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Abstract

Magnetostrictive wires of diameter in the nanometer scale have been proposed for applica-
tion as acoustic sensors [[Downey et al., 2008], [Yang et al., 2006|. The sensing mechanism is
expected to operate in the bending regime. In the first part of this work, we derive a variational
theory for the bending of magnetostrictive nanowires starting from a full 3-dimensional contin-
uum theory of magnetostriction. We recover a theory which looks like a typical Euler-Bernoulli
bending model but includes an extra term contributed by the magnetic part of the energy. The
solution of this variational theory for an important, newly developed magnetostricitve alloy
called Galfenol (cf. [Clark et al., 2000] ) is compared with the result of experiments on actual
nanowires (cf [Downey, 2008] ) which shows agreement.

In the next part of this thesis, Multilayered wires of diameter in the nanometer scale with
periodic layering of non-magnetic copper and ferromagnetic galfenol segments are studied. The
numerical computation of the physics of magnetization for such geometries is very costly com-
putationally. We use the theory of periodic homogenization to understand the overall behavior
of such structures. We first determine a “homogenized theory” after which this “homogenized
model” is used to study the nucleation and stability of staturated states. Thus we get a broad
generalization of what is known in the magnetic literature as the “fanning model” first intro-
duced in [Jacobs and Bean, 1955) for a chain of spheres geometry. Some further numerical work

on computing M vs H curves for such geometries is also presented.
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Chapter I

Introduction

I.1 Magnetostriction

Magnetostriction as a phenomenon can be understood as a coupling between two different physics,
that of elasticity and magnetism. As a result, any change in the elastic state of a body induces
changes in the magnetic properties of the body and vice versa changes in the magnetization causes
the elastic state to change. Due to this property, magnetostrictive materials are well suited and
commonly used for the purpose of designing actuators and sensors for a whole range of different
applications. Magnetostriction and similar physics like piezoelectricity, shape-memory alloys etc.
have been widely studied in the last few years. The purpose of this thesis is to further the under-
standing of the application of the physics of magnetostriction to design of sensors and transducers

at one extreme of the length scale, namely in the nanometer scale.

I.1.1 Origin of Magnetostriction

Magnetism is an inherent property at the atomic scale. Electrons in an atom have both orbital
motion and spin which resembles a current loop [Aharoni, 2000]. From a classical viewpoint,
charged particles like electrons that are spinning physically would act as a current loop producing
a magnetic moment. In most materials, these spins cancel at room temperature. Thus, the only
source of externally observable magnetization comes when an external field is applied. Diamag-

netic materials are one such class of materials, where spins naturally cancel and on application of
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an external field, the response of the electron orbitals produces a magnetization in opposition to
the external field. Further, the magnitude of the electronic response is proportional to the external
field. Diamagnetism as an effect is common to all atoms of all materials, though it is usually a
very weak effect. Thus diamagnetic materials are those in which the “weak” diamagnetic effect is
not dominated by some stronger effect.

Some elements possess a natural spin imbalance due to the non-symmetric filling order of
electrons in orbitals as prescribed by Hund’s Rule [[Chikazumi and Charap, 1978]. Thus, these
elements exhibit a higher population of electrons of a particular spin over its opposite. However
at temperatures greater than 0°K, Fermi smearing of this disbalanced spin state due to thermal
excitation may be large enough so that there is no net observable imbalance over observable times.
In such a case, when applied field is zero, the net magnetic moment of the electron cloud is zero
just as in the diamagnetic case. At zero applied field, the temperature at which thermal agitation
is strong enough to eliminate the intrinsic magnetization due to spin imbalance is called the Curie
temperature, T'..

Materials at temperatures above T'. are called as paramagnetic. In paramagnetic materials,
an external magnetic field will cause the local spins to align parallel to the field in an averaged
sense. The net moment thus observed, is proportional to the field magnitude and in the same
direction. When the field is removed, the net moment again randomizes to zero. The net moment
is often linearly proportional to the field and the proportionality constant is called as the mag-
netic susceptibility, y,,. The Curie-Weiss law describes the temperature dependence of y,, in the
paramagnetic regime [[Chikazumi and Charap, 1978|.

At temperatures below T'., the spin imbalance persists in-spite of thermal agitation, and a net
moment at a lattice site even in the absence of an applied field. Furthermore, the moments at
each lattice site, also align favorably in parallel directions. This effect was initially explained by a
phenomenological model called the Weiss mean field. Later, the mean field theory was clarified in
the light of a quantum mechanical effect called “exchange interaction” [Aharoni, 2000]. Exchange
interaction is a quantum mechanical effect without a classical analogue. Thus at a scale much
larger than an individual lattice site, there persists a spontaneous net magnetic moment. This
effect is known as ferromagnetism. The net moment may locally point in any direction. The di-

rection in which the net moment points, depends on many mechanisms, which include the sample
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shape, the internal crystalline structure, the local state of strain, and even the impact of spin
polarized charge carriers from a magnet of dissimilar magnetization orientation.

The origin of magnetostriction lies in understanding of how the net local moment at a lattice
point, interacts with the crystalline structure of the material. The exact origin of this effect is be-
lieved to be the interaction between the moment of an atomic dipole and the electrostatic charge of
the nearby ions. This interaction forms the basis of the crystalline anisotropy and magnetostric-
tion. As a result of this interaction, the local moment aligns favorably along certain crystalline
directions and also locally deforms the bond length between adjacent neighbors. Thus the lattice
is distorted away from the original lattice.

Magnetostriction as an effect occurs in almost all ferromagnetic materials. However, it is a
small effect in the range of 20-200 ppm for commonly occurring ferromagnetic materials like Fe,

Co and Ni and their alloys.

1.2 Galfenol : What is it?

In the 1970’s giant magnetostrictive alloys like Thq 3Dy 7Fes were developed. This alloy called
Terfenol has high magnetostriction of the order ~ 2000 ppm, but is very brittle and has low tensile
strength of the order ~ 100 MPa. For this reason, in most sensor/actuator applications, it is used
under compressive strain. Recent research in [Clark et al., 2000] has led to the development of a
new alloy called “Galfenol", Fe1g9-xGa, where x ranges from 10% — 30%. This class of alloys, have
high magnetostriction ~ 400 ppm and high tensile strengths ~ 400 MPa. While the exact physics
of how gallium affects the magnetostriction is still being investigated, a lot of work has been done
to study the Fe199-,Ga, phase diagram and measure the magnetic properties of individual phases.

Figure taken from [Ikeda et al., 2002], shows the phase diagram for Feip9-,Ga, alloys.
The important phases related to magnetostriction property are the disordered Ay or a’ phase, the
ordered D03 phase, and the ordered By or a” phase which has a Cs-Cl structure. Magnetostric-
tion is typically measured in cubic materials in terms of a quantity known as %/1100 [[Chikazumi
and Charap, 1978], which has two peaks for Galfenol. They are at 19% and 28% gallium, with
approximate values of 400ppm and 450ppm respectively [[Clark et al., 2003]. The Table shows

a comparison of various physical properties of galfenol vs. terfenol which illustrates the basic
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Figure I.1: Fe-Ga phase-diagram from [Ikeda et al., 2002].

problem with terfenol and the reason for development of galfenol. Data presented in this table are
compiled from various references as [Rafique et al., 2004], [Petculescu et al., 2005], [Clark et al.,

2003].

I.3 Biologically inspired transduction

In nature we observe that organisms across the spectrum have developed organs and or-
ganelles for the purpose of sensing various stimuli in their immediate environment. These have
been the basis of inspiration for scientists and engineers for new ideas into designing artificial
sensors and transducers. One of the most common sensing agents found in many organisms are
called cilia.

Cilia refers to organelles which typically look like hair and are found in nearly all biologi-
cal species. They are typically useful as sensory devices and in smaller single and multicellular
organisms as motion sources. In the form of sensors they are seen in several organisms and use-
ful for sensing various stimuli. As an example, on the legs of insects they occur primarily to
sense touch [Albert et al., 2001], [Barth, 2004]. They also occur along the lateral line of fish for
imaging under water [Coombs, 2001] and in the cochlea of reptiles, birds, and mammals [Manley,

1990], [Pickles, 1988] to sense sound. Figure[[.2]shows a schematic idea behind how the cilia works
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Table I.1: Comparison of Magnetostrictive Data for Terfenol and Galfenol.

Headings Terfenol | Galfenol -18 | Galfenol -28
Easy Axis [111] [100] [100]
Elastic Modula
c11 (GPa) 141 200 155
c12 (GPa) 65 220 210
c44 (GPa) 49 120 134
Anisotropy Constant
K1 (kJ/m3) -60 30 -1
Magnetostriction
=y 1800 400 400
Staturation Magnetization
M (Tesla) 1 1.6 1.15

for sensing sound. Any mechanical deflection of the cilium causes an ion channel to open and the
induced chemical potential stimulates the neurons that are attached at the base. The dimensions
of the cilia vary over some range with diameters ranging from hundreds of nanometers to tens of
microns, with lengths of up to a millimeter. The cilia in the human ear are located in the cochlea.
The cochlea is shown in Fig When acoustic waves hit these cilia, their bending deformation
causes the nuerons at the base to send a signal to the brain. This is the basis of “hearing” in

human beings. It is the purpose of this thesis, to understand whether and how, magnetostrictive
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Figure 1.2: Schematic of acoustic transduction in cilia of the cochlea is shown, taken from [[Chen et al.,
2006]
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Figure 1.3: Schematic figure of Inner ear.

nanowires can be designed to replicate the action of the cilia in the human ear.

I.4 Galfenol nanowire Sensors

1.4.1 Galfenol nanowire fabrication

In recent years a lot of new experimental techniques have been developed to manufacture ferro-
magnetic wires of nanometer diameter e.g. electron-beam lithography, step growth and template-
assisted electrodeposition. One of these, namely template-assisted electrodeposition has become
very popular because it is simple and cost-effective especially as compared to the lithography tech-
nique [Maeda et al., 1994]. The template technique for Galfenol normally consists of starting with

alumina matrix which contains pores and then electrodepositing the iron-gallium alloy within the
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pores. After the deposition is over, the alumina matrix is etched out using some chemical. Due
to the fact that the pores can be produced into the alumina matrix with excellent regularity and
great control over the diameter and depth, this technique produces wires with excellent control
over geometry. In addition deposition time, voltage and bath composition can be controlled to al-
ter composition of the wire, surface roughness of the wire etc. In this section here onwards, we
describe an “imprint-assisted” nanowire electrodeposition process as was developed by Professor
Bethanie Stadler at the University of Minnesota along with her student Patrick McGary.

The first step in the process is getting a controlled porous alumina matrix. The normal com-
mercial process produces anodized alumina which has only short range order and relatively high
variation in diameters. However with respect to designing cilia inspired sensors, a more uniform
and regular porous alumina matrix is required. With this in mind the alumina was first indented
with a nanoimprint nitride stamp made via lithography. This initial indentation with the nanoim-
print, when further subjected to pore formation gave rise to very nice and regular pore structure
with long range order. Figure [[.4 shows a schematic of the nitride imprint on the left and an AFM

image of the regular pore structure thus produced on the right. Details of this process and the

figure are cited from [McGary, 2008].

U of MN SEl 15Ky X7.500 1pm WD E.0mm

Figure 1.4: Left: Nitride imprint , Right: AFM image of regular pore structure after imprinting [McGary,

2008
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I T
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SEI 50kY  X3,500 1ym_ WD 8.8mm

Figure 1.6: Matrices of nanowire arrays pointing in different directions, courtesy [McGary, 2008].

Subsequently, the regular porous anodized alumina was electrodeposited with iron-gallium
alloy by employing a Hull cell. The matrix of electrodeposited Galfenol wires, were then freed

from the alumina matrix by etching using chromic acid. The figures [[.5] [[.6] and [I.7] show some
pictures of the nanowires thus produced [McGary, 2008].
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SEI 50kvY  X1,000 10pm WD 19.8mm

Figure 1.7: Two nanowire arrays pointing in orthogonal directions, courtesy [McGary, 2008]|.

I.4.2 Galfenol nanowire sensors: Proposed designs

The production of Galfenol wires with controllable lengths and diameters, makes a large number
of designs feasible. The primary idea of course is to emulate the cilia in the human ear using
an array of these nanowires. Figure is a basic schematic of the sensor that is studied in this
thesis. Here the sensor consists of Galfenol wires of equal length which are cantilevered at the
base. To treat each wire in the matrix as a sensor will require independent data acquisition
from each individual wire. This will make the design very complex as the array matrix of wires
usually contains as many as 25x 10 nanowires/mm?. As a result the design involves attaching the
wire base to a single large sensing element like a giant magneto-resistance (GMR) sensor. While
this may make the design incapable of reading the signal from each individual wire, a typical
stimuli that this sensor is expected to read, varies in space at a scale much larger than the size of
individual wire. Thus a reading using the GMR sensor technique will involve signal sensing over
a length scale which is more comparable to the length scale of the stimuli.

More complicated designs were also possible. One way of increasing the complication of the
design is by noting that the length of the wire is a very important factor in the sensing charac-
teristic of the wires. As a result, the first step towards complication could be by growing wires of

different lengths. Figure[[.9shows a schematic of such a design. It is the expected that this design
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Figure 1.8: Proposed Sensor : Sensor using wires of equal length.

will have a broadband response.

Anodic Alumina
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Figure 1.9: Proposed Sensor : Sensor using wires of different lengths.

The last design that we will mention here is a wire matrix which uses multi-layered nanowires.
The electrodeposition into anodized alumina templates is a flexible enough process so that one can
electrodeposit wires into the pores which consist of alternate layers of magnetic Galfenol and non-

magnetic Copper. Figure [[.10|shows a schematic of the corresponding design.

I.5 Research Objectives

In this thesis we primarily look at the two designs which are portrayed in figures and

[[1I0] The main methods used to understand both the sensor designs, are tools from the calculus
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Figure 1.10: Proposed Sensor : Sensor using multilayered wires with magnetic and non-magnetic seg-
ments.

of variations, notably I'-convergence and mathematical theory of homogenization. These methods
and their results are further complimented by implementing numerical models.

In Chapter [II, we investigate the design in figure As part of this process we first try and
understand how individual wires in the size scale of the as grown nanowires behave. Typical size
scale of the wires that we propose to study have diameters in the range of 30-100 nm and lengths
of upto 1-2 um. The theory of I'-convergence provides a very broad set of tools to understand how
variational problems behave under limiting conditions. As a rough idea, let € be some parameter
and ¢ be a minimization problem depending on €. Loosely speaking I'-convergence enables us to
investigate what happens to the problem £?¢ as the parameter converges to some critical value,
typically O or co. In our case we have wires which have very small diameter. As a result one way
to investigate the problem of the behavior of galfenol wires with such small diameters would be
to set the parameter € to be the diameter of the wire and then investigate how the energy which
describes the physics of magnetostriction behaves as € — 0.

In the literature, similar ideas based out of the theory of I'-convergence were used to study
problems in elasticity. Consequently it was established that common one-dimensional models like
the Euler-Bernoulli beam bending theory are the correct approximation to three dimensional elas-
ticity under limiting conditions. The first section in Chapter [[I|give more details and references to
the various problems in elasticity where good progress has been made in understanding through

the method of I'-convergence. The remaining part of the chapter then presents a derivation of
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asymptotic models starting from a linear theory of magnetostriction.

Next we study the design in figure The geometries we are studying, have a scale of the
periodic layering similar to that of the planar density of wires in the matrix. Typical values for
these might be as follows: magnetic & non-magnetic segment lengths being 20-50 nm each, wire
diameters being 30-80 nm and center to center distance between adjacent wires being 100-150
nm. The mathematical theory of periodic homogenization is a standard tool which is very useful
under these circumstances. This is a powerful tool which is very useful to understand phenomenon
which express themselves at two or more scales.

In our case, we express the problem of analyzing the design in figure as a question of
understanding the macroscale M vs H behavior of the sensor. Because the M vs H curve for any
structure represents the macro-scale behavior of that structure, while the physics of magneti-
zation occurs at the scale of the individual segments in the nanometer scale, the problem is a
multi-scale problem. In Chapter [[II, we use the theory of homogenization to derive a “homoge-
nized” model. This model is then further treated in terms of a second-variation stability problem,
to study the stability and nucleation problem of a uniformly staturated structure.

This second variation stability investigation is a common theme in the micromagnetics lit-
erature. This was first used to calculate the critical field at which a staturated magnetic state
looses stability, i.e. the apex of the M vs. H curve. As a result several modes of instability were
discovered and named, for e.g. uniform rotation, curling, and buckling. In our case however, we
start the second variation stability investigation, not from the full micromagnetic problem. But
rather, we start with the homogenized model and derive a new mode of instability which might be
thought of as a three-dimensional generalization of what is known in micromagnetics literature
as “symmetric fanning” mode as applicable to chain-of-spheres geometry.

Finally in Chapter we use some of the results derived in chapters [[I| and and give
them a numerical treatment. As a result, we look at the implications of the results of the earlier

chapters towards the design of sensors.



Chapter 11

One dimensional model for a

magnetostrictive wire

Abstract

Magnetostrictive wires of diameter in the nanometer scale have been proposed for appli-
cation as acoustic sensors [Downey et al., 2008]], [Yang et al., 2006]. The sensing mechanism
is expected to operate in the bending regime. In this work we derive a variational theory
for the bending of magnetostrictive nanowires starting from a full 3-dimensional continuum
theory of magnetostriction. We recover a theory which looks like a typical Euler-Bernoulli
bending model but includes an extra term contributed by the magnetic part of the energy. The
solution of this variational theory for an important, newly developed magnetostricitve alloy
called Galfenol (cf. [Clark et al., 2000] ) is compared with the result of experiments on actual

nanowires (cf. [Downey, 2008] ) which shows agreement.

I1.1 Introduction

Magnetostrictive solids are those in which reversible elastic deformations are caused by changes
in the magnetization. These materials have a coupling of ferromagnetic energies with elastic en-
ergies. In recent years a lot of new experimental techniques have been developed to manufac-
ture ferromagnetic wires of nanometer diameter such as electron-beam lithography, step growth
electro-deposition, and template-assisted electro-deposition. A possible application of these nano-
size wires is in making acoustic sensors. The inspiration for this application comes from the struc-
ture of the human ear. The inner ear has fine cilia like hair whose response to impinging acoustic
waves is transmitted by the nervous system to the brain. Such biologically inspired devices have

been proposed to detect acoustic, fluid flow and tactile inputs (cf. [Yang et al., 2006] ). One possible

13
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arrangement of galfenol nanowires is in the form of an array depicted in Fig . Here impinging
acoustic waves are expected to change the magnetization of the wire array by inducing bending

deformation.

Aif'“jﬂ'l Waves 4 nodic Alumina Matrix

GMR Sensor

Figure IL.1: Proposed model device using nanowires of Galfenol

The models of a vibrating string and the bending of a beam are important models in elasticity
which are known to approximate the full 3-D behavior of a deformable body in the linear strain
regime. Starting in the 80’s rigorous mathematical methods based on the theory of I'-convergence
were used to justify these 1-D models as the correct approximation of 3-D elasticity, loosely speak-
ing under asymptotic conditions as the diameter of the 3-D body approaches zero. The basic
references for these results are [[Acerb1 et al., 1991]] and [Anzellotti et al., 1994], while reference
for I" -convergence can be found in [Braides, 2002].

Meanwhile in the micromagnetics literature there has been extensive use of I'-convergence
based methods to derive reduced dimension models for ferromagnetic thin films. The earliest
results in this direction are [Gioia and James, 1997]] and [Carbou, 2001]. Since our nanowires are
expected to be used for the proposed sensor application in the bending deformation regime, the
main goal of this paper is to combine the ideas of the references cited above from the elasticity and
micromagnetics literature to derive similar asymptotic models for magnetostrictive nanowires in
bending. The nanowires we are modeling have diameters in the 10-100nm range with lengths
in the range 2-5um. We will show that the bending behavior of a magnetostrictive nanowire
resembles the classical Euler-Bernoulli bending model with an extra term which comes from the
magnetic part of the energy.

§[[1.2] gives a brief review of the continuum theory of magnetostriction and defines the classical
energy &(m,u) as a function of the magnetization-deformation pair (m,% ). The section §[II.3|gives

a simple heuristic argument to show the various scales of elastic and magnetic energy relevant to
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the final result. In §[IT.4) we start with the energy &(m,u) defined on a wire of diameter ¢ and on
rescaling the wire to have unit diameter, recover a new energy .#%(m,u) which equals the energy
&(m ,u) per unit wire cross-sectional area, and depends on a rescaled magnetization-deformation
pair (m,u) now defined on the wire with unit diameter. Starting with minimizers (m?,u?) of the
energy .#°(m,u) in §[[1.5|we derive the first variational limit problem which physically represents
the magnetoelastic equivalent to the elastic theory of an extensible string. § gives the next
order correction to the first variational problem which only involves magnetic terms. § [[I.7] gives
the following order variational problem which is the main result of this paper and describes the
bending behavior of the magnetostrictive nanowires. Here we show that we can extract a deforma-
tion w* (cf. (IL7.11)) from the energy minimizing pair (m®,u®) which itself minimizes an energy
Iy (cf. ) where .#7 is an energy which resembles the classical Euler-Bernoulli bending
energy with some correction terms depending on the magnetization. The method of proof involves
the idea of convergence of minimizers, and we do not use the more abstract I'-convergence method.
The Appendix [[T.A] treats the magnetostatic energy separately.

Basic notation: a,f,7,-- are scalars; @,u,m,--- denote vectors in R3; A,B,E,--- are tensors in
R3*3 and S? c R? represents the surface of the unit ball in k3. Components of any vector m are
denoted by either m1,mg,ms3 or my,m,,m,. For any matrix A, AT denotes the transpose of the
matrix. We use standard function space notation of L%(Q,R3), H (R3 R?), H(l)(Q,IRE3); for details
refer [Adams and Fournier, 2009]. By Young’s inequality we mean 2ab <6 1a2+5b2 for R36 >0,

a variation of the classical Young’s inequality.

I1.2 Micromagnetics

The initial model for ferromagnetic solids was proposed in [Landau and Lifshitz, 1935] where
they also derived a model for magnetization dynamics. The continuum theory of ferromagnetic
materials was developed in the work of Brown [Brown, 1963|] which was subsequently expanded
to a theory for magnetostriction in [Brown, 1966], where a variational model for magnetostriction
with small strain is developed. We give a brief presentation of Brown’s work relevant to magne-
tostriction in this section.

Let Q, be a smooth bounded reference configuration in R? depending on a parameter ¢. In the
following sections we fill specify this dependence. Let m (y) be the magnetization vector at a point

y € Q. Below the Curie temperature, the magnetization is constrained to have constant euclidean
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norm i.e.,
lm(y)=ms a.e. yeQ,.

For a bounded domain, this constraint implies 7z € LP(Q,,m:S?), V 1 < p < co. We extend m by
0 outside ), whenever necessary and denote it by m yq, = m(y) yq,(y) which as a result gives
myq, € LP(R3 R3), V 1< p <oo. We denote by & € H'(Q,,R?) the displacement map. The infinites-

imal strain corresponding to @ (y) is, (VY is gradient w.r.t. y)
Eli L ova Yz (T
Elully) = 5(v u(y)+Vvia(y)"). (I1.2.1)

Interaction of the magnetization with the crystalline structure of a magnetic solid generates
an interaction energy modeled by a function, ¢ : m¢S2 — [0,00). This energy has a finite number
of wells (say N) along a set of constant magnetization vectors {ﬁ(k)} € myS? where the index
k€{1,2,---N} and on which without loss of generality we can set ¢(m®’) = 0. The anisotropy

energy thus becomes,
Eanis :L (p(ﬁ(y)) dy.

For cubic materials ¢(1i7) = 14 (7373 + i3 73 + igiia) + o3 (M2mam3), which along with the con-
s s

straint |m | = m; gives that 0 < ¢(m) < K1. Thus
0<E4nis =f§2¢(ﬁ(y)) dy < K1|Q;|. (I1.2.2)

The exchange energy penalizes variations in the magnetization in a body and thus tends to prefer

constant magnetizations. It is modeled as follows,
Eexe = df |vvm |’ dy.
Q.

Here d is called the exchange constant. Magnetized bodies generate a magnetic self field in all of

N € . . . .
R3. This field h;(y) is given by the following equation,

VY. (-VY¢ (y) +4nm(y)) =0  VyeR?,
() = -V (),
(|VY¢¢ 7| = [| -y -R||=4nm - ondQ,.
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[ 1] represents the jump of a quantity across any oriented surface with unit normal 7z2. The de-

magnetization energy is generated by the interaction of the magnetization m with 71571 and equals
1 e, 24 L[ =e _
Edemag(m) = g - |h,;,(y)| dy= —5 0 h,;,(y) -m(y)dy. (11.2.3)
A standard upper and lower bound for E j.pqg is given by

_ 1 ~c 2 1 _ 1
0= Fatomag) = fR NP dy < fﬂ )y = 510 m?, (11.2.4)

since |m| = mg. The energy of interaction between an external applied field IT; e L2(Q,R3) and the

magnetization over the body is modeled by the following,
Eqpp(m) = —fQ ho(y)-m(y)dy.
which along with Hélder’s inequality gives

~ Ko <Epp(m)<Kp, K> = || hal|2(q, |

12, (I1.2.5)
The elastic energy for the magnetoelastic solid for small strains is given by,
1 - - = el 3
E. :fQ 5 (@]~ Ey@) : C|Elal - E, )] dy.
In this paper by an abuse of notation, we write the above integrand as
(El@] - Ey(m)) : C|Ela] - E(m)| = C|El@) - E,m)]”.

C is a positive definite fourth order tensor. Here E(m) is the spontaneous strain due to magneti-

zation

— 3x3
m — E(m)e M,

where M 2;,2 denotes the set of symmetric matrices of 3 x3 dimension. For cubic materials it’s form

is
— 9 — P
A1oom1 AMiimimy  Aqiimims
A100

E(m)=— [AMimimy  Awomz®  Ajnmams | ———1
2ms 2

P P 2
Auimims Airimams Aigoms
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where I is the Identity matrix in R3*3. The form for E s(m) and |m| = m; gives
|E (m)| <K, where |Ey(m)|” = tr(Ey(m)T E,m)). (I1.2.6)

The norm defined used above is the standard Frobenius norm, i.e. for any matrix M, ’M |2 is
defined as the trace of MTM. Also C being symmetric positive definite 4th order tensor gives for
some y,I' >0,

T|M?| = c[M]* = y|M?, VM e M3*3 11.2.7)

sym-*

In addition to these, energy due to external force acting on the body in the form of body force or
surface traction is included in the general energy. However since these terms are lower order in
deformation @, they do not affect the final form of the limit problem. For our investigation in
this paper, we neglect this term to reduce the length of the computation. Thus the full energy

functional for magnetostriction is,

(g’s(;ﬁ, u) :Eexc +Eanis +Eapp +Eel +Edemag

:f {d|vyﬁ|2+<p(ﬁ)—ﬁ;-m+9[E[a]—1§s(ﬁ)12}dy+if |hs’dy.  (11.2.8)
Q. 2 87 Jps

I1.3 Heuristic Scaling of energy

In §[I1.3.1]and §[I1.3.2] we start with a cylindrical domain with radius ¢ and length 1. We then
show how both an isotropic linear elastic energy and the magnetostatic energy defined in equation
(II.2.3) scale with respect to €. The scaling of the linear elastic energy has been know for long
in the engineering literature, but a rigorous derivation starting from a three-dimensional linear
elastic theory is relatively recent.

I1.3.1 Linear Elastic Energy

Let © = {(y1,¥2) € B(0) , y3 € (0,1)} be a cylindrical domain of radius ¢ centered at the origin
and length 1 with axis aligned along the y3 axis. Let Y be the Young’s Modulus, A = ne? is the
cross-sectional area, and I = %84 be the second moment of area of the cross section. Let (&1, u9,u3)

be the displacements in (y1,y2,y3) directions. From the engineering literature we know that the
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extensional energy of a rod along its axis is given as
1 2 1 2
f Y A|osas) dyngnEzf |0s@3|"dys = O(e?), (I1.3.1)
0 0

where z3 is the extension of the rod along its axis. From the Euler-Bernoulli model for a beam

bending in the direction of the x; axis, the bending energy is

1 o med (1, .
fo Y I|0331] dyngTfO |0331|*dys = O(eY). (11.3.2)

The different scaling of the two energies with respect to £ suggests to us that a linear elastic

isotropic energy of the form
A
WE(w) = f@ {,u|E(ﬁ)|2 + 5| tr(E@)) | }dy (IL.3.3)

should factor into terms which are of different orders in powers of €. Using I'-convergence this
factorization into orders of powers of € has been proven in [Anzellotti et al., 1994]]. They have

shown that,

Wem) = 2Wi(iis) + €*Wo(ti1, g, ia) + higher order terms (I1.3.4)

where @ (y3) = (U1,U9,43)(y3) and @ (y3) = u(y) dyidys is the averaged cross-sectional

1
IB£(0)I JB..(0)

displacement and #i4(y3) = (y2t1-y1u2)dy1dys gives the torsional component.

2
£2|B.(0)| .ﬂze(o)
I1.3.2 Magnetostatic energy

For an ellipsoidal body it is well known cf. [Maxwell, 1873] that the demagnetization field ﬁf»;, and

the corresponding demagnetization E 4.,,,44 for a constant magnetization m are,
ﬁfh =—4nDm, Egemag =21 ( Volume ofbody) xDm -m (I1.3.5)

where D € R%*3 is called demagnetization tensor. D is independent of position y, and has trace
1. For non-ellipsoidal bodies supporting a constant magnetization m, it still is true that l;ih =
—4nDm. However the demagnetization tensor D (with trace still 1) now depends on position y.
The magnetostatic energy is now given by Egemag = 2n( Volume of body) x D - m, where Dis

the volumetric average of D. For our cylindrical domain © = B,(0) x (0,1), D is a diagonal matrix
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with entries

R 8¢ 62 4 ~ o~ 1 4¢ 52 4
= Di1=Dagg==—— +—+0(Y.
37 2 ), 11 2753 % (%)

See [Joseph, 1966| for a simple derivation of this result. The demagnetization energy for a con-

stant magnetization m = (m1,m 9, m 3) is given by

4 =2, =2

~2+~2 4 N
Buonay =2 [T 08 8 (it i) 2 + (T2 )|
= 71'2(?){% +7")’ng) 52 +£3Q1(ﬁ1’)+€4Q2(ﬁl), (113.6)

where @1(m) := 8?”( (m3+m3)- 27’??%) and Q2(m) := ”72( (m2+ma)- 2%%) Thus for a cylindrical
domain O with constant magnetization we can already see the presence of various orders of scales

in the magnetostatic and elastic energy.

I1.4 Rescaling

In this section we rescale the domain Q. depending on a parameter ¢ to a fixed domain Q. The
space variable in the original domain (), is either denoted by y or z and in the rescaled domain by
x. The gradient operators w.r.t. y and 2 are denoted by V¥ and V* respectively and gradient w.r.t.
x is denoted as just V. All variables in the original domain Q. come with the tilde notation, for
e.g. m while variables in the rescaled domain are plain e.g. m. For any vector v € R3, we will write
v =(v1,v2,v3) = (vp,v3) where p = 1,2 and v, denotes the planar component of v. Analogously the
gradient operator may be denoted by V =(V,,03).

Let Q. := [yp € we, y3€(0,1)| be a domain with cross-section w, © R? where w, is any Lipschitz
domain in 2-dimensions. While the results of all the subsequent sections in this paper hold for any

arbitrary cross-section w., however for the sake of simplicity we set
we = B¢ (0) c R? (I1.4.1)

a ball of radius € in 2-D. We rescale the domain Q, to Q by the following one-to-one map

Xy = % %o = % X3 = y3. (11.4.2)

By the rescaling Q =[x, € w, x3 € (0,1)| where w is now a ball with unit radius in 2 dimensions.
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We rescale the fields m(y), u(y), I;;( y), and I:?;,(y) using the one-to-one maps
m(x) = m(y), u(x) = u(y), ho(x) = hy(y), hE (%) = R (y). (I1.4.3)

The map m(x) = m(y) being one-to-one means that we can invert the rescaled magnetization
m(x) back to the unscaled magnetization m(y). Also while the pair (ﬁ:h,ih) satisfies Maxwell’s
equation on (., the rescaled pair (h%,,m) does not satisfy Maxwell’s equation on Q. However
unscaling the pair (h&,,m) to (hy;, ), solves Maxwell’s equation on Q.. Hence the & superscript
on ht,.

The gradient operator VY = (v}j,ag) operating on m(y) or u(y) correspondingly scales as,
VY si(y) = ~V 0y m(y)=0
pm(y) = =Vp m(x), 3 m(y) =03 m(x).
Using the scaling of gradients, we rescale the strain E[@](y) to get a new field x%(x) as

- 1
Efa)(y) = | VWaly) + VVia(y) |

101u1(x) 3 (01ug +02u1)(x)  3(101us+0su1)(x)
= | 5 (01uz + 0211 ) (%) 205 us(x) 1(Logus +dsusz) (@)
3(201us+03u1)(@) 3(102us+0dsus)(x) Osus(x)
=k [u](x). (I1.4.4)

Substituting the above transformations into equation (L1.2.8) we get
i oy _ 2 d 2 2 Ci ¢ 2
E¢(m,u)=¢ Q[ £—2|me| +d |0sm)| +(p(m)—ha-m+§[1( [u]-Es(m)] ]dx
L2 f |hS,@)|*d
& s 1Pom x x.
Dividing above by 2 and defining a new energy .#%(m,u) := ¢ 2&(m, &) we get,

£ d C e
g (m,u):fﬂ{g—2|vpm|2+d |Osm " + p(m) ~ kg -m + 2 [x [u]- Ey(m))* |dx

+8&5(m),
where &% (m) is defined and bounded by rescaling the standard demag bound in equation (I1.2.4)

1 1 1
0 < &5(m):= ng3|hﬁn(x)|2dx < §fQ|m(x)|2¢:lx: 5|Q|m§. (I1.4.5)
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We investigate the asymptotic nature of the problem

(9P%) i;{}ffg(m,u), Ay = { (m,u) e H(Q,msS?) x H;(Q,R?’) } (I1.4.6)

where Hﬁl(Q,R?’) = {u(x) € H(Q,R?) | u(x1,x2,0) =0, V(x1,x9)€ w} enforces Dirichlet boundary
conditions at the base x3 = 0. For the subsequent sections we also use the notation H ﬁl ((0, 1),[}'\?)
defined as

H((0,1,R) = { w(xs) € H(0,1),R%) | w3 =0)=0 |. (IL.4.7)

In the next section, we will start with a sequence of minimizers (m¢,u¢) of .#4(m,u) and show
that we can extract a subsequence whose limit relates to the minimizers of a simpler lower dimen-

sional problem .#°.

II.5 First variational limiting problem

Let (™) denote the cross-sectional average of any scalar/vector, i.e. for any field a(x) set
a(xs) :f a(xy,x3)dx,. (I1.5.1)
w

For ¢ fixed, let (m®,u®) be a minimizer of #*(m,u). We look at the behavior of .#¢(m?,u®) as
£ — 0. For that we will first show that .#¢(m?,u?) is bounded above and below independent of &.
Then we will show that from the sequence (m?,uf), we can extract a subsequence(unrelabeled)
such that (m®, 73%) on the subsequence converges weakly to some (m°,v°) in an appropriate space.
This convergence will be improved to strong and the limit (m?°,v°) will be shown to minimize a
new functional .#° in Theorem [L5.1].

II.5.1 Boundedness of .#°(m¢,u®)

For an upper bound on .#4(m?,u®) we compare its energy with a test function (m,0) with m any

constant vector on msS2 and u =0 to get,
1
IE(mE, uf) < .95(m, 0) = f |o(m) + 5a:[Es(m)]2 ~hq-m|dx+ 85(m)
Q

2
<Ky+ %|Q|, (IL5.2)
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where the anisotropy, elastic, Zeeman and magnetostatic terms are bounded using equations

(I1.2.2), (IT.2.6), (IT.2.7), (IL.2.5) and (IT.4.5). The positivity of all terms in .#(m?, u®) except possi-
bly of the Zeeman energy along with equation (I1.2.5) gives the lower bound,

FE(mt u) = —tha-mdxz -K>.

I1.5.2 Weak compactness of minimizers (m®,u®) as ¢ — 0

The upper and lower bound on .#¢(m?,u®) gives,
d £)2 €|2 £2
Ks > | { 5|Vom® P +d | ogm?|* ldx = d | |Vm*|dx. (I1.5.3)
ale Q

Then for some unrelabeled subsequence

K
|V pme @)y < 7552, m® — m° in L%(Q), Vm® — Vm® in L*(Q). (I1.5.4)

By the weak convergence of Vm®(x) to Vm°(x) and the lower semi-continuity of norm operator

||( . )|| 12q) W-I.t. weak convergence we have using equation (11.5.4)

. .. o K5
||me°(x)||L2(Q) < 11&1&1f ||me5(x)||L2(Q) < 11£1§f 75 =0,
which implies
lin(l) m(x) = m°(x) = m°(x3) in L2(Q). (I1.5.5)
E—»

Strong convergence of m¢ to m° in L%(Q) gives convergence pointwise a.e. for a (unrelabelled) sub-
sequence. The cross-sectional average of this subsequence m®(x3) = ][w mf(x)dx, then converges
pointwise a.e. to ]{U m°(x3)dx, = m°(x3). Since from Jensen’s inequality we have |m®(x3)| < |[m®| =
m, the pointwise a.e. convergence of the unrelabeled subsequence m*(x3) to m°(x3) gives on using

LP Dominated convergence theorem
m®(x3) — m°(x3) inLP(0,1)ase—0, V1<p=oo. (11.5.6)

Also the strong convergence of m¢ to m° in L%(Q) gives convergence of Im‘fl2 to Im‘l?l2 in L2(Q)

2 ..
because of the fact that | Im‘l?l2 - |mfl2 | = Imf - m‘i’l2 Imf + mfl2 and domination of Im‘z?l2 and Imfl2

by mf and i€ {1,2,3} denoting any of the 3 components of m®. Then using the same argument as
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above we can derive an unrelabeled subsequence such that
M2 (xg) — Im%R(x3) = Im%%(xs)  in L%(0,1) as e — 0. aIL5.7)

We will need equation (II.5.7) for showing convergence of the elastic energy in Theorem

Next we prove a proposition which we need for extracting weak compactness of the elastic terms.

Proposition IL.5.1. Given m*® e HX(Q) and & € Hﬂl(Q) using eqn. (L1.5.1), we have the following,

|72 20y = ol |78 2201 < [|m° |2y
|osm* "?,2((2) = o] “637”\8&2(0,1) < [|03m* ”iZ(Q)’

o2 12 2
||63u6||L2(Q) = o] ”03“6HL2(0,1) < |0su® ||L2(Q)’
and for i ={1,2,3}
|2 |2 2
1@ |22y = K[| 03%i° [ 1202y = K[| 035 || 2y-
Proof. The first result is easily seen using Jensen’s inequality
1 1 1
f |ﬁ£|2dx3=f )if mgdxpfdxssf if Imgl2dxpdx3=if |m£|2dx.
0 o olJo 0 lwlJo lwl Ja
To see the second result, note for i € {1,2,3} using Jensen’s inequality

o a2, (* 1 2 rl
fo |03mi5| dx3—j(; |03{mfwmfdxp}| dx3—j; W fa)ag)mfdxp

11 £12 1 £12
S[O mL|03mi| dx), dxg—mfg|63mi| dx.

2
dxs

Integrating over w and summing over i gives us the first result. Similar calculation with u?
replacing m® gives the third result. Noting the Dirichlet Boundary conditions on @ ®(x3) at x3 =0

we get using 1-D Poincaré inequality over (0, 1),
1 9 1 9 1 9
/ |l/t?€| dx3 = Kef |a3l/t\i8| dx3 = Kef — |03u‘§| dx
0 0 Q lol

where Kg is the Poincaré constant on (0,1). Integrating over w gives the result. O
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Using positive definiteness of C in (I1.2.7), (IT.2.6) and bounds on #¢(m*,u?), we get
f | Tus1)? :f |1 (1?1 - Eg(m®) + Eo(m®)|” < 2f {11~ Eym®)|* + |y ()}
Q Q Q
2
< —f C[x°[u’]- Eo(m)]* +2f |E(m®)|* < Kq.
Y Ja Q
Combining this with the fourth result in Proposition we have

73¢|%dxs < Kg | |033°|2das < K | |03ut|?dx < Kg | |xf[uf]|’dx < K.
3
Q Q Q Q

Thus ||ﬁ§8|| H10,1) S © and due to Dirichlet conditions on u® we get u3° € H, ﬁl(O, 1). For an unrela-

beled subsequence we have,
@3¢ (x3) — v°(x3) in L2(0,1), 9335 (x3) — A30°(x3) in L2(0,1) (IL.5.8)

Already from the fact that m° and v° depends only on the x3 space variable the 1-D nature of the
limit problem becomes evident. The magnetostatic estimate in equation gives

1
E5(m°) - n|w] fo |7 (v3)| *dys = OCe) + O(™™)
which implies on using strong convergence of m¢ to m® in L2(0,1) in equation (IT.5.6),
! 2 ! 2
lim &7(m°) = lim nlwlfo | (x3)|“d s = nlwlfo |m (x3)|"dxs. (IL.5.9)

The magnetostatic estimate in equation and Remark also gives

1 1
&5(m°) = nlwlf |mg(x3)|2dx3 +O(£)+O(£3/4):n|w|f \mg(x3)|2dx3 (I1.5.10)
0 0
and thus,
1 2
lim &5(m®) =lim gg(m"):mmf |m (x3)| dxs. (IL.5.11)
e—0 e—0 0

I1.5.3 Strong compactness of (m°,u®) and variational problem

Set  fo(s) := min|CIE]:E ; Ec M2*3 and E3 =s|. (I11.5.12)

sym
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Note that fy defined above in (I11.5.12) can be evaluated as

1
fols) =c11ls® —20c1als® ==Y |s|?, fo fo(s(as))das =Y ||s(x3)|| 720, (I1.5.13)
where o = ( Ci2 ) is the Poisson’s ratio and Y = (011 —-20¢ 12) is the Young’s modulus. We now
c11+c12

state the main result of this section.

Theorem I1.5.1. There exists a subsequence (m®,u®) not relabeled such that m® — m° strongly
in HY(Q,R®), 735 — v° strongly in Hﬁl((O, 1),R) and (m°,v°) minimizes £°(m,v) in <f, = {(m(xg),
v(x3)) € HY((0,1),m3S?) x Hﬂl((O, 1),[R€)} where #°(m,v) is defined as

1 1
£°(m,v) =f0 d|0zm|* + p(m) + nim, |? + §fo(030 -Es,,(m))—hy-m. (I1.5.14)

Proof. Comparing energy of .#¢ at its minimizer (m?,u?) with the test function (m°,uf) we get

FE(m?,u’) < $5(m°,u?) which expands out as
d 2 2 C 2
fQ[E—2|meE| +d |03m®| +(p(m€)—ha-m5+§[K8[u5]—Es(mE)] ]dx+é°§(m€)
C
Sf [d|03m°|2+<p(m°)—ha-m°+E[Ke[ug]—Es(mo)]z] +85(m°).
Q

Equation (ILI.5.11) gives that lim._.q éfl(mg ) =lim,_.g éafi(mo). Then taking lim-sup of both sides
w.rt. € canceling common terms, and noting that m¢(x) — m°(x3) strongly in L?(Q), we can

simplify the above equation to get
d
limsup[ [—2|me8|2 +d’63m8|2 ] dx < f d|63m0|2dx.
e—0 Qte Q

But weak convergence of Vm?® in equation (II.5.4) implies liminf,_.( fQ | 63m0|2 < fQ | 0s3m¢ |2 which

combined with the limsup condition above gives the strong convergence,
1
d3m* — d3m® in L*(Q), ~V,m* — 0 in L*(Q). (IL.5.15)
€
Now we show strong convergence of the elastic terms. Set s®(x) and § (x3) as

s€(x) := O3us(x) — By, (mF), § €(x3) = [03u§ — E 5, (m®)(x3) = 055 (x3) — E,, (mF)
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where § ¢(x3) is defined using equation (IT.5.1). Noting fo(s) = Y|s|?, using Jensen’s inequality

1 1
f fo(0313° — E,, (mé)dx = f f Y54 2dx < f Y[ f |sf|2dxp]dx3: / fo(s*(x))dx
Q 0 Jo 0 ) Q

< f C[x [u’] - Eg(m?))*dx (I1.5.16)
Q

where in the last step we have used the definition of fy from equation (I1.5.12).
By definition E,,(m®) = %(Imgl2 - %) which using |71-§)|\2 - |m§|2 in L2(0,1) from equation (I.5.7)

gives
E,,,(m?) — E,,,(m°) in L0,1).

The above combined with weak convergence d3z3¢ — dsv° in L2(0,1) in eqn. gives
0313° — E,,(m?) — d30° — E,,(m°) in L2(0,1) .

Then noting from eqn. ([1.5.13) that fQ fo(s(x3))dx = Y|w| ||s(x3)||iz(0,1) and weak lower semi-

continuity of norm in L2(O, 1) gives

fQ fo(950° ~ ., (m°)) dac < liminf fQ fol0313° — B, (m#))dx

<liminf | C[x°[u’] - E,(m°)]dx (IL5.17)
e=0 Jo

where in the last step we use eqn. (11.5.16).

To get strong convergence we will show the converse inequality of equation (IL.5.17). For that
we need to compare the energy .#°(m®,u®) with some test function based on m° and v°. But
the lack of regularity of v® € H(0,1) requires a mollification procedure. Let v”(x3) € 2(0,1) and
vP(x3) — v°(x3) in H(0,1) as h — 0. Set s"(x3) := (030" (x3)—E,,(m°)). Note limj, o s" = (930°(x3)—
E;,,(m°)). Define

eEs (m°)x1+€eE;,(m%)xg — €0 sh(x3)x1
V5 (%) := | eEq,,(m°)xs + eEg,,(m)x; — 0 s"(x3)xz | - (I1.5.18)

v (x3) + 2¢(Es,,(m)x + 2E 5, (m)x)
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For vz defined above, k¢ [vfl] —E;(m°) is given by

h

-0s 0  —£(oxy d3s +x1 03E,,(m°) +x2 03E,,(m°))

NIt D™

k[ 1-Esm°)=| . —os" —£(0xg 035" +x9 03Es,,(m°) +x1 03E; ,(m°)) |,

s" +2¢(x1 03E,,(m°) + xg 03E,,(m°))

where we have left out terms below the diagonal due to symmetry. A straight forward computation
gives, ( Recall Y =c¢11 —o0ci2 from eqn. (I1.5.13) )

f C[Kg[vi]—Es(mO)]zdx=f fo(s™ dx+O(2). (I1.5.19)
Q Q
Then comparing energy of the test function (m°,v}) with (m*,u®) gives

FE(m*,u’) < F5(m°,vy).

Fixing h and taking lim-sup of both sides w.r.t. &, using strong convergence in (I1.5.15), and
equation (I1.5.19), the above simplifies to

IN

limsupf g[xs[ug] —E (m%)’dx
Q

e—0

C
limsupf 3 [KE(UZ)—Es(mO)]zdx
Q

e—0

1, 4
fgéfo(s )dx.

Now taking limj,_.¢ of L.H.S. and noting that limy,_.g s = (030°(x3) —-E,,,(m°)) gives
. C £ £ £ 2 1 o o
hmsupf — [«*[u]1-Es(m®)]"dx < f = fo(03v°(x3) — E,,(m°)) dx. (I11.5.20)
e—0 Q2 Q2

Then (11.5.17) and (IL1.5.20) together give along with eqn. (I1.5.12), the strong convergence

111% d33° — d30° in L2(0,1), (I1.5.21a)
Eﬁ

C 1
limf — [x°[uf] —Es(mg)]2dx—>f =fo(03v° — Es,,(m°)) d. (I1.5.21b)
e—0Jq 2 Q2
Finally its easy to see that the strong convergence from (I1.5.15) and (IL.5.21) together gives,
lir% FEm,u’) = |w|.£°(m°,v°).
8—»

Now we show that (m°,v°) minimizes .#°(m,v) in «,. For any (m,v) with m € H((0,1),m3S?)
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and v € C*(0,1) n{v(0) = 0}, let us define as in eqn. (I1.5.18)

¢Es, (m)x1 +€E; ,(m)xg — €0 (030 — E5,5(m))xq
VE(x):= | eE;,,(m)xg + eE;,,(m)x1 — 0 (030 — Eg,,(m))x2

v(x3) +2¢(Es,,(m)x1 + 2E 5, (m)xo)

Then comparing energy of .#¢(mf,u®) with .£5(m,V?) we get .£5(m*,u’) < .#5(m,V¥¢). Taking lim,
of the inequality we note that L.H.S converges from above lim._ #¢(m?,u®) = |w|#°(m°,v°). Us-

ing equations (IT.5.10) and (IL.5.19) with m and V¢ replacing m° and v} in the respective equations

it is easy to check that the R.H.S converges as lim,_.¢ .#5(m,V?) = |w|-#°(m,v). We thus get our
minimizing principle on noticing that v € C*°(0,1) N {v(0) = 0} is dense in H ﬁl(O, 1) O

I1.5.4 Minimization of limit problem

The minimization of #°(m,v) is a substantially simpler problem than the original one. One can
see that if the applied field is a constant over the domain, the terms ¢(m)+n|m, |2 —h,-m behaves
like an “effective anisotropy". If this is minimized over constant vector m € m,S? to give m®, then
its easy to see that (m°,E,,(m°)x3) minimizes .#°(m,v).

For a large class of ferromagnetic materials, the largest energy in the “effective anisotropy"
for typical applied fields is the demagnetization term Jrlmpl2 which finds its minimum if m? is
an axial magnetization (0,0,m). In particular for our nanowires of Galfenol this is true. Experi-
mentally produced nanowires of Galfenol of 30-100 nanometer diameter show strong alignment of
magnetization along the axis in the absence of applied fields and need large applied fields in trans-
verse direction to alter this state. Experimental verification of these results for Galfenol wires can
be seen from Magnetic Force Microscopy (MFM) scans in Figures[[I.2]taken from [Downey, 2008].

These scans are done for wires with 100 nanometer diameter and <110> crystallographic ori-
entation with no applied field. For cubic anisotropy, <110> is a local minimum of the anisotropy
energy and gives zero magnetostatic energy contribution making it a global minimum of the “ef-
fective anisotropy"”. The uniformity of the scan along the wire length depicts a uniform state of
magnetization and the bright and dark spots at the two ends are interpreted to be the field lines
due to an axial magnetization producing net positive and negative poles at the ends.

With these observations in mind, for the following sections we will assume that the field &,

is constant. This assumption simplifies the calculation in the following sections without effecting
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Figure I1.2: Left: MFM scan for several Galfenol nanowires, Right: Magnified scan of single nanowire,
scale of the wires shown in bottom of left figure (Scans courtesy of Downey [Downey, 2008] ).

the main presentation of the asymptotic limiting problem. Let us then set
Qo= f @(m°) +nlmS|> - hy -m° (I1.5.22)
Q

where m° minimizes @(m) + ﬂlmpl2 —h,-m in m:S2. Then (m°,v°) minimizes .#° where v° :=

E;, (m°)xs3. Set

gEsll(mO)xl + EEslz(mO)xz
uO(x) = 8E322(m°)x2 + EEsm(mo)xl

E, (m°)x3+ +2¢(x1E5,,(m°) + x2E,,(m°))

where we have abused notation a little as u°(x) depends on € but does not reflect that. Then it is
easy to check that x¢[u°] = E;(m°) since m° is constant. Using eqn. (II.3.6) ,

/ g[xe[uo]—Es(mo)]zdx:f 1/"0(631;"—Es33(m"))dx:0 (I11.5.23a)

Q2 Q2

FEm°,u’)=Qo +(S’§(m°)—f Jrlmj!’,l2 = Qo +eQ1(m°) + £2Qo(m°) (11.5.23b)
Q

lw] i;}fﬂo(m,vo) =Qo. (I1.5.23¢)
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I1.6 Second order variational limit problem

§ [[L.5| gives a rigorous derivation of the first order variational approximation .#°(m,v) in the
sense that for a sequence of minimizers (m®,u®) of #¢(m,u), lim,_.g #5(m?,uf) = |w|-£°(m°,v°) +
o(e) with (m°,v°) minimizing .#°(m,v) in an appropriate space. Correctors to this approximation
come up as higher order theories which involve an expansion of the o(¢) term. These higher terms
can be understood as an asymptotic I'- series of variational problems in the sense of [Anzellotti
and Baldo, 1993].

With this in mind we define ff(m‘":, ut):= e I(FE(m?, uf) - Qo). We look at the limit minimiza-
tion problem corresponding to .#(m*,u®). For this we first show that .#7(m*,u*) is bounded above
and below independently of € so that its limit £ — 0 makes sense. We then show that a limit exists

as € — 0 for the quantity .#7(m®,u®). Note that

FE(mE,uf) - Qg = UQ j—2|vpmf|2dx

+ [é";(mg)—fﬂnlmf,l2dx] +

f {d|03mf|2
Q

C
+@(m) = hg -m* +7lm5|* + £) [x°[u’]- Eo(m®)]* }‘dx—Qo]
=2A° + B+ ¢ (I1.6.1)
where 2¢,°8¢ and €¢ are the terms in the big square brackets.
I1.6.1 Bounds for % (m*,u®)
Since (mf,uf) minimizes #¢(m,u), we have #¢(m,u’) < .$5(m°,u’) which on using equation
along with the definition of .#; (m,u) gives us the inequality

FL(mf,uf) < I (m°,u’) = %(te(mo) +£2Q2(m°)) < K. (11.6.2)

The lower bound for . (m*, u®) requires the following technical condition. See Result 8.2 in [Bhat-
tacharya and James, 1999|] and Definition 5.2 from [Le Dret and Meunier, 2005] to see other con-

texts where such a condition is necessary to get lower bound estimates.
Definition I1.6.1. We say that a minimizer (m°,v°) of #°(m,v) (cf Eqn. ((L5.14)), satisfies the
strong second variation condition if for any (m(x3),v(x3)) € &/, there exists A > 0 such that,
1 2 2
F(m,v)—.9°(m°,v°) =.9°(m,v) - Qo = Af { |0smeg) - 93m® (xg) [ + |m — m°|
0

+ |050(x3) — 050°(w3)|? s, (I1.6.3)



I1.6: Second order variational limit problem 32

provided ||m -m° “Hl(o,l) < Kq0€ and ||v - v°||H1(0,1) < Kj1€ for some € > 0 sufficiently small and

K10,K11 arbitrary constants independent of €.

Set M?:=m®-m°. (I1.6.4)

Using the hypothesis that .#°(m,v°) satisfies strong second variation condition let us show the

following Lemma,

Lemma I1.6.1. For C¢ defined as in equation (I1.6.1),
¢t > f 7°m,udx—Qo = Al |0sM°| 2 + [ M7 2aq) )
w

Proof. For fixed x, = (x1,%2) € v we define M(x3) := m(xp,x3), V*(x3) := u®(x,,x3). Then using

the strong second variation condition on .#° we get
T (M (x3),V5(x3)) — F°(m°,v°) = Afol { |95 (9MF —m?) |2 + |2 - m° |2 }dx3.

For fixed x, € w, M(x,,x3) = M*(x3) — m°(x3). Integrating above result over x, € w gives
| 7oent mpdn, -0 = [ oo ugdx-Qo= A|onM [fagy + 1M i)

noting Qo :fﬂ"(mo,v")dxp. From eqn. (IT.5.12), CIZ[K":[ug]—ES(mE)]2 > fo(03u§—Ej,,(m*)) which
gives ¢f = f F°(m*,u3)dx— Qo and our final result. O

We use the result of Lemma [[I.6.1 above and Proposition to get

FE(mf u’)—-Qo =AU +B° +¢°

d
= £—2||me5 ”?,2(9)“‘ [gé(mf)—Lﬂ|m;|2dx] +A( |los M ”?,2(9)“‘ | ”12;2(9) )
d A
2 VoM |2y + 5( 05D oy + | M2 |72 ) + £Q1(m) + £7Q(m®) ~ D1ge®  (IL6.5)

>—-Kj9¢€

02
where Q1(m°) = %( ImE’}I2 - 2|m‘§|2) and Q2(m°) = 7t2(|m2p| - |m§|2) as in equation (I1.3.6).
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I1.6.2 Convergence of . (m®,u®)
Theorem I1.6.1. We have the following convergence,

. 167 9 87 9
lg%ﬂf(mg,ug)=Q1=?|mg| —?Imgl .

Proof. Dividing equation (I1.6.5) by ¢ gives

2

|m?|
P 02
9 —|m3|)

I (m* u’ (£Q1 +¢ Qg) (Im | —2|m§|2)+£n2(
Taking liminf,_.g above to get,

liminf.#¢€ € €y 8n 02 02

lgllgl 1(m",u )_?(Impl —2|mg3| )
To get the reverse inequality we take divide eqn. (I1.6.2) by £ and then take limsup to get,

limsup .#1(mf,uf) <limsup — (£Q1+£ Qz) Ql— (Im | —2|m§|2).

e—0 e—0

The lim sup and liminf inequality together gives our result. O

Remark I1.6.2. In the limit we get that 9 (m*,u*) converges to a fixed quantity Q1(m°) depending
only on m°. Q1(m°) consists of the mutual interaction of the poles generated by m° on one end w(0)
of the wire domain Q with the other end w(1) giving the term %nlm%l% and the self-interaction of

the poles created by m° on the curved surface 0w x (0,1) giving the term —%nlmZIz.

I1.7 Third variational limit problem

As in the previous section we first define #; (m®,u®) := E_Z(JE(mE, uf)-Qo—eQ1(m?)). We will
show that .#;(m®,u®) is bounded above and below independent of ¢. Then we define w* in (IL.7.11)
and prove a weak compactness result for it. The convergence is improved to strong in Theorem
Where we also define a new variational problem .#7 and show its relation with % (m®, u®).
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Recalling 2°,B* and ¢¢ from equation (I.6.1)) in §[I1.6] , we note
FE(m*,u) - Qo —eQ1(m°)
_ d €12 £ £ €12 €12 £
- UQ?'V”"’ Pda)+ | £50m )—an|mp| dx Q| + [[Q{d 103m° [ + p(m®)
—hq-m®+2im %+ %c:[xf[uf] —Es(mf)]z}dx—Qo]
= 9 + (B - £Q1(m®)) + €°.
I.7.1 Boundedness of .45 (m®,u®)

To get an upper bound on .#;(m®,u®) we use the upper bound on #{(m?,u¢) from eqn. (IL.6.2) and
subtract @1(m°) from both sides to get

I (m®,u’ ——[fl(m ut) - £Q1]<—[ﬂ (m°,u’)-eQ1] = Qa(m°) < Kia. I1.7.1)

To get a lower bound on %5 (m?,u®), we subtract éQ1(m°) from the lower bound in the previous

section in equation (I1.6.5) to get

FE(mF, ug) -Qo—£Q1(m°) =2A° + (B - eQ1(m°)) + €*
> ||v ME |72+ ( 103 ME112 5y + 1M 172 ) +&2Qo(m°) — D1gée? (I1.7.2)

= —K13£2.

The upper bound [II.7.1{and lower bound in [I1.7.2|together give with Sobolev inequality on Q

d A
1{1462 2 5.9 “VpMEHiZ(Q) + _( ”63M£”%2(Q) + ||Mg||i2(Q) )
A
23 1M 30 2 Col| ME |70y V1sqs6 (I1.7.3)

with C, being the appropriate Sobolev constant.

I1.7.2 Weak convergence of w*

In this subsection we will extract some energy terms from the elastic energy and define a new

variable w® from the extracted terms. For this we need an improvement on Lemma [I1.6.1|. For
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that first note that using a truncated Taylor Expansion we write E;(m?) as
1
Es(m®)-E;m°)=E.(m°)-M* + §E;’(m°)M5 - M€ + o(|M?|?) := A(M?) (I1.7.4)

where we recall m¢ = m°+M?¢ and E'.(m) and E'/(m) are the 15t and 214 derivatives of E;(m) w.r.t.

m. Since E;(m) is a polynomial function of m, both E, and E! are bounded in L* for |m| = ms.

Then using (IL.7.3) we get
AM?) < K15|M?| + K16|M | and |AME)|7 ) = K17€?. (IL7.5)

Set u® = u’ +U*. Note x°[uf] = x[u’] + x*[U?]. Eqn. (II.2.7) and Young’s inequality gives

[clamr)] U]

e eryre 4T? N2, Y. erpreq|2
< T|AM®)| |x°[U°]| < 7|A(M )| +Z|x [well”. 11.7.6)

From (IT.5.23) note that x°[u°]— Es(m°) = 0. Then equations (I[.2.7), (IL.5.12) and (II.7.6) gives

2

O

C
[« [uf]- Eo(m®))* = 5 [ u’1+ K[V ]~ E(m®)]
C
= = [k [u’]- Eym®)]* + 5 [x°[U%1)? + €[ [u®] - Eo(m®)] : &[U¢] + C[AM?)] : °[U?]
>

41?2
fo(030° ~ By m) + L i U1 - 7|A(Mf)|2 - Lo

C
2
1
2
1 412
5f0(030° = Esyy (m)) + E\ﬂvf]ﬁ - 7|A(Mf)|2. (IL.7.7)
Then using equation (IL.7.5), and above result (IL.7.7), we improve Lemma to get
£ €2 £ £ £ 2 1 £f, € £y12
¢ =f0{d (0 2 + pm) ~ hg - m” + wlmy | + €[ (]~ Ey(m)]*}dv - Qo
1
2[ {d |63m5|2+(p(mg)—ha-mg+n|m§,|2+gfo(agv"—ES%(mg))}dx
Q
412
+f {Z|K5[U£]|2——|A(M5)|2}dx—Qo
al4 Y

f fo(mg, Uo)dxp — QO] + E ||K£[U£] “iz(Q) — 4F2)/_1 ||A(M€)||22(Q)
w

>
= A( los ”izm) + || mrf ”22(9)) + g 1] ”22(9) ~Kise” (I1.7.8)
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where we have used the strong second variation condition on .#° in the last step. Using this we
revisit the lower bound equation (II.7.2) using Proposition to give

FE(mE,u’) - Qo — eQ1(m°) =A° + (B - eQ1(m°)) + €*
zfg{j—zprfF + AlosME|* + AIME 1% + £|K£[U£]|2 } ~Kige® + (B - Q1)

> £||1<8[U£]|| 2 )+ E2Qa(m®) ~D1ge? ~ Ky, (I1.7.9)

The upper bound (II.7.1) and the above equation then gives

Kige? > f [EU). (1L.7.10)
Q
Set w* = (uf, - u;’,,g_l(ug - ug.)) = (Uf,,e‘lUg) and note
161wt 3 (01w5 +02w) (01w +d3w6)
K“(U®) = | & (01w§ + dow$) 10,w§ (0w + 0305)
%(61w§+03wi) %(62w§+63w§) £03ws
=: y(w®). (I1.7.11)
£
Note ’x(w )| > |E (w£)| where E(w?) is the elastic strain of field w*. Korn’s inequality in (I1.7.10)
€
gives,
ol UE 2 & 2
Klng |K ) dx:f )x(w ) dxzf |E(w6)|2dx2af (|Vw£|2+|w8|2)dx
Q € ol € Q Q

where a(Q2) > 0 is the Korn’s constant. These results together imply for some unrelabeled subse-

quence
w® — w° in H'(Q;R?) w® — w° in L2(Q;R?) (I1.7.12a)
ol
Ew®) — Ew®) in L2(Q;R®) X _30in L2Q:R%). (I1.7.12b)
E
Note from (I1.7.17),

X;;J' 1 £ .. X§3 1 € .
— = —2Eij(w ) for (i,7) €{1,2}, — =—FE;3(w°) for i €{1,2}
e ¢ e €
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which together imply after using lower semi-continuity of norm w.r.t weak convergence
1@ 2 = liminf |1E:j@) L2y =0 (I1.7.13)

when i € {1,2} and j €{1,2,3}.

Lemma I1.7.1. Let the strain corresponding to a displacement field w® € H ﬁl(Q), EWw°) be such
that E;j(w°) =0 for i € {1,2} and j €{1,2,3}. Then 3y°(x3) € Hﬁl(O, 1) so that w° is given by,

w9 (@) = wi(xz) € HZ(0,1) wy(x) = wi(xs) € H{2(0,1),

ws(x) = —x1 03w (x3) — x2 O3wg(x3) +y°(x3) (I1.7.14)

and H,(0,1) = {w € H*(0,1): w(x3 = 0) = d5w(x3 =0)=0 }.

Proof. Given E11(w°) = 01w{(x) = 0 and Ego(w’) = dewg(x) = 0 together gives w(x) = ai(xg,x3)

and wg(x) = ag(x1,x3). E12(w°) =0 gives us,
02w (x) + 01wy (x) = A2 a1(x2,x3) + 01 ag(x1,x3) = 0.

This implies azal(xz,xg) = —01&2(?61,363) = ,B(x3) Thus, w‘l’(x) = ]/1(x3)+x2,6(x3) and wg(x) = )’z(x3)—

x1B(x3). Also given E13(w°) = E93(w®) = 0, we have
1
02E13(w°) - 01E23(w°) = 5(032w({ +012w3 — 031wy — 012w3) = 03 f(x3) = 0.

This gives us B(x3) = Kgg is constant. Using the Dirichlet boundary conditions at the base x3 =0,
we have w{(x2,0) = y1(0) + x2Kg9 = 0 which gives us Ko = 0. So w{(x) = y1(x3) and wg(x) = ya(x3).
We finally have,

E13w®) = 0= d1wg(x) = —03w](x) = —03y1(x3),

E2,3(w°) =0=> Ggwg(x) = —63w‘2’(x) = —63’)/2(363).
which gives us for wg on integrating above equations

wg(x) = —x103y1(x3) — x2 03y2(x3) + y°(x3) = —x1 dzw] (x3) — x2 d3wy(x3) +y°(x3),

O3w3(x) = —x1 033w](x3) — x2 033wy (x3) + A3y’ (x3).

Note also that w® € H'(Q) gives d3w§ € L*(Q). Equation (IL7.14) gives then that d33w(x3) € L*(2)
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for i = 1,2 and d3y3 € L*(Q2) and thus w?(x3) € H*(Q) and y € H(Q). Note also that the Dirichlet
boundary conditions at the base gives w§(x,,0) = —x1 d3w7(0) —x2 03w (0)+7y°(0) = 0 which means
03w (0) = d3wg(0) = y°(0) = 0. O

The displacement solution in Lemma [[1.7.1] are well known in literature as the Bernoulli-Navier

displacements. See Theorem 4.3 in [Trabucho and Viano, 1996] for more details.

IL.7.3 Strong convergence of .%;(m®,u®)

For the third limit variational problem we assume that m® = (0,0,m;). This assumption greatly
simplifies our final limit problem while essentially describing the underlying physics. Refer to
Remark to see more regarding this assumption and the more general case. From (I1.5.14),
M¢ = mf —m° which gives |m¢|?—|m°|? = |M¢|> +2m°-M¢ = |M5|2+2m§M§ = 0. Also note x54(uf) =

O3ug + ¥55(W°) = 03v° + y54(w®) = E,,(m°) + y55(w®). Then

IM€% = —2m° - M® = —2m M, (I1.7.15)
3100 o, m? 31100 2
ES33(mE) = %(lmgl - ?S) :Es33(m0)_ 2mg |M;| 5 (II716)
31 31
K55(u®) — Eyyy(m®) = 050° — E ., (m®) + =00 |M5 12 = =2 |M5 2,
mg 2ms;

and using Hoélder’s inequality and (11.7.3)

3YA
fg)fo(K§3<uf>—E533<mf>) = Lfo(03v°—E333<mf>) *+ Folss(ae) + =552 1M g (a0)
o 3 1 &€ 3/1 € 1 &€
= | Folosv "B m) + | Folitiote0) ~¥ T IME i 2is @0

> fQ fo(03v°— E gy (mF)) + fQ fo(x53@®) — Ka16?|| x53°)| 12 (I1.7.17)
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Using (11.5.12) C[Ke[ue] —Es(mE)] > fo(K§3(u£)—E333(m£)) which gives

@Ezfﬂd |63m£|2+(p(m8)—ha'm£+2|m;|2+%fO(Kgg,(ug)_Essg,(mg))_Qo
z[ﬂd |a3mf|2+<p(mf)—ha-mf+2|m§,|2+%fo(63v°—E333(m5))—Qo
+fﬂfO(X§3(wg))_K21‘92”X§3(w8)”L2(Q)
= [fwj"(mg,v")dxp—Qo] +fQfo(ng(wE))_K2152||X§3(w8)||L2(Q)

= A( o5 ”i?(m + || pre ”?,Z(Q)) + fQ Folrss@®) — Ka16?|| 33°) 120 (I1.7.18)

where we have used strong second variation condition on .#°(m?,v°) in the last step.

Define %7 (w1(x3), wa(x3),v(x3)) in function space </2 as

1
Iy (w1, we,y) = 5[9 [fo(x1033w1(x3))+fo(x2633w2(x3))+fo(63y(x3))]dx+Q2(m") (I1.7.19)

and o5 1= {(w1(xa), wa(x3), y(xa)) € HE(0,1) x HE(0,1) x H1(0, 1}.

Theorem IL.7.1. There exists a subsequence w* not relabeled such that w® — w° strongly in
HYQ,R%). w° is given as in Lemma and (wi(x3),wg(x3),y°(x3)) minimizes JZO in sfo and

lim,_.o %5 (m®,u’) = £ (w9, w3, y°) where (W], w3, y°’) minimizes S35 (w1(x3),wa(x3),v(x3)) in oa.
Proof. Because m° =(0,0,mg) we use the relevant magnetostatic estimate from equation (II.A.23)
in the remark [[T.A.4] following Proposition and equation (II.7.18) to give
FEm® u’)- Qo - eQ1(m°) = A* + (B — eQ1(m°)) + €*
d 1
> fQ {51V M1 + MoaME P + AIME P + 2 fox5(%)) | ~Kane® 055 Iz2co)

+(&5(m) - an |m§ |2 -eQ1(m?))

X53W°)
&

2 o
Ly & Q2(m?). (I1.7.20)

1 ros £
2L§f0(%33(w ))—K21€3H

Dividing by €2, noting 5_19(33(w5) = 03w§ and dgw§ — 03w} in L%(Q), we get on taking liminf,_.q,
N . £ £ £ 1 [ o
hmlglsz (m®,u®)= §f0 (63w3) +Q2(m°). (I1.7.21)
£— Q

. . 2
The first term in the R.H.S comes from the fact that (II.5.12) gives, fQ fo(03w$) = Y||63w§“L2(Q)

and dgw§ — O3wg in L2(Q) which implies ||63w§ “LZ(Q) < 1iminf||63w§ “LZ(Q)'
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To get the limsup inequality, we compare energy of .#; at its minimizer (m*,u®) against a test

function (m°,U = u® + (W ,,eW3)) where

Wy = w‘lj(x3) - 820'x1037/(x3) + 62%(x%033w‘{ - x%dggw‘i’ + 2x1x2633w§) (I1.7.22)
Wo = wg(x3) - e20x903y(x3) + 62%(x§033wg - x%033wg +2x129033w9)

W3 = w3(x) = y°(x3) — x103w — x203w3
Then x%(U) — E;(m°) = x%(u°) — E{(m°) + (W) = x*(W) where £~ 1 y*(W) converges as:

e X (W) = 7 x5, (W) = —0 (037" (x3) — x1033w — x2033w3), & 'x{p(W)=0

_ £ o

€ 1Xi2(W) = E{ —0x1033Y°(x3) + E(x%6333w(1) —x§6333w‘1’ + 2x1x26333w(2))} = 0(¢e)
_ & o

£ lxig(W) = E{ - 0x2033}’°(x3) + E(x§0333w‘2’ —x§6333w‘2’ + 2x1x26333w‘1’)} =~ 0(¢)

5_1X§3(W) =03W3 = 037/°(x3) - x1033w‘1’ —x2033wg.

Its easy to check that C[x*(U) - E(m®)]* = fo(¢dsW3) + O(e?) gives

L m°,U) - eQ:1(m°) - Qo
2

=Qz(m°)+fgf0(5370(x3)—x1033w'{(x3)—x2533w§(x3)) +0(e).

IE(mE uf) < IE(m°,U) =

Taking limsup as ¢ — 0 we get our result. We finally need to show that (w{,wg,y°) minimizes
F%(w1,we,y) in ofs. Again as in Theorem we start of with smooth (w1,ws,y) satisfying the
boundary conditions. We set up a displacement W exactly as in eqn. with (w1,wa,7y)
replacing (w{,wg,y°). Comparing energy of .75 (m*,u*) with the test function (m°,u’+ W5, W3 )
we get I3 (m,uf) < 7 (m°,u’® + (W5, W3 )). We get our result on taking limit as ¢ — 0 and noting

that smooth functions (w1, w2,y) satisfying the appropriate boundary conditions are dense in of.[]

Remark I1.7.2. The assumption m° =(0,0,mg) is not necessary, but it greatly simplifies the form
of the third variational limit problem 43. If m° is a more general constant magnetization, then
the magnetization m° will have a non-trivial corrector. In fact the third variational limit problem
then will be a more complicated problem involving both elastic and magnetic corrector terms. The
elastic part of the problem will however still retain the Euler-Bernoulli type terms and the problem
however will simplify to the limit problem of Theorem [[L.7.1|if m° = (0,0, m;).

We however do not present that result here, as we are more interested in nanowires made of
Galfenol. For these wires made of Galfenol, as expressed in § the demagnetization term
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nlm, |2 is the largest term in the effective anisotropy“ p(m)+ mlm, 12— ho-m by an order of magni-
tude for typical applied fields. Thus the minimizer m° of this "effective anisotropy“is expected to be

at or very close to (0,0, m).

II.8 Summary and Discussion

Figure I1.3: Bent wires of Galfenol

We have presented in this paper the derivation of simple models for nanometer diameter wires
to be used in sensors/devices using the physics of magnetostriction. Though the starting point for
these problems is an infinite dimensional variational problem with a non-convex non-linear con-
straint and variational energy contains terms which are non-local, using the method of variational
convergence we have derived much simpler 1-dimensional models which is expected to approxi-

mate the actual physics of the starting model. The Theorems [IT.5.1] and [[T.7 7] clearly set up these

simpler models .#°(m,v) and %) (w1,w2, V) respectively.

The bending behavior of the nanowires is described by Jz"(wl,wz,v) if m° = (0,0, my) solves
the first variational limit problem .#°(m,v) as is expected for Galfenol wires. The form of second
variational limit and the third variational limit suggest that the magnetization remains strongly
stabilized at m° and higher order theories do not add correctors to m° within the framework of
geometrically linear theory of magnetostriction. The displacement solution u° corresponding to
the first variational problem is however corrected due to the appearance of the bending energy
terms in the third variational limit % (w1, w2, v).

Although we have not included any external applied force in our analysis, it can be included
with very minor changes to our presentation. The galfenol wires in bending behave like purely
elastic beams with additional magnetic term which comes thorough the interaction of the positive
and negative poles created at the two ends of the wire by the magnetization m° = (0,0, m). This

contribution is a fixed energy at the order at which bending elastic terms appear.
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The strong stabilization of the magnetization is borne out by experiments where nanowires
have been bend using an AFM tip. The Figure shows the MFM scan for a galfenol wire in bent
shape. The details of the experiment are available from [Downey, 2008]. The MFM scan shows
the same bright and dark spots at the two ends of the wire characteristic of axially magnetized
wires as seen in Figure The bright spot in the middle was detected to be a topological defect.
It is clear that even the large bending is unable to alter the axial magnetization, which can be
interpreted as being equal to m°.

The bending behavior of the nanowires will be more complicated if m° # (0,0,+m) solves the
first variational limit problem .#°(m,v) as mentioned in Remark This case is however not
very important for Galfenol nanowires with the geometry that we are interested in.

The highly nonlinear deformation of the nanowires in Figure [[I.3| also suggests to start of
with a geometrically nonlinear theory for magnetostriction. For geometrically nonlinear deforma-
tions however, the problem is significantly harder as the magnetic energies in the starting energy
(LI.2.8) will be defined on the deformed configuration, while typically in nonlinear elasticity, the
free energy is defined over the reference configuration.

Recall the energy %7 (w1(x3),w2(x3),v(x3)) was defined in the previous section as

1
Ig (Ww1,wa2,v) = fQ §{f0(x1033w1) + fo(x2033w2) + fo(asY)}dx +Q2(m°).

Note that the first and second term are exactly the bending energy that appears in classical Euler-
Bernoulli theory. To see this note that from the definition of f, in (11.5.13) we get,

1 1
ffo(x1633w1(x3))dx:f fo?|033w1(x3)|2:f Y{fx%dxp}|a33wl(x3)|2dx3
(o) 0 w 0 w
1 2
:fo Y 29 |033w1(x3) | dxs

where I99 is the polar moment of inertia.

From the point of view of using Galfenol as a potential material for sensor application, the
strong stabilization of magnetization m° = (0,0, m) is not encouraging, as a designer would hope
that the magnetization would change drastically from m?° on imposing any bending deformation.
Newer proposals for sensor design using Galfenol have been made which replace the wire array of
Galfenol with an array where each wire is multi-layered with fine layers of magnetic Galfenol and

non-magnetic Copper (cf. [Park et al., 2010] ).
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II.A Magnetostatic calculations

I1.A.1 Introduction

Ih (y)|2d y. In this section we
We define

Recall in we defined £5(m) = o f |hE, (x)|2dx = 8 -

will work in the unrescaled magnetization m and demag ﬁeld hfn.

me(y3):=1 m“(y,,y3) dy,. (ILA.1)

We

Note on rescaling m¢ as in (II.4.3) m* also corresponds to the cross-sectional average defined in

(1.5.1) i.e., m® :][ m®(x,,x3) dxp. Thus proposition [I1.5.1jon m* gives
w

”7"\5 ”%,2(0,1) = |‘“|_1||m8 ”22(9)’ ||6y'/"\£ ”%,2(0 ns |w|_1||63m£ ”?,Z(Q)’
||'/”\£||?11(0,1): ” ”LZ(O nt ||6yA£||L2(0,1) le( ||m ||L2(Q)+||a3m ||L2(Q)) (ILA.2)

Let flf/ﬁs solve Maxwell equation for m¢ on Q.. We first prove the following Lemma to estimate

the difference in magnetostatic energy between m* and m*.

Lemma I1.A.1. The following inequality holds:

= 2
- ”hf’n‘s L2(R3)

SD2||m8||L2(Q) |V,m® ||L2(Q)-

e |2

8me?

Proof. First we recall the basic demagnetization energy bound in equation (I1.2.4),
1 ,-¢ 9 1, __2 — 2 2
o 1B 2@ = 517 L0,y ¥ € L5Qe,msS™). (ILA.4)

— g2 2 . . .. . )
We have ||m“3 —m¢ || L) = Dqe? ||ng£ || L2(o¢) USINg Poincaré inequality on a cross-section plane

w¢(y3), which on integrating on y3 € (0,1) gives
|m® —m* ”iZ(QE) < Dyé? ||Vgﬁ£(y)||22(9€)-

Since fz;\e satisfies Maxwell equation for m¢, by linearity (ﬁ%e - I;fn;g) satisfies Maxwell equation

for (m® —m* ). Then using basic bound eqn. for Maxwell equation we have,

L <t |vim

3 ||’"78 |2, < o e
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Using triangle inequality we also have,

| |15 < | RGse - Be

L2R3) ~ I b L2(R3) rame) <D2¢ |vym* ||L2(Q€)-

Jensen’s inequality gives |m¢| < |m | and using basic demag bound in eqn. again for m*
and m* we have,

€
A

~e 1 - __
+ || e < §(||mg||L2(QS) + ||mg||L2(QS)) < |m*lL2q,)-

g‘ ” L2(R?) LA(R?)

Then on combining the two and rescaling m ¢ to m* we have

e 7y — W [ e | = | W I e = e | - | W+ N .o
<Dye||Vym* ”LZ(QE)' 8n “ﬁgnm(ﬂg)
=87 Dye” ”mg ||L2(Q) “meg “LZ(Q)’
by notlng that ||m6||L2(Q )= £||m£||L2(Q) and ||V E”Lz(Q )= ”me ||L2(Q) O

Remark I1.A.2. From (I1.5.3) we know that the exchange energy of magnetization m¢ is bounded

as K5 = j_ZHVPmEHLZ(Q). Since éag(m) = IIh‘€ 112 871152 IIE% | L2(r3), we then get from the Lemma

L2R3) —

~ 17|17

| 63(m") - &M | = | [R5 L2(R?)

<Dz|m*® L2 ||me£ 22

IK
<Dy mSIQIU2 758 =0(e).

Thus the difference in magnetostatic energy between &5(m?) and &5(m &) is of order O(e). We will

see that for the convergence arguments it is enough to estimate é’é(mf) = 87[52 ||h

For m(y3) note VY -m(y) = 013/771\3(3/3). It is well know that for magnetization m¢, the energy

sl
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g2 ”iig ”2 _ 1[ fvy.ﬁf(y) VY .- mé(2) s 1[ f me(y)ﬁ(y) e (2) (z)
— A% |5, = = 1
8r "M LY 9 Jo Jo, 2|y —z| 2 Joq, Joa, 2ly— 2|

_f/ VY -mt(y) mé(z)-n(z)
Q, Joq,

e2ly—z|

_1 f fagmg@g) Ogmi(zs) 1 f f;,,\e(y?,).ﬁ(y) M (z3)-A(2)
2 Jo, Ja, 2y —z| 2 Joo, Joa, 2y —z|

_ff 0y m5(y3) m(z3)-n(z)
Q, Jaa, 2y —z|

1 1
= EJf(r’n\E) + §J§(fn\5) +J5(m®). (I1.A.6)

Note that J7,J5 and J5 respectively represent that “Bulk-Bulk", the “Boundary-Boundary" and
the “Bulk-Boundary" terms of the magnetostatic energy. The body Q. = w, x(0,1) and the boundary
0Q, can be decomposed as as 0Q; = {dw, x (0,1)} Uwe(y3 = 0)Uw(ys = 1).

ILA.2 Estimates of J{(m®),J5(m*), and J(m*)

The magnetostatic estimates in this section are inspired by similiar estimates in other works
like [Kohn and Slastikov, 2005] and [[Carbou, 2001]. We use the following integral inequality in
this section: for arbitrary a # b € R and ¢, L € R using the fact that q(g2+L2)"2 <1 we have

b 1 b a _ 2
a I?((L2+l>2)1/2 @2 +a2)1/2) T

b dq 1 q
- = (ILA.7)
fa {L2+q2}3/2 L2 (121 q2)12

We also need an estimate of the following term, where we use the change of variable w, =y, -2,

dw, =dy, to get, (Recall w, is a ball of radius ¢ in 2-d )

dy, dz dw dw
LLnr=L ], =), 90,
we Jwg Iyp—zpl we We—2p |wp| we w3 |wp|

2n 3¢ d do
:f dzpf f lwp| d(lwpl)
we o Jo lwpl

= (7e?) (27) (3¢) = 67262, (IL.A.8)

where we have used the fact that (v, —2,) € w3, for 2, € w.. Henceforth we drop the y superscript

on the derivative operator.
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Also note that if m¢ € H(0,1), Sobolev embedding gives along with (IT.A.2)

_ _ D3
sup |m£(y3)| = D3 ”m£||H1(0’1) = m( ||m£||L2(Q) + ||63m£ ||L2(Q))' (I1.A.9)
Y3
Proposition IL.A.1.

|J1@%)| < Dag(||m* ”i%m + ||03m5||i2<m)~

Proof. Recalling definition of J{ from Equation (II.A.6) and noting | Yp—2pl<ly—z|l we have

Yt Y€ y/‘\E Y
|£2Jf(7ﬁ)|5f f|03m3(y3) 63m3(23)| dydz < f f f f (y3)6 mg(z3)|
|y—2| We JWe p _zpl

y,dz
f f |05m5(ys) 05 m5(25)] sl 5D453H5§ﬁ§ 2201
We JWe |yp - Zp| ’

1,1
where we have used Holder’s inequality on the term f f |0yﬁz\3(y3) ayﬁ3(23)|d ysdz3 and equa-

tion (II.A.8) in the last step. Using equation (II.A.2) we get our result. O
Proposition I1.A.2.

— 2 2
| I3 | < Dse(||[m* | o) + [93m° |72 )-
Proof. Recalling definition of J{ from Equation (I.A.6), we split of J5(m*) into 2 parts,

—52J§(fﬁ):f ff f (f;’) 2 3)+f f S (ys) x
0w, - we

=== - 0 /\8 - 1
U m*(z3=0)- n(z) +f (z3=1)- n(z)] €2JE, + 2L,
we(0) |y — 2| we(1) ly — 2|

with £2J§1(fn\5) being first term and £2J§2(fn\5) is the remaining term of the R.H.S. For J5; using

divergence theorem on dw.(z3) gives,

Engl(m\g):f f f f m®(z3)- n(zp) y/\g(y3)dypd0'(zp)dy3d23
0w,

ly —z|
:fffaym\f( ) dy,d dzfvz-(fn\g(zs))dz
we sTaSI EIpEISEEs | e Ty =2l ) R
m*®(z3)-(y, —zp)
ffffaym3(y3) P R dyde. (ILA.10)
e we {ly, —2pl?+(y3-23)? }
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Setting ¢ =(z3 —y3) and dz3 = dq gives,

N . =9 lyp—2pl
|£2J§1(m5)|5sup|m5(23)|fff|aym3(y3)|f P 5599
z3 We - y _zp|2+q2}

Using equation on the inner integral gives

ay
|£2J§1(ﬁ5)|525up|ﬁ£(23)|fff| m5(ys)|

dy dz
=2sup|r’ﬁ‘“<23>l{ f 1Y TS (93| dyg}{ [ [ == ”}
23 we Jwg Iyp—zpl

<Dec” sup [m*(z3)| “agﬁ'\E”LZ(o,DSDW?’( m£”L2(Q)+ ”03'”5”%2(9))’
23

using equations (IL.A.8), (IT.A.9) and (IT.A.2). Also we estimate J5,(m°) as

1057 5(75) 0y ()
£2|J§2|s(lﬁz\3(0)l+|ﬁz\3(1)|)fff[ Y3 N y3 ]
@e \/'yp_zp|2+y3 \/ly zp|2+(1 y3)2

1 dy, dz
<4 sup|m*®(z3)| { fo |6gm\§(y3)ldy3} { f f b’p—zp| }
o, We JWe p~ *p

< Dge? sup |m®(23)| |0y m* ||L2(o,1) < Dgé’(||m*

|i2(g) + | 03m* ”i?(g))

again using equations (ILA.8), (IT.A.9) and (IL.A.2). Combining estimates for J%, (m*) and J3,(m*)

we get our result. O

Recalling J5(m®) from eqn. (ILA.6) we write Jj = J5, +J5, +J5, +J5, where,

2 JE _[ f f fl m*(y3)-n(y) m*(z3)- n(2)
21 2 9 11/2°
Owe Ouwe Iyp—zpl +(y3—23)% }
2 Je :f mE(O)-n(yp)fn\g(O)~ﬁ(zp)+f m(1)-fly,) me(1) filz,)
o we(1)

+(0) J,(0) ly, —2pl w:(1) ¥, —2pl

m*(0)-n(y,) m°(1)-n(z,)
£2J§3 :2f f Y 7 b and,
wg(0) Jwg(1) { |y -zp |2 +1 }

e2ds, f fl[ m*(y3)- fily) m(0)-7i(z)) f m*(y3)- fly) m°(1)-fi(z,)
0w, w

1/2 1/2
0O { |y, —z,|2+y2 } (W {|y, —2pI% +(1-y3)?}

Noting that |[m*(¢) - n(2)| = [m5(t)| < sup,, |m%(z3)| for # = 0 and ¢ = 1 we have using equations
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([TA8) and (IT.AJ9),
dy, dz
25, (M%) = sup [ (z3)|” f MsD1053(||mf||iZ(m+||63m5||12;2(m). (IL.A.11)
23 We wg|yp_ p|

€25, (%) =2 f f f —m3(0) m*(ys3)- n(;'y)+ m (1) m*(y3)-n(y) _ ILA12)
0090 Joe { |y, —zp|2+y2 L2 ~{|yp—zp|2+(1—y3)2}12
Note ( ly, —zp|2+1 )_% < 1. Then eqn. (IT.A.9) gives
2J263 —€ = . _ .2 4 —¢€ 2
|£ ——(m°)| < |m3(0)m3(1)| dy,dz, =n"¢ sup|m (23)|
2 we Jw, 23
2 2
< Due*( |m®|| 2y + [|0sm® || 2))- (I.A.13)
Proposition I1.A.3.

| J54(m°) | < D1ge(||m® “?ﬁ(n) + [|03m* ”1%,2(9))-

Proof. As for term the J5; in Proposition[II.A.2] first using divergence theorem in J5, from

on Ow.(y3) we get

/ fl{ m (y3)-(y, —2p) m3(0)  m“(y3)-(y, —2zp) m3(1) }
we JO .

2 7€ (=€
€ Jpm ):2f 32 3/2
{1y, —2p1* + 53} {1y, —2pl2+(1—y3)2}

We

Then using m“(y3)-(y, —2p) < |y, — 2| sup,, [m*(y3)| and we get,

|e%JE |<2sup|ﬁ1\£(y3)l2f f fl 19p —2pl dys _fl lyp —2pl d(1-y3)
241~ Y3 we Jw, | JO }

3 3
{Iy —2p2 43512 Ty, —zp2+ (1 y3)%}2

<88uplm5(y3)|2f —D12€3(||m8||i2<9)+||a3mg“i2(m)'

we Jwg Iyp

and eqns. (IT.A.9) and (IT.A.8) in the last step. O

We will now show that J3, (m®) is the largest term in the magnetostatic terms. It contributes
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energy of O(1) which appears in the first limit problem .%. We split J5, (m*) as follows:

£ (€ 1 1 in\g(y3)'ﬁ(yp) fn\£(2'3)-ﬁ(zp)
[ [']. ]
ow, JO Jow, JO

2y —z|

_f flf fl m(y3)- A(y,)m (y3) - 7ilzp)
Jow. Jo Jow. Jo 2|y -z|

—f flf flfn\g(y3)'ﬁ(yp)(ﬁl\g(y3)—ﬁl\£(z3))'ﬁ(zp)
0w, JO Jow,JO

2|y —z|

= Jg11 () + I (m°).

Next we show the following proposition.

Proposition I1.A.4.
| J512(m )| < D1ge™* (| m? ”%Z(Q) + ”03"‘8“%2(9))-

Proof. Using Divergence theorem in y, variable as in (LL.A.10) and Fubini’s theorem we get,

»—2pl?+(y3—23)2

Ll m*(y3)-(zp—y,)
:f f f f e =5 (M (23)—m*(y3))-n(zp)dy,
ow, JO JO w£{|yp_zp|2+(y3_z3)2}

_ L 1 mt(z3)—m*(y3)
- iz )-[ 7 (y3)- (2, — y )f dzs.
[6“’6[‘”6 "o "o {ly, —2pl2 +(y3 —29)2 }*?

11 M (y) - Aly,)
€25, = f f f f W (t(es) - (ys)) - Filzp)do(y,)
ow, JO JO Jow, \/|y

|yp_zp|

Now note that

= < 1 and |n(z,)| = 1 which gives
|y, —2p12+(y3—23)? }

1 1 == _ =€
|62 5,75 (y3))| < sup |7 (ys)| { [ ][ [ d23}. (ILA.14)
s d0: Jo. Jo Jo {ly }

»—2p|2 +(y3—23)?

Note that,
1 1 1
<

- (ILA.15)
{ly,—2pl2+(y3—232 } ~ |y, —2p|V lys — 23"
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Then
Lmt(z3) - mg(y3)|d23dy3 |m€(23) m*(y3)|
dz3dys
{ly,—2pl2+(y3—23)2 } Iy -2y Il/4 lys — 23|74
- —Mnaym lron .16

¥y

1Pl e,y ot
because of the fact that fo fo w dz3dys denotes the seminorm in the fractional Sobolev

ly3—23

space W%’l(O,l) and by the continuous embedding of W1(0,1) c W%’l(O,l). The integral above
cannot be bounded by norm in W'! alone unless ¢ is a constant, which is shown by the surprising

result Proposition 1 in [Brézis, 2002[]. Also note using Hoélder inequality

1
||6?§/m\8||L1(0,1) =f0 |agﬁs|7((0,l)dy3 = ||X(0,1)||L2(0,1) ||6gﬁg||L2(o,1) = ||a?3/mf ||L2(0,1)-
Then using in eqn. along with the above result we get,
|£ J212(m£(y3))<sup|m£(y3)| {f f f f |ﬁ5(23)—ﬁ5(y3)| d23}
ow, Jw, {lyp_zp|2+(y3_z3)2}

dy,do(zp)
< sup [m“(y3)| . [|0Y P }
<S‘}1/13p|m (y3)i ” m ||L2(0 1) {ﬁwSLS |y _zp|1/4

=Diyg % ¥ ( |m* HLZ(Q) +||0gm® ||L2(Q>

using calculation like in eqn. (ILA.8) to get the £2¢¥* term and eqns. (ILA.9) and (IT.A.2). O

In 2-dimensional micromagnetics on a domain ¥ € R? for a constant magnetization m € H(¥,m;S?),

the demagnetization field is given by,

P (%) = f Ty (ILA.17)
0w |x — y|2

and magnetostatic energy is given by,

éagd:ff mx;y2 m-n(y)dy. (IT.A.18)
v Jow I

lx—y

Proposition I1.A.5.

1
ngl(ﬁe)_zm‘”ﬂfo |ﬁz\§,(y3)|2dy3 | <Dis 5(”'”8 ||i2(9)+ ”03'”5 ”iZ(Q))'
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Proof. Using the Divergence theorem on z, as in (II.A.10) and a subsequent change of variables
q(z3) = z3 — y3, followed by (as in Proposition we get

f fl fl e (ys)- iy, < (y3) - Alzp) f fl fl 2 (y) - 7y, (¥3) - (9, — 2p)
ow: JO JO Jow, \/|y —z |2+(y3—23)2 ow: JO JO Jw, {|yp_zp|2+(y3—23)2 }3/2

1-ys m*(y3)-(y, —2p)
f f m*®(y3)- n(yp)f 21’ . P3/2dq
Ow, We { |yp—zp| +q }

_f fl m*(y3)-(y, —2p) { 3 fn\g(yg)-ﬁ(yp)+ (1-y3) m“(y3)-n(y,) }
Ouwe v 1yp=2p P \/y§+|yp_zp|2 \/(1—3’3)2+|yp_zp|2

= 32( 5111 () + 51 15(°) )

where £2J§111(m£) = f and £2J§111(ﬁ8) the remaining term.

Owe

ff ﬁg(y3)(yp_zp) y3 m“(y3)-fiy,)
We

Lyp2p I \VY3+ly, -2, 2

Set J5(m*) as

1 e m*(ys3)-(y, —2p)
Jg(fn\g):f f f m*(ys)-nly,) P 5 P do(y,)dz,dys,
0 Jow, Jw, Iyp—zpl

Let R :=max 2¢7! |%p —¥pl, (zp €W, ¥p € awg), and note

M for y3 = Re
1- 3 < 25; (IL.A.19)

,/y{,%+|yp—zp|2 1 for y3 <Re .

Noting that |r| =1, [m“(y3)-7(y,)| <|m*(y3)| and [m*(y3)-(y, —2p)| < W (y3)l |y, — 2,l,

1m*(y3)-( zp)
f s - (y3) - 7y, 1- 2 Jdys
[ ¥p=2p | VyE+ly, —zpl?

L mt(ys)?

<fR£| me(yy)l* | ’ f ~ ¥3 ‘
0 Iyp—zpl /y3+|y -2z, 12 R£|yp_zp| /y§+|yp_zp|2

Re |3m7€ 2 |y |

|y, —2p | 2y2

Re g Ly, —2pl
_ y3 P
< sup |m“(y3) {f —+[ L _——dys }
¥3€(0,1) o |lyp—2p| Jre 2y;
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Using above result and noting that ds(y;') = —y;% we get

€ |J0 Jo111l =

m“(y3)-(y, —2p) __ _ y3
J ff T g(y3)'"(yp)(1‘ /—)’
owe Jo, Yp—2p y§+|yp—zplz
Re Ly, —2pl
<Sup|m8(y3)| f {f f =t dys}
dw, Jw, p_zp | Re 2y3
lyp-zpl 1 1

<Sup|m5(y3)| /{ — }
dw, Jw, |yp p 2 Y3 IRe

Iyp—zpl ly, —2pl
et [do(y,)dz,

Re
< Suplmg(ys)l f
ow, Jw,

Note from equation (IT.A.8), the term
3

dz, = Di5¢. So the first integral above is Re f

we Iyp—zpl dwe Jwe 1¥p —2pl

The second integrand is O(e) and so its integral is of O(e*). The third integrand is
Iy” zpl 2, ~D17€%. So
/g — J5111| < D1se sup,, | (y3)|2. J5115 can be treated the same way to give the result on using

eqn (ILA.2)

D16£‘
bounded by 1, since by definition Re > |y, —2,|. So the third integral f f

| I8, (6) - 2J5@°) | < Dise sup|m®(ys)I < Dige([|me |72 + |95mE | 72).
y3

We get our result noting that J§(m) is exactly the 2-D magnetostatic energy &4 defined in
(LI.A.18) and for a circular cross-section w; it is well know that

1 1
6aa %) = T = ol [ |50 dya = enlol [ |0 Pds. O

I1.A.3 Final Estimate for é"g(mf )

The excange energy of m¢ is bounded by equation (II.5.3), % > £_2||meg||iz(m + ||63m£ ||22(Q).
Using Remark [T.A.2| we get first,

85(m®) - 85%) = O(e).

Combining Propositions [I.A7], [I.A.2, [T.A.3], [I.A4] , [T.A.5] and and equations (II.LA.11) and
we get,

1
&5 (m°) - lwl fo |75 (y3) P ys = (0(2)+ O™ (| |72+ [ 95m° 2y
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Combining the two we get

1
E5(m®) - mlol fo |75 (y) 2 ys = O(e) + O(e¥™). (IL.A.20)

Remark I1.A.3. The above result (L1.A.20) is true for any magnetization m as long as the magne-

tization satisfies the exchange bound K5 > £~2 ||me||iz(9) + ||63m||i2(9).

Let m° be a constant vector in msS2. If m° is the rescaled version of m°, recall the result in
equation (I1.3.6) gives,

012
) 2 9 8m 2 2 2 oMyl 2
85(m®) = £ 2 Eqomag = n°Im3)| —e?(|mg| —2|m)| )+7r € ( 7~ Ims|

2 2 2
=n°lm,|” +eQ1+£°Q2,

where we define @1 and @2 as in equation (I1.3.6).

Proposition IL.A.6. Let m° be a constant on m¢S? and H (Qp;mS?) s mt =m° + M°. Then the

following holds in terms of the rescaled magnetizations (m*,m°,M¢),

d
2 |Vpm* ||L2(Q) +A( ||ME||i2(Q) + ||53M8||i2(9)) +&3(m*)— ”fQ |m§: |2
d A
= 922 |V, M* ||L2(Q) + 5( ”ME”?,Q(Q) +[|0sM® ||i2(Q)) +£Q1+£°Qo — D1ge”.

Proof. First note ﬁ%o as given in (II.3.6) on rescaling to h;,, gives

mj, ]
—2m§
Note V,m* = V,(m° + M®) = V,M*® as m° is constant. Lemma [II.A.1| gives along with Young’s

inequality gives

0
p

0

4
p

_ o
2m3

m m

16¢
+ —_—
3

ht -27 +7e?

me =

d -~ d
2 |Vpm* ”iZ(Q) +85(M*) - éas'(ME) = 2 |v,M* ”12;2(9) ~Do||M* ||L2(Q) “VngnLZ(Q)

d D&
= 922 ”Vng”iZ(Q) - 20—d s “i?(m-

Using propositions [ITLA1], [T.A.2], [T.A.3|, [I.A.4], [T.A5] and equations and we
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get

650 )= [ M| = 6508 )= [ |, = ~(Daoe + Daoe®) (I 2 + o2 |

> ~Daoe™ (| M 72y + [ 05M° 7))
Adding the two together we get,
d £12 E(AfE £ 12
£_2||me |z2() + &M )_”fQ M|
d
= 92 |vpM* ”1242(0) - D2053/4(”M6 ”1242(9) + | osM* ”22(9))' (IL.A.21)
Note by the linearity of Maxwell’s equation
L (ge Pay= L [ (RS
§A3|hme| dy— 87[\[|;3|hm0

Dividing by €2, noting that &5(m°) = E%Sln Jrs |fzf~ﬂs

2 1 ~c |2 ~c ==
dy+— h="dy—| h-o-M dy.
y+8nfR3| il dy fQ 7 y

2dy, and rescaling m* & ﬁg,

E5(m°) = 85(m®) + E5(MF) - f R, - Mfdx
Q

8
=é"§(m°)+£’§(M£)+2anmg-M;dx+gg [ (g2, —2m3 a5

—&n fﬂ (m$ - M - 2m3M§)dx (ILA.22)
> 85(m®) + E5(M®) + 21 fﬂ mS - M&dx— Doy |mS - M | - Dase|| m3ME) .

A
= Eq(m®) +E5(M®) + 2”_[9 my, Mydx—— | M| 720~ Dase® [m° |72

where we have used Young’s inequality to bound the last two terms in the final step i.e. D21£|m;’, .
2 .2
M§,| < (Dzle\%ﬂm;’,“. (VA |M;|) < DZT18|m;|2 + %|M;\2 and similarly for the m§ M} term. Also
2 2 2 . . 2
an|m§,| = an|m;’,| +an|M§,| +2anmg-M§,. Subtracting the two and noting “mOHLZ(Q) =m?2|Q

since |m°| = m;, we get

A
éﬁ(m‘g)—nfg|m;|22£Q1 +2Qq +6°§(ME)—JI[Q|M§,|2—Z||ME||i2(Q)—D23£2m§|QI.
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Using this and eqn. (ILA:21) we get ( note V,m° =V,M* )

d 2
2 |Vpm® ||L2(Q) +A( ||M£||L2(Q) + ”63M£||L2(Q)) +&5(m*) - ”fQ |m§|

d
= 922 |V,M* ”i%m +A(]|m° ”?ﬁ(g) + ||53M8||i2(g)) +eQ1+£°Qy
A
_D2053/4(||ME ||%2(Q) +||0s M° ”i?(n)) 1 s ”12;2(9) —Dage®m?|Q)|
d A
> £Q1+£°Qa + 222 |v,M* ”22(9) + E( | a2 ”22(9) +[|osM* ||22(Q)) —D1ge”

for € small enough. O

Remark I1.A4. If m° = (0,0,m;), we get a simpler estimate than in above Proposition .
Note m¢ = m° + M¢ gives [mf|? = m? =|m°2 + |ME|2 +2m° - M¢ = mg +|ME)? +2m§M¢ which means
—2m{M; = |M¢\? and m$, - M}, = 0. Substituting these in (IL.A.22) we get
8
£5(m®) = £5(m°) + E5(M*) + 2nfgm;’, Midx+ 35 X (g - M5 - 2m3 M5 |dix
2
—€ n[ﬂ (my, - M5, —2m3M3)dx

8
:gé(m°)+£’§(M£)+2anm;’,-M;dx+(§—£2n)fQ|Mg|2dx.

Using the above and proceeding with the remaining part of the estimate in Proposition [[I.A.6 we
get the following result,

d
2 ”meg ||L2(Q) +A( ”M£||L2(Q) + ”63M£”L2(Q)) +&5(m*) - ”fQ |m§, |2

d A
>eQ1+Qz+ 222 Iv,M* ”i%ﬂ) + E( |p ”22(9) +||0s M* ||22(Q)) (II.A.23)

for € small enough.



Chapter III

Homogenized model for multi-layered

ferromagnetic wires

Abstract

Multilayered wires of diameter in the nanometer scale with periodic layering of non-magnetic
copper and ferromagnetic galfenol segments are studied in this chapter. The numerical com-
putation of the physics of magnetization for such geometries is very costly computationally.
We use the theory of periodic homogenization to understand the overall behavior of such struc-
tures. We first determine a “homogenized theory” after which this “homogenized model” is used
to study the nucleation and stability of staturated states. Thus we get a broad generalization
of what is known in the magnetic literature as the “fanning model” first introduced in [Jacobs

and Bean, 1955] for a chain of spheres geometry.

I11.1 Introduction

A lot of new experimental techniques have been developed to manufacture ferromagnetic wires
of nanometer diameter e.g. electron-beam lithography, step growth and template-assisted electro-
deposition. These techniques have also been adapted to growing multilayer wires which consist of
layers of ferromagnetic material separated by nonmagnetic material.

A possible application of these multilayered nanosize wires is in making acoustic sensors.
The inspiration for this application comes from the structure of the human ear. The inner ear
has fine cilia like hair whose response to impinging acoustic waves is transmitted through the
nervous system to the brain. One arrangement of multilayered nanowires is in the form of an

array depicted in Fig [lI[.1l Here impinging acoustic waves are expected to induce a detectable

56
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Acoustic Waves

2

Ancodic Alumina Matrix
: Il Ferromagnetic Segment

Il Non-magnetic Segment

GMR Sensor

Figure IIL.1: Model Device using nanowires of Galfenol

change in the magnetization of the array.

In [Park et al., 2010] an investigation is conducted using Magnetic Force Microscopy (MFM) on
multilayered wires with Galfenol as the ferromagnetic material. The multilayered nanowires we
are trying to model have diameters in the 10-40nm range and length of the individual magnetic
and nonmagnetic segments in the range of 10-30nm. The general problem of micromagnetics
for such geometries becomes prohibitively expensive for numerical simulations as the segment
length of these wires becomes small. A possible approach to deal with this problem is to use
homogenization theory to simplify this problem. General references for homogenization theory
can be found in [Bensoussan et al., 1978]. Newer methods of homogenization using two-scale
convergence and I'-convergence can be referenced in [[Cioranescu and Donato, 1999|] and [Braides
and Defranceschi, 1998] respectively.

Homogenization methods have been previously used on ferromagnetic problems. Composites
with magnetostrictive inclusions have been investigated in [Liu et al., 2006] using the constrained
theory of magnetostriction of [DeSimone and James, 2002]. Multilayered ferromagnetic struc-
tures have also been investigated by [Hamdache, 2002] using Rado-Weertman surface energy and
exchange coupling between the magnetic layers. Homogenization limits for the Landau-Lifschitz
equation have also been investigated in [Santugini-Repiquet, 2007]]. In this paper we look at a dif-
ferent limit from the aforementioned references where the surface energies or exchange coupling
are not present and as a result the homogenized limit completely looses the exchange energy term.

Basic notation: a, 8,7, -+ are scalars; a,u,m,--- denotes vectors in R3; A,B,E,--- are matrices
in R3*3. Components of vector m are denoted by either m1,mg,m3 or my,m,,m,. For any matrix

A, AT denotes the transpose of the matrix. We use function space notation of L%(Q,R3), HX(R3,R3),



II1.2: Micromagnetics 58

H}(Q,R?); for details refer [Adams and Fournier, 2009]. Section § gives a brief review of

the micromagnetic theory of ferromagnetism. Section §[[II.3] gives the basic notion of two-scale

convergence with important references and the behavior of the magnetostatic energy with respect

to two-scale convergence. Section § [[IT.4] describes the main results of this paper in Theorem

Mr4il
II1.2 Micromagnetics

Let Q be a smooth bounded reference configuration in R3. Let Y denote the unit cell in R3. Let
Y* €Y represent the magnetic segment, Y; the nonmagnetic segment and Yy, the gap between
the wires within Y. Let Q. denote the intersection with Q of the periodic extensions of €Y *. Figure
[[II.2]shows the details of the geometry with periodic scale £ and the upscaled reference cell Y with

the corresponding segments Y *,Y7 and Y.

Reference Cell Y
i

b |

Figure II1.2: Domain

Let m(x) be the magnetization vector at a point x € Q.. Below the Curie temperature, the

magnetization is constrained to have constant euclidean norm i.e,
Im(x)l=ms; a.e. x€.

Interaction of magnetization with crystalline structure of magnetic solid gives rise to an anisotropy
energy modeled by a function ¢ : m4S2 — [0,00). This energy has wells along a finite set of magneti-
zation vectors {m™®} with % € {1,2,--- N} on which without loss of generality we can set ®(m®) = 0.

For cubic materials the form of ®(m) is given below along with a bound due to the constraint
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|m| =mg,
d(m) = Hl(m%m% + m%m% + m%mg) + Hz(m%m%mg) (I11.2.1)
0<Egnis :f @(m(x))dx < K11Q¢|. (I11.2.2)
Q.

The exchange energy penalizes variations in the magnetization in a body and thus tends to prefer

constant magnetizations. It is modeled as follows,
Eoxe = f d|Vm(x)|* dx
Qe

where d is called the exchange constant. The energy of interaction of the magnetization m with an

external applied field k, € L2(Q,R?) is modeled and bounded using Holder’s inequality as follows,
~K3 < Eqpp :fQ h,-m <K, Ky = | hal| 12 |7 120)- (I11.2.3)

Magnetized bodies generate a magnetic self field in all of R3. This energy term is given by the L2

norm of the field k&, which is defined by the following equation,

V-(-Vy+dnrm xo )@)=0  VxeR® hm(x) = —Vy(x),
[(IVy-rll=[-hy-nll=41m-n on 0Q);.

[|-]] represents the jump of a quantity across any oriented surface with unit normal n. This term

known as the demagnetization energy (we call it £;(m) ) enjoys standard upper and lower bounds,
£ 1 2 1 1 2 1 2
0 < &,(m):=— |lhpml“dx=—=| hy -mdx < — Im(x)|“dx = —|Q;|mj. (I11.2.4)
87 Jrs 2 Jr3 2 Jo, 2

It is useful to have a positive total energy. Noting that the only negative term is the Zeeman
energy, we add a constant energy term %/g( |ha|2 +|m|? ) dx = %”ha Hiz(m +1Q[m2 = C to the

energy. The total energy is then given by,
&5(m) = f {dIVm2 + ©(m) - o -m bdax + 85m)+ C. (IT1.2.5)
Q.

We then try and minimize the problem inf: &°(m) in «/¢:={me H'(Q,,mS?)}.
In the subsequent sections we will investigate the convergence of the sequence of problems

inf . &%(m) as ¢ goes to 0. Starting with a sequence of minimizers m¢ we will show in the next
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section that as € — 0, m® converges to a piecewise constant vector on m S 2,

II1.3 Basics: Two scale convergence

In this section we will define the notion of two-scale convergence and a basic compactness
theorem for any bounded sequence of functions in L? space, as described in Chapter. 9 of [[Cio-
ranescu and Donato, 1999|]. Then we will show how the demagnetization energy converges if the

corresponding magnetizations converge two-scale. Let { € } be a sequence of reals converging to 0.

Definition IIL.3.1. A sequence of functions mé(x) in L%(Q;R3) ( respectively L2(R3;R3) ) is said
to weakly two-scale converge to m(x,y) in L2(Q xY) ( respectively L2R3xY) ) if for all n(x,y) €
L2(Q,C(Y))  ( respectively L2 (R?,C3(Y))

liné mfn(x,x/s)dx:f mi(x,y) n(x,y)dxdy
e—=0Ja

QxY

for each component m$ with i € {1,2,3} and we write m*(x) 2 m(x,y)in L2(QxY).

Theorem IIL3.1. If m®(x) € L%(Q) is a sequence such that m¢(x) 2 m(x, y) in LX(Q x Y) then

m® — m°(x) ::J[ m(x,y)dy in L2(Q)
Y

lm° @] 2y < M 9] 2 ry = hn};inf”mg(x’ Yxq)

The inequality in the above theorem shows that two-scale convergence captures more informa-
tion than typical weak convergence for a sequence of functions in L? spaces. If || m(x,y) H L2QxY) =

lim, Hm(x, y)||L2(Q), then we say m®(x) 2 m(x,y).

Theorem II1.3.2. Let mé(x) be a uniformly bounded sequence of functions in L2(Q) ( resp. L2(R3) )
Then there exists a unrealabeled subsequence mé(x) and a function m(x,y) € L2(Q xY) ( resp.

L2R3 xY) ) such that m*(x) two-scale converges to m(x,y). Moreover

mf(x) A][ m(x,y)dy. in L*(Q) (resp. LA(R%)).
Y

Theorem IIL.3.3. Let u®(x) be a sequence of functions in W12 (Q) ( resp. W()l’z(R3;R3) ) and con-
verges weakly to u°(x) in the same space. Then uf(x) two-scale converges to u°(x) and there exists
an unrelabeled subsequence u®(x) and a function u'(x,y) €L2(Q,7//ﬁl’2(Y)) ( resp. L2(R3, W 124(Y)) )

such that Vu®(x) two-scale converges to Vu°(x)+ VYu'(x,y).
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We now qoute Theroem 4 from [Lukkassen et al., 2002] which we use in this work.

Theorem II1.3.4. Let B,(2;Y), 1 < p < oo denote any of the spaces L, (Q;Cﬁ(Y)),Lﬁj (Y;C(ﬁ)).
Then for f € Bp(£;Y) we have

girglofgl|f(x,£_lx)|dx:f£2flf |f(x,»)|P dxdy.

II1.3.1 Two-scale limit of Demagnetization energy

Let mf(x) 2 m(x,y) in L%(Q). Let us also denote the weak limit of m¢ by m°. Recall
m(x) — m°(x) =][ m(x,y)dy.
Y

Set m(x,y) = m°(x) + m'(x,y) and note fyml(x,y)dy =0.
We investigate the corresponding convergence of hy, and &5(m?). Multiplying Maxwell’s with

a test function (p(x,e_lx) where ¢(x,y) € 9([!123,09’0(Y)) we get,

f (- Vyf(x)+4nm® ) - Vo(x, g)dx
R3

:f (= Vot () + drm® ) - (Voo (x, 5) + 299 (x, ) ) = 0 (IIL.3.1)
R3 € £ £

Proposition IIL3.1. Let m¢y, be a bounded sequence in L%(R®) such that mfy, 2 m(x,y) =
m°(x)+m'(x,y). Then h;,(x) 2 R (x)+ VY (x,y) in L2(R3) where hpyo solves Maxwell’s equation

for m° and y(x,y) solves for all ¢(y)e Cﬁoo(Y)
fy(—Vywl(x,y)+4nm1(x,y) )-VY(y)=0  Vx (I11.3.2)

which we call the Periodic Maxwell’s problem. Also if mf(x) 2 m(x,y) then h, 2 h o (x) +

V¥y'(x,y).

Proof. It is standard to show that ¥*(x) which solves Maxwell’s equation for a uniformly bounded
sequence mf is uniformly bounded in Wg 2(R3). Let an unrelabeled subsequence converge weakly
in W12(R3) to some y°(x). Also using Theorem we also have for the same subsequence,
Vit (x) 2 Vo (%) + V¥, y) with in y'(x, y) € L2(R?, w2)).
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In eqn. (IIL.3.1) choosing ¢(x,y) = ¢(x) independent of y and taking lim,_.¢ in (ILL.3.1) we have

lim
g—b

0 (= V(@) +4nm®y (%) ) - Vop(x)dx
R3

= f (= Vy°(x) +4nm° y (%) ) - Vap(x)dx = 0. (I11.3.3)
R3
Now multiplying (III.3.1) by € and taking lim._.o we get

lim fg (= Vyl(x) + dnmEye(x) ) - (eVap(x,e tx) + VWo(x,e 7 x) )dx
e—0 Jp
= f3f (- Vy°(x) - VVy' (%, y)(x, y) + 4n(m°(x) + m'(x,)) ) - VVp(x,y)dxdy = 0.
RS JY
The periodicity of ¢(x,y) in y gives fy Vyp(x,y) = 0. The first term in the L.H.S. then becomes

fu@‘fy — VY (%) VWo(x,y) = fR3 - Vy°(x) )-fyqu)(x,y) =0 and similarly fRSfymo(x)-quJ(x,y) =0

which gives
fR , fY (= V¥ (x,3) +4mm’(x,) ) - VVp(x, ) = 0 (I11.3.4)

and we get the periodic problem by choosing ¢(x, y) = ¢1(x)@2(y) with @1(x) € C®(R?) and ¢a(y) €
CE"(Y) so that fy(— VY (x,y) + dnm(x,y) ) -VY¢po(y)=0 for all x. Also in equation (IIL.3.4) by

choosing a sequence test functions ¢;(x,y) — y'(x,y) in LZ(R3,7l/ﬁl’2) we get

fR \ fY Vo (e, )| = 4 fR \ fY m'(x,y)-VVy'(x,y) (I11.3.5)

Now we show the strong two-scale convergence of the demag field. Since m* 2 m(x,y) and
h;, L R (x)+ VY9 (x,y), then hi, - m° —‘][Y(hmo(x) +VYyi(x,y)) - m(x,y) dy in 2'([R3).
5 . . 8 (ar) — 5
Let yx. (x) be a mollification of y_(x) so that x? (x) =1 for all x € Q and x_ (x) — x_(x). Then

. £ € 5 —1; £ €
11_{% . (hy,-mF) x. (%) dx 11_{% thm(x) m°(x) dx

= [R:;fy (hmO(x)+Vy1//1(x,y)) -m(x,y) Xg(x) dydx.

Taking further lims_o we get fQ h:, -m‘dx — fQ J[Y (Bme(®)+VYy'(x,y)) -m(x,y) dydx. Then using
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eqns. (I11.2.4) and (I11.3.5) we have

—47r“hfn||i2(R3)=thfn-m5dx—>thmo-m°dx+fQ]£f VY9 (x,y) - m'(x,y)dxdy

= 47| hmo

2 -1 2
ey~ 4 [V VY | Lo ey a
Analogous to eqn. (III.2.4) if m is a magnetization with support in 2 we define
1 2 m?
Eq(m) = —f |hm| dx = —21Q (I11.3.6)
81 Ja 2

where h,, solves Maxwell’s equation for m. And if m(x,y) is a magnetization with support on

L2%(Q xY) we define for every x € Q, the term Eper(m) as
- 1 Y., 1 2
Eper(m) = o . |V¥y'(x, )| dy (I11.3.7)

where VY solves equation for m'(x, y).

II1.4 Convergence of variational problem

Let m? be a minimizer of the problem &¢(m) in «/¢. We will first show that the energy &(m?)
is bounded above and below independant of ¢.

II1.4.1 Bounds on energy &°(m?)

Comparing energy of m? w.r.t an arbitrary constant vector m° on m,S? gives

A

E5(m*) < gs(mO):f {dIVm® 2+ ©m®) - by -m® | da + 85m”) + C
o,

IA

1
K1l Qc| + K+ 510l +Cm? < K3 (I11.4.1)

where we have used the standard bounds on each term from (LII.2.2), (II.2.3) and (ILI.2.4). A
straightforward lower bound comes from the fact that we added the constant term C to make
&%(mf) = 0. The upper from (II1.4.1) and the positivity together give independantly of ¢

Ky = |[Vm (I11.4.2)

5”2
LA(Q.)
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Also since |m€| =ms on Q., extending m® by 0 on Q/Q, we get for some unrelabeled subsequence
m‘—m° in L%Q). (I11.4.3)

II1.4.2 Improved bound on exchange energy and convergence of m*

Here we will show that the exchange energy m? is in fact O(s) and thus the minimizing mag-
netizations m¢ are very close to constants on each segment constituting Q.. Let the individual
magnetic segments in Q. be indexed as W}, with %2 running from % = 1 to some N(¢) so as to cover

all the segments. Using Poincaré inequality on W}, for any % € {1,2,--- N(¢)}, we have
[m® =g | Ly = (Wil (m3 =[5 ]%) < Coe® |V | L2, (ITL.4.4)

where /n?i = fW mfdx is the local average within each cell W, and C, is the Poincaré constant

for the scaled cekll Y *. Let us define

2
~ 2 m
Oci={xcQ, : |[vm|* = W} (IT1.4.5)

and using Chebyshev’s inequality note that

2 2
Q.| = ms 2C, & 2K4C, ¢
|Qe| = |{x€Q [Vme | = 2C, ng = |V ‘Pdx < T (I11.4.6)
Let us define a test function as follows:
— 1~ . ~
M) = mg \ mk(x)| m;(x) for xeW, if |Wk N (QE/QE)| >0 .

any arbitrary vector on mS? otherwise.

To make sure the above definition makes sense, we need to check that |7n\ k| >0 on all W, if
[Wi. N (Q¢/Q.)| > 0. To see that note if [W N (Q:/Qe)| >0, from [IL45) we have fw IVmt|2dx <
k

50 852 |Wk | This along with the Poincaré inequality in (111.4.4) gives,
o
2
2 2 m
”mg ”L?(Wk) - ” k”L?(Wk) | Wl ( m - | < Coé? ”VmgHLZ(Wk) ==* |Wk|
2

2
. . . . —c|2_ M
which on rearranging implies |m2| > ?s Next we show the m® and M*¢ are close.

Proposition II1.4.1. The following holds,

|m£—M£||i2(QE) < Kge.
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Proof. Let K be an index such that Q. = Upe Wr. We can split the index K into two parts K =
K1 UKg such that

keKy if [Wy () (Qe/Q:)|>0 and keky if W, <Q,.

For £ e K1,
/m\z‘:
f |’ — M [Pdix = 2m2 | Wy | — 2my ok f me = 2m,|Wy| (m — |-
W lm; | Jw,
Since mg < |m},|+mg, the above gives along with Poincaré inequality in eqn. (IIL.4.4)
2 2 2

I <20 <2l W] (2 - 5 ) = 20" |V gy,

Summing up for all 2 € K; we get

Z ||m£ - M* ”iZ(Wk) <2C,¢&2 Z ||Vm£ ”iZ(Wk) <2C, &> ||Vm£ ||i2(98) <2C, K462
kEKl kEK]

For %k € K9 we have

Z ||mE_M£||i2(Wk)52 Z [”mgni%Wkﬁ“ME“iZ(Wk)] =2m§ Z |Wk|
keKg keKg keKy

=2m?2 | Q| = 4K4Coe”.
Adding the two estimates over & € K gives our result. O

Now we evaluate the difference in magnetostatic energy between m® and M¢. Lemma III.A.1|gives

us

1
iz(u@) - ”th %,2([@) = 5””‘5 -M° ”Lz(Qg) (”mg ||L2(QE) + ”MEHLz(Qg))

<K7e - 2m| Q. |"? = Kge (IT1.4.8)

55| I

where we have used Proposition to estimate |[m®— M*| 12 @nd equation to esti-
mate |m®| o )+ [ M| 12,

Taylor expansion of the polynomial function ®(m¢) gives, (®'(m) is derivative of ® w.r.t. m)

f O(m)dax = f OME)dx + f O/ (M) (m® — M)dax +O(|m* - M*| g )-
Q. Q. Qe ‘
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Comparing energy of the minimizer m® with the test function M¢ we have,

f (c Vm?®|? + ©®(m?) - h, -m‘g)dx+ 1 (| P me
8

€

iZ([R@) = L (q)(ME) - ha Mg)dx

2
L2(R3)

1
+— |\ Ppre
8n ” M
which gives using the truncated Taylor expansion, Cauchy-Schwarz inequality and eqn. (I11.4.8)

f clVmé2dx sf (D' (M®) + hy) - (m® — M) alxﬂr{gg+0(||mf—M'f||iz(Q )
Q. 3 ’

€

= (”q),(ME)”LZ(QE)"— ”ha”LZ(Qg))”’"E_Mg”m((zg)+K8€ = Koe

noting that ®'(M¢) € L°(Q,) as ® is a polynomial function of M¢ € m,S?. Its also easy to then
show that

&5 (m®) = &°(M?)-Ke. (I11.4.9)

II1.4.3 The limit variational problem

We first setup notation which simplifies the computations for following sections. Let £Y be a k-
“sided” supercell consititing of 22 copies of our basic Y cell. Let Y * c kY be the %3 copies of Y*
subsets within each cell Y. Individual members of 2Y* or kY will be indexed as Yi* or Y; for
ie€{l1,2,---k3}.

We now state the main result of this section.

Theorem II1.4.1. From sequence of minimizers m¢ of infye &%(m) in /%, we can extract a
subsequence (unrelabeled) which converges weakly in L?(Q) to m°, where m® minimizes a limit
energy £°(m) ( defined for all |m(x)| <0ms ) defined as

é"O(m):fQ[—ha(x)-m(x)+liminf inf {fky(@(w(x,y))+$|vywiv(x,y)|2)dy}] dx

k—oo welk(me)

1
+ f —|hp(x)? dx, (I11.4.10)
R3 87

dok(m) = { w(x,y) e (LZ(Q);Lg(kY) : w(x, y) is a constant vector in m¢S2 on each

Y €RY and 0 on each Y;/Y;" € kY ; ][ w(x,y) dy =m(x) },
kY

and h,(x) solves the Maxwell’s problem for m(x) and vy}, (x,y) solves the Periodic Maxwell’s prob-



II1.4: Convergence of variational problem 67

lem in eqn. (I11.3.2) from Proposition |[11.3.1|for all x.

We already have shown the weak convergence m¢ — m?° in L%(Q) from eqn. (IIT.4.3). The proof
can be decomposed into a set of lemmas which set up a limsup upper bound and a liminf lower
bound on &4(mf) w.r.t. £°(m°). We follow the line of argument presented in [Cioranescu et al.,
2006[] and [Fonseca and Kromer, 2010]. We first establish a limsup upper bound which resembles

Lemma 2.6 and Proposition 3.7 of the aforementioned references respectively.

Lemma II1.4.1.

limsup &°(mf) < &°(m°).
e—0
Proof Let k €N be fixed. Let V = kY where Y is the unit cube. Let Q%€ be the intersection of Q
with a tiling of R3 by €V. As we have done in Appeendix Section [[II.B| let z € Z? and let V.. and
Zp, ¢ be defined as

Veni=ekz+eV, Zye={ze2®| V.%o }. (IT1.4.11)

If x € V., then we can write x = ekz + ey for y € V = kY. Conversely for any x € QO we can
get z; = [:—,;J where the operator |_J is the largest integer less than equal to its operand, and
yi = {%} =x—ck [Eikj is the fractional part of x; modulo ek with i € {1,2,3}. Also asin Section
, set Qe = Uzezy, Ve,z if Ve, €Q and Age = Q/Qk¢ as the boundary layer.

Let w(x,y) € /%, Given the definition of </* it is clear that for a.e.x € Q fixed, w is a con-
stant in m¢S? on each Yi* € kY. Effectively w(x,y) comprises k2 functions u;(x) € L%(Q;m S?)
and w(x,y) = u;(x) when y € Y*. Using Lemma we can then construct a sequence of
k3 functions u‘f € C(ﬁ;mSS2) converging to w; in L2(Q) as ¢ — 0. Let w’(x,y) be a sequence in
L{(kY;C(Q)) which takes on value u? for y € Y;" and 0 elsewhere. Then w’(x,y) — w(x,y) in the
L? (Q;L?(kY)) norm, |w5(x, y)| =ms on kY * and for any x € Q, it is constant on each Yi* ekY. We

then define a function w®*<(x) as

fv.. w5(p,§)dp:fvwﬁ(ekz+£q,{%})dq on Q¢

arbitrary fixed vector in m¢S? on Ak¢

w ke (x) =

where we have changed variables in the last step to eq = p — €kz and used the periodicity of

w’(x,y) in it’s second variable. Note that w®*¢ = U*¢(w?), where U*¢ is the averaging operator
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with Definition [[I[.B.2|in Appendix [[II.B|but with scale kY. Equation (III.B.2) then gives us that

£—>0

w’ (x,e71x) - w" (w) = wP (x,6 1) - U (P )(w) = in L%Q) (I11.4.12)
Using w?*¢ as a test function for &(m), we get

& (m®) < f (@) - ho(®)- w4 ()| dac + 85 @) + C

€

Using equation (III.4.12) and noting the continuity of the R.H.S. of the above equation, we get

E5(mF) < f (@@, D)~ ho(@) 0’ (%, D)) da+ 85w’ (x, %)+ C +0° (I11.4.13)
where lim,_.o¢ — 0 as w® (x,e_lx) —wokE(x) = 0
We deal with the RHS of the above equation to determine how it behaves as € — 0. To see
that we first deal with the first two terms in the integrand, i.e. the anisotropy and the Zeeman
energies.
Let f(x,y) := (CD(w‘S(x,y)) —ha(x)-w‘s(x,y)) and note then that f(x,y) € L'(kY,C(Q)) since both
terms constituting f(x,y) are polynomial functions in w(x,y) € L2(kY,C(§)) which are pointwise
uniformly bounded i.e. \w(x,y)| < mg a.e. Then from Lemma we have that if fé(x) :=

f(x,e71x), we get

lim | fE(@)dx = lim (cp(w5(x,f))—ha(x)-wﬁ(x,f)) dx = f J[ flx,y)dxdy. (I11.4.14)
e—0JQ e—~0JQ, € € QJRY

Now we deal with the demag energy in the R.H.S of equation (III.4.13). From equation
we get w’(x, e 1x) 2 w’(x,y) in L? (Q,L?(kY)), and using Proposition [[I1.3.1| gives hwa(x,%)(x) 2
h( (x)+ Vyt//ivé(x,y). Thus taking lim, of R.H.S of (I11.4.13) gives

Tty w5dy)

. _ w’ 5 2
ll_r}%R.H.S.—C+f][ (x,3) - h, w(xy)+—f| (wrdy) |dx 8nfR3]€Y| yww5|

Further taking lims of above and noting continuity of all the terms in w? gives

6—0e—0

limlimR.H.S. = C+f][ O(w(x,y)) —hy wix,y) +—[ | o (%)) dx+—ff | ywwl
kY

Thus using Lemma [[I1.B.2] there exists a cross-sequence w®@*¢ such that taking lim sup,_q of
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eqn. (I11.4.13) we get

limsup &°(m°) [][ O(w(x,y)) — he(x) wix, y))dydx+—f |hmo(x)| dx

e—0

—f ][ |Vyu/f‘,(x,y)| dydx+C.
T JR3JRY
Taking inf of left hand side w.r.t. w(x,y) € df and further sup,, for £ € N, we get our result. O

We will now show a liminf lower bound with the help of the next two lemmata. This uses the same
line of argument as Lemma 2.8 in [Cioranescu et al., 2006|] and Propositiom 3.8 in [Fonseca and

Kromer, 2010]. For the next Lemma we will write the sequence ¢ as €5, where h € N.

Lemma II1.4.2. Let § = (vh)™! where v,h € N. Then

liminf&%* (m*) > supliminf ((D(mv’h(x)) —hy(x)- mv’h(x))dx +8m*")+C
ep,—0 veN h—0 JQ,

v,h

is constant on each segment

"’h| =mgs on Qs and m

or a sequence of functions m"" wi m
q t vh with

consituting Qg. Also m"" —m° in L%(Q) as h — .

Proof. We choose a subsequence {¢,} < {e3} so that liminf,, .o &% (m®") =lim,, .o & (m*"). Recall
equation (I1L.4.9) gives us

Er(m) = & (M) — Kqpep = Eliin’oé"gn(m‘g”) = Eliyoggn(ME”) (II1.4.15)

In the proof from here on at each step we may choose subsequences of the limit attaining sequence
£, which will be unrelabelled and hence still called ¢,.

Fix v € N. Let us choose a subsequence ¢, such that &, , = [%J is an increasing sequence of
numbers where |x| is the largest integer smaller than x. Let 6, = ve, | enJ and note that 6,, — 1~
as n — oo. Let n be large enough so that Q' € Q and 6,Q' € Q. Since &° =0 we have on change of

variables z =0, 'x

(M) = f

(00 @) -~ ha@) MO @) 1, (6 )+ 6 (MO x

(@) +C

9 Q'
> |0n|3f9/ (@(ME"(an))—ha(enz)-MS"(()nz)) xy*(e,_llenz) dz

+10,1° &5 (M*"(0,2)x,(2)) + C.
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Note that 6,;10,1 = v[vinJ =vk, , and as n — oo we have 0,z — z and 16,12 — 1. So

lim & (M) = liminf { f (@(M(0,2)) - ha(2)- M(0,2)) ¥, (Vv p2)d2

n—oo n—oo

+ 85 (M 0,2)%,,(2) + C}.

Let us set w"*vn(z) = M(0,2) and note that w"*»(2) is supported on Q5 where & = (vky ).
Also note since M — m°, we also have w"*» — m° in L2(Q') as kyn — oco. Letting |Q/Q’| -0
gives

lim & (M*") = liminf{ f (CD(wV’kV’"(z))—ha(z)-wv’k”(z)) X,. (Vhynz)dz
Q

n—oo n—o0o

+ 8 (" (2)x,(2) + C}.
Then recalling we started with a sequence ¢;, with & € N we get

lim &% (m®") = liminf{ f (q)(wv’kvv"(z))—ha(z)-wv’kv'"(z)) X,. (Vhvnz)dz
Q

h—o0 n—oo

+ 85wt (2)x,(2) + C}.

Recalling that &, , is a strictly increasing sequence for v €N, we set

v _ w ke if h=ky,
any function in L?(Qs;m¢S?2) constant on each segment of Q5 otherwise.
Using this we get

h—o0 h—o0

lim &% (m*) > liminf { f (@(m""(2)) - hal2)- m""(2) 1. (vh2)dz
Q

+85(m""(2) x (2)) + C}.
and our result is proved by taking sup w.r.t. v. O

Next we state a technical result which we need for getting our final upper bound in Lemma [[TT.4.4]
The proof of this result is presented in the Appendix.

Lemma II1.4.3. Let v"(y) be a sequence in L2(Y) with support in hY* and v € m4S? is constant

vector on each W' € hY * with v — a® in L2(Y). Then exists a sequence w” in Lg(hY*;mssz) with

w” constant on each W' and fywh(y) dy= fya"(y) dy and v" —w" — 0 as h — oco.
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Now we state and prove our final upper bound Lemma.

Lemma II1.4.4.

1
liminf &(m?®) > [ —h,(x)- m°(x) dx + f — e (x)? dx
Q R3 87

e—0

1

.. . T 9Ya,l 2
Q lllzrglogfwlc—:nagf {Jiy (CD(w(x,y))+ Snlv Vi, )] ) dy} da

Proof.: We will show our result by showing that the R.H.S of Lemma ([11.4.2|is greater than R.H.S

of our result. Let Q' € Q and let v € N. Recalling that Y is a unit cube, let V2 € 73

1 1
Y,.:=—-2+-Y, z=|vx], y=vx—|vx], & ZV:{z€Z3 IYV,ZﬂQ’;égz)}
v o

Note unlike the appendix Section we are now working with domain Q' and not Q. Thus for v
large enough we can expect Y, , € for all z€ Z, and let us set U ez, Yv . =: Q) €Q. Forx€Y, ,
and y €Y note Tl/v(mv’h)(x, y) = Tl/v(mv’h) (%,y) = mv’h(HTy) = vV 2 (y).

Since m""(x) — m°(x) as h — oo for fixed v, we get for fixed z € Z,, x€Y,,, by change of

variables (x—y, dx= v3dy, |Yv,z’ = V_3|Y| )

f m" (x)dx = J[ m"* (22 2)ay - f Ty (m"")(x, y)dy = f 0P (y)dy f m° (x)dx.
Y. Y y v Y Y.

v

For fixed v we use Lemmal[[I1.4.3|to get a function u""*(y) € L%(Y) such that u"# —v"""% — 0 in
L2(Y) as h — oo and fY w2 (y)dy = ]{, m°(x)dx. Let us define

uv,h(x) = Z XQ . (ﬂ)uv,h,z({vx}), & sV,h(x’y): Z XQ - (x) th Z(y)
zeZ, 7V 2€Z,

Then we get on changing of variables,

v v 1 w2ty L2ty
I e M M e R e [

2€Z, v
= f mdxf | Ty (m u”’h)(x,y)|2dy
z€Z,
|Y| f ][ 0" ()~ w2 (y) Pdyda == 0, (I11.4.16)
zeZ,

by recalling that u""# —v"""# — 0 in L2(Y). Thus u"* — m"xQ on L%(Q,). We first show an

inequality for the demag energy of u""" i.e. é"g( ) Let 17V "% he the solution to the minimization
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problem under periodic boundary conditions

1

inf ( 3

o)y |V17|2 —4n(u”" —m°)-Vn )dx, VzeZ,.
i v,z v,z

Using ¢ mo X+ ZZ Xy, , (®) ng’h’z(x) as a test function with Maxwell’s equation for magnetization
v ze ’

u"" and recalling Lemma [[II.A.3|gives

1
EE— 6(,,v,h [ I L avhz)2
llllnllor.}fébd(u ) = &4(m XQV)+11nilor.}fx;Zv v.. 81 My | dx. (I11.4.17)

Since the anisotropy and demag energies are positive, and Q, c Q2 we get

L= fﬂd)(mv’h(x))xy* (vhx)dx + é’g(mv’h) > f(l)(mv’h) Xy (vhx)dx + gg (m"’h Xo, )

Q,

2[ ®(u¥h) X, (vhx)dx+£g(u"’h)+rh

v

1

> f O(u"") x,. (vhx)dx+Eg(m° x )+ Y — nv’h’z|2dx+rh (I11.4.18)
Q, v o xEZV 8” u

where limy, 75, — 0 due to eqn. and using estimate eqn. (II[.4.17) in the last step. We look

at the anisotropy and demag energy terms in the R.H.S. of above equation. Using the change of

variables again and recalling s*""(x, y) = Z Xo,ov, () "3 ( y) we get
z€Z, z

fqu)(uv,h(x)) x,.(Vhx)dx =Y %L@(uv,h(ﬂ)) x,. (h(z+)dy

zeZ, v

1 _
S fY O(T1, @' (v72,9)) x,. (hy)dy
2€Z, v,z

=) f {][ D(u"2(y)) Xy (hy)dy}dx:f ][ D(s""(x, ) X,. (hy)dxdy
2€Z, v,z Y Q,Jy

using fY dx=v3|Y|, X,. is z periodic, and the periodic unfolding operator giving T'1 (w"")(x,y) =
th(@ +3)=T 1 (uv’h)(@, y)=T 1 (u"")(2,y). Similarly the magnetostatic terms resolve as

i v,h,z |2 _if f vz 9
2 87 Lv’z|vnﬁ da = 8n Ja, Y|T1/V(V77ﬁ ), 3)| " dxdy.

z2€Z,



II1.4: Convergence of variational problem 73

Note for a.e. x €Y, , we have L%(Y) > Ty, (Vng’h’z)(x, )=VY(Tyy (vng’h’z)). Also for a.e.

x€Y,, ]g Tin (vn;"h’z)(x,y)dy =y - V h, Z(p)dp =0 as 17;’ hz e 7//ul’2 (Yy2)

Hence we get Ty, (vng’h’z) eL%(Y,,., %1’2(Y)). Also note for a.e. x, Ty, (vng’h’z) solves Maxwell’s

v,h

periodic problem for magnetization Ty, (s"" — m°) because

f (vnﬁhz (" —m®) -V = f ][ Ty (Vg™ = 4n@™" —m®) - Ty, (V)

f f vy:m (viy "2 _4n[s V’h—T% (m")])(x,y)-vyT%(wp)(x,y):O. (I11.4.19)

Combining all the above results and substituting in eqn. (II1.4.18) we get

I,= f (I)(u"h) . (vhx)dx + E4(m° XQ Z — V th| dx+1)
x€Z,
f ][ (hy +—|VyT1/V(W)§hz)| }dxdy+é°d(m°xﬂv)+rh
zEZ Y.
Jh,zy 12
> fQ V FA@6™) 1, (h3) + o[0T (v ) Py + am x, )+ (111420

with ]gsv’h(x,y)dy =][Y u" " (y)dy =J[szn”(p)dp # m°(x) for a.e. x€Y,, and Ty (vng’h’z) solves
eqn. (I1I.4.19).

We note that the magnetization s**” is piecewise constant in x and does not satisfy the need for
the magnetization w(x,y) to have ][Y w(x,y)dy =m°(x) for a.e. x € Q,. To get such w(x,y) we use
the same technique as the proof of Lemma in deforming s*""(x, y) to satisfy this condition.

From Lebesgue Differentiation Theorem we have that for a.e. x € Q'NY, .
{f sV (x,y)dy —m°(x) } = {][ m°(p) dp —m°(x) } =g, where o, —=>0.
Y Yv,z

Since g, — 0, for a.e. fixed x, € Q, we deform s""(x,, y) using Lemma [II1.4.3[to get w"*"(x,,y)
such that wv’h(xo,y) - s"’h(xo,y) =%, 0 in L%(Y) and ]gfwv’h(xo,y)dy =m°(x). It is also clear
then that w""*(x,y)— s"""(x,y) — 0 in L2 (Q,L?(Y)). Thus substituting this into quation (IT[.4.20),

using the strong continuity of the anisotropy and demag energues w.r.t. s¥" and the fact that
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V=00 .
T1/ym° — m° gives

1
Iv’hzfgv]g{q)(sv’h) X, (hy)+g|VyT1/V(vng’h’z)|2}dxdy+£d(m"xm)+Th

v,h i Yy
= [ {ow) x,. (h)+ 57

2}dxdy+£d(m°x9v) +1,+0,

where ¥,,v» solved periodic Maxwell’s equation for w""(x,y) — m°(x). Hence our result follows
when we let Q' — Q and use Lemma [I11.4.2 O

Proof of Theorem|l[11.4.1] : The proofis now clear. By combining the upper bound in Lemma|[11.4.1
and the lower bounds in Lemma [[I1.4.2| and [TIT.4.4], we get our result. O

II1.5 Critical Field & Stability

In the previous section we showed that in the limit as € goes to zero, the full micromagnetics
problem of minimizing £¢(m) on H'(Q,,msS?) can instead be replaced by the limit problem of
minimizing &°(m(x)) on L2(Q).

In this section we follow a semi-rigourous approach of using the limit problem for studying
nucleation and hysteresis of multilayered nanowires. The major problem in the minimization of
&°(m(x)) is the liminf,_., in it’s definition. Numerical or theoretical investigations have to deal
with this liminf using some kind of approximation. Thus some kind of semi-rigourous approach
has to be used. Since we are interested in the hysteresis properties of the multilayered wire
geomtries, we will first investigate the classical problem of nucleation of eigenmodes. We will
generalize what is know in magnetics literature as the fanning model which was first proposed
for elongated magnetic particles in [Jacobs and Bean, 1955] and has subsequently been used to
explain hysteresis and coercivity bahavior in a variety of situations including magnetic nanowires,
nanochains, magnetic nanodots etc. To begin the analysis let us fix 2 € N.

II1.5.1 Nucleation problem

Fix arbitrary &£ € N. To tackle with the liminf;, in Theorem [[II.4.1| we will replace the problem of

minimizing £°(m) by a simpler energy J(‘}’e)(m) defined as follows for all m € L?(Q) & |m| < 0myg,
20 (m) = [ —hy(x)-m(x)+ inf { ((I)(w(x W)+ [V ()l ) dy}] dx
(&) Q ¢ wedtt Ury ’ 8m e

1
+ f — b)) dx (I11.5.1)
R3 87
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with /% defined as in Theorem .

As is typical for all nucleation calculations, we assume that Q is an ellipsoid. Refer to Chapter
9 in [Aharoni, 2000] to get a background with respect to this assumption. The chief simplification
which this assumption provides is that for a uniformly magnetized ellipsoid, the demag field gen-
erated is also uniform inside the ellipsoid. In principle it is not possible to completely magnetize a
body even with very large fields unless the body is an allipsoid or one of its limiting shapes like a
cylinder or an infinite plate or a half space.

Assuming the principal axis of the ellipsoid are aligned along the coordinate axis, we will show
that #9

(k)
provided the easy axis of the anisotropy ®(m) is also aligned with the same axis and the applied

(m) affords a uniform stable staionary critical point m*(x) along any coordinate axis

field A, is a constant and parallel to the same.

Recall the notation that £Y is a supercell of &3 cells and Y indexes members of kY * with i =
1,2,---k3. Let Q € SO(3) represent generic rotations in R? and let W € My, (R®) where My, (R?)
denotes generic skew-symmetric matrices in R3.

Let the z-axis be a principal axis of the ellipsoid, with the easy axis of the anisotropy energy
and constant applied field h, alinged along it. Let m*(x) = {0,0,0m} and w* (x,y) = {0,0,ms} xpy-(3).

A small perturbation of m* is of the form,
0 _ (9 o _ pb * 6 _Nno *
m (x)—]iyw (x,3)dy, w’(x,y)=R°(x,y)w”, R°(x,y)=Q;(x)eSO@)for yeY;

where 6 << 1 and Q? — I as 6§ — 1 for all i. Any such rotation Q‘f(x) can be expanded as a Taylor

Series around the identity I and gives a corresponding expansion on w®(x, y) as

1
Qf(x):I+6Ui(x)+562U?(x)+0(63), Ui(x)e Mgy (R?), onY/, ie{l,2,---k%.

1

The Figure [I11.3|shows a typical variation w’ for & = 2 in 2-dimensions. Defining W (x, y) we get,

k3
Wx,y):=)_ Ui@)x,, (), where U;(x) € Mg, (R%) (I11.5.2)
i=1 i
2
w’ (x, RO (x, y)w* = w*(x,y)+6 W(x,y) w*(x,y) + % W(x,y) w* + 0(52). (I11.5.3)
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Magnetization m*
y |
v ; “* Magnetization m?’
N N [] Magnetic segment Y*
Y: Y; B [] Non-magnetic segment ¥

Figure IIL3: Typical variation w® with & = 2 shown in 2-dimensions. The 4 magnetic segments are indexed
as Y" with i € {1,2,3,4}.

Breakup of W into average and oscillatory parts

Let us define the operator (7) and (- ) as the average and oscillatory part of any quantity defined

on kY *. Recalling that w*(x,y) ={0,0, ms}xky* (y), we set

_ 1 1 F _
= =— Y Uw), W(x,y)dy = OW
W(x) Bl ka* Wix,y)dy = Zl: (x) ]iy (x,3)dy (x)
Wx,y)=Wx,y)-W)yx, ()= Z Ui(x)x,.(»)-Wxy, (), ]i;V(x,y)dy =0. (II1.5.4)
i=1 i

Recalling w*(x,y) =1{0,0,ms} x;y-(y) and m*(x) = {0,0,60m}, we have

Ww*(x,y)dy = W(x) m*(x), J[ W2w* (%, y)dy = W(x) m’*(x),
kY kY
2
w’(x,y) - w*(x,y) = W(x, y)w* (x,y) + %Wz(x, yw*(x,y)+0(6%) = 0(5), (II1.5.5)
2
ml(x)-m*(x)=1 (w’-w*)dy=5W(x)m"(x)+ %W2(x) m*(x)+0(5). (I11.5.6)
RY

Similiarly we define W(x). Using the Taylor expansion (IIL.5.3), we expand out the energy &°(m).
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Taylor expansion of Zeeman Energy

Using Taylor expansions in equations (III.5.5) and (III.5.6), the Zeeman energy becomes

2
[ha(x)-(m‘s—m*)dydx:/ ha-(6W(x)+% W2(x) )m* (x)dx + O(52).
Q Q

Taylor expansion of Anisotropy Energy

The Taylor expansion of the Anisotropy energy gives using equations and and
noting |w5 - w*| ~ 0(5),

-/Q]iY (q)(wa)_q)(w*)):fg quJ’(w*).(wci_w*)+(D"(;’*)(wa_w*)'( ' —w*)+0(jw’ -w*|’)

9 q)ll(w*)

2
=f][ {@’(w*)-(5Ww*+6—W2w*)+5 ——Wuw" - Ww'|dy dx+ 0"
QJry 2 2

Taylor expansion of §;(m)

Let h,,» and h,,- be solution to Maxwell for m?® and m* respectively. Then Lemma [[I1.A.2| gives

ng (1 |* = [P [*) A = ng (Pons — Bm+) - (R — B + 2R+ )dax (I1.5.7)

=/ | Bs — B 2dx+2f (Pm) - (Bys — Bm) dx

R3 R3
:f [y - 2dx—8n[ (hm:) - (m° —m*) dx

R3 R3

. 2 ___

=f3|hm5—hm* 2dx—8nf (hm-)- (6 Wm*+% Wim*)+0(5%).

R Q

By linearity of Maxwell’s equation (h,,s — hp,-) is the demag field corresponding to magnetization
(m5 - m*) which gives on recalling eqn. (I11.5.6),

1
- 3|hm5_hm*

_ 52 — __
o ®dx = 84(6Wm* + 5 Wom' +0(6) =6°6,Wm™) +0(°)
R

Then dividing eqn. (IIL.5.7) by 87 and using above we get,

2

Eq(m®) — Eg(m*) = —5{[91;;;, Wm' |+ 0 W2m*}+0(6%).

?{2£’d(Wm*)—fQ (B -
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Taylor expansion of Periodic part of magnetostatice energy &,.,.(m)

Let (Vyw;) s and Vyu/iv*) be solutions to the periodic Maxwell’s equation for w® and w* respectively.
Then by linearity (Vywiv » — V¥l .) solves the periodic Maxwell problem for magnetization (w5 -

w*) and we have

1 52
&l V¥l =Vl Pdy = Eper (SWw* + szw* +0(5%)) = 628per(Ww*) + 0(5%). (1I1.5.8)

Then for any x € (), using Lemma and eqn. we get

f, (vt = vv.

S

*ay= Ji , (VY = VY. ) (VoL - Vool + 29V, |dy

2
dy+2 ﬁy VY, (VI s = VVy,,.) dy
62
= 8716%Eper(Ww*) — 81 f VY. (SWw* + ?W2w* +0(5%) ) +0(5%),
kY

which gives on dividing above by 87, Vx € Q,

62
Oy _ Y Yol . * ey Yol Y 2qp*
Eper(W®) = Eper(w™) = 6{’[kyv Yy - Ww dy}+ 2{ fkyv Yy - Ww*dy

+26per(Ww")} +0(5°).

First and Second variation conditions

Combining the individual expansions of the different energy terms, we have

Iy m°) - 95 (m*) =6 [Iw® ,w*) +6” I’ w*)+0(6°),  where
Il(w‘s,w*)sz (@’(w*)—vyw;*)-Ww*dydx—f (ho(x)+hp(x) ) - Wm*dx, (I1L5.9)
QJRY Q
1
6 ¥y — Han®Y — UYL ). YW 2qyp* (% * *
Io(w’,w )_2['2]{311{(@ (w*)-V¥yl,.) Ww" + 0" (w*)Ww"* - Ww }dydx

— 1
+é°d(Wm*)+§f —(ha+hm: )-W2m*dx+f Eper(Ww*)dx. (I11.5.10)
Q Q
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Now we can check that m* is a stationary critical point of J(‘]’e)(m) if it satisfies the vanishing first

variation condition. From a standard representation for any U;(x) € Mgz, (R3) we get

0 xi(x)  &ix)

k3 k3
Wx,y)=) U@ x,. M=) |-x@® 0 n@]| x,.O),
=1 =1 —fi(x) —T]i(x) 0
K T 2 K 2 07T
Ww* = Z ms{éi’niao} (x) XY*(.)’), w w* = Z ms{%inb_%ifi’_fi _nl} (x) XY*(y)
=1 ¢ =1 l
(II1.5.11)
Setting
k3 k3

Plx,y):=) Silx) x,. (3), y(x,y):=

i) x,.(y), gives Ww* =m{p,y,0}". (IL5.12)
i=1 4

=1

We then recall equation to split B(x,y) as
_ 1k - — .
B(x) =]€ey,3(x,y)dy =25 Z sil®), Plx,y)=pPx,3)—px,,. giving ]iyﬁdy =0 (I11.5.13)
" = .
and y(x,y) =y(®) x,,. (¥ +¥(x, y) similarly. Since m* = {O,O,Hms}T, using eqn. (IIL5.17),

YAT on * _ % _ Hms E T _ — T
Wm'(x) = ]i L W ym™@dy = =5 ;{fi,m,O} (&) =Oms{p,7,0} (x).
The applied field hq(x) = {O,O,Ha}T is along z-axis. For m* = {0,0,0m;}, the demag field
B+ (x) = {0,0,~ON,m}". Then

(ho(x)+hp(x) ) - Wm* =0.

For ®(m) given as in eqn. ([I[.2.1), the derivative of anisotropy ®(w*) = 0 at w* = {O,O,mS}T.
So we just need to check the term in the first variation which comes from the periodic part of the
magnetostatic energy. Since w* =(0,0,m;)y, . (y) is symmetric about the z-axis, we can check that
];Iivyu/;‘ndy =0 for each Y € k®Y. Recalling Ww* = ms{fi,ni,O}jix)xyi* (y) from eqn. (IIL5.11),
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and equation (III.5.25) from Lemma [II1.5.1| we get,

k3
% _ ”LS . . T
ka Vi (@, 3) - Ww'dy = — §i,{§“m,0} (x)'fY; VY, (%, y)dy

mg

k3
= k—3{0, O’ﬁyﬁy‘s%*(y)dy} - Y {¢omi0t @ =0. (I11.5.14)

Combining these and substituting into eqn. we have I1(w®,w*) = 0 so that m* is a sta-

tionary critical point.

Stability of critical point m*

Stability of m* can be analyzed in terms of the positivity of the second variation Is(m® m*) to
determine a critical value of the field h, so that m* is second-variation stable. Thus the critical
applied field A, = (0,0,H,) can be thought of as the smallest field H, such that Io(w®,w*) = 0.
To simplify the second varition analysis forst note that since ®'(w*) = 0, the first term in the

integrand constituting Io(w?®,w*) is 0. The form of ®(m) in eqn. gives

21, 0 O
o"(w*)=| 0 2I; 0 at w*=1{0,0,m,}".
0 0 O

Then using eqn. (I11.5.12), we get

S [ oy ww et =mum? [ { (5412 dw=Tim? 0 [ (P4 yP)ax
2JaJry QJry Q

_( hy+ by, ) "Vzl'n’k =0ms(H, _Qszs)(ﬁ"'F)'

Recall f(x,y) = X% &(x)x,. (). Then |p(x,y)|> = X% |&:@)|*x,. (3 which gives

B2(x) = f B, p)|*dy = iki & @),
kY* [ 3]
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and similar for }E(x) Similar to equation (III.5.14), using equation (IIL.5.25) from Lemma [II1.5.1

we get

k3
" m T
]i Ve Wow'dy=27{0,0,f 0%y, (ndy |- §i){xmi,—m6i,—f?—n%} (®)

= —ms{prywi,,*(y)dy}- (3% +12)(@)

Using the above results Io(w®,w*) can be rewritten as just a function of (B,7) as follows

L@’ w*) = fQ { %(]iwaﬁwﬁv*(y)dy)

+6%m2&4({B,7,0}) + mgfggpe,.( {B,7,0})dx =:I5(B,y; Hy). (I11.5.15)

o= ONmo) } (67 +72)dx

Let
B* = {p e L*(Q;L(kY)) |V € Q, supp(B(x,)) = kY * & is constant on Y;" € kY *}. (I11.5.16)

The critical field H, is the largest field such that inf| By)e(B)? I5(B,y;H,) where (B*)? = Bk x ",

This can be used to alternately characterize the critical field as a Rayleigh quotient

HE 92(5"(1({37 +f gper {.B Y, })
—ON, —2I1; — ][ 3! (y)dy) inf
ms (B.y)e(B*? f ’32 +72
(II1.5.17)
To draw conclusions from the above, we go back to the decomposition S(x,y) = f(x)x .. (¥)+ B(x,y)

EY *

from equation (III.5.13) and similarly for y(x,y). Recall also that ]ge Y*ﬁd y= ]ee Y*?dy = 0. This

decomposition involves a similar decomposition of the space %" as follows:

Z - {Bx,y) € B* |Vx € Q, B(x,") is constant on kY *}

(II1.5.18)
={B(x,y) € 7% |vxeQ, ﬁyﬁ(x,y)dy =0},
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— —Fk ~ o~ 7 —~ v

while noting fy , €% and e %B*. Let ', ¥ ' solve the periodic Maxwell problem for { 8,7, O}T Xy
~ - T . .

and {f,7,0}" respectively. For x € Q, using Lemma [[I.A.2

][ Vv + VY ! Pdy = fy(|vyw1|2+|vyipl|2)dy+2]€eyvyw1-vy’171dy

:][ (|vyw1|2+|vyz,71|2)dy—8n][ v - {5,7,01 " dy.
kY kY

Note that {8, )7,0}T = {{i(x,y)—ﬁ(x)xy_* (),ni(%,3)-Y(x)x,. (y),O}T. Using (c.) from Lemma [[11.5.1

y T {é'l ﬁnl Ya} f y—1
Jivw (B, 7,07dy= ez . VT dy

- (f,. vPas) St T .07 =0

using the fact that f(x) = k—13 Zfil &;(x) from equation (II1.5.13). Thus we have

Eper({B,7,0}) = Eper({B.7,0}x,,.) + Eper ({B,7,0}). (I11.5.19)

Also f2(x,y) = |[B@)[* x,,. () + | Blw, )| + 2B@®)Blx, ) x,,. (¥) giving
B2(x) = Ji Y*|ﬁ(x)|2,;zy+ ]i .. |B(x, y)|*dy +2 Blx) Ji Yg(x, ydy =B +W(x) (I11.5.20)

and a similiar expansion of W Then combining eqns. (II1.5.19) and (II1.5.20)

02 64({B.7,01)+ [, 6per({6,7,0})d

(iﬁr,ly) f g(ﬁﬂﬁ)dx
1 [PaalBT0N « 6 (BT 0} )dx] +[ [ ver (15.7.0} )d]
0 JL B + 1717 e+ [ (1B +[7° )a

Finally we will now show that for any B,7, there exists f,7 such that

[ B+ 7= [ (187« 7)ax
Lgper({ﬁ,y,o}xky*)dxzfﬂgpe,({ﬁ,«y,o})dx (I11.5.21)

and as a result the critical field H;" in eqn. (III.5.17) is easily seen to minimize only over B, Y.
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Thus

cr

Lgper({ﬁiao})d-"
a zeNz—znl—(][ 6y3u/i‘,*(y)dy)—2 _inf e
m kY * (B,y)e(%B*) R >
’ ’ .6 (1B + 171" )dar

(I1I1.5.22)

To show equation we will first restrict the result to only even &, i.e. £ =2,4,6--- and
assume that Y* is a rectangular domain. The results however hold for any star shaped domain
Y *. Recall Y is just the unit cube and let Y* = ]_[f’:1 ((1+1;)/2,(1+1;)/2).

Let first £ = 2. We put the origin of the periodic 23Y sized block at it’s center so that it
looks like Figure with Y* shown where i = {1,2,3,4} and the Y;* with i = {5,6,7,8} lying
below {1,2,3,4} and having the same magnetizations. Let the left image on Figure represent

* ¥2 + ¥2
j
% 2D % i
0 ¥, 0 K7
+ - ﬂ‘—’
o T Y, Y;

Figure II1.4: Right: Example of a magnetization {E(x),?(x),O}T Xy (y), Left: A proposed magnetization
{B.7,0}" (x,9)

a given magnetization {B,?,O}T(x)xky*(y). Let the right side image in Figure [[I1.4| represent a
magnetization {8, )7,0}7%x, y) which we will use to show the result eqn. (IIL.5.21) where

Blx,y) = 'B(x){xyf g Y oYy - sz* YUY uYg (y)}
and same for y(x,y). We first show the following simple Lemma.

Lemma ITL5.1. For magnetizations {B,Y, O}T(x) X,,. (3 and { 8.7, O}Tix, y) as defined in Figure
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we have

a-) gper({ﬁ’?,o}xky*) = gper({O,T/’O}XkY*) + gper({ﬁ’(),()}xky*)
b.) Eper({B,7,0}) = per ({B,0,0}) + Eper({0,7,0})

_ 1 _ _ T
c.) f VY (x,y)dy = —3f {aylw(x,y),ayzw(x,y),O} dy, forany i €{1,2,---k%}.
Y k° Jry+

i

where W(x,y) solves periodic Maxwell’s equation for magnetization {B,?,O}T X Of these (a.) and

EY*"

(c.) are valied for any k and corresponding magnetization {B,?,O}T Xy

Proof. Let us write (f Xy ,7)(”*) as a fourier series. Since both are even function in y

B(x) xky*(y)=ﬁo(x)+ Y. Apnn(x)cos(Imy1) cos(mmys) cos(nmys),

I,m,n
Y(®) x,, (3 =7,x)+ Y Cimn(®)cos(Imy1) cos(mmysz) cos(nmys),

l,m,n

with B,(x) = ﬁ Yﬁ(x) x,, (¥dy = 0p(x) and similarly for 7,(x) = 67(x).
Noting Y, = ]'[f’:1 (1/2-1;/2,1/2+1,;/2), using fourier cosine formula we get

512 = _ In mmn nr, . JAnli, . ,mnuly, . ,nuls
{Al,m,n,Clym’n}(x) =5 {[S,y}(x) cos(;) cos (7) cos(?) sin ( 5 ) sin ( 5 ) s1n(—2 )

_ 512 - _ _\I+mAn)2 l”l]_ . mﬂlz . n]tlg

= HSZmn{,B,)/}(x) (-1 s1n(—2 ) sin( 5 ) sin( 5 ) (I11.5.23)

if [,m,n even. Thus {Al,m,n,Cl,m,n} takes non-zero value only for [,m,n even. Let y(x,y) be

solution to the Maxwell periodic problem with magnetization {E,?, O}T X,y 1€

[ (=9 + 47570} ~ (B Tor0) 2y ) VP00) =0, 9l3)€ CFRY

Noting the even structure of {B,?,O}T X..., we look for solutions ¥ such that

kY *?

Y=y,+ Y Bimn®)sin(lmy1)cos(mmys)cos(nmys) +Dmn(x)cos (Imy1) sin(mmys) cos (nmys)

I,m,n

where v, :ﬁyw(x,y)dy.
Using for test function ¢(y) = sin (I7y1) cos(mmys) cos(nmys) for (I,m,n) € N3 and using the
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orthogonality of sines and cosines we get
nz{ Zim2+n }Blmn(x) A2 A (),

and using test function ¢(y) = cos (I7y1) sin(mmys) cos(nmys) for (I,m,n) e N3 gives Dy, as
n2{ 12 +m?+n? }Dlmn(x) = 4mn201mn(x).

Since A, and Cy,y,, are 0 if any of [,m,n are odd, the above relations give us that B;,,,, and Dy,

are also 0 if any of ,m,n are odd. The energy &y, ({8,7,0} X,y.) becomes using Parseval’s theorem
- _ 32 12 m2
gper({ﬁ,%o}xky ) 871' |Vy1//m(x y)| dy - 64 l%n(lz_% +— LZ Lz ){ |Blmn| + |Dlmn| }

= gper({ﬁ’ O’O}Xky*) + gper({O’?’O}xky*)
because of the absence of cross terms involving B;,,, and Dj,,. So (a.) is proved. By an abuse of
notation, if we set s1 = sin ({7y1), c1 = cos(Iny1) and s9,c9,s3, c3 similarly, we note
even T

VWy= 3 Blmn0102c3—Dlmnslszcs,—Blmn818203+Dlmn010203,—BzmnS10283—Dlmn018203} .
l,m,n

Recalling that Y, =[15_, (1/2-1,/2,1/2+1;/2)

(A+11)/2 -1 1+iy2 9 I Inly
sin(lny1)dy, = —cos(ln = —sgin(—|)sin(——) =0 for !/ even,
f(l—ll)/2 ( y1) 1 In ( y1) a-iy2 Im (2) ( 2 )
(1+11)2 1 a+p2 9 I Inly
cos(lny1)dyr = —sin(ln =—cos(—)sin(—=)#0 for !/ even.
f(l—llm ( y1) 1 In ( y1) a-iy2 In (2) ( 2 )# M

Similarly for integrals of s2,c2,s3,c3 on Y. Using these and that By, Dmp are 0 for I,m,n odd

even T
f VVy(x,y)dy= ) {Bzmn010203,Dzmn010203, } dy

l,m,n

even 8 Inl - -
= _1\{+m+n)/2 1y . 2y . 3
= l’%n {Bzmn,Dzmn,O} (-1) 3 ( 5 )sin ( 5 ) sin ( 3 ) (111.5.24)

with other terms becoming zero for /,m,n even. We can note also that the above result is indepen-
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dant of Y* € kY™, i.e. for any i € {1,2,---k3}
_ _ 1 _ 1 T
f VVy(x, y)dy = f VY(x, y)dy = — f VV(x,y)dy = — [ {ay 111/,6”1#,0} dy
Yy Y, kS Jry~ k3 Jry+
which proves (b.). Almost the same calculation for magnetization w* = {0,0,m S}T gives us that

1 T
Yyl - 3.4y
in*V Yy (6, 3)dy = 73 ka* {0,0,6 31//w*(y)} dy (IT1.5.25)

where ;. (y) solves periodic Maxwell for magnetization w* = {0,0,m S}T and is independant of x

becasuse w* is independant of x. From Figure [II1.4| we can write f(x,y) = B(x)(xy* I S
1Y% 2 Y6

ng o XYI o )(y) and similar for y(x,y)

Bx,3) =Y Pimn(x)cos(Imy1) sin(mmyz) cos(nmys),

l,m,n

Y(x,9)= Y Rimn(®)sin(lny1) cos(mmys) cos(nmys).

l,m,n
Its easy to check using the formula for fourier coeffecients

512
" m3lmn

nn’lg

)sin ("52)

l]'[ll mnl2

5 ) sin (

B(x) (_1)(Z+m+n+3)/2 sin (

len(x)

if (/,n) even and m odd and 0 otherwise. Correspndingly R; , ,(x) is given by

512

_ . Aml mnule, . ,nmul
7 (_1)(l+m+n+3)/2s 1 2) i ( 3

Rimn(x) = - ¥(x) in ( 3 ) sin( 5 n T)’

if (m,n) even and [ odd and 0 otherwise. We look for solution ¥/(x,y) to periodic Maxwell with

magnetization {B,7, O}T(x, ) in the form

Y, =) Qrmn)sin(lmy;)sin(mmys)cos(nmys)
I,m,n
and using test functions of the type ¢(y) = sin (Iny1) sin(mmy2) cos(nmys) for (I,m,n) € N> and

using the orthogonality of sines and cosines we get

AP (x) if (I,n) is even and m odd
n2{l2 +m24n? }len(x) = i
4Ama?R [pn () if (m,n) is even and [ odd,
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the energy &p.r({B,7,0}) becomes using Parseval’s theorem

372

~ 1 9
Eper({B,7,0}) = gﬁy |V¥ym(x, 3| dy = i

(l2 + m2 + n2) |len(x)\2
I,m,n

_ 4874 {m odd} 12|len(x)|2 4874 1 0dd) m2|len(x)|2
B 2 2 2 9. .9, .9 -
647 (1 n) eveny L5t MEH+ NS BAT (G iy peny [F+mE 4R

= 8per({B,0,08) + Eper (10,7,0})

again due to non cross terms between P;,,,, and Rj,,, which proves (c) O

_ _ —r —F -~ .~ ~
Lemma II1.5.2. For any k even and any (ﬁka* VX ... )EB xB, there exists (B,y) € B* x B*

such that

kY *

[ B+ ya= [ (187« 7ax
Jyrer (170} x,., w2 | Spurl (7.0} )

Proof. Let k =2. We will show the result for £ =2 and for any even & > 2, use the same construc-
tion. We also translate origin of the periodic £3Y sized block so that it looks like Figure As
before we index the members Y; with i € {1,2,..12} where with them arranged as in Figure
where the cells numbered {7,8,---12} sit below the ones marked {1,2,---6} and in the same order
and the same magnetizations as the ones under which they sit. Note here that Y; runs with index
i from 1,---12 and not upto %2 = 8 because, by the translation of the origin we included 8 half

sections of Y. To compare the energy of § to the proposed f we first use the breakup shown in

by by by

N | 7 . 4 o | % Y
] - + B
Y2 ¥a Y2

Y Y Y, Ye Y Y Yy Y, T Y,

Figure IIL.5: Decomposition of B(x)ka (y) as B(x)xky* (y) = Bz, y) + Pz, y).
Figure [[I1.5| as follows: ﬁ(x)xky*(y) = B(x,y) + B(x,y) where B(x,y) = {2(x) Xy oy oy ), 0,00
1 4 7 10
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Let v, ¥ and ¥ be solutions to the periodic Maxwell problem for magnetizations {Bxky* (y),O,O}T,
{B,0,0}" and {B,0,0}” respectively. Then using Lemma [[TL.A.2
1 Y Y Y Y. B
vl IR A R }dy—— veol*dy~ | vV-pdy
1 - —~
=——f Vywﬁdy—f VY- pdy
2 Jry RY
= —,B(x)f dyluldy+ﬁ(x)f 'ydy— ,B(x)f 'ydy— ,B(x)f 'wdy
UY uYs UY0 Y uY Uy uYO uY uy uY6 UY9 uYuqu2
:—ﬂ(x)f "iydy — B(x) 0 ydy.
UY uY UY* Y uyg qu*lqu*Z
Dividing through by |kY | we get that, for all x € Q,
Eper({B.7,0} x,,.) — Eper({B.7,0}) = —B(x){ f + f }ay11/7dy (I11.5.26)

* * * *
Y2 UY3 uY5 UY6 Y uygd uYHqu2

We try to show that the L.H.S above is negative which will prove our result. Using the even

structure of B(x,y) we write it as a fourier series:

Blx,y) = {][ ,de}(x)+ Y. Apmn(x)cos(Imy1) cos(mmys) cos(nmys).

l,m,n

Noting the above, we look for solutions B such that

V(x,y) = Z By (x)sin (lnyl) cos (mnyz) cos (nnyg)

l,m,n
recalling that the periodic Maxwell problem is solved for (x,y) such that ﬁ Y1/7(x, y)dy. Setting
s1=sin(lny1), c1 =cos(lmy1) ete, we get
T

-V =- Z Blmn(x){lTCClC203,—m71'818203, —nn310233}

l,m,n

Test function ¢(y) = sin (Imy;) cos(mmyz2) cos(nmys) for (I,m,n) e N3 we get

[}—Vywﬁ+4n(ﬁ—ﬁo))-Vy(p(y)dy= Y {—Blmn(x)nz(lz+m2+n2)+4ln2A1mn(x)}=
k

I,m,n

4ln2Almn(x)
m2(12+m2+n2)"

forumla to get, { Note Y; nY = (111, 11) « (0,2) x (1+TZ3,1_TZ3)}

which gives By, (x) = To determine A;,,,(x) we use multidimensional fourier cosine
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1plopl
Aimn =8f0 f f Bx) x, *(y) cos(lmy1) cos(mmys) cos(nmys)dy

= IGB(x)f f f sm lnyl))d(sin(mnyg))d(sin(nny3))dy

Imnn3
3 64E(x) In na, . JAnly, . mnule, .  nulj
—n3lmncos(2)cos( 3 )sin ( 5 )sin ( 5 ) sin ( 3 )
3 64B(x) wn . JAmwlyy . muale, .  nulg )
= n3lmn( 1) 2 sin( 5 )sin ( 3 ) sin ( 3 ) if(,n)even

and 0 otherwise. Then, { Noting Y, = (1+211, 1_211) x(1- %2, 1) x (1+Tl3, 1_713)}

f ' y(x,y)dy = Z Z f Blmn(x)lncos(lnyl) cos(mnyg) cos(nnyg)dy

121 (m,n)even

ZZ Z lﬂBlmn(x)f f f1+l Sm lﬂyl))d(sin(mﬂyz))d(sm(my3))

3
1>1 (m,n)even lmnn

=2 2

1=1 (m,n)even

4B mn(x) c

Inly, . mnly, . . nuls
i )sin ( )sin ( )

In nmw, .
0S (E) cos(mir)cos (?) sin ( 5

1024 B(x) 1 . g dnly, . o muls, . o nuls

=) > (-1 02+ m? 1) m2n2s1n2( )s1n2( 5 )s1n2(—)

mz=1 (I,n)even

where in the last step we substitute for B;,,,. It is also clear that
f 0" P(x, y)dy = f " P(x, y)dy for i € {2,5,6,8,9,11,12}
Then substituting this result in equation (I11.5.26) gives

gper({ﬁaio}ka) —é"per({ﬁ’y,o}) = _SB(x){fY* am{pdy}

8192 1, Imly, o mnuly, o nuls
_ _1\(m+1) 2 2 2 (Hrts
=) > (-1 502+ 2+ n?) mn? sin ( 5 ) sin® ( 5 ) sin® ( 5 )

m=1 (l,n)even

: 8192|B(x)|2 g dnli, . g nals (—1)(m+1)sin2(%lz)
= Z n2m5 Sln( 9 )51n( 2 ){ Z m2(12+m2+n2) }

(I,n)even m=1

(~1)*D gin? (%12) _ (—1)(m*1)(1—cos(mnl2))

= . We make use of two formulas numbered
m2 (l2+m2+n2) 2m2 (lz+m2+n2)

and let G,,(I,n) =
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1.443.4 and 1.445.3 from [Gradshteyn et al., 2000] and get

i (=1)m+D cos(mx) _ n? _ x2 i )(m+1) 2
m=1 m2 12 4’ ) =13’

i( 1)(m+1)COS(mx) 1 n cosh (ax) i (- 1)(m+1) 1 .

m=1 m2+a2 2a2 2asinh (an)’ = m2+a? =52 2asinh (aﬂ).

Then setting a? =12 + n2 and noting cosh(anls) < cosh(ar) we get

(—1)(m+1)(1—cos(m7rlg)) 1
G,,(,n)= _— _
mzzl m(l,m) gl 2(12 +n?) {mz (l2+m2+n2)}
_ i{nzlg n(l—cosh(anlz)) } B 7[213 { Oi (am)?k-1 i 2 Z (a]‘[lz)zk}
2a2 1 4 2a sinh(ar) ~ 8a2sinh(an) = 2k -1 nal% = 2k!
2l2 00 (a?'[)zk_l lg(k—l)

8azsmh(an){ 2k —1! (1- k )}20

as Is < 1. Thus we get gper({B,0,0}ka*) > Eper({B,0,0}). A similar calculation for ¥ gives
Eper(10,7,0} X,,.) = Eper({0,7,0} ). Using the previous lemma [[I1.5.1{we get

Eper({B,7,0} X, ) = Eper ({6,0,0} x,,..) + Eper ({0.7,0} 1,,,.)
er({5,0,0}) +Eper ({0,7,0}) = Eper ({ B, 7,0})-

\%

Hence we get our result. O

II1.6 Summary

We showed in the preceding section that the critical field for our homogenized model is given in

equation (I1L.5.22) as

HCT‘

mg

| Eper({B.7,0})ax

— 6N, 2111—][ 3! (y)dy) inf_ .
(B,7)e(%B)? 21 =

’ J.6 C1B]" + 7] )=

This expression for the critical field H." is a generalization of the “Fanning mode” for a “Chain-
of-spheres” model. This is a well known model in the magnetics literature for a linear infinite
chain of magnetic spheres which was first proposed in [Jacobs and Bean, 1955]] to explain the
low coercivity of elongated magnetic particles. The model has become very useful in recent years

with the development of magnetic structures like nanochains, magnetic nanodots and magnetic
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nanowires. To recover the fanning model we first try and use the form of the critical field H".
First we ignore the fact that the above result was shown for a ellipsoid with finely distributed
periodic magnetic domains and assume it is true for a linear chain of fine magnetic domains. Then
if we compute H" for k = 2, we first note that = f; on Y;" and = 2 on Y; and analogous for y.
But the condition that

][ Bdx=|Y*|(B1+p2)=0 = f1=—P2.
2Y'*

Similarly y; = —y2. This mode is exactly the form of the symmetric fanning mode for the chain-
of-spheres model. M vs H curves in physical experiments for such geometries also typically reveal
that this average condition for out of plan magnetization continues to be zero even beyond the

critical field when the staturated state looses stability.
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III. A Magnetostatic calculations

Lemma IIL.A.1. Let m and M be any two vectors in L>°(Q). Let hy, and hpr be the corresponding
demag fields. Then following inequality holds:

2 2
“|hm”L2(R3)_ |nal|zogeny| = Am|m—M| 2, (“m||L2(Q)+ ||M||L2(Q))- (IILA.1)

Proof. By linearity of Maxwell’s equation we know (hm —hy) satisfies Maxwell’s equation for
(m — M). Thus using basic bound ([I1.:2:4) for Maxwell’s equation we have,

e L T
Using triangle inequality we also have,
| [Bm | 2@y = | onal| oy | = (1 Bm = Boaa [ 2gey < 2V |m = M| 2.
Using for m and M separately we have,
|1 2a | oy + [ B | 2y | = 2970 (”m”m(g)"‘ ||M||L2(Q)) =2V |Q2.
Thus,
| [7m ”22@3) B ”hM”iZ(W) | = dnljm— M| 5, (||m||L2(Q) + ||M||L2(Q))' -

We now show a Lemma, which is popularly known as the Reciprocity Theorem in micromagnetics

literature.

Lemma ITI.A.2.
(1) Let hu,, (x) and by, (x) be the demagnetization field corresponding to magnetizations m1(x) and

mo(x) on Q. Then we have
1
—f B, (x) By, (x)dx = —[ R, (x) - ma(x)dx = —f mi(x)-hy, (x)dx.
47 Jps Q Q

(2) Let Y, (x,y) and Ym,(x,y) be the solution to the periodic Maxwell’s equation for mi(x,y) and
mo(x,y) belonging to L*(Q); Lg(k3Y)). Then for all x€ Q,

1
e VWml VWMQdy: _f VWml(x,y)m2(x,y)dy: _f ml(xyy)vme(x9y)dy'
4nJrsy kY kY
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Proof. Writing Maxwell’s equation for m(x) in distributional form, we have for all { € CSO(RS)
fu@ hm, (x)-Vi(x)dx = —fﬂg 41 m1(x)- V(%) dx.

Choosing a sequence (;(x) for i € N so that V{;(x) — h;,(x) we have on taking lim;
fu@ R, (%) B, (x) dy = _4nfuq¢3m1(x)'hm2(x) dy.

The other part of result (1) can be proved the same way. For the periodic Maxwell’s equation for

m1(x,y) in distributional form, we have for all ¢p(y) € C‘ﬂ’o(k3Y)

o 77 0m 9 Vo dy=—f an i) Vo(y) dy.
k3Y k3Y

Choosing a sequence ¢;(y) for i € N so that for fixed x € Q, lim; V¥¢;(y) — VY9, (x,y) we have on

taking lim;

J[ VY o, (%, 3) - VY, (0, ) dy = —][ 4n my(x,y)- VI, (x,y) dy.
k3Y k3Y

The remaining part of (2) can be proved analogously. O

Lemma IILA.3. Let m" be a magnetization which converges weakly to m° i.e. m" — m° in

Lz(Q,msSz). Let ng € WﬁLZ(Y) minimize the energy

1
hyo\_ = 2 _ h__ o).
& (n)—fy( 2|Vn| 4n(m" —m°)-Vn )dx
with periodic boundary conditions. Then
liminf &;(m") = &,(m°) + liminfé"h(nl}j‘).
h—o0 h—o0

Proof. First note that if y,,» solve Maxwell’s equation for m" and Y, solve the same for m°. Then

we already have ,,» — ¥mo in W12(R3). Next taking first variation on &Mn) we get Vo e 7I/ﬁ1’2(Y)

h_ h_ . o0)). _ hh__lf h|2
fD(VUﬁ 4n(m m)) Vo dx=0, & (ny) = 2 Y|Tlﬁ|dx

where the second equality above comes by choosing ¢ = 77{11- Next by choosing ¢ € %1’2(Y) in-
dependant of & and taking lim; we get Vnﬁ’ — 0 in L2(Y) and as a result Vn’ﬁl is bounded, i.e.
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||V17}ﬁl || r2y) < C. Then Poincare inequality and the Rellich compactness theorem together give

||77§L lz2ar) = Cl||V17§‘ |20 = C2, nf{ —0in HYY), nﬁl —0in LX(Y).

All three magnetizations m”, m°, (mh - m") being L*°(Y) functions, by standard regularity we get

the estimate

[V i ”LP(Y) <Cp ”mh ”LP(Y) <Dp, IV me ) <Cp |m® ”LP(Y) <Dy,

”an]il ”LP(Y) = CP ”mh -m’ ||Lp(Y) SDp V1<p<oo.

Thus Vwmh,Vwma,Vng are L2-equi-integrable.

Let ¢° be a cut-off function such that ¢° = 1 when dist(x,0Y) = &, ¢° = 0 on Y and |V¢5| <
Ko6~". Then n;(¢° - 1) € Hy(Y) and |V(11}(¢° — D)| = |(¢° — DV |+ [Von?| < 2|V} | + K6~ [n]|.
Then, ( Recalling that 7} — 0 in L*(Y))

.. ho ot 2 .. h|2 K* h |2
hhn_l)g}ffYW(nu((,b -1)| dxshhn_l)g}f - {2|Vnﬂ| +§|nu| }Xy%dx

o 4 g V2 2, 112,
SZIl}lIEg}f{ fY %|vnﬁ| dx} | fY . Xy, [Pdac} " <DF [Y/¥s]. (ITLA.2)

If £ be uniformly bounded in L*(Y) with || f"|| .y, < C using Hélder’s inequality,

P B (h 16 2 . 72 12 Wy S 94 . 112
llhn_l)g}ffo V(n?@® - 1)| dxshhnlg}f{fyv *dx} {L/Y5|v(nﬂ(<p -1)|*|"dx}

12 12

<CD4 |Y/Ys| “ =K1 |Y/Y5| " (II1.A.3)

h

Using (mo + ng¢5 )= (Wme + Tlg((/’é -+ 1]?([)5) as a test function for m" we get,

Moo Lgu? h.
~4n6ymi = inf fR 3{2|vw| ~4nm" - Vy)}dx

1
< [ {2 0t Sl <0t

Taking negative of above relation, liminf}, of both sides and using estimates (IILA.2), (ITL.A.3),
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]
~]
-
/]

7]
N
-]
[/]

k=4
Figure IIL.6: Example of magnetization for & = 4

n{{ — 0in L?(Y) and vng —01in L%(Y) gives

2 h|2
. . Viymo |vnjj |
llhlll})glf AnEy(mh) = hhn_l)ggf[fm {4nm° Ve — |Tm} + {4n(mh -m°)- Vné‘ B }]

1/2
K |Y/Ys|-Ka|Y/Y5| "
Taking next a limit as § — 0, we get our result. Note because of the equi-integrability of the fields
Vt//mh,Vwmo,Vng, we avoid the more complicated De Giorgi slicing argument to match boundary

values. O

Let »-1Y* bea periodic extension of 271Y * in R3. Note (Y ﬂﬁ) consists of h? segments which
we index by W' with i € {1,2,3,---h3}. We now recall and prove Lemma [[11.4.3

Lemma II1.4.3 Let v”(y) be a sequence in L2(Y') with support in Y ﬂm and v” be a constant
vector on each W' in (Y ﬂh"rY/*), i€{1,2,3,---h3} taking values in m;S2. Let v — & in L(Y).
Then exists a sequence w” in L?(Y ﬂm :msS?2) with w” constant on each W' in (Y ﬂm), i€

{1,2,8,---h3} and fywh(y) dy:fya"(y) dy and v —w" — 0 as h — .

Figure [II1.6|is a typical example of v” for & = 4. To prove Lemma [II1.4.3| we first show this simple

result.

Lemma ITL.LA.4. Let p and q be two vectors on msS? such that p1 = q1 > 0. Then there exist two

vectors uw and v in msS? such that (u1 + vl) takes up any value between (p1 -q1,p1+ ql), with

(ug +v2) = (pg +q2) and (u3 +v3) = (p3 +q3).
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Proof: Let us reorient the xo and x3 axis in such a way that we can write p = {p 1, pz,O} with
p2 = 0. In these coordinates let ¢ = {g1,q2,93} where again without loss of generality we can
assume g3 =0.

ForteRwith0<t<2qq1,setd(t)= \/qg +2q1t—t2—q3. Note 5(0) =0 and 6(2q1) = \/qg +4q% —4q%

—q3 =0 and its easy to check that §(¢) = 0 for all 0 < < 2q;. Define f(¢) as the continuous function

of ¢ given by
F®={\/p2-1602+(q1-1)}.
Then note that

Fe=0)={\/p2 - 1602+ (g1~ 1)} = p1 +41,
f(t=2q1)= {\/p% —16(2q 1)1 + (q1 —t)} =p1—4qi1.

Thus for any value r € (p1 — q1,p1+q1), there exists by continuity ¢o such that f(z) =r.

Then define two vectors on m,S? as u := {{/p?3 —6(t0)?, p2,~8(to)} and v := {q1—t0,q2,q3 +
6(to)} and note that

(ug +v2) = (p2+q2), and (us+vs) =6(to) +q3+8(to) =q3=(ps+qs)

which completes our proof. If g3 < 0 then we need to define §(¢) = \/qg +2q1t—t2+qs, f(t) the
same as before and u := {|/p? — 6(t0)?, p2, +6(to)} and v := {g1—t0,q2,93 — 6(¢0)} to get our proof.C]

Proof of Lemma 4.3. Let j;,uh(y) dy = p" and note as u” — @° which means

ﬂhszuh(y) dy—»fyao(y) dy=p°. (II1.A.5)

We will explicitly construct the sequence w”.
Step. (1)

If ° = 0, then move to Step.(2). Else assume without loss of generality g° = (59,0,0) is parallel
to the X-axis and 9 = 0. If " is also parallel to the X-axis, then move to Step (2).

Let cos(6") = “’Ii;]—p; #1, i.e. B" is not in the same direction as f°. Without loss of generality
again we can assume B” and B° are in X —Y plane and for & = H for some H large enough
| ﬁh| = %| [3°| . If R(6) € SO(3) is a rotation with Z-axis of angle 0", it rotates " in the direction
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PB°,i.e. X-axis and it is easy to check that

||R(0h)uh —u" ”;(Y) <2(1-cos(6p)) ||vh ”iZ(Y) <m? |Y|(1-cos(6y)).

Figure IIL.7: Rotation of magnetizations by R(0) causing rotation of average magnetization °

Also note that using the fact that |ﬁ°|2 + \ﬁh |2 < 2|ﬁh| -|B°| we get

(1-cos(6y)) = (1

B ﬁh'ﬂo )S |ﬁ0|2+|ﬁh|2—2ﬁh'ﬁo _ |ﬁo—ﬁh|2 Sc|ﬁo_ﬁh|2
18"11°| 2|66 1B711p°
where C is independant of % as |"| = %| p°|. Then setting v := R(0),)u" we get
[0 gy = [R O gy = m Y I(1—cost@30) = Cm? 1¥1 57— B2 20, 1116

Henceforth we assume that w.l.o.g that g° = (82,0,0) and p” = (8",0,0) are both along X-axis.
Step. (2) : Let the h3 values that v” takes, be enumerated as v"¥) with support supp(vh’(i)) =W

and i €{1,2,3---h3%}. As v is constant on W’ we have
hi hi Y* hi
h h,@@) . k(D) h,(@)
[ vhay=3 [ oiCay=3 Wil =] 5] ¥ ok
Y i=1JW! i=1 i=1

L|v’;|2dy:(12—;] :il|vflz,<i>|2 and |Lv’1‘dy|2=’12—;|2 (gv’fﬁ))z, (ITLA.7)
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We renumber the index i so that the 22 values can be split up into sets, .4 (vh) Uy (vh) where

M) ifo™P =0, 4 :
S EACOR | and v = ¥ P04 ¥ ),
.o k(D) ; ;
N (") if vy <0 e €N

Also let the sets .4 (v") and A (v") be ordered on the basis of the X axis values of its members
going from highest to the lowest, i.e. if v"»), v"® € 4 (v") and j > &, then |v}ll’(j)| > |v]11’(k)|.
Recall from Step. (1) we have ° =(9,0,0) and " = (B%,0,0). We have now 3 possibilities:

Case: I II 111
By>0 | p3<0| p3=0

Table IIL.1: Three cases based on sign of

We will only take up the case ﬁ(l) > 0 and argue that the rest of the cases can be proved in a

similar fashion. Within this case we have 3 subcases

Case: A B C
B> B | BY<By | 3 =F1

Table II1.2: Cases A,B & C

Case C need not be solved as setting w” = v*, and using from Step.(1) gives our result.

Case A: (7> ,6’1‘

Setyh::ﬁ‘l’—ﬁ}f.
h — _~h
Cases A.1 fy2{ Y vl}dy— ™.

N (0h)

v"De 4 (v") implies v’ll’(i)< 0. So ) > v’f| =) |v}11|, giving ( Recall |v}11’(i)| <my)
N (vh) N (@W")

[|S dlay=[{ & billay=r' and ¥ piPsm ¥ Pl amas

N (vh) N () N (") N (vh)

Let us thus define w” through its A% values w™® and i € {1,2,3,---h3}

phoD) if o ¢ A (00)

{_vilz,(i) vg,(i)’vh,(i)} if oPD e N (),

w0 .=
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where we have defined w” by flipping elements v>® € 4 (v") one-by-one into the set .#(v") tho-
rugh the map v»® = {v}f’(i),vg’(i),vg’(i)} —{- vlll’(i),vg’(i),vg’(i)}. Figure [II1.8| shows an individual
element being flipped. Using eqn. (I1.A.8) check that

||vh—wh||iz(Y):fY{ > |vh—wh|2}dy:fy{ 2 (|v’11_w’11|2+|v2—w2’2)dy}

N (vh) N (")
= Z |vh—wh|2 dy:f Z |2vh’2 dy
‘Lﬂ(vh){ b } Y{W(vh) ' }
_ h|2 h _ h
= fy{ﬂ%’thﬁ }dy54msfy{ﬂ%h)|v1|}dy—4msy .

Then if ” is not in the same direction as p°, we combine equation from Step. (1) and the

? X e
= ! NI

=
g
=

Figure IIL8: Flipping an individual v € .4 (vh)

above using triangle ineqality to get ( Recall v"=R (Bh)uh)

0

e —w" | Loy < 0" = 0" | Loy + 0" =0 ]| oy = C(Iﬁ" -8+ - ﬁhim) Lo

and w” satisfies our other requirements too,
whdy =2 and whdy = |2
y 1 y 1> y D y ol

Cases A.2 fy2{ Zh v}f}dy<yh.
N (0")

As in the previous cases, use the map defined above to flip all the v € A (vh). Let us thus define
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U" through its A3 values UP® and i € {1,2,8,---h3}

vh,(i) if vh,(i) € %(vh)

(= oD D BOL g ghi) e g (vh)

Uh,(i) =

and we repeat the calculation of previous case to get
[o" ~U" |22y, < 4msy™. (IILA.9)

By construction the h? values U™ of U" exist only in .(U") and B - fy Uldy<y" and fY Uz =

{o0,0 }T. Define a new map I'y : msS2— m;S?2 acting on U” = (U{l,Uz) as,

Iy (UMD UhO) s (PO 4 oD AU D) = WO

where aﬁ’(i) = \/|Uf’(i)|2 +(1-22) |Uf,’(i)|2—Uf’(i) > 0 is choosen so as to make (Uf’(i)+a2’(i),7LUZ’(i)) €

mgS2. In Figure [IIL.9 we have given a schematic version of the contraction map I'y operating in 2

X A X A

Figure II1.9: Contraction by A of all v ;. Note contraction by A increases the average magnetization
along X-axis

h,(1)

dimensions with all the v constituting v” on a 2-dimensional ball of radius ms. Then we have

on rearranging and squaring

A=) |ULDP = ol PP + 222 OUMD <O 1 2] 0] JUPD), (I11.A.10)
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Also by definition mg = |alj’(i)| = 0 which then gives us

f{zm"(” *ld SmsL{§)|a’;’“’|}dy=ms/ {Zah‘“} (IIL.A.11)

and using m, = [U%")| with (IILAT0) gives

1=0

h? h3
h(i) h,(i)
<m a,”rdy+2m f a,|rdy
3

h .
<3my, fY { Zo agm}dy- (II1.A.12)

(1_12)[Y{§)|U1};’(i)|2}dy5f {Z\%W } L{E’)QIQZ’(i)| |U{L,(i)|}dy

Next we choose A such that

f { Z o Oldy f { Z | V| dy = 3 - f Uldy<y (ITL.A.13)
Set W’){ =T,(U"). Then
Wi Um0 = [} A - Up O} = o O - DU O

and using equations (ITLA.TT), (IIL.A.12) and (ITL.A.13) gives

h3 . h3 .
L|W’;—Uh|2dy=fy{z|a§’(”|2}dy+(A—1)2L{;)|U§;"”|2}dy
l 1=

A—1)2

3
Smsfy{lZWAm”d +3ms——5 Y{§|ag»(i)|}dy

A LA h h—oo
_ms(1+3m) f {§0|% |fdy < amy" =0, (ITLA.14)
Thus for this value of A using eqn. , setting w” = Wh gives our result as fY w}lld y=p9,

fY dey =0 and combining eqns. ([IL.A.6) from Step. (1), (IIT.A.9) and gives using
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triangle inequality ( Recall vh = R(Bh)uh)

" 0" | oy < 18" = 0" [ oy + [0 = U oy + U =W o)

<c(|p°- B[+ |p° - B"V*) =0,

Cases A.3 dy >—yh
N (v h)

Define for some [ < |4 (v")], Wl throguh it’s h° values as

{- }f(l) g’(i),vg’(i)} if ie JV(vh) and i</,
vh,(z)

whb® .- (ITIL.A.15)

otherwise .

h() _

Recall that we ordered the set .4 (v") in the sense that vy —v}ll’(m) if Il >m. Let (j+1)eN be

the minimum value such that using the above defnition of W’/

{i>(+1)} o lis(G+D}
fWhJ+1d _fY Ilz(z) 3 vill,(z)Jr ¥ |vl(z)|}
M (0") JV(vh) N (")
{i>G+1)} . li=g-1 |Y*|
h() h,(D) (1) h,j+1
S RPN SR S PR TR
VACK! N (vh) N (vh)
= L+h73 Y| ([oM]+ oI ) = B = B2, (I1L.A.16)
o >} {i=G-1)}
where we have set &£ := h’(l)+ oy h( D l<i |v1 v }dy and
Y M(vh) N (wh) N (h)
. . i>G+D} o {is(-1) Y*
[wiiay=[ {5 o078 0 o ay s B gty
Y Y uwh H(wh) N (vh)
=L+h73 Y| (0] - ) = < B2 (ITL.A.17)

Set p := {—vill’(J) v;l Dy g’(j)} and q := {—v’ll’(ﬁl),vg’(ﬁl),vg’uﬂ)} and note that equations
and (IIL.A.17) can be written as

L+h7P Y] (p1+q1) =2 6, and L+R3Y*| (p1-q1) = < p°.
Then using Lemma [[TI.A-4 we get two vectors u and v such that

L+h3 |Y*| (ul +Ul) =f°,
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and h3|Y*|(up +v,) =h73|Y*|(p, + q,). Define then w” through its 43 values as

i) if{fi=j&ieN (o)}, andv if{i=j+1&ieN(v")},

Whi+L) gtherwise .

It’s easy to check that w” satisfies all our requirements.

The only remaining case is if j = 0, i.e. for the first element of A4 (v?) flipped, we already cross
BS. First define WhI=1 exactly as in equation with / = 1 and the only element being
flipped is v»=D. Then note that

AW = PR and [ Witay= (5 er)> B

Let the element just flipped i.e. v1 be indexed as per the ordering specified to some element
Whl® with ke u (Wh’l). If 2 > 1, i.e. the element just flipped is not the element with the largest

x1 component, then choose

p=WhH=D andie u(Wh),  q=WHhH=h andiec.u(Wh).
Then using Lemma again, generate u and v so that if we define
uif{i=1&ieN(v")}, andv if{i=Fk &iecN(v")},

W) .= _
whL® otherwise .

and again one can check that w” satisfies our requirements.

If £ =1, i.e. the flipped element has the largest x; component and gets indexed as W/-1.(=1
and i € .4(W"?1), then from .4 (W"!) flip the elements starting from index i = 2 to some j, i.e.
the elements with index {2,3,---j} € .4 (Wh’l) such that if we define the magnetizations U?/ and

U7+ thorugh it’s A3 values as

h,1,(7) h,1,(0) h, 1,300 - . h,1 .
. W W W, if ie#u(WH)and1l<i<l,
Ul ® . { 1 2 3 ' ( ) (III.A.18)

wh1.0) otherwise ,
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then
h.j h,1,(0) i S h1,(0) D P
fUl’de: { X wpt@s ZW” Z W” by+ = (Wbt e Wy
Y Y A (W1 WY WY h
=L+h73 Y| (WM e WP = g = g0, (IILA.19)
{i>j} {1<i<j}
with 2= | { ¥ W{”l’(l)+ y wpto_ Ty Wh’l’(l)}dy and
Y ywhy W) MWL)

UMy whL® Whm) {1<"]+1}Wh,1,m gvs X qhan | 1o
1 Z + Z 2 y+ h3( 1 W )
Y Y v WD) Ve

=L+h73 Y| (Wt W) = g < g0, (I11.A.20)

Then use p = wh D and q= WwhU+D and proceed as before.

CaseB: f!>p9

Starting from i = 1 upto some index i = %, define U” as

L {0l PO LN e e t(vh) and i <k,

v/ otherwise .

where we are now flipping members with positive X -axis contribution, so that
h h h
fyUldy<,6‘{ and [v"-U ||L2(Y)

Then we have reduced ourselves to Case A, except our function is U” and not v”. It can be solved

using the methods of Case A. O

III.B Periodic Unfolding

In this section we define the periodic unfolding operator and the averaging operator and list some
of their properties. The section’s contents are based on [Cioranescu et al., 2008].

As usual let Y be the unit cube and Q be a domain with 0Q bounded. For z € Z2, let use define

Ye,=ez+eY Zgz{zez3|QﬂYE,z¢¢}



II1.B: Periodic Unfolding 105

It is clear from above that ,cz, Y is a covering of Q by €Y sized tiles. Thus any x € Q has to
belong to some Y, . where 2, € Z.. Such an x can be written as

x=6z0+sy0:£[§J +£{§}

where 2z, = |%| is the floor function. The floor function |- | is defined as the greatest integer
less than or equal to its operand. Also the operator {-} above represnts the fractional part of it’s

operand. Let us also set

Qf:= U Yer, ifY,,€Q A=Q-0F

z€Z,

i.e. QF is the union of all Y, . which are proper subsets of () and A is the remaining Y, , which
are so close to the boundary that some part of these elements lies outside (2. Then we define our
unfolding operator as follows:

Definition IIL.B.1. For any measurable function ¢ on Q, we define the unfolding operator T; as

follows:

e|Z] +ey for (x,y)eQfxY,
Te(Pp)x,y) = olelz] )
0 for (x,y)e A®*xY.

Similarly let us now define the averaging operator U¢ next.

Definition ITI.B.2. For 1 < p < oo we define the averaging operator Ug : LP(Q xY) — LP(Q) as

follows:

Ue(D)(x) = ]{,®(5L§J+Ep,{§})dp for (x,y)€QF,

0 for (x,y)e A°.
We than qoute the following theorems all of which can be found in [[Cioranescu et al., 2008].

Theorem III.B.1. Let w® be a bounded sequence of functions in LP(Q) with 1< p <oo. Then the
following assertions are equivalent:
(a.)T*(w®) converges weakly ( respectively strongly ) to w in LP(Q2xY)

(b.) wt weakly ( respectively strongly ) two-scale converges to w in LP(Q xY).

We state as a theorem Proposition 2.18 from [Cioranescu et al., 2008]|.
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Theorem III.B.2. Let w® be a uniformly bounded sequence of functions in LP(Q) with 1< p < oo.
Then the following assertions are equivalent:

(a.)TE(wE) —win LP(QAxY)

(b.) w®-U*w)— 0in LP(Q).

Based on the definition of the unfolding operator and Theorem [III.B.1] its easy to check that if
w(x,y) e L?(Y;C(ﬁ)) and we set wé(x) = w(x, e x), then

w2 w in L2QxY)  or equivalently T (W) — w in L2QxY) (IILB.1)

This combined with Theorem [II1.B.2| gives us that if w®(x) = w(x,e ') as above for w(x,y) €
L(Y;C(Q)), then

wE(x) - Ul (w)(x) = w(x, e 1x)— Us(w)(x) — 0 in LP(Q) (II1.B.2)

Finally using the tiling decomposition of any set (2, we first show an approximation result for any

function u € L2(Q, m¢S?). This result follows Assertion 1 in [De Simone, 1993].

Lemma ITILB.1. Let u € L2(Q;mS2). Then there exists a sequence u® € C(ﬁ;mssz) such that

ut — uin L3(Q;m,S2).

Proof. Let € =1/m for m e N. We define u"(x) as

u™(x) :=][ u(p)dp, if x€eViypm,.

1/m,z

with u extended by 0 on cells Vi, . € Q. The Lebesgue Differentiation theorem and Dominated

Convergence theorem then gives us that u¢ — u in L2(Q). We next define

u”(x) . m
u"(x):= S Tum o) i le™(x)] #0
mgv otherwise

where v is an arbitrary fixed unit vector. Then note
|ﬁm(x)—um(x)| = |mS - Ium(x)|| = \Iu(x)l - Ium(x)|| —0 ae x€eQ.

Then triangle inequality in the form |l~tm - u| < |l~¢5 - um| + |um - u| and Dominated Convergence

theorem gives us that #™ — u in L2(Q;m,S?). Thus we have approximated z with functions in
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u™ € L?(Q;m¢S?) but with finite range. To mollify them we do the following. We define

u(x) if xeQ
g"x)=
mgv if xeR3/Q

with v again being arbitrary fixed unit vector and clearly g™ is also a function with finite range
in L%OC(R3;mSS2). Let mgS23z € range(g™) be one of the values taken by g™. Let m, be the
stereographic projection with projection center z. Then becuase of the finite range of g™, the
stereographic projection 7,0g™ lies in a bounded set in R2. Next let P1/n € C8°(R3; R3) be a standard

mollifier. Then define (* is the convolution operator )
g‘m’n(x)zﬂglo(pl/n*”zogm) ECI(R3§mSS2)‘

Note |[g™"| =m, and g™" — g™ in L?O C(R3;IR23). Restricting g™ to Q and calling the restriction

2™ we note ™" "= @™ in L2(Q;mS?) and @ " u in L%(Q;m;S2). Then standard diag-
onalization arguments gives an increasing mapping m — n(m) such that lim,, ... g M)~y in

L2(Q; msS?). O

We also qoute a very elegant lemma frequently used to justify diagonal sequence construction in
the calculus of variations. This result is directly qouted as Lemma 11.1.1 in [Attouch et al., 2006]
and proved originally in [Attouch, 1984]].

Lemma IIL.B.2. Let a,, , be a sequence in a first coutable topological space X with (m,n) €N xN,

such that
lim ap,=an and lim a,, =a.
n—oo m—0o0

Then there exists an non-decreasing map n— m(n) from N to N, so that

lim apn) . =a.
n—o0



Chapter IV

Discussion and Summary

IV.1 Discussion and numerical results

In this work we have used asymptotic methods and variational analysis to obtain simpler mod-
els for studying the physics of magnetostriction and ferromagnetism for two different geometries
proposed for use as an acoustic sensor. In the following sections, we will present in more detail,
the implications of the results of chapter [lIj and |LLI| towards the design considerations for devices
based on the corresponding geometries.

IV.1.1 Sensor : homogeneous wires

In chapter |II, we studied the behavior of thin homogeneous nanowires made of magnetostrictive
materials. Using the inspiration of one-dimensional models like Euler-Bernoulli beam bending
theory in 3-D elasticity, we similarly derived one-dimensional models for such wires. The cor-
responding theories thus derived were then solved for the case of Galfenol and the results were
shown to agree very well with physical observations. The bending model for magnetostrictive
nanobeams is non-trivial and while it is related to the Euler-Bernoulli model, it contains terms
coming from the magnetization.

The basic design that we are trying to understand is given in figure As mentioned in
chapter[II)in greater detail, the Galfenol wires as grown have a wire axis which is along the <110>
crystallographic axis and the natural minimizing state of magnetization even under large bending

is an axial state of magnetization. Figure shows individual wires which have been bent

108
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Acoustic Waves

a2

Anodic Alumina Matrix

GMR Sensor

Figure IV.1: Proposed Sensor : Sensor using wires of equal length

significantly by an AFM tip, yet retaining their axial minimizing magnetization. This hardness

SEI 30.0kY  X9,000 1um WD 17.4mm

Figure IV.2: Individual wires sustaining large bending using AFM tip, yet retaining axial magnetization

[Downey, 2008]

associated with the axial minimizing state was shown to be an outcome of the scale separation of
total energy into orders, with the axial magnetization minimizing the first I'-limit problem, while
the bending problem itself appearing as the third I'-limit problem. Thus right away, it is clear
that the phenomenon of magnetostriction plays no role in the working of such a sensor, as the
magnetization and the associated spontaneous strain is a fixed quantity, and any bending strain

superimposed over that, acts as a purely elastic term.
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Next, we look at the field change due to a 2-dimensional array of nanowires as in the de-
sign [IV.1] when we allow the wire matrix to bend. The bending law that we use is the modified
Euler-Bernoulli law of equation from Theorem in Chapter [[Il The right side part
of Figure |[V.3| shows the basic design, with wire diameters being 60nm, center-to-center distance
between adjacent wires in a square matrix being 300nm ( T in the figure ), length of the wires
being 1um ( L in the figure ), and finally the point at which the field is being measured ( point P in
the figure ), being 300nm below the nanowires( a in the figure ). We plot graphs for field readings
at this location. Assuming that the wire orientation is along the z-axis, the figure [[V.3|shows the
field reading in the z-direction, i.e. H, in Oerstads as a function of the angle that the wires are

bending. Next we plot the field generated at the same point P, but in the x-direction, assuming the

223.78
L7
X

378

[ e ey ey

: De

N 22378

[

R L A
23,77 T T T : - : : . ) : : q
0 2 4 6 8 10 12 14 16 18 —)‘: 27T :‘f— !
©: Angle in degrees P

Figure IV.3: H, field change at P below the wire matrix

wires are bending in the x-direction. Figure shows the corresponding graph. It is clear from
these two figures, that there is very minor change in the field for fairly large angles of bending.
The reason for this is not very obscure though. Simple estimates show that the field reading at
any point close to this geometry, is affected mostly by the distribution of free poles created by the
magnetization at a free surface. In our case, the magnetizations being always axial, the poles are
created at the top and bottom faces of the nanowires. For a point below the bottom face like P,

the bending of the wires, moves the poles at an end which is very far away from P. Meanwhile the
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Figure IV4: H, field change at P below the wire matrix

bending leaves unaffected the poles at the cantilevered end, which are very close to P. As a result
the field changes are very small.

As a result, the first change that was thought off to remedy this situation is, to put a sensing
element like a GMR, above the wire array. This would keep the sensing elements much closer to
the ends which move. Figures and show graphs of the corresponding reading of the field

at a point P which is now located 300nm above the wire matrix.
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Figure IV.5: H, field change at P above the wire matrix

It is clear that in this case, the field changes are much more substantial, with the graph in
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Figure IV.6: H, field change at P above the wire matrix

figure showing a change of 100 Oerstads and a reversal in sign. The change of sign and the
fact that it is close to 8° in angles, is also easy to understand. At close to 8° bent, the moving ends
of the wire are in between the basal faces of adjacent neighbors. As a result the poles at the free

end, form a symmetric distribution around P, and produce a net zero x-field.

IV.1.2 Sensor : heterogeneous multilayered wires

This section deals with the analysis of the design of figure Typically these matrices contain
several million wires arranged in a square matrix with each individual wire further consisting
of hundreds of layers of non-magnetic and magnetic segments. The main result is the derivation
of a homogenized model for this structure. Similar results will also be valid for composites with
small ferromagnetic inclusions. We then studied the stability of the staturared state i.e. the apex
of the M vs H curve and investigate the nucleation problem as classically presented by Brown. As
a result of this we got a broad generalization to three dimensions, of a result known in literature
as the fanning model. This symmetric fanning model was proposed as a possible mechanism
for instability of a uniformly magnetized long thin wire if one thought of the wire as a chain-of-

spheres. Recall from equation (II1.5.22) in chapter [ILI], we know the critical field is given by
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Figure IV.7: Geometry of the multilayered sensor model

cr

fQéaper({Ea?aO})dx
e :9N2—21'[1—(J[ ay3w;*(y)dy)—2 _inf —
m kY* (B,Y)e(B%) A ~
: DAY [ (1B + |7]° )

where %" is given from equation (IIT.5.18) as %* = {B(x,y) € 7 \Vx €Q, ﬁyﬁ(x,y)dy =0}. Note
in the above equation that the infimum is insensitive to the position x € Q. Given a class of
functions which are supported on £Y *, have average zero, and are constant on each Y;* € kY", let

there be two functions 5°(y) and ¢°(y) which minimize over this class the following fraction,

5’per({b°(y),co(y),0}) — inf éaper({b(y),c(y),o})
0 (1671 + o) 0 (1612 +1c[*)

Then, it is clear to see that E(x, y) = b°(y) and Y(x,y) = c°(y), minimize the infimum in equa-
tion (II[.5.22) and give us our critical field. Thus the critical field calculation collapses to a
Maxwell’s periodic problem over the domain £Y.

Next we come to the question of how we can solve for the energy &p.,? The typical method
would involve either solving the corresponding periodic Maxwell’s equations and numerically com-
puting this energy explicitly, or otherwise using some numerical summation method like Ewald
summation to evaluate the energy of a periodic pole distribution directly. Talk of solving for such

an energy, evokes many deep questions about the typical contradictions that are inherent in sum-
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ming energies of monopole and dipole periodic distributions and the possibility of some charge
distributions having an energy which diverges.

The main contradiction pertaining to magnetic dipoles is as follows: Any periodic cell with it’s
magnetization, far from the origin looks like some combination of dipoles. Typically dipole fields
decay at the rate of 1/r3, where r is the distance. However as the volume of dipoles are increasing
at the rate 2 for an infinite periodic distribution, the interaction energy diverges, or at the very
best conditionally converges. To resolve this, lets look back at our own case. Note that f and 7 have
an average zero, which means that for a periodic cell supporting them, they behave as multipoles.
The order of the multipole depends on the value of £ and the generality of the functions. As a
result, the field that they generate has decay faster than 1/r4, and they sum quickly even in real
space.

Note also that even if a magnetization m supported over a periodic cell did not have a zero
average, the periodic Maxwell problem as defined in equation is given by that potential
" which solves the periodic problem for m — ﬁ Ymd y. Thus ¢’ in fact solves for any ¢(y) € Cgo(kY)

f (— VY9 (x, y) + 47 (m(x, y) —][ mdy) ) VYp(y)=0 V.
Y kY

Here again it is easy to see that whatever m be, the quantity m — ﬁ Ymdy has an average zero
over kY, and in fact it is also a multipole of order greater than a dipole. As a result, for all our
numerical computations, the periodic energy &,., will be evaluated by summing the interaction
energy over real space upto some accuracy.

With all these observations in mind, we go back to the problem of minimizing energy .#9, over

(®)
A" defined as in Theorem [II1.4.1, where S is given in equation by,

G\ (m) = fg [—ha(x)-m(x)+ inf {ﬁy (@i, y)+ élvywi‘,(x,y)lz)dy}] dx

wedf

1
+f —Ihm(x)l2 dx.
rR3 87

We then use a discretization over Q, and a conjugate gradient algorithm with numerical con-
tinuation using the applied field as a parameter. Such an algorithm has been used in [Kinder-

lehrer and Ma, 1994] to compute hysteresis curves in regular micromagnetics in the absence of
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exchange energy. The periodic energies are summed as a real-space sum. The figure [[V.8| shows

the geometry of our problem, whose details are as follows:

a). Q: is a sphere of radius R=20um,
b). Y. : the scaled periodic cell with L1 =100nm,Lo =100nm,Ls=80nm,

¢). Y. : the magnetic segment [; = 60nm,ly =60nm,l3 =40nm.

The wire axis is along the z-direction. The figure shows the M vs. H curve for this geometry.

Figure IV.8: Geometry of our model

It is interesting to note that the M vs H curve generated, passes at zero field through a zero
magnetization state. As a result, this behaves effectively like a super-paramagnetic material. The
best way to explain this is that, as the field reduces, the large number of dis-connected segments
allow the magnetization to relax very well. For large enough %, the relaxation can be good enough
to allow for zero magnetization, at zero applied fields. Also for % large enough, one can imagine
that the hysteresis curve also stabilizes, i.e. further increments in %, do not change the curve in
any appreciable way.

More work needs to be done to understand how the sensor geometry can be understood to effect
it’s design consideration based on these calculations. The generation of the M vs. H curve only

signifies the first step towards understanding how a sensor would behave. Further work may also
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Figure IV.9: M vs. H for a multilayered wire matrix, k=2

be done to understand the dynamics of a vibrating magnetostrictive nanowire. In case of wires
which are not magnetized along the wire axis, non-trivial magnetic correctors occurring along with

the bending phenomenon, may provide very interesting behavior.
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