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ABSTRACT
Suppose that
2t + Ax() = £(t,x(8) , t30

is a semilinear parabolic equation, e-At is bounded and f satisfies the usual

continuity condition. If for some O0<wg1l, 0<a<i, awp>1, v>1

[Pae™) < c, t>1

I, 0 < c(ﬂAax|]p+(1+t)'7) ,  t30

\Y

(ol
whenever "A x]|+ ﬂxl] is small enough, then for small initial data there exist
stable global solutions. Moreover, if the space is reflexive then their limit states
exist. Some theorems that are useful for obtaining the above bounds and some

examples are also presented.



1. Introduction and the Main Theorem

Assume that A is a sectorial operator [2] on a (real or complex) Banach

space X and that there exist Ml >1, 0 <wg 1 such that

D fle™ M, for t30

1
(1)
-At" <M t-w

i) fae )

for t>1.

Some theorems useful in determining w are presented in Section 4, and an example

B B

is given in Section 5. For 830 let X~ = D{A") and ”x“B = |[:S +1)Bx|] for XGXB.

Assume that 0 <o <1 and that V is an open set in x7, Suppose that
f:[O,cn) XV =X is such that for every t » 0, x€V there exist €,c €(0,m), 0<p g1

for which
[[f(sl,xl) - f(sz,xz)” < c(|s1 - szlv + ||x1 - qua)
whenever s >0, x €V and Isi -t]+ ||xi-x]L< € for i = 1,2.

For 0 <7< o let S(7) be the set of continuous functions x: [0, T +¥=>X

which satisfy

D) x([0,m)c vV and £+, x(- Dec(o,n, X)

ii) x'"(t) exists {in X), x(t) € D{A) and x'{t) + Ax(t) = f(t, x(t)) for 0<t <,
Solutions defined in this way have many known nice properties (see Appendix 2).

o
Suppose that 4> 0, p> 1o, v> 1, M_2 0, M_3> 0 are such that if xeX

2 3

and ]]Aaxll + x| < 4, then xeV and




litofl < M A% P+ MM, 30, (2)
where c(t) =1 if 0Lt 1 and cft) = t“1 if t> 1. A theorem useful in establishing
bounds of this type is given in Appendix 1; an example is analyzed in Section 5.

In Section 3 it is shown that if 0  p < 1/aw then there do not need to exist

global solutions for all small initial data.

Observe that there exists M 4 >M 1 such that

Ja% 3 < Mo, t> 0 (3)

where b(t) = t™% for 0<t<1 and b(t) = ™™ for t> 1. For 8> 1 define

t

B(A) = sup{c—aw(t) bt -s)c
0

B(s)ds’t > 0} (4)

and note that 8/(8-1) < B(B) < .

Main Theorem. Suppose that x GXQ, 2N < p and Np-lpM

2M4B(pr) <1

0
where N = (“Aaxon + HxO” + MSB(‘ﬂ>pM4/(p -1). Then

a) There exists x€ (o) such that x(0) = X, and for t> 0

a%w] < N0, Jx0] < N.
b) For each €> 0 there exists 6> 0 such that if yoexa and
llyo— xolla < & then there exists ye€ S{co) with y(0) = y, and

supllx(t) - (] < € .
t>,0l @

¢) If X = N(A) ®R(A) then there exists y € N(A) such that lim[x(t) - Y”Of 0.

(N(A) is the null space of A, R(A) is the range of A.) t>c



Remark 1. If X is reflexive then X = N(A) & R(A) [5].

Remark 2. Consider the Navier-Stokes equation in an exterior domain.

According to [9], A can be taken to be a nonnegative self-adjoint operator, so

that w = 1, and the nonlinear part satisfies [[f(t,x)] < clﬂAl/sz nA3/4x||

< 02|LA3/4xH5/3 [ ||1/3 for xeD(AS/‘L). Hence, all conditions can be satisfied.

See also [3:] .

2. Proof of the Main Theorem

Part a). We may assume that in (2), M

>0, M_>0. Observe that

EAQXOII + [IXO“ < k. Let 0<7< @, xe8(7) be as in Theorem A2. 3 of Appendix

2. Let T be the biggest number such that 0 < 'rl\< 7 and ﬂAax(t)H + ”x(t)“ < U

for 0 <t <7, . Inthe following, assume that 0gt< T

1

Observe that

Ja% ™ x| < Mgla%s | + e = M .

Define
gt = a0
B = sup glsle” ") .
0<sgt
Since

t

~At o -A(t-g)

= +
x(t) e Xg

0

we have

f(s, x(s))ds

(5)

(6)

(7)

(8)



t
gt < M 0 + | M bit-s) (M,g(a)” + MocT(e))ds
0

equations (4), (6) and (7} imply that

h(t) < &a(t)P + N(p-1)/p (9)

where ¢ = M2M4B(awp)_ Set L = (pg)‘l/(P'l)_

0< L0 < N such that

Since 0 < N < L there exists

s<8’sp+N(p-1)/p for 0 s<L0

(10)

s>€sp+N(p—l)/p for L0<sgL .

Since h{(Q} = "Aaxou < N we have by (10) and (9) that h(0) < L. and since h is

0

continuous we have that h(t) < L < N. Therefore, by (6) and (7)

0
1A%x) < Locaw(t) < N . (11)

From (4) and (8) it follows that
p
=l < 1 flx || + MM, LoBlewp) + MM, B(Y)

and from (10} it follows that
“x(t)“ <N.
This and (11) imply that
A%l + =] < 2N < u . (12)

Therefore -r1 = 7, Since



6. xw)] < MNP+ m,

(12) and Theorem A2,4 imply that 7 = o

Partb). Let N, >N be such that 2N | <4 and N‘l"lpMZM 4Blawp) < 1.

. a
Let 60 > 0 be such that if ZO€X and “xo - zO“cz < 60 then

(azg] + 12y leMBON)OM /(o -1 < N

o
Suppose that ZOGX and I]xo - ZO"& < 60. By Part a), there exists z¢€ S{(m)

such that z(0) = Zg and for t > 0

[a%20] <N ™0 , J2t0] <

Fixany t>7+12> 2. Then

-A(t-7)

z(t) - e z{t) = e_A(t—S) f(s, z(s))ds
T
and hence
o
Jlz(t) -e-A(t-T)Z('r)ll <M, |\ (MN 1 s TP, MSS—T)dS = gl7) .
T
Similarly we obtain
-A(t- -
1A% @t -e 1) < M4(M2Nl; Prm,m N g0 = nln) - gl

Theorem Al.1 of Appendix 1 gives us a constant ¢ such that

-A(t-7)

lz(t) - e z('r)]laé ch(m) .

Since z could also be x, it follows that




Jz(0 —x(t}ua < 28h(7) + Mluz('r) - X("r)”a .
Therefore,

sup "x(s) —z(s)”a < 28h(7) + Ml sup ||z(s) - x(s)”a .
s30 <8L THL

This and Theorem A2.5 imply Part b).

Part ¢). If ze€ D(A) then by (1), ”e-AtAz” —0 as t—>mw. Therefore, if

z€R(A) then ne_Atz"——)O as t—>m, and if z€N(A) then e 'z = 7 for t3 0.
. . -At
Define Px = lim e ~ x€N(A) for x€X.
t>ow

Fixany v t> 7> 1. Then

t

e-A(v--t)x e-A(v—'r) e-A(v-s)

(t) - f(s, x(s)) ds

x(7) =

T

(08}

le 20 V50 - e Ay < M\ NP M5 s = B0 (19

Therefore
IPx(t) - Px(n] < &7

and hence there exists ye€ N(A) such that “y -Px(?}| < §7). This and equation (13)
gives us

~A(t-7)

[x(t) - y[| < 287 + [Px(7) - e x(7) .



3. Counterexamples

In this section assume that A is a sectorial operator on a Banach space X.
-At | @ up
Suppose also that e is bounded for t»0, 0g a <1, p21l and f(x) = ”A x]l X

for xeD(Aa).
o
Clearly, f:X +>X is locally Lipschitz. Define S(7) as in the Introduction.

Suppose that XOED(Aa) Define g(t) = H 0]|p for t >0, and let

0 < 1< w be such that &)g(s)ds< 1/p for all 0<t< 7. For 0gt<r, define

t
-1/p
x(t) = 6 -p g(s)ds) e-Atx
0

0
A simple computation shows that x € S(1). Suppose also that x_ is such that

0

0
g g(t) = o, therefore, for no € > 0 exists xees(oo) for which xe(O) = _e_xo. Now,
0 - -

to see that in the Introduction we cannot allow awp <1, we need to find an A that

satisfies (1) and X, as above. Take X = L1(0,00), we(0,1], h(s) = s +is” for

§>2 0 and let A = h- the multiplication operator. Assuming that cwp< 1 we can

find 8> 0 such that {(a+Buwp < 1. Now, let the above Xy be (x )s) = st 1S

for 5 2 0. This is the counterexample in case P> 1; in case pEEJ, 1) replace the

above f by f(x) = "A x“x for xe D(A ).

1
Suppose that x €X, g(t) = “Aae—AtxO”p for t> 0 and g g{s)ds = as
t
t-—>0+. Define x(0) = 0 and
-1/p 4,
x(f) = <1+p g(s)ds) e Xy 0<t<l.

t

Then x # 0 and




a) xec(0,1,x).
b) x(t) € D(A), x'(t) exists, x"(t) + Ax(t) = f(x(t)) for 0 <t< L.

¢) For every 0 <6 <1 there exists ¢ such that for all t,se(6,1)

"f(x(t)) - f(x(s))” < elt-sl.
d) g:"f(x(s))[lds < .

To see that such %, and A exist, take X = Ll(O,oo), his) =1 if0<s<1, his) =5

if s> 1 and A =h. Assume that ap>1 and 0 <8 <a-1/p. Define (xo)(s) =0
1-8

if 0sg 1 and (xo)(s) =8 if s> 1. Therefore, in the class of solutions that

satisfy conditions a) - d), one does not need to have uniqueness, stability, etc. [2]

4, The Linear Qperator

In this section assume that X is a complex Banach space. Proofs of the

following lemmas are presented at the end of the section,

Lemma 4.1 Suppose that 6 > 0 and that f:8 = {z € CléRe(z)> IIm(z)I} =X

is holomorphic. Suppose also that 83 1, M1 >0, M_, >0 are such that

2

g
2] < Mlexp@ Im(z) Re(z) for z€8S .

2 I Re(z)

If M, =0 set w=1, and otherwise w = 1-1/5. Then for some ¢

2
et ifoct<t
1 -
ool < { .

ct ift>1

10



Using this lemma and the Hille-Yosida Theorem for el¢A, ¢ small and
nonzero, one can easily obtain necessary and sufficient conditions for {1) to hold.
Instead of this theorem we shall, following [8, 10], present more illuminating and

more useful sufficient conditions.
For {:R +>[0,0], f(0) = 0, define Lf:R +>[0,m] by

(LH(x) = sup{sx-—f(s)} .
s

Lf is called the Legendre transformation of f.
Lemma 4.2, Suppose that

) £:R ={0,m], f(0) =0

ii) A:D{A)CX +>X is a linear operator;

iii) )‘0> 0 and R(A+)LO) = X;

iv) for every xe D{A) with |x| = 1 there exists £ €X" such that
[[!” = #(x} = 1 and f(Im[!(Axﬂ)\{ Re[ﬂ(Ax)_].

Then

1
Re{z)

”<(1+ia)A + (Lf}(a) + 2 51 ”\<
whenever z€ €, Re(z) >0, a€R and (Lfi{a) < .
Using this lemma one can immediately obtain the following two theorems.
Theorem 4.1. Suppose, in addition to the assumptions of Lemma 4. 2, that

i) 0<g<n/2, 0K b<w are such that (LH(x) < b for |x| < tgp;
ii" /2 - < a<af2.

Then

11




1
¢+blcos{r - a-¢)

Ja-07 s

whenever ge€,{#-band o |arg(t + b)|<
Theorem 4.2. Suppose, in addition to the assumptions of Lemma 4. 2, that

i) f(x} = f(-x) for all x>0 and (Lf)(6) < oo for some 6> 0;

ii"} A is densely defined.

Then A is a sectorial operator and

-Az Im(z)
171 < e (10 28 Trecs)

whenever z€ € and |Im(z)] < 6 Re(z).

Proof of Lemma 4.1. Define u = 6/2 and

lxl—iux if -1gxg1

-1/B

[x!-iuxlx]

z(x) =
if [x|>1

and note that for t> 0

-2
f'(t) = o (z(x) —t) z'(x)f@(x))dx .

-0

Hence, for some c, and all t> 0, "f'(t)n & co(Il(t) + Iz(t)) where

-1
Il(t) = Gx--t.)2 + (ux)2> dx £ ¢ t-1

1
0

12




(8 8]
-1
10 =\ (x-0%+ @t YAZ) 4 o e TP

1

If M, =0, take z(x) = |x| - iux for x€R.

Proof of Lemma 4.2. We may assume that X # {0} Suppose x € D(A),

||x|] =1and 0gs< 1., Let £ beasiniv). Observe that (L) (as) < s(Lf)(a) < o

and
(LH(as) > asIm(!(Ax)) - f{I’m@(Ax))]

0< (L(as) + Re(t(1+1as0)ax]) .
Hence, for every ze€(
Re(z) < Re@([(n ias)A + z + (Lﬁ(asﬂx)> .
Therefore, for every ze €, xeD{A), 0Ls< 1
Re(2) x| < (1 + ia9)a + (LO(@s) + x| .
In particular, if Re(z) >0, x€D{A), 0K s< 1, then
Il < o + sts) |

where gis) = ((Lf)(as) + )Lo(l -s8) + zs)/(l + ias)

and hs) = (1 + (as)2)1/2<l0(1 -8+ sRe(z))_1 .
Now, increase s from 0 to 1.

5. Examples

By AC we will denote the set of complex-valued functions which are absolutely
continuous on |[-a,a] forall a>0, Fix 1< p <o and define

13



Tof = ', feD(T) = {gELpnAC ‘g'eLp}

Define T = —Tg. Lcl will stand for Lq(R).

Theorem 5.1. Suppose that p> 1 and that

. ) - p v o]
i) gz.B >R, g, h1+ h2 for some hleL and hzeL

ii) glle R, gleAC ALY and Pg, > g'l a.e,

SetA=T+g1T0+g2 and

1 2 (p-2)]
h(x) = 2 (xflg, ]| ) Q EL)
Then

a) A is sectorial and if [Im(z)(p -2)l < 2(p- 1)1/2Re(z) then

”e-AZ” < exp (h [g:g;:l Re(zD

b) sup ||tuAe-At" < ® where w =1 if 8,= 0 and w = 1/2 otherwise.
t>1

Proof: It is clear that A is sectorial and that b) follows from a) and

Lemma 4.1. Suppose that fe€ D(T) and that uf”p =1. Let £ = |ffp/f. Hence

. gﬂ =1= ][lﬂq where 1/q =1-1/p. Let ¢ = SﬂAf. Integrations by parts give

b that Re(c) > 0 and

] 1/2
()] < 312-p10- 07 Re(o) + g |_(Re(c)) .

An application of Theorem 4. 2 completes the proof.

14



For operator T + ng + g2 we shall now present some bounds similar to

0

those in equation (2).

Lemma 5.1. Suppose that p<rg oo and 6 = (1/p - 1/r)/2. Then for

fe (T

-8
Iel, < 2eelhel

Il < 2heeg®* V2o

Proof. Choose any z > 0. Hence f = (1/(2z)) Gz -TO) 1 (T0+ z)-l)Tf+ zzf)
-1 - _ -
and {' = (1/2)«z -Ty - (Ty+ 2) 1)(Tf+ 20). Since |z £ T, 1g[[r< 22 1lg"p
for geLp we have
26 -2 26
el < 2% 2l + e,

z29+1“

el < 2 el + 22l

Theorem Al.2 implies the following lemma.
Lemma 5.2. Suppose that p<r £ ®. Then

a) If 2y>1/p-1/r and @ =(1/p - 1/1)/(27) then for some ¢

} Yol 11— %,
bl < cfT fl|p{|f|lp . feD(T") .
b) If 2y>1+1/p-1/r and @=(1+ 1/p - 1/r)/(27) then for some c

el < 71l renir

15



Holder inequalities imply
Lemma 5.3. Suppose that

i) q,telp,w] and 1/p=1/q+ 1/t.
ii) r,se[O,oo), r+s>0 and (r+ s)t>p.
iii) If s> 0 then 2y > 1 + 1/p - 1/v, where v = max{p, ts}.

iv) If 5 =0 then 2v> 1/p ~ 1/(xt).

Then for some ¢ and all fe D(T‘Y), ge pd

e Lel®], < elely IT"e e

where ay = (s +{r+s-1)/p+ 1/q>/2.
Lemma 5.4. Set 0 = 1 - 1/p and assume that

. 2 2 _
1) al,az,Bl,Bzec are such that if \"+ e X + @ )0+ BIJH' 32) =0

and Re(A) = 0, then A = 0. Define gll(x) = (x) = a2 for x> 0 and

1 B2y
g,(x) = Bl, g5,(%) = B, for x <0.
o ] o
ii) 8,91 89q 1R > C are such that both x F>(1+ Ix|) glz(") and
X !“—)(1+EX|)G+1g (X) are in Lp. Define g =g + g g. =g +g
22 1 11 12 =2 21 22°
iii) There is no c € C such that gl(x) = {c -x)gz(x) a.e.
iv) If p=1 then gleAC.
v) If f€AC, f'€AC, sup (1+(x]) (%) <o and f + g f'+gf=0
X

then f is a constant.

16
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Then for some ¢ and all fe D{T)

HTpr < ef[Tf - g T f - ngﬂp .

The obvious consequence of this lemma is

Theorem 5.2. Suppose that the assumptions of Lemma 5. 4 are satisfied

and that T —ng is a generator of a bounded strongly continuous semigroup.

0”82
Then Lemma 5.2 and Lemma 5.3 hold with T replaced by T —ngO -g2.

Proof of Lemma 5.4. If one expresses f" in terms of f{0), f'(0) and

f'' + 84 '+’g21f then a direct computation shows that

Cl. i) implies that for some c¢_ and all fe D{T)

1
Il < e (b + sy, 0 + gl + ()] + oy + (8D [0

On the other hand, one can show that

C2. i), ii), iii) imply that if { €D(T), n=1,2,... and
. e
sgp(ufrillp + |[f;1 + glfr'l + ngn“p)< o then for some c, and all n, If;l(x)l < c2(1+ [x})

a.e, Moreover, if gy #0 a.e., then for some ¢, and all n, Ifn(x)[ £ 03(1+ [xl)cy+1

3
a.e.

Suppose that the conclusion is false. Then there exist fne D(T), n=1,2,...
such that ||f! + g f' + g2fn“'p < 1/n and l]f'n' ||p = 1. We shall distinguish between
the following cases: Case 1 (p> 1, gy #0 a.e.), Case2 (p>1, g, = 0 a.e.),
Case 3 (p=1, gy #0 a.e.), Case 4 (p=1, 8, = 0 a.e.). Since in all cases
one arrives at the contradiction in a similar way, only Case 1 and Case 4 will be

analyzed here.

17



Case 1. Since [f;(x) - f]’:(y)] £ |x-yf’ we have by Ascoli's Theorem that
there exists fe AC such that f' is continuous, and for all xe€ R |f(x)| < 03(1+ txl)m'l,
|f‘(x)| < 02(1+ lx[)c. Moreover, for some subsequence {nk]- and all xeR

fn (x}) =>f(x), fl':l (x} = f(x) as k—>mw. Therefore as k— m,
k k
1t - 1 t 1
||g12(fuk 0, —>o. ”gzz(fnk Dj,—>0 and "f'nkJ'“;11’fnl:gzlfnkJr 81" + Eyfl 0.

Therefore for all x,ye R

X

1 -t ' 1
fn {x) fn (yv) + (gllfrl + g21fn + glzf + gzzﬂ =20 (k—>m)
k k . k k

which implies that f'€ AC and f''+ glf'+g2f = 0. Hence f is a constant and since

g, # 0 we have that f = 0. Cl implies that “f; |]p —> 0. Contradiction.
k

X

Case 4. Define hn(x) = S f;. By Ascoli's Theorem there exist ze €, a
0

continuous function f and a subsequence {nk} such that f;1 (0) =z and

k
h[l (x) =>f(x) for all x. Since for all x,n
k

X
1 - f! —_ T
1) - £00) +g (B - | gh | <1/a
0
we have that fe AC, f'€e AC and f”+g1f' = 0. Since f(0) = 0 we have that f= 0
1 1 ] 1 = =
and hence f () —>0. Therefore fif! +g # | >0 and since a, =B, =0, Cl

k k
leads to a contradiction.

18




Appendix 1

In this appendix we present a precise definition of the fractional powers,
some of their properties and a (possibly) new result (Theorem A1.2)., A very
thorough analysis of fractional powers was done by H. Komatsu in a series of

papers [5, B.. ] . Details omitted here can be found in [5,6].

Throughout this appendix it will be assumed that A is a generator of a
strongly continuous semi-group on a (real or complex) Banach space X and that

ﬂe_At”.fg M <o forall t> 0,
For A>0, @> 0 define (A+)) < by

®
A+ % = L a-1 _Me-Atx

Fa dt , xeX ,

0
- -a -a ,
Hence ||(A +2) g M, (A+0) 7" is one-to-one and its range is dense in X.

{A +>L)a is defined to be the inverse of (A +)L)-a and (A+)L)0 is the identity map.

Let o> 0. It was shown in [__5,6] that D((A+)L)a) is independent of A > 0

and that lim N (A+)L)Qx exists (in norm) for all xe DGA+ 1)Q>. Define
A=>0
A% = lim (A+0)% for xeD(AY = DGA+ l)a).
A ~>0F

Theorem Al.l. Suppose that either o,8,v€R and x>0 or o,8,7 € [0,00)

and X = 0. Then:

o
1) If « is an integer then (A+)) agrees with the usual definition.

2) (A+)L)Q is closed and densely defined.

-At

3) If xe D(Aa) and t> 0 then (A +)L)ae X = e_At(A+>L)Qx.

18



B e D(a9Y.

+8

4) If ag B then D(A

B

5) If xeD{A )nD(Aa ) then (A+A)Q(A+)L)Bx = (A+A)Q+Bx.

6) If a<B <y and 8 ={(B-a)/(v-a) then there exists ¢ such that

fa+nPx] < clastelf fa+ x) e
for all xeD(AY).
N i ae E), 1] , t20, x€D(Aa) then ”x -e-Me-Atx” < 2(M+ 1)2ta||(A+)L)ax|].

8) If x>0 and @€[0,1] then there exist c,,c, such that for all xe A%

1* %2
la%h+ Ix] < o) Ra+0%] < e (Ja%] + Jx])

9 If o€(0,1) then the limit {in norm) of

a
1 t-a—l{e-kte-At
r(-a)

£

- Dxadt

as €—>0 exists if and only if xe D(A%). The limit is (A+3)"x.

The following theorem is very useful in getting control over nonlinear terms

in semilinear parabolic equations and it is well known when “eﬂﬁlt H decays expo-

nentially in t [7, 4,5,1, 2] .

Theorem Al.2. Suppose that

i) Y is a Banach space with the same scalar field as X.

ii) B:X Y, D{A)CD(B) and B is a closable linear operator. Let B

be a closed extension of B.

iii) Be(0,1} and ¢ 3 0 are such that ﬂBxHY.g c“Aquux“bB for all x e D(A).

20



iv) 0ga<B<yand 0 =(8-a)/(v-a).

Then D(A‘Y)c D{B) and there exists cl such that for all xe D(A‘Y)

IBx]ly < e Ja™ [P a7 .

Proof. If B =1 then the conclusion is obvious. Assume that 8< 1. Choose
& sothat B<é6<(B-a+oB)/B and 6 < ¥. Choose A >0 and xED(Aé). Then
©

f(t)dt
0

_ 1-8 6-1 _ _ 1
x = (A2} (A+)) x = =TER

where f(t) = ta-z(e-xte-At- iyA -A)énlx. Note that f and Bf are continuous on

(0, 0) and

28 6-2

IBtll, < c(mM+D™¢ a2 x| e Me At

- 1A +)L)6-1X]]1-B .

Two bounds on the last term lead to

[Bo], < e, fla+n

1-8

Bt < e, a1 P favn%]

2

where e, = 2e(M+ 1)2 and 4 = B- a+off- 6. Therefore for all € >0,

a0’ kasn < F)

e8]
1 6-B 6 1
g |[Bf{t)]}Ydt< c, (6_-1-3- € Tl x]+ "
0

hence x€D{B) and,

[

C
el < ey (2 * i) Aol haens

where n = (B-a)/(6-a). Now, let x> 0" and bound uAaxﬂ by HAax" and ]|A7x]|.
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Appendix 2

Our approach to semilinear parabolic equations is similar to the one used
by D. Henry [2] However, Henry's definition of a solution needs a minor modi-
fication (see a counterexample in Section 3) otherwise one does not need to have
uniqueness of solutions, which in turn messes up many other theorems (e.g.,
stability). Almost all of his proofs apply unchanged under the new definition of a

solution. Here we shall present theorems needed in the main part of the paper.

A linear operator A in a complex Banach Space is said to be a sectorial
operator if it is a closed densely defined operator and if there exist acR, M3 0

and 0 <@ <7/2 such that z¢o{A) and
-1 M
[ta-27") « F-7]
whenever z€C, z # a and ¢ < farg{z -a)l < 7.

A linear operator A on a real Banach space X is said to be sectorial if the

natural extension of A on the complexification of X is sectorial.

Assume that A is a sectorial operator on a Banach space X. Fixan aecR

- —(a+
s0 that Ve Atﬂ< Me (até)t

xP = D((A-a)B) and HX"B = lita —a)Bx | for xext,

for some M> 0, 6>0 andall t3 0, For B3 0 define

o
Fix Ogae<l, -m<« t(} < tl,goo and assume that V is open in X . Assume

that f:[to,tl)xV —>X is such that for every t0 gt< tl’ X€V there exist

8, M€(0,m) and ve(0,1] such that

letsx) = s, x ) < MlJs - s, 1" + 1, - %, 1)
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whenever t_ < si <t

0 P %€V and |si-tl+ |lxi_x”a<6 for i =1,2.

For every tO < T tl, let S(7} denote the set of continuous functions

X3 &0’ 7) =X such that

that

i) x([to,—r)) c V and f(-,x( -))EC(['EO, 'T),X)

H) x'(t) exists (in X), x(t) D(A) and x'(§) + Ax(9) = £(t, x(t)) for t, <t <.

Theorem A2.1. Suppose that t0 <T1g tl' Then x€ §{7) if and only if

) x{fty,7) © v and £(,x(+) ec(ft, . %)

t
~A{t-t )
if) x(t) = e 0 x(to) + e-A(t-S)f s,x(s)) ds for 1:0 £t<T.

Y

Theorem A2,2. Suppose that t. <7t and xe8(7). Then

1

0

a} f(' , x( )) , Ax,x,x' :(tO, 7) =X are locally H6lder continuous functions.

b) If eg<Bg 1l and x(tO)EXB then xEC([tO, T),XB).

Theorem A2.3. Suppose that x.€V. Then there exists t, <7t such

0 0 1
7

a) There is an x€ §71) such that x(to) = X

by If t. < t*g tl’ yE S(t") and y(tO) =x_ then t“ < 7 and y(t) = x(t) for

0 0

P sk
tpst<t’.

Theorem A2.4., Supposethat t <7<t , x€S(7r) and

0 1

sup{”f(s,x(s))” !toé s < 'r} < . Then there exists yGXGr such that

lim  Jx(t —yﬂB =0 for all 0< B < 1. Moreover, if yeV then there exist

t=>T1
1

T<7, &t and zeS(-rl) such that z(to} = x(to).

1
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Theorem A2.5. Suppose that t_< -r*< 7Lt

o 1 and x€ 5{r}. Then there

exist 4> 0, ¢ 30 such that if yOEX“I and ”x(to) -youa < 4 then there exists t> 7

yeS(t) for which y(to) =Y, and

xts) - w8, < eflyy - =t
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