —¢1) > c2 > ¢3 > -+ - ¢x. So we look at the EY coefficients. Depending on whether
% — ¢1 > ¢ there are two possibilities for a class to have minimal area: If % — 1 > co then
E) should have the second largest coefficient; If % —c1 < ¢y then Eé should have the second
largest coefficient. Moreover if % — 1 < ¢ then Ej, ..., E}, 41 should have the 2nd to k-th
largest coefficient.

V{ type: If % —¢1 > ¢g then the minimal area one is (1|1,1) with area ¢; > 0, otherwise
it is (1/1,0,1) with area (3 —¢2) > 0.

Vy type: If % — ¢1 > ¢5 then the minimal area one is (2|1,1,1,1,1) with area % — (2 +
c3 + ¢4) > 0, otherwise it is (2]1,0,1,1,1,1) with area 2 — (¢; + ¢2 + ¢3 + ¢4 + ¢5) > 0.

Vg type: If % — ¢1 > c¢7 then the minimal area one is (3|2,1,1,1,1,1,1) with area
2 — (c2+ 3+ ca+ 5+ cg) > 0, otherwise it is (3[2,0,1,1,1,1,1,1) with area 3 — (c1 +co +
c3+cg+c5+cg+cr) > 0.

Vy type: If % — ¢1 > c3 then the minimal area one is (4]2,2,2,1,1,1,1,1) with area

(1—2¢c2)+2—(eg+ca+c5+cs+cr) >0,
otherwise it is (4]2,1,2,2,1,1,1,1) with area

5)
1—(62+63)+§—(61+62+63+C4+C5+06+C7)>O.

VY type: If % — ¢1 > ¢g then minimal area one is (5]2,2,2,2,2,2,1,1) with area
5)
2—(62+C3+C4+C5)+§—(C1+62+C3+C4+C5+66+C7) >0,

otherwise it is (5]2,1,2,2,2,2,2,1) with area

1 )
(§—cl)+2—(02+03+C4+C5+06)+§—(01+CQ+63+C4+C5+06+C7)>0.

V¢ type: The minimal area one is (63,2,2,2,2,2,2,2) with area

1 )
(5—02)+2—(C3+C4+C5+CG+C7)+§—(01+CQ+C3+C4+C5+66+C7)>0.
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The constraint 0 < v-v in proposition 4.0.3 that comes from volumes of ball embeddings
can actually be deduced from 4.0.5, 4.0.5 and 4.0.5 when k£ < 7:

Lemma 4.0.4. Let k < 7 and (1lci,...,ck) be class vector satisfying (4.0.5),(4.0.5) and
(4.0.5). Then
v-v>0

Proof. For k <5, from (4.0.5) and (4.0.5) we have ¢? + -+ +c2 < S(c1 4+ +¢x) < L.

For k = 6, note that the set of points in R® satisfying 4.0.3 is a convex polytope
PS obtained from cutting the cube K% with width equal to % by hyperplanes defined by
ci, + Ciy + Ciy + ciy + ¢y < 2. We want to prove the quadratic function f = c% + ...+ ci
when restricted to P% is smaller than or equal to 1. Since the f is convex, it only reaches
maximum on vertices. There are two type of vertices to check: those of the cube K% that
survived after the cuts and those that are created by the cuts.

The vertices of the cube are of the form (e, €2, €3, €4, €5, €5) with ¢, = 0 or % The ones
that survives after the cuts have a a least 2 zeroes. Therefore for these vertices €2+...4¢2 < 1.

The new vertices created by the cuts are contained in every hyperplane defined by
Ci, + ¢iy + ¢iy + iy + ci; = 2. The only solution to these 6 equations is (£, £, £, £, £, £ ). We
see that 6(2)? = 22 < 1. This concludes the proof for k = 6.

For k = 7, the same argument applies to vertices of K7 of the form (ey, €2, €3, €4, €5, €6, €7)
with at least three ¢; being 0. Similarly the hyperplanes ¢;, +c¢;, + ¢y +¢;, +c¢i; = 2 produce

2222222

a single new vertex (%, %,%,%,5,%,:).- Call this polytope P7. However in this case the

inequality ¢y +co +c¢c3+c4 +¢c5 + ¢ +c7 < % is not redundant in the sense that the

hyperplane ¢; + ca 4¢3+ ¢4 +¢5 + 6 + c7 = g cuts off the vertex (%, %, %, %, %, %, %) since

7- % > % So we really need to study the new vertices created by this new cut.

To do so we first need to look at edges of P7. The new edges created by the hyperplanes

G (222222 2
Ciy +Cip +Ciy +Ciy iy < 2 connects (€1, €2, €3, €4, €5, €6, €7) With (£, £, £, 5, £, £, £). By sym-

metry we can just look at the edge connecting (%, %, %, %, 0,0,0) with (%, %, %, %, %, %, %) Its

intersection with the hyperplane ¢y +co+c3+cs+cs+cg+cr = % is (1—76, %, 1—76, %, 1%, 1%7 %).
Now 4 - (£)?+3- (55)? = 322 < 1. This concludes the proof.

O]
Using Lemma 4.0.4 to remove the volume constraint in Lemma 4.0.3 and we get:

Corollary 4.0.5. (Theorem 4.0.3) A vectorv = (1|cq,- -, cx) is in the cone Gf(Xk, Kyp), k <
7 if and only if :

00<ci<%
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® ¢y +Cip+ciytciyteg <2ifk>5
° 01+02+03+C4+C5+CG+C7<%ifk:?

Corollary 4.0.6. Inside the normalized Kq—symplectic cone, the conditions for C?/f (X7, Ko)
are the 8 inequalities ¢; < %,i =1,---,7Tandci1+ - +c7 < %

Inside the normalized reduced symplectic cone, the condition is c1 < %

Proof. Inside the normalized symplectic cone, we have ¢; > 0 and ¢;, +¢;, +¢i5, +ciy +cis < 2.

If further inside the normalized reduced symplectic cone, then

¢, tc, ey, <1, ¢ <c.

So c1 < % implies that ¢; < % and

1 5
cl+‘-'+67<(01+02+03)+(C4+C5+06)—|—C7<1—|—1+§:§,

Remark 4.0.2. The case of k = 5 was computed in [LLW2].

4.0.3 The cone C{ (X, Ky) for k <7 and general «

We again restrict our attention to the Ky—cone. By Proposition 3.0.1, each ordinary La-
grangian RP? class is cremona equivalent to 3. We explicitly describe the transformation
of €¢(Xy, Ko).What’s more, the only characteristic class admitting a Lagrangian RP? is &,
of X4. Thus we have

Lemma 4.0.3. (i) For k # 4, the cone C; (X, Kp) is the union
C1(X, Ko) = UsCI'” (X, Ko) = Uso(€] (X, Ko))
for any Cremona transformation ¢. For k = 4,
€1(Xy, Ko) = Up(€F (X4, Ko)) U € (X4, Ko).

(ii) For any k we have
C1(Xg—1, Ko) = p(C1(Xy, Ko)).

For convenience, we abbreviate €77 7%(X) as €9%(X) etc.
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Lemma 4.0.4. For X7, let {i,7,k,[,m,n,o} ={1,2,3,4,5,6,7}. There are az(1) -1 =71
other C{(X7) except G’f(X7):

CI" (X7, Ko) = {DuA>0,u= (et er) € ©(Xr, Ko)lles + ¢ > cilijs
2 —c¢i—¢j— ek —2¢ > 0]pmno,
4> ¢+ c¢j+ ok + 2+ 26 + 2¢, + 265}
ef”’”(X7, Ko) = {Mu|[l > ¢+ ¢+ i — alij,
citejteo+a>1,
[3> ci +¢j+cp + ¢+ 2¢m + 2¢n]mno}
Ci0T (X7, Ko) = {Mul2> c1+ ca+ s+ ca + ¢5 + ¢6 — 71234567,

c1+eategtceatcos+cg+cer > 2}

Proof. ¢ We begin with the (g) = 35 ijk type classes. By symmetry, it suffices to describe
6%23(X7, K[)) for
123 = Ry23(p).

From Corollary 4.0.6, inside the Ky—symplectic cone, Gf (X7,Kp) is determined by
w(T) > 0 for the following 8 classes in 2 types

T =[(1]2,0,0,0,0,0,0)]1234567, (5]2,2,2,2,2,2,2)

We can list all for actions of Cremona transformations on 7" for k = 7.

type of T T Ri93(T)
(1)2) [(1]2,0,0,0,0,0,0)]123 [(0]1,-1,-1,0,0,0,0)]123
(1]0,0,0,2,0,0,0)]4567 | [(2]1,1,1,2,0,0,0)]4567
(52,2,2,2,2,2,2) | (5]2,2,2,2,2,2,2) (4]1,1,1,2,2,2,2)

We thus get the 8 inequalities.
o We next consider the (g) = 35 L;ji type classes. By symmetry, it suffices to describe
els (X7 Ky) for
L1245 = R123(345).

From the table above, there are eight 7" in 3 types:

[(0‘07 07 17 _17_17 07 0)}3457 [(2‘27 07 17 17 17 07 0)]12677 (4’27 27 17 17 17 27 2)
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type of T T Ri23(T)
(010,0,1,-1,-1,0,0) | (0]0,0,1,-1,-1,0,0) | (-1]-1,-1,0,-1,-1,0,0)
[(0]0,0,-1,1,-1,0, 0)]a5 | [(1]1,1,0,1,-1,0,0)]as
(212,0,1,1,1,0,0) | [(2[2,0,1,1,1,0,0)]12 | [(1]1,-1,0,1,1,0,0)]12
[ Ner | |
( (

]
(2]0,0,1,1,1,2,0)] (3]1,1,2,1,1,2,0)]67
(4]12,2,1,1,1,2,2) | (4/2,2,1,1,1,2,2) 3|11,1,0,1,1,2,2)
e Finally, we treat the class

1234567 = R123(Las67).

From the table above, there are eight 1" in 3 types:

('1|07 07 07 '17'17'17'1)a [(1|07 07 07'17 17 1> 1)]45677 [(3|07 27 27 17 17 17 1)]123

type of T’ T R123(T)
(-10,0,0,0,-1,-1,-1,-1) | (-1/0,0,0,0,-1,-1,-1,-1) | (-2-1,-1,-1,-1,-1,-1,-1)
(1]0,0,0,-1,1,1,1) [(1]0,0,0-1,1,1,1)]4s67 | [(2]1,1,1,-1,1,1,1)]4567
(3]0,2,2,1,1,1,1) [(3]0,2,2,1,1,1,1)]123 | [(2]-1,1,1,1,1,1,1)]123

Note that all the [R;;,(CY¥™(X7, Ko))ijim are equal to Gf”lm (X7,Kp). Also we have
[Riji(CLtmme (X7, Ko))ijhimmo are all equal to €1234567( X, Ky).

For (ii), it is clear except when k = 4. For k = 4, we have € (X, Ko) = p(C%* (X5, Ko)).
It is interesting to note the inequalities for G%‘(Xg), Kj)) do not involve cs. O

Now we can directly check that C;(Xy) € C(Xy), 1 < k < 7. By Lemma 4.0.3, it is

enough to find a symplectic structure in C(Xy) — C1(Xy) for £k =T7.

Moreover, we can restrict our attention to the Ky—cone since K —cones are disjoint for
distinct K.

For k = 7, the class
4 1

1 1 1 1 1
—H-"F - —Fy— —Fy— —Fy— —Fs— —Fs— —F
Y 5T 12 T T 4 9670 19279 384 7

is in €(X7, Ko) — €1 (X7, Ko):
u g (X, Ko): e > 3
u¢ei1jk(X7uK0):Cj+Ck<Ci ifi<j<k
wé Cl (X7, Ko) e+ cj+cp+o <1
u ¢ 6%234567(X77K0) tcrt+cot+cestegtest+egt+er <2
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The cone €}*(Xy4, K) revisited

We first calculate the cone C%‘ (X4, Kp). In abbreviation, we denote tH — c1Fy — coFEo —
- —cp By as (tler, e, -+, ). We will also use the notation [-];;; etc to denote the set of
conditions given by all permutations of 7, j,k. For example, [¢; > 0];j; denotes the three

conditions ¢; > 0,¢; > 0,¢, > 0.

Lemma 4.0.7. Up to changes of the standard bases, the homomorphism v, : Ho(X4; Q) —
Hy(X5;Q) is of the following form: U; € Ho(Xy;Z) to Vi € Ho(X5;Z),,1 < i <5, where

5
Uy=H-E\Uy=H—-EyUs=H—E3Uy=H—E;,Us =2H - Y _E,
i=1
Vi=H —-E\,\Vo=H —E, Vs=H —FE;Vy=H — E},Vs=H' — EL.
It has the following properties:

® 1. is a Ting homomorphism and a monomorphism.

The image tis the orthogonal complement of Af.

B € Hy(X4;7Z) is represented by a symplectic surface disjoint from L if and only if

tr(B) is represented by a symplectic surface disjoint from L.

v € H?(X4;R) is in the cone €§4(X4,K0) if and only if «(v) is in the Z—relative
symplectic cone C(X5, Z, Ky).

Proof. We consider the set of square zero symplectic sphere classes of (X5,(2) that pair
trivially with Af. It has five classes, V; = H' — El,i = 1,2,3,4,5. They give rise to five
square zero symplectic spheres S; in (X4, w) that are disjoint from L.

Denote the same surfaces in X5 by S;. The set of zero symplectic sphere classes of
(X4,w) that pair trivially with & also has exactly five classes, U; = H — E;,i = 1,2,3,4
and Us = 2H — 2?21 FE;. Therefore, up to a permutation of E;, we can assume that U;
correspond to V; under the homomorphism ¢,.

Note that the {U;} is a basis of the vector space H?(X4,Q), and the {V;} is a basis of
the orthogonal complement of AL in H?(Xj5,Q).

For a symplectic surface ¥ C X4 disjoint from L, denote the surface by ¥’ in X5. Note
that [S]-U; = [S’] - V; since we have the configuration of symplectic surfaces in X and X5.

Note that such a rational surface is identified with S? x S?#4CP?. An explicit trans-
formation of homology classes from CP?#5CP? is given by

L] b:H—El,f:H—Eg,ele—El—EQ
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o ¢, =Fi,1=2,3,4

Here, b, f are the homology of the two factors of 52, and e;’s form a basis for H, con-

sisting of exceptional classes.

We claim that the exceptional —4 sphere obtained from the rational blowup has the (in-
tegral) homology class of e; —- - - —ey4, with some choices of homological basis {b, f,e1,- - ,e4}
in Hy(S? x S%#4CP?). This can be extracted from [6, Lemma 4.10, 4.11] as follows.

Consider a standard basis of X4 := CP?#4CP? = 5% x S?#CP?, consisting of {V, f/, €], e, €5}
Note that the Z/2Z class of the RP? is €} + €} + €4 under any such standard basis of
S? x S2#3CP? because the Cremona transforms preserves this Z/2Z-class. In particu-
lar, this is a characteristic class, i.e. a homology class which pairs non-trivially with any
exceptional class in Z/2Z-pairing.

On the other hand, from the main theorem of [DLW]there are two equivalence classes
of —4 spherical classes that admits symplectic representatives in S? x S?#4CP?: b—2f and
e1 — ey — ez — e4 up to Cremona transforms, which is an equivalent change of basis. If the
exceptional divisor from the rational blow-down has homology class b — 2f up to Cremona
transform, there e; would be an exceptional class with zero integral intersection number
with this class. From [MO], there exists an exceptional curve that is disjoint from the —4
divisor. Such an exceptional curve will become an exceptional curve that is disjoint from
the given Lagrangian RP? after reversing the rational blow-up, hence a contradiction.

O

Lemma 4.0.8. The cone G%‘ (X4, Ko) is
{A1e1,e2,¢3,¢4) N> 0,c1+ca+cg+ca>1, [1>¢+ ¢+ ek — cliosa, )
Proof. Note first the inequalities
[1>c1 4+ co+c3—caliosa,c1 +ca+e3+eq4 >1
imply that ¢; > 0 and ¢; + ¢; < 1 so the vector is indeed a Ky—symplectic vector of Xj.
2e0 =(c1+cates+cey)+(c1—coa—cg—cy) >1+(-1)=0

2(01—|—62):(Cl+62—63+C4)+(01—|—02—|—03—C4)<1+1:2

Recall that
2H — 3H' — (E1 + ES + E5 + E)) + Ef,
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Since 2H — 2E; is sent to 2H' — 2E/, the homology monomorphism has the effect
2E; — 3H' — (E) + Ey + E3 + E)) + Ef — (2H' — 2E]) = H' + E5 + E; — (E; + E; + E))
So a vector 2(1|e1, 2, c3,cq) is sent to (a'|c], ¢, 4, ¢}, ck) with

d = 3—(c1+ca+ez+ca)
1 —(=c1+ca+c3+ca)
1—(c1 —ca+c3+cq)

! 1—(c1+ca—c3+cq)
1—(c1+ca+c3—cq)

cg = -1 (01+02—|—63+C4)
Note that by making the Weinstein neighborhood arbitrarily small, we can assume that
QUAL) =d — (L + 5+ g+ + )

is arbitrarily close to zero. In fact, for our purpose we can assume that it is zero.
E!: The conditions ¢(v)(E]) = ¢, > 0 correspond to the inequalities above.
H —FE|—FEyy d—-d —dy=dc+d+c>0.
H —-FE{-EL: d—-d—d=dc+d+d>0.
2H' — B, —FEy,— By~ Ey—Ei:  2d =30 =30 ¢ >0.

O]

Remark 4.0.9. In [6] we computed the homology homomorphism over Q from orthogonal
classes in Xy to X1 in terms of a different basis. A Za-orthogonal system for A is a
set {F;}¥_| of pairwise orthogonal exceptional classes in Hy(M;Z) such that A - F; = 0 in
Zo-homology for all i. If A admits a Zs-orthogonal system, together a sphere in 2H they

form a basis in the space of class that is orthogonal to [L]. The basis used for Xj was
2H H—-Uy; - U3, H—-U, —Us,H—Uy —Us, Ey, ..., E},

where U; and E; are exceptional classes. The Lagrangian class is [L] = Uy + Uy + Us mod 2.

The basis used for X1 was
2H' E|, E{, E5 EX, ...E},

where E! are exceptional classes. The (—4)-sphere is in the class [Z] = E| — E} — E, — Ej.

In terms of these basis, the homology homomorphism is as follows: if [o] = aH —t;U; —
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tQUQ — t3U3 then

-t t t t1 —1© t t to — 1 t t t
W([a]) = aH' — 1ttt ip 2 + 3E{—1+2 Spl 1+ l2+ 3 E
2 2 2 2
and ¢ (E;) = E] for i > 4.
The relation between the the basis used in [6] and in the paper is as follows: First we
can identify Uy, Us and Us with Ej, Eo and E3. So [L] in [6] is E1 + E2 + F3 mod 2. Now

the classes in this paper is related to the classes in [6] by reflection along H — E} — Es — E3.:

[L]=H—2H—-U —Usy—Us=Uy + Uy + Us (
2H s 4H — 2E; — 2E, — 2E3 (

Ey+s H— Ey— By (

Ey+s H— Ey — By (

By H— Ey — By (

(

)
)
)
)
)
Eivs E;i >3 )

o
0 N o G e W

Upstairs on Xj11, the classes in this paper is related to the classes in [6] by reflection
along H' — E{, — EY, — F%:

[Z] = —H' +2E} — E} — Ey — E{ — Ey — E} (4.9)
3H' —2E) — E} — 4H' — 3E) — Ey — E} — E}, (4.10)
H - E\,—E,— H — Ejy— E; (4.11)

E) v~ H — E, — Ej (4.12)

Ey— H' — E) — E} (4.13)

E/— E/i>3 (4.14)

Now one can verify that the left hand sides are related by the map computed in the
proof above. Also the right hand sides are related by the map ¢.

4.0.4 Cy(Xy) € C(Xy) for all k> 1.
Theorem 4.0.10. C;(Xy) € C(Xy) for all k > 1.

Proof. We can normalize so that the coefficient of H is 1. Define

PLB) == {(c1,...,er)|(a, 1y oy i) € Gf(Xk)Va €R"}
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and the problem then becomes proving the union of polytopes Us¢(Pi(3)) where ¢ ranges

over Cremona transforms is strictly contained in the polytope
P = {(61, ooy ck)|(a, Cly ey Ck) S (E’(Xk)Va S ]RJF}
Also, from the proof of proposition 4.0.3, we can see that
1 k 1
Pr(B) C Ji = {(c1,eye0)|0 < < 5} C P

We wish to prove that

k

4 1
=H—--F — —F € C(Xg) — Ci1(X 4.1
u 22! 12;3‘2, 1 € C(Xk) — C1(Xp) (4.15)

First we list all the classes that contains Lagrangian RP? and Cremona transforms that

maps [ to the those. There are two types of classes:
® Viiignoq = Yig T oo+ Vigna forn >0
® Ljjiy, =B+ iy + ... + iy, forn>0

Note that for k = 4n > 4, L;,..;,. does not contain Lagrangian RP? and for k = 4 Lemma
4.0.8 proves u ¢ Gf (Xk, Ko). So whenever we L;, ...;,, appears we assume without mention-
ing that it is in X for some k > 4n.

It is straightforward to find Cremona transforms that maps 8 to the two types of classes

above using induction:

Yir-ian-1 = Ran—1)(an—2)(an—3)(Liy-ign_s)

Lil“'i4n = R(4n+1)(4n)(4n71) (’yil“‘i4n—2i4n+l )

Call the resulting transforms R,, and Ry, .

Now it is clear that for the class u in (4.15), the transforms R g (u) preserves the coef-
ficient of Fy as long as 1 ¢ {a,b, c}. Let a be the coefficient of Ey in Ry (u) respectively,
the transforms Ry (u) affects the coefficient of Ey by:

_ 1
24

1
3y 1-

> >

—_
e
N | —

Therefore we have that R,, and Ry, maps u to the complement of J]i which is clearly in
2

the complement of Gf(Xk). Since Pi(8) € JE this finishes the proof. O
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Remark 4.0.11. A simpler but less explicit way to proof is to use the fact that f]’i is disjoint
from the vertices of Py. Since the vertices are preserved under the Cremona traflsform and
the effective action of Cremona group on the set of Zy-classes are finite as there are only
finitely many Zs-classes, the union over all the orbit of J’i under this effective action is still

2
disjoint from the vertices.
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Chapter 5

Visible Lagrangians in almost toric

fibration

Given a Lagrangian fibration = : (M,w) — B, roughly speaking, a visible Lagrangian
L C M is a Lagrangian submanifold that projects to a nice low dimensional subset of B.
A lot of information about such Lagrangians is contained in their image and they can be
easily manipulated to construct various types of Lagrangian submanifolds in (M, w). A more
precise definition of visible Lagrangian submanifold will be given in section 5.0.3. We apply
this idea to visualize as well as probe the existence of non-orientable Lagrangian surfaces
in symplectic 4-manifolds. For the backgrounds, we mainly follow the book of Evans [9]
for the exposition of Lagrangian fibrations and visible Lagrangians, though our definition
of "visible” is slightly more general than [9].

Recall that any closed non-orientable surface L is diffeomorphic to IRP? for a unique nat-
ural number [. We call [ the complexity of L. The existence of non-orientable Lagrangian
surfaces was observed in [DHL] while Audin’s theorem ([2]) restricts the complexity of

non-orientable Lagrangian submanifold.

Theorem 5.0.1. Let a € H*(M,Zs) be a class in a symplectic 4-manifold. Then (the
Poincare dual of) « is represented by an embedded non-orientable Lagrangian surface L

whose complexity /(L) is congruent to P(a) — 2 modulo 4.

Here P is the Pointrjagin square operation P : H?(X,7Zs) — H*(X,7Zs), which is a
lift of the mod 2 cup product. It is particularly easy to calculate when H?(X,Zs) has no
torsion. This is the case when M is a rational surface. For the next theorem recall that a
Characteristic class a € H?(X*, R) that represents cup square: o U3 = BU S for all classes
8 over R.

Theorem 5.0.2. [8] Given a rational surface M, a mod 2 non-characteristic class a of

a rational surface M and a positive integer [ satisfying | = P(«) — 2(mod 4), for some
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symplectic form on M, there exists a Lagrangian [ RP? in the class a. In particular, there

exists a a Lagrangian [ RP? in the class o with 1 <[ < 4 for some symplectic form.

The importance of this theorem is that the minimal possible complexity [ is achieved
at least for some symplectic form. In contrast, it is shown in [7] that this is false for the
characteristic class of many rational surfaces.

Any positive symplectic rational surface (M, w) admits a Lagrangian fibration [14]. Now
a natural question is whether there is a Lagrangian fibration on the rational surface M so
that we can represent the non-characteristic class a by a visible Lagrangian submanifold L

and if so, whether we can choose L to have minimal complexity. The answer is yes:

Theorem 5.0.3. The minimal complexity Lagrangians in Theorem 5.0.2 can be chosen to
be visible for some symplectic form.
In addition, every complexity satisfying | = P(«) —2(mod 4) can be realized by a weakly

visible Lagrangian for some symplectic form.

We also study in some detail visible Lagrangian RP?. In particular, we show the following

results.

Theorem 5.0.4. For Markov triple (a,b,c¢) # (1,1,1) and any k, every class vector
(1]ety ..., ck) satisfying

) b?
1.O<CZ<%

2.0+ ..+ < % admits a visible Lagrangian RP2.

C

Theorem 5.0.5. Every Lagrangian RP? in a symplectic rational surface with Euler number

up to 8 is visible.

The structure of this section is as follows. In section 5.0.1 we give the definition of regular
Lagrangian fibrations. These are Lagrangian fibrations without singularities. We will also
explain Arnold-Liouville theorem and the flux map that allows us to pass to combinatorial
geometries in R™. Next, we will introduce the toric fibrations as Lagrangian fibrations
with mild singularities along with its applications and limitations. Then a generalization
called almost toric fibrations will be introduced along with the operations of nodal slide,
nodal trade, mutation, and almost toric blow-up. In section 5.0.3, we introduce visible
Lagrangians. These are Lagrangians that are compatible with Lagrangian fibration. With
all the tools the existence of certain Lagrangian submanifolds becomes apparent in section

5.0.5. We will follow [9] closely but try to give many examples and intuitions.

5.0.1 Lagrangian torus fibrations

We follow the exposition in [9], [22] and [13]. We begin with complete integrable systems

which provide many Lagrangian torus fibrations, especially local models.
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Complete integrable systems and local action coordinates around a regular fiber

Let (M, w) be a symplectic manifold of dimension 2n. Just as a Riemannian metric assigns
to every smooth function H a canonical vector field VH, a symplectic structure assigns to
every smooth function H (called Hamiltonian) a Hamiltonian vector field Xy whose flow

¢, preserves H. Xp is uniquely defined by:
txpw = —dH. (5.1)

In the spirit of Noether’s theorem this is a correspondence between continuous symmetry
(¢ly-invariance) and conserved quantity (the function H). Assuming the flow ¢}, exists for

all time, this gives a smooth R-action on (M, w).

Example 5.0.6. Consider the unit sphere (52, wg) in R? with the standard area form. Let
H : 5? — R be the projection to the z-coordinate, then the Hamiltonian flow is the rotation
about the z-axis, which clearly preserves wy and H. Note that the R-action descends to an

S1 action in this example. We will see later that this is very often the case.

We can consider several Hamiltonians at the same time: H = (Hy,..., Hy) : M — R*.

We call this a Hamiltonian R-action if
OZ{HZ‘,H]'} = W(XHiaXHj) (52)

for all 7, j. This implies the flows qﬁfqi and (bqu commute for all 4, j.

Definition 5.0.1. The tuples (M,w, Hy, - - - Hy) of Hamiltonian R*-action is called a Hamil-

tonian system. It is called complete if £k = %dzm(M ) = n. It is called integrable if
1. (Hy,---,Hy,): M — R"™ contains a dense open set of regular values.
2. (Hy,---,H,) is proper with connected fibers.
The prototypical example is the following

Example 5.0.7. Consider (C*)" with the standard symplectic form and H; : (C*)* — R
defined by H;(21,- -, 2n) := m|22|. Then the image of (Hy,--- , Hy) is (RT)" and there are
no critical values. The fiber over (r1,--- ,r,) is a Clifford torus, which is the product torus
St(r1) x ---St(ry) C (C*)™ and is clearly Lagrangian

Example 5.0.7 is the local model near a regular fiber in any integrable system. This is

the famous Arnold-Liouvile theorem.

Theorem 5.0.8. (Arnold-Liouvile theorem) Suppose (M,w, Hy,--- , Hy) is a complete in-

tegrable Hamiltonian system and Fj is a regular fiber over b € R™. Then F} is a torus
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and there is a disc neighborhood B of b and a local coordinate change o : B — C' C R"
such that G = a o H generates a free Hamiltonian 7" —action on H™!(B). Consequently,
the system H_I(B) is fibred symplectomorphic to the product system C x T™, where the
symplectic form on C' x T™ is given by w = ), dc; A df; where ¢; are local coordinates in C'

and 0; are coordinates in T".

Locally, a neighborhood of a regular fiber of complete integrable Hamiltonian system is
equipped with a free Hamiltonian torus action.

Under the local symplectomorphism to C' x T™, the projection to C' C R gives rises the
so called (local) action coordinates a o H;.

We next introduce two types of singularities.

Example 5.0.9. (standard corank k elliptic system) The standard corank k elliptic system

is the tuple of functions on (R™**, wp)

H(:L'b oy Tns Y1, ayk) = (l’% + y%a U ,xi + y]%axk—i-l) T axn)- (53)
A critical point modeled on Example 5.0.9 is called an elliptic singularity of corank
k.

Example 5.0.10. (standard 4-dimensional nodal system) The standard 4-dimensional

nodal system is the pair of functions on (R*, wp)

H(z1, 22,91,y2) = (F1, F2) = (—21y1 — 222, T2y1 — T1Y2). (5.4)

A critical point of a 4—dimensional system modeled on Example 5.0.10 is called a nodal

singularity.

Regular Lagrangian fibrations and the flux map

Now we take another point of view and look at Lagrangian fibrations directly.

Definition 5.0.2. A regular Lagrangian fibration is a smooth proper submersion 7 :

M — B such that each fiber is a connected Lagrangian submanifold of (M, w).
Example 5.0.7 is also a local model for regular Lagrangian fibrations near any fiber.

Example 5.0.11. Consider the 4-torus 7% with symplectic form induced by the standard
quotient map from (R%,Y", dx; A dy;). Then the projection to the (z1,x2) coordinates and

projection to the (y1,y2) coordinates are both Lagrangian fibrations.

Surprisingly, all regular Lagrangian fibrations have torus as their fibers. This is a con-
sequence of Theorem 5.0.8. To see this, consider local coordinates by, - - , b, on an open set

U C B, then we have the following lemma.
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Lemma 5.0.3. The functions wo by,--- ,mo b, form a complete integrable Hamiltonian

system on 7 1(U)

Proof. Denote 7 o b; as f;, We simply need to prove they Poisson commutes. Fixing a
fiber Fy over b € B we have Fj, C f;l(c) for some constant c. Therefore for any tangent
vector v € T'L and 4, 0 = df;(v) = w(v, Xy,). So Xy, is symplectic orthogonal to T'L, whose
symplectic orthogonal is itself. As a consequence Xy, is tangent to T'L. Now for every 1,
{fj, fi} = w(Xy,, Xy,) = 0 since both vector fields are tangent to L. O

Corollary 5.0.4. The fibers of any reqular Lagrangian fibration are tori.

One of the most important features of a regular Lagrangian fibration is that it induces a
map from the universal cover B to R™ called the flux map and a great deal of the geometry
of the Lagrangian fibration can be seen from the image of the flux map in R™ (which is used
to define the base diagram).

The flux map is a more geometric and global way to present the action coordinates.
When w = d\ is exact the flux map I : B — R™ is defined by

1(h) = <Il(5),...,In(5)> - <217T /CI(E) A,...,;Tr/cn@ )\> . (5.5)

Here ¢;(b) are elements of Hi(7~'(b),Z) where b = p(b) constructed as follows. Consider
the local system & — B whose fibre over b is the abelian group Hy (7~ !(b),Z) = Z". Let
p: B — B be the universal cover and let é = p*&. Since Bis simply-connected, §~ is trivial.

Now let ¢q,...,c, be a Z-basis of continuous sections of §~ — B.

Example 5.0.12. ((C*)?) Consider Example 5.0.7 with n = 2. In this case, B = B is
contractible. We can trivialize the local system by picking the standard basis [1,0]7, [0, 1]7
for Hy(7=1(b),Z) and extending over B. Then the flux map is exactly (Hy, Hs) up to a

factor of w. The flux image is Figure 5.1a.

Example 5.0.13. ((C*)? with a different basis) Consider the same example but with a
different basis [1,0]7, [1,1]7 for Hy(7~1(b),Z) instead. The flux image would then be Figure
5.1Db.

Integral affine structures

If f: X — B is a regular Lagrangian fibration then B inherits an integral affine structure.
This is also a consequence of Theorem 5.0.8. An integral affine transformation is a map
T :R™ — R"™ of the form T'(b) = bA + C where A € GL(n,Z) and C € R".
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(a) Standard flux image (b) Another flux image

Figure 5.1: Flux image of (C*)2 under different basis of H;(w~1(b),Z). The
dotted lines indicate extension to infinity while the dashed line indicates pre-
compact boundary components.

Definition 5.0.5. An integral affine structure A on a manifold without boundary B is an
atlas for B whose transition functions are integral affine transformations. Equivalently, an
integral affine structure on an n—manifold B is a lattice A in its tangent bundle.

A k—dimensional submanifold P C (B, A) is affine planar if at each point b € P the
subspace Ty P is spanned by k vectors in A. In particular, an embedded curve is affine linear
if at every point it has a tangent vector in A.

For a manifold with boundary and corners, an integral affine structure is an integral

affine structure on a thickening where the boundary and corners are affine planar.

The standard lattice Ag generated by the unit vectors tangent to the coordinate axes in
R™ defines the standard integral affine structure Ay on R™. A rational convex polytope in
R"™ inherits an integral affine structure.

Given any integral affine manifold B, there is a developing map, that is a (globally-
defined) local diffeomorphism I : B --» R™ from the universal cover into Euclidean space
such that the integral affine structure inherited by B from the covering map agrees with
the pullback of the integral affine structure along the developing map. In our context, the
flux map is the developing map.

We pull back the integral affine structure from R™ along I to get an integral affine
structure on B. This integral affine structure on B is invariant under the action of deck

transformations and descends to one on B. Hence we can define a map
AM : m(B) = GL(n,Z),

which is called the affine monodromy with respsect to the choice of the Z—basis. The affine
monodromy of the base determines explicitly the topological monodromy of the bundle and
vice versa.

The affine monodromy of m(B,b) is an automorphism in Aut(Ap). If we choose a
Z—Dbasis then the affine monodromy is in GL(n,Z).

Many interesting symplectic manifolds, like CP? do not admit regular Lagrangian fi-
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brations. In fact even the simplest example of C" does not admit a regular Lagrangian

fibration. It is therefore necessary to allow certain types of singularities.

Toric fibrations and the piecewise linearity of the toric boundary

The simplest type of singularities are elliptic singularities. The most well-studied exam-
ples of Lagrangian fibrations with elliptic singularities are toric fibrations. These arise as

moment maps of Hamiltonian 7™ action on (M,w).

Definition 5.0.6. A complete integrable system (M,w, Hy,---, Hy,) is called a toric fi-
bration if the Hamiltonian R™ action descends to a Hamiltonian 7™ action on (M,w). In
this case the map pu = (Hy, -+, Hy) : (M,w) — R™ is called the moment map and its

image B C R" is called the moment image.

Recall that for a complete integrable system the map to R" is assumed to be proper
with connected fibers. Hence, if we let B" C B be the set of regular values of pu, then
p1(BT9) — B"% is a regular Lagrangian fibration. Therefore B™Y has an integral affine
structure. Moreover, by the following local piecewise linearity result, B will have the struc-
ture of an integral affine manifold with piecewise linear boundary and corners, extending

the integral affine structure on B"%Y.

Proposition 5.0.7. (Proposition 3.3 in [9]). Let u: X — R™ be the moment map of a
Hamiltonian T"—action and Ou(X) the peicewise smooth boundary of the moment image.
Pick local smooth embeddings §; : (0,1)"~1 — Ou(X) C R™ parametrizing the smooth pieces
of Op(X) and assume that there are smooth lifts v; : (0,1)" ! — X such that §; = po~;.
Then the image of each §; is contained in an affine hyperplane 11; with rational slopes,
that is II; = {x € R"|a.- x = ¢} for some intege rvector . If z € p~1(;) then the stabiliser
of z is precisely the 1-dimensional subtorus s! (R) C T™ where s;(x) = a - x.
Remark 5.0.8. Notice that this is a local result and hence applies in situations where there

are only locally Hamiltonian torus action (not necessarily free).

In the case at hand of a global torus action on a closed symplectic manifold the Atiyah-
Guillemin- Sternberg convexity theorem in fact tells that the moment image B C R" is
a rational convex polytope (and hence globally convex) and B" is the interior. Each
codimension k face P of B is affine planar in the sense that the tangent space T, P is
spanned by a codimension k sublattice of Ag. The preimage of each point in the interior
of a codimension k face of B is an isotropic torus of dimension n — k and the points in the
preimage are elliptic singularities of corank k.

In particular, B"* is simply connected and Bres = Bre9 and the moment map is the flux
map. A change of homology basis for the flux map corresponds to a linear transformation

of the H;, or an equivalent 17" action.
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2

7|23] |22 7|23

w2 w2 w2

(a) C2 (b) CP2 (c) CP* x CP!

Figure 5.2: Standard moment images

Not surprisingly the prototypical example is C". In fact it provides the local model near

any corank k singular fiber.

Example 5.0.14. (C™) Consider C™ with the standard symplectic form and H; : (C*)" —
R defined by Hj(z1,-- ,zn) := m|z7|. Then the image of (Hy,---,Hy,) is R, and the

set of critical values is the union of all coordinate planes. See Figure 5.2a. The fiber

over (r1,---,r,) when r; > 0 for every i is a Clifford torus. The singular fibers over
(ri,--+,7%,0,---,0) when r; > 0 are all k—dimensional isotropic tori contained in subspaces
of C". In particular, the fiber over (0,---,0) is a single point. Another moment map

corresponding to a different but equivalent 72 action has the image in Figure 5.3a.

From the toric point of view C™ is a partial compactification of (C*)". There are many

interesting complete compactifications.

Example 5.0.15. (CP?) The standard 72 action (ewl, ew?)-[zl tzgtz3] = [610121 s etf2 - ,23]
on CP? with the Fubini-Study form corresponds to the moment map given by

_ (P
(H1, Ha)([21, 22, 23]) = ( EERNE ) (5.6)

Its moment image in R" is in Figure 5.2b. Another moment map corresponding to a different

but equivalent T2 action has the image in Figure 5.3b.

Example 5.0.16. ((CP')?) The standard 7% action (e, e%2) - ([21 : 29],[23 : 24]) =
([e121 @ 2], [€225 : 24]) on (CP')? with product area form corresponds to the moment

map

|21/ | 23]

Hy, H =
( 1, 2)([21,2’2],[Z3,Z4]) (’21|2+|22‘27’Z3‘2+‘Z4’2

) (5.7)

Its moment image in R” is in Figure 5.2c. Another moment map corresponding to a different

but equivalent 7?2 action has the image in Figure 5.3c.
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(a) C2 (b) CP2 (c) CP! x CP*

Figure 5.3: Different moment images

Remark 5.0.9. Similar to Example 5.0.13 if we choose a different basis of H(T?,7Z), then
the moment image in R™ will undergo an SL(n,Z) transform. Figure 5.3 shows the moment
images of the toric fibration of C2, CP? and CP! x CP' under the basis {[1,0]%, [1,1]7}.

Toric blow-up

Since we are mainly interested in symplectic rational surfaces it is necessary to introduce the
operation of symplectic blow-up. This operation is compatible with the toric structure
and is especially easy to see using base diagrams. We give a brief definition following
[McDuff-Salamon] and several toric examples here.

Consider a manifold Z diffeomorphic to CP"~! sitting inside its tautological bundle
O(—1). Let N(Z) denote its tubular neighbor in the tautological bundle. Note that ON(Z) =
S527=1 Topologically speaking, blowing up a point p € M simply means removing a ball
centered at p and sewing in N(Z) along the boundary S3. Note that this is equivalent to
removing a ball and quotienting the boundary S3 by the Hopf S* action. Conversely, blowing
down an exceptional divisor CP"~! 2 Z ¢ M means removing a tubular neighborhood of
Z and sewing in a ball. Note that if Z is an exceptional divisor then its self-intersection
number is —1. Hence its tubular neighborhood has a boundary diffeomorphic to S3.

Symplectic blow-ups and blow-downs are not much more complicated than above. We
simply need to keep track of the symplectic form during the cut-and-paste process. The
symplectic structure on the blow-up M is unique up to symplectomorphism as long as M
is simply connected and the symplectic embeddings of balls are isotopic. Instead of giving
a detailed construction here, we claim that these two operations are compatible with toric
structures and use toric base diagram to illustrate the idea. Indeed, we can choose the ball
and the tubular neighborhood N(Z) to be T"-invariant (note this means the ball has to be

centered at a fixed point). So they admit a toric fibration on their own:

Example 5.0.17. (B™) We can simply restrict the moment map in example 5.0.14 to the
open ball B” C C" centered at the origin. The moment image for B* is Figure 5.4a. The
difference between moment images for B* and C? is the moment image for B* is a finite

area triangle.
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Example 5.0.18. (O(—1)) For simplicity, we restrict to dimension 2. We use the model
O(—=1) = {(z1, 22, [23, z4]) € C2xCP'}. The Hamiltonian T? action is given by (21, 22, [23, 24]) —

(€121, €92 2y, [€"1 23, €192 24]). The corresponding moment map is

|24/?
| 23] + |24/

) (5-8)

2
z3 1
= 4|2,§|22\2+

1
Hy, Hy) (21 20, |23, 24]) = (= |22 4 — 180
(Hu, Hz) (21, 22, [23, 2]) = (51 PENE

The image is Figure 5.4b, where the exceptional divisor is the preimage of the slant blue

edge.

(a) B* (b) N(2) C O(-1)

Figure 5.4

Now a toric blow-up of size R is depicted in Figure 5.5

Example 5.0.19. (Thrice blow-up of CP? of equal sizes) Figure 5.6 shows the toric base
diagram of CP24#3CP?2 where the blow-up sizes are equal. It is clear from the picture that
even though it is possible to perform more toric blow-ups (for example along the blue dotted
line), the fourth blow-up has to have a smaller size than the first three. This shows that

the monotone symplectic form on CP2#4CP? cannot be obtained from toric blow-up.

Toric fibrations are nice since the base B is always simply connected and admits embed-
ding into R™. In fact most problems about toric manifolds and varieties can be reduced to
essentially combinatorial problems about the image of B. However, symplectic manifolds
that admit a toric fibration (or equivalently a Hamiltonian 7™ action) still form a very re-

stricted class. All closed toric symplectic manifolds are rational. That is, they are blow-ups

'

\ &
NGRS

Figure 5.5: Toric blow up of size R at p
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Figure 5.6: Monotone CP2#3CP2

and blow-downs of CP? or 52 x S2. Even if we only look at rational surfaces, the symplectic
forms that come from toric blow-ups are rather restrictive (Example 5.0.19) and are hard to

describe explicitly. So the next step is to allow singularities other than elliptic singularities.

4—dimensional Lagrangian torus fibrations
Let (X,w) be a symplectic manifold without boundary and B a topological space.

Definition 5.0.10. A Lagrangian torus fibration f : X — B is a proper continuous map
with fibers compact, connected and immersed isotropic submanifolds without boundary
such that f has the structure of a regular Lagrangian torus fibration over an open dense
subset B™Y C B.

In other words, a regular Lagrangian fibration is a Lagrangian torus fibration with
B = B"¥. (Clearly, a toric fibration is a Lagrangian torus fibration with elliptic singuarities
and B has a stratified integral affine structure as discussed in .

Observe that a hypersurface in (R™ x T, wp) that projects to a hypersurface in R™ is
fibered by circles in the kernel of the symplectic form only if the hypersurface in R” is affine
planar. In such a situation we can perform the boundary reduction by collapsing the circle
fibers to get elliptic singularities of corank 1. Elliptic singularities of arbitrary corank can be
constructed by performing along different smooth hyersurfaces simultaneously. Therefore
there is a local Hamiltonian torus action near any fiber with an ellitpic singularity.

Elliptic singularities are nice enough for toric fibrations to be tractable in any dimension.
When we restrict to real dimension 4 we can include nodal singularity where the base is
still a manifold with boundary and corners.

From now on we will assume the total space is a closed symplectic 4—manifold (M, w)
and B is two-dimensional manifold possibly with boundary and corners where B is in the
interior. Note that B"® has an induced integral affine structure. We will further assume
that the base B has an integral affine structure A away from a finite set S C B\ B"Y
of points that extends the integral affine structure on B"9. This is the case for regular
Lagrangian fibrations and toric fibrations where S = ().

Suppose further that there is an affine immersion ® : B\ S — R2. Then a base diagram

for such a Lagrangian torus fibration on a closed symplectic 4—manifold (M, w) is the subset
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A = ®(B\ S, A) C R?, The affine immersion ® : B\ S — R? may fail to exist. For a regular
Lagrangian torus fibration, ® exists if B is simply connected and is given by a flux map.
For toric fibrations, ® is given by the moment map.

P

In practice, we either consider the universal covering B\ S or a simply connected fun-
damental domain of E\\TS’ under the action of 7 (B \ S) to get a base diagram. Since B is
of dimension 2, as in complex analysis, a fundamental domain is picked often by specifying
a branch cut.

When there is a base diagram, following Symington, we will be able to viasulize a large
class of Lagrangian surfaces via A C R2.

We will describe the base diagrams of almost toric fibrations in some detail.

5.0.2 Almost toric fibrations and based diagrams

Definition 5.0.11. An almost toric fibration on a symplectic 4-manifold (M,w) is a La-
gragian fibration m : M — B such that any critical point of 7m has either an elliptic or a

nodal singularity Darboux chart.

Note the functions F} := —x1y1 — X2y and Fb := xoy; — x1y2 poisson commute so this is
a complete integrable system. However this is not a toric fibration since F; only generates
a Hamiltonian R-action.

The nodal singularity of an almost toric fibration is topologically identical to the nodal
singularity of Lefschetz fibrations by a smooth change of coordinate that preserves neither
the symplectic nor the complex structure on R* = C2.

This turns out to be a successful generalization. Many symplectic K3 surfaces, Enriques
surfaces, T2 bundles and blow-ups of ruled surface admits almost toric fibrations. For a

complete classification of closed almost toric manifolds see [13].

Geometry of a nodal fiber

The fiber containing exactly one nodal singularity is called a nodal fiber. The nodal fiber
is a pinched torus, ie. a sphere with a self-intersection point.

Regular fibers have the canonical local model in Example 5.0.7 and fibers containing
an elliptic singularity have canonical local models in Example 5.0.14 (or via boundary
reduction). A complication regarding nodal singularity is that there is no canonical local
model of a nodal fiber up to fibered symplectomorphism.

Let 1 : U — V be a local almost toric fibration around a nodal fiber with nodal
singularity at x. V is diffeomorphic to the 2 disc. Set VY = V' \ 7(x) and parametrized the
punctured disc V° by the polar coodinate (r,#). Parametrize the cylinder Vo by (r,0) as

well where 6 is now considered as a real-valued.
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Theorem 5.0.20. The action map [ : V0 — R2 has the form

1
2—(5’(()) + b2 — bi(logr — 1), 27mhe), (5.9)
T
where b = by + iby = 7€' is the local coordinate on B and S(b) is a smooth function. In
particular, there is a well defined limit in R? as r — 0, which is called the base node.
The germ of the function S(b) determines the germ of the nodal fiber neighborhood up
to a fibred symplectomorphism.

The affine monodromy of the clockwise generator of m1(V?), (r,0) — (r,theta + wr) is
1
AM = (1 »E with (1,0) as an eigenvector with eigenvalue 1. If we post compose I by

an integral affine transformation A € GL(2,7Z), then the line of eigenvector of the affine

monodromy of I A points in the direction the primitive integral eigenvector (p,q) = (1,0)A.

Note this is the same as the monodromy of Lefschetz fibrations (Dehn twists) which
makes sense since topologically they are the same singularity.

The infinitely many local models were classified by Ngoc in [23]. Nevertheless, Syming-
ton [22] proved that, for any two local models of nodal fibers, there exist a symplectomor-
phism between the total spaces that restricts to fibered symplectomorphism outside a small
neighborhood of the singular fiber. Therefore we can work with any local model since we

are interested only in the symplectic topology of the total space.

Almost toric base diagrams

Since the domain and target are both 2-dimensional, we can view I as a multi-valued map

as in complex analysis and use a branch cut to get a single valued map.

Definition 5.0.21. Fixing a branch cut D C B\ S, an almost toric base diagram is its
image under an affine immersion I, with the position of the each critical value marked by a
cross and the images of the cut curves marked by dotted lines, and toric boundary marked

by heavy lines.

Theorem 5.0.22. (][22], Corollary 5.4) Almost toric base diagrams determine the total

space up to symplectomorphism when B is a punctured surface.

Note that a base diagram generally does not ’close up’ unless all the cut curves are along
the eigendirection of the affine monodromy. We illustrate based diagrams by the following
semi-global model near a nodal singularity. This model also makes operations like nodal

trade and nodal slide easy to construct.
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Example 5.0.23. (Auroux system on C?) Fixing a real number ¢ > 0, the Auroux system

is defined by the Hamiltonoians

1

H = (Hy, Hy)(z1,20) = (|22 = o”, 5 (laa]* = |22]). (5.10)
The image B = H(C?) is the closed right half-plane. This system has a nodal singularity
at (0,0) with image (c?,0). It also has elliptic singularities along the conic 2129 = ¢ with

image the vertical boundary of the half-plane.

There exists a branch cut D C B\ {(c?,0)} such that the image of the action coordinates

has the form
I(D) = {(z1,22) : 0 < 21 < @(x2) }\{(21,0) : 1 > m},

where ¢ : R — (0, 00) is some function and m > 0 is some number. It is hard to compute
¢ and m precisely.

We focus on the local picture Figure 5.7a near the singular fiber to understand the
picture. Note the dotted line {(z1,0) : 1 > m} is the image of the cut curve we remove to

obtain a well-defined map. The monodromy across the branch cut in Figure 5.7a is given
11

01/
Figure 5.7b shows the images of a different branch cut. Note the base diamgram opens

by

up since the cut curve is not along the eigenline of the monodromy map. The dotted lines
are related by the affine monodromy.
Figure 5.7c shows the images of a different branch cut. We can post-compose by an

integral affine transformation of R? to get a new base diagram. Figure 5.7d is obtained by

2
applying the integral affine transformation <1 0 ) to Figure 5.7c. This base diagram is

especially useful in the "nodal trade” construction.

Operations on almost toric base diagrams

We have seen that there are operations that do not change the almost toric fibrations:

(i) changing branch cut, as in Figure 5.7b and Figure 5.7c,

(ii) integral affine transformation, as going from Figure 5.7¢ to 5.7d.

There are operations that change the almost toric fibrations but keep the symplecto-
morphism type.

Nodal trade Note that the local model in Figure 5.7d is very similar to the local
model near a corank 2 elliptic singularity (Figure 5.4a) away from the singularity. We
can then "trade” corank 2 elliptic singularities for nodal singularities. Figure 5.8 shows

this process. The neighborhood of the blue dotted curve in both local models are fibered
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(a) (b)
(d)

Figure 5.7: Base diagram for Auroux system under different cuts

¥
N
I

Figure 5.8: Nodal trade

symplectomorphic, allowing us to perform a ”cut and paste” procedure and trade corank 2
elliptic singularities for nodal singularities.

Such an operation on almost toric fibrations is called a nodal trade. It obviously alters
the almost toric fibration, there are in fact many different resulting fibrations, one for each
Vii Ngoc model, nonetheless symplecotomorphic by Theorem 5.0.22.

Nodal slide By changing the parameter ¢ > 0 in the Auroux system we obtain a family

Figure 5.9: Nodal slide

of almost toric fibrations such that the base node moves along the eigenline. Like nodal
trade, this operation is local and thus can be applied to any nodal singularity in any almost

toric fibration.
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Theorem 5.0.24. If two symplectic manifolds admit almost toric fibration with base dia-
grams related by nodal slides, and the base diagrams have the homotopy type of a punctured

2-dimensional surface, then they are symplectomorphic.

Mutation Given a branch cut D C B\ S, equivalently a fundamental domain of

[h!] (a) CP? (b) Cutting (c) Applying monodromy

(d) CP2

Figure 5.10: After mutation

widetildeB \ S, I(D) gives an almost toric base diagram. Changing the fundamental do-
main by applying g € m1(B"%Y) will affect the base diagram by the monodromy map asso-
ciated with g. There is a way of modifying the fundamental domain such that the effect on
the base diagram is particularly easy to compute. Figure 5.10a shows the example of an
almost toric fibration on CP2. The covering map B¢ — B9 is homotopy equivalent to
the universal cover of circle ¢t — e*. Starting with a fundamental domain D (Figure 5.10a),
we can “shift up” or ”shift down” by 180 degrees and obtain another fundamental domain
D’. Figure 5.10b and 5.10c show the process of ”shifting up”. Alternatively, we can ”shift
down” by applying inverse monodromy to the lower part of Figure 5.10b. For CP?2, the set
of triangles that can be obtained by performing mutations from the standard triangle is in

bijection with Markov triples (a,b,c). These are solutions of the equation:
a® +b* + ¢* = 3abe (5.11)

There are operations that change the symplectic structures.

There are operations that change the diffeomorphism type.

Blow-up Symplectic blow-up is compatible with almost toric blow-up. Similar to a toric
blow-up, we need to look at the base diagrams of almost toric models of a neighborhood
of the exceptional divisor CP! C O(—1) and ”implant” it into the base diagrams of general
almost toric manifolds.

We use the same identification O(—1) = {(z1, 22, [23, 24]) € C? x CP'} as we did in the
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toric case. The Hamiltonians

| 23]

RN L R 5.12
AP (5:12)

(F, Ho) (a1, 22, [ 2a]) = (121 — ef?, ] al? —
defines an almost toric fibration with one nodal singularity and a toric boundary. There
is a fundamental domain whose image under the flux map is Figure 5.11a. The image of
the exceptional divisor lies inside the blue region. To be able to ”implant” this local model
into blow-ups of general almost toric manifolds we need to move the branch cut toward the
toric boundary. The result is Figure 5.11b. Now we can perform almost toric blow-ups at
any corank 1 elliptic singular point in an almost toric manifold removing a neighborhood

of the point and gluing in the local model in Figure 5.11b.

(a) O(—1) (b) A different branch cut

Figure 5.11

An important example that is related to section 5.0.5 is the following. This is a 5 point

Figure 5.12: An almost toric fibration on monotone CP2#5CP2

monotone blow-up of CP2. Note that the monotone symplectic forms CP2#5CP? on cannot
be obtained by toric blowups as we observed earlier. Some of the blow-ups in the figure do
not look like the local model in Figure 5.11b but are valid almost toric blow-ups since they
can be SL(2,7Z)-transformed to Figure 5.11b.

5.0.3 Visible Lagrangians

We again follow the exposition in [9]. We will first define regular visible Lagrangians. These
are Lagrangians that behave very well (as fiber bundle) with respect to pi. They serve as
the local model near any regular point on non-regular visible Lagrangians, which admits

many kinds of non-regular points with respect to .
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5.0.4 Regular visible Lagrangians

In general, a Lagrangian L does not have to be compatible with a fixed Lagrangian fibration
in any sense. In particular, the image of L under the flux map I does not need to be a
nice (e.g. equidimensional) subset of the base diagram. In this section, we introduce a class
of Lagrangians that behave nicely with respect to the projection. They are called visible
Lagrangian in the sense that their images under flux map I are nice subsets of the base
diagram and many properties of L (e.g. intersection numbers) are visible from the base
diagram.

For our application, it is useful to consider Lagrangians that are slightly more general

than the visible Lagrangians defined in [9]. The following definition is from [9].

Definition 5.0.25. Given a Lagrangian fibration 7 : M — B and a Lagrangian submanifold
L C M, L is called regular visible with respect to 7 if 770 factors as ¢ o f where
LY := LN MY is in the complement of singular fibers, f : LY — K is a fiber bundle and
t: K — B is an embedding.

Remark 5.0.26. The visible Lagrangians used by Evans were more general than the above
definition since over the vertices and edges the circle fibers degenerate to a point or a

two-to-one cover. See 5.0.4 and 5.0.4.

First of all, we have that the images of such Lagrangians in the base diagrams are

rational line segments. It suffices to prove this locally:

Theorem 5.0.27. (Theorem 5.1 of [9] ) Consider the local model (Hy,--- , Hy) : R"xT" —
R™ defined by (p,q) — p where qi,..., g, are taken modulo 27 and the symplectic form is
> dp; N dg;. Let L be a Lagrangian submanifold satisfying definition 5.0.25, then «(K) is

an affine linear subspace that is rational with respect to the lattice (27Z)"

Sketch of proof. The Lagrangian condition implies the tangent space ¢, (T, K) is or-
thogonal (with respect to Euclidean metric in R™) to tangent fibers of f and by comparing
dimensions they are equal. Now fibers of f are integral submanifolds of ¢.(7K )"+, which
implies ¢, (TK)* and hence ¢ * (T K) has to be rational. Finally, ¢,(TK) depends smoothly
on points in K so it is necessarily constant.

From the sketch proof above we can spot the most important property of such La-
grangians: Their intersections with Lagrangian torus fibers are isotropic subtori of dimen-
sion n — dim(K) whose homology class in H"~4m(K) (77 7) is given by the slope of +(K).

For simplicity, we focus on the case dim(L) = 2. Then the intersection numbers of two
such Lagrangians L1 and Lo can be easily calculated from their images in the base diagram.
It is simply the determinant |v; A va| where v; is the primitive vector indicating the slope

of images of L;.
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It is often useful to include Lagrangians that do not fiber nicely with respect to 7. For
example, the image line segment of a Lagrangian could hit an edge or a vertex, so that the
fiber circle degenerates to a point or a covering. Tropical Lagrangians whose images are
thickening of trivalent rational graphs in R? are also important. Finally, there is a way of
constructing Lagrangian torus locally so that 7, is only slightly worse than a fibration. We

will call all of these Lagrangians visible with respect to 7.

Non-regular visible Lagrangians arising from degenerations

Regular visible Lagrangians are all circle bundles over line segments [ C B. To construct
more interesting examples we need to include degenerations of the circle fibers. This could
happen when [ hits a vertex, an edge, or a base node in an almost toric base diagram.
Local disc near a vertex Consider a line segment [ with rational slope with one
endpoint being a vertex in the standard toric base diagram for C? with the fibration given
by pu(z1,22) = (3]21]%, 5|22/?). By an integral affine transformation, we may assume the
local picture near the vertex is Figure 5.13a, where the slope of [ is .
There is a Lagrangian subspace (not necessarily a submanifold) with image [ called the

Schoen-Wolfson cone. It can be parametrized by:

(s,t) — \/mli—i—n (tﬁeis\/’%,itﬂe_is\/m> , s€0,2m/mn], t € [0,00)

It is singular unless m = n = 1, in which case it is a disc.

i i =

(a) A disc (b) A (m,n)-pinwheel core (c) Another pinwheel core

Figure 5.13

Local Mobius band near an edge Consider a line segment [ with rational slope with
one endpoint lying on the edge in the standard toric base diagram for R x S! x C with
the fibration given by u(p,q,z) = (p, %|z|2) By an integral affine transformation, we may
assume the local picture near the vertex is Figure 5.13b and 5.13c, where the slope of [ is
- There is an immersed Lagrangian submanifold with image [ called the (m,n)-pinwheel

core. It can be parameterized by

(s,t) — (ms, —nt, \/2nseimt) , (s,t) €[0,00) x S!
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Figure 5.14: A Mobius band in O(—1)

It is an embedding away from s = 0 and an n to 1 cover on s = 0. By integral affine
transformations we may adjust m by adding or subtracting n and get equivalent pictures.
When n = 2 and m = 1 mod n, the pinwheel core is a Mobius band. In all other cases
the image of the immersion are not smooth. The following Figure 5.26a semi-local Mobius
band in O(—1) will be useful to us.
Lagrangian toric blow-up The toric blow-up described in section 5.0.1 is compatible
with the local Lagrangian disc in B* in Figure 5.13a and the local Lagrangian Mobius

band in O(—1) in Figure 5.14. The process is shown in the following figure. It removes a

sum with RP2.

P

Figure 5.15: A Lagrangian toric blow-up

Lagrangian disc and glues in a Lagrangian Mobius band, which is equivalent to a connected

Local disc model a node Almost toric fibrations involve nodal singularities that map
to nodes under the flux map I. As a Lagrangian fiber approaches the singular fiber, a circle
of a certain class shrinks to a point (think of vanishing cycles in a Lefschetz fibration). Thus
by taking the union of the circles, we obtain a disc. Under careful examination, we can see

when is it Lagrangian:

Theorem 5.0.28. ([9] Lemma 6.15) Let b € R? be a node in a base diagram for an
almost toric fibration and ! a ray emanating from b in the eigen-direction. Then there is a

Lagrangian disc living over [ that is regular visible on [ except at b.

Example 5.0.29. Consider the Auroux system Example 5.0.23, there are Lagrangian discs
living over both sides of the eigenline. Figure 5.16 shows two Lagrangians discs over two

sides of eigenline labeled red and blue. Note Lagrangian living over the red segment is not a
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Lagrangian sphere (There is no Lagrangian sphere in CP?). This does not contradict section
5.0.4 as the lower left corner is not a vertex. Indeed the monodromy maps the horizontal

edge to the vertical edge so they should be treated as one toric divisor (a straight line).

Figure 5.16: Two Lagrangians discs over two sides of eigenline

Some global visible Lagrangians
Now we can glue the local models along the isotropic circles in the fiber to produce

global examples of visible Lagrangians

Example 5.0.30. (Klein bottle in CP! x CP') Figure 5.17 shows two Lagrangian Klein
bottles in CP?. Both of them are obtained by gluing two Mobius bands along their boundary

circles.

Figure 5.17: Two Lagrangian Klein bottles in CP! x CP!

Example 5.0.31. (RP? C CP?)

Figure 5.18: Three visible Lagrangian RP? intersecting on the central torus

Figure 5.18 shows three Lagrangian RP? in CP2. All of them are obtained by gluing a
Lagrangian disc near the vertex and a Lagrangian Mobius band near the edge. All of them
are in the class H mod 2. vy = (1,1),v2 = (1, -2),v3 = (—2,1), so |v; Av;| = 3.

Example 5.0.32. (Lagrangian toric blow-up of RP? C CP?)
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(a) A Klein bottle in
CP2#CP2? (b) An equivalent picture

Figure 5.19: Lagrangian toric blow-up

Other Non-regular visible Lagrangians

In this section, we present some Lagrangians that do not arise from degenerations of circle
fibers of regular visible Lagrangians. Nevertheless, these Lagrangians behave nicely with
respect to m and are flexible enough for us to construct interesting examples. So we include
them in our class of visible Lagrangians.

Local model near an intersection point

Lemma 5.0.33. ([9] Lemma H.6) Suppose we have several straight lines of rational slope
in R? incident on a point b € B. Let vy, - - , v be primitive integer vectors pointing along
these lines. The visible Lagrangian cylinders above these lines have a total of 6(b) transversal
intersections, where
5(b) = |vi Al
1<j
Example 5.0.34. (Klein bottle in CP! x CP! revisited) Figure 5.17 shows two Lagrangian

Klein bottles in CP2. The intersection number is 2.

Example 5.0.35. (RP? C CP? revisited) All of them are in the class H mod 2. v, =

(1,1),v2 = (1,-2),v3 = (=2, 1), so the pairwise intersection number is |v; A v;| = 3.

Tropical Lagrangians

These Lagrangians were introduced by [17] and are also nicely behaved with respect to
w. Their images are small thickening of tropical subvariety. Here we focus on the case
dim(L) = 2 and look at Lagrangians that project to (thickenings of) tropical curves.

The prototypical example is the Lagrangian pair-of-pants. Mikhalkin proved the

following:

Theorem 5.0.36. (Mikhalkin) Let R;, Ra, R3 be three rays with rational slope in the
p1, po-plane emanating from the origin, and let v1,v2,v3 be the primitive integer vectors

pointing along these rays. Suppose that the balancing condition

vi+v2+wv3=0 (5.13)
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holds and that any two of these vectors form a Z-basis for the integer lattice. Let L1, Lo, L3
be the visible Lagrangian half-cylinders living over Rp, Ra, R3 and fix ¢ > 0. Let U :=
{p1,p2 : |p1,p2| > €}. There is an embedded Lagrangian submanifold L C R? x T2
diffeomorphic to the pair-of-pants, such that U N L =U N (Ly U Ly U L3).

Proof. See [17] and also [9] O

The standard case is when v; = (—1,0), v2 = (0,—1), v3 = (1,1). See Figure 5.20.
All other cases are equivalent to the standard one since they are related by a GL(2,7Z)-
transformation that is covered by a fibered symplectomorphism. Since the thickening around
the trisection point can be made arbitrarily small we will just use trivalent graphs to denote

the images of such Lagrangians.

(a) Image of pair-of pants  (b) A tropical curve

Figure 5.20

Figure 5.21: A tropical torus in CP?2

If the condition that any two of the vectors v; = (—1,0), v = (0,—1), v3 = (1,1) is
dropped, then the result still holds but with immersed Lagrangians instead of embedded

Lagrangians. In fact, the self-intersection number can be read from the slopes of the rays.

Theorem 5.0.37. (Mikhalkin) Let A be the absolute value of the determinant of the matrix
whose rows are v; and vy. The number of self-intersections of the Lagrangian pair-of-pants

isd = %, the absolute value of the determinant of the matrix formed by v and vs.

We can perform surgeries to remove the self-intersections. The resulting Lagrangian

will not be tropical. Nevertheless, the surgery could be performed in arbitrarily small
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neighborhoods of the immersed point. So it is still valid to use tropical curves to represent
such Lagrangians.
Complexity of visible Lagrangians

Definition 5.0.38. We call a Lagrangian submanifold L visible with respect to a La-
grangian fibration 7 if L is a finite union of various types of Lagrangians described in this

section:
e regular

e disc near a vertex

Mobius band near an edge

e disc near a node

tropical

Lemma 5.0.39. Suppose we have a Lagrangian graph I' with T' components L;, where

e The component L; has complexity 7; and k; double points,

e The components L; and L; have intersection number b;;.

The complexity is
S+ 2 ki + S by~ (T 1)

Proof. intersection number: determinant O

Weakly visible torus over a local segment and stabilization

This is a local construction. Consider the standard Liouville coordinate (p1,p2,q1,q2) on
the local chart R? x T2 with the standard symplectic form. There is an obvious visible
Lagrangian cylinder i : R x ST — R2 x T2 i(s,t) = (s,0,0,t) for 7(p1, p2,q1,q2) = (p1,p2)-

This cylinder can be modified into a Lagrangian torus by forcing ¢ to be periodic in s:

j:8tx St R? x T? (5.14)
J(s,t) = (sin(s),0,0,1) (5.15)

This torus is projected to the line segment [—1, 1] x {0} (Figure 5.22.), where the preimage
of interior points are two disjoint circles. This torus is not visible according to the definition
in [9]. Nevertheless, its intersection with other visible Lagrangians in the interior can be
read easily using Lemma 5.0.33. So we include this type of Lagrangian in our class of visible

Lagrangians.
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Figure 5.22: A rational slope segment local torus

Figure 5.23: A 13RP?: RP? stabilized 3 times

Definition 5.0.40. We call a Lagrangian submanifold L. weakly visible with respect to a
Lagrangian fibration 7 if L is a finite union of visible Lagrangians and rational slope local

tori.

Lemma 5.0.41. Suppose we have a straight lines of rational slope and a local line segment
in R? incident on an interior point b of the local line segment. Let v; and vy be primitive
integer vectors pointing along these lines. The visible Lagrangian cylinder above the v
line and the local torus over the local vy—segment have a total of 2|v; A vg| transversal

intersections.
Adding a weakly visible Lagrangian handle

Lemma 5.0.42. Every non-orientable visible Lagrangian 3 can be stabilized to a weakly

visible one with complexity increased by 4.

Example 5.0.43. We pick line segments with slope 1. Each local torus intersects the RP?
at 2 points.

Example 5.0.44. (Stabilization: local connected sum with 4RP?) Recall in example 5.22
we can construct Lagrangian tori that project to arbitrarily short line segments. Over any
interior point of the line segment, the fiber consists of two disjoint circles. Figure 5.23 shows
a visible Lagrangian RP? together with three tori of this type. Each of these local torus
intersect with RP? in two points. Each intersection point can be resolved at the price of
increasing the complexity by 2. Therefore the stabilization process can be done visibly in

this way.
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5.0.5 Existence of visible non-orientable Lagrangians in rational surfaces

In this section, we will use almost toric blow-up, nodal trade, nodal slide, and mutations to
visualize Lagrangian RP? in many rational symplectic 4-manifolds. A rational symplectic
manifold (M,w) is a symplectic manifold obtained from performing blow-ups and blow-
downs from (CP? wrs). More specifically these manifolds are CP2#kCP? for k > 0 and
52 x S§2. The terminology comes from algebraic geometry where blow-up is a type of

birational transform.

Existence of minimal complexity Lagrangians

In this section, we prove theorem 5.0.3 using the various visible Lagrangians from the

previous section. We need two more constructions using Lagrangian surgery and blow-up.
Lemma 5.0.45. The 0 class is represented by a visible 6RP2.

Proof. A pair of RP? in CP? intersecting at 3 points as in Figure 5.18 gives rise to a visible
6RP2. Toric blowing up around the remaining corner.

This visible 6RP? also exists in S? x S2. We just need two corners. O

Let My := CP2#kCP2. We denote H, Ey,--- , Ej, as the basis of Hy(Mjy,Z2) and their
dual basis h, ey, -+ ,ep of H?(My,Zs) where H? = 1 and E? = —1 are the plane class and

exceptional classes.

Theorem 5.0.46. Every nonzero mod 2 ordinary class of a rational surface is represented
by a visible Lagrangian [RP? with 1 <1 < 4

Proof. Recall a rational manifold has CP2#kCP2? or 52 x S? as topological types. First we
focus on CP2#kCP2. It is shown in [7] that, up to the action of Dif f+ (M) on H?(My, Zs),
every nonzero class in H2(Mjy, Zs) can be transformed into one of 5 classes {3, B+v1, 71,71+
Y2, &}, where & := B+471 + -+ - 4+ is the unique characteristic class since & - a = o mod
2 for any class «.

e RP? in the class h. This is trivial since we can start at any visible RP? in CP? and perform
blow-up away from it.

e 2RP? in the class h 4 ;. This can be obtained by performing a Lagrangian toric blow-up
on visible RP? in CP? as in Figure 5.19a and then performing subsequent blow-ups away
from it.

e 3RP? in the class 7;. This can be obtained from the tropical torus in Figure 5.21 by a
Lagrangian toric blow-up and subsequent blow-ups away from the Lagrangian.

e 4RP? in the class 71 + 2. This can be obtained from the tropical torus in Figure 5.21 by

two Lagrangian toric blow-ups and subsequent blow-ups away from the Lagrangian.
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Figure 5.24: A tropical 4RP? in CP?#2CP?

Now we turn to the topological type S? x S2.

For S? x S? we use hy and hy to denote the basis of Ho(S? x S%,7Z5). Every class in
H5(S? x S2,7Z3) can be transformed into one of {hy, ho, h1 + ha}.
e 2RP? in the class h;. This the blue Lagrangian Klein bottle in Figure 5.17.
e 2RP? in the class hy. This is the red Lagrangian Klein bottle in Figure 5.17.
e 4RP? in the class hi + ho. This can be obtained by performing Lagrangian surgeries on
the two Lagrangian Klein bottle in Figure 5.17.

O

Dependence of Lagrangian RP? on w

By Theorem 5.0.1, S? x 52 does not admit any symplectic form that admits a Lagrangian
RP2: (Since H*(S? x S?,7Z) contain no torsion, the Pontrjagin square is just cup square
mod 4). So we can focus on the manifolds My, := CP2#kCP2. The following result greatly
simplifies the problem:

Theorem 5.0.47. If a 4-manifold M is rational and wg and wy are symplectic forms on M,
then (M, wp) is symplectomorphic to (M, w;) if [wo] = [w1] in H?(M,R).

This result allows us to reformulate any problems about (M, w) to problems about (M, a)
where a € H?(M,R) is a cohomology class that admits a symplectic form. For example, if
we have found a Lagrangian RP? in (M, w), then theorem 5.0.47 says there is a Lagrangian
RP? in (M,w’) where w' is any symplectic form cohomologous to w. This greatly simplifies
the problem since the moduli space of symplectic form is in general very complicated and
infinite dimensional, but the set of classes a € H?(M,R) admitting a symplectic form is just
a finite-dimensional cone. We denote it as C(M). The set of classes admitting a Lagrangian
RP? is then a subcone of C(M), which we denote as C1(M)

Now we can formulate the problem, we choose a basis H, E1,--- , Ey of Hy(M}) and
their dual basis h, ey, - -+ , ey of H>(My) where H? =1 E? = —1. Now we can denote write
any class a as a = bh+cie; + - - - +cpey, for b,¢; € RT. Since the problem we are considering
is insensitive to scaling for symplectic form, we can normalize and only consider classes
whose leading coefficient is 1: a = h + c1e; + - - - + cpeg. For simplicity we denote the class
vector as (1ler, -+ ,cx) € H?*(My, R)
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Problem. Find explicit conditions on ¢; so that (1lc1,--- ,ck) is in C1(My) if and only if

those conditions are true.
A complete answer to this problem is given for k < 7 in [7]:

Theorem 5.0.48. a = h+ ci1e; + - - - + cxe is in C1(My) if and only if:

1
Ciy + Ciy +Cig +Ciy +Ciy <2 (5.17)
)
61+CQ+63+C4+C5+06+C7<§ (5.18)

The method used in the proof is hard to generalize as it used the classification of
symplectic forms admitting symplectic self-intersection (—4)-spheres in M}, for k£ < 8.

However, if we only focus on the existence part of the problem, the theory of almost
toric fibration and visible Lagrangians produces many examples for arbitrary k. The ideas
are simple: fix a Lagrangian RP? in CP? and blow-up away from it. Recall in the almost
toric setting an almost toric blow-up is easy to describe. It is simply packing triangles along
the edges of the base diagram. In figure (5.25a) and (5.25b) the Lagrangian RP? is living

over the red segment. We denote this Lagrangian as L.

NI . '.’

5

(a) Toric blow up (b) Almost toric blow up

Figure 5.25: ¢c; = i

As we can see from the figure (5.25a) and (5.25b), almost toric blow-up is more flexible

than toric blow-up. Now the problem becomes:

Problem. How many (and what are the size of ) triangles can we place along the boundary

(performing almost toric blow-up) without touching the red segment (the Lagrangian RP?)

Recall in an (almost) toric blow-up, the image of the ball in the base diagram has to be

a triangle whose base length and height are the same. We can see the condition

1
O<Ci<§
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already from Figure 5.25b. If the blow-up size ¢; exceeds % then L will not be preserved.

We can see the almost toric perspective is not more useful than the toric perspective at this

stage. Nevertheless, we have the following:
Lemma 5.0.49. (1]c) is in C (M) if ¢ < 4

If we perform a nodal trade on the lower left vertex, we can arrange it so that the red
segment becomes shorter. Then by applying a nodal slide, we can make the red segment

arbitrarily short. This brings us closer to the goal. However, with the cut in figure (5.26¢)

(a) (b) Nodal trade (c) Nodal slide

Figure 5.26

bisecting the base diagram it is still hard to place triangles. Although touching the cut
is permitted, the monodromy around the cut messes up the triangle (Figure 5.27). The

solution to this is mutation.

A

Figure 5.27: Monodromy affects the triangle

Visible Lagrangian RP? from Markov triples

We can transfer the cut to the opposite side at the price of applying monodromy to
half of the base diagram. For aesthetic reasons we apply a SL(2,Z) transform to the base
diagram in figure (5.26¢) to get figure (5.28). Note this does not change the almost toric
fibration.

Figure 5.28: An ATBD equivalent to (5.26¢)
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N|—=

2
(a) A Mutation of figure (5.28)

1
2

N|—=

2
(b) A nodal slide of figure (5.29a)

[e][V+]

2

(c) Two-time blow up

=

Figure 5.29

Now if we apply mutation to figure (5.28), we will get another base diagram representing
the same almost toric fibration. However, the branched cut is moved to the other side figure
(5.29a), and more importantly, L is now living over the branched cut, which can be made

arbitrarily short by nodal slide. This proves the following:

Lemma 5.0.50. For all k& > 0, (1]cy, - ,cg) is in CY™e(My) if

1
;< = 1
¢ < 5 (5.19)

Gt e <2 (5.20)

This recovers the ”if” part of theorem 5.0.48 when k& < 5 and proves the existence of
Lagrangian RP? for many symplectic forms in arbitrarily large blow-up. In fact we can do
much more by performing more nodal trade and mutations:

Now we see we can perform almost toric blow-ups along the toric boundary whose image
is the vertical line with length % as many times as we like as long as the sizes of each blow-up

are smaller than the height %, and the total size is smaller than % This proves:
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2

Figure 5.30: A new nodal trade

Figure 5.31: Mutation
Lemma 5.0.51. For all k > 0, (1|cy, - ,cg) is in CY¥®e( M) if

2
¢ < ¢ (5.21)

N | Ot

This only partially proves the ”if” part of theorem 5.0.48 when k£ < 7, but again the
upshot is that this lemma works for arbitrary k.

We can keep going forever. Mutations can always be performed on one of the two branch
cuts that are disjoint from the image of L. This allows us to embed balls of sizes smaller
than the second-longest edge with a total size smaller than the longest edge.

As we have seen in section 5.0.2, the set of almost toric base diagrams of CP? is in
bijection with the set of Markov triples. This proves the existence of Lagrangian RP? in

infinitely many rational manifolds (M, w):

Theorem 5.0.52. For Markov triple (a,b,c¢) # (1,1,1) and any k, every class vector
(1]ety ..., ck) satisfying
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b2

abc

1. 0<¢g <

2.0+ ..+ < a2 admits a visible Lagrangian RP2.

abc

Visible Lagrangian RP? from one sided ATBD

Returning to Figure 5.29¢ we can notice that if we put the larger blow-ups to the right
side of the triangle and smaller ones to the left, there will be some place left for us to blow
up along the left edge. For example Figure 5.32 shows the embedding of three almost %
balls and four almost i balls. This kind of example is very special and hard to find patterns

of. We suspect it has something to do with divisibility by 2.

2

3

1

Figure 5.32: three % balls and four 3

balls

Finally, even though most Lagrangian RP? in rational symplectic manifold (M},w) are
not visible for a fixed Lagrangian fibration, when k& < 8, cohomologous Lagrangian RIP?
are isotopic by [6]. Since the ordinary Lagrangian RP? classes are related by ambient

diffeomorphism when k£ < 5, we have

Theorem 5.0.53. Every Lagrangian RP? is visible when k < 5.
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