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Abstract

I present an investigation of the multiplicative structure of H∗(SL1MU ;F2) as an al-

gebra over F2. This includes a list of generators in low degrees and the multiplication

table for these generators. This ring has applications in topology related to orientability

of vector bundles, as it is closely tied to the homology of the spectrum sl1MU . The

ring H∗(SL1MU) is closely tied to the Hopf ring H∗(MU2⋆) introduced by Ravenel and

Wilson in 1977 [17]. All of the available multiplicative information on H∗(SL1MU)

descends from H∗(MU2⋆), and accordingly, I present a complete algebraic description

of this Hopf ring.
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Introduction

In recent history, there has been considerable interest in the spectra sl1R and gl1R for a ring

spectrum R [3, 10, 11, 18]. However, much remains unknown; in particular, the homology

of sl1R is largely a mystery.

In [13, Section 1], Miller constructs a spectral squence that provides an algebraic connec-

tion between SL1R and sl1R or GL1R and gl1R. In particular, the Miller spectral sequence

provides a method to derive information about H∗(sl1R) from information about H∗(SL1R)

and the Dyer–Lashof operations on the latter. This motivates us to study H∗(SL1R), as

information on this ring is also very limited. This is the central topic of this thesis.

I will briefly recall the relevant definitions and motivation for these constructions. Given

a ring spectrum R, the spaces GL1R and SL1R are defined by the following pullback squares

(see, for example, [3, p. 3]):

(π0R)×

GL1R

π0R

Ω∞R

{1}

SL1R

π0R

Ω∞R

Figure 1: Pullback squares defining GL1R and SL1R for a ring spectrum R

We refer to GL1R and SL1R as the units space and kernel space of R, respectively. From

these spaces, we obtain the units spectrum gl1R and the kernel spectrum sl1R: they are the

(−1)-connective spectra satisfying Ω∞gl1R = GL1R and Ω∞sl1R = SL1R.

Historically, much of the motivation for these concepts related to investigations of vector

bundles. Given a vector bundle ξ → X, one of the most basic questions one might ask is

how far this bundle is from being trivial; that is, how “twisted” it is. One of the primary

obstacles to triviality for a vector bundle is orientability; certainly if ξ → X is not orientable,

it cannot be trivial. To address this question, we typically consider the characteristic classes
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INTRODUCTION 2

of ξ → X. In particular, if we assume this is a real vector bundle, then we find an obstruction

to orientability in the form of the first Stiefel–Whitney class, w1(ξ). This can be constructed

as a composite

X → BO(n)→ BGL1S→ BGL1HZ

of maps which I will define here.

First, recall that the bundle ξ → X is determined by a classifying map X → BO(n),

where BO(n) is the classifying space for the orthogonal group O(n). Let S = Σ∞S0 be the

sphere spectrum and HZ the Eilenberg-MacLane spectrum representing integral homology.

Both are ring spectra, which in the latter case means there is a canonical unit map S→ HZ.
This map is then a ring map with respect to the ring structures on both spectra.

If R is an E∞ ring spectrum, then GL1R is a group object in the category of spaces, as

it inherits a product from the multiplicative structure of R. Therefore, in this case there

is a classifying space BGL1R, and the unit map S→ R induces a map BGL1S→ BGL1R

[10, p. 333]. In particular, we have a map BGL1S→ BGL1HZ.
We can further define a map O(n)→ BGL1S as follows. GL1S includes into the space

Map(S, S) ≃ Ω∞S as the subspace of self-homotopy equivalences. One way to obtain a

self-homotopy equivalence of S is to consider the composite

O(n)→ Map∗(S
n, Sn)

Σ∞
−−→ Map(S, S)

where the second map is induced by the suspension functor and the first is given by the

action of O(n) on Rn∪{∞} ∼= Sn. The image of the composite O(n)→ Map(S,S) lies inside
GL1S since the elements of O(n) are invertible. Therefore, we have a map O(n) → GL1S,
which induces a map BO(n)→ BGL1S.

These three maps then define the first Stiefel–Whitney class

X → BO(n)→ BGL1S→ BGL1HZ

as noted above. We generalize this construction by replacing HZ with an arbitrary E∞ ring

spectrum E. In this case, if the map X → BGL1E is trivial (that is, nullhomotopic), then

there is a Thom isomorphism for E-cohomology. That is,

E∗(X) ∼= E∗+d(Th(ξ))

where Th(ξ) is the Thom space for ξ → X.

Thus we obtain an avenue to study the orientability of ξ → X. However, the result
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is of limited practicality because in general, computing a map of spaces X → BGL1E is

difficult. One way we can improve the situation is by transporting this result from the

category of spaces to the category of spectra, where there is much more structure on maps

available. Provided that E has a strictly commutative structure, then we may replace the

map X → BGL1E with a map Σ∞X → Σgl1E. This spectrum map Σ∞X → Σgl1E

motivates us to study the object gl1R in general.

Now I recount the construction of the Miller spectral sequence. This is heavily based

on [13, Section 1]. Given an Ω-spectrum E and X = Ω∞E, the natural map Σ∞X → E

induces a split epimorphism Ω∞Σ∞X → X. Therefore, there is a fibration sequence

E(1)→ Σ∞X → E

in the category of Ω-spectra. Let X(0) = X and E(0) = E. Then iterating the process

above, we obtain a resolution

E(0)← Σ∞X(0)← E(1)← Σ∞X(1)← E(2)← · · ·

of E in which, for each n ≥ 0, the sequence E(n + 1) → Σ∞X(n) → E(n) is a fibration

sequence of Ω-spectra, and each map Σ∞X(n) → E(n) induces a split epimorphism on

infinite loop spaces. If we fix a prime p, then applying mod-p homology H∗(−) to this

resolution gives a spectral sequence converging to the associated graded module of a certain

filtration of H∗(E) [13, p. 1]. We compute the E2 page of this spectral sequence as follows.

If we apply Ω∞ to each sequence E(n+1)→ Σ∞X(n)→ E(n), then we obtain fibration

sequences of spaces

X(n+ 1)→ Ω∞Σ∞X(n)→ X(n)

in which the second map has a section. This implies that Ω∞Σ∞X(n) is weakly homotopy

equivalent to X(n + 1) ×X(n). Therefore, applying H∗(−), we obtain a split short exact

sequence of Hopf algebras over the Dyer–Lashof algebra:

Fp → H∗(X(n+ 1))→ H∗(Ω
∞Σ∞X(n))→ H∗(X(n))→ Fp

These then concatenate into a resolution

Fp ← H∗(X)← H∗(Ω
∞Σ∞X(0))← H∗(Ω

∞Σ∞X(1))← · · ·

of H∗(X) of Hopf algebras over the Dyer–Lashof algebra.

Now, using this resolution, we can construct the E2 page. Letting QA be the module
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of indecomposables for an algebra A and letting L•(Fp ⊗Q)(−) be the left-derived functor

of (Fp ⊗Q)(−), we have

E2
s = Ls(Fp ⊗Q)(H∗(X))

The E∞ page is not H∗(E), but the associated graded module of a natural filtration

on H∗(E) (see [13, Section 4] for details on this filtration). That is, the extension problem

remains. Regardless, this spectral sequence does provide a connection between H∗(E)

and H∗(X), and thus in particular, H∗(gl1R) and H∗(GL1R) or H∗(sl1R) and H∗(SL1R).

Because the resolution of H∗(X) is in the category of Hopf algebras over the Dyer–Lashof

algebra, it is also necessary to understand the Dyer–Lashof algebra itself. In particular, we

would like to understand how this algebra acts on Hopf algebras of the form H∗(X) for a

space X. Note that the homology of a space X does not necessarily have a natural Hopf

algebra structure, but it does when X is an infinite loop space; see [4, p. 35] and [7, p.

2]. See Definition 1.10(1)–(3) for an example relevant to this thesis. Given a Hopf algebra

H∗(X), the action of the Dyer–Lashof algebra on H∗(X) takes the form of Dyer–Lashof

operations Qs : H∗(X) → H∗(X). Explicit formulas for these operations are not known in

general, though Turner computes some of those on the homology of complex bordism in

[19, Theorem 3.15]. Further details can be found in [7, 12, 8, 14, 2, 6].

In order to study H∗(sl1R) via the Miller spectral sequence, we must first understand

the structure of H∗(SL1R). In this thesis, I present a description of the low-dimensional

multiplicative structure of H∗(SL1MU ;F2). Given the universal role of MU in stable

homotopy theory and the beneficial properties of F2 coefficients in the subject, this is a

natural starting point for the problem.

In order to understand H∗(SL1MU ;F2), we take advantage of a certain isomorphism of

F2-vector spaces between H∗(SL1MU ;F2) and a subspace of H∗(MU2⋆;F2), where MU2⋆

is the Ω-spectrum associated with MU . In particular, in [17, Section 4], Ravenel and

Wilson show that H∗(MU2⋆) has the structure of a Hopf ring with additive product # and

multiplicative product ◦ on generators [z], z ∈ MU2⋆(pt), and bn, n ≥ 0. These will be

defined in Chapter 1.

The element [0] ∈ H∗(MU2⋆) is represented by an element in a certain path component

of MU0. Following Ravenel and Wilson, we denote this path component by MU ′
0 [17, p.

28]. We then have the following result, to be proved in Chapter 2.

Proposition 2.2. The map

H∗(MU ′
0)

[1]#(−)−−−−−→ H∗(SL1MU)
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is an isomorphism of abelian groups.

This provides our computational approach: certain parts of the algebraic structure on

H∗(MU2⋆) pass to H∗(MU ′
0) and then in turn to H∗(SL1MU).

In Chapter 1, I present the Hopf ring structure of H∗(MU2⋆). This is largely based

on [17] but includes several new calculations that are necessary for the rest of the thesis.

In Chapter 2, I use the content of Chapter 1 and the isomorphism above to compute the

main result, the low-degree multiplicative structure of H∗(SL1MU). Chapter 2 is followed

by an appendix with more explicit information on the Hopf ring structure of H∗(MU2⋆).

The generators [z] and bn above are subject to many very complicated relations, and the

appendix contains an explicit list of those relations in low degrees.



Chapter 1

The Hopf ring H∗(MU2⋆)

1.1 Definition

1.1.1 Hopf rings in the abstract

Definition 1.1. Let R be a Z-graded commutative ring with 1. A (Z-graded, cocommuta-

tive, coassociative) coalgebra (with counit) over R is a Z-graded R-module C =
⊕

n∈ZCn

with maps

ε :C → R (counit)

∆ :C → C ⊗ C (coproduct)

satisfying ∆ : Cn →
⊕

i+j=nCi ⊗ Cj and making the diagrams in Figure 1.1 commute.

A morphism of coalgebras is an R-module morphism f : C → D that respects the counit

and coproduct; that is, f makes the diagrams in Figure 1.2 commute. From this point on, a

coalgebra will always mean a graded, coassociative, cocommutative coalgebra with counit.

Unless otherwise stated, the grading will be over Z. We denote the category of such objects

over R and accompanying morphisms by GCoAlgR.

Remark 1.2. Much of the focus of this thesis is actually on evenly graded coalgebras over R,

the definition of which is completely analogous to the definition of Z-graded coalgebras. We

denote the category of evenly graded coalgebras over R by G2CoAlgR. Different gradings,

such as nonnegative grading, are also possible (and the definitions are again analogous).

Proposition 1.3. R is naturally an object in GCoAlgR, with the identity idR : R→ R and

the canonical isomorphism R→ R⊗R acting as the counit and coproduct, respectively. R is

a terminal object in the category, with ε : C → R being the unique morphism in Hom(C,R).

6
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C C ⊗ C

C ⊗R

C ⊗ C R⊗ C C=

=

∆

∆

id⊗ε

ε⊗ id

id

(coidentity)

C C ⊗ C

C ⊗ C C ⊗ C ⊗ C

∆

∆

∆⊗ id

id⊗∆

(coassociativity)

C C ⊗ C

C ⊗ C

∆

∆
τ (twist)

(cocommutativity)

Figure 1.1: Conditions on an R-coalgebra C

C D

R

f

εC εD

C C ⊗ C

D D ⊗D

∆C

f

∆D

f ⊗ f

Figure 1.2: Conditions on an R-coalgebra morphism f : C → D
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The category GCoAlgR has finite products given by C
∏

D = C ⊗D.

Proof. R and the proposed counit and coproduct trivially satisfy Definition 1.1. For any

R-coalgebra C with counit ε, any morphism f : C → R must satisfy idR f = ε, proving

that R is terminal.

For the pairwise product, take as projections the maps idC ⊗εD : C ⊗D → C ⊗R = C

and εC ⊗ idD : C ⊗D → R⊗D = D. Given another coalgebra B and maps f : B → C and

g : B → D, we note (f ⊗g) : B⊗B → C⊗D satisfies (idC ⊗εD)(f ⊗g) = (idC ⊗εC)(f ⊗f).

Then precomposing by ∆B gives (idC ⊗εD)(f ⊗ g)∆B = (idC ⊗εC)∆Cf = f . The other

projection is analogous, so (f ⊗ g)∆B satisfies the universal property.

Definition 1.4. Let R be a commutative ring with 1. A (Z-graded) Hopf ring over R is a

graded ring object H∗(⋆) in GCoAlgR. That is, for each n ∈ Z, H∗(n) is a coalgebra over R

with counit and coproduct

ε :H∗(n)→ R

∆ :H∗(n)→ H∗(n)⊗H∗(n)

and there are coalgebra maps

# :H∗(n)⊗H∗(n)→ H∗(n) (additive product)

η :R→ H∗(n) (additive identity)

c :H∗(n)→ H∗(n) (additive inverse)

◦ :H∗(m)⊗H∗(n)→ H∗(m+ n) (multiplicative product)

e :R→ H∗(0) (multipicative identity)

making the diagrams in Figures 1.3 and 1.4 commute. As with coalgebras generally, we

define Hopf rings with other gradings analogously.

There are various basic properties of Hopf rings presented in [17, Lemma 1.12]. I repro-

duce most in the following lemma (others are inherent in Definition 1.4, such as the fact

that the Hopf ring products, identities and the additive inverse are maps of coalgebras). All

of these properties follow directly from the definition of a ring object.

Lemma 1.5. Let x ∈ Hi(m), y ∈ Hj(n) and z ∈ Hk(n). For an arbitrary w, let |w| denote
the degree of w with respect to the ∗-grading; that is, for w ∈ Hp(q), we define |w| = p. I

will use the notational convention ∆(w) =
∑

w′ ⊗ w′′.

(1) Properties of the coalgebra structure:
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H∗(n)⊗H∗(n)⊗H∗(n) H∗(n)⊗H∗(n)

H∗(n)⊗H∗(n) H∗(n)

id⊗#

#⊗ id #

#

(associativity of addition)

H∗(n)⊗H∗(n)

H∗(n)⊗H∗(n)

H∗(n)τ

#

#

(commutativity of addition)

R⊗H∗(n) H∗(n)

H∗(n)⊗H∗(n) H∗(n)

proj

η ⊗ id id

#

(additive identity)

H∗(n) H∗(n)⊗H∗(n)

R H∗(n)

(id, c)

ε #

η

(additive inverse)

Figure 1.3: Additive conditions on a Hopf ring over R
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H∗(i)⊗H∗(j)⊗H∗(k) H∗(i)⊗H∗(j + k)

H∗(i+ j)⊗H∗(k) H∗(i+ j + k)

id⊗◦

◦ ⊗ id ◦

◦
(associativity of multiplication)

H∗(m)⊗H∗(n) H∗(m+ n)

H∗(n)⊗H∗(m) H∗(m+ n)

◦

τ c

◦
(anticommutativity of multiplication)

R⊗H∗(n) H∗(n)

H∗(0)⊗H∗(n) H∗(n)

proj

e⊗ id id

◦
(multiplicative identity)

R⊗H∗(n) = H∗(n) R

H∗(m)⊗H∗(n) H∗(m+ n)

ε

η ⊗ id η

◦
(multiplication by 0)

H∗(m)⊗H∗(n)⊗H∗(n)

H∗(m)⊗H∗(m)⊗H∗(n)⊗H∗(n)

H∗(m)⊗H∗(n)⊗H∗(m)⊗H∗(n)

H∗(m)⊗H∗(n)

H∗(m+ n)

H∗(m+ n)⊗H∗(m+ n)

∆⊗ id

id⊗τ ⊗ id

◦

#

id⊗#

◦ ⊗ ◦

(distributivity of multiplication over addition)

Figure 1.4: Multiplicative conditions on a Hopf ring over R
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(a) ∆(x) =
∑

(−1)|x′||x′′|x′′ ⊗ x′

(b) x =
∑

x′ε(x′′)

(2) Properties of the abelian group object structure:

(a) y#z = (−1)jkz#y ∈ Hj+k(n)

(b) ∆(y#z) =
∑

(−1)|z′||y′′|(y′#z′)⊗ (y′′#z′′)

(c) Let [0n] = η(1) for η : R→ H∗(n). Then [0n]#y = y

(d) cc = id

(e) ηε(y) =
∑

y′#c(y′′)

(3) Properties of the multiplicative structure:

(a) ∆(x ◦ y) =
∑

(x′ ⊗ x′′) ◦ (y′ ⊗ y′′) =
∑

(−1)|x′′||y′|(x′ ◦ y′)⊗ (x′′ ◦ y′′)

(b) [0n] ◦ y = ηε(y)

(c) Let [1] = e(1) ∈ H0(0). Then [1] ◦ y = y

(d) Let [−1] = c([1]) ∈ H0(0). Then c(x) = [−1] ◦ x

(e) c(x ◦ y) = c(x) ◦ y = x ◦ c(y)

(f) x ◦ y = (−1)ij [−1]◦mn ◦ y ◦ x = (−1)ijc(y ◦ x) ∈ Hi+j(m+ n)

(g) x ◦ (y#z) =
∑

(−1)|x′′||y|(x′ ◦ y)#(x′′ ◦ z)

(h) Let [n] = [1 + 1 + · · ·+ 1] = e(1 + 1 + · · ·+ 1) ∈ H0(0). By the coassociativity of

∆, we can unambiguously write

∆n(y) =
∑

y(1) ⊗ y(2) ⊗ · · · ⊗ y(n+1)

Then we have [n] ◦ y =
∑

y(1)#y(2)# · · ·#y(n+1).

I will also make extensive use of the following property, albeit indirectly via Proposition

1.20 and Lemma 2.9 in Section 1.2.

Proposition 1.6. In any Hopf ring H∗(⋆) and any x ∈ H∗(⋆),

0#x = 0 = x#0

0 ◦ x = 0 = x ◦ 0

Proof. Both follow from the fact # and ◦ are defined on a tensor product of R-modules,

and 0⊗ x = 0 = x⊗ 0.
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1.1.2 The Hopf ring for complex bordism

Definition 1.7. Let MU be the Thom spectrum, representing complex bordism. In par-

ticular, for n ≥ 1, MU(2n) is the Thom space for the universal bundle γ → BU(n) with

base space BU(n), the classifying space of the unitary group U(n). The structure maps

Σ2MU(2n)→MU(2n+ 2) are induced by the inclusion U(n)→ U(n+ 1).

We denote the Ω-spectrum associated to MU by MU2⋆. In particular, for n ∈ Z, we
define MU2n as follows. The structure map Σ2MU(2n)→MU(2n+2) for MU is adjoint to

a map MU(2n)→ Ω2MU(2n+ 2). By iterating the loop space functor, we obtain another

map ΩkMU(2n)→ Ωk+2MU(2n+ 2) for all k ≥ 2. We then have a sequence

MU(2n)→ Ω2MU(2n+ 2)→ Ω4MU(2n+ 4)→ Ω6MU(2n+ 6)→ · · ·

from which we define

MU2n = lim−→Ω2kMU(2n+ 2k)

Observe that MU2n = Ω2MU2n+2. Furthermore, by construction, there is a natural iso-

morphism MU2n(X) = [X,MU2n] where MU2⋆(X) is the MU -cohomology of X.

For many common choices of coefficients, the homology of MU2⋆ has the structure of

a Hopf ring [17, Lemma 1.13]. This thesis will mostly focus on the case of F2 coefficients;

however, many of the necessary results occur in more general cases, so I will retain some

generality while defining the Hopf ring structure.

Proposition 1.8. Let R be a commutative ring with 1 such that the Künneth isomorphism

H∗(MU2m;R) ⊗ H∗(MU2n;R)
∼=−→ H∗(MU2m ×MU2n;R) holds for any m and n. Then

for each n ∈ Z, H∗(MU2n;R) is a coalgebra over R with counit ε : H∗(MU2n;R)→ R and

coproduct ∆ : H∗(MU2n;R) → H∗(MU2n;R) ⊗ H∗(MU2n;R) induced by the unique map

MU2n → pt and by the diagonal map MU2n →MU2n ×MU2n, respectively.

Proof. The maps MU2n → pt and MU2n →MU2n×MU2n trivially satisfy the coidentity,

coassociativity and cocommutativity conditions at the level of spaces. Then taking singular

homology with R coefficients, we immediately obtain the necessary commutative diagrams

in Definition 1.1 by the Künneth isomorphism

H∗(MU2n ×MU2n;R) ∼= H∗(MU2n;R)⊗H∗(MU2n;R)

and the functoriality of H∗(−;R).
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Remark 1.9. The Künneth isomorphism holds for R a field k or Z. Therefore, there are

coalgebra structures as in Proposition 1.8 on H∗(MU2n; k) and H∗(MU2n;Z).

Now that we have a collection of R-coalgebras H∗(MU2n;R), n ∈ Z, we can construct

the Hopf ring structure on the graded object H∗(MU2⋆;R). I will do this initially using only

the properties of the spectrum MU2⋆ and singular homology. However, we will often require

a more explicit treatment of the elements and properties of the Hopf ring H∗(MU2⋆;R).

Therefore, I will also give an alternate construction using the abstract properties of Hopf

rings, originally due to Ravenel and Wilson [17, p. 242, pp. 250–251, Theorem 3.8, p. 262].

Definition 1.10. Let R be a commutative ring with 1 such that the Künneth isomorphism

H∗(MU2m;R)⊗H∗(MU2n;R)
∼=−→ H∗(MU2m×MU2n;R) holds for any m and n. We define

the necessary maps on H∗(MU2⋆;R) as follows.

(1) Because MU2n is a loop space, there is a natural product MU2n ×MU2n → MU2n

defined by concatenation of loops. We denote the induced map on homology by

# : H∗(MU2n;R)⊗H∗(MU2n;R)→ H∗(MU2n;R)

(2) The unique based map pt→MU2n induces a map

η : R = H∗(pt;R)→ H∗(MU2n;R)

(3) There is a map MU2n → MU2n defined by reversing the direction of loops. This

induces a map

c : H∗(MU2n;R)→ H∗(MU2n;R)

(4) Since MU is a ring spectrum, there is a product on cohomology

MU2m(X)×MU2n(Y )→MU2n+2m(X × Y )

Recall that for each k, MU2k(X) = [X,MU2k]. Therefore, if we choose X = MU2m

and Y = MU2n, this product becomes a map

[MU2m,MU2m]× [MU2n,MU2n]→ [MU2m ×MU2n,MU2m+2n]

Then the element (id, id) on the left hand side is sent to a particular map

MU2m ×MU2n →MU2m+2n
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on the right. This map in turn induces a map

◦ : H∗(MU2m;R)⊗H∗(MU2n;R)→ H∗(MU2m+2n;R)

(5) Given a space X, consider the element 1 ∈ MU0(X). Since MU0(X) = [X,MU0],

we can identify the inclusion {1} ↪→ MU0(X) with a map [X,pt] → [X,MU0]. This

defines a natural transformation of functors [−, pt]→ [−,MU0], which is determined

by a particular element of [pt,MU0]. The latter induces a map

e : R = H∗(pt;R)→ H∗(MU0;R)

Lemma 1.11. The maps of MU2⋆ from Definition 1.10 make MU2⋆ into a graded ring

object in the (unbased) homotopy category of spaces, Ho(Top).

Proof. The commutativity (up to homotopy) of the diagrams defining the associativity, com-

mutativity, identity, inverse and multiplication by 0 conditions is immediate. Distributivity

follows readily as well. Let

+ : MU2n ×MU2n →MU2n and • : MU2m ×MU2n →MU2m+2n

be the addition and multiplication from Definition 1.10 (1) and (4). For any spaces X and

Y , the cohomology product MU2m(X) ×MU2n(Y ) → MU2m+2n(X × Y ) is distributive;

that is, for α, β ∈ MU2m(X) and γ ∈ MU2n(Y ), we have (α + β)γ = αγ + βγ. Consider

(α, β) and γ as elements of [X,MU2m]× [X,MU2m] = [X,MU2m×MU2m] and [Y,MU2n],

respectively. If we set X = MU2m×MU2m and Y = MU2n, then in particular we can take

α and β to be the projection maps π1, π2 : MU2m ×MU2m → MU2m, respectively, and γ

to be the identity id : MU2n →MU2n. Then

(π1 + π2) id = π1 id+π2 id

in [MU2m×MU2m×MU2n,MU2m+2n], which is precisely what it means for • to distribute

over +.

Theorem 1.12. Let R be a commutative ring with 1 such that the Künneth isomorphism

H∗(MU2m;R)⊗H∗(MU2n;R)
∼=−→ H∗(MU2m ×MU2n;R)

holds for any m and n. With the maps #, η, c, ◦, e of Definition 1.10, H∗(MU2⋆;R) is a
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Hopf ring over R.

Proof. Because the Künneth isomorphism holds and the tensor product is a product in

GCoAlgR, and because pt and H∗(pt;R) = R are terminal objects in Ho(Top) and GCoAlgR,

respectively, we see that H∗(−;R) is a product-preserving functor Ho(Top) → GCoAlgR.

Therefore, if we apply H∗(−;R) to the commutative diagrams defining the associativity,

commutativity, identity, inverse, anticommutativity, multiplication by 0 and distributiv-

ity properties of the graded ring object structure for MU2⋆, we obtain the corresponding

diagrams for H∗(MU2⋆;R). Therefore H∗(MU2⋆;R) is a ring object in GCoAlgR.

1.1.3 An algebraic construction of the Hopf ring H∗(MU2⋆;R)

In this section, I will provide an alternate construction of the Hopf ring for complex bordism,

which Ravenel and Wilson showed is isomorphic to the Hopf ring of Theorem 1.12 [17,

Theorem 4.2(a)].

Throughout, I will assume that R is a commutative unital ring such that the Künneth

isomorphism H∗(MU2m;R) ⊗ H∗(MU2n;R)
∼=−→ H∗(MU2m ×MU2n;R) holds for any m

and n. Recall that by Proposition 1.8, this means H∗(MU2n) is a coaglebra over R for each

n ∈ Z.
We obtain the formal group law F for for MU cohomology, which we recall is complex-

oriented, as follows. Denote the orientation by xMU ∈ M̃U
2
(CP∞). Recall that CP∞ has

an H-space product CP∞ × CP∞ → CP∞. This induces a map

MU2⋆(CP∞;R)→MU2⋆(CP∞;R)⊗MU2⋆(CP∞;R)

under which

xMU 7→
∑
i,j≥0

ai,j(x
MU )i ⊗ (xMU )j

for some coefficients ai,j ∈MU−2(i+j−1)(pt) = MU2(i+j−1)(pt). We define the formal group

law F to be

F (y, z) = y +F z =
∑
i,j≥0

ai,jy
izj

H∗(−;R) is also a complex-oriented multiplicative cohomology theory, so for a particular

generator x ∈ H̃2(CP∞;R), we have H∗(CP∞;R) = RJxK. Let βn ∈ H2n(CP∞;R) be dual

to xn. By Proposition 1.8, the diagonal CP∞ → CP∞ × CP∞ induces a coproduct on

H∗(CP∞;R); in this case, we have βn 7→
∑n

i=0 βn−i ⊗ βi. We can consider the orientation

for MU , xMU , as a map CP∞ →MU2. For each n, define bn := xMU
∗ (βn) ∈ H2n(MU2;R).
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Furthermore, any element z ∈ MU2⋆(pt) yields an element [z] ∈ H0(MU2⋆;R) as fol-

lows. Such a z ∈ MU2⋆ is representable as a map z : pt → MU2⋆. This induces a map

on homology, R = H0(pt;R) → H0(MU2⋆;R), and we define [z] to be the image of 1 ∈ R

under this map.

Define β(s) =
∑

i≥0 βis
i ∈ H∗(CP∞;R)JsK and b(s) =

∑
i≥0 bis

i ∈ H∗(MU2⋆;R)JtK. We

define another formal group law

y +[F ] z = #
i,j≥0

[ai,j ] ◦ y◦i ◦ z◦j

In particular, we have

b(s) +[F ] b(t) = #
i,j≥0

[ai,j ] ◦ b(s)◦i ◦ b(t)◦j

In [17, Theorem 3.4], Ravenel and Wilson prove that in H∗(CP∞;R)Js, tK,

β(s)β(t) = β(s+f t) (1.1)

where f is the formal group law of HR. Because HR is a Eilenberg–MacLane spectrum,

f(X,Y ) can be taken to be the additive formal group law. Then in [17, Theorem 3.8], the

authors use (1.1) to obtain

b(s+f t) = b(s) +[F ] b(t) (1.2)

in H∗(MU2⋆;R)Js, tK.

Definition 1.13. Let H be the free Hopf ring generated by the coefficients bi of b(s) and

the elements [z] (for z ∈MU2⋆(pt)), modulo the relations implied by (1.2).

The following is Ravenel and Wilson’s main result [17, Theorem 4.7(a), Corollary 4.7(a)]

and provides us with an algebraic description of the Hopf ring H∗(MU2⋆;R) of Theorem

1.12.

Theorem 1.14. There is an isomorphism of Hopf rings H ∼= H∗(MU2⋆;R).

Remark 1.15. The statement that H∗(MU2⋆;R) is generated by the [z] and bi means that

any x ∈ H∗(MU2⋆;R) can be expressed by combining these elements using the three opera-

tions +, # and ◦. In particular, because # and ◦ distribute over + and because ◦ distributes
over #, any such x is of the form

∑(
#

(
⃝([z] ◦ bi)

))
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For this reason, we often only need to consider ◦-products of the generators, and at most

#-sums of such ◦-products.

1.2 Some simple computations

The following is an immediate consequence of the definitions of [z] for z ∈ MU2⋆(pt) and

# and ◦.

Proposition 1.16. Let u, v ∈MU2m(pt) and w ∈MU2n(pt). Then

(a) [u]#[v] = [u+ v]

(b) [u] ◦ [w] = [uw]

Proposition 1.17. b0 = [0]

Proof. By definition, b0 = xMU
∗ (β0), and β0 ∈ H0(CP∞;R) is dual to the constant 1 in

H∗(CP∞;R) = RJxK. On the other hand, [0] ∈ H∗(MU2;R) is the image of 1 ∈ R under

the map pt→MU2 representing 0 ∈MU2(pt).

Lemma 1.18. For any x ∈ Hm(MU2n;R),

[0] ◦ x =

[0] m = 0

0 m ̸= 0

Proof. By Lemma 1.5(3)(b), [0] ◦ x = ηε(x). We have

H∗(MU2n;R)
ε−→ R

η−→ H∗(MU2n;R)

so the structure outside of homology degree 0 collapses. When x is in homology degree 0,

[0] ◦ x = [0] by Proposition 1.16.

Proposition 1.19. For any n ≥ 0 and any z ∈MU2⋆(pt),

(a) ∆k[z] = [z]⊗ [z]⊗ · · · ⊗ [z]︸ ︷︷ ︸
k copies

(b) ∆kbn =
∑

i1+···+ik=n

k⊗
m=1

bim

Proof. It is enough to show the two-fold cases, as the general results follow by induction.
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(a) This is immediate from the fact that ∆ is induced on homology by the diagonal map

on MU2⋆.

(b) As noted above, for any n ≥ 0, the diagonal map CP∞ → CP∞ ⊗ CP∞ induces a

coproduct

∆ : βn 7→
n∑

i=0

βi ⊗ βn−i

on H∗(CP∞;R). Because bn = xMU
∗ (βn) ∈ H2n(MU2;R) and xMU

∗ is a map of R-

modules, we have the commutative diagram in Figure 1.5.

H∗(MU2⋆;R) H∗(MU2⋆;R)⊗H∗(MU2⋆;R)

H∗(CP∞) H∗(CP∞)⊗H∗(CP∞)

∆

xMU
∗

∆

xMU
∗ ⊗ xMU

∗

Figure 1.5: The effect of ∆ on bn

It follows that ∆bn =
∑n

i=0 bi ⊗ bn−i.

From now on, unless otherwise stated, I restrict to the case of F2 coefficients (that is,

R = F2). I will simply write H∗(MU2⋆) to refer to H∗(MU2⋆;F2).

Proposition 1.20. Let u ∈ MU2⋆(pt) and v, w ∈ H∗(MU2l) for some l ≥ 0. Let

x, z1, z2, . . . , zn ∈ H∗(MU2⋆) be homogeneous in both degrees and not in homology degree 0.

Then for any m ̸= 0,

(a) [u] ◦ (v#w) = ([u] ◦ v)#([u] ◦ w)

(b) b2m ◦ (x#x) = (bm ◦ x)#2

(c) b2m+1 ◦ (x#x) = 0

(d) bm ◦ (z1#z2# · · ·#zn) = 0 if m < n

Proof.

(a) This follows immediately from the distributive law since ∆[u] = [u]⊗ [u].
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(b) In the case m = 0, because x and x#x are not in homology degree 0, we have

b0 ◦ (x#x) = 0 = 0#0 = (b0 ◦ x)#2

by Proposition 1.17 and Lemma 1.18. Now let m > 0. By the distributive law and

Proposition 1.20,

b2m ◦ (x#x) =
2m∑
i=0

(bi ◦ x)#(b2m−i ◦ x)

Then both (bi ◦ x)#(b2m−i ◦ x) and (b2m−i ◦ x)#(bi ◦ x) are +-summands, and they

are distinct except when i = m. Therefore, all +-summands except (bm ◦ x)#2 cancel

over F2.

(c) If we replace 2m with 2m+ 1, then all +-summands cancel over F2.

(d) Again, if m = 0, the result follows by Proposition 1.17 and Lemma 1.18. If m > 0,

then again by the distributive law and Proposition 1.20, we have

bm ◦ (z1#z2# · · ·#zn) =
∑

i1+···+in=m

n

#
k=1

(bik ◦ zk)

Since n > m, in each +-summand at least one ik is 0, and so there is a #-summand

[0] ◦ zk = 0. Therefore, the +-summand vanishes.

1.3 Polynomial generators of π⋆(MU)

It is well known that π⋆(MU) is a polynomial algebra Z[x1, x2, x3, . . .] with xi in degree 2i

(see, for instance, [1, Theorem 8.1]). Because these generate the coefficient ring for MU ,

and because [ax+ by] = ([a] ◦ [x])#([b] ◦ [y]) in H∗(MU2⋆), the generators [z] for the Hopf

ring coming from z ∈MU2⋆(pt) are expressible in terms of [x1], [x2], [x3], . . .. Therefore, in

mind of Remark 1.15, we typically only need to consider ◦-products of the [xi] and the bn

or at most #-sums of such ◦-products.
On the other hand, the Ravenel–Wilson relations are all in terms of the bn and the

[ai,j ] (see Table A.6). The formal group law coefficients ai,j are unfortunately not polyno-

mial generators of π⋆(MU) in general, which significantly complicates computations in the

Hopf ring and in turn in H∗(SL1MU). However, in [5], Hazewinkel provides a connection
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between the two. In particular, in [5, Section I.5], Hazewinkel constructs the universal one-

dimensional formal group law FU (X,Y ) over the Lazard ring L. As Lazard proved in [9,

Theorem II], L is isomorphic to a polynomial ring over Z in infinitely many variables. In

Hazewinkel’s notation, L = Z[U ] = Z[U2, U3, U4, . . .], with Ui in degree 2(i − 1). In [5, p.

xxi, p. 24], Hazewinkel provides the following expression for FU (X,Y ) in low degrees:

FU (X,Y ) = X + Y +XY (−U2) + (XY 2 +X2Y )(−U3 + U2
2 )

+ (XY 3 +X3Y )(−2U4 + 2U2U3 + 2U3
2 )

+X2Y 2(−3U4 + 4U2U3 − 4U3
2 )

+ (XY 4 +X4Y )(−U5 + 4U2U4 − 3U2
2U3 + 3U4

2 + U2
3 )

+ (X2Y 3 +X3Y 2)(−2U5 + 11U2U4 − 11U2
2U3 + 10U4

2 + 3U2
3 )

+ · · ·

Remark 1.21. There appears to be a typo in this equation in [5]: in the last two lines, U4
2

is written as U3
2 , which is not in the correct degree.

Since, as Quillen showed in [15], the homotopy ring of MU is isomorphic to L, the

formal group law for MU is a universal one-dimensional formal group law over π⋆(MU) [5,

Theorem 34.2.16][16, Theorem 1.3.4]. We can therefore treat the coefficient on XiY j above

as ai,j . Note that there are no constant term and no monomials of the form Xi or Y j for

i, j ≥ 2. Therefore,

a0,0 = ai,0 = a0,j = 0 for i, j ≥ 2

and

a1,0 = a0,1 = 1

Furthermore, FU (X,Y ) is commutative (note thatXiY j andXjY i have the same coefficient

above), so

ai,j = aj,i for all i, j

As an abelian group, π⋆(MU) is generated in degree n by the monomials of degree n in

the xi. Note also that there are multiple isomorphisms π⋆(MU) → Z[x1, x2, x3, . . .], which
gives us a certain amount of freedom to choose convenient generators. For example, degree

4 is generated by x2 and x21, but also by x2 and x2 − x21 or x2 and x2 + x21. We can readily

see the consequences of this in low degrees:
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First, a1,1 = −U2, so a1,1 generates degree 2. Therefore, we can choose x1 = a1,1.

Similarly, a2,1 = −U3 + U2
2 = −U3 + a21,1. Therefore, U3 = a21,1 − a2,1. If we take a21,1 = x21

as a generator for degree 4, then a2,1 is also a generator. Hence we can choose x2 = a2,1.

The situation gets more complicated in degree 6: we have a3,1 = −2U4 + 2U2U3 + 2U3
2

and a2,2 = −3U4 + 4U2U3 − 4U3
2 , so

U4 = 3U4 − 2U4

= (4U2U3 − 4U3
2 − a2,2)− (2U2U3 + 2U3

2 − a3,1)

= 2U2U3 − 6U3
2 + a3,1 − a2,2

= 2(−a1,1)(a21,1 − a2,1)− 6(−a1,1)3 + a3,1 − a2,2

= −4a31,1 + 2a1,1a2,1 + a3,1 − a2,2

Now, taking a31,1 = x31 and a1,1a2,1 = x1x2 as generators for degree 6, we see that a3,1− a2,2

is also a generator. However, a2,2 − a3,1 is as well, and as we will see in Section 2.1, this is

a more convenient choice.

We address degree 8 in a similar way: we have a4,1 = −U5+4U2U4− 3U2
2U3+3U4

2 +U2
3

and a3,2 = −2U5 + 11U2U4 − 11U2
2U3 + 10U4

2 + 3U2
3 , so

U5 = 2U5 − U5

= (11U2U4 − 11U2
2U3 + 10U4

2 + 3U2
3 − a3,2)− (4U2U4 − 3U2

2U3 + 3U4
2 + U2

3 − a4,1)

= 7U2U4 − 8U2
2U3 + 7U4

2 + 2U2
3 + a4,1 − a3,2

= 7(−a1,1)(−4a31,1 + 2a1,1a2,1 + a3,1 − a2,2)− 8(−a1,1)2(a21,1 − a2,1)

+ 7(−a1,1)4 + 2(a21,1 − a2,1)
2 + a4,1 − a3,2

= 29a41,1 − 10a21,1a2,1 − 7a1,1a3,1 + 7a1,1a2,2 + 2a22,1 + a4,1 − a3,2

Finally, this simplifies to

29a41,1 − 10a21,1a2,1 + 7a1,1(a2,2 − a3,1) + 2a22,1 + a4,1 − a3,2

Taking a21,1 = x41, a
2
1,1a2,1 = x21x2, a1,1(a2,2 − a3,1) = x1x3 and a22,1 = x22 as generators for

degree 8, we see that we can choose x4 = a4,1 − a3,2 or x4 = a3,2 − a4,1. For convenience in

Section 2.1, we will choose the latter.

Therefore, in summary, we have

Proposition 1.22. There is an isomorphism of rings π⋆(MU) = Z[x1, x2, x3, . . .] under
which x1 = a1,1, x2 = a2,1, x3 = a2,2 − a3,1 and x4 = a3,2 − a4,1.
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1.4 The general ◦-product formulas

Computation of the multiplication table in Section 2.3 involves evaluating ◦-products in

H∗(MU2⋆) of the form

([1]#x) ◦ ([1]#y)

where x and y are certain elements of the Hopf ring. In the simplest case, x and y are

◦-products of the generators [xi] and bn. In particular, we write

x =
K
⃝
i=1

[xki ] ◦
M
⃝
j=1

bmj

By Proposition 1.16, we can simplify this to

x = [xk1xk2 · · ·xkK ] ◦
M
⃝
j=1

bmj (1.3)

Similarly, let

y = [xl1xl2 · · ·xlL ] ◦
N
⃝
j=1

bnj (1.4)

By Lemma 1.5(3)(a) and Proposition 1.19, because the generators bn and [z] for the

Hopf ring are in even degrees, we have

∆

(
M
⃝
j=1

bmj

)
=

∑
0≤ij≤mj

1≤j≤M

(bi1 ◦ · · · ◦ biM )⊗ (bm1−i1 ◦ · · · ◦ bmM−iM ) (1.5)

and

∆[xn1xn2 · · ·xnN ] = [xn1xn2 · · ·xnN ]⊗ [xn1xn2 · · ·xnN ]

Now, combining this with and (1.5) and applying Lemma 1.5(3)(a) again, we obtain the

following.

∆

(
[xk1 · · ·xkK ] ◦

M
⃝
j=1

bmj

)
=

∑
0≤ij≤mj

1≤j≤M

([xk1 · · ·xkK ] ◦ bi1 ◦ · · · ◦ biM )⊗ ([xk1 · · ·xkK ] ◦ bm1−i1 ◦ · · · ◦ bmM−iM )

We now proceed to the result, which is an expanded formula for ([1]#x)◦([1]#y) where x

and y are as in (1.3) and (1.4), respectively. I will write ∆x =
∑

x′⊗x′′ and ∆y =
∑

y′⊗y′′,
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and analogously for other elements, to keep the notation simple until the end.

Lemma 1.5(3)(a) implies that ∆([1]#x) =
∑

([1]′#x′) ⊗ ([1]′′#x′′), which we can im-

mediately simplify to ∆([1]#x) =
∑

([1]#x′) ⊗ ([1]#x′′). Continuing the convention, let

([1]#x)′ = ([1]#x′) and ([1]#x)′′ = ([1]#x′′).

Now, applying the distributive law (Lemma 1.5(3)(g)), we have

([1]#x) ◦ ([1]#y) =
∑

(([1]#x)′ ◦ [1])#(([1]#x)′′ ◦ y) (1.6)

=
∑

([1]#x′)#(([1]#x′′) ◦ y) (1.7)

We can expand the second #-summand in this formula, (([1]#x′′) ◦ y), using a modified

version of the distributive law. Since for homogeneous elements a, b and c we have

a ◦ (b#c) =
∑

(−1)|a′′||b|(a′ ◦ b)#(a′′ ◦ c)

and

b ◦ a = (−1)|a||b|a ◦ b

we obtain

(a#b) ◦ c = c ◦ (a#b)

=
∑

(1)|c
′′||a|(c′ ◦ a)#(c′′ ◦ b)

When a, b and c are in even degrees, this of course simplifies to (a#b)◦c =
∑

(a◦c′)#(b◦c′′).
Now, returning to (1.7), we have (([1]#x′′)◦y) =

∑
([1]◦y′)#(x′′ ◦y′′) =

∑
y′#(x′′ ◦y′′).

Plugging this back into (1.7), we find

([1]#x) ◦ ([1]#y) =
∑

([1]#x′)#
(∑

y′#(x′′ ◦ y′′)
)

=
∑(∑

([1]#x′)#(y′#(x′′ ◦ y′′))
)

=
∑

([1]#x′#y′#(x′′ ◦ y′′))

= [1]#
(∑

(x′#y′#(x′′ ◦ y′′))
)

Finally, in the notation of (1.3) and (1.4), this yields the following result.

Lemma 1.23. Let

x = [xk1xk2 · · ·xkK ] ◦
M
⃝
j=1

bmj
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and

y = [xl1xl2 · · ·xlL ] ◦
N
⃝
j=1

bnj

Then ([1]#x) ◦ ([1]#y) =

[1]#

(∑
([xk1 · · ·xkK ] ◦ bi1 ◦ · · · ◦ biM )#([xl1 · · ·xlL ] ◦ bj1 ◦ · · · ◦ bjN )

#([xk1 · · ·xkKxl1 · · ·xlL ] ◦ bm1−i1 ◦ · · · ◦ bmM−iM ◦ bn1−j1 ◦ · · · ◦ bnN−jN )

)
where the +-sum is over 0 ≤ ip ≤ mp, 1 ≤ p ≤M and 0 ≤ jq ≤ nq, 1 ≤ q ≤ N .

Note that in practice, this +-sum is much smaller than this formula implies. Many of

the bip and bjq terms are [0] (whenever ip = 0 or jq = 0), in which case either the entire

#-summand containing that term is 0, or every bip and bj−q in the #-summand is [0], in

which case the #-summand is [0]. Note that a #-summand of [0] does not affect the #-sum

at all since [0] is the identity element for #, while a #-summand of 0 makes the entire

+-summand vanish by Proposition 1.6.

We will need a more general result than this as well. Here we allow x and y to be

#-sums of elements of the form

[xk1xk2 · · ·xkK ] ◦
M
⃝
i=1

bmi

Lemma 1.24. Let a1, a2, . . . , am and c1, c2, . . . , cn be elements of H∗(MU0) of the form

[xk1xk2 · · ·xkK ] ◦
M
⃝
i=1

bmi

Then in the notation of Lemma 1.5(3)(h),

([1]#a1# · · · am) ◦ ([1]#c1# · · ·#cn) =

∑
1≤i≤m
1≤j≤n

[1]#

 m

#
i=1

a
(1)
i

#

 n

#
j=1

c
(1)
j

#

 #
1≤i≤m
1≤j≤n

(
a
(j+1)
i ◦ c(i+1)

j

)
where the elements a

(k)
i and c

(l)
j can be evaluated by Proposition 1.19.

Proof. This follows easily enough from Lemma 1.23 when we examine the coproduct of

a #-sum (Lemma 1.5(2)(b)) and the distributive law (Lemma 1.5(3)(g)). Starting in the

simplest case, if a, b, c, d ∈ H∗(MU2⋆) are homogeneous in both degrees and lie in even
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degrees, then we have

(a#b) ◦ (c#d) =
∑

((a#b)′ ◦ c)#((a#b)′′ ◦ d)

=
∑

((a′#b′) ◦ c)#((a′′#b′′) ◦ d)

=
∑

(a′ ◦ c′)#(b′ ◦ c′′)#(a′′ ◦ d′)#(b′′ ◦ d′′)

Iterations ∆n of the coproduct ∆ are uniquely defined by coassociativity (as in Lemma

1.5(3)(h)). By induction, the distributive law of Lemma 1.5(3)(g) implies

a ◦ (c1#c2# · · ·#cn) =
∑

(a(1) ◦ c1)#(a(2) ◦ c2)# · · ·#(a(n+1) ◦ cn+1)

where a and the ci are homogenous in both degrees and lie in even degrees. Replacing a

with a1# · · ·#am+1, and distributing from the left, we have

(a1# · · ·#am) ◦ (c1# · · ·#cn) =
∑

1≤i≤m
1≤j≤n

(
a
(j)
i ◦ c

(i)
j

)

The result now follows because [1](k) = [1] for all k by Proposition 1.19 and [1] is the identity

for ◦.



Chapter 2

The multiplicative structure of

H∗(SL1MU)

In this chapter, I will present the central result of this thesis, the multiplication table in

low degrees for H∗(SL1MU) as an F2-algebra under ◦. The procedure for its construction

is based around a certain sequence of maps of abelian groups:

K∗ ↪→ P∗ ↠ H∗(MU ′
0)

[1]#(−)−−−−−→ H∗(SL1MU)

I will define each component of the sequence in this opening section. The final map is the

isomorphism of abelian groups discussed in the Introduction. I provide the missing details

here.

Definition 2.1. Following [17, p. 28], I will use MU ′
2⋆ to denote the sequence of path

components of MU2⋆ containing the representatives of the homology class [0]. In particular,

MU ′
0 is that path component in degree 0.

Proposition 2.2. The map

H∗(MU ′
0)

[1]#(−)−−−−−→ H∗(SL1MU)

is an isomorphism of abelian groups.

Proof. First, note that the image of H∗(MU ′
0) under the map [1]#(−) lies in the homology

of the path component of [1]. By definition, SL1MU consists of those x ∈ Ω∞MU whose

images in π0(MU) are 1. Since π0(MU) = [pt,MU0], this is equivalent to being in the

homology class [1] in H∗(MU0). Therefore, H∗(SL1MU) is exactly the homology of the

path component of [1] in MU0.

26
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Now, to see that [1]#(−) is an isomorphism, we simply observe that [−1]#(−) is an

inverse since [1]#[−1] = [0], and [0]#(−) is the identity map.

Ravenel and Wilson [17, Induction 4.18] show that H∗(MU ′
2⋆) is a polynomial algebra

over F2 and provide a formula for the dimension of the subspace of #-indecomposables,

Q#H∗(MU ′
2⋆), which I will discuss in detail in Section 2.1.1. First, let us formally define

the #-indecomposables, following [17, p. 26].

Definition 2.3. For a Hopf ring H∗(⋆), let IH∗(n) be the augmentation ideal :

IH∗(n) = ker ε

Then we define the submodule of indecomposables (with respect to #) to be

Q#H∗(n) = IH∗(n)/(IH∗(n)#IH∗(n))

Q#H∗(MU ′
2⋆) is generated as an abelian group by ◦-products of the Hopf ring generators

[xi], i ≥ 1, and bn, n ≥ 0 [17, Induction 4.18]. Degrees are inherited from the Hopf ring

structure: [xi] ∈ H0(MU−2i) and bn ∈ H2n(MU2), so

J
⃝
j=1

[xij ] ◦
K
⃝
k=1

bnk
∈ H2(n1+···+nK)(MU2K−2(i1+···+iJ )

)

Remark 2.4. In fact, Ravenel and Wilson provide a more strict set of generators for the

F2-vector space Q#H∗(MU ′
2⋆), using only those bn of the form b2m , m ≥ 0, but for the

purposes of this chapter it is more convenient to start with a larger set, which will reduce

to a somewhat different set of generators from that of Ravenel and Wilson.

H∗(MU ′
2⋆) is the polynomial algebra over F2 in these ◦-products with + and # as the

addition and multiplication, respectively. H∗(MU ′
0) is the subalgebra generated by those

◦-products⃝J
j=1[xij ]◦⃝K

k=1 bnk
such that K = i1+ · · ·+ iJ ; that is, the number of ◦-factors

bn equals the sum of the indices of the ◦-factors [xi], and this ◦-product lies in degree

2(n1 + · · ·+ nK). For example, the generators in degrees 0 through 6 are

Degree 0: [0]

Degree 1: ∅

Degree 2: [x1] ◦ b1
Degree 3: ∅
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Degree 4: [x1] ◦ b2, [x21] ◦ b1 ◦ b1, [x2] ◦ b1 ◦ b1
Degree 5: ∅

Degree 6: [x1] ◦ b3, [x21] ◦ b1 ◦ b2, [x2] ◦ b1 ◦ b2,

[x31] ◦ b1 ◦ b1 ◦ b1, [x1x2] ◦ b1 ◦ b1 ◦ b1,

[x3] ◦ b1 ◦ b1 ◦ b1

These ◦-products are generators of Q#H∗(MU ′
0) as an abelian group under +, and

H∗(MU ′
0) is generated as an abelian group by #-monomials in these ◦-products. Therefore,

we can constructH∗(MU ′
0) as a quotient group of the graded free abelian group P∗ generated

by these #-monomials. P∗ is then the free algebra over F2 generated by these ◦-products
with + and # as the addition and multiplication, respectively. We define K∗ to be the

kernel of the quotient map P∗ → H∗(MU ′
0).

Restricting our discussion to the indecomposable elements, we see that in degree 2n, we

have an exact sequence of abelian groups

0→ Q#K2n → Q#P2n → Q#H∗(MU ′
0)→ 0

This shows us that Q#H∗(MU ′
0) has a presentation with generators ⃝J

j=1[xij ] ◦ ⃝K
k=1 bnk

such that n1 + · · · + nk = n and relations coming from K2n. Since these are F2-vector

spaces, we can determine the exact number of linearly independent relations in degree 2n

by counting dimensions of Q#P2n and Q#H∗(MU ′
0). Specifically, the number of relations

is

dimF2 Q
#P2n − dimF2 Q

#H2n(MU ′
0)

The computation of these numbers will be done in Section 2.1.1. These relations allow us

to reduce very significantly our set of generators for Q#H∗(MU ′
0) as an abelian group and

in turn reduce our set of generators for H∗(MU ′
0) as an algebra over F2.

Now we turn to the final map in the sequence, [1]#(−) : H∗(MU ′
0) → H∗(SL1MU).

Since this is a group isomorphism with respect to the +, we immediately obtain a set of

generators forH∗(SL1MU) as an abelian group, simply by taking the #-sum of [1] with each

group generator for H∗(MU ′
0). These are #-sums of [1] and the ◦-products in Q#H∗(MU ′

0)

that remain after modding out the relations in Q#K∗.
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2.1 The polynomial algebra structure of H∗(MU ′0)

In this section, I will construct a minimal set of generators in low degrees for H∗(MU ′
0) as

a polynomial algebra over F2.

2.1.1 Counting relations

It is relatively straightforward to compute dimF2 Q
#P2n. We need only count the distinct

◦-products ⃝J
j=1[xij ] ◦⃝K

k=1 bnk
with K = i1 + · · ·+ iJ and n1 + · · ·+ nK = n. The second

condition indicates that we obtain a set of ◦-products for each integer partition of n, and

the first condition shows that for each such partition of n, we obtain one ◦-product for each
partition of K, the number of summands in the partition of n.

For example, consider the generators in degree 6:

[x1] ◦ b3, [x21] ◦ b1 ◦ b2, [x2] ◦ b1 ◦ b2, [x31] ◦ b1 ◦ b1 ◦ b1, [x1x2] ◦ b1 ◦ b1 ◦ b1, [x3] ◦ b1 ◦ b1 ◦ b1

The partitions of n = 3 are 3, 1 + 2 and 1 + 1+ 1, corresponding to the ◦-factors b3, b1 ◦ b2
and b1 ◦ b1 ◦ b1, respectively. The partition 3 has one summand, and there is one partition

of 1, namely 1 itself. This corresponds to the ◦-factor [x1] and tells us that [x1] ◦ b3 is the

only generator in degree 6 with a ◦-factor of b3. The partition 1+2 has two summands, and

there are two partitions of 2: 1 + 1 and 2. These correspond to [x21] = [x1] ◦ [x1] and [x2],

respectively, from which we obtain the generators [x21] ◦ b1 ◦ b2 and [x2] ◦ b1 ◦ b2. Finally, the
partition 1 + 1 + 1 of 3 has three summands, and there are three partitions of 3: 1 + 1 + 1,

1+2 and 3. These correspond to [x31], [x1x2] and [x3], so we obtain the last three generators,

[x31]◦b1 ◦b1 ◦b1, [x1x2]◦b1 ◦b1 ◦b1 and [x3]◦b1 ◦b1 ◦b1. More generally, we have the following

formula:

Lemma 2.5. For n ≥ 0, let p(n) be the number of integer partitions of n. For 1 ≤ k ≤ n,

let p(n|k) be the number of partitions of n with k summands. Then

dimF2 Q
#P2n =

n∑
k=1

p(n|k)p(k) (2.1)

Now we turn to dimF2 Q
#H2n(MU ′

0). In [17], Ravenel and Wilson provide a formula

for dimF2 Q
#Hi(MU ′

2j), which I recount here. Q#H∗(MU ′
2⋆) has a natural bigrading (∗, ⋆)

coming from the Hopf ring structure of H∗(MU2⋆), which determines a bigrading on the

polynomial algebra F2[b1, [x1], [x2], [x3], . . .]. Specifically, since

b1 ∈ H2(MU2) and [xi] ∈ H0(MU−2i)
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we have

b1 ∈ F2[b1, [x1], [x2], [x3], . . .](2,2) and [xi] ∈ F2[b1, [x1], [x2], [x3], . . .](0,−2i) for each i

The dimensions of this polynomial algebra and Q#H∗(MU ′
2⋆) are related by the following

result [17, p. 28].

Lemma 2.6.

dimF2 Q
#Hi(MU ′

2j) = dimF2 F2[b1, [x1], [x2], [x3], . . .](i,j)

Immediately from Lemma 2.6, we can compute the number of indecomposable elements

in H2n(MU ′
0). In particular, since

dimF2 Q
#H2n(MU ′

0) = dimF2 F2[b1, [x1], [x2], [x3], . . .](2n,0)

we simply count the products of the form [xi1 ][xi2 ] · · · [xiJ ]bn1 in bidegree (2n, 0). Note that

[xi1 ][xi2 ] · · · [xiJ ]b
n
1 ∈ F2[b1, [x1], [x2], [x3], . . .](2n+(0+···+0),2n−2(i1+···+iJ ))

so this monomial is in bidegree (2n, 0) if and only if i1 + i2 + · · ·+ iJ = n. Therefore,

dimF2 Q
#H2n(MU ′

0) = p(n),

the number of integer partitions of n.

With these two computations, we have the key result of this section:

Proposition 2.7. Q#H2n(MU ′
0) is generated as an abelian group by ◦-products

J
⃝
j=1

[xij ] ◦
K
⃝
k=1

bnk

with K = i1 + · · ·+ iJ and n1 + · · ·+ nK = n, modulo(
n∑

k=1

p(n|K)p(K)

)
− p(n)

linearly independent relations over F2.

The results of this computation in low degrees are shown in Table 2.1.
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10 345 42 303

9 210 30 180

8 129 22 107

7 74 15 59

6 44 11 33

5 23 7 16

4 13 5 8

3 6 3 3

2 3 2 1

1 1 1 0

0 1 1 0

n dimF2 Q
#P2n dimF2 Q

#H2n(MU ′
0) Relations

Table 2.1: The number of linearly independent relations on H2n(MU ′
0) for n ≤ 10

2.1.2 Generators and relations

Here I will present a set of generators for Q#H2n(MU ′
0) for small n and a set of relations.

I will then identify generators that can be removed from the set. For ease of use, I will not

justify any of the relations until Section 2.1.3. The presentation is in Tables 2.2 and 2.3.

The relations in the tables allow us to eliminate the majority of our generators. Since

many of the ◦-products ⃝J
j=1[xij ] ◦⃝K

k=1 bnk
appear in the set of relations, we can remove

them immediately. Furthermore, since the ◦-products are generators of Q#H∗(MU ′
0), any

such ◦-products expressible as #-sums of lower-degree ◦-products are redundant. Finally,

for any ◦-product x we retain in a given degree, we can remove any other ◦-products in

the same degree that are expressable as a +-sum of x with decomposable elements. On the

other hand, as shown above, there must be exactly p(n) linearly independent generators

left in H2n(MU ′
0).

In degrees 0 and 2, we lose no elements since there are no relations. In degree 4, we can

remove [x21]◦b1◦b1 since it is decomposable. In degree 6, [x31]◦b1◦b1◦b1 and [x1x2]◦b1◦b1◦b1
vanish, so we remove them. We can remove either [x1] ◦ b3 or [x21] ◦ b1 ◦ b2 since their sum

is decomposable. We will arbitrarily remove the former and retain [x1] ◦ b3.
In degree 8, we remove [x21] ◦ b1 ◦ b3, [x1x2] ◦ b1 ◦ b2 ◦ b2, [x21] ◦ b2 ◦ b2, [x31] ◦ b1 ◦ b1 ◦ b2,

[x41] ◦ b1 ◦ b1 ◦ b1 ◦ b1, [x21x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 and [x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 because they either

vanish or are decomposable. We can further eliminate [x2] ◦ b1 ◦ b3 or [x22] ◦ b1 ◦ b1 ◦ b1 ◦ b1
because their sum is decomposable. We will keep [x2]◦b1 ◦b3. I leave it as an exercise to the

reader to verify that the list of generators below is consistent with the relations in higher
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Generators Relations

Degree 0

[0] ∅
Degree 2

[x1] ◦ b1 ∅
Degree 4

[x1] ◦ b2
[x2

1] ◦ b1 ◦ b1
[x2] ◦ b1 ◦ b1

[x2
1] ◦ b1 ◦ b1 + ([x1] ◦ b1)#2

Degree 6

[x1] ◦ b3
[x2

1] ◦ b1 ◦ b2
[x2] ◦ b1 ◦ b2

[x3
1] ◦ b1 ◦ b1 ◦ b1

[x1x2] ◦ b1 ◦ b1 ◦ b1
[x3] ◦ b1 ◦ b1 ◦ b1

[x1] ◦ b3 + [x2
1] ◦ b1 ◦ b2

+([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x3
1] ◦ b1 ◦ b1 ◦ b1

[x1x2] ◦ b1 ◦ b1 ◦ b1
Degree 8

[x1] ◦ b4
[x2

1] ◦ b1 ◦ b3
[x2] ◦ b1 ◦ b3
[x2

1] ◦ b2 ◦ b2
[x2] ◦ b2 ◦ b2

[x3
1] ◦ b1 ◦ b1 ◦ b2

[x1x2] ◦ b1 ◦ b1 ◦ b2
[x3] ◦ b1 ◦ b1 ◦ b2

[x4
1] ◦ b1 ◦ b1 ◦ b1 ◦ b1

[x2
1x2] ◦ b1 ◦ b1 ◦ b1 ◦ b1

[x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1
[x2

2] ◦ b1 ◦ b1 ◦ b1 ◦ b1
[x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1

[x2
1] ◦ b1 ◦ b3 + ([x1] ◦ b1)#4

[x2] ◦ b1 ◦ b3 + [x2
2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 + ([x2] ◦ b1 ◦ b1)#2

[x1x2] ◦ b1 ◦ b1 ◦ b2 + ([x2] ◦ b1 ◦ b1)#2

[x2
1] ◦ b2 ◦ b2 + ([x1] ◦ b2)#2 + ([x1] ◦ b1)#4

[x3
1] ◦ b1 ◦ b1 ◦ b2 + ([x1] ◦ b1)#4

[x4
1] ◦ b1 ◦ b1 ◦ b1 ◦ b1

[x2
1x2] ◦ b1 ◦ b1 ◦ b1 ◦ b1

[x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1

Table 2.2: Presentation of H2n(MU ′
0) for n = 0, 1, 2, 3, 4
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Generators Relations

Degree 10

[x1] ◦ b5
[x2

1] ◦ b1 ◦ b4
[x2] ◦ b1 ◦ b4
[x2

1] ◦ b2 ◦ b3
[x2] ◦ b2 ◦ b3

[x3
1] ◦ b1 ◦ b1 ◦ b3

[x1x2] ◦ b1 ◦ b1 ◦ b3
[x3] ◦ b1 ◦ b1 ◦ b3
[x3

1] ◦ b1 ◦ b2 ◦ b2
[x1x2] ◦ b1 ◦ b2 ◦ b2
[x3] ◦ b1 ◦ b2 ◦ b2

[x4
1] ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x2
1x2] ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b2
[x2

2] ◦ b1 ◦ b1 ◦ b1 ◦ b2
[x4] ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x5
1] ◦ b◦51

[x3
1x2] ◦ b◦51

[x2
1x3] ◦ b◦51

[x1x
2
2] ◦ b◦51

[x1x4] ◦ b◦51
[x2x3] ◦ b◦51
[x5] ◦ b◦51

[x1] ◦ b5 + [x3] ◦ b1 ◦ b1 ◦ b3 + [x2
1] ◦ b1 ◦ b4

+([x1] ◦ b1)#([x1] ◦ b4) + ([x1] ◦ b2)#([x1] ◦ b3)
+([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#5

[x2
1] ◦ b2 ◦ b3 + ([x1] ◦ b2)#([x1] ◦ b3)

+([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#([x1] ◦ b2)#2

+([x1] ◦ b1)#3#([x1] ◦ b2)

[x2] ◦ b2 ◦ b3 + [x3] ◦ b1 ◦ b1 ◦ b3
+[x2

2] ◦ b1 ◦ b1 ◦ b1 ◦ b2 + ([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b2)

[x3
1] ◦ b1 ◦ b1 ◦ b3

[x3
1] ◦ b1 ◦ b2 ◦ b2 + ([x1] ◦ b2)#([x1] ◦ b3)

+([x1] ◦ b1)#([x1] ◦ b2)#2 + ([x1] ◦ b1)#3#([x1] ◦ b2)

[x1x2] ◦ b1 ◦ b2 ◦ b2 + [x3] ◦ b1 ◦ b1 ◦ b3

[x3] ◦ b1 ◦ b1 ◦ b3 + [x2x3] ◦ b◦51

[x1x2] ◦ b1 ◦ b1 ◦ b3

[x4
1] ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x2
1x2] ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x5
1] ◦ b◦51

[x3
1x2] ◦ b◦51

[x2
1x3] ◦ b◦51

[x1x
2
2] ◦ b◦51

[x1x4] ◦ b◦51

Table 2.3: Presentation of H2n(MU ′
0) for n = 5
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Generators Relations

Degree 12

[x1] ◦ b6
[x2

1] ◦ b1 ◦ b5
[x2] ◦ b1 ◦ b5
[x2

1] ◦ b2 ◦ b4
[x2] ◦ b2 ◦ b4
[x2

1] ◦ b3 ◦ b3
[x2] ◦ b3 ◦ b3

[x3
1] ◦ b1 ◦ b1 ◦ b4

[x1x2] ◦ b1 ◦ b1 ◦ b4
[x3] ◦ b1 ◦ b1 ◦ b4
[x3

1] ◦ b1 ◦ b2 ◦ b3
[x1x2] ◦ b1 ◦ b2 ◦ b3
[x3] ◦ b1 ◦ b2 ◦ b3
[x3

1] ◦ b2 ◦ b2 ◦ b2
[x1x2] ◦ b2 ◦ b2 ◦ b2
[x3] ◦ b2 ◦ b2 ◦ b2

[x4
1] ◦ b1 ◦ b1 ◦ b1 ◦ b3

[x2
1x2] ◦ b1 ◦ b1 ◦ b1 ◦ b3

[x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b3
[x2

2] ◦ b1 ◦ b1 ◦ b1 ◦ b3
[x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3

[x1] ◦ b6 + [x2
1] ◦ b2 ◦ b4 + ([x1] ◦ b1)#([x1] ◦ b5)

+([x1] ◦ b2)#([x1] ◦ b4) + ([x1] ◦ b3)#2

+([x1] ◦ b1)#2#([x1] ◦ b4) + ([x1] ◦ b2)#3

+([x1] ◦ b1)#4#([x1] ◦ b2)

[x2
1] ◦ b1 ◦ b5 + [x3

1] ◦ b1 ◦ b1 ◦ b4

[x2
1] ◦ b3 ◦ b3 + ([x1] ◦ b3)#2 + ([x1] ◦ b1)#6

[x3
1] ◦ b1 ◦ b1 ◦ b4 + ([x1] ◦ b3)#2

+([x1] ◦ b1)#2#([x1] ◦ b2)#2 + ([x1] ◦ b1)#6

[x1x2] ◦ b1 ◦ b1 ◦ b4 + ([x2] ◦ b1 ◦ b2)#2

[x3
1] ◦ b1 ◦ b2 ◦ b3

[x1x2] ◦ b1 ◦ b2 ◦ b3

[x3
1] ◦ b2 ◦ b2 ◦ b2 + ([x1] ◦ b3)#2

+([x1] ◦ b1)#2#([x1] ◦ b2)#2 + ([x1] ◦ b1)#6

[x1x2] ◦ b2 ◦ b2 ◦ b2 + ([x2] ◦ b1 ◦ b2)#2

[x4
1] ◦ b1 ◦ b1 ◦ b1 ◦ b3

[x2
1x2] ◦ b1 ◦ b1 ◦ b1 ◦ b3

[x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b3

[x2] ◦ b3 ◦ b3 + [x2
2] ◦ b1 ◦ b1 ◦ b1 ◦ b3

+([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2) + ([x2] ◦ b1 ◦ b2)#2

+([x2] ◦ b1 ◦ b1)#3

[x4
1] ◦ b1 ◦ b1 ◦ b2 ◦ b2

[x2
1x2] ◦ b1 ◦ b1 ◦ b2 ◦ b2

Table 2.4: Presentation of H2n(MU ′
0) for n = 6 (continued in Table 2.5)
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Generators Relations

Degree 12 continued

[x4
1] ◦ b1 ◦ b1 ◦ b2 ◦ b2

[x2
1x2] ◦ b1 ◦ b1 ◦ b2 ◦ b2

[x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2
[x2

2] ◦ b1 ◦ b1 ◦ b2 ◦ b2
[x4] ◦ b1 ◦ b1 ◦ b2 ◦ b2

[x5
1] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x3
1x2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x2
1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x1x
2
2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x1x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2
[x2x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2
[x5] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x6
1] ◦ b◦61

[x4
1x2] ◦ b◦61

[x3
1x3] ◦ b◦61

[x2
1x

2
2] ◦ b◦61

[x2
1x4] ◦ b◦61

[x1x2x3] ◦ b◦61
[x1x5] ◦ b◦61
[x3

2] ◦ b◦61
[x2x4] ◦ b◦61
[x2

3] ◦ b◦61
[x6] ◦ b◦61

[x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2 + ([x3] ◦ b1 ◦ b1 ◦ b1)#2

[x2] ◦ b3 ◦ b3 + [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3
+[x2

2] ◦ b1 ◦ b1 ◦ b2 ◦ b2
+([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2)

+([x2] ◦ b1 ◦ b1)#3

[x5
1] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x3
1x2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x2
1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x1x
2
2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x1x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

[x3] ◦ b1 ◦ b2 ◦ b3 + [x2x3] ◦ b◦41 ◦ b2
+([x3] ◦ b1 ◦ b1 ◦ b1)#2

[x6
1] ◦ b◦61

[x4
1x2] ◦ b◦61

[x3
1x3] ◦ b◦61

[x2
1x

2
2] ◦ b◦61

[x2
1x4] ◦ b◦61

[x1x2x3] ◦ b◦61

[x1x5] ◦ b◦61

[x2
2] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x3

2] ◦ b◦61

[x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x2x4] ◦ b◦61

[x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2 + [x2
3] ◦ b◦61

Table 2.5: Presentation of H2n(MU ′
0) for n = 6 (continued from Table 2.4)
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degrees. This leaves us with the following polynomial generators:

Degree 0: [0]

Degree 2: [x1] ◦ b1
Degree 4: [x1] ◦ b2, [x2] ◦ b1 ◦ b1
Degree 6: [x1] ◦ b3, [x2] ◦ b1 ◦ b2, [x3] ◦ b1 ◦ b1 ◦ b1
Degree 8: [x1] ◦ b4, [x2] ◦ b1 ◦ b3, [x2] ◦ b2 ◦ b2, [x3] ◦ b1 ◦ b1 ◦ b2, [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1

Degree 10: [x1] ◦ b5, [x2] ◦ b1 ◦ b4, [x2] ◦ b2 ◦ b3, [x3] ◦ b1 ◦ b1 ◦ b3, [x3] ◦ b1 ◦ b2 ◦ b2,

[x4] ◦ b1 ◦ b1 ◦ b1 ◦ b2, [x5] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1
Degree 12: [x1] ◦ b6, [x2] ◦ b1 ◦ b5, [x2] ◦ b2 ◦ b4, [x2] ◦ b3 ◦ b3, [x3] ◦ b1 ◦ b1 ◦ b4,

[x3] ◦ b1 ◦ b2 ◦ b3, [x3] ◦ b2 ◦ b2 ◦ b2, [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3, [x4] ◦ b1 ◦ b1 ◦ b2 ◦ b2,

[x5] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2, [x6] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1
(2.2)

As an aside, though we will not need it here, the list of generators in (2.2) seems to indicate

the result in Conjecture 2.8.

Conjecture 2.8. H∗(MU ′
0) is generated as a polynomial algebra over F2 by ◦-products of

the form

[xn] ◦
K
⃝
k=1

bnk

with n1 + · · ·nk = n, and this element lies in degree 2n.

2.1.3 Proofs of the relations

Here I provide the justification for the relations in Section 2.1.2. This section relies heavily

on the Ravenel–Wilson relations in Appendix A. For instance, in Table A.6, we see that

[x1] ◦ b1 ◦ b1 = b1#b1

which implies the following result

Lemma 2.9. For any m ≥ 0,

(a) [x1] ◦ b1 ◦ b1 ◦ b2m = (b1 ◦ bm)#2

(b) [x1] ◦ b1 ◦ b1 ◦ b2m+1 = 0
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Proof. These follow immediately from Proposition 1.20 and the Ravenel–Wilson relation

[x1] ◦ b1 ◦ b1 = b1#b1.

Many elements vaish by Lemma 2.9(b), which I collect here.

Computation 2.10. The following vanish:

• [x31] ◦ b1 ◦ b1 ◦ b1

• [x1x2] ◦ b1 ◦ b1 ◦ b1

• [x41] ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x21x2] ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x31] ◦ b1 ◦ b1 ◦ b3

• [x1x2] ◦ b1 ◦ b1 ◦ b3

• [x41] ◦ b1 ◦ b1 ◦ b1 ◦ b2

• [x21x2] ◦ b1 ◦ b1 ◦ b1 ◦ b2

• [x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b2

• [x51] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x31x2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x21x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x1x
2
2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x1x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x41] ◦ b1 ◦ b1 ◦ b1 ◦ b3

• [x21x2] ◦ b1 ◦ b1 ◦ b1 ◦ b3

• [x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b3

• [x51] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

• [x31x2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 38

• [x21x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

• [x1x
2
2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

• [x1x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2

• [x61] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x41x2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x31x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x21x
2
2] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x21x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x1x2x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

• [x1x5] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

Computation 2.11. [x21] ◦ b1 ◦ b1 + ([x1] ◦ b1)#2 = 0

Proof. From the Ravenel–Wilson coefficient equation for st, we have [x1]◦b1◦b1+b1#b1 = 0,

and the result follows immediately by applying [x1] ◦ (−) to both sides.

Computation 2.12. [x1] ◦ b3 + [x21] ◦ b1 ◦ b2 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3 = 0

Proof. The Ravenel–Wilson coefficient equation for s2t implies

0 = b3 + [x1] ◦ b1 ◦ b2 + [x2] ◦ b◦31 + b1#b2 + b1#([x1] ◦ b1 ◦ b1)

= b3 + [x1] ◦ b1 ◦ b2 + [x2] ◦ b◦31 + b1#b2 + b#3
1

Now the result follows by applying [x1] ◦ (−) to both sides. Note that the middle term,

[x1] ◦ [x2] ◦ b◦31 , vanishes by Lemma 2.9(b).

Computation 2.13. [x31] ◦ b1 ◦ b1 ◦ b2 + ([x1] ◦ b1)#4

Proof. By Lemma 2.9,

[x31] ◦ b1 ◦ b1 ◦ b2 = [x21] ◦ (b1#b1)
◦2 = ([x21] ◦ b1 ◦ b1)#2.

Applying Lemma 2.9 again, we see that the right hand side equals ([x1] ◦ b1)#4.

Computation 2.14. [x21] ◦ b1 ◦ b3 + ([x1] ◦ b1)#4 = 0
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Proof. By Computation 2.13, it suffices to show that [x21] ◦ b1 ◦ b3 + [x31] ◦ b1 ◦ b1 ◦ b2 = 0.

From the Ravenel–Wilson coefficient equation for s2t, we see that

b3 + [x1] ◦ b1 ◦ b2 = [x2] ◦ b◦31 + b1#b2 + b1#([x1] ◦ b1 ◦ b1)

We apply [x21] ◦ b1 ◦ (−) to both sides. On the right hand side, the first summand vanishes

by Lemma 2.9, and the other two vanish by Proposition 1.20(d).

Computation 2.15. [x1x2] ◦ b1 ◦ b1 ◦ b2 + ([x2] ◦ b1 ◦ b1)#2 = 0

Proof. This follows immediately from Lemma 2.9(a) by applying [x2] ◦ (−) to both sides of

the equation.

Computation 2.16. [x2] ◦ b1 ◦ b3 + [x22] ◦ b1 ◦ b1 ◦ b1 ◦ b1 + ([x2] ◦ b1 ◦ b1)#2 = 0.

Proof. By Computation 2.15, it suffices to show that

[x2] ◦ b1 ◦ b3 + [x22] ◦ b1 ◦ b1 ◦ b1 ◦ b1 + [x1x2] ◦ b1 ◦ b1 ◦ b2 = 0

Applying [x2] ◦ b1 ◦ (−) to Ravenel–Wilson coefficient equation for s2t, we obtain

[x2]◦ b1 ◦ b3+[x22]◦ b1 ◦ b1 ◦ b1 ◦ b1+[x1x2]◦ b1 ◦ b1 ◦ b2 = [x2]◦ b1 ◦ (b1#b2+ b1#([x1]◦ b1 ◦ b1))

and the right hand side vanishes by Proposition 1.20(d).

Computation 2.17. [x21] ◦ b2 ◦ b2 + ([x1] ◦ b2)#2 + ([x1] ◦ b1)#4 = 0

Proof. The Ravenel–Wilson coefficient equation for s2t2, after canceling repeated terms,

yields

[x1] ◦ b2 ◦ b2 + [a2,2] ◦ b◦41 + b2#b2 + b1#b1#([x1] ◦ b1 ◦ b1) = 0

Note that the last +-summand on the left equals b#4
1 . Then applying [x1]◦(−) to both sides,

the second +summand on the left vanishes by Lemma 2.9(b), and the result follows.

Computation 2.18. [x3] ◦ b1 ◦ b1 ◦ b3 + [x2x3] ◦ b◦51 = 0

Proof. By the Ravenel–Wilson coefficient equation for s2t, we have

[x2x3] ◦ b◦51 = [x3] ◦ b1 ◦ b1 ◦ ([x2] ◦ b1 ◦ b1)

= [x3] ◦ b1 ◦ b1 ◦ (b3 + [x1] ◦ b1 ◦ b2 + b1#b2 + b1#([x1] ◦ b1 ◦ b1))
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All but the first +-summand vanish by Proposition 1.20(d) and Lemma 2.9(b), and the

remaining term is [x3] ◦ b1 ◦ b1 ◦ b3.

Computation 2.19. [x1x2] ◦ b1 ◦ b2 ◦ b2 + [x3] ◦ b1 ◦ b1 ◦ b3 = 0

Proof. Using the Ravenel–Wilson coefficient equation for s2t2, we have

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x2] ◦ b1 ◦ ([x1] ◦ b2 ◦ b2)

= [x2] ◦ b1 ◦
(
[a2,2] ◦ b◦41 + b2#b2 + b1#b1#([x1] ◦ b1 ◦ b1)

)
The last two +-summands vanish when we apply b1 ◦ (−) by Proposition 1.20(d). Further-

more, from Section 1.3, we know a2,2 = x3 + a3,1. Therefore,

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x2] ◦ b1 ◦ [x3 + a3,1] ◦ b◦41
= [x2] ◦ b1 ◦ ([x3]#[a3,1]) ◦ b◦41
= [x2] ◦ (([x3] ◦ b0)#([a3,1] ◦ b1) + ([x3] ◦ b1)#([a3,1] ◦ b0)) ◦ b◦41
= [x2] ◦ ([a3,1] ◦ b1 + [x3] ◦ b1) ◦ b◦41

By the Ravenel–Wilson coefficient equation for s3t, we have

[a3,1] ◦ b◦41 = [x1] ◦ b1 ◦ b3 + b1#b3 + b1#([x1] ◦ b1 ◦ b2) + b1#([x2] ◦ b1 ◦ b1)

Applying b1 ◦ (−), the right hand side vanishes by Proposition 1.20(d) and Lemma 2.9(b).

Therefore,

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x2x3] ◦ b◦51

The right hand side is equal to [x3] ◦ b1 ◦ b1 ◦ b3 by Computation 2.18.

Computation 2.20.

0 = [x1] ◦ b5 + [x3] ◦ b1 ◦ b1 ◦ b3 + [x21] ◦ b1 ◦ b4 + ([x1] ◦ b1)#([x1] ◦ b4)

+ ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#5
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Proof. By the Ravenel–Wilson coefficient equation for s4t, we have

[x21] ◦ b1 ◦ b4 = [x1] ◦ (b5 + [x2] ◦ b1 ◦ b2 ◦ b2 + [a3,1] ◦ b1 ◦ b1 ◦ b1 ◦ b2 + [a4,1] ◦ b◦51 + b1#b4

+ b1#([x1] ◦ b1 ◦ b3) + b1#([a3,1] ◦ b◦41 ) + b2#([x1] ◦ b1 ◦ b2)

+ b3#([x1] ◦ b1 ◦ b1))

Distributing the [x1] ◦ (−), by Lemma 2.9(b), we have

[x21] ◦ b1 ◦ b4 = b5 + [x2] ◦ b1 ◦ b2 ◦ b2 + b1#b4 + b1#([x1] ◦ b1 ◦ b3) + b2#([x1] ◦ b1 ◦ b2)

+ b3#([x1] ◦ b1 ◦ b1)

= [x1] ◦ b5 + [x1x2] ◦ b1 ◦ b2 ◦ b2 + ([x1] ◦ b1)#([x1] ◦ b4)

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b3) + ([x1] ◦ b2)#([x21] ◦ b1 ◦ b2)

+ ([x1] ◦ b3)#([x21] ◦ b1 ◦ b1)

[x1x2] = b1 ◦ b2 ◦ b2 = [x3] ◦ b1 ◦ b1 ◦ b2 by Computation 2.19, and the result then follows by

applying the lower-degree relations

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3
[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

Computation 2.21.

0 = [x21] ◦ b2 ◦ b3 + ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3)

+ ([x1] ◦ b1)#([x1] ◦ b2)#2 + ([x1] ◦ b1)#3#([x1] ◦ b2)

Proof. We will use the Ravenel–Wilson coefficient equation for s3t2. We omit those +-

summands with a ◦-factor of b1 ◦ b1 ◦ b2k+1 since these will vanish after applying [x1] ◦ (−).
Therefore, we have

[x21] ◦ b2 ◦ b3 = [x1] ◦ (b1#([x1] ◦ b1 ◦ b3) + b1 ◦ ([x1] ◦ b2 ◦ b2) + b2#b3 + b2#([x1] ◦ b1 ◦ b2)

+ b1#b1#([x1] ◦ b1 ◦ b2) + b1#b1#([x1] ◦ b1 ◦ b1))
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We distribute the [x1] ◦ (−) and apply the lower-degree relations

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3
[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

[x21] ◦ b2 ◦ b2 = ([x1] ◦ b1)#4 + ([x1] ◦ b2)#2

Then canceling terms over F2, the result follows.

Computation 2.22.

[x2] ◦ b2 ◦ b3 + [x3] ◦ b1 ◦ b1 ◦ b3 + [x22] ◦ b1 ◦ b1 ◦ b1 ◦ b2 + ([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b2) = 0

Proof. Applying the Ravenel–Wilson coefficient equation for s2t, we have

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b2 = [x2] ◦ b2 ◦ ([x2] ◦ b1 ◦ b1 ◦ b1)

= [x2] ◦ b2 ◦ (b3 + [x1] ◦ b1 ◦ b2 + b1#b2 + b1#([x1] ◦ b1 ◦ b1))

Rewriting the last +-summand as b1#b1#b1, we see that it vanishes when we apply b2 ◦ (−)
by Proposition 1.20(d). Furthermore, by Lemma 2.9(a), we obtain

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b2 = [x2] ◦ b2 ◦ b3 + [x1x2] ◦ b1 ◦ b2 ◦ b2 + ([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b2)

The result then follows since [x1x2]◦ b1 ◦ b2 ◦ b2 = [x3]◦ b1 ◦ b1 ◦ b3 by Computation 2.19.

Computation 2.23.

0 = [x31] ◦ b1 ◦ b2 ◦ b2 + ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#([x1] ◦ b2)#2

+ ([x1] ◦ b1)#3#([x1] ◦ b2)

Proof. Again applying the Ravenel–Wilson coefficient equation for s2t gives

[x31] ◦ b1 ◦ b2 ◦ b2 = [x21] ◦ b2 ◦ (b3 + [x2] ◦ b◦31 + b1#b2 + b1#([x1] ◦ b1 ◦ b1))

Rewriting the last +-summand as b1#b1#b1 and applying Lemma 2.9, we have

[x31] ◦ b1 ◦ b2 ◦ b2 = [x21] ◦ b2 ◦ b3 + 0 + ([x21] ◦ b1 ◦ b1)#([x21] ◦ b1 ◦ b2) + 0
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The result follows by applying Computation 2.21 and the lower-degree relations

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3

and canceling terms.

Computation 2.24. [x21] ◦ b3 ◦ b3 + ([x1] ◦ b3)#2 + ([x1] ◦ b1)#6 = 0

Proof. We apply [x1] ◦ (−) to the Ravenel–Wilson coefficient equation for s3t3. After can-

celing terms over F2 and omitting terms that will vanish by Lemma 2.9(b), this yields

0 = [x1] ◦ ([x1] ◦ b3 ◦ b3 + b1#b1#([x1] ◦ b2 ◦ b2) + b3#b3 + b1#b1#b2#b2

= [x21] ◦ b3 ◦ b3 + ([x1] ◦ b1)#2#([x21] ◦ b2 ◦ b2) + ([x1] ◦ b3)#2 + ([x1] ◦ b1)#2#([x1] ◦ b2)#2

From the relations in degree 8, we know [x21]◦ b2 ◦ b2 = ([x1]◦ b2)#2+([x1]◦ b1)#4. Plugging

this into the previous equation and canceling terms yields the result.

Computation 2.25. [x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2 + ([x3] ◦ b1 ◦ b1 ◦ b1)#2

Proof. Applying the Ravenel–Wilson relation [x1] ◦ b1 ◦ b1 = b1#b1 and Proposition 1.20(a)

and (b), we obtain

[x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = [x3] ◦ b2 ◦ b2 ◦ (b1#b1)

= [x3] ◦ b2 ◦ ((b1 ◦ b1)#(b1 ◦ b1))

= [x3] ◦ ((b1 ◦ b1 ◦ b1)#(b1 ◦ b1 ◦ b1))

= ([x3] ◦ b1 ◦ b1 ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)

Computation 2.26. [x21x2] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = 0

Proof. Applying the Ravenel–Wilson relation [x1] ◦ b1 ◦ b1 = b1#b1 and Proposition 1.20(a)
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and (b), we obtain

[x21x2] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = [x1x2] ◦ b2 ◦ b2 ◦ (b1#b1)

= [x1x2] ◦ b2 ◦ ((b1 ◦ b1)#(b1 ◦ b1))

= [x1x2] ◦ ((b1 ◦ b1 ◦ b1)#(b1 ◦ b1 ◦ b1))

= [x2] ◦ (([x1] ◦ b1 ◦ b1 ◦ b1)#([x1] ◦ b1 ◦ b1 ◦ b1))

The right hand side then vanishes by Lemma 2.9(b).

Computation 2.27. [x41] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = 0

Proof. Applying the Ravenel–Wilson relation [x1] ◦ b1 ◦ b1 = b1#b1 and Proposition 1.20(a)

and (b), we obtain

[x41] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = [x31] ◦ b2 ◦ b2 ◦ (b1#b1)

= [x31] ◦ b2 ◦ ((b1 ◦ b1)#(b1 ◦ b1))

= [x31] ◦ ((b1 ◦ b1 ◦ b1)#(b1 ◦ b1 ◦ b1))

= [x21] ◦ (([x1] ◦ b1 ◦ b1 ◦ b1)#([x1] ◦ b1 ◦ b1 ◦ b1))

The right hand side then vanishes by Lemma 2.9(b).

Computation 2.28. [x1x2] ◦ b1 ◦ b1 ◦ b4 + ([x2] ◦ b1 ◦ b2)#2 = 0

Proof. By the Ravenel–Wilson relation [x1]◦b1 ◦b1 = b1#b1, Lemma 2.9(a) and Proposition

1.20(a), we have

[x1x2] ◦ b1 ◦ b1 ◦ b4 = [x2] ◦ b4 ◦ (b1#b1)

= [x2] ◦ ((b1 ◦ b2)#(b1#b2))

= ([x2] ◦ b1 ◦ b2)#([x2] ◦ b1 ◦ b2)

Computation 2.29.

[x31] ◦ b1 ◦ b1 ◦ b4 + ([x1] ◦ b3)#2 + ([x1] ◦ b1)#2#([x1] ◦ b2)#2 + ([x1] ◦ b1)#6 = 0



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 45

Proof. By the Ravenel–Wilson relation [x1]◦b1 ◦b1 = b1#b1, Lemma 2.9(a) and Proposition

1.20(a), we have

[x31] ◦ b1 ◦ b1 ◦ b4 = [x21] ◦ b4 ◦ (b1#b1)

= [x21] ◦ ((b1 ◦ b2)#(b1 ◦ b2))

= ([x21] ◦ b1 ◦ b2)#2

From the relations in degree 6, we know

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

Taking the 2-fold #-sum of the right hand side, expanding and canceling terms yields the

result.

Computation 2.30. [x31] ◦ b1 ◦ b2 ◦ b3 = 0

Proof. We have [x31] ◦ b1 ◦ b2 ◦ b3 = [x1] ◦ b3 ◦ [x21] ◦ b1 ◦ b2, and from the relations in degree

6, we know

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

Distributing [x1] ◦ b3 ◦ (−) over the +-sum and applying the distributive law in Lemma

1.5(3)(g) and Proposition 1.19, we have

[x21] ◦ b3 ◦ b3 + ([x21] ◦ b1 ◦ b1)#([x21] ◦ b2 ◦ b2) + ([x21] ◦ b1 ◦ b2)#2 + ([x21] ◦ b1 ◦ b1)#3

We apply the formula for [x21] ◦ b3 ◦ b3 from Computation 2.24, the formula for [x21] ◦ b1 ◦ b2
from the proof of Computation 2.29 and the relation [x21]◦ b1 ◦ b1 = ([x1]◦ b1)#2 from degree

4 and see that all terms cancel.

Computation 2.31. [x1x2] ◦ b1 ◦ b2 ◦ b3 = 0

Proof. By the Ravenel–Wilson coefficient equation for s2t, we have

[x1x2] ◦ b1 ◦ b2 ◦ b3 =

[x1x2] ◦ b1 ◦ b2 ◦ ([x1] ◦ b1 ◦ b2 + [x2] ◦ b◦31 + b1#b2 + ([x1] ◦ b1 ◦ b1)#b1)

If we distribute b1 ◦ (−), the last two +-summands in the parentheses on the right hand
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side will vanish by Proposition 1.20(d). Then

[x1x2] ◦ b1 ◦ b2 ◦ b3 = [x21x2] ◦ b1 ◦ b1 ◦ b2 ◦ b2 + [x1x
2
2] ◦ b◦41 ◦ b2

The first +-summand on the right hand side vanishes by Computation 2.26, and the second

vanishes by Lemma 2.9(b).

Computation 2.32.

0 = [x2] ◦ b3 ◦ b3 + [x22] ◦ b1 ◦ b1 ◦ b1 ◦ b3
+ ([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2) + ([x2] ◦ b1 ◦ b2)#2 + ([x2] ◦ b1 ◦ b1)#3

Proof. By Computation 2.31,

0 = [x1x2] ◦ b1 ◦ b2 ◦ b3 = [x2] ◦ b3 ◦ ([x1] ◦ b1 ◦ b2)

By the Ravenel–Wilson coefficient equation for s2t, we can rewrite the right hand side to

obtain

0 = [x2] ◦ b3 ◦ (b3 + [x2] ◦ b◦31 + b1#b2 + ([x1] ◦ b1 ◦ b1)#b1)

By the Ravenel–Wilson relation [x1] ◦ b1 ◦ b1 = b1#b1, the last +-summand on the right

hand side can be rewritten as b#3
1 . Distributing b3 ◦ (−) to the last two +-summands on

the right hand side yields

(b1 ◦ b1)#(b2 ◦ b2) + (b1 ◦ b2)#(b1 ◦ b2) + (b1 ◦ b1)#3

Therefore, distributing b3 ◦ (−) to the entire +-sum in parentheses yields the result.

Computation 2.33.

[x31] ◦ b2 ◦ b2 ◦ b2 + ([x1] ◦ b3)#2 + ([x1] ◦ b1)#2#([x1] ◦ b2)#2 + ([x1] ◦ b1)#6 = 0

Proof. Applying the Ravenel–Wilson coefficient equation for s2t2, we have

[x31] ◦ b2 ◦ b2 ◦ b2 = [x21] ◦ b2 ◦ ([x1] ◦ b2 ◦ b2) = [x21] ◦ b2 ◦ (b2#b2 + ([x1] ◦ b1 ◦ b1)#b1#b1)

By Proposition 1.20, distributing b2 ◦ (−) to the first +-summand in parentheses yields

([x1] ◦ b1 ◦ b2)#2 and distributing to the second +-summand yields 0. The result then

follows exactly as in Computation 2.29.
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Computation 2.34. [x1x2] ◦ b2 ◦ b2 ◦ b2 + ([x2] ◦ b1 ◦ b2)#2 = 0

Proof. Replace [x21] with [x2] in the proof of Computation 2.33.

Computation 2.35. [x3] ◦ b1 ◦ b2 ◦ b3 + [x2x3] ◦ b◦41 ◦ b2 + ([x1] ◦ b1 ◦ b1 ◦ b1)#2 = 0

Proof. By the Ravenel–Wilson coefficient equation for s2t,

[x2x3] ◦ b◦41 ◦ b2 = [x3] ◦ b2 ◦ b1 ◦ ([x2] ◦ b1 ◦ b1 ◦ b1)

= [x3] ◦ b2 ◦ b1 ◦ (b3 + [x1] ◦ b1 ◦ b2 + b1#b2 + b1#([x1] ◦ b1 ◦ b1))

Distributing b1 ◦ (−) to the last two +-summands in parentheses yields 0 by Proposition

1.20. Therefore,

[x2x3] ◦ b◦41 ◦ b2 = [x3] ◦ b1 ◦ b2 ◦ b3 + [x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2

and then the result follows by Computation 2.25.

Computation 2.36. [x22] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x32] ◦ b◦61 = 0

Proof. By a relation in degree 8, we have

[x32] ◦ b◦61 = [x2] ◦ b1 ◦ b1 ◦ ([x22] ◦ b◦41 )

= [x2] ◦ b1 ◦ b1 ◦ ([x2] ◦ b1 ◦ b3 + ([x2] ◦ b1 ◦ b1)#2)

and the result follows because distributing b1 ◦ (−) to the second +-summand on the right

hand side yields 0 by Proposition 1.20.

Computation 2.37. [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x2x4] ◦ b◦61 = 0

Proof. By the Ravenel–Wilson coefficient equation for s2t, we have

[x2x4] ◦ b◦61 = [x4] ◦ b1 ◦ b1 ◦ b1 ◦ ([x2] ◦ b1 ◦ b1 ◦ b1)

= [x4] ◦ b1 ◦ b1 ◦ b1 ◦ (b3 + [x1] ◦ b1 ◦ b2 + b1#b2 + b1#([x1] ◦ b1 ◦ b1))

Distributing b1◦(−) to the last three +-summands on the right hand side yields 0 by Lemma

2.9 and Proposition 1.20. The result follows.

Computation 2.38. [x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2 + [x23] ◦ b◦61 = 0



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 48

Proof. Since x3 = a2,2 − a3,1, we have

[x23] ◦ b◦61 = [x3] ◦ b1 ◦ b1 ◦ ([a2,2 − a3,1] ◦ b◦41 ) = [x3] ◦ b1 ◦ b1 ◦ (([a2,2]#[−1] ◦ [a3,1]) ◦ b◦41 )

By the distributive law, since [a2,2] and [−1] ◦ [a3,1] are in homology degree 0, we have

([a2,2]#[−1] ◦ [a3,1]) ◦ b◦41 = [a2,2] ◦ b◦41 + [−1] ◦ [a3,1] ◦ b◦41

Applying the Ravenel–Wilson coefficient equations for s2t and s3t, this yields

([x1] ◦ b1 ◦ b2 + b2#b2 + b1#b1#([x1] ◦ b1 ◦ b1))

+[−1]◦
(
([x1] ◦ b1 ◦ b3) + b1#b3 + b1#([x1] ◦ b1 ◦ b2)

+ b1#([x2] ◦ b1 ◦ b1 ◦ b1) + b2#([x1] ◦ b1 ◦ b2)
)

By Proposition 1.20 and Lemma 2.9, the ◦-product of b1 with this +-sum simplifies to

[x1] ◦ b1 ◦ b1 ◦ b2 since all other +-summands vanish. Therefore,

[x23] ◦ b◦61 = [x3] ◦ b1 ◦ ([x1] ◦ b1 ◦ b1 ◦ b2)

and the result follows.

Computation 2.39.

0 = [x1] ◦ b6 + [x21] ◦ b2 ◦ b4 + ([x1] ◦ b1)#([x1] ◦ b5) + ([x1] ◦ b2)#([x1] ◦ b4) + ([x1] ◦ b3)#2

+ ([x1] ◦ b1)#2#([x1] ◦ b4) + ([x1] ◦ b2)#3 + ([x1] ◦ b1)#4#([x1] ◦ b2)

Proof. Adding the Ravenel–Wilson coefficient equations for s3t and s2t2 yields

[a3,1] ◦ b◦41 + [a2,2] ◦ b◦41 = [x1] ◦ b1 ◦ b3 + [x1] ◦ b2 ◦ b2 + b1#b3 + b2#b2 + b#4
1

+ b1#([x1] ◦ b1 ◦ b2) + b1#([x2] ◦ b1 ◦ b1 ◦ b1) + b1#b1#b2
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Then, by the Ravenel–Wilson coefficient equation for s4t2, we have

[x21] ◦ b2 ◦ b4 = [x1] ◦
(
b6 + [x2] ◦ b2 ◦ b2 ◦ b2 + [x2] ◦ b1 ◦ b1 ◦ b4+

+ [x1] ◦ b1 ◦ b3 + [x1] ◦ b2 ◦ b2 + b1#b3 + b2#b2 + b#4
1

+ b1#([x1] ◦ b1 ◦ b2) + b1#([x2] ◦ b1 ◦ b1 ◦ b1) + b1#b1#b2

+ b1#([x1] ◦ b2 ◦ b3) + b1#([x1] ◦ b1 ◦ b4) + b1#([x2] ◦ b1 ◦ b2 ◦ b2)

+ b2#b4 + b2#([x1] ◦ b2 ◦ b2) + b2#([x1] ◦ b1 ◦ b3)

+ b1#b1#([x1] ◦ b1 ◦ b3) + b3#([x1] ◦ b1 ◦ b2) + b#3
1 #b3

+ b1#b2#([x1] ◦ b1 ◦ b2)
)

The result then follows by applying Computations 2.28 and 2.34, Lemma 2.9 and various

lower-degree relations and canceling terms.

Computation 2.40.

0 = [x2] ◦ b3 ◦ b3 + [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x22] ◦ b1 ◦ b1 ◦ b2 ◦ b2
+ ([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2) + ([x2] ◦ b1 ◦ b1)#3

Proof. By the Ravenel–Wilson coefficient equation for s3t2 (omitting terms with two or

more #-summands by Proposition 1.20), we have

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b3 = [x2] ◦ b1 ◦ ([x2] ◦ b1 ◦ b1 ◦ b3)

= [x2] ◦ b1 ◦ ([x1] ◦ b2 ◦ b3 + [a3,1] ◦ b1 ◦ b1 ◦ b1 ◦ b2 + [a3,2] ◦ b◦51 )

Then Computation 2.31 implies

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b3 = [x2a3,1] ◦ b◦41 ◦ b2 + [x2a3,2] ◦ b◦61

We see that

[x2a3,1] ◦ b◦41 ◦ b2 = [x2(a2,2 − x3)] ◦ b◦41 ◦ b2
= [x2a2,2] ◦ b◦41 ◦ b2 + [−1] ◦ [x2x3] ◦ b◦41 ◦ b2

By the Ravenel–Wilson coefficient equation for s2t and Computation 2.35, the right hand
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side equals

([x1x2] ◦ b2 ◦ b2 ◦ b2 + [x2] ◦ (b2#b2 + b#4
1 )

+ [−1] ◦ ([x3] ◦ b1 ◦ b2 ◦ b3 + ([x3] ◦ b1 ◦ b1 ◦ b1)#2)

By Computation 2.34 and Proposition 1.20,

([x1x2] ◦ b2 ◦ b2 ◦ b2 + [x2] ◦ (b2#b2 + b#4
1 ) = 0

so

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b3 = [−1] ◦ ([x3] ◦ b1 ◦ b2 ◦ b3 + ([x3] ◦ b1 ◦ b1 ◦ b1)#2) + [x2a3,2] ◦ b◦61

Now, note that

[x2a3,2] ◦ b◦61 = [x2(x4 + a4,1)] ◦ b◦61
= ([x2x4]#[x2a4,1]) ◦ b◦61
= [x2x4] ◦ b◦61 + [x2a4,1] ◦ b◦61

By Computation 2.37, this implies

[x2a3,2] ◦ b◦61 = [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x2a4,1] ◦ b◦61

Therefore,

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b3 = [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x2] ◦ b1 ◦ ([a3,1] ◦ b◦31 ◦ b2 + [a4,1] ◦ b◦51 )

Then, by the Ravenel–Wilson coefficient equation for s4t (omitting terms with two or more

#-summands by Proposition 1.20), we have

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b3 = [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x1x2] ◦ b1 ◦ b1 ◦ b4 + [x22] ◦ b1 ◦ b1 ◦ b2 ◦ b2

Finally, by Computations 2.28 and 2.32, this implies

[x2] ◦ b3 ◦ b3 + ([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2) + ([x2] ◦ b1 ◦ b2)#2 + ([x2] ◦ b1 ◦ b1)#3 =

[x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + ([x2] ◦ b1 ◦ b2)#2 + [x22] ◦ b1 ◦ b1 ◦ b2 ◦ b2
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and thus

[x2] ◦ b3 ◦ b3 + ([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2) + ([x2] ◦ b1 ◦ b1)#3 =

[x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3 + [x22] ◦ b1 ◦ b1 ◦ b2 ◦ b2

Computation 2.41. [x21] ◦ b1 ◦ b5 + [x31] ◦ b1 ◦ b1 ◦ b4 = 0

Proof. By the Ravenel–Wilson coefficient equation for s4t (omitting terms with two or more

#-summands or a ◦-factor of the form b1 ◦ b2k+1 by Proposition 1.20 and Lemma 2.9), we

have

[x21] ◦ b1 ◦ b5 = [x21] ◦ b1 ◦ ([x1] ◦ b1 ◦ b4 + [x2] ◦ b1 ◦ b2 ◦ b2)

Then the result follows because distributing b1◦(−) to the second +-summand in parentheses

on the right hand side yields 0 by Computation 2.26.

2.2 The abelian group structure of H∗(SL1MU)

As outlined above, H∗(SL1MU) is generated as an abelian group or F2-module by ap-

plying [1]#(−) to #-monomials in the generators of Q#H∗(MU ′
0). Using the polynomial

generators from 2.2, we obtain the abelian group generators for H∗(SL1MU) in Table 2.6.

2.3 The multiplication table

2.3.1 SageMath code

The computations in degree 4 have been done entirely by hand. Most computations in

degrees 6 and higher have been done with the assistance of a SageMath worksheet, which can

be found at https://github.com/ZaneHuttinga/PhD-thesis-files. The only exceptions

are those that follow immediately from a previous result in the multiplication table.

When using the worksheet, note that there are two sets of inputs, each with its own

output. The first implements Lemma 1.23, and the second implements Lemma 1.24. Since

the latter is a more general version of the former, the second part of the worksheet can

implement either lemma, but the first output is cleaner, and the computation is less costly.

In both cases, the outputs omit +-summands that vanish because of a #-summand with a

◦-factor of b0.
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Degree Generators

0 [1]

2 [1]#([x1] ◦ b1)
4 [1]#([x1] ◦ b2), [1]#([x2] ◦ b1 ◦ b1), [1]#([x1] ◦ b1)#2

6
[1]#([x1] ◦ b3), [1]#([x2] ◦ b1 ◦ b2), [1]#([x3] ◦ b1 ◦ b1 ◦ b1),

[1]#([x1] ◦ b1)#([x1] ◦ b2), [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1), [1]#([x1] ◦ b1)#3

8

[1]#([x1] ◦ b4), [1]#([x2] ◦ b1 ◦ b3), [1]#([x2] ◦ b2 ◦ b2),
[1]#([x3] ◦ b1 ◦ b1 ◦ b2), [1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1),

[1]#([x1] ◦ b1)#([x1] ◦ b3), [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b2),
[1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1), [1]#([x1] ◦ b2)#2,

[1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1), [1]#([x2] ◦ b1 ◦ b1)#2,

[1]#([x1] ◦ b1)#2#([x1] ◦ b2), [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1),
[1]#([x1] ◦ b1)#4

10

[1]#([x1] ◦ b5), [1]#([x2] ◦ b1 ◦ b4), [1]#([x2] ◦ b2 ◦ b3),
[1]#([x3] ◦ b1 ◦ b1 ◦ b3), [1]#([x3] ◦ b1 ◦ b2 ◦ b2), [1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b2),

[1]#([x5] ◦ b◦51 ), [1]#([x1] ◦ b1)#([x1] ◦ b4),
[1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b3), [1]#([x1] ◦ b1)#([x2] ◦ b2 ◦ b2),

[1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b2), [1]#([x1] ◦ b1)#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1),
[1]#([x1] ◦ b2)#([x1] ◦ b3), [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b2),

[1]#([x1] ◦ b2)#([x3] ◦ b1 ◦ b1 ◦ b1), [1]#([x2] ◦ b1 ◦ b1)#([x1] ◦ b3),
[1]#([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b2), [1]#([x2] ◦ b1 ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1),

[1]#([x1] ◦ b1)#2#([x1] ◦ b3), [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b2),
[1]#([x1] ◦ b1)#2#([x3] ◦ b1 ◦ b1 ◦ b1), [1]#([x1] ◦ b1)#([x1] ◦ b2)#2,

[1]#([x1] ◦ b1)#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1), [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#2,

[1]#([x1] ◦ b1)#3#([x1] ◦ b2), [1]#([x1] ◦ b1)#3#([x2] ◦ b1 ◦ b1),
[1]#([x1] ◦ b1)#5

Table 2.6: Generators for H∗(SL1MU) as an abelian group or F2-vector space
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To implement Lemma 1.23, note that the inputs are vectors whose components are the

indices of the ◦-factors bn. Note that the [xi] ◦-factor is omitted, but there is no ambiguity

because the index i is always the sum of the indices of the bn (as in Conjecture 2.8).

Similarly, in the formula of Lemma 1.23 the [1] #-summands in the ◦-factors only have the

effect of a single #-summand of [1] in the ◦-product. Therefore, these are also ignored in

the code. Consider the following example.

Example 2.42. To compute

([1]#([x1] ◦ b2)) ◦ ([1]#([x2] ◦ b1 ◦ b3))

we enter

a = vector(ZZ,[2])

b = vector(ZZ,[1,3])

The output is

[(2), (1, 3), (0, 0, 0)]

[(1), (0, 0), (1, 1, 3)]

[(0), (0, 0), (2, 1, 3)]

Here each list (in square brackets []) is a +-summand, and the vectors inside a list (in

parentheses ()) are #-summands. Again, the entries in the vectors are indices of the bn.

We apply a #-sum with [1] to the entire +-sum as in Lemma 1.23. Also note that the first

two #-summands have the [xi] ◦-factor of the inputs, and the third has the ◦-product of

the two. Therefore, the output represents

[1]#
(
([x1] ◦ b2)#([x2] ◦ b1 ◦ b3)#([x1x2] ◦ b0 ◦ b0 ◦ b0)

+([x1] ◦ b1)#([x2] ◦ b0 ◦ b0)#([x1x2] ◦ b1 ◦ b1 ◦ b3)

+([x1] ◦ b0)#([x2] ◦ b0 ◦ b0)#([x1x2] ◦ b2 ◦ b1 ◦ b3)
)

From here, we simplify by hand by removing the [0] #-summands and applying results such

as Lemma 2.9 and relations as in Tables 2.2 and 2.3.

To implement Lemma 1.24, the inputs are lists of lists. Again, the entries in the inner

lists are indices of the bn generators. In this case, one must be careful when reading the

output. Consider the following example.
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Example 2.43. To compute

([1]#([x1] ◦ b1)#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1))

we enter

M = [[1],[2]]

N = [[1],[1,1]]

The output is

plus

[[], [1], [2], [1], [0, 0], [0, 0], [1, 1], [0, 0, 0], [0, 0, 0]]

plus

[[], [1], [0], [0], [0, 0], [2, 1], [1, 1], [0, 0, 0], [0, 0, 0]]

plus

[[], [1], [0], [1], [0, 0], [0, 0], [0, 0], [0, 0, 0], [2, 1, 1]]

plus

[[], [1], [1], [0], [0, 0], [1, 1], [1, 1], [0, 0, 0], [0, 0, 0]]

plus

[[], [1], [1], [1], [0, 0], [0, 0], [0, 0], [0, 0, 0], [1, 1, 1]]

plus

[[], [1], [0], [0], [0, 0], [1, 1], [0, 0], [0, 0, 0], [1, 1, 1]]

plus

[[], [0], [2], [0], [1, 1], [0, 0], [1, 1], [0, 0, 0], [0, 0, 0]]

plus

[[], [0], [0], [0], [1, 1], [0, 0], [0, 0], [0, 0, 0], [2, 1, 1]]

plus

[[], [0], [1], [0], [1, 1], [0, 0], [0, 0], [0, 0, 0], [1, 1, 1]]

plus

[[], [0], [2], [1], [0, 0], [0, 0], [0, 0], [1, 1, 1], [0, 0, 0]]

plus

[[], [0], [0], [0], [0, 0], [2, 1], [0, 0], [1, 1, 1], [0, 0, 0]]

plus

[[], [0], [1], [0], [0, 0], [1, 1], [0, 0], [1, 1, 1], [0, 0, 0]]

row length: 3

Each list of lists represents a +-summand, and the lists inside a given list represent #-

summands within that +-summand. The entries in the inner lists are indices of the bn. The
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empty list at the start represents the #-summand [1]. In order to interpret this, first note

the “row length”; this refers to a matrix representation of each +-summand at which the

indexing of Lemma 1.24 hints.

([1]#a#b) ◦ ([1]#c#d) =
∑


[1] # a′ # b′

# c′ # (a′′ ◦ c′′) # (b′′ ◦ c′′′)

# d′ # (a′′′ ◦ d′′) # (b′′′ ◦ d′′′)


The rows are printed in sequence from left to right. So, for instance, the fourth line

[[], [1], [1], [0], [0, 0], [1, 1], [1, 1], [0, 0, 0], [0, 0, 0]]

Indicates the #-sum

[1] # ([x1] ◦ b1) # ([x1] ◦ b1)

# ([x1] ◦ b0) # ([x21] ◦ b0 ◦ b0) # ([x21] ◦ b1 ◦ b1)

# ([x2] ◦ b1 ◦ b1) # ([x1x2] ◦ b0 ◦ b0 ◦ b0) # ([x1x2] ◦ b0 ◦ b0 ◦ b0)

This is important because of the ambiguity in, for instance, the two entries [1, 1], which

represent different ◦-products.

2.3.2 Computations

Computation 2.44. ([1]#([x1] ◦ b1))◦2 = 0

Proof. By Lemma 1.23,

([1]#([x1] ◦ b1))◦2 = [1]#
(
([x21] ◦ b1 ◦ b1) + ([x1] ◦ b1)#([x1] ◦ b1)

)
= [1]# ([x1] ◦ ([x1] ◦ b1 ◦ b1 + b1#b1))

By the Ravenel–Wilson coefficient equation for st, the inner +-sum equals 0, so the result

follows.

Computation 2.45. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b2)) = [1]#([x1] ◦ b3)
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Proof. Again by Lemma 1.23, we have

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b2)) = [1]#
(
([x21] ◦ b1 ◦ b2) + ([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)

+ ([x1] ◦ b1)#([x1] ◦ b2)
)

= [1]#
(
[x1] ◦

(
[x1] ◦ b1 ◦ b2 + b1#([x1] ◦ b1 ◦ b1)

+ b1#b2
))

By the Ravenel–Wilson coefficient equation for st, the right hand side equals

[1]# ([x1] ◦ (b3 + [a2,1] ◦ b1 ◦ b1 ◦ b1))

and the second +-summand vanishes by Lemma 2.9(b).

Computation 2.46. ([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)

Proof. The left-hand side equals

[1]# ([x1x2] ◦ b1 ◦ b1 ◦ b1 + ([x1] ◦ b1)#([x2] ◦ b1 ◦ b1))

and the first +-summand vanishes by Lemma 2.9(b).

Computation 2.47. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2) = [1]#([x1] ◦ b1)#3

Proof. This follows immediately from Lemma 1.24.

Computation 2.48. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b3)) = 0

Proof. This follows immediately from Computations 2.44 and 2.45.

Computation 2.49.

([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b2)

+ [1]#([x2] ◦ b1 ◦ b1)#2

Proof. This follows immediately from Lemma 1.23.

Computation 2.50.

([1]#([x1] ◦ b1)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)
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Proof. Lemma 1.23 yields the +-sum of right hand side and [1]#([x1x3]◦b◦41 ), which vanishes

by Lemma 2.9(b).

Computation 2.51.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b2)) = [1]#([x1] ◦ b1)#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)

Proof. Lemma 1.24 yields

[1]#
(
([x1] ◦ b1)#2#([x1] ◦ b2) + ([x1]

2 ◦ b1 ◦ b1)#([x1] ◦ b2)

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b2)

+ ([x1] ◦ b1)#2#([x21] ◦ b1 ◦ b1)
)

The result follows by applying the relations

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

and

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

from Table 2.2 and canceling terms.

Computation 2.52. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)) = 0

Proof. Lemma 1.24 yields

[1]#
(
([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1) + ([x21] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b1)

+ ([x1] ◦ b1)#([x1x2] ◦ b1 ◦ b1 ◦ b1)
)

The first two +-summands cancel by the relation

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

from Table 2.2, and the last one vanishes by Lemma 2.9(b).

Computation 2.53. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#3) = 0
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Proof. Lemma 1.24 yields

[1]#
(
([x1] ◦ b1)#4 + ([x21] ◦ b1 ◦ b1)#([x1] ◦ b1)#2

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)#([x1] ◦ b1)

+ ([x1] ◦ b1)#2#([x21] ◦ b1 ◦ b1)

Since [x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2, all four +-summands are equal and thus cancel.

From this point on, unless there is a simpler proof using calculations from earlier in the

multiplication table, the process is always the same: compute the ◦-product using either

Lemma 1.23 or Lemma 1.24 and the SageMath worksheet, and then simplify by applying

relations from Tables 2.2 and 2.3, applying Lemma 2.9 and canceling +-summands over F2.

Therefore, for simplicity, I will generally only list the necessary relations, and only those

that are not immediate consequences of Lemma 2.9(b).

Computation 2.54.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b4)) = [1]#([x1] ◦ b5)

+ [1]#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b1)#([x1] ◦ b2)#2

+ [1]#([x1] ◦ b1)#3#([x1] ◦ b2)

+ [1]#([x1] ◦ b1)#5

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b4 = [x1] ◦ b5 + [x3] ◦ b1 ◦ b1 ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b4)

+ ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#5

Computation 2.55. ([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b3)) = [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b3)

Proof sketch. No additional relations are needed.
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Computation 2.56.

([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b2 ◦ b2)) = [1]#([x1] ◦ b1)#([x2] ◦ b2 ◦ b2)

+ [1]#([x3] ◦ b1 ◦ b1 ◦ b3)

Proof sketch.

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x3] ◦ b1 ◦ b1 ◦ b3

Computation 2.57.

([1]#([x1] ◦ b1)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b2)

Proof sketch. No additional relations are needed.

Computation 2.58.

([1]#([x1] ◦ b1)) ◦ ([1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.59.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b3)) = [1]#([x1] ◦ b1)#2#([x1] ◦ b3)

Proof sketch.

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

Computation 2.60.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2
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Computation 2.61. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.62. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b2)#2) = [1]#([x1] ◦ b1)#([x1] ◦ b2)#2

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.63.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)) = [1]#([x2] ◦ b1 ◦ b1)#([x1] ◦ b3)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

Computation 2.64.

([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b1)#2) = [1]#([x1] ◦ b1)#3#([x2] ◦ b1 ◦ b1)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.65.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2#([x1] ◦ b2)) = [1]#([x1] ◦ b1)#2#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#3#([x1] ◦ b2)

Proof sketch.

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3
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Computation 2.66.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1) = [1]#([x1] ◦ b1)#3#([x2] ◦ b1 ◦ b1)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.67. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#4) = [1]#([x1] ◦ b1)#5

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.68.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b5)) = [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

+ [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#2

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

[x21] ◦ b1 ◦ b4 = [x1] ◦ b5 + [x3] ◦ b1 ◦ b1 ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b4)

+ ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#5

Computation 2.69.

([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b4)) = [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b4)

+ [1]#([x2] ◦ b1 ◦ b2)#2
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Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b4 = ([x2] ◦ b1 ◦ b2)#2

Computation 2.70.

([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b2 ◦ b3)) = [1]#([x1] ◦ b1)#([x2] ◦ b2 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#3

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

[x1x2] ◦ b1 ◦ b2 ◦ b3 = 0

Computation 2.71.

([1]#([x1] ◦ b1)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b3)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

Proof sketch. No additional relations are needed.

Computation 2.72.

([1]#([x1] ◦ b1)) ◦ ([1]#([x3] ◦ b1 ◦ b2 ◦ b2)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b2 ◦ b2)

+ [1]#([x3] ◦ b1 ◦ b1 ◦ b1)#2

Proof sketch.

[x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = ([x3] ◦ b1 ◦ b1 ◦ b1)#2

Computation 2.73.

([1]#([x1] ◦ b1)) ◦ ([1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b2)

Proof sketch. No additional relations are needed.
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Computation 2.74.

([1]#([x1] ◦ b1)) ◦ ([1]#([x5] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#([x5] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.75.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b4) = [1]#([x1] ◦ b1)#([x1] ◦ b5)

+ [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b4)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#2

+ [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

[x21] ◦ b1 ◦ b4 = [x1] ◦ b5 + [x3] ◦ b1 ◦ b1 ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b4)

+ ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#5

Computation 2.76. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b3)) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.77.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b2 ◦ b2)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

Proof sketch.

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x3] ◦ b1 ◦ b1 ◦ b3
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Computation 2.78. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b2)) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.79. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1)) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.80.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b2)#([x1] ◦ b3)) = [1]#([x1] ◦ b1)#([x1] ◦ b2)#([x1] ◦ b3)

+ [1]#([x1] ◦ b3)#2

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

Computation 2.81.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b2)) = [1]#([x1] ◦ b3)#([x2] ◦ b1 ◦ b2)

+ [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2
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Computation 2.82.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b2)#([x3] ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b3)#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.83. ([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b1)#([x1] ◦ b3)) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.84.

([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b2)) =

[1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b2)

+ [1]#([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

Computation 2.85.

([1]#([x1] ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.86. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2#([x1] ◦ b3)) = 0
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Proof sketch.

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

Computation 2.87.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b2)) =

[1]#([x1] ◦ b1)#3#([x2] ◦ b1 ◦ b2) + [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

Computation 2.88.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2#([x3] ◦ b1 ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#3#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.89. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b2)#2) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.90.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#([x1] ◦ b3)#([x2] ◦ b1 ◦ b1)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)
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Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

Computation 2.91. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#2) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.92.

([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#3#([x1] ◦ b2)) = [1]#([x1] ◦ b1)#3#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

Computation 2.93. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#3#([x2] ◦ b1 ◦ b1)) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.94. ([1]#([x1] ◦ b1)) ◦ ([1]#([x1] ◦ b1)#5) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.95. ([1]#([x1] ◦ b2))◦2 = 0



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 68

Proof. We have

([1]#([x1] ◦ b2))◦2 = [1]#
(
[x21] ◦ b2 ◦ b2 + ([x1] ◦ b1)#([x21] ◦ b2 ◦ b1)

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b2) + ([x1] ◦ b1)#([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)

+ ([x1] ◦ b2)#([x1] ◦ b2)
)

= [1]#
(
[x21] ◦ b2 ◦ b2 + ([x1] ◦ b1)#([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)

+ ([x1] ◦ b2)#([x1] ◦ b2)
)

Factoring out a ◦-factor of [x1] on the right hand side, we see that the remaining factor

appears in the coefficient equation for s2t2. We replace it with the remaining terms from

said equation (ignoring those that vanish or cancel over F2):

([1]#([x1] ◦ b2))◦2 = [1]#
(
[x1] ◦ [a2,2] ◦ b1 ◦ b1 ◦ b1 ◦ b1

)
This vanishes by Lemma 2.9(b).

Computation 2.96.

([1]#([x1] ◦ b2)) ◦ ([1]#([x2] ◦ b1 ◦ b1)) = [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)

+ [1]#([x2] ◦ b1 ◦ b1)#2

Proof. This follows from Lemma 1.23 and the relations

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

and

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

as well as Lemma 2.9(b).

Computation 2.97.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#2) = [1]#([x1] ◦ b1)#2#([x1] ◦ b2) + [1]#([x1] ◦ b1)#4

Proof. This follows from Lemma 1.24 and canceling terms.

Computation 2.98. ([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b3)) = 0

Proof. This follows from Computations 2.45 and 2.95.
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Computation 2.99.

([1]#([x1] ◦ b2)) ◦ ([1]#([x2] ◦ b1 ◦ b2)) = [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b2)

+ [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#2

+ [1]#([x3] ◦ b1 ◦ b1 ◦ b3)

Proof. Lemma 1.23 yields

[1]#
(
([x1] ◦ b2)#([x2] ◦ b1 ◦ b2) + ([x1] ◦ b1)#([x1x2] ◦ b1 ◦ b1 ◦ b2)

+ ([x1x2] ◦ b1 ◦ b2 ◦ b2)
)

and the result follows by the relations

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

from Table 2.2 and

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x3] ◦ b1 ◦ b1 ◦ b3

from Table 2.3.

Computation 2.100.

([1]#([x1] ◦ b2)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b2)#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof. Lemma 1.23 yields

[1]#
(
([x1] ◦ b2)#([x3] ◦ b1 ◦ b1 ◦ b1) + ([x1] ◦ b1)#([x1x3] ◦ b1 ◦ b1 ◦ b1)

+ ([x1x3] ◦ b1 ◦ b1 ◦ b1 ◦ b2)
)

and the last two +-summands vanish by Lemma 2.9(b).

Computation 2.101.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b2)) = [1]#([x1] ◦ b2)#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#([x1] ◦ b2)#2

+ [1]#([x1] ◦ b1)#3#([x1] ◦ b2)
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Proof. Lemma 1.24 yields

[1]#
(
([x1] ◦ b1)#([x1] ◦ b2)#2 + ([x21] ◦ b1 ◦ b2)#([x1] ◦ b2)

+ ([x1] ◦ b1)#([x21] ◦ b2 ◦ b2)

+ ([x1] ◦ b1)#2#([x21] ◦ b1 ◦ b2)

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)#([x1] ◦ b2)

+ ([x1] ◦ b1)#2#([x21] ◦ b1 ◦ b2)

+ ([x1] ◦ b1)#3#([x21] ◦ b1 ◦ b1)

+ ([x21] ◦ b1 ◦ b1)#([x21] ◦ b1 ◦ b2)

+ ([x21] ◦ b1 ◦ b1)#([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)
)

The result follows by applying the relations

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

and

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

from Table 2.2 and canceling terms.

Computation 2.102.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)) = [1]#([x1] ◦ b3)#([x2] ◦ b1 ◦ b1)

+ ([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#2

Proof. Lemma 1.24 yields

[1]#
(
([x1] ◦ b2)#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1) + ([x21] ◦ b1 ◦ b2)#([x2] ◦ b1 ◦ b1)

+ ([x1] ◦ b1)#([x1x2] ◦ b1 ◦ b1 ◦ b2)

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b1)

+ ([x1] ◦ b1)#2#([x1x2] ◦ b1 ◦ b1 ◦ b1)

+ ([x21] ◦ b1 ◦ b1)#([x1x2] ◦ b1 ◦ b1 ◦ b1)
)

The last two +-summands vanish by Lemma 2.9(b). Then applying the relations

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 71

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

and

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

from Table 2.2 and canceling terms gives the result.

Computation 2.103.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#3) = [1]#([x1] ◦ b1)#2#([x1] ◦ b3) + [1]#([x1] ◦ b1)#5

Proof. Lemma 1.24 yields

[1]#
(
([x1] ◦ b2)#([x1] ◦ b1)#3 + ([x21] ◦ b1 ◦ b2)#([x1] ◦ b1)#2

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b2)#([x1] ◦ b1)

+ ([x1] ◦ b1)#2#([x21] ◦ b1 ◦ b2)

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)#([x1] ◦ b1)#2

+ ([x1] ◦ b1)#2#([x21] ◦ b1 ◦ b1)#([x1] ◦ b1)

+ ([x1] ◦ b1)#3#([x21] ◦ b1 ◦ b1)

+ ([x21] ◦ b1 ◦ b1)#2#([x1] ◦ b1)

+ ([x21] ◦ b1 ◦ b1)#([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)

+ ([x1] ◦ b1)#([x21] ◦ b1 ◦ b1)#2
)

The result follows by applying the relations

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

and

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

from Table 2.2 and canceling terms.

Computation 2.104.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b4)) = [1]#([x1] ◦ b6) + [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 72

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

[x21] ◦ b2 ◦ b2 = ([x1] ◦ b2)#2 + ([x1] ◦ b1)#4

[x21] ◦ b1 ◦ b4 = [x1] ◦ b5 + [x3] ◦ b1 ◦ b1 ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b4)

+ ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#5

[x21] ◦ b2 ◦ b3 = ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#([x1] ◦ b2)#2

+ ([x1] ◦ b1)#3#([x1] ◦ b2)

[x21] ◦ b2 ◦ b4 = [x1] ◦ b6 + ([x1] ◦ b1)#([x1] ◦ b5) + ([x1] ◦ b2)#([x1] ◦ b4) + ([x1] ◦ b3)#2

+ ([x1] ◦ b1)#2#([x1] ◦ b4) + ([x1] ◦ b2)#3 + ([x1] ◦ b1)#4#([x1] ◦ b2)

Computation 2.105.

([1]#([x1] ◦ b2)) ◦ ([1]#([x2] ◦ b1 ◦ b3)) = [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b3)

Proof sketch.

[x1x2] ◦ b1 ◦ b2 ◦ b3 = 0

Computation 2.106.

([1]#([x1] ◦ b2)) ◦ ([1]#([x2] ◦ b2 ◦ b2)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b2)#([x2] ◦ b2 ◦ b2)

+ [1]#([x2] ◦ b1 ◦ b2)#2

+ [1]#([x2] ◦ b1 ◦ b1)#3
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Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x3] ◦ b1 ◦ b1 ◦ b3
[x1x2] ◦ b2 ◦ b2 ◦ b2 = ([x2] ◦ b1 ◦ b2)#2

Computation 2.107.

([1]#([x1] ◦ b2)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b2)) = [1]#([x1] ◦ b2)#([x3] ◦ b1 ◦ b1 ◦ b2)

+ [1]#([x3] ◦ b1 ◦ b1 ◦ b1)#2

Proof sketch.

[x1x3] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = ([x3] ◦ b1 ◦ b1 ◦ b1)#2

Computation 2.108.

([1]#([x1] ◦ b2)) ◦ ([1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b2)#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.109.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b3)) = [1]#([x1] ◦ b3)#2

+ [1]#([x1] ◦ b1)#([x1] ◦ b2)#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#3#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#2

+ [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

+ [1]#([x1] ◦ b1)#6
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Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b2 ◦ b2 = ([x1] ◦ b2)#2 + ([x1] ◦ b1)#4

[x21] ◦ b2 ◦ b3 = ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#([x1] ◦ b2)#2

+ ([x1] ◦ b1)#3#([x1] ◦ b2)

Computation 2.110.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b3)#([x2] ◦ b1 ◦ b2)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x3] ◦ b1 ◦ b1 ◦ b3

Computation 2.111.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1))

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 75

Computation 2.112.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b2)#2) = [1]#([x1] ◦ b3)#2

+ [1]#([x1] ◦ b2)#3

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#2

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

Computation 2.113.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)) = [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

[x21] ◦ b2 ◦ b2 = ([x1] ◦ b2)#2 + ([x1] ◦ b1)#4

Computation 2.114.

([1]#([x1] ◦ b2)) ◦ ([1]#([x2] ◦ b1 ◦ b1)#2) = [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)#2

Proof sketch. No additional relations are needed.

Computation 2.115.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#2#([x1] ◦ b2)) = [1]#([x1] ◦ b1)#4#([x1] ◦ b2)



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 76

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b2 ◦ b2 = ([x1] ◦ b2)#2 + ([x1] ◦ b1)#4

Computation 2.116.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#2#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)

+ [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)#2

+ [1]#([x1] ◦ b1)#4#([x2] ◦ b1 ◦ b1)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

Computation 2.117.

([1]#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#4) = [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

Proof sketch. No additional relations are needed.

Computation 2.118. ([1]#([x2] ◦ b1 ◦ b1))◦2 = [x2] ◦ b1 ◦ b3

Proof. The follows from Lemma 1.23 and the relation

[x2] ◦ b1 ◦ b3 = [x22] ◦ b1 ◦ b1 ◦ b1 ◦ b1 + ([x2] ◦ b1 ◦ b1)#2

from Table 2.2.

Computation 2.119.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2) = [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)

Proof. This follows from Lemma 1.23 and canceling terms.
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Computation 2.120.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b3)) = [1]#([x2] ◦ b1 ◦ b1)#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#([x1] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

Computation 2.121.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1 ◦ b2)) = [1]#([x2] ◦ b2 ◦ b3) + [1]#([x3] ◦ b1 ◦ b1 ◦ b3)

Proof sketch.

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b2 = [x2] ◦ b2 ◦ b3 + [x3] ◦ b1 ◦ b1 ◦ b3 + ([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b2)

Computation 2.122.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) = [1]#([x2] ◦ b1 ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)

+ [1]#([x3] ◦ b1 ◦ b1 ◦ b3)

Proof sketch.

[x2x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 = [x3] ◦ b1 ◦ b1 ◦ b3

Computation 2.123.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b2)) =

[1]#([x1] ◦ b1)#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)

+ [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2
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Computation 2.124.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b3)

Proof sketch.

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b1 = ([x2] ◦ b1 ◦ b1)#2 + ([x2] ◦ b1 ◦ b3)

Computation 2.125.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#3) = [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)

Proof sketch. Only Lemma 1.24 and Lemma 2.9 are needed.

Computation 2.126.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b4)) = [1]#([x2] ◦ b1 ◦ b1)#([x1] ◦ b4)

+ [1]#([x2] ◦ b1 ◦ b2)#2

+ [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

[x1x2] ◦ b1 ◦ b1 ◦ b4 = ([x2] ◦ b1 ◦ b2)#2

Computation 2.127.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b3)) = [1]#([x2] ◦ b3 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2)

+ [1]#([x1] ◦ b1 ◦ b2)#2

+ [1]#([x2] ◦ b1 ◦ b1)#3
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Proof sketch.

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b3 = [x2] ◦ b3 ◦ b3 + ([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2) + ([x2] ◦ b1 ◦ b2)#2

+ ([x2] ◦ b1 ◦ b1)#3

Computation 2.128.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x2] ◦ b2 ◦ b2)) = [1]#([x2] ◦ b3 ◦ b3)

+ [1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b3)

Proof sketch.

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b1 = [x2] ◦ b1 ◦ b3 + ([x2] ◦ b1 ◦ b1)#2

[x22] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = [x2] ◦ b3 ◦ b3 + [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3
+ ([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2) + ([x2] ◦ b1 ◦ b1)#3

Computation 2.129.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b2)) =

[1]#([x3] ◦ b1 ◦ b2 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b2)

+ [1]#([x3] ◦ b1 ◦ b1 ◦ b1)#2

Proof sketch.

[x2x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 = [x3] ◦ b1 ◦ b2 ◦ b3 + ([x3] ◦ b1 ◦ b1 ◦ b1)#2



CHAPTER 2. THE MULTIPLICATIVE STRUCTURE OF H∗(SL1MU) 80

Computation 2.130.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1)) =

[1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1))

Proof sketch.

[x2x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 = [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3

Computation 2.131.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b3)) =

[1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

Computation 2.132.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b2)) =

[1]#([x1] ◦ b1)#([x2] ◦ b2 ◦ b3)

+ [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

Proof sketch.

[x21] ◦ b3 ◦ b3 = ([x1] ◦ b3)#2 + ([x1] ◦ b1)#6
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Computation 2.133.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch.

[x2x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 = [x3] ◦ b1 ◦ b1 ◦ b3

Computation 2.134.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b2)#2) = [1]#([x1] ◦ b2)#2#([x2] ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.135.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)) = [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#3

Proof sketch.

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b1 = [x2] ◦ b1 ◦ b3 + ([x2] ◦ b1 ◦ b1)#2

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

Computation 2.136.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x2] ◦ b1 ◦ b1)#2) = [1]#([x2] ◦ b1 ◦ b1)#3

Proof sketch. No additional relations are needed.
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Computation 2.137.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2#([x1] ◦ b2)) =

[1]#([x1] ◦ b1)#2#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)

+ [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

Computation 2.138.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b3)

Proof sketch.

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b1 = [x2] ◦ b1 ◦ b3 + ([x2] ◦ b1 ◦ b1)#2

Computation 2.139.

([1]#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#4) = [1]#([x1] ◦ b1)#4#([x2] ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.140. ([1]#([x1] ◦ b1)#2)◦2 = [1]#([x1] ◦ b1)#4

Proof. This follows from Lemma 1.24 and the relation

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

from Table 2.2.

Computation 2.141. ([1]#([x1] ◦ b1)#2) ◦ ([1]#([x1] ◦ b3)) = [1]#([x1] ◦ b1)#5
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Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3

Computation 2.142.

([1]#([x1] ◦ b1)#2) ◦ ([1]#([x2] ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b2)

Proof sketch. Only Lemma 1.24 is needed.

Computation 2.143.

([1]#([x1] ◦ b1)#2) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#2#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch. Only Lemma 1.24 is needed.

Computation 2.144.

([1]#([x1] ◦ b1)#2) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b2)) = [1]#([x1] ◦ b1)#3#([x1] ◦ b2)

+ [1]#([x1] ◦ b1)#5

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.145.

([1]#([x1] ◦ b1)#2) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#3#([x2] ◦ b1 ◦ b1)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.146. ([1]#([x1] ◦ b1)#2) ◦ ([1]#([x1] ◦ b1)#3) = [1]#([x1] ◦ b1)#5
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Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.147.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x1] ◦ b4)) = [1]#([x1] ◦ b3)#2

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b4)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#2

+ [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

+ [1]#([x1] ◦ b1)#6

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

Computation 2.148.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x2] ◦ b1 ◦ b3)) = [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b3)

Proof sketch. No additional relations are needed.

Computation 2.149.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x2] ◦ b2 ◦ b2)) = [1]#([x1] ◦ b1)#2#([x2] ◦ b2 ◦ b2)

Proof sketch. No additional relations are needed.

Computation 2.150.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#2#([x3] ◦ b1 ◦ b1 ◦ b2)

Proof sketch. No additional relations are needed.
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Computation 2.151.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#2#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.152.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b3)) = [1]#([x1] ◦ b1)#3#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#6

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.153.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#3#([x2] ◦ b1 ◦ b2)

Proof sketch. No additional relations are needed.

Computation 2.154.

([1]#([x1]◦b1)#2))◦ ([1]#([x1]◦b1)#([x3]◦b1 ◦b1 ◦b1)) = [1]#([x1]◦b1)#3#([x3]◦b1 ◦b1 ◦b1)

Proof sketch. No additional relations are needed.

Computation 2.155.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x1] ◦ b2)#2) = [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#2

Proof sketch. No additional relations are needed.

Computation 2.156.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#2#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)

+ [1]#([x1] ◦ b1)#4#([x2] ◦ b1 ◦ b1)
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Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.157.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x2] ◦ b1 ◦ b1)#2) = [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)#2

Proof sketch. No additional relations are needed.

Computation 2.158.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x1] ◦ b1)#2#([x1] ◦ b2)) = [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

+ [1]#([x1] ◦ b1)#6

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.159.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)) = [1]#([x1] ◦ b1)#4#([x2] ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.160.

([1]#([x1] ◦ b1)#2)) ◦ ([1]#([x1] ◦ b1)#4) = [1]#([x1] ◦ b1)#6

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.161. ([1]#([x1] ◦ b3))◦2 = 0

Proof. This follows immediately from Computations 2.44 and 2.45.
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Computation 2.162.

([1]#([x1] ◦ b3)) ◦ ([1]#([x2] ◦ b1 ◦ b2)) = [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b3)#([x2] ◦ b1 ◦ b2)

+ [1]#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x3] ◦ b1 ◦ b1 ◦ b3
[x1x2] ◦ b1 ◦ b2 ◦ b3 = 0

Computation 2.163.

([1]#([x1] ◦ b3)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) = [1]#([x1] ◦ b3)#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.164.

([1]#([x1] ◦ b3)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b2)) = [1]#([x1] ◦ b3)#2

+ [1]#([x1] ◦ b1)#3#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#2

+ [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

[x21] ◦ b2 ◦ b3 = ([x1] ◦ b2)#([x1] ◦ b3) + ([x1] ◦ b1)#2#([x1] ◦ b3) + ([x1] ◦ b1)#([x1] ◦ b2)#2

+ ([x1] ◦ b1)#3#([x1] ◦ b2)
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Computation 2.165. ([1]#([x1] ◦ b3)) ◦ ([1]#([x1] ◦ b1) ◦ ([x2] ◦ b1 ◦ b1)) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

[x21] ◦ b1 ◦ b3 = ([x1] ◦ b1)#4

Computation 2.166. ([1]#([x1] ◦ b3)) ◦ ([1]#([x1] ◦ b1)#3) = 0

Proof sketch. This follows from Computations 2.45 and 2.53.

Computation 2.167.

([1]#([x2] ◦ b1 ◦ b2))◦2 = [1]#([x2] ◦ b3 ◦ b3)

+ [1]#([x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2)

+ [1]#([x2] ◦ b1 ◦ b2)#2

+ [1]#([x2] ◦ b1 ◦ b1)#3

Proof sketch.

[x22] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = [x2] ◦ b3 ◦ b3 + [x4] ◦ b1 ◦ b1 ◦ b1 ◦ b3
+ ([x2] ◦ b1 ◦ b1)#([x2] ◦ b2 ◦ b2) + ([x2] ◦ b1 ◦ b1)#3

Computation 2.168.

([1]#([x2] ◦ b1 ◦ b2)) ◦ ([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) =

[1]#([x3] ◦ b1 ◦ b2 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b2)#([x3] ◦ b1 ◦ b1 ◦ b1)

+ [1]#([x3] ◦ b1 ◦ b1 ◦ b1)#2
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Proof sketch.

[x2x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 = [x3] ◦ b1 ◦ b2 ◦ b3 + ([x3] ◦ b1 ◦ b1 ◦ b1)#2

Computation 2.169.

([1]#([x2] ◦ b1 ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b2)) =

[1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b1)#([x1] ◦ b2)#([x2] ◦ b1 ◦ b2)

+ [1]#([x2] ◦ b2)#([x2] ◦ b1 ◦ b1)#2

+ [1]#([x2] ◦ b1)#2#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

[x1x2] ◦ b1 ◦ b2 ◦ b2 = [x3] ◦ b1 ◦ b1 ◦ b3

Computation 2.170.

([1]#([x2] ◦ b1 ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#([x2] ◦ b2 ◦ b3)

+ [1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x2] ◦ b1 ◦ b1)#3

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

[x22] ◦ b1 ◦ b1 ◦ b1 ◦ b2 = [x2] ◦ b2 ◦ b3 + [x3] ◦ b1 ◦ b1 ◦ b3 + ([x2] ◦ b1 ◦ b1)#([x2] ◦ b1 ◦ b2)
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Computation 2.171.

([1]#([x2] ◦ b1 ◦ b2)) ◦ ([1]#([x1] ◦ b1)#3) = [1]#([x1] ◦ b1)#3#([x2] ◦ b1 ◦ b2)

+ [1]#([x1] ◦ b1)#2#([x2] ◦ b1 ◦ b1)#2

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 = ([x2] ◦ b1 ◦ b1)#2

Computation 2.172.

([1]#([x3] ◦ b1 ◦ b1 ◦ b1))◦2 = 0

Proof sketch.

[x1x2] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = ([x3] ◦ b1 ◦ b1 ◦ b1)#3

[x1x2] ◦ b1 ◦ b1 ◦ b2 ◦ b2 = [x23] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1

Computation 2.173.

([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x1] ◦ b2)) =

[1]#([x1] ◦ b1)#([x1] ◦ b2)#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.174.

([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b3)

+ [1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch.

[x2x3] ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 = [x3] ◦ b1 ◦ b1 ◦ b3
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Computation 2.175.

([1]#([x3] ◦ b1 ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#3) = [1]#([x1] ◦ b1)#3#([x3] ◦ b1 ◦ b1 ◦ b1)

Proof sketch. No additional relations are needed.

Computation 2.176.

([1]#([x1] ◦ b1)#([x1] ◦ b2))◦2 = [1]#([x1] ◦ b3)#2

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#2

+ [1]#([x1] ◦ b1)#6

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.177.

([1]#([x1] ◦ b1)#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)) =

[1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#2#([x1] ◦ b2)#([x2] ◦ b1 ◦ b1)

Proof sketch.

[x21] ◦ b1 ◦ b2 = [x1] ◦ b3 + ([x1] ◦ b1)#([x1] ◦ b2) + ([x1] ◦ b1)#3

Computation 2.178.

([1]#([x1] ◦ b1)#([x1] ◦ b2)) ◦ ([1]#([x1] ◦ b1)#3) = [1]#([x1] ◦ b1)#3#([x1] ◦ b3)

+ [1]#([x1] ◦ b1)#4#([x1] ◦ b2)

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.179. ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1))◦2 = 0
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Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.180. ([1]#([x1] ◦ b1)#([x2] ◦ b1 ◦ b1)) ◦ ([1]#([x1] ◦ b1)#3) = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

Computation 2.181. ([1]#([x1] ◦ b1)#3)◦2 = 0

Proof sketch.

[x21] ◦ b1 ◦ b1 = ([x1] ◦ b1)#2

2.4 Some general conclusions

Based on the computations in H∗(SL1MU) from Section 2.3, we can begin to draw some

conclusions about the structure of this ring. For instance, we see that several elements have

a ◦-product of 0, and in fact some square to 0 under ◦, which at minimum tells us the

following.

Theorem 2.182. H∗(SL1MU) is not a domain.

In particular, I single out the following consequence, since the negation would otherwise

be an especially desirable result.

Corollary 2.183. H∗(SL1MU) is not a polynomial algebra over F2.
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Appendix A

The Ravenel–Wilson relations

In this appendix, I explicitly present the low-degree relations of (1.2):

b(s+f t) = b(s) +[F ] b(t)

These are a basic building block of the multiplication table for H∗(SL1MU) since, in order

to compute said table, we need to find generators and relations of H∗(MU ′
0), and those

relations all follow from (1.2) by Theorem 1.14.

While computing these relations explicitly is an algebraically straightforward task, as

the degree increases, the number and length of the relations grows extremely quickly, as

one can clearly see in the tables starting with Table A.6.

Recall that b(s) =
∑∞

k=0 bks
k, a formal power series in s with coefficients given by the

generators bk for the Hopf ring H∗(MU2⋆). Note also that because H∗() is represented by

the Eilenberg–MacLane spectrum HF2, the formal group law F may be taken to be the

additive law s+f t = s+ t. Therefore, the left hand side of the general relation is

b(s+ t) =

∞∑
k=0

bk(s+ t)k =

∞∑
k=0

bk

(
k∑

i=0

(
k

i

)
sitk−i

)

= b0 + b1(s+ t) + b2(s
2 + 2st+ t2) + b3(s

3 + 3s2t+ 3st2 + t3) + · · ·

On the other hand, the right hand side is

b(s) +[F ] b(t) = #
i,j≥0

[ai,j ] ◦ b(s)◦i ◦ b(t)◦j (A.1)

95
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which is much more cumbersome to expand. I will show the general process for doing so in

the following section.

A.1 Computation of b(s)◦n

To begin with, we must know how to compute a ◦-power of the series b(s) =
∑∞

i=0 bis
i.

Though I will still work over F2 in general, in some of the results of this section I work over

Z for computational clarity.

First, note that we have the trivial results b(s)◦0 = [1] (the empty ◦-product) and

b(s)◦1 = b(s). Now, fix some n ≥ 2. For a formal power series
∑∞

i=0 aix
i in a variable x

over a ring R, recall the standard formula for its nth multiplicative power:

( ∞∑
i=0

aix
i

)n

=
∞∑
i=0

 ∑
0≤u1,...,un≤i
u1+···+un=i

au1au2 · · · aun

xi

Because ◦ : H∗(MU2⋆;R) ⊗ H∗(MU2⋆;R) → H∗(MU2⋆;R) is a coalgebra map, ◦ dis-

tributes over +. Therefore, it is immediate that the ◦-powers of a formal power series over

H∗(MU2⋆;R) follow the analogous formula. That is,

b(s)◦n =

( ∞∑
i=0

bis
i

)◦n

=
∞∑
i=0

 ∑
0≤u1,...,un≤i
u1+···+un=i

bu1 ◦ bu2 ◦ · · · ◦ bun

 si (A.2)

By Proposition 1.6, if uk = 0 for any k, then the +-summand bu1◦bu2◦· · ·◦bun is 0, unless

uj = 0 for all j, in which case the +-summand is [0]). Note that because u1 + · · ·+ un = i,

we have u1 = · · · = un = 0 if and only if i = 0. Therefore, for i ≥ 1, we can take the sum

in the coefficient over 1 ≤ u1, . . . , un ≤ i:

b(s)◦n = [0] +

∞∑
i=1

 ∑
1≤u1,...,un≤i
u1+···+un=i

bu1 ◦ bu2 ◦ · · · ◦ bun

 si (A.3)

If we wish, we can also rewrite the coefficients on the right hand side using the fact that

the generators bi are in even degrees and therefore commute under the ◦-product. This

means that the sum in parentheses on the right hand side will very often have repeated
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summands, and so we may rewrite (A.2) as

b(s)◦n = [0] +

∞∑
i=1


∑

0≤d1,d2,d3...∑
dk=n∑
kdk=i

(
n

d1 d2 d3 · · ·

)
b◦d11 ◦ b◦d22 ◦ b◦d33 ◦ · · ·

 si (A.4)

where (
n

d1 d2 d3 · · ·

)
=

n!

d1! d2! d3! · · ·
(A.5)

Note that the product in the denominator and the ◦-product in (A.4) are both finite since∑
dk = n and

∑
kdk = i. This formula is still somewhat cumbersome, but we will see that

there are further possible simplifications.

Proposition A.1. For any n ≥ 1, b(s)◦n = [0] + b◦n1 sn + O(sn+1), where O refers to the

minimal power in the remaining terms.

This follows easily from (A.2) or (A.4), but I prove it here by induction for clarity.

Proof. When n = 1, b(s)◦n = b(s) = b0+ b1s+O(s2) = [0]+ b1s+O(s2). If the result holds
for a given n, then

b(s)◦(n+1) = b(s) ◦
(
[0] + b◦n1 sn +O(sn+1)

)
=
(
b0 ◦

(
[0] + b◦n1 sn +O(sn+1)

))
+
(
b1s ◦

(
[0] + b◦n1 sn +O(sn+1)

))
+
(
b2s

2 ◦
(
[0] + b◦n1 sn +O(sn+1)

))
+ · · ·

= ([0] + 0 + 0 + · · · ) +
(
0 + b

◦(n+1)
1 sn+1 +O(sn+2)

)
+
(
0 + b2 ◦ b◦n1 sn+2 +O(sn+3)

)
+ · · ·

= [0] + b
◦(n+1)
1 sn+1 +O(sn+2)

Combining Proposition A.1 with (A.4) yields the following result.
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Theorem A.2. For any n ≥ 1,

b(s)◦n = [0] + b◦n1 sn +

∞∑
i=n+1


∑

0≤d1,d2,d3,...∑
dk=n∑
kdk=i

(
n

d1 d2 d3 · · ·

)
b◦d11 ◦ b◦d22 ◦ b◦b33 ◦ · · ·

 si

over Z.

For clarity, I now present the first several ◦-powers of b(s) in low degrees.

Example A.3. Over Z,

b(s)◦2 = [0] + (b1 ◦ b1)s2 + (2b1 ◦ b2)s3 + (2b1 ◦ b3 + b2 ◦ b2)s4 + (2b1 ◦ b4 + 2b2 ◦ b3)s5

+ (2b1 ◦ b5 + 2b2 ◦ b4 + b3 ◦ b3)s6 + (2b1 ◦ b6 + 2b2 ◦ b5 + 2b3 ◦ b4)s7

+ (2b1 ◦ b7 + 2b2 ◦ b6 + 2b3 ◦ b5 + b4 ◦ b4)s8

+ (2b1 ◦ b8 + 2b2 ◦ b7 + 2b3 ◦ b6 + 2b4 ◦ b5)s9

+ (2b1 ◦ b9 + 2b2 ◦ b8 + 2b3 ◦ b7 + 2b4 ◦ b6 + b5 ◦ b5)s10 +O(s11)

b(s)◦3 = [0] + (b1 ◦ b1 ◦ b1)s3 + (3b1 ◦ b1 ◦ b2)s4 + (3b1 ◦ b1 ◦ b3 + 3b1 ◦ b2 ◦ b2)s5

+ (3b1 ◦ b1 ◦ b4 + 6b1 ◦ b2 ◦ b3 + b2 ◦ b2 ◦ b2)s6

+ (3b1 ◦ b1 ◦ b5 + 6b1 ◦ b2 ◦ b4 + 3b1 ◦ b3 ◦ b3 + 3b2 ◦ b2 ◦ b3)s7

+ (3b1 ◦ b1 ◦ b6 + 6b1 ◦ b2 ◦ b5 + 6b1 ◦ b3 ◦ b4 + 3b2 ◦ b2 ◦ b4 + 3b2 ◦ b3 ◦ b3)s8

+ (3b1 ◦ b1 ◦ b7 + 6b1 ◦ b2 ◦ b6 + 6b1 ◦ b3 ◦ b5 + 3b2 ◦ b2 ◦ b5 + 3b1 ◦ b4 ◦ b4
+ 6b2 ◦ b3 ◦ b4 + b3 ◦ b3 ◦ b3)s9

+ (3b1 ◦ b1 ◦ b8 + 6b1 ◦ b2 ◦ b7 + 6b1 ◦ b3 ◦ b6 + 6b1 ◦ b4 ◦ b5 + 3b2 ◦ b2 ◦ b6
+ 6b2 ◦ b3 ◦ b5 + 3b2 ◦ b4 ◦ b4 + 3b3 ◦ b3 ◦ b4)s10 +O(s11)

b(s)◦4 = [0] + (b1 ◦ b1 ◦ b1 ◦ b1)s4 + (4b1 ◦ b1 ◦ b1 ◦ b2)s5

+ (4b1 ◦ b1 ◦ b1 ◦ b3 + 6b1 ◦ b1 ◦ b2 ◦ b2)s6

+ (4b1 ◦ b1 ◦ b1 ◦ b4 + 12b1 ◦ b1 ◦ b2 ◦ b3 + 4b1 ◦ b2 ◦ b2 ◦ b2)s7

+ (4b1 ◦ b1 ◦ b1 ◦ b5 + 12b1 ◦ b1 ◦ b2 ◦ b4 + 6b1 ◦ b1 ◦ b3 ◦ b3 + 12b1 ◦ b2 ◦ b2 ◦ b3
+ b2 ◦ b2 ◦ b2 ◦ b2)s8

+ (4b1 ◦ b1 ◦ b1 ◦ b6 + 12b1 ◦ b1 ◦ b2 ◦ b5 + 12b1 ◦ b1 ◦ b3 ◦ b4 + 12b1 ◦ b2 ◦ b2 ◦ b4
+ 12b1 ◦ b2 ◦ b3 ◦ b3 + 4b2 ◦ b2 ◦ b2 ◦ b3)s9
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+ (4b1 ◦ b1 ◦ b1 ◦ b7 + 12b1 ◦ b1 ◦ b2 ◦ b6 + 12b1 ◦ b1 ◦ b3 ◦ b5 + 6b1 ◦ b1 ◦ b4 ◦ b4
+ 12b1 ◦ b2 ◦ b2 ◦ b5 + 24b1 ◦ b2 ◦ b3 ◦ b4 + 4b1 ◦ b3 ◦ b3 ◦ b3
+ 4b2 ◦ b2 ◦ b2 ◦ b4 + 6b2 ◦ b2 ◦ b3 ◦ b3)s10

+O(s11)

b(s)◦5 = [0] + (b◦51 )s5 + (5b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2)s6

+ (5b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3 + 10b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2)s7

+ (5b1 ◦ b1 ◦ b1 ◦ b1 ◦ b4 + 20b1 ◦ b1 ◦ b1 ◦ b2 ◦ b3 + 10b1 ◦ b1 ◦ b2 ◦ b2 ◦ b2)s8

+ (5b1 ◦ b1 ◦ b1 ◦ b1 ◦ b5 + 20b1 ◦ b1 ◦ b1 ◦ b2 ◦ b4 + 10b1 ◦ b1 ◦ b1 ◦ b3 ◦ b3
+ 30b1 ◦ b1 ◦ b2 ◦ b2 ◦ b3 + 5b1 ◦ b2 ◦ b2 ◦ b2 ◦ b2)s9

+ (5b1 ◦ b1 ◦ b1 ◦ b1 ◦ b6 + 20b1 ◦ b1 ◦ b1 ◦ b2 ◦ b5
+ 20b1 ◦ b1 ◦ b1 ◦ b3 ◦ b4 + 30b1 ◦ b1 ◦ b2 ◦ b2 ◦ b4
+ 30b1 ◦ b1 ◦ b2 ◦ b3 ◦ b3 + 20b1 ◦ b2 ◦ b2 ◦ b2 ◦ b3 + b◦52 )s10 +O(s11)

b(s)◦6 = [0] + (b◦61 )s6 + (6b◦51 ◦ b2)s7

+ (6b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3 + 15b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2)s8

+ (6b◦51 ◦ b4 + 30b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b3 + 20b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2 ◦ b2)s9

+ (6b◦51 ◦ b5 + 30b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b4 + 15b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3 ◦ b3
+ 60b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2 ◦ b3 + 15b1 ◦ b1 ◦ b2 ◦ b2 ◦ b2 ◦ b2)s10

+O(s11)

b(s)◦7 = [0] + (b◦71 )s7 + (7b◦61 ◦ b2)s8 + (7b◦61 ◦ b3 + 21b◦51 ◦ b2 ◦ b2)s9

+ (7b◦61 ◦ b4 + 42b◦51 ◦ b2 ◦ b3 + 35b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2 ◦ b2)s10 +O(s11)

b(s)◦8 = [0] + (b◦81 )s8 + (8b◦71 ◦ b2)s9 + (8b◦71 ◦ b3 + 28b◦61 ◦ b2 ◦ b2)s10 +O(s11)

b(s)◦9 = [0] + (b◦91 )s9 + (9b◦81 ◦ b2)s10 +O(s11)

b(s)◦10 = [0] + (b◦101 )s10 +O(s11)

Passing to F2, the coefficients become substantially more simple.
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Example A.4. Over F2,

b(s)◦2 = [0] + (b1 ◦ b1)s2 + 0s3 + (b2 ◦ b2)s4 + 0s5 + (b3 ◦ b3)s6 + 0s7 + (b4 ◦ b4)s8 + 0s9

+ (b5 ◦ b5)s10 +O(s11)

b(s)◦3 = [0] + (b1 ◦ b1 ◦ b1)s3 + (b1 ◦ b1 ◦ b2)s4 + (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2)s5

+ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2)s6 + (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3)s7

+ (b1 ◦ b1 ◦ b6 + b2 ◦ b2 ◦ b4 + b2 ◦ b3 ◦ b3)s8

+ (b1 ◦ b1 ◦ b7 + b1 ◦ b4 ◦ b4 + b2 ◦ b2 ◦ b5 + b3 ◦ b3 ◦ b3)s9

+ (b1 ◦ b1 ◦ b8 + b2 ◦ b2 ◦ b6 + b2 ◦ b4 ◦ b4 + b3 ◦ b3 ◦ b4)s10 +O(s11)

b(s)◦4 = [0] + (b1 ◦ b1 ◦ b1 ◦ b1)s4 + 0s5 + 0s6 + 0s7 + (b2 ◦ b2 ◦ b2 ◦ b2)s8 + 0s9 + 0s10

+O(s11)

b(s)◦5 = [0] + (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1)s5 + (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2)s6

+ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3)s7 + (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b4)s8

+ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b5 + b1 ◦ b2 ◦ b2 ◦ b2 ◦ b2)s9

+ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b6 + b2 ◦ b2 ◦ b2 ◦ b2 ◦ b2)s10 +O(s11)

b(s)◦6 = [0] + (b◦61 )s6 + 0s7 + (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2)s8 + 0s9

+ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3 ◦ b3 + b1 ◦ b1 ◦ b2 ◦ b2 ◦ b2 ◦ b2)s10 +O(s11)

b(s)◦7 = [0] + (b◦71 )s7 + (b◦61 ◦ b2)s8 + (b◦61 ◦ b3 + b◦51 ◦ b2 ◦ b2)s9

+ (b◦61 ◦ b4 + b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2 ◦ b2)s10 +O(s11)

b(s)◦8 = [0] + (b◦81 )s8 + 0s9 + 0s10 +O(s11)

b(s)◦9 = [0] + (b◦91 )s9 + (b◦81 ◦ b2)s10 +O(s11)

b(s)◦10 = [0] + (b◦101 )s10 +O(s11)

A.2 Computing the #-sum

Now that we have explicit expansions of the ◦-powers of b(s), we can begin to expand the

#-sum

b(s) +[F ] b(t) = #
i,j≥0

[ai,j ] ◦ b(s)◦i ◦ b(t)◦j

Because the #-summands become extremely long as the degree increases, I introduce the

following notation for this section.

Definition A.5. In the formal power series b(s)◦n, denote the coefficient of sk by An
k . That
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is,

b(s)◦n =
∞∑
k=0

An
ks

k

Using this notation, we first identify the #-summands [ai,j ] ◦ b(s)◦i ◦ b(t)◦j . Since ◦
distributes over +, we have

[ai,j ] ◦ b(s)◦i ◦ b(t)◦j = [ai,j ] ◦
∑
k,l≥0

(
Ai

k ◦A
j
l

)
sktl

Before we begin to take #-sums of these terms, let us eliminate as many terms as

possible in order to streamline the process. First, if i = 0, then because b(s)◦0 = [1], we

have b(s)◦i ◦ b(t)◦j = b(t)◦j , and similarly, b(s)◦i ◦ b(t)◦j = b(s)◦i when j = 0. In particular,

when i = j = 0, the #-summand is simply [a0,0] ◦ [1] ◦ [1] = [0].

Now, for i, j ≥ 1, when 0 ≤ k < i, Proposition A.1 and Lemma 1.18 imply that

Ai
k ◦A

j
l =

0 ◦Aj
l k ̸= 0

[0] ◦Aj
l k = 0

=

0 k ̸= 0 or l ̸= 0

[0] k = l = 0

Similarly, when 0 ≤ l < j,

Ai
k ◦A

j
l =

0 k ̸= 0 or l ̸= 0

[0] k = l = 0

Therefore, when i, j > 0, b(s)◦i ◦ b(t)◦j has no monomial terms sktl with k < i or j < l,

except the constant term [0].

Now we can begin to compute the #-sum in low degrees. This is the content of the

tables at the end of this appendix, starting with Table A.6; however, I will compute a few

examples explicitly to show the process. First, let us compute the first few #-summands

[ai,j ] ◦ b(s)◦i ◦ b(t)◦j (each through degree 4).
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#
i,j≥0

[ai,j ] ◦ b(s)◦i ◦ b(t)◦j =

(i = j = 0) [0]

(i = 0, j = 1) #
(
[a0,1] ◦

(
[0] +A1

1t+A1
2t

2 +A1
3t

3 +A1
4t

4 + · · ·
))

(i = 1, j = 0) #
(
[a1,0] ◦

(
[0] +A1

1s+A1
2s

2 +A1
3s

3 +A1
4s

4 + · · ·
))

(i = 0, j = 2) #
(
[a2,0] ◦

(
[0] +A2

2t
2 +A2

3t
3 +A2

4t
4 + · · ·

))
(i = j = 1) #

(
[a1,1] ◦

(
[0] +

(
A1

1 ◦A1
1

)
st+

(
A1

2 ◦A1
1

)
s2t+

(
A1

1 ◦A1
2

)
st2

+
(
A1

3 ◦A1
1

)
s3t+

(
A1

2 ◦A1
2

)
s2t2 +

(
A1

1 ◦A1
3

)
st3 + · · ·

))
(i = 2, j = 0) #

(
[a0,2] ◦

(
[0] +A2

2s
2 +A2

3s
3 +A2

4s
4 + · · ·

))
(i = 0, j = 3) #

(
[a0,3] ◦

(
[0] +A3

3t
3 +A3

4t
4 + · · ·

))
(i = 1, j = 2) #

(
[a1,2] ◦

(
[0] +

(
A1

1 ◦A2
2

)
st2 +

(
A1

2 ◦A2
2

)
s2t2

+
(
A2

1 ◦A2
3

)
st3 + · · ·

))
(i = 2, j = 1) #

(
[a2,1] ◦

(
[0] +

(
A2

2 ◦A1
1

)
s2t+

(
A2

3 ◦A1
1

)
s3t

+
(
A2

2 ◦A1
2

)
s2t2 + · · ·

))
(i = 3, j = 0) #

(
[a3,0] ◦

(
[0] +A3

3s
3 +A3

4s
4 + · · ·

))
(i = 0, j = 4) #

(
[a0,4] ◦

(
[0] +A4

4t
4 + · · ·

))
(i = 1, j = 3) #

(
[a1,3] ◦

(
[0] +

(
A1

1 ◦A3
3

)
st3 + · · ·

))
(i = 2, j = 2) #

(
[a2,2] ◦

(
[0] +

(
A2

2 ◦A2
2

)
s2t2 + · · ·

))
(i = 3, j = 1) #

(
[a3,1] ◦

(
[0] +

(
A3

3 ◦A1
1

)
s3t+ · · ·

))
(i = 4, j = 0) #

(
[a4,0] ◦

(
[0] +A4

4s
4 + · · ·

))
(i+ j ≥ 5) # · · ·

We can clear further terms by examining the ai,j coefficients. Recall in particular that

a0,0 = 0, a0,1 = a1,0 = 1 and a0,j = ai,0 = 0 for i, j > 1. Therefore, the ◦-factors
of [a0,1] = [1] = [a1,0] can be dropped because [1] is the ◦-identity. Furthermore, any

#-summand with a [0] ◦-factor is equal to 0 (since the higher coefficients are in positive

homology degrees, meaning their ◦-product with [0] is 0). These #-summands can therefore

be dropped from the #-sum. Therefore, the #-sum becomes
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#
i,j≥0

[ai,j ] ◦ b(s)◦i ◦ b(t)◦j =
(
[0] +A1

1t+A1
2t

2 +A1
3t

3 +A1
4t

4 + · · ·
)

#
(
[0] +A1

1s+A1
2s

2 +A1
3s

3 +A1
4s

4 + · · ·
)

#
(
[a1,1] ◦

(
[0] +

(
A1

1 ◦A1
1

)
st+

(
A1

2 ◦A1
1

)
s2t+

(
A1

1 ◦A1
2

)
st2

+
(
A1

3 ◦A1
1

)
s3t+

(
A1

2 ◦A1
2

)
s2t2 +

(
A1

1 ◦A1
3

)
st3 · · ·

))
#
(
[a1,2] ◦

(
[0] +

(
A1

1 ◦A2
2

)
st2 +

(
A1

2 ◦A2
2

)
s2t2

+
(
A1

1 ◦A2
3

)
st3 + · · ·

))
#
(
[a2,1] ◦

(
[0] +

(
A2

2 ◦A1
1

)
s2t+

(
A2

3 ◦A1
1

)
s3t

+
(
A2

2 ◦A1
2

)
s2t2 + · · ·

))
#
(
[a1,3] ◦

(
[0] +

(
A1

1 ◦A3
3

)
st3 + · · ·

))
#
(
[a2,2] ◦

(
[0] +

(
A2

2 ◦A2
2

)
s2t2 + · · ·

))
#
(
[a3,1] ◦

(
[0] +

(
A3

3 ◦A1
1

)
s3t+ · · ·

))
# · · ·

Now we can evaluate the #-sums. Note that because # distributes over +, the coefficient

on a given monomial smtn will be the +-sum of the #-sums of the coefficients of monomials

above whose product is smtn.

Remark A.6. There is a minor technical issue with this infinite #-sum in that, because each

#-summand has a nonzero constant term, there are infinitely many constant monomials that

can be #-summed with other monomials. For instance, the coefficient on s is technically

[0]#A1
1#[0]#[0]#[0]# · · · , which is not defined in the Hopf ring. However, the infinite #-

sum is simply a notational convenience. Because the non-constant monomial factors of a

monomial smtn all lie in degrees less than or equal to m + n, we use the convention that

the constant factors do as well. Therefore, the coefficient on s is merely [0]#A1
1 = A1

1.

I will compute the overall #-sum termwise and match coefficients with b(s + t) as

computed above. I will place each coefficient from b(s+ t) on the left hand side and those

from b(s) +[F ] b(t) on the right. I begin with a few examples over Z to show the process

and then pass to F2 in the tables starting with Table A.6.

2b2 = [a1,1] ◦A1
1 ◦A1

1 +A1
1#A1

1 = [a1,1] ◦ b1 ◦ b1 + b1#b1 (A.6)
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In degree 3, for s2t we have

3b3 = [a1,1] ◦A1
2 ◦A1

1 + [a2,1] ◦A2
2 ◦A1

1 +A1
1#A1

2 +A1
1#([a1,1] ◦A1

1 ◦A1
1)

= [a1,1] ◦ b2 ◦ b1 + [a2,1] ◦ b1 ◦ b1 ◦ b1 + b1#b2 + b1#([a1,1] ◦ b1 ◦ b1)

Finally in degree 4, we have two monomials. For s3t, we have

4b4 = [a1,1] ◦A1
3 ◦A1

1 + [a2,1] ◦A2
3 ◦A1

1 + [a3,1] ◦A3
3 ◦A1

1 +A1
1#A1

3

+A1
2#([a1,1] ◦A1

1 ◦A1
1) +A1

1#([a1,1] ◦A1
2 ◦A1

1)

+A1
1#([a2,1] ◦A2

2 ◦A1
1)

= [a1,1] ◦ b3 ◦ b1 + [a2,1] ◦ 2b1 ◦ b2 ◦ b1 + [a3,1] ◦ b1 ◦ b1 ◦ b1 ◦ b1 + b1#b3

+ b2#([a1,1] ◦ b1 ◦ b1) + b1#([a1,1] ◦ b2 ◦ b1) + b1#([a2,1] ◦ b1 ◦ b1 ◦ b1)

For s2t2, we have

6b4 = [a1,1] ◦A1
2 ◦A1

2 + [a1,2] ◦A1
2 ◦A2

2 + [a2,1] ◦A2
2 ◦A1

2 + [a2,2] ◦A2
2 ◦A2

2

+A1
1#([a1,1] ◦A1

2 ◦A1
1) +A1

1#([a1,2] ◦A1
1 ◦A2

2)

+A1
1#A1

1#([a1,1] ◦A1
1 ◦A1

1) +A1
2#A1

2 +A1
1#([a1,1] ◦A1

2 ◦A1
1)

+A1
1#([a2,1] ◦A2

2 ◦A1
1)

= [a1,1] ◦ b2 ◦ b2 + [a1,2] ◦ b2 ◦ b1 ◦ b1 + [a2,1] ◦ b1 ◦ b1 ◦ b2 + [a2,2] ◦ b1 ◦ b1 ◦ b1 ◦ b1
+ b1#([a1,1] ◦ b2 ◦ b1) + b1#([a1,2] ◦ b1 ◦ b1 ◦ b1)

+ b1#b1#([a1,1] ◦ b1 ◦ b1) + b2#b2 + b1#([a1,1] ◦ b2 ◦ b1)

+ b1#([a2,1] ◦ b1 ◦ b1 ◦ b1)

A.3 Coefficient equations

We are now ready to compute the explicit Ravenel–Wilson relations. These will appear in

the final set of tables, beginning with Table A.6. First note that in the #-sums in Section

A.2, for any m,n ≥ 0, the coefficient on sm is A1
m = bm and that on tn is A1

n = bn, which

are exactly the coefficients on these monomials in b(s+ t). Therefore, these monomials will

not give us any information. Furthermore, given a monomial smtn, note that sntm has the

same factorizations with s and t swapped. Let sktl be a divisor of smtn. Then sltk is a

divisor of sntm, and if sktl appears in a #-summand [ai,j ] ◦ b(s)◦i ◦ b(t)◦j with coefficient
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α, then sltk appears in [aj,i] ◦ b(s)◦j ◦ b(t)◦i with coefficient α as well. Since this applies

to all divisors in all factorizations of smtn and sntm, the coefficients on smtn and sntm in

the #-sum of (A.1) coincide. Therefore, we need only consider those monomials smtn with

m ≥ n ≥ 1.

A.3.1 Monomial factorizations

Factors are listed in degree reverse lexicographical order. The factorizations are listed first

by the partition of the degree (in descending order of the largest summand, descending order

of the second largest summand in the event of a tie, and so on). Within each partition, they

are in degree reverse lexicographical order of their first factors (and their second factors in

the event of a tie, and so on). So, for example, the factorizations of s4t2 are ordered as

follows:

1. The partitions of the degree, 6, are ordered 6, 5 + 1, 4 + 2, 4 + 1+ 1, 3 + 3, 3 + 2+ 1,

3 + 1 + 1 + 1, 2 + 2 + 2, 2 + 2 + 1 + 1, 2 + 1 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1 + 1.

2. For each partition, for example 3+2+1, the factorizations are listed by degree reverse

lexicographical order of the cubic factor: (s3)(st)(t) is first, followed by (s2t)(s2)(t)

and (s2t)(st)(s). These two have the same cubic factor, so they are listed by degree

reverse lexicographical order of the quadratic factor: (s2t)(s2)(t) is first, and then

(s2t)(st)(s).

Note that only factorizations that can appear as the monomial on a #-sum in the

Ravenel–Wilson relations are included. This is subject to the following facts:

1. The unmixed monomials sm and tn respectively appear only in the #-summands

[a1,0] ◦ b(s)◦1 ◦ b(t)◦0 = b(s) and [a0,1] ◦ b(s)◦0 ◦ b(t)◦1 = b(t). In particular, this means

that at most one power of s and at most one power of t can appear as factors in

any factorization. Additionally, this means we need only consider partitions with 2 or

fewer instances of 1.

2. The mixed monomial smtn, m,n ≥ 1, appears only in #-summands [ai,j ]◦b(s)◦i◦b(t)◦j

with 1 ≤ i ≤ m and 1 ≤ j ≤ n. This is a total of mn #-summands, so there can be

at most mn factors of smtn.

The set of factorizations of each monomial in degrees 2–10 are collected in Tables A.1,

A.2, A.3, A.4 and A.5.



APPENDIX A. THE RAVENEL–WILSON RELATIONS 106

Monomial Factorizations

Degree 2

st (st), (s)(t)

Degree 3

s2t (s2t), (s2)(t), (st)(s)

Degree 4

s3t (s3t), (s3)(t), (s2t)(s), (s2)(st),

s2t2 (s2t2), (s2t)(t), (st2)(s), (s2)(t2), (st)(s)(t)

Degree 5

s4t (s4t), (s4)(t), (s3t)(s), (s3)(st), (s2t)(s2)

s3t2
(s3t2), (s3t)(t), (s2t2)(s), (s3)(t2), (s2t)(st), (st2)(s2), (s2t)(s)(t),

(s2)(st)(t)

Degree 6

s5t (s5t), (s5)(t), (s4t)(s), (s4)(st), (s3t)(s2), (s3)(s2t)

s4t2
(s4t2), (s3t2)(s), (s4t)(t), (s4)(t2), (s3t)(st), (s2t2)(s2), (s3t)(s)(t),

(s3)(st2), (s2t)(s2t), (s3)(st)(t), (s2t)(s2)(t), (s2t)(st)(s)

s3t3
(s3t3), (s3t2)(t), (s2t3)(s), (s3t)(t2), (s2t2)(st), (st3)(s2), (s2t2)(s)(t),

(s3)(t3), (s2t)(st2), (s2t)(t2)(s), (st2)(s2)(t), (s2)(st)(t2)

Table A.1: Monomial factorizations in degrees 1–6
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Degree 7

s6t (s6t), (s6)(t), (s5t)(s), (s5)(st), (s4t)(s2) (s4)(s2t), (s3t)(s3)

s5t2
(s5t2), (s5t)(t), (s4t2)(s), (s5)(t2), (s4t)(st), (s3t2)(s2), (s4t)(s)(t),

(s4)(st2), (s3t)(s2t), (s2t2)(s3), (s4)(st)(t), (s3t)(s2)(t), (s3t)(st)(s),

(s3)(s2t)(t), (s2t)(s2t)(s), (s2t)(s2)(st)

s4t3

(s4t3), (s4t2)(t), (s3t3)(s), (s4t)(t2), (s3t2)(st), (s2t3)(s2), (s3t2)(s)(t),

(s4)(t3), (s3t)(st2), (s2t2)(s2t), (st3)(s3), (s3t)(st)(t), (s3t)(t2)(s),

(s2t2)(s2)(t), (s2t2)(st)(s), (s3)(st2)(t), (s2t)(s2t)(t), (s2t)(st2)(s),

(s3)(st)(t2), (s2t)(s2)(t2), (st2)(s2)(st), (s2t)(st)(s)(t)

Degree 8

s7t (s7t), (s7)(t), (s6t)(s), (s6)(st), (s5t)(s2) (s5)(s2t), (s4t)(s3), (s4)(s3t)

s6t2

(s6t2), (s6t)(t), (s5t2)(s), (s6)(t2), (s5t)(st), (s4t2)(s2), (s5t)(s)(t),

(s5)(st2), (s4t)(s2t), (s3t2)(s3), (s5)(st)(t), (s4t)(s2)(t), (s4t)(st)(s),

(s4)(s2t2), (s3t)(s3t), (s4)(s2t)(t), (s3t)(s3)(t), (s3t)(s2t)(s), (s3t)(s2)(st),

(s3)(s2t)(st), (s2t)(s2t)(s2)

s5t3

(s5t3), (s5t2)(t), (s4t3)(s), (s5t)(t2), (s4t2)(st), (s3t3)(s2), (s4t2)(s)(t),

(s5)(t3), (s4t)(st2), (s3t2)(s2t), (s2t3)(s3), (s4t)(st)(t), (s4t)(t2)(s),

(s3t2)(s2)(t), (s3t2)(st)(s), (s4)(st3), (s3t)(s2t2), (s4)(st2)(t), (s3t)(s2t)(t),

(s3t)(st2)(s), (s2t2)(s3)(t), (s2t2)(s2t)(s), (s4)(st)(t2), (s3t)(s2)(t2),

(s2t2)(s2)(st), (s3t)(st)(s)(t), (s3)(s2t)(t2), (s3)(st2)(st), (s2t)(st2)(s2),

(s2t)(s2t)(s)(t), (s2t)(s2)(st)(t)

s4t4

(s4t4), (s4t3)(t), (s3t4)(s), (s4t2)(t2), (s3t3)(st), (s2t4)(s2), (s3t3)(s)(t),

(s4t)(t3), (s3t2)(st2), (s2t3)(s2t), (st4)(s3), (s3t2)(st)(t), (s3t2)(t2)(s),

(s2t3)(s2)(t), (s2t3)(st)(s), (s4)(t4), (s3t)(st3), (s2t2)(s2t2), (s3t)(t3)(s),

(s3t)(st2)(t), (s2t2)(s2t)(t), (s2t2)(st2)(s), (st3)(s3)(t), (st3)(s2t)(s),

(s3t)(st)(t2), (s2t2)(s2)(t2), (st3)(s2)(st), (s2t2)(st)(s)(t), (s3)(st2)(t2),

(s3)(t3)(st), (s2t)(s2t)(t2), (s2t)(st2)(st), (s2t)(t3)(s2), (st2)(st2)(s2),

(s2t)(st2)(s)(t), (s2t)(st)(t2)(s), (st2)(s2)(st)(t)

Table A.2: Monomial factorizations in degrees 7 and 8
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Degree 9

s8t
(s8t), (s8)(t), (s7t)(s), (s7)(st), (s6t)(s2), (s6)(s2t), (s5t)(s3), (s5)(s3t),

(s4t)(s4)

s7t2

(s7t2), (s6t2)(s), (s7t)(t), (s7)(t2), (s6t)(st), (s5t2)(s2), (s6t)(s)(t), (s6)(st2),

(s5t)(s2t), (s4t2)(s3), (s6)(st)(t), (s5t)(st)(s), (s5t)(s2)(t), (s5)(s2t2),

(s4t)(s3t), (s3t2)(s4), (s5)(s2t)(t), (s4t)(s3)(t), (s4t)(s2t)(s), (s4t)(s2)(st),

(s4)(s3t)(t), (s3t)(s3t)(s), (s4)(s2t)(st), (s3t)(s3)(st), (s3t)(s2t)(s2),

(s3)(s2t)(s2t)

s6t3

(s6t3), (s6t2)(t), (s5t3)(s), (s6t)(t2), (s5t2)(st), (s4t3)(s2), (s5t2)(s)(t),

(s6)(t3), (s5t)(st2), (s4t2)(s2t), (s3t3)(s3), (s5t)(st)(t), (s5t)(t2)(s),

(s4t2)(s2)(t), (s4t2)(st)(s), (s5)(st3), (s4t)(s2t2), (s3t2)(s3t), (s2t3)(s4),

(s5)(st2)(t), (s4t)(s2t)(t), (s4t)(st2)(s), (s3t2)(s3)(t), (s3t2)(s2t)(s),

(s5)(st)(t2), (s4t)(s2)(t2), (s3t2)(s2)(st), (s4t)(st)(s)(t), (s4)(s2t2)(t),

(s3t)(s3t)(t), (s3t)(s2t2)(s), (s4)(s2t)(t2), (s4)(st2)(st), (s3t)(s3)(t2),

(s3t)(s2t)(st), (s3t)(st2)(s2), (s2t2)(s3)(st), (s2t2)(s2t)(s2), (s3t)(s2t)(s)(t),

(s3t)(s2)(st)(t), (s3)(s2t)(st2), (s3)(s2t)(st)(t), (s2t)(s2t)(s2)(t)

s5t4

(s5t4), (s5t3)(t), (s4t4)(s), (s5t2)(t2), (s4t3)(st), (s3t4)(s2), (s4t3)(s)(t),

(s5t)(t3), (s4t2)(st2), (s3t3)(s2t), (s2t4)(s3), (s4t2)(st)(t), (s4t2)(t2)(s),

(s3t3)(s2)(t), (s3t3)(st)(s), (s5)(t4), (s4t)(st3), (s3t2)(s2t2), (s2t3)(s3t),

(st4)(s4), (s4t)(st2)(t), (s4t)(t3)(s), (s3t2)(s2t)(t), (s3t2)(st2)(s),

(s2t3)(s3)(t), (s2t3)(s2t)(s), (s4t)(st)(t2), (s3t2)(s2)(t2), (s2t3)(s2)(st),

(s3t2)(st)(s)(t), (s4)(st3)(t), (s3t)(s2t2)(t), (s3t)(st3)(s), (s2t2)(s2t2)(s),

(s4)(st2)(t2), (s4)(t3)(st), (s3t)(s2t)(t2), (s3t)(st2)(st), (s3t)(t3)(s2),

(s2t2)(s3)(t2), (s2t2)(s2t)(st), (s2t2)(st2)(s2), (st3)(s3)(st), (st3)(s2t)(s2),

(s3t)(st2)(s)(t), (s2t2)(s2t)(s)(t), (s3t)(st)(t2)(s), (s2t2)(s2)(st)(t), (s3)(s2t)(t3),

(s3)(st2)(st2), (s2t)(s2t)(st2), (s3)(st2)(st)(t), (s2t)(s2t)(st)(t), (s2t)(s2t)(t2)(s),

(s2t)(st2)(s2)(t), (s2t)(st2)(st)(s), (s2t)(s2)(st)(t2)

Table A.3: Monomial factorizations in degree 9
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Degree 10

s9t
(s9t), (s9)(t), (s8t)(t), (s8)(st), (s7t)(s2), (s7)(s2t), (s6t)(s3), (s6)(s3t),

(s5t)(s4), (s5)(s4t)

s8t2

(s8t2), (s8t)(t), (s7t2)(s), (s8)(t2), (s7t)(st), (s6t2)(s2), (s7t)(s)(t), (s7)(st2),

(s6t)(s2t), (s5t2)(s3), (s7)(st)(t), (s6t)(s2)(t), (s6t)(st)(s), (s6)(s2t2), (s5t)(s3t),

(s4t2)(s4), (s6)(s2t)(t), (s5t)(s3)(t), (s5t)(s2t)(s), (s5t)(s2)(st), (s5)(s3t2),

(s4t)(s4t), (s5)(s3t)(t), (s4t)(s4)(t), (s4t)(s3t)(s), (s5)(s2t)(st), (s4t)(s3)(st),

(s4t)(s2t)(s2), (s4)(s3t)(st), (s3t)(s3t)(s2), (s4)(s2t)(s2t), (s3t)(s3)(s2t)

s7t3

(s7t3), (s7t2)(t), (s6t3)(s), (s7t)(t2), (s6t2)(st), (s5t3)(s2), (s6t2)(s)(t), (s7)(t3),

(s6t)(st2), (s5t2)(s2t), (s4t3)(s3), (s6t)(st)(t), (s6t)(t2)(s), (s5t2)(s2)(t),

(s5t2)(st)(s), (s6)(st3), (s5t)(s2t2), (s4t2)(s3t), (s3t3)(s4), (s6)(st2)(t),

(s5t)(s2t)(t), (s5t)(st2)(s), (s4t2)(s3)(t), (s4t2)(s2t)(s), (s6)(st)(t2),

(s5t)(s2)(t2), (s4t2)(s2)(st), (s5t)(st)(s)(t), (s5)(s2t3), (s4t)(s3t2), (s5)(s2t2)(t),

(s4t)(s3t)(t), (s4t)(s2t2)(s), (s3t2)(s4)(t), (s3t2)(s3t)(s), (s5)(s2t)(t2),

(s5)(st2)(st), (s4t)(s3)(t2), (s4t)(s2t)(st), (s4t)(st2)(s2), (s3t2)(s3)(st),

(s3t2)(s2t)(s2), (s4t)(s2t)(s)(t), (s4t)(s2)(st)(t), (s4)(s3t)(t2), (s4)(s2t2)(st),

(s3t)(s3t)(st), (s3t)(s2t2)(s2), (s3t)(s3t)(s)(t), (s4)(s2t)(st2), (s3t)(s3)(st2),

(s3t)(s2t)(s2t), (s2t2)(s3)(s2t), (s4)(s2t)(st)(t), (s3t)(s3)(st)(t),

(s3t)(s2t)(s2)(t), (s3t)(s2t)(st)(s), (s3)(s2t)(s2t)(t), (s2t)(s2t)(s2t)(s),

(s2t)(s2t)(s2)(st)

s6t4

(s6t4), (s6t3)(t), (s5t4)(s), (s6t2)(t2), (s5t3)(st), (s4t4)(s2), (s5t3)(s)(t),

(s6t)(t3), (s5t2)(st2), (s4t3)(s2t), (s3t4)(s3), (s5t2)(st)(t), (s5t2)(t2)(s), (s6)(t4),

(s5t)(st3), (s4t2)(s2t2), (s3t3)(s3t), (s2t4)(s4), (s5t)(st2)(t), (s5t)(t3)(s),

(s4t2)(s2t)(t), (s4t2)(st2)(s), (s3t3)(s3)(t), (s3t3)(s2t)(s), (s5t)(st)(t2),

(s4t2)(s2)(t2), (s3t3)(s2)(st), (s4t2)(st)(s)(t), (s5)(st4), (s4t)(s2t3), (s3t2)(s3t2),

(s5)(st3)(t), (s4t)(s2t2)(t), (s4t)(st3)(s), (s3t2)(s3t)(t), (s3t2)(s2t2)(s),

(s2t3)(s4)(t), (s2t3)(s3t)(s), (s5)(st2)(t2), (s5)(t3)(st), (s4t)(s2t)(t2),

(s4t)(st2)(st), (s4t)(t3)(s2), (s3t2)(s3)(t2), (s3t2)(s2t)(st), (s3t2)(st2)(s2),

(s2t3)(s3)(st), (s2t3)(s2t)(s2), (s4t)(st2)(s)(t), (s3t2)(s2t)(s)(t), (s4t)(st)(t2)(s),

(s3t2)(s2)(st)(t), (s4)(s2t2)(t2), (s4)(st3)(st), (s3t)(s3t)(t2), (s3t)(s2t2)(st),

(s3t)(st3)(s2), (s2t2)(s2t2)(s2), (s3t)(s2t2)(s)(t), (s4)(s2t)(t3), (s4)(st2)(st2),

(s3t)(s3)(t3), (s3t)(s2t)(st2), (s2t2)(s3)(st2), (s2t2)(s2t)(s2t), (st3)(s3)(s2t),

(s4)(st2)(st)(t), (s3t)(s2t)(st)(t), (s3t)(s2t)(t2)(s), (s3t)(st2)(s2)(t),

(s3t)(st2)(st)(s), (s2t2)(s3)(st)(t), (s2t2)(s2t)(s2)(t), (s2t2)(s2t)(st)(s),

(s3t)(s2)(st)(t2), (s3)(s2t)(st2)(t), (s2t)(s2t)(st2)(s), (s3)(s2t)(st)(t2),

(s2t)(s2t)(s2)(t2), (s2t)(st2)(s2)(st)

Table A.4: Monomial factorizations in degree 10 (continued in Table A.5)
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Degree 10 continued

s5t5

(s5t5), (s5t4)(t), (s4t5)(s), (s5t3)(t2), (s4t4)(st), (s3t5)(s2), (s4t4)(s)(t),

(s5t2)(t3), (s4t3)(st2), (s3t4)(s2t), (s2t5)(s3), (s4t3)(t2)(s), (s4t3)(st)(t),

(s3t4)(s2)(t), (s3t4)(st)(s), (s5t)(t4), (s4t2)(st3), (s3t3)(s2t2), (s2t4)(s3t),

(st5)(s4), (s4t2)(st2)(t), (s4t2)(t3)(s), (s3t3)(s2t)(t), (s3t3)(st2)(s),

(s2t4)(s3)(t), (s2t4)(s2t)(s), (s4t2)(st)(t2), (s3t3)(s2)(t2), (s2t4)(s2)(st),

(s3t3)(st)(s)(t), (s5)(t5), (s4t)(st4), (s3t2)(s2t3), (s4t)(st3)(t), (s4t)(t4)(s),

(s3t2)(s2t2)(t), (s3t2)(st3)(s), (s2t3)(s3t)(t), (s2t3)(s2t2)(s), (st4)(s4)(t),

(st4)(s3t)(s), (s4t)(st2)(t2), (s4t)(t3)(st), (s3t2)(s2t)(t2), (s3t2)(st2)(st),

(s3t2)(t3)(s2), (s2t3)(s3)(t2), (s2t3)(s2t)(st), (s2t3)(st2)(s2),

(st4)(s3)(st), (st4)(s2t)(s2), (s3t2)(st2)(s)(t), (s2t3)(s2t)(s)(t), (s3t2)(st)(t2)(s),

(s2t3)(s2)(st)(t), (s4)(st3)(t2), (s4)(t4)(st), (s3t)(s2t2)(t2), (s3t)(st3)(st),

(s3t)(t4)(s2), (s2t2)(s2t2)(st), (s2t2)(st3)(s2), (s3t)(st3)(s)(t),

(s2t2)(s2t2)(s)(t), (s4)(st2)(t3), (s3t)(s2t)(t3), (s3t)(st2)(st2), (s2t2)(s3)(t3),

(s2t2)(s2t)(st2), (st3)(s3)(st2), (st3)(s2t)(s2t), (t4)(s3)(s2t), (s3t)(st2)(st)(t),

(s3t)(st2)(t2)(s), (s3t)(t3)(st)(s), (s2t2)(s2t)(st)(t), (s2t2)(s2t)(t2)(s),

(s2t2)(st2)(s2)(t), (s2t2)(st2)(st)(s), (st3)(s3)(st)(t), (st3)(s2t)(s2)(t),

(st3)(s2t)(st)(s), (s2t2)(s2)(st)(t2), (s3)(st2)(st2)(t), (s2t)(s2t)(st2)(t),

(s2t)(s2t)(t3)(s), (s2t)(st2)(st2)(s), (s3)(st2)(st)(t2), (s2t)(st2)(s2)(t2),

(s2t)(t3)(s2)(st), (s2t)(st2)(st)(s)(t),

Table A.5: Monomial factorizations in degree 10 (continued from Table A.4)
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A.3.2 The relations

The relations are collected in the final set of tables, starting with Table A.6. In the left

column of the tables, each +-summand is one coefficient that appears on the monomial

in the leftmost column in the general Ravenel–Wilson relation (when expanded). Each

#-summand within a +-summand is a coefficient on one of the monomial factors in the

rightmost column (and the order of #-summands is written to match the order of monomial

factors). Each #-summand is a ◦-product [ai,j ] ◦ Ai
k ◦ A

j
l coming from the #-summand

[ai,j ] ◦ b(s)◦i ◦ b(t)◦j in the general Ravenel–Wilson relation. Each coefficient Ai
k or Aj

l

appears in parentheses (), unless it has a single ◦-factor. Parentheses are also used around

#-summands within +-summands if they have more that one ◦-factor. The [a1,0] and [a0,1]

from [a1,0] ◦ b(s)◦1 ◦ b(t)◦0 and [a0,1] ◦ b(s)◦0 ◦ b(t)◦1, respectively, are dropped since they are

both [1].

Note that not every possible #-sum corresponding to the given factorization in the

rightmost column appears in the coefficient from the Ravenel–Wilson relations; bear in

mind that the +-summands in each coefficient are #-sums of coefficients from the ◦-products
[ai,j ] ◦ b(s)◦i ◦ b(t)◦j , and these coefficients must come from different #-summands in the

Ravenel–Wilson relations. For example, consider the coefficient equation for s3t2. In the

factorization (s2t)(st), the factor (s2t) appears as ([a1,1] ◦ b2 ◦ b1)s2t in [a1,1] ◦ b(s) ◦ b(t) and
as ([a2,1] ◦ (b1 ◦ b1) ◦ b1)s2t in [a2,1] ◦ b(s)◦2 ◦ b(t). However, only the latter appears in the

Ravenel–Wilson coefficient equation for s3t2 because the factor (s2t) is multiplied by (st),

which only appears in [a1,1] ◦ b(s) ◦ b(t). The Ravenel–Wilson coefficient cannot contain a

#-sum of two terms from this one #-summand.

Copies of these tables without page breaks in the middle of the equations can be found

at https://github.com/ZaneHuttinga/PhD-thesis-files.
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Coefficient equation Factorization

Degree 2

st

0 =

[a1,1] ◦ b1 ◦ b1
+b1#b1

(st)

(s)(t)

Degree 3

s2t

b3 =

[a1,1] ◦ b2 ◦ b1
+[a2,1] ◦ (b1 ◦ b1) ◦ b1

+b2#b1

+([a1,1] ◦ b1 ◦ b1)#b1

(s2t)

(s2)(t)

(st)(s)

Degree 4

s3t

0 =

[a1,1] ◦ b3 ◦ b1
+[a2,1] ◦ 0 ◦ b1

+[a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1
+b3#b1

+([a1,1] ◦ b2 ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+b2#([a1,1] ◦ b1 ◦ b1)

(s3t)

(s3)(t)

(s2t)(s)

(s2)(st)

s2t2

0 =

[a1,1] ◦ b2 ◦ b2
+[a2,1] ◦ (b1 ◦ b1) ◦ b2
+[a1,2] ◦ b2 ◦ (b1 ◦ b1)

+[a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1)
+([a1,1] ◦ b2 ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b1 ◦ b2)#b1

+([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+b2#b2

+([a1,1] ◦ b1 ◦ b1)#b1#b1

(s2t2)

(s2t)(t)

(st2)(s)

(s2)(t2)

(st)(s)(t)

Table A.6: The Ravenel–Wilson relations (continued through the end of Appendix A)
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Coefficient equation Factorization

Degree 5

s4t

b5 =

[a1,1] ◦ b4 ◦ b1
+[a2,1] ◦ (b2 ◦ b2) ◦ b1

+[a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1
+[a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1

+b4#b1

([a1,1] ◦ b3 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b2 ◦ b1)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

(s4t)

(s4)(t)

(s3t)(s)

(s3)(st)

(s2t)(s2)

s3t2

0 =

[a1,1] ◦ b3 ◦ b2
+[a2,1] ◦ 0 ◦ b2

+[a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2
+[a1,2] ◦ b3 ◦ (b1 ◦ b1)
+[a2,2] ◦ 0 ◦ (b1 ◦ b1)

+[a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b2)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+b3#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b1 ◦ b2)#b2

+([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+b2#([a1,1] ◦ b1 ◦ b1)#b1

(s3t2)

(s3t)(t)

(s2t2)(s)

(s3)(t2)

(s2t)(st)

(st2)(s2)

(s2t)(s)(t)

(s2)(st)(t)
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Coefficient equation Factorization

Degree 6

s5t

0 =

[a1,1] ◦ b5 ◦ b1
+[a2,1] ◦ 0 ◦ b1

+[a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1
+[a4,1] ◦ 0 ◦ b1

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1
+b5#b1

+([a1,1] ◦ b4 ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b4#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2

+b3#([a1,1] ◦ b2 ◦ b1)
+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

(s5t)

(s5)(t)

(s4t)(s)

(s4)(st)

(s3t)(s2)

(s3)(s2t)
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Coefficient equation Factorization

Degree 6 continued

s4t2

b6 =

[a1,1] ◦ b4 ◦ b2
+[a2,1] ◦ (b2 ◦ b2) ◦ b2

+[a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2
+[a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2

+[a1,2] ◦ b4 ◦ (b1 ◦ b1)
+[a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1)

+[a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1)
+[a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1)

+([a1,1] ◦ b3 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+[a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b4#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b2 ◦ b2)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a1,1] ◦ b3 ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1#b1

+b3#([a1,1] ◦ b1 ◦ b2)
+b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

(s4t2)

(s3t2)(s)

(s4t)(t)

(s4)(t2)

(s3t)(st)

(s2t2)(s2)

(s3t)(s)(t)

(s3)(st2)

(s2t)(s2t)

(s3)(st)(t)

(s2t)(s2)(t)

(s2t)(st)(s)
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Coefficient equation Factorization

Degree 6 continued

s3t3

0 =

[a1,1] ◦ b3 ◦ b3
+[a2,1] ◦ 0 ◦ b3

+[a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3
+[a1,2] ◦ b3 ◦ 0
+[a2,2] ◦ 0 ◦ 0

+[a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0
+[a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1)
+[a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1)

+[a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+[a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b3)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b1

+([a1,2] ◦ b2 ◦ 0)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b1 ◦ b3)#b2

+([a1,2] ◦ b1 ◦ 0)#b2

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b2 ◦ b2)#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+b3#b3

(s3t3)

(s3t2)(t)

(s2t3)(s)

(s3t)(t2)

(s2t2)(st)

(st3)(s2)

(s2t2)(s)(t)

(s3)(t3)
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Coefficient equation Factorization

Degree 6 continued

s3t3 continued

+([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+b2#([a1,1] ◦ b1 ◦ b1)#b2

(s2t)(st2)

(s2t)(t2)(s)

(st2)(s2)(t)

(s2)(st)(t2)

Degree 7

s6t

b7 =

[a1,1] ◦ b6 ◦ b1
+[a2,1] ◦ (b3 ◦ b3) ◦ b1

+[a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1
+[a4,1] ◦ 0 ◦ b1

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1
+[a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1

+b6#b1

+([a1,1] ◦ b5 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b5#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b4 ◦ b1)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2

b4#([a1,1] ◦ b2 ◦ b1)
+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,1] ◦ b3 ◦ b1)#b3

+([a2,1] ◦ 0 ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3

(s6t)

(s6)(t)

(s5t)(s)

(s5)(st)

(s4t)(s2)

(s4)(s2t)

(s3t)(s3)
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Coefficient equation Factorization

Degree 7 continued

s5t2

b7 =

[a1,1] ◦ b5 ◦ b2
+[a2,1] ◦ 0 ◦ b2

+[a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2
+[a4,1] ◦ 0 ◦ b2

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2
+[a1,2] ◦ b5 ◦ (b1 ◦ b1)
+[a2,2] ◦ 0 ◦ (b1 ◦ b1)

+[a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1)
+[a4,2] ◦ 0 ◦ (b1 ◦ b1)

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1)
+([a1,1] ◦ b5 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b2)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+b5#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b2)#b2

+([a2,1] ◦ 0 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2

(s5t2)

(s5t)(t)

(s4t2)(s)

(s5)(t2)

(s4t)(st)

(s3t2)(s2)
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Coefficient equation Factorization

Degree 7 continued

s5t2 continued

+([a1,1] ◦ b4 ◦ b1)#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1#b1

+b4#([a1,1] ◦ b1 ◦ b2)
+b4#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,1] ◦ b2 ◦ b2)#b3

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3

+b4#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b1)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+b3#([a1,1] ◦ b2 ◦ b1)#b1

+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

(s4t)(s)(t)

(s4)(st2)

(s3t)(s2t)

(s2t2)(s3)

(s4)(st)(t)

(s3t)(s2)(t)

(s3t)(st)(s)

(s3)(s2t)(t)

(s2t)(s2t)(s)



APPENDIX A. THE RAVENEL–WILSON RELATIONS 120

Coefficient equation Factorization

Degree 7 continued

s4t3

b7 =

[a1,1] ◦ b4 ◦ b3
+[a2,1] ◦ (b2 ◦ b2) ◦ b3

+[a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3
+[a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3

+[a1,2] ◦ b4 ◦ 0
+[a2,2] ◦ (b2 ◦ b2) ◦ 0

+[a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0
+[a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0
+[a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1)

+[a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1)
+[a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1)

+[a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1)
+([a1,1] ◦ b4 ◦ b2)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b3)#b1

+([a2,1] ◦ 0 ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b1

+([a1,2] ◦ b3 ◦ 0)#b1

+([a2,2] ◦ 0 ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b1)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2

(s4t3)

(s4t2)(t)

(s3t3)(s)

(s4t)(t2)
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Coefficient equation Factorization

Degree 7 continued

s4t3 continued

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b2 ◦ b3)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b2

+([a1,2] ◦ b2 ◦ 0)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b2

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b3 ◦ b2)#b1#b1

+([a2,1] ◦ 0 ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b1#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b1#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+b4#b3

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b1 ◦ b3)#b3

+([a1,2] ◦ b1 ◦ 0)#b3

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b3

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

(s3t2)(st)

(s2t3)(s2)

(s3t2)(s)(t)

(s4)(t3)

(s3t)(st2)

(s2t2)(s2t)

(st3)(s3)

(s3t)(st)(t)
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Coefficient equation Factorization

Degree 7 continued

s4t3 continued

+([a1,1] ◦ b3 ◦ b1)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2#b1

+([a1,1] ◦ b2 ◦ b2)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+b3#([a1,1] ◦ b1 ◦ b2)#b1

+b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

b3#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,1] ◦ b2 ◦ b1)#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b2

+([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

(s3t)(t2)(s)

(s2t2)(s2)(t)

(s2t2)(st)(s)

(s3)(st2)(t)

(s2t)(s2t)(t)

(s2t)(st2)(s)

(s3)(st)(t2)

(s2t)(s2)(t2)

(st2)(s2)(st)

(s2t)(st)(s)(t)

Degree 8

s7t

0 =

[a1,1] ◦ b7 ◦ b1
+[a2,1] ◦ 0 ◦ b1

+[a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b1
+[a4,1] ◦ 0 ◦ b1

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b1
+[a6,1] ◦ 0 ◦ b1

+[a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1
+b7#b1

(s7t)

(s7)(t)
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Coefficient equation Factorization

Degree 8 continued

s7t continued

+([a1,1] ◦ b6 ◦ b1)#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b6#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b5 ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b2

+([a4,1] ◦ 0 ◦ b1)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2

+b5#([a1,1] ◦ b2 ◦ b1)
+b5#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

([a1,1] ◦ b4 ◦ b1)#b3

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b3

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3

+b4#([a1,1] ◦ b3 ◦ b1)
+b4#([a2,1] ◦ 0 ◦ b1)

+b4#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)

(s6t)(s)

(s6)(st)

(s5t)(s2)

(s5)(s2t)

(s4t)(s3)

(s4)(s3t)

s6t2

0 =

[a1,1] ◦ b6 ◦ b2
+[a2,1] ◦ (b3 ◦ b3) ◦ b2

+[a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b2
+[a4,1] ◦ 0 ◦ b2

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b2
+[a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2

+[a1,2] ◦ b6 ◦ (b1 ◦ b1)
+[a2,2] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1)

+[a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1)
+[a4,2] ◦ 0 ◦ (b1 ◦ b1)

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1)
+[a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1)

(s6t2)
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Coefficient equation Factorization

Degree 8 continued

s6t2 continued

+([a1,1] ◦ b6 ◦ b1)#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b5 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b1

+([a4,1] ◦ 0 ◦ b2)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+b6#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b4 ◦ b2)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b2

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a1,1] ◦ b5 ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b1#b1

+([a4,1] ◦ 0 ◦ b1)#b1#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1#b1

+b5#([a1,1] ◦ b1 ◦ b2)
+b5#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

(s6t)(t)

(s5t2)(s)

(s6)(t2)

(s5t)(st)

(s4t2)(s2)

(s5t)(s)(t)

(s5)(st2)
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Coefficient equation Factorization

Degree 8 continued

s6t2 continued

([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b3 ◦ b2)#b3

+([a2,1] ◦ 0 ◦ b2)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b3

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b3

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b3

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3

+b5#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b1)#b2#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b2#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+b4#([a1,1] ◦ b2 ◦ b2)
+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+b4#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+b4#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ 0 ◦ b1)

+([a1,1] ◦ b3 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)

+b4#([a1,1] ◦ b2 ◦ b1)#b1

+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b1)#b3#b1

+([a2,1] ◦ 0 ◦ b1)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#b1

(s4t)(s2t)

(s3t2)(s3)

(s5)(st)(t)

(s4t)(s2)(t)

(s4t)(st)(s)

(s4)(s2t2)

(s3t)(s3t)

(s4)(s2t)(t)

(s3t)(s3)(t)
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Coefficient equation Factorization

Degree 8 continued

s6t2 continued

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)
+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

(s3t)(s2t)(s)

(s3t)(s2)(st)

(s3)(s2t)(st)

(s2t)(s2t)(s2)

s5t3

0 =

[a1,1] ◦ b5 ◦ b3
+[a2,1] ◦ 0 ◦ b3

+[a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b3
+[a4,1] ◦ 0 ◦ b3

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3
+[a1,2] ◦ b5 ◦ 0
+[a2,2] ◦ 0 ◦ 0

+[a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0
+[a4,2] ◦ 0 ◦ 0

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0
+[a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b1)
+[a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1)

+[a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1)
+[a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1)

+[a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1)
+([a1,1] ◦ b5 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b1

+([a4,1] ◦ 0 ◦ b2)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1

(s5t3)

(s5t2)(t)
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Coefficient equation Factorization

Degree 8 continued

s5t3 continued

+([a1,1] ◦ b4 ◦ b3)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b1

+([a1,2] ◦ b4 ◦ 0)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b5 ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b2

+([a4,1] ◦ 0 ◦ b1)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b3)#b2

+([a2,1] ◦ 0 ◦ b3)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b2

+([a1,2] ◦ b3 ◦ 0)#b2

+([a2,2] ◦ 0 ◦ 0)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b2

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2

(s4t3)(s)

(s5t)(t2)

(s4t2)(st)

(s3t3)(s2)
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Coefficient equation Factorization

Degree 8 continued

s5t3 continued

+([a1,1] ◦ b4 ◦ b2)#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b1#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b1#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+b5#b3

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b2 ◦ b3)#b3

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b3

+([a1,2] ◦ b2 ◦ 0)#b3

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b3

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b3

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b3

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

(s4t2)(s)(t)

(s5)(t3)

(s4t)(st2)

(s3t2)(s2t)

(s2t3)(s3)

(s4t)(st)(t)
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Coefficient equation Factorization

Degree 8 continued

s5t3 continued

+([a1,1] ◦ b4 ◦ b1)#b2#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b2#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#b1

+([a1,1] ◦ b3 ◦ b2)#b2#b1

+([a2,1] ◦ 0 ◦ b2)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b2#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b2#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+b4#([a1,1] ◦ b1 ◦ b3)
+b4#([a1,2] ◦ b1 ◦ 0)

+b4#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a1,1] ◦ b3 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b2)

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+b4#([a1,1] ◦ b1 ◦ b2)#b1

+b4#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

(s4t)(t2)(s)

(s3t2)(s2)(t)

(s3t2)(st)(s)

(s4)(st3)

(s3t)(s2t2)

(s4)(st2)(t)

(s3t)(s2t)(t)
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Coefficient equation Factorization

Degree 8 continued

s5t3 continued

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b2)#b3#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+b4#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,1] ◦ b3 ◦ b1)#b2#b2

+([a2,1] ◦ 0 ◦ b1)#b2#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+b3#([a1,1] ◦ b2 ◦ b1)#b2

+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b1

(s3t)(st2)(s)

(s2t2)(s3)(t)

(s2t2)(s2t)(s)

(s4)(st)(t2)

(s3t)(s2)(t2)

(s2t2)(s2)(st)

(s3t)(st)(s)(t)

(s3)(s2t)(t2)

(s3)(st2)(st)

(s2t)(st2)(s2)

(s2t)(s2t)(s)(t)

(s2t)(s2)(st)(t)
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Coefficient equation Factorization

Degree 8 continued

s4t4

0 =

[a1,1] ◦ b4 ◦ b4
+[a2,1] ◦ (b2 ◦ b2) ◦ b4

+[a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b4
+[a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4

+[a1,2] ◦ b4 ◦ (b2 ◦ b2)
+[a2,2] ◦ (b2 ◦ b2) ◦ (b2 ◦ b2)

+[a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b2 ◦ b2)
+[a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2)

+[a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b2)
+[a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2)

+[a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b2)
+[a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2)

+[a1,4] ◦ b4 ◦ (b1 ◦ b1 ◦ b1 ◦ b1)
+[a2,4] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)

+[a3,4] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)
+[a4,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)

+([a1,1] ◦ b4 ◦ b3)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b1

+([a1,2] ◦ b4 ◦ 0)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1

(s4t4)

(s4t3)(t)
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Coefficient equation Factorization

Degree 8 continued

s4t4 continued

+([a1,1] ◦ b3 ◦ b4)#b1

+([a2,1] ◦ 0 ◦ b4)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b4)#b1

+([a1,2] ◦ b3 ◦ (b2 ◦ b2))#b1

+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b1

+([a1,4] ◦ b3 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a3,4] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b2)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b2

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b1)

+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b1 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

(s3t4)(s)

(s4t2)(t2)

(s3t3)(st)
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Coefficient equation Factorization

Degree 8 continued

s4t4 continued

+([a1,1] ◦ b2 ◦ b4)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b4)#b2

+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#b2

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#b2

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b2

+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b3 ◦ b3)#b1#b1

+([a2,1] ◦ 0 ◦ b3)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b1#b1

+([a1,2] ◦ b3 ◦ 0)#b1#b1

+([a2,2] ◦ 0 ◦ 0)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b1#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a1,1] ◦ b4 ◦ b1)#b3

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b3

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3

+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

(s2t4)(s2)

(s3t3)(s)(t)

(s4t)(t3)

(s3t2)(st2)
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Coefficient equation Factorization

Degree 8 continued

s4t4 continued

+([a1,1] ◦ b2 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b2 ◦ b1)
+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b1 ◦ b4)#b3

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#b3

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#b3

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b2)#b2#b1

+([a2,1] ◦ 0 ◦ b2)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b2#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b2#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b1

+([a1,1] ◦ b2 ◦ b3)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b2#b1

+([a1,2] ◦ b2 ◦ 0)#b2#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b2#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b2#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2#b1

(s2t3)(s2t)

(st4)(s3)

(s3t2)(st)(t)

(s3t2)(t2)(s)

(s2t3)(s2)(t)



APPENDIX A. THE RAVENEL–WILSON RELATIONS 135

Coefficient equation Factorization

Degree 8 continued

s4t4 continued

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+b4#b4

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ 0)
+([a1,1] ◦ b3 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a2,1] ◦ 0 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b2 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a1,1] ◦ b2 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

+([a1,1] ◦ b3 ◦ b1)#b3#b1

+([a2,1] ◦ 0 ◦ b1)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

(s2t3)(st)(s)

(s4)(t4)

(s3t)(st3)

(s2t2)(s2t2)

(s3t)(t3)(s)

(s3t)(st2)(t)

(s2t2)(s2t)(t)
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Coefficient equation Factorization

Degree 8 continued

s4t4 continued

+([a1,1] ◦ b2 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b1 ◦ b3)#b3#b1

+([a1,2] ◦ b1 ◦ 0)#b3#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b3#b1

+([a1,1] ◦ b1 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b1 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b1 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,1] ◦ b2 ◦ b2)#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b2

+([a1,2] ◦ b1 ◦ 0)#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+b3#([a1,1] ◦ b1 ◦ b2)#b2

+b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+b3#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b2 ◦ b1)#b3#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b3#b2

+([a1,1] ◦ b1 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

(s2t2)(st2)(s)

(st3)(s3)(t)

(st3)(s2t)(s)

(s3t)(st)(t2)

(s2t2)(s2)(t2)

(st3)(s2)(st)

(s2t2)(st)(s)(t)

(s3)(st2)(t2)

(s3)(t3)(st)

(s2t)(s2t)(t2)

(s2t)(st2)(st)

(s2t)(t3)(s2)

(st2)(st2)(s2)
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Coefficient equation Factorization

Degree 8 continued

s4t4 continued

+([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b1

(s2t)(st2)(s)(t)

(s2t)(st)(t2)(s)

(st2)(s2)(st)(t)

Degree 9

s8t

b9 =

[a1,1] ◦ b8 ◦ b1
+[a2,1] ◦ (b4 ◦ b4) ◦ b1

+[a3,1] ◦ (b1 ◦ b1 ◦ b6 + b2 ◦ b2 ◦ b4 + b2 ◦ b3 ◦ b3) ◦ b1
+[a4,1] ◦ (b2 ◦ b2 ◦ b2 ◦ b2) ◦ b1

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b4) ◦ b1
+[a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2) ◦ b1

+[a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1
+[a8,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1

+b8#b1

+([a1,1] ◦ b7 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b1)#b1

+([a6,1] ◦ 0 ◦ b1)#b1

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b7#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b6 ◦ b1)#b2

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b2

+([a4,1] ◦ 0 ◦ b1)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b2

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2

+b6#([a1,1] ◦ b2 ◦ b1)
+b6#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

(s8t)

(s8)(t)

(s7t)(s)

(s7)(st)

(s6t)(s2)

(s6)(s2t)
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Coefficient equation Factorization

Degree 9 continued

s8t continued

+([a1,1] ◦ b5 ◦ b1)#b3

+([a2,1] ◦ 0 ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b3

+([a4,1] ◦ 0 ◦ b1)#b3

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3

+b5#([a1,1] ◦ b3 ◦ b1)
+b5#([a2,1] ◦ 0 ◦ b1)

+b5#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
([a1,1] ◦ b4 ◦ b1)#b4

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b4

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b4

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b4

(s5t)(s3)

(s5)(s3t)

(s4t)(s4)

s7t2

0 =

[a1,1] ◦ b7 ◦ b2
+[a2,1] ◦ 0 ◦ b2

+[a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b2
+[a4,1] ◦ 0 ◦ b2

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b2
+[a6,1] ◦ 0 ◦ b2

+[a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2
+[a1,2] ◦ b7 ◦ (b1 ◦ b1)
+[a2,2] ◦ 0 ◦ (b1 ◦ b1)

+[a3,2] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ (b1 ◦ b1)
+[a4,2] ◦ 0 ◦ (b1 ◦ b1)

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ (b1 ◦ b1)
+[a6,2] ◦ 0 ◦ (b1 ◦ b1)

+[a7,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1)

(s7t2)
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Coefficient equation Factorization

Degree 9 continued

s7t2 continued

+([a1,1] ◦ b6 ◦ b2)#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b2)#b1

+([a4,1] ◦ 0 ◦ b2)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b2)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b6 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b7 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b1)#b1

+([a6,1] ◦ 0 ◦ b1)#b1

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b7#b2

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b5 ◦ b2)#b2

+([a2,1] ◦ 0 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b2

+([a4,1] ◦ 0 ◦ b2)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b2

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2

(s6t2)(s)

(s7t)(t)

(s7)(t2)

(s6t)(st)

(s5t2)(s2)
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Coefficient equation Factorization

Degree 9 continued

s7t2 continued

+([a1,1] ◦ b6 ◦ b1)#b1#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b1#b1

+([a4,1] ◦ 0 ◦ b1)#b1#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b1#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1#b1

+b6#([a1,1] ◦ b1 ◦ b2)
+b6#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a1,1] ◦ b5 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)
+([a4,1] ◦ 0 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,1] ◦ b4 ◦ b2)#b3

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b3

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b3

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b3

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b3

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b3

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3

+b6#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b5 ◦ b1)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b2#b1

+([a4,1] ◦ 0 ◦ b1)#b2#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#b1

(s6t)(s)(t)

(s6)(st2)

(s5t)(s2t)

(s4t2)(s3)

(s6)(st)(t)

(s5t)(st)(s)

(s5t)(s2)(t)



APPENDIX A. THE RAVENEL–WILSON RELATIONS 141

Coefficient equation Factorization

Degree 9 continued

s7t2

+b5#([a1,1] ◦ b2 ◦ b2)
+b5#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+b5#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+b5#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ 0 ◦ b1)

+([a1,1] ◦ b4 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b1)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ 0 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b3 ◦ b1)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ 0 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b3 ◦ b2)#b4

+([a2,1] ◦ 0 ◦ b2)#b4

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b4

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b4

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b4

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b4

+b5#([a1,1] ◦ b2 ◦ b1)#b1

+b5#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b1)#b3#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b3#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3#b1

+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)

(s5)(s2t2)

(s4t)(s3t)

(s3t2)(s4)

(s5)(s2t)(t)

(s4t)(s3)(t)

(s4t)(s2t)(s)

(s4t)(s2)(st)
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Degree 9 continued

s7t2 continued

+b4#([a1,1] ◦ b3 ◦ b1)#b1

+b4#([a2,1] ◦ 0 ◦ b1)#b1

+b4#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+b3#([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

(s4)(s3t)(t)

(s3t)(s3t)(s)

(s4)(s2t)(st)

(s3t)(s3)(st)

(s3t)(s2t)(s2)

(s3)(s2t)(s2t)

s6t3

0 =

[a1,1] ◦ b6 ◦ b3
+[a2,1] ◦ (b3 ◦ b3) ◦ b3

+[a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b3
+[a4,1] ◦ 0 ◦ b3

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b3
+[a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3

+[a1,2] ◦ b6 ◦ 0
+[a2,2] ◦ (b3 ◦ b3) ◦ 0

+[a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ 0
+[a4,2] ◦ 0 ◦ 0

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ 0
+[a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0

+[a1,3] ◦ b6 ◦ (b1 ◦ b1 ◦ b1)
+[a2,3] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1 ◦ b1)

+[a3,3] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1)
+[a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1)

+[a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1)
+[a6,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1)

(s6t3)
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Degree 9 continued

s6t3 continued

+([a1,1] ◦ b6 ◦ b2)#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b2)#b1

+([a4,1] ◦ 0 ◦ b2)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b2)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b6 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b1

+([a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b5 ◦ b3)#b1

+([a2,1] ◦ 0 ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b3)#b1

+([a4,1] ◦ 0 ◦ b3)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b1

+([a1,2] ◦ b5 ◦ 0)#b1

+([a2,2] ◦ 0 ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0)#b1

+([a4,2] ◦ 0 ◦ 0)#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b6 ◦ b1)#b2

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b2

+([a4,1] ◦ 0 ◦ b1)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b2

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2

(s6t2)(t)

(s5t3)(s)

(s6t)(t2)
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Degree 9 continued

s6t3 continued

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b4 ◦ b3)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b2

+([a1,2] ◦ b4 ◦ 0)#b2

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#b2

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b2

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b2

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b2

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b5 ◦ b2)#b1#b1

+([a2,1] ◦ 0 ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b1#b1

+([a4,1] ◦ 0 ◦ b2)#b1#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1#b1

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b1#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b1#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b1#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+b6#b3

(s5t2)(st)

(s4t3)(s2)

(s5t2)(s)(t)

(s6)(t3)
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Degree 9 continued

s6t3 continued

+([a1,1] ◦ b5 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a4,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b4 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b3 ◦ b3)#b3

+([a2,1] ◦ 0 ◦ b3)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b3

+([a1,2] ◦ b3 ◦ 0)#b3

+([a2,2] ◦ 0 ◦ 0)#b3

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b3

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b3

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b3

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b3

(s5t)(st2)

(s4t2)(s2t)

(s3t3)(s3)
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Degree 9 continued

s6t3 continued

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b5 ◦ b1)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b2#b1

+([a4,1] ◦ 0 ◦ b1)#b2#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#b1

+([a1,1] ◦ b4 ◦ b2)#b2#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b2#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b2#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b2#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+b5#([a1,1] ◦ b1 ◦ b3)
+b5#([a1,2] ◦ b1 ◦ 0)

+b5#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))

(s5t)(st)(t)

(s5t)(t2)(s)

(s4t2)(s2)(t)

(s4t2)(st)(s)

(s5)(st3)
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Degree 9 continued

s6t3 continued

+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a1,1] ◦ b4 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b2)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ 0 ◦ b1)

+([a1,1] ◦ b3 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b3 ◦ b1)

+([a2,1] ◦ 0 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b3 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ 0 ◦ b1)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b2 ◦ b3)#b4

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b4

+([a1,2] ◦ b2 ◦ 0)#b4

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b4

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b4

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b4

(s4t)(s2t2)

(s3t2)(s3t)

(s2t3)(s4)
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Degree 9 continued

s6t3 continued

+b5#([a1,1] ◦ b1 ◦ b2)#b1

+b5#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b2)#b3#b1

+([a2,1] ◦ 0 ◦ b2)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b3#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b3#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b3#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3#b1

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+b5#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,1] ◦ b4 ◦ b1)#b2#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b2#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b2#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#b2

(s5)(st2)(t)

(s4t)(s2t)(t)

(s4t)(st2)(s)

(s3t2)(s3)(t)

(s3t2)(s2t)(s)

(s5)(st)(t2)

(s4t)(s2)(t2)
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+([a2,1] ◦ 0 ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+b4#([a1,1] ◦ b2 ◦ b2)#b1

+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+b4#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+b4#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+b4#([a1,1] ◦ b2 ◦ b1)#b2

+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+b4#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#b3#b2

+([a2,1] ◦ 0 ◦ b1)#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

(s3t2)(s2)(st)

(s4t)(st)(s)(t)

(s4)(s2t2)(t)

(s3t)(s3t)(t)

(s3t)(s2t2)(s)

(s4)(s2t)(t2)

(s4)(st2)(st)

(s3t)(s3)(t2)

(s3t)(s2t)(st)
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+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+b3#([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

(s3t)(st2)(s2)

(s2t2)(s3)(st)

(s2t2)(s2t)(s2)

(s3t)(s2t)(s)(t)

(s3t)(s2)(st)(t)

(s3)(s2t)(st2)

(s3)(s2t)(st)(t)

(s2t)(s2t)(s2)(t)
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s5t4

0 =

[a1,1] ◦ b5 ◦ b4
+[a2,1] ◦ 0 ◦ b4

+[a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b4
+[a4,1] ◦ 0 ◦ b4

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4
+[a1,2] ◦ b5 ◦ (b2 ◦ b2)
+[a2,2] ◦ 0 ◦ (b2 ◦ b2)

+[a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b2 ◦ b2)
+[a4,2] ◦ 0 ◦ (b2 ◦ b2)

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2)
+[a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b2)
+[a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2)

+[a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2)
+[a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2)

+[a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2)
+[a1,4] ◦ b5 ◦ (b1 ◦ b1 ◦ b1 ◦ b1)
+[a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1)

+[a3,4] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)
+[a4,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1)

+[a5,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)
+([a1,1] ◦ b5 ◦ b3)#b1

+([a2,1] ◦ 0 ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b3)#b1

+([a4,1] ◦ 0 ◦ b3)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b1

+([a1,2] ◦ b5 ◦ 0)#b1

+([a2,2] ◦ 0 ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0)#b1

+([a4,2] ◦ 0 ◦ 0)#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1

(s5t4)

(s5t3)(t)
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+([a1,1] ◦ b4 ◦ b4)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b4)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b4)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4)#b1

+([a1,2] ◦ b4 ◦ (b2 ◦ b2))#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b2 ◦ b2))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b2 ◦ b2))#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b1

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#b1

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b1

+([a1,4] ◦ b4 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a2,4] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a3,4] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a4,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b5 ◦ b2)#b2

+([a2,1] ◦ 0 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b2

+([a4,1] ◦ 0 ◦ b2)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b2

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2

(s4t4)(s)

(s5t2)(t2)
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Coefficient equation Factorization

Degree 9 continued

s5t4 continued

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b4 ◦ 0)#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#([a1,1] ◦ b1 ◦ b1)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b4)#b2

+([a2,1] ◦ 0 ◦ b4)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b4)#b2

+([a1,2] ◦ b3 ◦ (b2 ◦ b2))#b2

+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b2

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b2))#b2

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#b2

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b2

+([a1,4] ◦ b3 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a3,4] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b4 ◦ b3)#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b1#b1

+([a1,2] ◦ b4 ◦ 0)#b1#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#b1#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1#b1

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1#b1

(s4t3)(st)

(s3t4)(s2)

(s4t3)(s)(t)
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Coefficient equation Factorization

Degree 9 continued

s5t4 continued

+([a1,1] ◦ b5 ◦ b1)#b3

+([a2,1] ◦ 0 ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b3

+([a4,1] ◦ 0 ◦ b1)#b3

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3

+([a1,1] ◦ b4 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)
+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b3 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b3 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b2 ◦ b1)

+([a2,2] ◦ 0 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

(s5t)(t3)

(s4t2)(st2)

(s3t3)(s2t)
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Coefficient equation Factorization

Degree 9 continued

s5t4 continued

+([a1,1] ◦ b2 ◦ b4)#b3

+([a2,1] ◦ (b1 ◦ b1) ◦ b4)#b3

+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#b3

+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#b3

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#b3

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b3

+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3

+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b2)#b2#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b2#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b2#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b2#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b1

+([a1,1] ◦ b3 ◦ b3)#b2#b1

+([a2,1] ◦ 0 ◦ b3)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b2#b1

+([a1,2] ◦ b3 ◦ 0)#b2#b1

+([a2,2] ◦ 0 ◦ 0)#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b2#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b2#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b2#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2#b1

(s2t4)(s3)

(s4t2)(st)(t)

(s4t2)(t2)(s)

(s3t3)(s2)(t)
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Coefficient equation Factorization

Degree 9 continued

s5t4 continued

+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+b5#b4

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ 0)
+([a1,1] ◦ b4 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))

(s3t3)(st)(s)

(s5)(t4)

(s4t)(st3)
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Degree 9 continued

s5t4 continued

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a1,1] ◦ b3 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b2)

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,1] ◦ b2 ◦ b3)#([a2,1] ◦ 0 ◦ b1)

+([a1,1] ◦ b2 ◦ b3)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b3 ◦ b1)

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b3 ◦ b1)
+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ 0 ◦ b1)

+([a1,2] ◦ b2 ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b3 ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ 0 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)

(s3t2)(s2t2)

(s2t3)(s3t)
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Coefficient equation Factorization

Degree 9 continued

s5t4 continued

+([a1,1] ◦ b1 ◦ b4)#b4

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#b4

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#b4

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b4

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b1)#b3#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b3#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3#b1

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

(st4)(s4)

(s4t)(st2)(t)

(s4t)(t3)(s)

(s3t2)(s2t)(t)

(s3t2)(st2)(s)
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Degree 9 continued

s5t4 continued

+([a1,1] ◦ b2 ◦ b3)#b3#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b3#b1

+([a1,2] ◦ b2 ◦ 0)#b3#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b3#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b3#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b3#b1

+([a1,1] ◦ b2 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,1] ◦ b3 ◦ b2)#b2#b2

+([a2,1] ◦ 0 ◦ b2)#b2#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b2#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b2#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b2 ◦ 0)#b2#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

(s2t3)(s3)(t)

(s2t3)(s2t)(s)

(s4t)(st)(t2)

(s3t2)(s2)(t2)

(s2t3)(s2)(st)

(s3t2)(st)(s)(t)
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Degree 9 continued

s5t4 continued

+b4#([a1,1] ◦ b1 ◦ b3)#b1

+b4#([a1,2] ◦ b1 ◦ 0)#b1

+b4#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,1] ◦ b2 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+b4#([a1,1] ◦ b1 ◦ b2)#b2

+b4#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+b4#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

(s4)(st3)(t)

(s3t)(s2t2)(t)

(s3t)(st3)(s)

(s2t2)(s2t2)(s)

(s4)(st2)(t2)

(s4)(t3)(st)

(s3t)(s2t)(t2)

(s3t)(st2)(st)
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Degree 9 continued

s5t4 continued

+([a1,1] ◦ b3 ◦ b1)#b3#b2

+([a2,1] ◦ 0 ◦ b1)#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#b2

+([a1,1] ◦ b2 ◦ b2)#b3#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b2 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a1,2] ◦ b1 ◦ 0)#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b1 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,2] ◦ b1 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,2] ◦ b1 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2#b1

(s3t)(t3)(s2)

(s2t2)(s3)(t2)

(s2t2)(s2t)(st)

(s2t2)(st2)(s2)

(st3)(s3)(st)

(st3)(s2t)(s2)

(s3t)(st2)(s)(t)

(s2t2)(s2t)(s)(t)

(s3t)(st)(t2)(s)
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Degree 9 continued

s5t4 continued

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b1

+b3#([a1,1] ◦ b2 ◦ b1)#b3

+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b3

+b3#([a1,1] ◦ b1 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b2

(s2t2)(s2)(st)(t)

(s3)(s2t)(t3)

(s3)(st2)(st2)

(s2t)(s2t)(st2)

(s3)(st2)(st)(t)

(s2t)(s2t)(t2)(s)

(s2t)(st2)(s2)(t)

(s2t)(st2)(st)(s)

(s2t)(s2)(st)(t2)
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Coefficient equation Factorization

Degree 10

s9t

0 =

[a1,1] ◦ b9 ◦ b1
+[a2,1] ◦ 0 ◦ b1

+[a3,1] ◦ (b1 ◦ b1 ◦ b7 + b1 ◦ b4 ◦ b4 + b2 ◦ b2 ◦ b5 + b3 ◦ b3 ◦ b3) ◦ b1
+[a4,1] ◦ 0 ◦ b1

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b5 + b1 ◦ b2 ◦ b2 ◦ b2 ◦ b2) ◦ b1
+[a6,1] ◦ 0 ◦ b1

+[a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3 + b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2) ◦ b1
+[a8,1] ◦ 0 ◦ b1

+[a9,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1
+b9#b1

+([a1,1] ◦ b8 ◦ b1)#b1

+([a2,1] ◦ (b4 ◦ b4) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b6 + b2 ◦ b2 ◦ b4 + b2 ◦ b3 ◦ b3) ◦ b1)#b1

+([a4,1] ◦ (b2 ◦ b2 ◦ b2 ◦ b2) ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b4) ◦ b1)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2) ◦ b1)#b1

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b1

+([a8,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b8#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b7 ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b1)#b2

+([a4,1] ◦ 0 ◦ b1)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b1)#b2

+([a6,1] ◦ 0 ◦ b1)#b2

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2

+b7#([a1,1] ◦ b2 ◦ b1)
+b7#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,1] ◦ b6 ◦ b1)#b3

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b3

+([a4,1] ◦ 0 ◦ b1)#b3

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b3

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3

(s9t)

(s9)(t)

(s8t)(t)

(s8)(st)

(s7t)(s2)

(s7)(s2t)

(s6t)(s3)
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Coefficient equation Factorization

Degree 10 continued

s9t continued

+b6#([a1,1] ◦ b3 ◦ b1)
+b6#([a2,1] ◦ 0 ◦ b1)

+b6#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b5 ◦ b1)#b4

+([a2,1] ◦ 0 ◦ b1)#b4

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b4

+([a4,1] ◦ 0 ◦ b1)#b4

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b4

+b5#([a1,1] ◦ b4 ◦ b1)
+b5#([a2,1] ◦ (b2 ◦ b2) ◦ b1)

+b5#([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)
+b5#([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)

(s6)(s3t)

(s5t)(s4)

(s5)(s4t)

s8t2

b10 =

[a1,1] ◦ b8 ◦ b2
+[a2,1] ◦ (b4 ◦ b4) ◦ b2

+[a3,1] ◦ (b1 ◦ b1 ◦ b6 + b2 ◦ b2 ◦ b4 + b2 ◦ b3 ◦ b3) ◦ b2
+[a4,1] ◦ (b2 ◦ b2 ◦ b2 ◦ b2) ◦ b2

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b4) ◦ b2
+[a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2) ◦ b2

+[a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b2
+[a8,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2

+[a1,2] ◦ b8 ◦ (b1 ◦ b1)
+[a2,2] ◦ (b4 ◦ b4) ◦ (b1 ◦ b1)

+[a3,2] ◦ (b1 ◦ b1 ◦ b6 + b2 ◦ b2 ◦ b4 + b2 ◦ b3 ◦ b3) ◦ (b1 ◦ b1)
+[a4,2] ◦ (b2 ◦ b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1)

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b4) ◦ (b1 ◦ b1)
+[a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1)

+[a7,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1)
+[a8,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1)

(s8t2)
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Coefficient equation Factorization

Degree 10 continued

s8t2 continued

+([a1,1] ◦ b8 ◦ b1)#b1

+([a2,1] ◦ (b4 ◦ b4) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b6 + b2 ◦ b2 ◦ b4 + b2 ◦ b3 ◦ b3) ◦ b1)#b1

+([a4,1] ◦ (b2 ◦ b2 ◦ b2 ◦ b2) ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b4) ◦ b1)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2 ◦ b2) ◦ b1)#b1

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b1

+([a8,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b7 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b2)#b1

+([a4,1] ◦ 0 ◦ b2)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b2)#b1

+([a6,1] ◦ 0 ◦ b2)#b1

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b7 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ (b1 ◦ b1))#b1

+([a6,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a7,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+b8#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a6,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

(s8t)(t)

(s7t2)(s)

(s8)(t2)

(s7t)(st)
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Coefficient equation Factorization

Degree 10 continued

s8t2 continued

+([a1,1] ◦ b6 ◦ b2)#b2

+([a2,1] ◦ (b3 ◦ b3) ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b2)#b2

+([a4,1] ◦ 0 ◦ b2)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b2)#b2

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2

+([a1,2] ◦ b6 ◦ (b1 ◦ b1))#b2

+([a2,2] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b2

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a1,1] ◦ b7 ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b1)#b1#b1

+([a4,1] ◦ 0 ◦ b1)#b1#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b1)#b1#b1

+([a6,1] ◦ 0 ◦ b1)#b1#b1

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b1#b1

+b7#([a1,1] ◦ b1 ◦ b2)
+b7#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a1,1] ◦ b6 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)
+([a4,1] ◦ 0 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

(s6t2)(s2)

(s7t)(s)(t)

(s7)(st2)

(s6t)(s2t)
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Coefficient equation Factorization

Degree 10 continued

s8t2 continued

+([a1,1] ◦ b5 ◦ b2)#b3

+([a2,1] ◦ 0 ◦ b2)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b3

+([a4,1] ◦ 0 ◦ b2)#b3

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b3

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b3

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b3

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b3

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b3

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3

+b7#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b6 ◦ b1)#b2#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b2#b1

+([a4,1] ◦ 0 ◦ b1)#b2#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b2#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+b6#([a1,1] ◦ b2 ◦ b2)
+b6#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+b6#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+b6#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

(s5t2)(s3)

(s7)(st)(t)

(s6t)(s2)(t)

(s6t)(st)(s)

(s6)(s2t2)
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Coefficient equation Factorization

Degree 10 continued

s8t2 continued

+([a1,1] ◦ b5 ◦ b1)#([a2,1] ◦ 0 ◦ b1)
+([a1,1] ◦ b5 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b3 ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a2,1] ◦ 0 ◦ b1)

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b3 ◦ b1)
+([a4,1] ◦ 0 ◦ b1)#([a2,1] ◦ 0 ◦ b1)

+([a4,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b3 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ 0 ◦ b1)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b4 ◦ b2)#b4

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b4

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b4

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b4

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b4

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b4

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b4

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b4

+b6#([a1,1] ◦ b2 ◦ b1)#b1

+b6#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b5 ◦ b1)#b3#b1

+([a2,1] ◦ 0 ◦ b1)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b3#b1

+([a4,1] ◦ 0 ◦ b1)#b3#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3#b1

+([a1,1] ◦ b5 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

(s5t)(s3t)

(s4t2)(s4)

(s6)(s2t)(t)

(s5t)(s3)(t)

(s5t)(s2t)(s)
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Coefficient equation Factorization

Degree 10 continued

s8t2 continued

+([a2,1] ◦ 0 ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ 0 ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)

+b5#([a1,1] ◦ b3 ◦ b2)
+b5#([a2,1] ◦ 0 ◦ b2)

+b5#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+b5#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+b5#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+b5#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b2 ◦ b2) ◦ b1)

+([a1,1] ◦ b4 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)
+([a1,1] ◦ b4 ◦ b1)#([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b4 ◦ b1)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b4 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b2 ◦ b2) ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b4 ◦ b1)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b2 ◦ b2) ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)
+b5#([a1,1] ◦ b3 ◦ b1)#b1

+b5#([a2,1] ◦ 0 ◦ b1)#b1

+b5#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b1)#b4#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b4#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b4#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b4#b1

(s5t)(s2)(st)

(s5)(s3t2)

(s4t)(s4t)

(s5)(s3t)(t)

(s4t)(s4)(t)
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Coefficient equation Factorization

Degree 10 continued

s8t2 continued

+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b3 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b5#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+b4#([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+b4#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b2

+([a1,1] ◦ b3 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2

+b4#([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a2,1] ◦ 0 ◦ b1)#b3#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

(s4t)(s3t)(s)

(s5)(s2t)(st)

(s4t)(s3)(st)

(s4t)(s2t)(s2)

(s4)(s3t)(st)

(s3t)(s3t)(s2)

(s4)(s2t)(s2t)

(s3t)(s3)(s2t)
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Coefficient equation Factorization

Degree 10 continued

s7t3

0 =

[a1,1] ◦ b7 ◦ b3
+[a2,1] ◦ 0 ◦ b3

+[a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b3
+[a4,1] ◦ 0 ◦ b3

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b3
+[a6,1] ◦ 0 ◦ b3

+[a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3
+[a1,2] ◦ b7 ◦ 0
+[a2,2] ◦ 0 ◦ 0

+[a3,2] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ 0
+[a4,2] ◦ 0 ◦ 0

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ 0
+[a6,2] ◦ 0 ◦ 0

+[a7,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0
+[a1,3] ◦ b7 ◦ (b1 ◦ b1 ◦ b1)
+[a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1)

+[a3,3] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ (b1 ◦ b1 ◦ b1)
+[a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1)

+[a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ (b1 ◦ b1 ◦ b1)
+[a6,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1)

+[a7,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1)
+([a1,1] ◦ b7 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b2)#b1

+([a4,1] ◦ 0 ◦ b2)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b2)#b1

+([a6,1] ◦ 0 ◦ b2)#b1

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b7 ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ (b1 ◦ b1))#b1

+([a6,2] ◦ 0 ◦ (b1 ◦ b1))#b1

+([a7,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1

(s7t3)

(s7t2)(t)
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Coefficient equation Factorization

Degree 10 continued

s7t3 continued

+([a1,1] ◦ b6 ◦ b3)#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b3)#b1

+([a4,1] ◦ 0 ◦ b3)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b3)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b1

+([a1,2] ◦ b6 ◦ 0)#b1

+([a2,2] ◦ (b3 ◦ b3) ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ 0)#b1

+([a4,2] ◦ 0 ◦ 0)#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ 0)#b1

+([a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b6 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,3] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a6,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b7 ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b5 + b1 ◦ b3 ◦ b3 + b2 ◦ b2 ◦ b3) ◦ b1)#b2

+([a4,1] ◦ 0 ◦ b1)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b3) ◦ b1)#b2

+([a6,1] ◦ 0 ◦ b1)#b2

+([a7,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b3 ◦ b3) ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b6 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

(s6t3)(s)

(s7t)(t2)

(s6t2)(st)
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Coefficient equation Factorization

Degree 10 continued

s7t3 continued

+([a1,1] ◦ b5 ◦ b3)#b2

+([a2,1] ◦ 0 ◦ b3)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b3)#b2

+([a4,1] ◦ 0 ◦ b3)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b2

+([a1,2] ◦ b5 ◦ 0)#b2

+([a2,2] ◦ 0 ◦ 0)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0)#b2

+([a4,2] ◦ 0 ◦ 0)#b2

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b2

+([a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b2

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b6 ◦ b2)#b1#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b2)#b1#b1

+([a4,1] ◦ 0 ◦ b2)#b1#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b2)#b1#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b1#b1

+([a1,2] ◦ b6 ◦ (b1 ◦ b1))#b1#b1

+([a2,2] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1))#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b1#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b1#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b1#b1

+([a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+b7#b3

(s5t3)(s2)

(s6t2)(s)(t)

(s7)(t3)
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Coefficient equation Factorization

Degree 10 continued

s7t3 continued

+([a1,1] ◦ b6 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a4,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b5 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a4,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b1)

+([a4,1] ◦ 0 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

(s6t)(st2)

(s5t2)(s2t)
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Degree 10 continued

s7t3 continued

+([a1,1] ◦ b4 ◦ b3)#b3

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#b3

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b3

+([a1,2] ◦ b4 ◦ 0)#b3

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#b3

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#b3

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b3

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#b3

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b3

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b3

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b3

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b6 ◦ b1)#b2#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b2#b1

+([a4,1] ◦ 0 ◦ b1)#b2#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b2#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#b1

+([a1,1] ◦ b5 ◦ b2)#b2#b1

+([a2,1] ◦ 0 ◦ b2)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b2#b1

+([a4,1] ◦ 0 ◦ b2)#b2#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2#b1

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b2#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b2#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b2#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b1

(s4t3)(s3)

(s6t)(st)(t)

(s6t)(t2)(s)

(s5t2)(s2)(t)
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Coefficient equation Factorization

Degree 10 continued

s7t3 continued

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+b6#([a1,1] ◦ b1 ◦ b3)
+b6#([a1,2] ◦ b1 ◦ 0)

+b6#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a1,1] ◦ b5 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b5 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a1,1] ◦ b5 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b2)

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b2)

+([a4,1] ◦ 0 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a4,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a4,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

(s5t2)(st)(s)

(s6)(st3)

(s5t)(s2t2)
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Degree 10 continued

s7t3 continued

+([a1,1] ◦ b4 ◦ b2)#([a2,1] ◦ 0 ◦ b1)
+([a1,1] ◦ b4 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b3 ◦ b1)

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b3 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a2,1] ◦ 0 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b3 ◦ b1)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ 0 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b3 ◦ b3)#b4

+([a2,1] ◦ 0 ◦ b3)#b4

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b4

+([a1,2] ◦ b3 ◦ 0)#b4

+([a2,2] ◦ 0 ◦ 0)#b4

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b4

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b4

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b4

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b4

+b6#([a1,1] ◦ b1 ◦ b2)#b1

+b6#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

(s4t2)(s3t)

(s3t3)(s4)

(s6)(st2)(t)
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Degree 10 continued

s7t3 continued

+([a1,1] ◦ b5 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b5 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b2)#b3#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b3#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b3#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b3#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b3#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b3#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3#b1

(s5t)(s2t)(t)

(s5t)(st2)(s)

(s4t2)(s3)(t)
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Degree 10 continued

s7t3 continued

+([a1,1] ◦ b4 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+b6#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,1] ◦ b5 ◦ b1)#b2#b2

+([a2,1] ◦ 0 ◦ b1)#b2#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b2#b2

+([a4,1] ◦ 0 ◦ b1)#b2#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1#b1

(s4t2)(s2t)(s)

(s6)(st)(t2)

(s5t)(s2)(t2)

(s4t2)(s2)(st)

(s5t)(st)(s)(t)
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Coefficient equation Factorization

Degree 10 continued

s7t3 continued

+b5#([a1,1] ◦ b2 ◦ b3)
+b5#([a2,1] ◦ (b1 ◦ b1) ◦ b3)

+b5#([a1,2] ◦ b2 ◦ 0)
+b5#([a2,2] ◦ (b1 ◦ b1) ◦ 0)

+b5#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))
+b5#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))
+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ 0 ◦ b2)

+([a1,1] ◦ b4 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+([a1,1] ◦ b4 ◦ b1)#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+([a1,1] ◦ b4 ◦ b1)#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b2)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ 0 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b3 ◦ b2)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ 0 ◦ b2)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+b5#([a1,1] ◦ b2 ◦ b2)#b1

+b5#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+b5#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+b5#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

(s5)(s2t3)

(s4t)(s3t2)

(s5)(s2t2)(t)
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Coefficient equation Factorization

Degree 10 continued

s7t3 continued

+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b3 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b3 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b2)#b4#b1

+([a2,1] ◦ 0 ◦ b2)#b4#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b4#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b4#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b4#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b4#b1

(s4t)(s3t)(t)

(s4t)(s2t2)(s)

(s3t2)(s4)(t)
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Degree 10 continued

s7t3 continued

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b3 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b5#([a1,1] ◦ b2 ◦ b1)#b2

+b5#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+b5#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b4 ◦ b1)#b3#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b3#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b2)#b3#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)

(s3t2)(s3t)(s)

(s5)(s2t)(t2)

(s5)(st2)(st)

(s4t)(s3)(t2)

(s4t)(s2t)(st)

(s4t)(st2)(s2)

(s3t2)(s3)(st)
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Degree 10 continued

s7t3 continued

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+b4#([a1,1] ◦ b3 ◦ b1)#b2

+b4#([a2,1] ◦ 0 ◦ b1)#b2

+b4#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2

+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+b4#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+b4#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a1,1] ◦ b3 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

(s3t2)(s2t)(s2)

(s4t)(s2t)(s)(t)

(s4t)(s2)(st)(t)

(s4)(s3t)(t2)

(s4)(s2t2)(st)

(s3t)(s3t)(st)

(s3t)(s2t2)(s2)
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Coefficient equation Factorization

Degree 10 continued

s7t3 continued

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b1#b1

+([a1,1] ◦ b3 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1#b1

+b4#([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b3 ◦ b1)#b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a2,1] ◦ 0 ◦ b1)#b3#([a1,1] ◦ b1 ◦ b2)
+([a2,1] ◦ 0 ◦ b1)#b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b2 ◦ b2)#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3#([a1,1] ◦ b2 ◦ b1)
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b2 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+b3#([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

(s3t)(s3t)(s)(t)

(s4)(s2t)(st2)

(s3t)(s3)(st2)

(s3t)(s2t)(s2t)

(s2t2)(s3)(s2t)

(s4)(s2t)(st)(t)

(s3t)(s3)(st)(t)

(s3t)(s2t)(s2)(t)

(s3t)(s2t)(st)(s)

(s3)(s2t)(s2t)(t)
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Coefficient equation Factorization

Degree 10 continued

s6t4

0 =

[a1,1] ◦ b6 ◦ b4
+[a2,1] ◦ (b3 ◦ b3) ◦ b4

+[a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b4
+[a4,1] ◦ 0 ◦ b4

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b4
+[a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4

+[a1,2] ◦ b6 ◦ (b2 ◦ b2)
+[a2,2] ◦ (b3 ◦ b3) ◦ (b2 ◦ b2)

+[a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b2 ◦ b2)
+[a4,2] ◦ 0 ◦ (b2 ◦ b2)

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b2 ◦ b2)
+[a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2)

+[a1,3] ◦ b6 ◦ (b1 ◦ b1 ◦ b2)
+[a2,3] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1 ◦ b2)

+[a3,3] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2)
+[a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2)

+[a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b2)
+[a6,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2)

+[a1,4] ◦ b6 ◦ (b1 ◦ b1 ◦ b1 ◦ b1)
+[a2,4] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)

+[a3,4] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)
+[a4,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1)

+[a5,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)
+[a6,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1)

(s6t4)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b6 ◦ b3)#b1

+([a2,1] ◦ (b3 ◦ b3) ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b3)#b1

+([a4,1] ◦ 0 ◦ b3)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b3)#b1

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b1

+([a1,2] ◦ b6 ◦ 0)#b1

+([a2,2] ◦ (b3 ◦ b3) ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ 0)#b1

+([a4,2] ◦ 0 ◦ 0)#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ 0)#b1

+([a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b6 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,3] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1

+([a6,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1

(s6t3)(t)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b5 ◦ b4)#b1

+([a2,1] ◦ 0 ◦ b4)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b4)#b1

+([a4,1] ◦ 0 ◦ b4)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4)#b1

+([a1,2] ◦ b5 ◦ (b2 ◦ b2))#b1

+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b2 ◦ b2))#b1

+([a4,2] ◦ 0 ◦ (b2 ◦ b2))#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b1

+([a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#b1

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b1

+([a1,4] ◦ b5 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a3,4] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a4,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a5,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b6 ◦ b2)#b2

+([a2,1] ◦ (b3 ◦ b3) ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b2)#b2

+([a4,1] ◦ 0 ◦ b2)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b2)#b2

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2

+([a1,2] ◦ b6 ◦ (b1 ◦ b1))#b2

+([a2,2] ◦ (b3 ◦ b3) ◦ (b1 ◦ b1))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b2

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b2

+([a6,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2

(s5t4)(s)

(s6t2)(t2)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b3)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ 0 ◦ b3)#([a1,1] ◦ b1 ◦ b1)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b1)

+([a1,2] ◦ b5 ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b1 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+([a4,2] ◦ 0 ◦ 0)#([a1,1] ◦ b1 ◦ b1)

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b4 ◦ b4)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b4)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b4)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4)#b2

+([a1,2] ◦ b4 ◦ (b2 ◦ b2))#b2

+([a2,2] ◦ (b2 ◦ b2) ◦ (b2 ◦ b2))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b2 ◦ b2))#b2

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b2

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b2))#b2

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#b2

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#b2

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b2

+([a1,4] ◦ b4 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a2,4] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a3,4] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a4,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2

(s5t3)(st)

(s4t4)(s2)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b5 ◦ b3)#b1#b1

+([a2,1] ◦ 0 ◦ b3)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b3)#b1#b1

+([a4,1] ◦ 0 ◦ b3)#b1#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b1#b1

+([a1,2] ◦ b5 ◦ 0)#b1#b1

+([a2,2] ◦ 0 ◦ 0)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0)#b1#b1

+([a4,2] ◦ 0 ◦ 0)#b1#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1#b1

+([a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a1,1] ◦ b6 ◦ b1)#b3

+([a2,1] ◦ (b3 ◦ b3) ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b4 + b2 ◦ b2 ◦ b2) ◦ b1)#b3

+([a4,1] ◦ 0 ◦ b1)#b3

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b2) ◦ b1)#b3

+([a6,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3

(s5t3)(s)(t)

(s6t)(t3)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b5 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a4,1] ◦ 0 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

(s5t2)(st2)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ (b4 ◦ b3) ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b4 ◦ 0)#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b4 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#([a1,1] ◦ b2 ◦ b1)

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b3 ◦ b4)#b3

+([a2,1] ◦ 0 ◦ b4)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b4)#b3

+([a1,2] ◦ b3 ◦ (b2 ◦ b2))#b3

+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#b3

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b3

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b2))#b3

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#b3

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b3

+([a1,4] ◦ b3 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3

+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3

+([a3,4] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3

(s4t3)(s2t)

(s3t4)(s3)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b5 ◦ b2)#b2#b1

+([a2,1] ◦ 0 ◦ b2)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b2#b1

+([a4,1] ◦ 0 ◦ b2)#b2#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2#b1

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b2#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b2#b1

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b2#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b1

+b6#b4

+([a1,1] ◦ b5 ◦ b1)#([a1,2] ◦ b1 ◦ 0)
+([a1,1] ◦ b5 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a2,1] ◦ 0 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a4,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a4,1] ◦ 0 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b3)
+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))

(s5t2)(st)(t)

(s5t2)(t2)(s)

(s6)(t4)

(s5t)(st3)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b4 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b4 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a1,1] ◦ b4 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b2)

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b2)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)
+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

(s4t2)(s2t2)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b3 ◦ b3)#([a2,1] ◦ 0 ◦ b1)
+([a1,1] ◦ b3 ◦ b3)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)

+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b3 ◦ b1)
+([a2,1] ◦ 0 ◦ b3)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b3 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a2,1] ◦ 0 ◦ b1)

+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b3 ◦ b1)
+([a1,2] ◦ b3 ◦ 0)#([a2,1] ◦ 0 ◦ b1)

+([a1,2] ◦ b3 ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b3 ◦ b1)
+([a2,2] ◦ 0 ◦ 0)#([a2,1] ◦ 0 ◦ b1)

+([a2,2] ◦ 0 ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b3 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a2,1] ◦ 0 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b2 ◦ b4)#b4

+([a2,1] ◦ (b1 ◦ b1) ◦ b4)#b4

+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#b4

+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#b4

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#b4

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b4

+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b4

+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b4

(s3t3)(s3t)

(s2t4)(s4)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+([a1,1] ◦ b5 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b5 ◦ b1)#b3#b1

+([a2,1] ◦ 0 ◦ b1)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b3#b1

+([a4,1] ◦ 0 ◦ b1)#b3#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3#b1

+([a1,1] ◦ b4 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

(s5t)(st2)(t)

(s5t)(t3)(s)

(s4t2)(s2t)(t)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b4 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b3)#b3#b1

+([a2,1] ◦ 0 ◦ b3)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b3#b1

+([a1,2] ◦ b3 ◦ 0)#b3#b1

+([a2,2] ◦ 0 ◦ 0)#b3#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b3#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b3#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b3#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b3#b1

(s4t2)(st2)(s)

(s3t3)(s3)(t)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b3 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a4,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,1] ◦ b4 ◦ b2)#b2#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b2#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b2#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b2#b2

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b2#b2

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b2#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b2#b2

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#b2

+([a2,1] ◦ 0 ◦ b3)#b2#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b2#([a1,1] ◦ b1 ◦ b1)

+([a1,2] ◦ b3 ◦ 0)#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ 0 ◦ 0)#b2#([a1,1] ◦ b1 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

(s3t3)(s2t)(s)

(s5t)(st)(t2)

(s4t2)(s2)(t2)

(s3t3)(s2)(st)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+b5#([a1,1] ◦ b1 ◦ b4)
+b5#([a1,2] ◦ b1 ◦ (b2 ◦ b2))

+b5#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))
+b5#([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))

+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b3)
+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b2 ◦ 0)

+([a1,1] ◦ b4 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ 0)
+([a1,1] ◦ b4 ◦ b1)#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a1,1] ◦ b4 ◦ b1)#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b3)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ 0)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ 0)
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b3)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b3)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ 0)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ 0)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b3)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b3)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ 0)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ 0)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))

(s4t2)(st)(s)(t)

(s5)(st4)

(s4t)(s2t3)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ 0 ◦ b2)
+([a1,1] ◦ b3 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+([a1,1] ◦ b3 ◦ b2)#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+([a1,1] ◦ b3 ◦ b2)#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b3 ◦ b2)

+([a2,1] ◦ 0 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b2)#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+([a2,1] ◦ 0 ◦ b2)#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b3 ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ 0 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b2)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b2)

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b2)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b2)

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b3 ◦ (b1 ◦ b1))

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b2)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b2)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b3 ◦ (b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,2] ◦ 0 ◦ (b1 ◦ b1))

+b5#([a1,1] ◦ b1 ◦ b3)#b1

+b5#([a1,2] ◦ b1 ◦ 0)#b1

+b5#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

(s3t2)(s3t2)

(s5)(st3)(t)



APPENDIX A. THE RAVENEL–WILSON RELATIONS 200

Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a1,1] ◦ b4 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

(s4t)(s2t2)(t)

(s4t)(st3)(s)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b2)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b3 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

(s3t2)(s3t)(t)

(s3t2)(s2t2)(s)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b2 ◦ b3)#b4#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b4#b1

+([a1,2] ◦ b2 ◦ 0)#b4#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b4#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b4#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b4#b1

+([a1,1] ◦ b2 ◦ b3)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b3)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ 0 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+b5#([a1,1] ◦ b1 ◦ b2)#b2

+b5#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+b5#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b4 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

(s2t3)(s4)(t)

(s2t3)(s3t)(s)

(s5)(st2)(t2)

(s5)(t3)(st)

(s4t)(s2t)(t2)

(s4t)(st2)(st)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b4 ◦ b1)#b3#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b3#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3#b2

+([a1,1] ◦ b3 ◦ b2)#b3#b2

+([a2,1] ◦ 0 ◦ b2)#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b3#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b3#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b3#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b2 ◦ 0)#b3#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)

(s4t)(t3)(s2)

(s3t2)(s3)(t2)

(s3t2)(s2t)(st)

(s3t2)(st2)(s2)

(s2t3)(s3)(st)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b2 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a2,1] ◦ 0 ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b1

(s2t3)(s2t)(s2)

(s4t)(st2)(s)(t)

(s3t2)(s2t)(s)(t)

(s4t)(st)(t2)(s)

(s3t2)(s2)(st)(t)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+b4#([a1,1] ◦ b2 ◦ b2)#b2

+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2

+b4#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+b4#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+b4#([a1,2] ◦ b1 ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+b4#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ 0 ◦ b1)#b2

+([a1,1] ◦ b3 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b2

+([a1,1] ◦ b3 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2

+([a1,1] ◦ b2 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a1,1] ◦ b2 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

(s4)(s2t2)(t2)

(s4)(st3)(st)

(s3t)(s3t)(t2)

(s3t)(s2t2)(st)

(s3t)(st3)(s2)

(s2t2)(s2t2)(s2)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1#b1

+([a1,1] ◦ b3 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+b4#([a1,1] ◦ b2 ◦ b1)#b3

+b4#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b3

+b4#([a1,1] ◦ b1 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b3 ◦ b1)#b3#b3

+([a2,1] ◦ 0 ◦ b1)#b3#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#b3

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b2 ◦ b2)#b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b2)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b2)
+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,1] ◦ b1 ◦ b3)#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b1 ◦ 0)#b3#([a1,1] ◦ b2 ◦ b1)

+([a1,2] ◦ b1 ◦ 0)#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b3#([a1,1] ◦ b2 ◦ b1)

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+b4#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

(s3t)(s2t2)(s)(t)

(s4)(s2t)(t3)

(s4)(st2)(st2)

(s3t)(s3)(t3)

(s3t)(s2t)(st2)

(s2t2)(s3)(st2)

(s2t2)(s2t)(s2t)

(st3)(s3)(s2t)

(s4)(st2)(st)(t)

(s3t)(s2t)(st)(t)
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Coefficient equation Factorization

Degree 10 continued

s6t4 continued

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b2#([a1,1] ◦ b1 ◦ b1)#b2

+b3#([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b1

+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

(s3t)(s2t)(t2)(s)

(s3t)(st2)(s2)(t)

(s3t)(st2)(st)(s)

(s2t2)(s3)(st)(t)

(s2t2)(s2t)(s2)(t)

(s2t2)(s2t)(st)(s)

(s3t)(s2)(st)(t2)

(s3)(s2t)(st2)(t)

(s2t)(s2t)(st2)(s)

(s3)(s2t)(st)(t2)

(s2t)(s2t)(s2)(t2)

(s2t)(st2)(s2)(st)
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Coefficient equation Factorization

Degree 10 continued

s5t5

0 =

[a1,1] ◦ b5 ◦ b5
+[a2,1] ◦ 0 ◦ b5

+[a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b5
+[a4,1] ◦ 0 ◦ b5

+[a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b5
+[a1,2] ◦ b5 ◦ 0
+[a2,2] ◦ 0 ◦ 0

+[a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0
+[a4,2] ◦ 0 ◦ 0

+[a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0
+[a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2)
+[a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2)

+[a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2)
+[a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2)

+[a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2)
+[a1,4] ◦ b5 ◦ 0
+[a2,4] ◦ 0 ◦ 0

+[a3,4] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0
+[a4,4] ◦ 0 ◦ 0

+[a5,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0
+[a1,5] ◦ b5 ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1)
+[a2,5] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1)

+[a3,5] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1)
+[a4,5] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1)

+[a5,5] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1)

(s5t5)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b5 ◦ b4)#b1

+([a2,1] ◦ 0 ◦ b4)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b4)#b1

+([a4,1] ◦ 0 ◦ b4)#b1

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4)#b1

+([a1,2] ◦ b5 ◦ (b2 ◦ b2))#b1

+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b2 ◦ b2))#b1

+([a4,2] ◦ 0 ◦ (b2 ◦ b2))#b1

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b1

+([a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#b1

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#b1

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b1

+([a1,4] ◦ b5 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a3,4] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a4,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a5,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1

(s5t4)(t)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b4 ◦ b5)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b5)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b5)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b5)#b1

+([a1,2] ◦ b4 ◦ 0)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b1

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b1

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b1

+([a1,4] ◦ b4 ◦ 0)#b1

+([a2,4] ◦ (b2 ◦ b2) ◦ 0)#b1

+([a3,4] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#b1

+([a4,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b1

+([a1,5] ◦ b4 ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a2,5] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a3,5] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b1

+([a4,5] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b1

(s4t5)(s)



APPENDIX A. THE RAVENEL–WILSON RELATIONS 211

Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b5 ◦ b3)#b2

+([a2,1] ◦ 0 ◦ b3)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b3)#b2

+([a4,1] ◦ 0 ◦ b3)#b2

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b2

+([a1,2] ◦ b5 ◦ 0)#b2

+([a2,2] ◦ 0 ◦ 0)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ 0)#b2

+([a4,2] ◦ 0 ◦ 0)#b2

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b2

+([a1,3] ◦ b5 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a3,3] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b2

+([a4,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a5,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b4)#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b4)#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4)#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b4 ◦ (b2 ◦ b2))#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b2 ◦ b2) ◦ (b2 ◦ b2))#([a1,1] ◦ b1 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b2 ◦ b2))#([a1,1] ◦ b1 ◦ b1)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b1 ◦ b1)

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b1 ◦ b1)
+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b1 ◦ b1)

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b1 ◦ b1)
+([a1,4] ◦ b4 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a2,4] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,4] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a4,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

(s5t3)(t2)

(s4t4)(st)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b3 ◦ b5)#b2

+([a2,1] ◦ 0 ◦ b5)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b5)#b2

+([a1,2] ◦ b3 ◦ 0)#b2

+([a2,2] ◦ 0 ◦ 0)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b2

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b2

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b2

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b2

+([a1,4] ◦ b3 ◦ 0)#b2

+([a2,4] ◦ 0 ◦ 0)#b2

+([a3,4] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b2

+([a1,5] ◦ b3 ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a2,5] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a3,5] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b4 ◦ b4)#b1#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b4)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b4)#b1#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b4)#b1#b1

+([a1,2] ◦ b4 ◦ (b2 ◦ b2))#b1#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b2 ◦ b2))#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b2 ◦ b2))#b1#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b1#b1

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b2))#b1#b1

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#b1#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b2))#b1#b1

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b1#b1

+([a1,4] ◦ b4 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1#b1

+([a2,4] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1#b1

+([a3,4] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1#b1

+([a4,4] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b1#b1

(s3t5)(s2)

(s4t4)(s)(t)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b5 ◦ b2)#b3

+([a2,1] ◦ 0 ◦ b2)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b2)#b3

+([a4,1] ◦ 0 ◦ b2)#b3

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b3

+([a1,2] ◦ b5 ◦ (b1 ◦ b1))#b3

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b3

+([a3,2] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ (b1 ◦ b1))#b3

+([a4,2] ◦ 0 ◦ (b1 ◦ b1))#b3

+([a5,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3

+([a1,1] ◦ b4 ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#([a1,1] ◦ b1 ◦ b2)

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#([a1,1] ◦ b1 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b2)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,2] ◦ b4 ◦ 0)#([a1,1] ◦ b1 ◦ b2)

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#([a1,1] ◦ b1 ◦ b2)
+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#([a1,1] ◦ b1 ◦ b2)

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b2)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

(s5t2)(t3)

(s4t3)(st2)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b3 ◦ b4)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ 0 ◦ b4)#([a1,1] ◦ b2 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b4)#([a1,1] ◦ b2 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b4)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,2] ◦ b3 ◦ (b2 ◦ b2))#([a1,1] ◦ b2 ◦ b1)
+([a1,2] ◦ b3 ◦ (b2 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#([a1,1] ◦ b2 ◦ b1)
+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#([a1,1] ◦ b2 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b2 ◦ b1)
+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b2 ◦ b1)
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b2 ◦ b1)
+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,4] ◦ b3 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)
+([a1,4] ◦ b3 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)
+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a3,4] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)
+([a3,4] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,1] ◦ b2 ◦ b5)#b3

+([a2,1] ◦ (b1 ◦ b1) ◦ b5)#b3

+([a1,2] ◦ b2 ◦ 0)#b3

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b3

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b3

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b3

+([a1,4] ◦ b2 ◦ 0)#b3

+([a2,4] ◦ (b1 ◦ b1) ◦ 0)#b3

+([a1,5] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b3

+([a2,5] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b3

(s3t4)(s2t)

(s2t5)(s3)
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Degree 10 continued

s5t5 continued

+([a1,1] ◦ b4 ◦ b3)#b2#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#b2#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#b2#b1

+([a1,2] ◦ b4 ◦ 0)#b2#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#b2#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#b2#b1

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#b2#b1

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b2#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#b2#b1

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b3)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b3)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b4 ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,3] ◦ b4 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,3] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a4,3] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b4)#b2#b1

+([a2,1] ◦ 0 ◦ b4)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b4)#b2#b1

+([a1,2] ◦ b3 ◦ (b2 ◦ b2))#b2#b1

+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#b2#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b2))#b2#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#b2#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b2#b1

+([a1,4] ◦ b3 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2#b1

+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2#b1

+([a3,4] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2#b1

(s4t3)(t2)(s)

(s4t3)(st)(t)

(s3t4)(s2)(t)
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Degree 10 continued

s5t5 continued

+([a2,1] ◦ 0 ◦ b4)#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b4)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ (b2 ◦ b2))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ (b2 ◦ b2))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b2 ◦ b2))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,4] ◦ b3 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,4] ◦ 0 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,4] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b5 ◦ b1)#b4

+([a2,1] ◦ 0 ◦ b1)#b4

+([a3,1] ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2) ◦ b1)#b4

+([a4,1] ◦ 0 ◦ b1)#b4

+([a5,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b4

(s3t4)(st)(s)

(s5t)(t4)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b4 ◦ b2)#([a1,2] ◦ b1 ◦ 0)
+([a1,1] ◦ b4 ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b3)
+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ 0)

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b3)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ 0)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b3)
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ 0)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)
+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ 0)

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)
+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ 0)

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)
+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ 0)

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))

(s4t2)(st3)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b3 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,1] ◦ b3 ◦ b3)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a1,1] ◦ b3 ◦ b3)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b2 ◦ b2)

+([a2,1] ◦ 0 ◦ b3)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b3)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b2)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b2 ◦ b2)

+([a1,2] ◦ b3 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,2] ◦ b3 ◦ 0)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b2 ◦ b2)
+([a2,2] ◦ 0 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a2,2] ◦ 0 ◦ 0)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b2)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))
+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)
+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))

(s3t3)(s2t2)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b2 ◦ b4)#([a2,1] ◦ 0 ◦ b1)
+([a1,1] ◦ b2 ◦ b4)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b4)#([a1,1] ◦ b3 ◦ b1)

+([a2,1] ◦ (b1 ◦ b1) ◦ b4)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#([a1,1] ◦ b3 ◦ b1)
+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#([a2,1] ◦ 0 ◦ b1)

+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#([a1,1] ◦ b3 ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#([a2,1] ◦ 0 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b3 ◦ b1)
+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ 0 ◦ b1)

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b3 ◦ b1)
+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ 0 ◦ b1)

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)
+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)

+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)
+([a1,1] ◦ b1 ◦ b5)#b4

+([a1,2] ◦ b1 ◦ 0)#b4

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b3 + b1 ◦ b2 ◦ b2))#b4

+([a1,4] ◦ b1 ◦ 0)#b4

+([a1,5] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1 ◦ b1))#b4

(s2t4)(s3t)

(st5)(s4)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b4 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b2)#b3#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#b3#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#b3#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#b3#b1

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#b3#b1

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#b3#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#b3#b1

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3#b1

(s4t2)(st2)(t)

(s4t2)(t3)(s)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b3 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b3 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ 0 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,2] ◦ 0 ◦ 0)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

(s3t3)(s2t)(t)

(s3t3)(st2)(s)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b2 ◦ b4)#b3#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b4)#b3#b1

+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#b3#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#b3#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#b3#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b3#b1

+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3#b1

+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3#b1

+([a1,1] ◦ b2 ◦ b4)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b4)#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1

+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,2] ◦ b4 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b2

+([a2,2] ◦ (b2 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b2) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b2

+([a4,2] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b2

(s2t4)(s3)(t)

(s2t4)(s2t)(s)

(s4t2)(st)(t2)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b3 ◦ b3)#b2#b2

+([a2,1] ◦ 0 ◦ b3)#b2#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#b2#b2

+([a1,2] ◦ b3 ◦ 0)#b2#b2

+([a2,2] ◦ 0 ◦ 0)#b2#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#b2#b2

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#b2#b2

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#b2#b2

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b4)#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b2 ◦ (b2 ◦ b2))#b2#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b2 ◦ b2))#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b2))#b2#([a1,1] ◦ b1 ◦ b1)

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b2))#b2#([a1,1] ◦ b1 ◦ b1)
+([a1,4] ◦ b2 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)

+([a2,4] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ 0 ◦ b3)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a1,2] ◦ b3 ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a2,2] ◦ 0 ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a1,3] ◦ b3 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a2,3] ◦ 0 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+([a3,3] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

+b5#b5

(s3t3)(s2)(t2)

(s2t4)(s2)(st)

(s3t3)(st)(s)(t)

(s5)(t5)



APPENDIX A. THE RAVENEL–WILSON RELATIONS 224

Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ (b2 ◦ b2))
+([a1,1] ◦ b4 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))

+([a1,1] ◦ b4 ◦ b1)#([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b4)

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b2 ◦ b2))
+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b4)

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b2 ◦ b2))
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b4)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b2 ◦ b2))
+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))

(s4t)(st4)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b3)
+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b2 ◦ 0)

+([a1,1] ◦ b3 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ 0)
+([a1,1] ◦ b3 ◦ b2)#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a1,1] ◦ b3 ◦ b2)#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))
+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b3)
+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b2 ◦ 0)

+([a2,1] ◦ 0 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ 0)
+([a2,1] ◦ 0 ◦ b2)#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a2,1] ◦ 0 ◦ b2)#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b3)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b3)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ 0)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ 0)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b3)

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b3)
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ 0)

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))
+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b3)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b3)

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ 0)
+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b3)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b3)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ 0)

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ 0)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))

(s3t2)(s2t3)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a1,1] ◦ b4 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b4 ◦ b1)#b4#b1

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b4#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b4#b1

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b4#b1

+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b3 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

(s4t)(st3)(t)

(s4t)(t4)(s)

(s3t2)(s2t2)(t)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b1 ◦ 0)#b1

+([a1,1] ◦ b3 ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b3)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b1 ◦ 0)#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b3)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ 0)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ 0)#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ 0)#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b3)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b3)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ 0 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

(s3t2)(st3)(s)

(s2t3)(s3t)(t)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b2 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,1] ◦ b2 ◦ b3)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b3)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b2 ◦ b2)#b1

+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,2] ◦ b2 ◦ 0)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b2)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b1 ◦ b4)#b4#b1

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#b4#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#b4#b1

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b4#b1

+([a1,1] ◦ b1 ◦ b4)#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,1] ◦ b1 ◦ b4)#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b3 ◦ b1)#b1

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ 0 ◦ b1)#b1

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b1

(s2t3)(s2t2)(s)

(st4)(s4)(t)

(st4)(s3t)(s)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b4 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b2 ◦ b2) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b2) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)

+([a4,1] ◦ (b1 ◦ b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b3 ◦ b2)#b3#b2

+([a2,1] ◦ 0 ◦ b2)#b3#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#b3#b2

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#b3#b2

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#b3#b2

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#b3#b2

+([a1,1] ◦ b2 ◦ b3)#b3#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b3#b2

+([a1,2] ◦ b2 ◦ 0)#b3#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b3#b2

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b3#b2

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b3#b2

(s4t)(st2)(t2)

(s4t)(t3)(st)

(s3t2)(s2t)(t2)

(s3t2)(st2)(st)

(s3t2)(t3)(s2)

(s2t3)(s3)(t2)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)
+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b2 ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#b3#([a1,1] ◦ b1 ◦ b1)

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b1 ◦ b4)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,2] ◦ b1 ◦ (b2 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b2))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2

+([a1,4] ◦ b1 ◦ (b1 ◦ b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2

+([a1,1] ◦ b3 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b1#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1#b1

(s2t3)(s2t)(st)

(s2t3)(st2)(s2)

(st4)(s3)(st)

(st4)(s2t)(s2)

(s3t2)(st2)(s)(t)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,1] ◦ b2 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a1,2] ◦ b2 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a1,2] ◦ b2 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b1#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b1#b1

+([a2,1] ◦ 0 ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a1,2] ◦ b3 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a2,2] ◦ 0 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a3,2] ◦ (b1 ◦ b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b3)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b2 ◦ 0)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ 0)#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,3] ◦ b2 ◦ (b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,3] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b1

+b4#([a1,1] ◦ b1 ◦ b3)#b2

+b4#([a1,2] ◦ b1 ◦ 0)#b2

+b4#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+b4#b4#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a1,1] ◦ b3 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b2

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a2,1] ◦ 0 ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2

(s2t3)(s2t)(s)(t)

(s3t2)(st)(t2)(s)

(s2t3)(s2)(st)(t)

(s4)(st3)(t2)

(s4)(t4)(st)

(s3t)(s2t2)(t2)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#([a1,1] ◦ b1 ◦ b1)

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,1] ◦ b3 ◦ b1)#b4#b2

+([a2,1] ◦ 0 ◦ b1)#b4#b2

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b4#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)

+([a1,1] ◦ b2 ◦ b2)#([a1,2] ◦ b1 ◦ 0)#b2

+([a1,1] ◦ b2 ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b3)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ 0)#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b3)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ 0)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b2

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b3)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ 0)#b1#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b1#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b1#b1

+([a1,1] ◦ b2 ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b1#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b1#b1

(s3t)(st3)(st)

(s3t)(t4)(s2)

(s2t2)(s2t2)(st)

(s2t2)(st3)(s2)

(s3t)(st3)(s)(t)

(s2t2)(s2t2)(s)(t)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+b4#([a1,1] ◦ b1 ◦ b2)#b3

+b4#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b3

+([a1,1] ◦ b3 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b3

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b2 ◦ b1)#b3

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b3

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a1,1] ◦ b2 ◦ b2)#b3#b3

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b3#b3

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b3#b3

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b3#b3

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,1] ◦ b1 ◦ b3)#b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))

+([a1,2] ◦ b1 ◦ 0)#b3#([a1,1] ◦ b1 ◦ b2)
+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b2)

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))
+([a1,2] ◦ b1 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+b4#b3#([a1,1] ◦ b2 ◦ b1)

+b4#b3#([a2,1] ◦ (b1 ◦ b1) ◦ b1)
+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b3 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a2,1] ◦ 0 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ 0 ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a3,1] ◦ (b1 ◦ b1 ◦ b1) ◦ b1)#b3#([a1,1] ◦ b1 ◦ b1)#b1

(s4)(st2)(t3)

(s3t)(s2t)(t3)

(s3t)(st2)(st2)

(s2t2)(s3)(t3)

(s2t2)(s2t)(st2)

(st3)(s3)(st2)

(st3)(s2t)(s2t)

(t4)(s3)(s2t)

(s3t)(st2)(st)(t)

(s3t)(st2)(t2)(s)

(s3t)(t3)(st)(s)
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Coefficient equation Factorization

Degree 10 continued

s5t5 continued

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b2 ◦ b2)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a1,1] ◦ b2 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b2)#b2#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,2] ◦ b1 ◦ 0)#b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#b3#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,1] ◦ b1 ◦ b3)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a1,2] ◦ b1 ◦ 0)#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a1,2] ◦ b1 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a1,1] ◦ b2 ◦ b1)#b2#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b2#b1

+([a1,2] ◦ b1 ◦ 0)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a1,3] ◦ b1 ◦ (b1 ◦ b1 ◦ b1))#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b1)#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b2)#b2#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,2] ◦ b2 ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b2

+([a2,2] ◦ (b1 ◦ b1) ◦ (b1 ◦ b1))#b2#([a1,1] ◦ b1 ◦ b1)#b2

+b3#([a1,1] ◦ b1 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+([a1,1] ◦ b2 ◦ b1)#([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b3#b1

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b1

+b3#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b2

+([a1,1] ◦ b2 ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,1] ◦ b1 ◦ b2)#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#b2#b2

+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#b3#b2#([a1,1] ◦ b1 ◦ b1)
+([a2,1] ◦ (b1 ◦ b1) ◦ b1)#([a1,2] ◦ b1 ◦ (b1 ◦ b1))#([a1,1] ◦ b1 ◦ b1)#b1#b1

(s2t2)(s2t)(st)(t)

(s2t2)(s2t)(t2)(s)

(s2t2)(st2)(s2)(t)

(s2t2)(st2)(st)(s)

(st3)(s3)(st)(t)

(st3)(s2t)(s2)(t)

(st3)(s2t)(st)(s)

(s2t2)(s2)(st)(t2)

(s3)(st2)(st2)(t)

(s2t)(s2t)(st2)(t)

(s2t)(s2t)(t3)(s)

(s2t)(st2)(st2)(s)

(s3)(st2)(st)(t2)

(s2t)(st2)(s2)(t2)

(s2t)(t3)(s2)(st)

(s2t)(st2)(st)(s)(t)


