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ABSTRACT

Markov chain Monte Carlo (MCMC) is a sampling method used to estimate expec-
tations with respect to a target distribution. An important question is when should
sampling stop so that we have good estimates of these expectations? The key to
answering this question lies in assessing the Monte Carlo error through a multivariate
Markov chain central limit theorem (CLT). The multivariate nature of this Monte
Carlo error largely has been ignored in the MCMC literature. This dissertation dis-
cusses the drawbacks of the current univariate methods of terminating simulation and
introduces a multivariate framework for terminating simulation. Theoretical proper-
ties of the procedures are established.

A multivariate effective sample size is defined and estimated using strongly con-
sistent estimators of the covariance matrix in the Markov chain CLT, a property that
is shown for the multivariate batch means estimator and the multivariate spectral
variance estimator. A critical aspect of this procedure is that a lower bound on the
number of effective samples required for a pre-specified level of precision can be deter-
mined a priori. This lower bound depends on the problem only in the dimension of
the expectation being estimated, and not on the underlying stochastic process. This
result is obtained by drawing a connection between terminating the simulation via ef-
fective sample size and terminating it using a relative standard deviation fixed-volume
sequential stopping rule. The finite sample properties of the proposed methods are
demonstrated in a variety of examples.

The proposed method requires the existence of a Markov chain CLT, establishing
which requires bounding the rate of convergence of the Markov chains. We establish a

geometric rate of convergence for a class of Bayesian penalized regression models. We

ii
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also present examples showing how it may be easier to establish rates of convergence

for linchpin variable samplers than for its competitors.
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Chapter 1

Introduction

Markov chain Monte Carlo (MCMC) algorithms are used to estimate expectations
with respect to a distribution when obtaining independent samples is difficult. Typi-
cally, interest is in estimating a vector of quantities. However, analysis of MCMC out-
put routinely focuses on inference about complicated joint distributions only through
their marginals. This, despite the fact that the assumption of independence across
components holds rarely in settings where MCMC is relevant. Thus standard univari-
ate convergence diagnostics, sequential stopping rules for termination, effective sample
size definitions, and confidence intervals all lead to an incomplete understanding of
the estimation process. In this dissertation, we overcome the drawbacks of univari-
ate analysis by developing a methodological framework for multivariate analysis of
MCMC output.

This chapter introduces the problem of estimation in MCMC and discusses the
state of the art methods for output analysis. As motivation, we present the following

Bayesian logistic regression model.

Example 1.1 (Bayesian Logistic Regression)
For i =1,..., K, let Y; be a binary response variable and X; = (x;1, 22, ..., x;5) be

the observed vector of predictors for the ith observation. Assume 72 > 0 is known
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and let I5 be the 5 x 5 identity matrix. A Bayesian logistic regression model is
in . 1
)/i | Xhﬁ r\Jd Bernoulli <]_—{—6—_X15) s and 6 ~ N5(0,T2]5) . (11)

This simple hierarchical model results in an intractable posterior distribution on R®.
Let y1, 92, ...,y be the observed realizations of the response. The posterior proba-
bility density function is,

K

FB 1y X) o fB) [ fwi | Xi, )

=1

K i —X. 1_yi
5T5 1 Yi e X8
—— —_— —_— . 1.2
O(eXp{ 972 H 1+6_Xi5 1+€_Xi’6 ( )

i=1

In (1.2) the proportionality sign indicates that the normalizing constant for the den-
sity f(8 | y,X) is unknown and intractable. This is an example of a scenario where
MCMC methods are used to draw samples from F' and make inference on the regres-

sion coefficients. The posterior mean of 5 might be a quantity of interest. O

In general, F'is a distribution with support X, equipped with a countably gener-
ated o-field B(X'), and g : X — RP? is an F-integrable function such that 0 := Epg is
of interest. The dimension of €, p, indicates the number of quantities of interest and
may be different from the dimension of X

Calculating 6 can be difficult outside of well behaved distributions. As a result,
MCMC methods are often used to estimate §. In MCMC, a Markov chain {X;} is
constructed such that F'is its invariant distribution. If the Markov chain is aperiodic,
irreducible, and Harris recurrent (see Section 2.1 for definitions), then the sample

mean of the observed chain is a strongly consistent estimator of #. That is, asn — oo

RN
O 1=~ > g(X) %0, (1.3)
t=1



CHAPTER 1. INTRODUCTION 3

where 3 denotes almost sure convergence. The samples X1, Xo, ..., X,, thus obtained
are correlated and are not exact draws from F. Even so, due to (1.3), estimation
remains reliable since for a sufficiently large n, the estimates obtained will be close

to the truth.

Example 1.2 (Example 1.1 continued)

We will use the Bayesian logistic regression model to analyze the logit dataset in the
mcme R package. We set 72 = 1 for this data. The goal is to estimate the posterior
mean of B, EpB. Thus g here is the identity function mapping to R® and p = 5.
Since f(B | y, X) is intractable,

0= [ 813103 ds

is also intractable and MCMC methods may be used to estimate #. We implement
a random walk Metropolis-Hastings algorithm with a multivariate normal proposal
distribution Nj( - ,0.35%I5) where the 0.35 scaling ensures an optimal acceptance
probability (see Roberts et al. (1997)). The starting value for § is a random draw

from the prior distribution. The complete algorithm is presented below.

Draw 3© ~ N;5(0,I5). Given g*~1

1. Draw 3* ~ N5(p%*~Y 0.352I5) and u ~ Uniform(0, 1).
2. 1w < min {1, /(8" | g, X)/F(B* | g, X)} then set 5 = g
3. Otherwise, set g% = glk—1),

4. Set k =k + 1 and repeat until k£ = n.

It is well known that this sampler is Harris ergodic and thus Monte Carlo averages
are strongly consistent. We obtain 10° Monte Carlo samples and in Figure 1.1 plot the

running average for the intercept ;. As the Monte Carlo sample size increases, the
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Running Average for By
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Figure 1.1: Running estimate for Ex3;, for a Monte Carlo sample of size 10°.

estimate for Ep 3, converges. However, the choice of Monte Carlo size 10° was made
arbitrarily and it is unclear if more samples are required to ensure good estimation.

That is, there is no assessment of the error in our estimation of Er . O

Finite sampling leads to an unknown Monte Carlo error, 6, — 6. Estimating this
Monte Carlo error is essential to assessing the quality of estimation for . Under
certain conditions (see Section 2.1) an approximate sampling distribution for the
Monte Carlo error is available via a Markov chain central limit theorem (CLT'). That

is, there exists a p x p positive definite matrix, >, such that as n — oo,
Vn(6, —6) % N,(0,%) | (1.4)

where -% denotes convergence in distribution. Thus the CLT describes the asymptotic
behavior of the Monte Carlo error and the strong law for 6,, ensures that large n leads
to a small Monte Carlo error. But how large is large enough?

Univariate methods have motivated most of the work in answering this question.
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That is, instead of studying the joint asymptotic distribution as in (1.4), focus is on
the marginal asymptotic distributions for individual components of #,, — 6. Although
useful in understanding marginal Monte Carlo error, univariate methods ignore the
dependence between the components of 6,,. We present a multivariate framework
for assessing the Monte Carlo error and develop termination rules that learn from
this multivariate structure. We first present the current state-of-the-art univariate

methods used for determining Monte Carlo error and simulation termination.

1.1 Univariate Termination Rules

Let 0,,; and 0; be the 7th components of 0,, and 0, respectively and let o? be the ith
diagonal element of 3. Note that fori =1,...,p, 0; = Epg; where g = (91, 92, - - -, gp)-

A univariate Markov chain CLT holds if for each ¢t = 1,...,p, as n — o0
Vi(Bs = 0:) 5 N(0,07) . (1.5)

Assessing the quality of estimation of §; requires estimating o?. This is a challenging
problem since 0?7 # Varg g;(X1), and in fact due to the serial correlation in the Markov

chain,

o7 = Varp gi(X1) +2 Z Covr (9i(X1), 9i(X14k)) - (1.6)

k=1
Significant effort has gone into estimating o?. Geyer (1992) proposed the conser-
vative initial sequence estimator. Jones et al. (2006) prove conditions under which
the batch means estimator of o2 is strongly consistent and Flegal and Jones (2010)
provide conditions under which spectral variance estimators are strongly consistent.

Flegal and Jones (2010) also showed mean square consistency for the batch means
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and spectral variance estimators.

Many output analysis tools that rely on (1.5) have been developed in MCMC (see
Atchadé (2011), Atchadé (2016), Flegal and Jones (2010), Flegal and Gong (2015),
Gelman and Rubin (1992), Gong and Flegal (2016), and Jones et al. (2006)). We
specifically focus on two of these methods: terminating via effective sample size and

fixed-width sequential stopping rule.

1.1.1 Univariate Effective Sample Size

Effective sample size (ESS) for estimating Erg; is the number of equivalent indepen-
dent and identically distributed (i.i.d) samples required to attain the same standard
error as the correlated sample. It is standard to stop simulation when the number of
effective samples for each component reaches a pre-specified lower bound (see Atkin-
son et al. (2008), Drummond et al. (2006), Giordano et al. (2015), and Kruschke
(2014) for a few examples).

Before defining effective sample size formally, we present some preliminary defini-

tions. The autocorrelation for the ¢th component at lag k is defined as

_ Covp(gi(X1), 9i(X141))
pi(k) = Var (g:(X1)) .

Notice that by (1.6),

o} = Varg(g:(X1)) <1 + Qsz(k)> . (1.7)
k=1

Thus, higher autocorrelations lead to a larger asymptotic variance. Figure 1.2 shows
the estimated autocorrelation function (ACF) plot for 5y in the Bayesian logistic
regression model. The significant lag autocorrelations contribute to the size of 2.

Let A = Varp(g(X1)) and A\? = Varp(g;(X1)). Gong and Flegal (2016) define ESS
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ACF Plot for B
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Figure 1.2: ACF plot for 3y from a Monte Carlo sample size of 10°.

ESSy | ESS; | ESS, | ESS3 | ESSy
6972 | 4623 | 6009 | 6391 | 4543

Table 1.1: Univariate effective sample size for estimating Ez5. Monte Carlo sample
size is 10°.

for the 7th component of the process as

n \?
ESS; = — =n—.
1+22k:1 pi(k) TLUZZ

When the samples are i.i.d, ESS; = n since \? = ¢? and when there is positive

correlation in the Markov chain, ESS; < n. Using strongly consistent estimators of
o? and \?, Gong and Flegal (2016) estimate ESS; consistently and demonstrate that
terminating when ESS,; reaches a pre-specified lower bound is theoretically justified.
Due to the univariate construction, a separate ESS; is calculated for each i =
1,...,p. Table 1.1 shows the estimated effective sample size for each of the five
components of Erpf. Conservative termination dictates terminating when the smallest
estimate among all ESS, (in this case ESS,) is larger than a pre-specified lower bound.

Thus termination is dictated by the slowest mixing component.
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Running Average and Confidence Interval for By
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Figure 1.3: The running average and confidence interval for the estimate of Ez 3, over
10° Monte Carlo samples.

1.1.2 Fixed-width Termination Rules

Jones et al. (2006) laid the foundation for termination based on quality of estimation
rather than convergence of the Markov chain. From the univariate CLT in (1.5), the

approximate distribution of the Monte Carlo error is
2
lox;
Qm- — 91 ~ N (O, —l> s
n

where ¢?/n is the Monte Carlo standard error. For the Bayesian logistic regression
example, we estimate o2 /n using the strongly consistent univariate batch means esti-
mator described in Jones et al. (2006), and the estimate is used to create confidence
intervals for 5.  Figure 1.3 shows the running average and confidence intervals
around those averages for ;. Notice, as the Monte Carlo sample size increases, the
size of the confidence intervals decreases, indicating convergence of the estimate of o2.
Jones et al. (2006) use the diminishing size of the confidence interval as motivation
for their termination rule.

To determine the number of Monte Carlo samples needed until termination, Jones
et al. (2006) implemented the fized-width sequential stopping rule where simulation

is terminated the first time the width of the confidence interval for each component
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is small. Let afm be a strongly consistent estimator of o? and ¢, be an appropriate
t-distribution quantile. Then for a desired tolerance of ¢; for component i, the rule

terminates simulation the first time after some n* iterations, for all components

Onyi

NG

ty +n_1§€i.

Estimation in this way is reliable in the sense that if the procedure is repeated again,
the estimates will not be vastly different (Flegal et al., 2008).

Since the termination procedure is univariate, a separate termination criterion is
set for each component. Common practice is to terminate simulation when all com-
ponents satisfy a termination rule. Due to multiple testing, a Bonferroni correction
is often used. To create 100(1 — )% univariate confidence intervals, the fixed-width

rule terminates simulation at the random time,

n,t 1 .
inf{n>0:2t*0—’+eil(n<n*)+—Sei forallz:l,...,p} ,
n

NG

where for uncorrected intervals ¢, = ¢;_,/2, and for Bonferroni corrected intervals
le = bi—a/2p-

A separate tolerance level ¢; is required for each component, which can be chal-
lenging for large p. Flegal and Gong (2015) present the relative standard deviation
fixed-width sequential stopping rule that overcomes this problem by terminating sim-
ulation relative to the estimated standard deviation for g; under F'. Figure 1.4 moti-
vates the relative standard deviation fixed-width stopping rule. The plot on the left
shows the density of a normal distribution with standard deviation 5 and the right
plot has the density of a normal distribution with standard deviation 2. The gray
region is the area within one standard deviation of the mean, and the black region
is the area within an eth fraction of the standard deviation of the mean; this is the

desired width of the confidence interval. Thus, the desired width of the confidence
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SD=5¢e=.2 SD=2,e=.2

density
0.00 0.02 0.04 0.06 0.08
L
density
0.00 0.05 0.10 0.15 0.20
L

Figure 1.4: This figure motivates the relative standard deviation fixed-width stopping
rule where € is set to .2. The plot on the left shows the density of a normal distribution
with standard deviation 5 and the left plots the density of a normal distribution with
standard deviation 2. The gray region shades the area within one standard deviation
of the mean, and the black region shades the area within an eth fraction of the
standard devision of the mean.

interval adapts to the underlying variability in the distribution.
Let A,; be a strongly consistent estimator of \;, for example, \,; may be the
sample standard deviation for ¢;(X). The relative standard deviation fixed-width

sequential stopping rule terminates at the random time,

inf{n>0: n -

3 (Zt*0—7+ei/\n7il(n<n*)+—) <e¢ for allz:l,...,p},

where for uncorrected intervals ¢, = ¢;_,/2, and for Bonferroni corrected intervals
te = ti—aj2p«- Flegal and Gong (2015) showed that this rule improved over the
termination rule of Jones et al. (2006) and is easier to use for large p problems.

Implementing this rule is still challenging since

(a) when p is even moderately large, the Bonferroni corrected intervals are large,

leading to delayed termination; and

(b) simulation stops when each component satisfies the termination criterion; there-
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fore, termination is governed by the slowest mixing component.

1.2 Multivariate Termination

The drawbacks of both the univariate termination methods presented in the previous
section originate from ignoring the multivariate nature of the estimation problem.

Recall the multivariate CLT presented in (1.4). Here

S = Varp g(X1) + Y, Covr (9(X1), g(X14x)) + Y Cove (9(X11x), 9(X1)) -
k=1 k=1
Although the structure of ¥ looks similar to (1.6), the details are more complicated.
All three terms in the above expression are matrices where the first represents the
covariance structure of the target distribution and the latter two represent the covari-
ance structure due to the serial correlation in the Markov chain. Using the univariate
methods presented in the previous section is akin to assuming that both Varg g(X;)
and > 7, Covp (9(X1), 9(X14x)) are diagonal matrices. That is, the target distribu-
tion has uncorrelated components for g, and the components of the Markov chain are
uncorrelated to each other. Outside of trivial examples, these assumptions are rarely
satisfied when MCMC is relevant.

A helpful tool in understanding the entries of ¥ is the cross correlation function
(CCF) plot. For entry (7, j) of 3, the CCF plot shows the correlation at lag k between

9i(X1) and g;(Xi4x). That is, the cross correlation p; (k) is

pi’j(k:) = COVF <gi(X1)7gj<X1+k))

a \/Varp g;(X;) Varp g;(X1) ' (1.8)

When i = j, this is the autocorrelation at lag k and for k = 0, p; ;(0) is the correlation

between the ith and the jth components in the target distribution. That is, p; ;(0)
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CCF Plot for B and {3,
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Figure 1.5: The cross correlation plot between [y and [y for the Bayesian logistic
regression model from a Monte Carlo sample size of 10°.

is the (4, j)th entry of A = Varp(g(X;)). Outside of trivial cases, p; ;(k) is non-zero
and in fact can be large for smaller lags. For example, Figure 1.5 shows the CCF
plot for fy and (s in the Bayesian logistic regression example. Notice how there is
significant cross correlation above lag 30. The estimated correlation in the posterior
for By and By is around 0.30. This inherent correlation in the posterior distribution
is also ignored by univariate methods.

Thus even simple MCMC problems produce complex dependence structures within
and across components of the samples. Ignoring this structure leads to an incomplete
understanding of the estimation process. Not only do we gain more information about
the Monte Carlo error using multivariate methods, we also avoid using conservative
Bonferroni methods.

Assume for now that 3 can be estimated consistently by ¥,,. In Chapter 4 we will

discuss procedures for estimating . Then as n — oo

0, —0)T'S 16, —0) % Hotelling’s T2

P
where ¢ is determined by the choice of X,,. The above asymptotic distribution allows
construction of large sample confidence ellipsoids around 6,,. For example, Figure 1.6

shows the 90% joint confidence ellipse for 5y and S5 in the Bayesian logistic regression
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Figure 1.6: 90% confidence regions for Sy and 5. The solid ellipse is constructed
using a multivariate estimator for . The larger dashed box is constructed using
Bonferroni corrected univariate methods and the smaller dotted box is constructed
using uncorrected univariate methods.

example along with univariate confidence boxes constructed with and without a Bon-
feronni correction for the Bayesian logistic regression model. Note that the ellipse
is oriented along non-standard axes indicating the presence of significant non-zero
entries in X and thus accounting for cross correlation in the estimation process.
With such confidence ellipsoids in mind, the drawbacks of the fixed-width sequen-
tial stopping procedure are overcome by the proposed relative standard deviation
fized-volume sequential stopping rule. This rule differs from the Jones et al. (2006)

procedure in two fundamental ways:

(a) it is motivated by the multivariate CLT in (1.4) and not by the univariate CLT
in (1.5), and

(b) it terminates simulation not by the absolute size of the confidence region, but by

its size relative to the variability of g under the target distribution.
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Let A,, be the sample covariance matrix, | - | denote determinant, and € > 0 be the
tolerance level. The relative standard deviation fixed-volume sequential stopping rule

terminates the first time, after some n* (user-specified) iterations that,
Volume of Confidence Region'/? +n~1 < ¢|A,|/? . (1.9)

The user-specified n* ensures that simulation does not terminate due to early bad
estimates. The simulation terminates when the volume of the confidence region is
small compared to the estimated variability of g under the target distribution. When
p = 1, this rule is equivalent to the relative standard deviation fixed-width sequential
stopping rule of Flegal and Gong (2015).

Instead of the univariate effective sample size framework, we focus on a multi-
variate study of effective sample size since univariate treatment of ESS ignores cross-
correlations across components, thus painting an inaccurate picture. A multivariate

approach to ESS has not been studied in the literature. Define

’A‘>1/p
ESS:n(— .
2]

When there is no correlation in the Markov chain, ¥ = A and ESS is equal to the
number of Monte Carlo samples. In Chapter 3 we show that terminating according to
the relative standard deviation fixed-volume sequential stopping rule is asymptotically

equivalent to terminating when the estimated ESS satisfies
lis\s > Wp,a,ea

where W, . . can be calculated a priori and is a function only of the dimension of the
estimation problem, the level of confidence of the confidence regions, and the relative
precision desired. Thus, not only do we show that terminating via ESS is a rigorous
procedure, we also provide theoretically valid, practical lower bounds on the number

of effective samples required.
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In Chapter 4 we present the multivariate batch means and the multivariate spec-
tral variance estimators for ¥ and provide conditions for their strong consistency.
Estimating ¥ consistently has not received much attention. Seila (1982) proposed
a consistent estimator of ¥ using regenerative properties of Markov chains. Since
identifying regenerations is often challenging, the estimator is difficult to use. More
recently, Dai and Jones (2016) presented a conservative estimator of ¥ by introducing
a multivariate initial sequence estimator.

In Chapter 5 we apply our multivariate methods to a wide array of examples.
Each example serves a different purpose in illustrating the advantages of multivariate
output analysis over univariate analysis. The first example is a vector autoregressive
(VAR) process of order 1. This example is unique in that the true covariance matrix 3
is known and by changing certain parameters of the model, the underlying stochastic
process can be made to mix arbitrarily slow or fast. We use these properties of the
VAR example to examine and compare the performance of our estimators of ¥. Next
we continue with our example of the Bayesian logistic regression model and implement
our stopping rules.

Our third example is the Bayesian lasso model where the underlying Markov chain
is described by a Gibbs sampler. Although the Markov chain mixes fairly well in this
example, p is quite large. All examples thus far are known to satisfy the conditions
required for our theoretical results. The next example is a Bayesian dynamic spatio-
temporal model where it is unknown if the required conditions are satisfied. This
is also an instance where the target distribution is heavily correlated and thus the
Markov chain is fairly slow mixing.

Throughout the examples presented in this dissertation, the multivariate stopping

rules terminate earlier than univariate methods because

(a) termination is dictated by the joint behavior of the components of the Markov

chain and not by the component that mixes the slowest,
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(b) using the inherent multivariate nature of the problem and acknowledging cross

correlations leads to a more realistic understanding of the estimation process, and

(c) avoiding corrections for multiple testing gives considerably smaller confidence

regions even in moderate p problems.



Chapter 2

Markov Chains and the Strong
Invariance Principle

MCMC is used to generate samples from a target distribution F' defined on X. Typ-
ically, for a function g : X — RP, interest is in estimating § = Erg. When X is high
dimensional, i.i.d sampling is often either impossible or inefficient. Instead, MCMC
methods simulate a Markov chain such that the desired target distribution is its sta-
tionary distribution. This is typically done using Metropolis-Hastings algorithms,
Gibbs sampling or a combination of both. These methods simulate a Markov chain
X = {X;} such that X is an exact draw from F. Thus, the sample is neither inde-
pendent nor identically distributed. With the goal of estimating 6, statistical analysis
of the output data, {X;}, is referred to as output analysis. Naturally, output analysis
for MCMC relies heavily on Markov chain theory. Specifically, the rate at which the
Markov chain converges to the stationary distribution often dictates the quality of
the estimates of 6 for a given Monte Carlo sample size.

In this chapter we present relevant definitions and Markov chain properties. We
focus on the conditions required for the Markov chain CLT to hold. In addition, we
discuss the conditions on the Markov chain and g that guarantee the existence of a

strong invariance principle.

17
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2.1 Markov Chain Theory

Let X = {X;} be a time-homogeneous discrete-time Markov chain defined on the
state space X'. Recall that X" is equipped with a countably generated o-field, B(X).
The Markov chain X is defined by its transition kernel, P : (X, B(X)) — [0, 1]. For
x e X and A € B(X), P(x, A) is defined as

P(z,A) =Pr(Xy1 € A| Xy =2x).

P(z,-) defines a probability measure on B(X) whereas P(-, A) defines a measurable

function on X'. The n-step transition kernel P"(z,-) is defined as
Ph(x,A) =Pr( Xy € A| Xy =2) forxe X and A e B(X).
If forall z,y € X

Fldy) = /X P(x, dy)F(dz) , 2.1)

then F' is called the invariant or stationary distribution and the Markov chain X is
called F-invariant. Equation (2.1) ensures that for an initial value drawn from F, the
Markov chain leaves the distribution of the next value unchanged. Thus if X; ~ F|
then the Markov chain produces exact correlated draws from F'.

In situations where MCMC is relevant, it is generally not possible to produce
Xy ~ F. A natural question is, under what conditions can the Markov chain converge
to I and how is convergence assessed? Before we present the conditions, we introduce

some preliminary definitions.

Definition 2.1 A Markov chain is F-irreducible is for any z € X and any set A €
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B(X) with F'(A) > 0, there exists a finite n such that P™(x, A) > 0. O

Irreducibility ensures that with positive probability the Markov chain can eventually

reach any set with positive F-probability from any state in the state space.

Definition 2.2 A Markov chain is periodic if there exists d > 2 and disjoint sets
Ay, Aoy Ay € X with P(x,A;yq) = 1 forall x € A; fori = 1,...,d — 1 and
P(z,A;) =1 for all x € A;. Otherwise, the Markov chain is aperiodic. O

If the Markov chain is periodic, then we can partition the state space into sets such
that once in one of the sets, the Markov chain systematically cycles through the sets.

Thus aperiodicity ensures that the Markov chain does not get stuck in such a cycle.

Definition 2.3 An F-invariant Markov chain is Harris recurrent if for all A € B(X)
with F(A) > 0, and forallz € X, Pr(3n e N: X,, e A | X; =2)=1. [f Fisa

probability distribution then the Markov chain is positive recurrent. U

Harris recurrence is a stronger property than irreducibility. In addition, it also implies
that starting at any point in the state space the Markov chain will visit any F-
positive set infinitely often. When a Markov chain is F-irreducible, aperiodic and
positive recurrent, we call it a Harris ergodic Markov chain. We now define a notion

of distance between two measures.

Definition 2.4 For two probability measures vy and vy on B(&X'), the total variation

distance between 17 and 14 is defined as,

1) = va()llzv = S 1(A) = 1a(A)] 0
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Theorem 2.1 Let the Markov chain with transition kernel P be F-invariant and

Harris ergodic. Then as n — oo

|P"(z,-) — F()|lry — 0 for all z € X . =

The above theorem is proved in Athreya et al. (1996) (Theorem 1). Athreya et al.
(1996) also show that under the same conditions, the strong law of large numbers for
the Monte Carlo estimator also holds. However, for a Markov chain CLT to hold, the

Markov chain has to converge “fast enough”.

Definition 2.5 Let X be an F-invariant Harris ergodic Markov chain. If there exists

M : X — R" and ¥ : N — R such that for all n € N and for all z € X,
1P (x,-) = F()llzv < M(x)¥(n), (2.2)

then,
(a) if ¥(n) = n~™ for some m > 0, X is polynomially ergodic of order m.
(b) if ¥(n) =t" for some 0 <t < 1, X is geometrically ergodic.

(c) if sup M (z) < oo and ¥(n) = t" for some 0 <t < 1, X is uniformly ergodic. O
zeX

Uniform ergodicity of the Markov chain implies geometric ergodicity, which implies
polynomial ergodicity of the Markov chain. With the assumption of higher finite mo-
ments for g, a Markov chain CLT holds if the chain is uniformly ergodic, geometrically
ergodic, or polynomially ergodic.

Recall that ¢ = (g1,92,-..,9p); and 6; and 6, ; denotes the ith component of 6

and 6, respectively.

Theorem 2.2 Let X be an F-invariant Harris ergodic Markov chain. Suppose at

least one of the following holds for g;:
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(a) (Jones, 2004) X is polynomially ergodic of order k, Ep|M(z)| < co and
Er|gi(7)]?*° < oo for some d such that kd > 2+ 4,

(b) (Jones, 2004) X is polynomially ergodic of order k& > 1, Ep|M(z)| < oo and

sup |g;(z)| < oo,
zeX

(¢) (Chan and Geyer, 1994) X is geometrically ergodic and Ep|g;(z)]**? < oo for

some 6 > 0,

(d) (Ibragimov and Linnik, 1971) X is uniformly ergodic and Er[g;(x)?] < oo,

then, for any initial distribution, as n — oo,

V(0 — 0;) 5 N(0,02). -

By the Cramér-Wold theorem, a multivariate CLT holds under the same conditions
as Theorem 2.2. That is, there exists a p x p positive definite matrix > such that as

n — 00,
Vil — 0) % N,(0,%) .

Here ¥ = lim,_,o,n Varg(6,). Using mixing properties of Harris ergodic Markov

chains,

_ % (Z Varp(g(X,)) + Y Covp(g(X.), 9(X1) + > _ Covp(g(Xy), g(Xt)))

t<l t<l
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n—k

) Covr(9(X1),9(X14x))

n

= Varp(g(X1)) + Z_: <

n

. (” - ’f) Covr(g(X1a), 9(X1))

Thus,

% = Varp g(X1) + > Covp(g(X1), g(X1k) + Y Covi(g(Xig), 9(X1)) .

(2.3)

One of our contributions is demonstrating strong consistency for two classes of
estimators of ¥. Our main assumption on the Markov chain is the existence of a
strong invariance principle. In fact, our theoretical results for estimators of ¥ hold
outside the context of Markov chains for processes that satisfy a strong invariance
principle. In the next section we discuss a wide variety of processes for which a strong
invariance principle holds and the exact conditions for Markov chains that yield the

strong invariance principle.

2.2 Strong Invariance Principle

Although our focus is on Markov chains, our theoretical results in this chapter hold for
stochastic processes satisfying a strong invariance principle, which we now describe.
Let || - || denote the Euclidean norm. Let {B(t),t > 0} be a p-dimensional standard
Brownian motion. A strong invariance principle (SIP) holds for 6, if there exists a
p X p lower triangular matrix L, a nonnegative increasing function 1 on the positive

integers, a finite random variable D, and a sufficiently rich probability space such
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that, with probability 1,
|n(6, —6) — LB(n)|| < Dy(n) as n — oo. (2.4)

Intuitively, (2.4) means that the centered and appropriately scaled partial sum process

is similar to a scaled Brownian motion. Dividing (2.4) by n throughout we get, with

o)

By the strong law of large numbers for the classical setting, as n — oo, B(n)/n — 0

probability 1

o0y~ 1202

with probability 1 and thus if ¥(n)/n — 0, the strong law for 6,, holds.
Similarly, dividing (2.4) by /n,

(%)

If ¢(n)/\/n — 0, then since B(n)/+/n is a p-dimensional standard normal distribution

a2

we arrive at the central limit theorem and ¥ = LL”. The strong invariance principle
also implies a functional CLT for 6,,.

The existence of an SIP has attracted much research interest. Consider the uni-
variate case when p = 1. For i.i.d processes, the first result of this kind is due to
Strassen (1964) who showed that (2.4) holds with ¥(n) = v/nloglogn. Komlés et al.
(1975) found that if Eg|g|>™® < oo, then (2.4) holds with ¥(n) = n'/?>=* for A > 0
(often called the KMT bound). Komlés et al. (1975) also showed that if g has all
moments in a neighborhood of 0, then ¥(n) = logn. The results of Komlés et al.
(1975) are the strongest to date in the i.i.d setting. The main reference for a univari-
ate strong invariance principle for dependent sequences is Philipp and Stout (1975)

who prove bounds similar to that of Komlés et al. (1975) for a variety of weakly
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dependent processes including ¢-mixing, regenerative, and strongly mixing processes.
Also, see Wu (2007) for a univariate strong invariance principle for certain classes of
dependent processes.

Many of the univariate SIPs have been extended to the multivariate setting. For
independent processes, Berkes and Philipp (1979), Einmahl (1989), and Zaitsev (1998)
extend the results of Komlés et al. (1975). For correlated processes, Eberlein (1986)
showed the existence of a strong invariance principle for Martingale sequences and
Horvath (1984) proved the KMT bound for multivariate extended renewal processes.
For ¢-mixing, strongly mixing, and absolutely regular processes, Kuelbs and Philipp
(1980) and Dehling and Philipp (1982) extended the Philipp and Stout (1975) results
to the multivariate case.

As mentioned before, our strong consistency results for estimators of 3 hold under
the assumption of a strong invariance principle with (n) satisfying certain condi-
tions. These conditions depend on the choice of estimator used for . Next, we give
an overview of the conditions under which a univariate strong invariance principle
holds for Markov chains and establish conditions under which a multivariate strong

invariance principle holds.

2.2.1 Univariate SIP for Markov Chains

The existence of a univariate strong invariance principle for uniformly ergodic and
geometrically ergodic Markov chains was discussed by Jones et al. (2006) and Bednorz
and Latuszyniski (2007). Before we present their results, we introduce the concept
of minorization. A one-step minorization condition holds if there exists a function
s: X — [0,1] with Eps > 0 and a probability measure ) such that for all z € X and
Ae B(X)

P(z,A) > s(z)Q(A). (2.5)
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As explained in Jones et al. (2006), for finite state spaces (2.5) holds by fixing x, € X
and then setting s(z) = I(x = z.). Then for x # z., P(z, A) > 0 remains true and for
x =z, P(x,A) = s(z)P(x,, A). For general state spaces, establishing a minorization
is more difficult. However, Mykland et al. (1995) describes a recipe for establishing
(2.5) that is often useful.

Theorem 2.3 Let X be a Harris ergodic F-invariant Markov chain and g : X — R.

1. (Jones et al., 2006) If X is uniformly ergodic and Er|g|*™ < oo for some § > 0,
then (2.4) holds with ¢(n) = n'/2=% where a > 6/(24 + 120).

2. (Jones et al., 2006; Bednorz and Latuszynski, 2007) If X is geometrically er-
godic, (2.5) holds, and Ep|g|?**°* > 0 for some § > 0 and € > 0, then (2.4)
holds with 1(n) = n®logn where a > 1/(2 + ). O

Notice how the above results require more than a finite second moment, even
though a finite second moment might guarantee the existence of a CLT. A more

recent result for bounded functions improves on the previous result.

Theorem 2.4 (Merlevede and Rio (2015)) Let X be a Harris ergodic F-invariant
Markov chain and let g : X — R be such that |g(z)| < R for some R > 0. If X is
geometrically ergodic and (2.5) holds, then (2.4) holds with ¥ (n) = logn. O

The rate (n) = logn is the best possible. When |g(z)| < R, then g has all
moments in a neighborhood of zero. Recall that the rate ¢(n) = logn is also obtained
for i.i.d. processes by Komlds et al. (1975). Thus for bounded functions, almost
nothing is lost when an i.i.d process is replaced with a geometrically ergodic chain
with a minorization. Also notice from Theorem 2.2 that for bounded functions the

CLT holds for polynomially ergodic Markov chains. It is natural to wonder whether
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the result of Merlevede and Rio (2015) can be obtained for polynomially ergodic

Markov chains.

2.2.2 Multivariate SIP for Markov Chains

Let S = {Si}i>1 be a strictly stationary stochastic process on a probability space
(Q,F,P) and set F}, = o(Sk,...,S;). Define the a-mixing coefficients for n =
1,2,3,... as

a(n) =sup  sup IP(ANB) —P(A)P(B)| .

k>1 AeF, BeFg,

The process S is said to be strongly mizing if a(n) — 0 as n — oo. It is easy to
see that Harris ergodic Markov chains are strongly mixing; see, for example, Jones
(2004). We will use the following result from Kuelbs and Philipp (1980) to establish
the conditions under which a strong invariance principle holds for Harris ergodic

Markov chains.

Theorem 2.5 (Kuelbs and Philipp (1980)) Let ¢g(51), g(S2), ... be an RP-valued
stationary process such that Eg|g||*™ < oo for some 0 < § < 1. Let a,(n) be the

mixing coefficients of the process {¢g(S;)} and suppose, as n — oo,
ag(n) =0 (n_(1+6)(1+2/6)) for € > 0.

Then a strong invariance principle holds as in (2.4) with ¢(n) = n'/?2~* for some

A > 0 depending on €, 9, and p only. O

Corollary 2.1 Let Ex||g]|**° < oo for some § > 0. If X is a polynomially ergodic
Markov chain of order m > (1+4¢;)(1+2/6) for some €; > 0, then (2.4) holds for any

initial distribution with ¢(n) = n'/2=* for some A > 0. O



2.2. STRONG INVARIANCE PRINCIPLE 27

Proof

Let a be the mixing coefficient for the Markov chain X = {X};} and o, be the mixing
coefficient for the mapped process {g(X;)}. Then by elementary properties of sigma-
algebras (cf. Chow and Teicher, 1978, p. 16), ay(n) < a(n) for all n.

Note that since X is polynomially ergodic of order m,

|P"(x,-) = F(-)||lrv < M(x)n™™

= sup |P"(z,A)—F(A)| < M(z)n~
AEB(X)

Thus, for all A € B(X') and arbitrary k € N, B € B(X)

|P"(x, A) = F(A)] < M(x)

:>/B|P"(x,A)— A)|F(dz) /M dz)

= /B P"(z, A)F(dz) — F(A)F(dz)| < /B M (z)n™™F(dx)

= |Pr(X,ur € Aand Xy, € B) — F(A)F(B)| < EpMn™™

=sup  sup |Pr(X,x € Aand Xy, € B) — F(A)F(B)| < EpMn™™

k>l BeFF,AeF,

=a(n) <EpMn ™.

Thus, a(n) < EpMn™™ for all n and hence if m > (1 + €1)(1 + 2/0), then
ay(n) < EpMn™™ = O(n~(+e)0+2/9)) " The result follows from Theorem 2.5 and
thus the strong invariance principle, as stated, holds at stationarity. A standard
Markov chain argument (see, e.g., Proposition 17.1.6 in Meyn and Tweedie (2009))
shows that if the result holds for any initial distribution, then it holds for every initial

distribution. We present the proof below for completeness.
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Let

goo(x) = Pr (Z 9(X¢) —nf — LB(n) = O (n'/*™) ‘Xl = :c) .
t=1

Then if X; ~ F, [ gowdF = 1. We will show that g.. is a harmonic function, which
together with Theorem 17.1.5 of Meyn and Tweedie (2009) would imply that g is a

constant function.

Pguo(z)

= AP(w,dy)gm(y)
Pr (Z 9(X¢) —nb — LB(n) =0 (n1/2’>‘) ‘XQ = y) ’ X; = x]

t=1

=E

By the Markov property

=E [Pr (i 9(X¢) —n0 — LB(n) =0 (n1/2_’\) )Xg =y, X1 = x) ‘Xl = x]

=Pr (Z g(Xy) —nb — LB(n) =0 (n1/2_)‘) ’Xl = x)

= goo(T).

Thus g is a harmonic function, and g..(z) = 1 for all x. Hence stationarity is not a

necessary condition for the strong invariance principle to hold. 0J

Remark 2.1 This is the first direct presentation of the existence of a strong invari-
ance principle (univariate or multivariate) for polynomially ergodic Markov chains.
Thus we weaken the conditions even for the univariate case by only requiring poly-

nomial ergodicity and not requiring the minorization condition as in (2.5). O
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Remark 2.2 Kuelbs and Philipp (1980) show that A only depends on p, € and ¢, but
the exact relationship remains an open problem. For slowly mixing Markov chains A

is closer to 0 while for fast mixing chains A is closer to 1/2 (Damerdji, 1991). O

Remark 2.3 A set C € B(X) is called a small set if there exists £ > 0 and a

probability measure p such that for all z € C' and some k € N,

The constant £ measures the rate at which the effect of the initial value int he Markov
chain is lost. Polynomial ergodicity is often proved by establishing the following drift
condition. For a function V' : X — [1,00) there exists d > 0,b < 0o, and 0 < 7 < 1
such that for x € X

B[V (Xp1)| X, = 2] — V() < —d[V(2)]" + bl(z € C), (2.6)

where C' is a small set and the expectation is with respect to P(z,-). In order to
verify that Ep M < oo, it is sufficient to show that EpV < oo by Theorem 14.3.7 in
Meyn and Tweedie (2009). O



Chapter 3

Multivariate Analysis

This chapter introduces our multivariate methods for terminating simulation in more
detail. Throughout this chapter we assume that >, is a strongly consistent estimator

of ¥. In Chapter 4 we will present two such estimators.

3.1 Termination Rules

Let T?

l_avpvq

denote the (1 — ) quantile of a Hotelling’s T-squared distribution with
dimensionality parameter p and degrees of freedom ¢ (the a here is the usual confi-
dence level and different from the « in the previous chapter). Recall that due to the

Markov chain CLT in (1.4), as n — oo

n(0, — 0)TS (6, — 0) 5 T2,

pq

where ¢ is determined by the choice of estimator for ¥,. A 100(1 — a)% confidence

region for 6 is the set
Con) ={0 €R :n(b, —0)"S, (6, —0) <T7 .0} -

Then C,(n) forms an ellipsoid in p dimensions oriented along the directions of the

eigenvectors of Y,. The eigenvalues of 3, dictate the length of the directional axes

30
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for the ellipsoid. For large samples, C,(n) is the smallest volume confidence region
around 6,. Recall that | - | denotes determinant and let I'(-) denote the Gamma

function. The volume of the confidence region is

27Tp/2 T12_ )p/g
Vol(Cy(n)) = e ALY 3.1
oACaln)) = 27 (Fea) g (3.)

Note that ¢ is often increasing in the Monte Carlo size n and thus Tf_a,m — X%—a,p
as n — 0o, where X%ﬂw is the (1 —a)th quantile of the x? distribution with p degrees
of freedom. Also since X3, is strongly consistent for X and || is a continuous function,

by the continuous mapping theorem,

Qb/2 T12_ b p/2 1
. T a,p, /2
nlglgo Vol(C\(n)) nlglolo YR ( - ) |25

2 p/2
= e (T
pl’ (p/Z) n—o0 n

QP/2 1 »/2
- V[1/2(4/2 p/2 -
pF(p/2) | | (Xl—a,p) nl—golo n

= 0 with probability 1.

Hence, as more samples are obtained, the volume of the confidence interval decreases.
Note that the decrease may not be monotonic due to the randomness of >,,.

Let s(n) be a positive and decreasing function on {1,2,...,} and € > 0 be the
tolerance level. Glynn and Whitt (1992) present the fized-volume sequential stopping

rule which terminates the simulation at the random time
T(e) =inf{n>0: Vol(Cyy(n))M? + s(n) < €} . (3.2)

Glynn and Whitt (1992) provide conditions so that terminating at 7'(€) yields confi-
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dence regions that are asymptotically valid in the sense that,
Pri0 e Cu(T(e))] =1 —aase—0.

The conditions required by Glynn and Whitt (1992) for asymptotic validity are (i) a
functional CLT holds for the stochastic process, (ii) ¥, is strongly consistent for X,
and (iii) s(n) = o(n~'/2). In particular for n* > 0, they let s(n) = el(n < n*) +n~"
which ensures simulation does not terminate before n* iterations due to initial bad
estimates of X.

The sequential stopping rule (3.2) can be difficult to implement in practice since
the choice of € depends on the units of #, and has to be chosen for every application.
In addition, if the components of 6 are in different units, then e lacks interpretability.
We consider an alternative to (3.2) which can be used more naturally and which we
will show connects nicely to the idea of effective sample size.

Recall that || - || denotes the Euclidean norm. Let K(g(X),p) > 0 be an at-
tribute of the estimation process and suppose K,(g(X),p) > 0 is an estimator of
K(g(X),p); for example, take K(g(X),p) = 6] and K.(g(X),p) = [6a]]. Set
s(n) = eK,(9(X),p)I[(n < n*) + n~'. Then the relative fixed-volume sequential

stopping rule terminates simulation at the random time,
T*(e) =inf{n >0: Vol(Cio(n))Y? 4 s(n) < eK,(9(X),p)} -

We call K(g(X),p) the relative metric. Simulation terminates the first time after n*

iterations, the volume of the confidence region is an eth fraction of the relative metric.

Remark 3.1 The above rule is a more general version of the relative precision fixed-
volume sequential stopping rule of Glynn and Whitt (1992). Specifically, they use
K(g(X),p) = ||0]| and K, (g9(X),p) = ||#n||. Thus simulation terminates relative to
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the size of the Monte Carlo estimates. However, if ||| is zero, this method cannot

be used. O

For the relative fixed-volume sequential stopping rule to be effective, 7*(¢) should
increase as € — (0. That is, more desired precision would require delayed random time
termination. The following result establishes this property and asymptotic validity

of the termination rule. The proof is provided in Appendix A.

Theorem 3.1 Let g : X — RP? be such that Ex||g||**® < oo for some § > 0 and let X
be an F-invariant polynomially ergodic Markov chain of order m > (14 €;)(1 +2/6)
for some € > 0. If K,(9(X),p) — K(g9(X),p) with probability 1 and ¥, — ¥ with
probability 1 as n — oo, then as € — 0, T*(¢) — oo and Pr [0 € C,(T*(¢))] — 1 —a.00

Remark 3.2 Glynn and Whitt (1992) required the existence of a functional CLT for
asymptotic validity results. As discussed in Chapter 2, for Markov chains a functional
CLT is implied by the strong invariance principle. In Chapter 4 we will require a
strong invariance principle to hold for ¥, to be strongly consistent for . Thus
in Theorem 3.1, by using Corollary 2.1, we encapsulate these conditions under the

framework for polynomial ergodicity and moment conditions. 0

Remark 3.3 Theorem 3.1 holds when K(g(X),p) = K,(9(X),p) = 1. This choice
of the relative metric leads to the fixed-volume sequential stopping rule of Glynn and

Whitt (1992). It is also a multivariate generalization of the procedure developed by
Jones et al. (2006). O

To implement the relative stopping rule, careful choice of the relative metric
K(g(X),p) is required. As discussed earlier, one can choose K(g(X),p) = ||0], if

small confidence regions relative to the magnitude of the estimate are desired. How-
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ever, we present a default relative metric that is intuitive and connects nicely to the

idea of effective sample size. Let
K(g(X),p) = |A]Y* = [ Varg g(X1)|"/.

We estimate A by the sample covariance matrix. That is,

n

Ay = — Z (9(X) = 0) (9(Xy) — 9)T .

t=1

By the strong law for Harris ergodic Markov chains, A,, — A with probability 1 as
n — 0o. Since | - | is a continuous function, |A,|"/?? — |A|'/?P with probability 1 as
n — 0o. As long as n is larger than p, A, is positive definite, and thus |A,|"/?" > 0.

Thus we set
Kn(9(X),p) = [A]"/? .

The reason for choosing the relative metric to be |A|'/?? is two-fold. First, it
seems reasonable that when comparing the volume of an ellipsoid to an attribute of
the estimation process, both quantities should be in the same scale and units. By
(3.1), the term Vol(C,(n))'/? is proportional to |%,|'/??. Both A, and ¥, estimate
variability associated with g under F'; A,, estimates variability when the samples are
i.i.d and ¥,, estimates variability when the samples are obtained through MCMC.

Second, our choice of relative metric leads to a nice interpretation of the stopping
rule. That is, T*(e) is the first time the uncertainty in estimation (measured via the
volume of the confidence region) is an eth fraction of the uncertainty in the target
distribution for g. If the uncertainty for g under F' is large, then we allow for Monte
Carlo variation to also be large, and if the variability for g under F' is small, then

tighter Monte Carlo estimates are desired. The relative standard deviation fized-
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volume sequential stopping rule is formalized as terminating at random time

Tsp(e) = inf {n > 0: Vol(Cu(n))/? + e[ An|Y*I(n < n*) + n~" < e A%} . (3.3)

3.2 Effective Sample Size

Recall the notation used in previous chapters: Y is the asymptotic covariance matrix
in the Markov chain CLT with diagonals o?; A is the covariance matrix for g under
the target distribution with diagonals A\?.

As discussed in Chapter 1, a common way of terminating the simulation in MCMC
is by using effective sample size (ESS). The ESS of a sample for estimating 6 is the
number of i.i.d samples with the same standard error as this sample.

For example, suppose interest is in estimating 6; = Erpg; from an MCMC sample
of size n. The estimate used is 6,,;. Also suppose that i.i.d. samples of size £, can
be drawn from F and @ is then estimated using the mean of the sample, . Then the
effective sample size for the MCMC sample is F, such that

A2 o N\
Varp 6,1 ~ i = ?1 ~ Ei

This definition has been formalized and presented by many authors. Kass et al.

(1998), Liu (2008), and Robert and Casella (2013) define ESS for the ith component

of the process as

ESS;

n
1+ Ziil pi(k) ’

where recall that p;(k) is the lag k autocorrelation for the ith component of g(X).
It is challenging to estimate p;(k) consistently, especially for larger k. Alternatively,
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Gong and Flegal (2016) rewrite the above definition as,
A

-
0;

Using this formulation, a consistent estimator of ESS; is obtained by using strongly

consistent estimators of A? and o2 via the sample variance (A2 ;) and univariate batch

2

n,i

means or spectral variance estimators (o; ), respectively. The R package coda es-
timates ESS; by using the sample variance to estimate A? but estimates o? by de-
termining the spectral density at frequency zero of an approximating autoregressive
process. Thus, it does not estimate o? directly. The R package mcmcse uses the

univariate batch means method to estimate o?. The estimate of ESS; is then

o 2

)\ni
Un,i

Then E/\SSZ is a strongly consistent estimator of the univariate ESS;. Users calculate
ES\SZ- for each of the p components and set an ad-hoc lower bound for a sufficient
effective sample size. When the smallest estimated effective sample size among all
p estimates is larger than the ad-hoc lower bound, it is deduced that enough Monte
Carlo samples have been obtained. Gong and Flegal (2016) addressed the issue of
the ad-hoc lower bound by presenting a theoretically valid lower bound when p = 1.

However, the following two significant challenges remain:

1. An effective sample size needs to be calculated for each of the p components and
the smallest among them is chosen. This process is arduous and termination is

delayed.

2. Effective sample size is a property not only of the correlated sample, but also
(and more importantly) of the expectation being estimated. Using univariate
effective sample size for the ith component implies interest is in g;, thus ignoring

all other g;, j # 4. Since interest is in estimating the whole vector g, univariate
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estimation of effective sample size ignores all cross correlations between compo-

nents of 6, as discussed in Chapter 1.

A multivariate definition of effective sample size does not exist. We begin by
defining this quantity and introduce strongly consistent estimators of it.

Instead of using the diagonals of A and ¥ to define ESS, we use the matrices
themselves. Let S; denote the set of all p X p positive definite matrices. Scalar
quantification of the matrices requires a mapping S;r — R, that captures the vari-
ability described by the covariance matrix. Wilks (1932) used the determinant as a
univariate measure of spread for a multivariate distribution, and called the determi-
nant of a covariance matrix of a distribution its generalized variance. Wilks (1932)
recommended the use of the pth root of the generalized variance. This was formalized
by SenGupta (1987) as the standardized generalized variance, to compare variability

over different dimensions. We define

) " (3.4

When p = 1, the ESS reduces to the form of univariate ESS presented above. When
independent samples are obtained from F', the ESS is exactly n, as expected. Recall
that A, is the sample covariance matrix of {g(X};)} and let X, be a strongly consistent

estimator of 3. Then a strongly consistent estimator of ESS is

o ’An’)l/p
ESS =n ( )
P

Another interesting interpretation of ESS is that it is determined by the ratio of the
geometric means of the eigenvalues of A and . The eigenvalues of a covariance matrix
determine the amount of variability in the direction of the corresponding eigenvector.

If the off diagonals of > and A are zero, then the multivariate effective sample size is
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the geometric mean of all the p univariate effective sample sizes, since

p

D )\2 1/p
ESS =n]] (—2) =] ®ss)"”.
im1 \7i

=1
3.2.1 Relation to Termination Rules

Our choice of the relative metric in Section 3.1 helps us arrive at a lower bound on
the number of effective samples required. Rearranging the defining inequality in (3.3)

yields that when n > n*

€|An|1/2p > Vol(C’a(n))l/p +nt

1/p

2 p/2
_ ( onr/2 (T2, TS R
pLp/2) \ n "

2 N\ /P 2 1/2
_ 27‘(‘17/ Tl—a,p,q |En|1/2p + n—l
pL(p/2) n

_ \/ﬁ |An|1/2p - @ 27Tp/2 1/p T12—a,p,q 1/2 . |En’—1/2p
S T e \pL'(p/2) n ev/n

2
__ onp/2 \ /P e[SV ]
=ESS> || —== T2 — | =.
= [(pf‘(p/Q)) ( l—a,pvq) + nl/2 €2

Thus, the relative standard deviation fixed-volume sequential stopping rule is equiva-
lent to terminating the first time ESS is larger than a lower bound. This lower bound
is difficult to determine before starting the simulation. However, as n — oo, Tiq
converges in distribution to a X?) and X, converges of ¥ with probability 1, leading

to the following approximation

2P X iap
(pT(p/2))?/P ¢

ESS > (3.5)

Due to (3.5), one can a priori determine the number of effective samples required for

the choice of € and «. That is, the number of effective samples required depends on
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the relative tolerance level e and the confidence level determined by a. The lower
bound is not affected by the Markov chain or the target distribution but the observed
ESS is. Slow converging Markov chains will have high correlations, and thus smaller

ETS\S, taking longer to reach the desired lower bound. As p — oo,

22/p7T X%—a,p 2me
(pL(p/2))?/P et

Thus for large p, the lower bound is mainly determined by the choice of €. The

choice of € should be made keeping in mind that the samples obtained are only
approzimately from F. On the other hand, for a fixed «, having obtained W effective
samples, the user can use the lower bound to understand the level of precision (¢) in
their estimation. In this way, (3.5) can be used to make informed decisions regarding

termination.

Example 3.1

Suppose p = 5 (as in the Bayesian logistic regression setting of Chapter 1) and that
we want a precision of € = .05 (so the Monte Carlo error is 5% of the uncertainty in
the target distribution) for a 95% confidence region. This requires ESS > 8605. On
the other hand, if we simulate until ESS = 10000, we obtain a precision of € = .0464.0]



Chapter 4

Estimating Monte Carlo Standard
Error

Multivariate analysis of the output generated from MCMC requires estimating the
covariance matrix in the Markov chain CLT, Y. In this chapter we present two
estimators of ¥ and provide conditions for strong consistency.

Recall that X = {X;} denotes the Markov chain with invariant distribution F’
having support X equipped with a countably generated o-field. In addition, g is an
F-integrable function such that g : X — RP, and interest is in estimating 8 = Epg.

The estimator of choice is

1 n
On = > g(Xy).
t=1

Also recall the Markov chain is polynomially ergodic of order m where m > 0 if there

exists M : X — R* with ErM < oo such that

[P™(x,-) — F()|lrv < M(z)n™™ .

40
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4.1 Multivariate Spectral Variance Estimator

Let Y; = g(X;) — 0 for t € N and define the lag s, s > 0, autocovariance matrix as
3(s) = 2(=s)" = Er [1,V]

Define I; as Iy = {1,...,(n —s)} for s > 0 and as Iy = {(1 — s),...,n} for s < 0.

Let Y, =n~"! Z?:l Y, and define the lag s sample autocovariance as

ls) = = S (Vi = Vo) (Vi — V)T (4.1)

n
tels

From the structure of ¥ in (2.3), it is known that

oo

Y= Z v(s) .

§=—00

Replacing v(s) with ~,(s) leads to a strongly consistent estimator. However, this
estimator has poor finite sample properties (see Anderson (1971)) since v,(s) is a
poor estimator for large s. The multivariate spectral variance (mSV) estimator is

defined as a weighted and truncated sum of the lag s sample autocovariances,

Yoy = i Wy (8)Yn(8), (4.2)

s=—(bn—1)

where w,(+) is the lag window and b, is the truncation point. The lag window has to

satisfy the following additional conditions.

Condition 4.1 The lag window w,(-) is an even function defined on Z such that
(a) |w,(s)] <1 for all n and s,
(b) w,(0) =1 for all n, and

(¢) wy(s) =0 for all |s| > b,. O
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Anderson (1971) gives a list of lag windows that satisfy Condition 4.1. We will
consider some of these later.

Under Condition 4.1 and using the fact that ~,,(0) is symmetric, Xgy is symmetric.

bp—1
Yoy = Z wn(‘s)%z(s)
s=—(ba—1)

bn—1 bn—1

= 0n(07n(0) + 3 wn(shnls) + 3 wn(=s)n(=)
bn—1

= )+ Z wn () [Yn(s) +n(s)"]

— Ty "z: Wi (8) |Vn( T+ 'Yn(s)}

= ESV

For the univariate setting, where ¥ is a scalar, the spectral variance estimator has
been well studied. Damerdji (1991) showed strong consistency of the estimator for
general stochastic processes. Their estimator was adapted to the context of MCMC
and the conditions weakened by Flegal and Jones (2010). Atchadé (2011) also proved
strong consistency of the univariate estimator for adaptive MCMC samplers.

mSV estimators have also been studied in the time series literature. They are
often used for heteroscedastic and autocorrelation consistent (HAC) estimation of
covariance matrices which, for example, arise in the study of generalized method
of moments and autoregressive processes with heteroscedastic errors. See Andrews
(1991) for motivating examples. In the context of HAC estimation, De Jong (2000)
obtained conditions under which the class of mSV estimators is strongly consistent.
However, these conditions are restrictive in the context of MCMC. In particular, his
Assumption 2 (De Jong, 2000, page 264) will not be satisfied in many typical MCMC

applications. Additionally, we require weaker mixing conditions on the underlying
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stochastic process.

To prove strong consistency of ¥g, we require the existence of a strong invariance
principle for both ¢(X;) and h(X,) = [¢(X;) — 0], where the square is taken element-
wise. That is, in addition to (2.4), we assume that there exists a finite p-vector
0n, a p x p lower triangular matrix Lj, an increasing function v, on the integers, a
finite random variable D), and a sufficiently rich probability space such that, with

probability 1,

Z h(Xt) — n@h — LhB(’I‘L)

t=1

< Dpn(n). (4.3)

The following Conditions 4.2 and 4.3 are technical conditions ensuring that b,

grows at the right rate compared to n.

Condition 4.2 Let b, be an integer sequence such that b, — oo and n/b, — oo as
n — oo where b, and n/b, are non-decreasing. O
Condition 4.3 Let b, be an integer sequence such that

(a) there exists a constant ¢ > 1 such that ) (b,/n)¢ < oo,

(b) byn~tlogn — 0 as n — oo,

(c) b, logn = O(1), and

(d) n > 2b,. OJ

If b, = |n”|, where 0 < v < 1, then Condition 4.3 is satisfied if n > 21/0=7),
Define

Aqwy (k) = wy(k — 1) —w,(k)
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and

Aow, (k) = wp(k — 1) — 2w, (k) + w,(k + 1) .

Condition 4.4 Let b, be an integer sequence, w,, be the lag window, and ¢(n) and

¥n(n) be positive functions on the integers such that,

(a) byn 30 E|Ayw, (k)| = 0 as n — oo,

bn

(b) by(n)?logn (Z |A2wn(k‘)|) — 0 as n — oo,

k=1
bn
() ¥(n)2 Y [Asw, (k)] = 0 as n — oo,
k=1
(d) b1p(n) — 0 as n — oo, and

(e) by'(n) — 0 asn — oo. O

Condition 4.4a connects the truncation point b, to the lag window w,. Later
we will present examples of lag windows that satisfy this condition. The functions
¥(n) and ¥p(n) in Conditions 4.4b, 4.4c, 4.4d, and 4.4e correspond to the functions
described in (2.4) and (4.3) and thus these four conditions connect the truncation
point b,,, the lag window w,,, and the correlation of the process, measured indirectly by
(n) and 1, (n). In Lemma 4.1 below we present sufficient conditions for Conditions

4.4a, 4.4b, and 4.4c.

Lemma 4.1 Reparameterize w, such that w,, is defined on [0, 1] and w,(0) = 1 and
wy(1) = 0. Further assume that w,, is twice continuously differentiable and that there
exists finite constants Dy and Dy such that |w/,(z)| < D; and |w!/(z)| < Ds. Then as

n — 00,
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1. Condition 4.4a holds if b2n~! — 0,

2. Conditions 4.4b and 4.4c holds if b, ' (n)*logn — 0. O

The following theorem demonstrates strong consistency of Ygy for processes that

satisfy a strong invariance principle.

Theorem 4.1 Suppose the strong invariance principles (2.4) and (4.3) hold. If Con-
ditions 4.1, 4.2, 4.3, and 4.4 hold, then Xg,, — X, with probability 1, as n — oco. [

Theorem 4.1 holds for all processes that satisfy the strong invariance principles
as stated. Next using Corollary 2.1, we present strong consistency of ¥gy when the
underlying process is a Harris ergodic Markov chain.

Theorem 4.2 Suppose Ep||g||*+

< oo for some § > 0. Let X be a polynomially
ergodic Markov chain of order m > (14 ¢;)(1+2/6) for some €; > 0. Then (2.4) and

(4.3) hold with

b(n) = p(n) = n'/*,

for some A > 0 that depends on p, €, and . If Conditions 4.1, 4.2, 4.3, and 4.4 hold,
then gy — X, with probability 1, as n — oo. 0

Remark 4.1 When p = 1, the mSV estimator reduces to the spectral variance es-
timator (SV) considered by Atchadé (2011), Damerdji (1991), and Flegal and Jones
(2010). In this case our result requires weaker conditions. First notice that Flegal
and Jones (2010) required weaker conditions than Damerdji (1991). Thus we only
need to compare Theorem 4.2 to the results in Atchadé (2011) and Flegal and Jones
(2010), both of whom required the Markov chains to be geometrically ergodic and to

satisfy a one-step minorization condition. Thus Theorem 4.2 substantially weakens
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the conditions on the underlying Markov chain, while extending the results to the

p > 1 setting. 0

Remark 4.2 It is common to use b, = |n”| in which case Conditions 4.4a, 4.4b, and

4.4c hold, if we choose 0 < v < 1/2 such that n="y(n)*logn — 0 as n — co. O

Remark 4.3 We now consider some examples of lag windows that satisfy Condi-

tion 4.1 and consider whether Conditions 4.4a, 4.4b, and 4.4c hold.

1. Simple Truncation: wy(k) = I(|k| < b,). Using this window the estimator
obtained is truncated at b, but weighted identically. In this case, Asw, (k) =0
for k=1,...,b, — 2, Asqw,(b, — 1) = =1 and Aqw,(b,) = 1. It is easy to see
that Condition 4.4c is not satisfied.

2. Blackman-Tukey: wy, (k) = [1 — 2a + 2a cos (7|k|/b,)] I(|k| < b,) where a > 0.
This is a generalization for the Tukey-Hanning window where a = 1/4. For
fixed a, the Blackman-Tukey window satisfies the conditions of Lemma 4.1,
thus Conditions 4.4a, 4.4b, and 4.4c hold if b2n~* — 0 and b, '¢(n)?logn — 0

as n — o0.

3. Parzen: wy(k) = [1 — |k|?/b2]) I(|k] < by,) for ¢ € ZT. When ¢ = 1 this is the
modified Bartlett window. It is easy to show that the Parzen window satisfies
the conditions for Lemma 4.1, and thus Conditions 4.4a, 4.4b, and 4.4c¢ hold if

b2n~! — 0 and b, ' (n)?logn — 0 as n — oo.

4. Scale-parameter modified Bartlett: wy(k) = [1 — n|k|/b,] I(|k] < b,) where 7 is
a positive constant not equal to 1. Then Ajw, (k) = nb,* for k =1,2,...,b,—1
and Ayw,(b,) = 1—n+nb, ! so that Condition 4.4a is satisfied when b2n~ — 0
asn — 00. Also, Agw, (k) =0fork=1,2,...,b,—2, Asw,(b,—1) =n—1and
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Lag Windows

Weights
0
L

—Bartlett - Tukey—-Hanning Scaled-Bartlett

Figure 4.1: Plot of three lag windows, modified Bartlett(Bartlett), Tukey-Hanning
and the scale-parameterBartlett with scale parameter 2 (Scaled-Bartlett).

Agw,(b,) =1 —n+nb,;'. We conclude that 30" |Ayw, (k)| does not converge
to 0 and hence Condition 4.4c is not satisfied. O

Figure 4.1 provides a graph of three lag windows specifically, the modified Bartlett,
Tukey-Hanning, and scale-parameter modified Bartlett windows. It is evident that the
modified Bartlett and Tukey-Hanning windows are similar and the scale-parameter

modified Bartlett window weighs the lags more severely.

4.2 Multivariate Batch Means Estimator

Let n = a,b,, where a,, denotes the number of batches and b,, is the batch size. For
k=0,...,a, — 1, define g := ! Zfll 9(Xkp,+t)- Then g is the mean vector for
batch k and the mBM estimator of 3. is given by

bn an—1 ) )
Ypm = a —1 Z (k= 0n) (G — en)T- (4.4)
" k=0

Since ¥ is non-singular ¥ gy, should be non-singular, which requires a,, > p.
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When ¢(X}) is univariate, the batch means estimator has been well studied for
MCMC problems (Jones et al., 2006; Flegal and Jones, 2010) and for steady state
simulations (Damerdji, 1994; Glynn and Iglehart, 1990; Glynn and Whitt, 1991).
Glynn and Whitt (1991) showed that the batch means estimator cannot be consistent
for fixed batch size, b,. Damerdji (1994, 1995), Jones et al. (2006) and Flegal and
Jones (2010) established its asymptotic properties including strong consistency and
mean square consistency when both the batch size and number of batches increases
with n.

The multivariate extension as in (4.4) was first introduced by Chen and Seila
(1987). For steady-state simulation output Charnes (1995) and Munoz and Glynn
(2001) studied confidence regions for € based on the mBM, however, the theoretical
properties of mBM remain unexplored.

In Theorem 4.3, we present conditions for strong consistency of ¥z, in estimating
3 for MCMC. Aside from the existence of a strong invariance principle, we require

the following additional conditions on the batch size b,,.

Condition 4.5 The batch size b,, satisfies the following conditions,

(a) the batch size b, is an integer sequence such that b, — oo and n/b, — oo as

n — oo where, b, and n/b, are monotonically increasing,

(b) there exists a constant ¢ > 1 such that Y (b,n™!)" < co. O

Theorem 4.3 Let g be such that Ep||g||**® < oo for some § > 0. Let X be an
F-invariant polynomially ergodic Markov chain of order m > (1 + ¢)(1 + 2/0) for
some ¢; > 0. Then (2.4) holds with t(n) = n'/>=* for some A > 0. If Condition 4.5
holds and bﬁl/z(log n)Y2pl/2=A — 0 as n — oo, then Y gy — X, with probability 1,

as n — oo. O
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Remark 4.4 The theorem holds more generally outside the context of Markov chains
for processes that satisfy (2.4). This includes independent processes (Berkes and
Philipp, 1979; Einmahl, 1989; Zaitsev, 1998), Martingale sequences (Eberlein, 1986),
renewal processes (Horvath, 1984) and ¢-mixing and strongly mixing processes (Kuelbs
and Philipp, 1980; Dehling and Philipp, 1982). The general statement of the theorem

is provided in Appendix B.3. O

Remark 4.5 It is natural to consider b, = [n”] for 0 < v < 1. Then v > 1 — 2\
is required to satisfy b;l/z(log n)/2nt/2=* — 0 as n — oo. Hence, for fast mixing
processes smaller batch sizes suffice and slow mixing processes require larger batch
sizes. This reinforces our intuition that higher correlation calls for larger batch sizes.
Calibrating v in b, = |n”] is essential to ensuring the mBM estimates perform well
in finite samples. Using mean square consistency of univariate batch means estima-
tors, Flegal and Jones (2010) concluded that an asymptotically optimal batch size is

proportional to |n'/3] with an unknown proportionality constant. O

Remark 4.6 For p = 1, Jones et al. (2006) proved strong consistency of the batch
means estimator under the stronger assumption of geometric ergodicity and a one-
step minorization, which we do not make. Thus, in Theorem 4.3 while extending the
result of strong consistency to p > 1, we also weaken the conditions for the univariate

case. O

4.3 Strong Consistency of Eigenvalues

Theorem 4.4 Let & be any strongly consistent estimator of ¥ and let \; > Ay >
-+ > A, > 0 be the eigenvalues of ¥. Let 5\1, cee Sxp be the p eigenvalues of 5} such

that Ay > Ay > --- > A, then A, — Ay, with probability 1, as n — oo for all
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1<k <p. O

Proof
Let || - ||r denote the Frobenius norm. By Weyl’s inequality (Franklin, 2012), for
€ > 0, if ||§] — Y|l < €, then for all 1 < k < p, |/A\/y€ — M| < €, which gives the

desired result. O

Remark 4.7 Theorem 4.4 immediately implies that under the conditions of Theo-
rems 4.1, 4.2, and 4.3, the sample eigenvalues of the mSV and mBM estimators are

consistent for the population eigenvalues. 0

Sample eigenvalues can play an important role in multivariate analyses. For ex-
ample, the length of any axis of the confidence region constructed from an estimator
of ¥ is determined by the magnitude of the relevant estimated sample eigenvalues.
Thus the largest eigenvalue is associated with the axis having the largest estimated
Monte Carlo error. This also suggests that dimension reduction methods could be

useful in assessing the reliability of the simulation effort.

4.4 mBM Versus mSV

We have provided two classes of estimators in this chapter, the multivariate batch
means (mBM) estimator and the multivariate spectral variance (mSV) estimator.
Both classes of estimators were shown to be strongly consistent under conditions on
the Markov chain and certain moment conditions.

Both mSV and mBM estimators require only polynomial ergodicity, however the
mSV estimator requires 449 finite moments of g under F', whereas the mBM estimator
only requires 2 4 ¢ finite moments for some ¢ > 0. Thus the mBM estimator requires

a weaker moment condition. However, for the univariate case Flegal and Jones (2010)
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showed that the SV estimator is more statistically efficient than the BM estimator
and thus it is likely that that result is also true for the multivariate case. We do not
pursue this here as it is outside the scope and requires much additional work.
Computationally, the mBM estimator is significantly faster than the mSV estima-
tor. We investigate finite sample properties and time comparisons by using a vector

autoregressive process of order 1.

4.4.1 Vector Autoregressive Process

Consider the vector autoregressive process of order 1 (VAR(1)). For t =1,2,...

Yi =Y+ e,

where Y; € RP, & is a p X p matrix, ¢ P N,(0,9), and €2 is a p x p positive definite
matrix. The matrix ® determines the nature of the autocorrelation. This Markov
chain has invariant distribution F' = N,(0, V) where vec(V) = (1,2 — ® ® &) vec(9),
® denotes the Kronecker product, and is geometrically ergodic when the spectral
radius of @ (@nay) is less than 1 (Tjostheim, 1990).

Consider the goal of estimating the mean of F', ErY = 0 with the Monte Carlo

estimator. Note that,

Y, = PY, 1 + ¢
=O(PY, o+ €1) + €
= %Y, o+ Pe, g + e,
= P} (DY, 3+ €5-2) + Pes_1 + €5

= P3Y, 3+ P%e, g+ Peyq + €4

=PV, + Dl + P g+ -+ Dy o + Pegq ey .
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Thus

v(s) = Covp(Yy, Ys)
= Covp(Yy, @Yy + @5 leg + @5 26y + -+ + P, o + Pey 1 +€y)
— Covp(Yy, D*Yy)
= ¢° Covp(Yo, Y0)

= oV .

Similarly v(—s) = V(®7)*. Since F has a moment generating function, a CLT holds

with
X= Sﬁ; 7(s)
DR S:imv(s) v
= i@sv + 20: V(e -V
= (;:— @)1;:;001/(110 —P) V. (4.5)

We will investigate the finite sample properties of the mSV and mBM estimators of

Y by comparing six different estimators:
e mBM with b, = [n!/3].
e mBM with b, = [n!/?].
e mSV: Bartlett lag window with b, = |n'/?].
e mSV: Bartlett lag window with b, = |n'/?].
e mSV: Tukey-Hanning lag window with b, = [n'/3].

e mSV: Tukey-Hanning lag window with b, = [n!'/?].
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Setting p Q Range of eigen(P)
I

1 2 1, [01,.20)
2 2 I, (.40, .60)
3 2 I .70, .90)
410 I, [01,.20)
5 10 I, (.40, .60)
6 10 I, .70, .90)
7 50 I, 01, .20)
8 50 I, (.40, .60)
9 50 I, .70, .90)

Table 4.1: Simulation settings 1 through 9. The eigenvalues of ® are spaced equally
in each interval.

We set
Ql = ]p and QQ = AR(5),

where AR(.5) is the first order autoregressive covariance matrix with correlation p =
0.5. For each €2, we generate 9 simulation settings based on the choice of & and
p. The results for both choices of {2 were similar and thus we only show results for
(0 = I,,. The settings are presented in Table 4.1. For Settings 1, 4, and 7, ¢pax = .2,
Settings 2, 5, and 8, ¢ = .6 and Settings 3, 6, and 9, ¢n.x = .9. Thus, these three
sets of settings yield processes with different mixing rates.

For each setting, we do the following in each of 100 independent replications. We
observe the process for a Monte Carlo sample size of 105, and at samples {10%5 x
10%,10°} calculate the estimate of ¥ using the six estimators presented earlier. The
error in estimation is determined by calculating the average relative difference in

Frobenius norm, i.e. if ¥ is one of the six estimators of X,

Error = Hi —Xlr/I1X]F.



4.4. MBM VERSUS MSV 54

Figure 4.2 shows the error in the estimation of 3 versus the Monte Carlo sample
size for each of the nine settings. The dark circles are for all estimators with b, =
|n'/2| and the hollow circles are for all estimators with b,, = [n'/3|. The key feature to
note is that generally, the mSV estimators perform better than the mBM estimators,
with the Tukey lag window being the best. This behavior is expected from what
is known in the univariate case. Also interesting is that there is a clear separation
between the two b,,, with b, = Lnl/ 3] being the best for when ¢y.x is not large and
b, = [n'/?| being the best for when ¢,y is large. Thus, it seems that tuning b, is
more important than the choice of the estimator. The effect of p seems minimal.

Next, in Figure 4.3 and Figure 4.4 we plot the density of the estimator of the
largest eigenvalue of the six estimators and compare it to the truth. The estimates are
calculated from a Monte Carlo sample size of 10°. The main point to note again is that
larger batch sizes lead to better estimation when there is relatively high correlation
in the process. It is also apparent for large p than 10> Monte Carlo samples might
not be enough to obtain good estimates.

Finally, we compare the performance of the estimators with regard to the comput-
ing time. Table 4.2 shows the average time required to calculate the six estimators
for setting 7. There is no doubt that the mBM estimator is significantly faster to
compute. In addition, better estimation at larger batch sizes for the mSV estimator
clearly comes at a computational cost.

Due to the results of Table 4.2, we will only consider the mBM estimator in our
examples in the next chapter. This is since often either p is large or the Monte Carlo

sample is large so as to make it difficult to use the mSV estimator.
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Figure 4.2: For Q; = I, we plot IS — 2||#/||S|| versus the Monte Carlo sample size
for all nine settings. Standard errors were small.
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Figure 4.3: mBM for ©1: Kernel density of the maximum eigenvalue for the mBM estimator
for two batch lengths over 100 replications and Monte Carlo sample size = 10°. The vertical
line indicates the true eigenvalue. The first row is ¢max = .20 the second ¢max = .60, and
the third ¢max = .90. It is clear that as mixing worsens, larger batch sizes are preferred.
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Figure 4.4: mSV for Q;: Kernel density of the maximum eigenvalue for the mSV estimators
for all four lag window settings over 100 replications and Monte Carlo sample size = 10°.
The vertical line indicates the true eigenvalue. The first row is ¢max = .20 the second
Pmax = .60, and the third ¢n.x = .90. It is clear that as mixing worsens, larger batch sizes
are preferred. The Tukey-Hanning window often performs slightly better.
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Estimator n =103 n = 10? n=10°
bn — Lnl/?;J
mBM 0.002 (0.0001) 0.008 (0.0003y  0.089 (0.0020
Bartlett 0.029 0.0005) 1.238 (0.02009 30.380 (0.4230)
Tukey—Hanning 0.029 (0.0004) 1.236 (0.0201) 30.491 (0.4150)
bn — L”l/zJ
mBM 0.001 (0.000) 0.007 (0.0002y  0.061 (0.0013)
Bartlett 0.090 (0.0013) 5.948 (0.0765) 215.697 (2.3757)
Tukey—Hanning 0.090 (0.0013) 5.840 (0.0767) 211.442 (2.7977)

Table 4.2: Comparing computational time (in seconds) for setting 7 (p = 50) and §2;
for the six estimators. Replications = 100 and standard errors are in parentheses.



Chapter 5

Examples

This chapter presents examples on which we test our multivariate termination rules.
In each example we present a target distribution F', a Harris ergodic Markov chain
with F as its invariant distribution, we specify g, and are interested in estimating Egg.
We consider the finite sample performance (based on 1000 independent replications) of
the relative standard deviation fixed-volume sequential stopping rules and compare
them to the relative standard deviation fixed-width sequential stopping rules (see
Section 1.1). In each case we make 90% confidence regions for various choices of €
and specify our choice of n* and b,. Since the stopping rules are sequential, theory
dictates the termination criterion be checked at every new sample. This is quite
impractical in real applications and so the sequential stopping rules are checked at

10% increments of the current Monte Carlo sample size.

5.1 Vector Autoregressive Process

We continue with the VAR(1) model and test our terminal rules. Recall that the
VAR(1) process is defined for t =1,2,..., as

Y, =Y 1+ e,
where Y, € RP, ® is a p X p matrix, ¢ & N,(0,9), and €2 is a p X p positive definite

59
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Figure 5.1: VAR: (a) ACF plot for YV and Y®, CCF plot between Y*) and Y,
and trace plot for Y. Monte Carlo sample size is 10°. (b) Joint 90% confidence
region for first the two components of Y. The solid ellipse is made using mBM,
the dotted box using uBM uncorrected and the dashed line using uBM corrected by
Bonferroni. Monte Carlo sample size is 10°.

matrix.

Consider the goal of estimating the mean of F, i.e. ErY =0, with Y,,. Let p = 5,
¢ = diag(.9,.5,.1,.1,.1), and Q be the AR(1) covariance matrix with autocorrelation
0.9. Since the first eigenvalue of ® is large, the first component mixes slowest. We
sample the process for 10° iterations and in Figure 5.1a present the ACF plot for Y1)
and Y® and the CCF plot between Y and Y® in addition to the trace plot for
Y. Notice that Y has larger significant lags than Y®) and there is significant
cross correlation between Y1) and Y.

Figure 5.1b displays joint confidence regions for Y™ and Y. Recall that the
true mean is (0,0), and is present in all three regions, but the ellipse produced by

mBM has significantly smaller volume than the uBM boxes. The orientation of the
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ellipse is determined by the cross correlations shown in Figure 5.1a.

We assess the multivariate ESS and the relative standard deviation fixed-volume
sequential stopping rule by comparing these methods to their corresponding univariate
methods - the univariate ESS of Gong and Flegal (2016) and the relative standard
deviation fixed-width sequential stopping rule of Flegal and Gong (2015). We set
n* = 1000, b, = |[n'/?], € in {0.05,0.02,0.01} and at termination of each method,
calculate the coverage probabilities and effective sample size. Results are presented
in Table 5.1. Note that as e decreases, termination time increases and coverage
probabilities tend to the 90% nominal for each method. Also note that the uncorrected
methods produce confidence regions with undesirable coverage probabilities and thus
are not of interest. Consider ¢ = .02 in Table 5.1. Termination for mBM is at 8.8 x 10*
iterations compared to 9.6 x 10° for uBM-Bonferroni. However, the estimates for
multivariate ESS at 8.8 x 10* iterations is 4.7 x 10* samples compared to univariate
ESS of 5.6 x 10 samples for 9.6 x 105 iterations. This is because the leading component
Y™ mixes much slower than the other components and defines the behavior of the
univariate ESS.

A small study presented in Table 5.2 elaborates on this behavior. Over 100 repli-
cations of Monte Carlo sample sizes 10° and 10°, we present the mean estimate of ESS
using multivariate and univariate methods. The estimate of ESS for the first com-
ponent is significantly smaller than all other components leading to a conservative
univariate estimate of ESS.

Table 5.3 shows the coverage probabilities and volume to the pth root of 90%
confidence regions averaged over 1000 replications. Clearly the univariate uncor-
rected method has less than desired coverage probability, and the mBM produces
90% confidence regions with volume much smaller than the uBM method corrected
for Bonferroni.

The effect of such a large difference in volume can be seen in the ESS calculations
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mBM uBM-Bonferroni uBM

Termination Iteration

e =0.05 14423 (o) 141427 (93 66083 (s2)

e=0.02| 88259 @ 956454 (2s6) 478869 (617)

e =0.01] 360284 (154) 3991753 (o) 2043931 (902)
Effective Sample Size

e =0.05 7650 () 9093 () 4542 3

e=0.02] 46722 @ 55730 (25) 28749 (29)

e=0.01| 192611 @7 223461 (s6) 116297 @1

Volume to the pth root
€ =0.05 | 0.0361 (1520059  0.0234 0.7e05)  0.0241 (1.240-05)
€ = 0.02 ] 0.0146 (3.50e-06) 0.0091 (2.1¢-06) 0.0091 (5.30e-06)
€ = 0.01 | 0.0072 (4.20e-06) 0.0045 (5.0e-07) 0.0044 (1.00e-06)
Coverage Probabilities

e =10.05| 0.886 (0.0101) 0.945 (0.0072) 0.757 (0.0136)
e =0.02] 0.883 (0.0102 0.942 (0.0074) 0.765 (0.0134)
e =10.011] 0.900 (0.0005) 0.941 (0.0075) 0.778 (0.0131)

Table 5.1: VAR: Over 1000 replications, we present termination iterations, effective
sample size at termination and coverage probabilities at termination for each corre-
sponding method. Standard errors are in parentheses.

10° | 52902¢1) 5447 1) 33863254 82986 664) 82727 (639) 81923 647)
106 | 538313 @32) | 534722560 33409801665y 81976038017 820761 (3639) 8229123845

Table 5.2: VAR: Effective sample sample (ESS) estimated using proposed multivariate
method and the univariate method of Gong and Flegal (2016) for Monte Carlo sample
sizes of n = 10° and n = 10% and 100 replications. Standard errors are in parentheses.
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Volume to the pth root
n mBM uBM-Bonferroni uBM
10% | 0.149 (1.6e00) 0.254 (4704 0.179 (3.3¢-04)
10% | 0.048 (23005 0.085 (7.4c-05) 0.060 (s.2¢-05)
105 | 0.015 (s.0e-06) 0.028 (1.1¢c-05) 0.020 (8.0¢-06)
Coverage Probabilities
10% | 0.815 (0.0123) 0.836 (0.0117) 0.627 (0.0153)
10* | 0.893 (0.0098) 0.908 (0.0091) 0.703 (0.0144)
10° | 0.892 (0.0098) 0.928 (0.0082) 0.753 (0.0136)

Table 5.3: VAR: Volume to the pth (p = 5) root and coverage probabilities for 90%
confidence regions constructed using mBM, uBM uncorrected and uBM corrected for
Bonferroni. Replications = 1000 and b, = |n'/?]. Standard errors are in parentheses.

in Table 5.2. Over 100 replications, a Monte Carlo sample size of 10° was obtained
and its ESS calculated. The conservative univariate methods that ignore the cross
correlations would estimate the effective sample size to be 5432, due to one slow mix-
ing component in the process. Our estimate of the effective sample size is significantly

larger at 55190.

5.2 Bayesian Logistic Regression

We revisit the Bayesian logistic regression example introduced in Chapter 1. Recall
that for i = 1,..., K, let Y; is a binary response variable and X; = (1, Zi2, - - . , Ti5)

is the observed predictors for the ith observation. Assume 72 > 0 is known,

1/; ‘ X“ﬂ f\fl Bernoulli (He—_m) s and 5 ~ N5(0,TQI5) . (51)

This simple hierarchical model results in an intractable posterior, I on R>. The

dataset used is the logit dataset in the mcmc R package. The goal is to estimate the



5.2. BAYESIAN LOGISTIC REGRESSION 64

posterior mean of 3, Er3. Thus g here is the identity function mapping to R°>. We
implement a random walk Metropolis-Hastings algorithm with a multivariate normal
proposal distribution Nj( - ,0.352[5) where I5 is the 5 x 5 identity matrix and the
0.35 scaling ensures an optimal acceptance probability as suggested by Roberts et al.

(1997).

Theorem 5.1 The random walk based Metropolis-Hastings algorithm with invariant

distribution given by the posterior from (5.1) is geometrically ergodic. O

We calculate the Monte Carlo estimate for EpfS from an MCMC sample of size
10°. The starting value for 3 is a random draw from the prior distribution. The
covariance matrix X is estimated by the mBM estimator described in Section 4.2. We
also implement the univariate batch means (uBM) methods described in Jones et al.
(2006) to estimate o2, which captures the autocorrelation in each component while
ignoring the cross-correlation. This cross-correlation is often significant as seen in
Figure 5.2a, and can only be captured by multivariate methods like mBM. Figure 5.2b
shows 90% confidence regions created using mBM and uBM estimators for 8; and (33
(for the purpose of this figure, we set p = 2).

To assess the confidence regions, we verify their coverage probabilities over 1000 in-
dependent replications with Monte Carlo sample sizes in {10%,10°, 10°}. The true pos-
terior mean, (0.5706,0.7516, 1.0559,0.4517,0.6545), was obtained by averaging over
10? iterations. For each of the 1000 replications, it was noted whether the confidence
region contained the true posterior mean. The volume of the confidence region to
the pth root was also observed. Table 5.4 summarizes the results. Note that though
the uncorrected univariate methods produce the smallest confidence regions, their
coverage probabilities are far from desirable. For a large enough Monte Carlo sam-
ple size, mBM produces 90% coverage probabilities with systematically lower volume

than uBM corrected with Bonferroni (uBM-Bonferroni).
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Figure 5.2: (a) ACF plot for f3;, cross-correlation plot between (; and (3, and trace
plots for ; and B3. (b) Joint 90% confidence region for 8; and (3. The ellipse is
made using mBM, the dotted line using uncorrected uBM, and the dashed line using
the uBM corrected by Bonferroni. Monte Carlo sample size is 10° for both plots.

n mBM uBM-Bonferroni uBM
Volume to the pth root

10% | 0.062 (7.04c-05) 0.066 (9.230-05) 0.046 (6.480-05)

105 | 0.020 (1.200.05) 0.021 (1.42¢-05) 0.015 (1.00e-05)

10% | 0.006 (1.70e-06) 0.007 (2.30e-06) 0.005 (1.60e-06)

Coverage Probabilities

10* | 0.876 (0.0100) 0.889 (0.0099) 0.596 (0.0155)

105 | 0.880 (0.0103) 0.910 (0.0090) 0.578 (0.0156)

10% | 0.894 (0.0097) 0.913 (0.0004) 0.627 (0.0153)

Table 5.4: Logistic: Volume to the pth (p = 5) root and coverage probabilities for 90%
confidence regions constructed using mBM, uBM uncorrected, and uBM corrected by
Bonferroni. Replications = 1000 and standard errors are indicated in parenthesis.
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Figure 5.3: Logistic: Demonstration of asymptotic validity for the Bayesian logistic
regression model using the relative standard deviation fixed-volume sequential stop-
ping rule. Replications = 100 and standard error bars are indicated.

Figure 5.3 demonstrates the asymptotic validity result of Chapter 3. As € decreases
(or —e increases), the coverage probability reaches the nominal level of .90. Notice
that this behavior is not monotonic due to the random nature of the process. Thus,

for smaller values of € we expect better coverage probabilities.

5.3 Bayesian Lasso

Let y be a K x 1 response vector and X be a K X r matrix of predictors. We consider

the following Bayesian lasso formulation of Park and Casella (2008).

y‘670277—2 ~ NK(X5702IH)

Blo?,7* ~ N,(0,0°D,) where D, = diag(7},73,...,77)

ror

o? ~ Inverse-Gamma(a, &)

2

ii (A .
Tj2 5 Exponential (?> forj=1,...,r,

where A, o, and & are fixed and the Inverse-Gamma(a,b) distribution has density

a—1_,-b/z

proportional to x7% ‘e We use a deterministic scan Gibbs sampler to draw
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approximate samples from the posterior; see Khare and Hobert (2013) for a full
description of the algorithm. Khare and Hobert (2013) showed that for K > 3, this
Gibbs sampler is geometrically ergodic for arbitrary r, X and .

We fit this model to the cookie dough dataset of Osborne et al. (1984). The data
was collected to test the feasibility of near infra-red (NIR) spectroscopy for measuring
the composition of biscuit dough pieces. There are 72 observations; the response
variable is the amount of dry flour content measured and the predictor variables are
25 measurements of spectral data spaced equally between 1100 to 2498 nanometers.
We are interested in estimating the posterior mean for (3,72, 02), p = 51. The data is
available in the R package ppls, and the Gibbs sampler is implemented in the function
blasso in R package monomvn. The “truth” was declared by averaging posterior means
from 1000 parallel chains of length 105. We set n* = 2 x 10* and b, = |n'/?].

Table 5.5 shows termination results from 1000 replications. With p = 51, the
uncorrected univariate regions produce confidence regions with very low coverage
probabilities. The uBM-Bonferroni and mBM provide competitive coverage proba-
bilities at termination. However, termination for mBM is significantly earlier than
univariate methods over all values of €. For e = .05 and .02 we observe zero standard
error for termination using mBM since termination is achieved at the same 10% in-
crement over all 1000 replications. Thus the variability in those estimates is less than

10% of the size of the estimate.
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mBM uBM-Bonferroni uBM
Termination Iteration
e =10.05 20000 (o) 69264 (76) 20026 ()

e = 0.02 69045 (0) 445754 (664) 122932 (103)
e=10.01| 271088 (393 1765008 (431 508445 (332)
Effective Sample Size

e =0.05 15631 16143 @s) 4778 )

e =10.02 52739 (s) 101205 (122) 28358 (24

e =10.01| 204801 (2s3) 395480 (163) 115108 (74
Volume to the pth root

e =0.05 | 0.0444 (6.0c-06) 0.0376 2.0e05)  0.0370 (s.0c-06)

e =10.02 | 0.0236 (2.0c-06) 0.0149 (1c0s)  0.0150 (5.9¢-06)

€ = 0.011]0.0119 (s.10e-06) 0.0075 (9.0e-07) 0.0074 (2.56-06)
Coverage Probabilities

e =0.05] 0.898 (0.0096) 0.896 (0.0097) 0.010 (0.0031)

€ =0.02| 0.892 (0.0098) 0.905 (0.0093) 0.009 (0.0030)

e =0.01] 0.898 (0.0006) 0.929 (0.0081) 0.009 (0.0030)

68

Table 5.5: Bayesian Lasso: Over 1000 replications, we present termination iterations,
effective sample size at termination and coverage probabilities at termination for each
corresponding method. Standard errors are in parentheses.



5.4. BAYESIAN DYNAMIC SPATIO-TEMPORAL MODEL 69

5.4 Bayesian Dynamic Spatio-Temporal Model

Gelfand et al. (2005) propose a Bayesian hierarchical model for modeling univariate
and multivariate dynamic spatial data viewing time as discrete and space as continu-
ous. The methods in their paper have been implemented in the R package spBayes.
We present a simpler version of the dynamic model as described by Finley et al.
(2015).

Let s =1,2,..., N, be location sites and t = 1,2, ..., N; be time-points. Let the
observed measurement at location s and time ¢ be denoted by y,(s). In addition, let
x4(s) be the r x 1 vector of predictors, observed at location s and time ¢, and f; be

the r x 1 vector of coefficients. For t =1,2,..., Ny,

ye(s) = ()T B + w(s) + e(s),  els) ' N0, 72); (5.2)
Be = Bi—1+ 10, M “ N(0,%,);
() = e (s) +wils),  wi(s) ~ GP(0,02p(-; ), (5.3)

where GP(0,0?p(-; ¢;)) denotes a spatial Gaussian process with covariance function
o2p(-; ¢1). Here, o2 denotes the spatial variance component and p(-, ¢;) is the correla-
tion function with exponential decay. Equation (5.2) is referred to as the measurement
equation and ¢(s) denotes the measurement error, assumed to be independent of lo-
cation and time. Equation (5.3) contains the transition equations which emulate the
Markovian nature of dependence in time. To complete the Bayesian hierarchy, the

following priors are assumed

BO ~ N(mo, O()) and UO(S) = O7
72 ~1G(a,,b,;) and o} ~ IG(as,bs);
¥, ~IW(a,,B,) and ¢ ~ Unif(ag,by),
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where IW denotes the Inverse-Wishart distribution with density proportional to
|Zn|_w6_%”(3"2’71) and IG(a,b) is the inverse-Gamma distribution with density
proportional to 7 'e~%*. We fit the model to the NETemp dataset in the spBayes
package. This dataset contains monthly temperature measurements from 356 weather
stations on the east coast of USA collected from January 2000 to December 2010. The
elevation of the weather stations is also available as a covariate. We choose a subset
of the data with 10 weather stations for the year 2000, and fit the model with an
intercept. The resulting posterior has p = 185 components.

A conditional Metropolis-Hastings sampler is described in Gelfand et al. (2005)
and implemented in the spDynLM function. Default hyper parameter settings were
used. The posterior and the rate of convergence for this sampler have not been
studied; thus we do not know if the conditions of our theoretical results are satisfied.
Our goal is to estimate the posterior expectation of 6 = (8, ui(s), 07, X, 77, ¢1). For
the calculation of coverage probabilities, 1000 parallel runs of a 2 x 10¢ MCMC sample
were averaged and declared as the “truth”. We set b, = |n'/?| and n* = 5 x 10* so
that a,, > p to ensure positive definitiveness of X,,.

Due to the Markovian transition equations in (5.3), the 3, and u, exhibit a signifi-
cant covariance structure in the posterior distribution. This is evidenced in Figure 5.4
where for Monte Carlo sample size n = 10°, we present confidence regions for ﬁio)
and ﬁéo), the intercept coefficient for the first and second months, and for u;(1) and
us(1), the additive spatial coefficient for the first and second weather stations. The
thin ellipses indicate that the principal direction of variation is due to the correlation
between the components. This significant reduction in volume, along with the conser-
vative Bonferroni correction (p = 185) results in increased delay in termination when
using univariate methods. For smaller values of € it was not possible to store the
MCMC output in memory on a 8 gigabyte machine using uBM-Bonferroni methods.

As a result (see Table 5.6), the univariate methods could not be implemented for
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Figure 5.4: Bayesian Spatial: 90% confidence regions for ﬁ§0) and 650) and u(1) and
uz(1). Monte Carlo sample size = 10°.
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Figure 5.5: Bayesian Spatial: Plot of —e versus observed coverage probability for
mBM estimator over 1000 replications with b, = [n'/2].

smaller € values. For e = .10, termination for mBM was at n* = 5 x 10* for every
replication. At these minimum iterations, the coverage probability for mBM is at 88%,
whereas both the univariate methods have far lower coverage probabilities at 0.62 for
uBM-Bonferroni and 0.003 for uBM. The coverage probabilities for the uncorrected
methods are quite small since we are making 185 confidence regions simultaneously.

In Figure 5.5, we illustrate asymptotic validity of the confidence regions con-
structed using the relative standard deviation fixed-volume sequential stopping rule.
We present the observed coverage probabilities over 1000 replications for several val-

ues of e.
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mBM uBM-Bonferroni uBM

Termination Iteration

e =0.10 50000 (0 1200849 (28315) 311856 (a91)

€ = 005 50030 (12) - 1716689 (2178)

e = 0.02 132748 (174) - -

e =0.01 407380 (122 - -
Effective Sample Size

e =20.10 55170 (20 3184 (75 1130

e =0.05 55190 (20 - 4525 ()

e =0.02 105166 (o7 - -

e =0.01 275073 (78) - -
Volume to the pth root

€ = 0.010 | 0.0308 (6.40e-06)  0.0409 (9.63c0ay  0.0657 (4.2¢-05)

e =0.05 | 0.0308 (1.11¢-05) - 0.0315 (1.7e-05)

e =0.02 0.0123 (9.80e-06) - -

e =0.01 0.0062 (1.00e-06) - -
Coverage Probabilities

e =0.10 0.882 (0.0102) 0.625 (0.0153) 0.007 (0.0026)

e =0.05 0.881 (0.0102) - 0.016 (0.0040)

e = 0.02 0.864 (0.0108) - -

e =0.01 0.862 (0.0109) - -

Table 5.6: Bayesian Spatial: Over 1000 replications, we present termination iteration,
effective sample size at termination and coverage probabilities at termination for each

corresponding method at 90% nominal levels. Standard errors are in parentheses.



Chapter 6

Convergence Rates of Markov
Chains

The rate of convergence of a Markov chain impacts the Monte Carlo error in estima-
tion. It is thus important to ensure that MCMC samplers used for statistical inference
are at least polynomially ergodic in order for our theoretical results to hold. In this
chapter we study the rates of convergence of some MCMC samplers for a variety of
Bayesian models commonly used in statistics.

Recall that we showed that the random walk Metropolis-Hastings algorithm for
the Bayesian logistic regression problem is geometrically ergodic. All of the sam-
plers we study here are Gibbs samplers. Establishing rates of convergences for Gibbs
samplers is comparatively easy due to the structure of the Markov chain transition
density. For this reason, there has been a considerable amount of work in establish-
ing geometric ergodicity of Gibbs samplers, many of which are two variable Gibbs
samplers. Two variable Gibbs samplers are special because the marginal process for
each variable is a Markov chain with the same rate of convergence as the joint chain
(Roberts and Rosenthal (2001)). Thus it is often sufficient to study the marginal
chains in order to study properties of the joint chain. Higher variable Gibbs sam-
plers do not have this property and thus studying their convergence rates is often

more challenging. Geometric ergodicity of the three variable Gibbs samplers in the

73
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Bayesian lasso and the Bayesian elastic net was shown by Khare and Hobert (2013)
and Roy and Chakraborty (2016); Khare and Hobert (2012) proved geometric ergod-
icity of the three variable Gibbs sampler in Bayesian quantile regression; and Doss
and Hobert (2010) and Jones and Hobert (2004) proved geometric ergodicity of the
three variable Gibbs sampler in hierarchical random effects models. Recently, John-
son and Jones (2015) established geometric ergodicity of a four variable random scan

Gibbs sampler for a hierarchical random effects model.

6.1 Linchpin Variable Samplers

Let f(z,y) be a probability density function on X x Y C R% x R% and F(x,y) be
the associated distribution. One prominent roadblock in implementing MCMC for
modern problems is dimensionality of the state space, d; 4+ ds. A larger dimensional
state space usually implies slower convergence of the Markov chain to the invariant
distribution.

Let fx|y be the probability density function of the conditional distribution of X
given Y; also let fy be the probability density function of the marginal distribution of
Y and let Fxy and Fy be the respective associated distributions. If exact sampling

from Fy is straightforward, then Y is called a linchpin variable since

f(x,y) = fxy(zly) fr(y).

Exact samples drawn from Fy can then be used to obtain a realization from the joint
distribution by using Fyjy. If exact sampling from F' is impossible or inefficient, we
explore replacing exact samples with MCMC samples from Fy to obtain an MCMC
realization from F'. Acosta et al. (2015) show that the joint chain {(X%, Y;)} has the
same rate of convergence as {Y;}. This result is unsurprising but important as it

explains the benefits of using linchpin variable samplers. Additionally, the marginal
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chain explores a d, dimensional space as opposed to a generic MCMC sampler ex-
ploring a d; + d> dimensional space.

To implement a linchpin variable sampler, the only requirement is exact sampling
from Fx|y. Thus whenever a Gibbs sampler can be implemented, a linchpin variable

sampler can also be used.

6.1.1 Bayesian Variable Selection

The purpose of this example is to demonstrate the usability and immediate impact
of a linchpin variable sampler when one component of the Markov chain takes values
in a finite state space.

Let y be a response vector in R, X be an n X p, matrix of predictors and
[ € RP» be the vector of coefficients. Narisetty and He (2014) introduced the following
BAyesian Shrinkage And Diffusing priors (BASAD) model:

y|X7 67 02 ~ N(Xﬁv O-ZITL)
ﬁila—Qa ZZ =0~ N(()? 027_02,71)
Biloﬂa Z’L =1~ N(Ov 0-27_12,71)

O'2N[G<0517062), (61)

where T&n and Tﬁn are positive functions of n and oy and as are hyper-parameters for
the Inverse Gamma distribution. When 73, and 77,, do not depend on n, the BASAD
model corresponds to the seminal variable selection model of George and McCulloch
(1993). The latent variables Z; are indicators of whether the ith variable is active
or not. The introduction of Z; allows for variable selection, and the structure of 72,

allows for shrinkage and diffusion of the priors. If the ith variable is active (Z; = 1),
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then 77, will be large and if it is inactive (Z; = 0), then 7, will be small.

Narisetty and He (2014) proposed a Gibbs sampler to sample from the resulting
posterior using the following full conditional distributions. Let D, be the p, X p,
diagonal matrix with 72 , on the diagonal and V. = (X"X + D_"). Let n(z,0,7%) be

the probability density function of a mean zero, variance 72 normal random variable.

Bl 2,0y~ NV, ' Xy, oV, )
an(ﬁiv 0, 02712,n)
an(ﬁia 07 02712,n) + (1 - qn)n(ﬁla 07 U2T()2,n)

02|B,Z,yNIG(alJrEJr&,aﬁ5TDZ_15+(y_X5)T(y—Xﬁ)). (6.2)

Pr(Z;=1] ,8,02,y) =

2 2 2

Note that each of the Z; is updated independent of the other Z; and thus all Z; can
be updated in a block. The resulting MCMC sampler is a three variable deterministic
scan Gibbs sampler that is updated according to (3, Z,0?) — (8, Z’,0"). The rate
of convergence of the Gibbs sampler is unknown.

We will develop a linchpin variable sampler to sample from the joint posterior
distribution. Notice that the joint posterior distribution takes the following decom-

position.

f(B,0% Z | y)=f(B,0% | Z.y) [(Z | y).

If we can sample from the conditional distribution of (3,0%) given Z, then Z is a

linchpin variable. We find that

205 + " (I — X (XX + D, X7
02|Z,y~la(al+g, oty = X D) )y>.

Using f(B,0% | Z,y) = f(B | 0*,Z,y) f(0® | Z,y), and the fact that § | Z,0% y ~
N(V ' XTy, 02V 1), exact samples can be drawn from (8,0%) | Z,y. Thus, Z is a



6.1. LINCHPIN VARIABLE SAMPLERS i

linchpin variable. A Metropolis-Hastings sampler will be used to sample from F.
This Markov chain will explore a p-dimensional space whereas the Gibbs sampler
explores a 2p + 1 dimensional space.

Consider the independence proposal distribution of independent Bernoullis. That
is, the proposal distribution density function is ¢(Z2) = [[?*, ¢%(1 — ¢,)* " %. In
Appendix D.1, we show that

where £ is the unknown normalizing constant for f(Z | y). Thus, a rejection sampler
can be implemented, however since p is often large, the probability of acceptance is
low enough so as to make it impossible to implement this in practice.

Nonetheless, by Acosta et al. (2015), the linchpin variable sampler that uses g(z)
as the proposal distribution in the independence Metropolis-Hastings step is uni-
formly ergodic. In fact, since Z € {0, 1}?, most reasonable proposal distributions for
the Metropolis-Hastings step in the linchpin variable sampler will lead to uniformly
ergodic Markov chains (see Section 3.4 in Roberts and Rosenthal (2004)). In this
way, the use of a linchpin variable makes it easier to assess the rate of convergence of
the Markov chain. This is not to say that the linchpin variable sampler used in this
case will converge faster than the Gibbs sampler, but at least a rate of convergence

will be known.

6.1.2 Latent Dirichlet Allocation

Analyzing a collection of documents and identifying underlying “topics” associated
with each document is called topic modeling. A popular tool in topic modeling is the
Latent Dirichlet allocation (LDA) of Blei et al. (2003). LDA is a Bayesian hierarchical

model that allows the interpretation of a document as a mixture over latent topics,
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where the topics themselves are mixture over words. LDA treats a document as a
set of words, or the more common expression “bag of words”; that is, the ordering of
words is not modeled in this analytic framework. We present the model formally.

Suppose there are D documents, each of which has N; words, ¢ = 1,..., D, and
let N = ZZI N;. Let there be W unique words across all documents. The jth word
from the ¢th document is denoted by w;;, 7 = 1,..., N;. We assume the existence of
K latent topics. Each word w;; is assigned a topic z;; = k, where k =1,..., K.

For £k = 1,..., K, let ¢ be a W-dimensional vector of probabilities such that

ZXL ¢re = 1. The data (words) are assumed to arise as following.
Likelihood :  wy; | z;; = k, ¢, "~ Multinomial(¢y,), (6.3)

The vector ¢, represents the meaning of topic k as defined by its mixture over the
W words. Thus, given a topic assignment of k, for word j in document 7, the word
is assumed to be drawn from the dictionary with probability ¢;. Below are the prior

specifications.

Priors : 2ij | 0; (S Multinomial(;)
0; ~ Dirichlet(a), independently fori=1,...,D

¢y ~ Dirichlet(b), independently for &k =1,..., K. (6.4)

In (6.4), 6; is a K-dimensional vector of probabilities such that for each document 4,
Zfil 0, = 1. Thus, 6; stores the mixture of topic assignments for the ith document.
Both 6; and ¢ are given Dirichlet priors on their respective K-dimensional and W-
dimensional spaces. The hyperparameters a and b are positive scalars of symmetric
Dirichlet priors.

The purpose of LDA is to model each document as a mixture over K topics. For
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this reason, the vectors 6; are of prominent interest. In addition, ¢, is used to infer
the interpretation of each of the topics. As in any Bayesian model, inference in made
using the posterior distribution of these parameters, F'. Let 6 denote all vectors 6;, ¢

denote all vectors ¢, and z denote all z;;.

flwlz¢)f(z]0)f(0]a)f(¢]b)
f(w)

Posterior : f(0,0,2z | w,a,b) = : (6.5)

This distribution is not available in closed form, since f(w) is intractable and
thus MCMC methods are used for inference. It is also important to mention that
the quantities needed to be estimated are the posterior means of  and ¢ (Blei and
Lafferty, 2009). That is, we are interested in estimating Er [0] and Eg [¢].

Define

w

Nip = E n;jr = the number of words assigned topic k in document 7,
=1

D
N.jr = E Nk
i=1

= the number of times word j is assigned topic k£ over all documents, and

D N;
nnk:E E Nk

i=1 j=1

= the number of times topic k£ assigned to any word over all documents.
Notice that
f<07¢7z|w’a7b):f(0’¢|Z’w’a7b)f(z|w7a7b)

Griffiths and Steyvers (2004) noted that f(6,¢ | z,w,a,b) is available in closed form

and both 6 and ¢ can be integrated out of the posterior to obtain the following
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marginal posterior of z.

w

K D K
1Y, T(n + b) I[L— T(nix +a)
f(z]w,a,b) o< g F(?lzk W) E 113‘(71% + Ka)

Samples are drawn from the marginal posterior distribution of z using a Gibbs sam-
pler, leading to a collapsed Gibbs sampler for the full posterior distribution. Thus,
in this case, z is a linchpin variable and the Markov chain that samples from the
marginal posterior of z is described by a Gibbs sampler.

In addition, the full conditional distribution of each z;; is available in closed form,
allowing for a Gibbs sampler with invariant distribution being the marginal posterior
of z. Specifically the full conditional is,

(! +1) (it +0)
n., + Wb

Pr(z; =k | z_ij, w,a,b)

In this way the collapsed Gibbs sampler is a linchpin variable sampler. Since the state
space for the marginal chain of z is finite and the full conditional distribution is well
defined, the marginal chain is uniformly ergodic. By Acosta et al. (2015), the joint
chain is also uniformly ergodic. This was also noted by Pazhayidam George (2015).
In addition to faster convergence, there are clear computational gains from using
the linchpin variable sampler. The full posterior lies in a K(D + W)+ N dimensional
space, whereas the marginal posterior for z lies in an N-dimensional space. As D
and W are often large enough to inhibit obtaining samples from the full posterior,
the posterior mean of # and ¢ can be estimated by the Rao-Blackwellized estimators.

Note that,

Nk + b
n., + Wb’

Nk + a

E[sz | zZ, W, a, b] = m

and  E[¢w | z,w,a,b] = (6.6)

If for samples [ = 1,...,n, nl(,) denotes the respective sample counts, the Rao-
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Blackwellized estimates for the posterior mean of 6 and ¢ are

n n

A 1 nt,. +a A 1 nt, +b
0; =— —k —__ and = — —tk 6.7
ik,RB n lzl ni T Ka ¢kt,RB n lzl nlk n Wb ( )
Geyer (1995) demonstrated that Rao-Blackwellized estimators can have larger vari-
ance than standard Monte Carlo estimators. However, in the context of LDA, the
computational gains can be significant since obtaining samples from the full posterior
can be expensive. Thus, the linchpin variable sampler allows for lower computational

costs than the full Gibbs sampler.

6.2 Bayesian Penalized Regression

We study the rates of convergence for the Gibbs samplers used in three different
Bayesian penalized regression models. For all three Gibbs samplers we conclude that
the Markov chains are geometrically ergodic regardless of the number of covariates.
The content of the paper is primarily contained in Vats (2016).

Let X be an F-invariant Harris ergodic Markov chain defined on the state space
X. Recall that a Markov chain is geometrically ergodic if there exists a function

M : X — R* and some 0 <t < 1 such that for all n € N and for all z € X
[P (z,) = F()llrv < M(z)t". (6.8)

Geometric ergodicity is often demonstrated by establishing a drift condition and an
associated minorization condition. A drift condition is said to hold if there exists a
function V' : X — [0, 00), and constants 0 < ¢ < 1 (this ¢ being different from the ¢
in LDA) and L < oo such that for all o € X

E[V(x) | xo] < ¢V(xo) + L, (6.9)



6.2. BAYESIAN PENALIZED REGRESSION 82

where the expectation is with respect to the Markov chain transition kernel. For
d > 0, consider the set Cy = {x : V(x) < d}. A minorization condition holds if there

exists an € > 0 and a distribution () such that for all zq € Cy
P (x0, ) = €Q(). (6.10)

It is well known that both (6.9) and (6.10) together imply geometric ergodicity (see
Meyn and Tweedie (2009) and Jones and Hobert (2001)). The drift rate ¢ determines
how fast the Markov chain drifts back to the small set Cy. A drift rate close to one
signifies slower convergence and a smaller value indicates faster convergence. See
Jones and Hobert (2001) for a heuristic explanation.

When a drift condition holds, Meyn and Tweedie (2009) explain that the function
M in (6.8) is proportional to the drift function V. Thus, minimizing V' over the state
space leads to the tightest bound for that choice of V. This leads to default starting

values for the Markov chain.

6.2.1 Bayesian Fused Lasso

The Bayesian fused lasso (BFL) model we consider here is different from the BFL
model formulated in Kyung et al. (2010). Let y € R™ be the observed realization of
the response Y, X be the n x p model matrix, and § € RP be a regression coefficient

vector. Kyung et al. (2010) present the following BFL hierarchical structure:

Y| B,02, 7% ~ Nn(Xﬁ,azfn)

B |7 w?, 0% ~ N,y(0,0% Sp)

P
A2 2

2 ZLo=MiTi /20,2 h 250 6.11

T Z| |1 5 ¢ r where 7; (6.11)
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p 1 )\2

“Aow?

w? ~ H ?26 A2 /2 g2 where w; > 0
i=1

o? ~ Inverse-Gamma/(a, &),

where o, § > 0 and A\, Ay > 0 are known and Xz is such that Egl is the following

tridiagonal matrix,

1 1 1
Main diagonal: {—2—1— 5 —|——2:i:1,...,p}

1
Off diagonals: {——2 i=1,...,p— 1}.

Here we assume that (1/w3) = (1/w?) = 0. Specifically, ¥ takes the following form,

1 1 1
e —— 0 - 0
=t w?
1 1 1 1 1
w mtweta w2 0
1 1 1 1
ol = ’ w3 AR ST 0
J=
O 0 1 + 1 + 1 1
e, T w
1 1 1
|0 0 2 AT

(6.12)

Kyung et al. (2010) incorrectly state that the priors in (6.11) lead to the following

marginal prior on 3 given o?.

P A p—1
(6 ] 0®) o exp <—;1 > 18— ;2 > 1B - 5j|> - (6.13)
P =1
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The independent exponential priors on 72 and w? do not lead to the correct marginal

prior in (6.13). We show that the correct prior leading to (6.13) is

p

p—1
(7%, w?) oc det (25) )12 (H 1z e_MTiQﬂ) (H (w?)fl/z e_>‘2“’i2/2) . (6.14)
i=1

i=1

In Appendix D.4, we show that the prior on (72, w?) in (6.14) is proper and leads to
the prior in (6.13). Thus, our model formulation is a correct BFL model.

The resulting full conditionals are,

5 | 0,2’7_2’,}/273/ ~ Np ((XTX + Zgl)leTy,(ﬂ(XTX + Egl)fl)

ind

1 )\2 2
s | 57‘72,y ~  Inv-Gaussian ( ;—Z,A%) ,t=1,....p
A

1 9 ind : 202 5\ .
E\ﬁ,a,y ~ Inv-Gaussian m,)\g ci=1,...,p—1

02 ’ /87T27)\27y

. <n+p+2a (y — XB)"(y — XB) +ﬁTzﬂlﬁ+25>
~ Inv-Gamma 5 , 5 .

(6.15)

Notice that the full conditionals for 72

and w? are independent and thus can be
updated in one block. This reduces the four variable Gibbs sampler to a three variable
Gibbs sampler. If (5, T(2n), w(zn), a(zn)) is the current state of the Gibbs sampler the

(n + 1)th state is obtained as follows.

1. Draw of ) from f(0? | By, Ty Wiy ¥)-
2. Draw (1/7(2n+1),1/w?n+1) from f(l/r2 | By n+1)’ y) f(1/w? | 5(n),0(2n+1),y).

3. Draw B4y from f(B | 72,1 wi, 0, a(2n+1), Y).
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The full conditionals in (6.15) lead to a three variable deterministic scan Gibbs
sampler. Note that the full conditional distribution of 1/77 is an Inverse-Gaussian
with mean parameter \/)\%T/Bf . If the starting value for any [; is zero, this Inverse-
Gaussian is still well defined as it is an Inverse-Gamma distribution with shape pa-
rameter 1/2 and rate parameter A\?/2. The same is true for the full conditional of
1/w?.

We define the drift function Vgpy : R? x RY X ]Rz_fl x Ry — [0,00) as

2 p—1

A A
2 2 2\ __ T Ty —1 1 2 2 2
Virn(B,7°,w?,0%) = (y= XB)" (y— XB) +5"%; 5+Z;n +Z;wi- (6.16)

Theorem 6.1 If n > 3, a drift condition and an associated minorization condition
hold for Vgpr. Thus, the three variable Gibbs sampler for the BFL is geometrically
ergodic. O

Remark 6.1 In Appendix D.5, we arrive at the drift rate

1
¢prr = Max P =5
n+p+2a—2 2

Thus, ¢pry is no better than 1/2 and as p increases, the drift rate approaches one.

This leads us to conclude that convergence may be slower for large p problems. [

Remark 6.2 The tightest bound for a given Vgpgy is obtained by minimizing Vgpgy,
over the state space. Thus, a default starting value is Sy being the frequentist fused
lasso estimate, 75, = 2|Bo|/ M and wg,; = 2|Boi+1 — Boil/X2. See Appendix D.5.1 for
details. OJ

Remark 6.3 Our result requires no conditions on the design matrix X, the dimen-

sion of the regression coefficient vector 3, or the tuning parameters A;, s. U
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6.2.2 Bayesian Group Lasso

Recall that y is the observed realization of the response Y, X is the n x p design matrix
and f is a p-dimensional regression coefficient vector. For a fixed K, partition § into
K groups of sizes my, ma,...,mg, the groups being denoted by Ba,, Bass-- -, Bay -

Kyung et al. (2010) present the following Bayesian group lasso (BGL) model:

Y| B,0° ~ Nu(X3,0%l,)

Ba, | %7 " N, (0,0%20,,) k=1,...,K (6.17)
mp +1 )\2
2 2

7 s Gamma( ) k=1,... K

0 ~ Inverse-Gamma(a, &),

where A > 0, a, £ > 0 are fixed and the probability density function of a Gamma(a, b)

is proportional to 2% 'e~**. Define

Y 2 2 2 2 2 2
D, =diag( 75, . . 71, Tay ooy Toy ey Tien e ooy The) -
~—-

mi m2 mg

The BGL model in (6.17) leads to the following full conditionals for 3,72 and o?:

Blao* m%y~ N, (XTX + D7) Xy, o*(XTX + D7) 7Y

1 2 ind . )\20'2 9

_2|ﬁ70,y~InV—Gau581an T ,)\ , fOfk:l,...,K (618)
2 — X T — X TD—l 2

o’ |ﬁ,7'27y’\'1nV—Gamma (n—l-p2+ a7(y B) (y 25)—1—5 18+ g) |

The full conditionals lead to a three variable Gibbs sampler.

Remark 6.4 Kyung et al. (2010) propose a K + 2 variable Gibbs sampler where the

variables are Ba,, Ba,; - - Bay, 7> and 0. For this sampler the full conditionals for
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o2 and 72 are the same as above, but the full conditional for each g, is

BGk | /B—Gk7 0-27 7—27 Yy

_ —1 _ 1
'\/]\771”C <<X3Xk+7k lek) )(]Z1 (’y— ZXk/ﬁGk’> 70'2 (Xng+Tk 2Imk) > .
k'#k
Here X}, is the submatrix of X with columns corresponding to the group f¢, . Kyung

et al. (2010) had an error in their full conditional; they had

1 .
(y -3 Z Xk/ﬁGk,) instead of (y — Z Xk'ﬁGk,> :

K £k K £k

The motivation for using the (K + 2)-variable sampler is to avoid the p x p matrix
inversion of (X7 X +D~1'), and instead to do K matrix inversions each of size my, x my.
This reduces the computational cost from O(p?) to O(3 e, m). Such a technique
was also discussed in Ishwaran and Rao (2005). In addition, Bhattacharya et al.
(2015) recently proposed a linear (in p) time sampling algorithm to sample from
high-dimensional normal distributions of the form in (6.18). Using their method, the
computational cost of drawing from the full conditional of § is O(p), and thus the

K —+ 2 variable Gibbs sampler is not required. O

We will study the convergence of the three variable Gibbs sampler which we

describe as follows. If (ﬁ(n)ﬁ(? 0(2 ) is the current state of the Gibbs sampler, the

n)? " (n)

(n 4 1)st state is obtained as follows.

1. Draw a from flo? | Bn), ,y)

2. Draw 1/7(2 from f(1/7% | B n+1)7y)

3. Draw [(,41) from f(B| T(n—i—l (2n+1)’ y)-
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The full conditionals in (6.18) lead to a three variable deterministic scan Gibbs
sampler that samples from the posterior distribution of (3,72, 02). We again note
that the full conditional distribution of 1/77 is an Inverse-Gaussian with mean pa-
rameter ,/A202/ ﬁgk Ba,- If the starting value for any B¢, is the zero vector, this
Inverse-Gaussian is still well defined as it is an Inverse-Gamma distribution with
shape parameter 1/2 and rate parameter A\?/2.

As in the proof of geometric ergodicity of the Gibbs sampler in BFL, we establish
a drift and a minorization condition. Define the drift function Vgqgy, : RP x ]Rff xR, —

[0,00) as
2
Voo (67209 = (4= XB)(y — XB) + 47D 8+ 2 31t (6.19)
k=1

Theorem 6.2 If n > 3, a drift condition and an associated minorization condition
hold for Vpgr. Thus, the three variable Gibbs sampler for the BGL is geometrically
ergodic. 0

Remark 6.5 As in BFL, the drift rate

1
¢pcL = max P VT
n+p+2a—2"2

is no better than 1/2 as n increases and approaches 1 as p increases. Thus, convergence

may be slower for large p problems. O

Remark 6.6 The tightest bound is constructed by minimizing Vpq over the space
of starting values of the chain. Thus a reasonable starting value for the Markov
chain is 3y, the frequentist group lasso estimate and Tg,k =2 Bg, ¢, Bo.Gy, /A, See

Appendix D.6.1 for details. 0
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Remark 6.7 Our result requires no conditions on the model matrix X, the dimension

of the regression coefficient vector 3, or the tuning parameter . 0

Remark 6.8 Since for K = p, the Bayesian group lasso is the Bayesian lasso, our
geometric ergodicity result holds for the Bayesian lasso as well. Geometric ergodicity
of the Bayesian lasso was demonstrated by Khare and Hobert (2013) under exactly
the same conditions. Our result on the starting values in Remark 6.6 also holds for

the Bayesian lasso. 0

6.2.3 Bayesian Sparse Group Lasso

As before, let y be the observed realization of the response Y, X be the n x p
model matrix and § be the p-dimensional regression coefficient vector. For a fixed
K, partition 8 into K groups of sizes mi,ms, ..., mg, the groups being denoted by
Bcys Beas - - - Bax- The Bayesian sparse group lasso (BSGL) model introduced by Xu
and Ghosh (2015) induces sparsity on individual coefficients in addition to the groups.
Before introducing the model, we present some definitions.

Let 771,70+ Vimys - - - » Vieomye a0d 77, ..., Ti be variables defined on the posi-

tive reals. For each group k define,

-1
. 1 1 .
Vi = Diag <?+’YT> sy =1,...,my
k k,j

The notation 7,37]- is used purely for convenience and can easily be replaced with ~?
for ¢« = 1,...,p, since each v in and across V, can be different. The BSGL model
formulated by Xu and Ghosh (2015) is

Y\ﬁ,aQ,TZ ~ Nn(Xﬁ,UQIn)

Ba, | 0%, 7° i Ny, (0,0%V;) fork=1,... K (6.20)
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T(Vets - Vhmps 7¢) = m, independently for k=1,..., K
0? ~ Inverse-Gamma(a, ¢),

where a, { > 0 are fixed and the independent prior on each (Y1, .-, Vems, T¢) 18

my 1 1 1 _% 1 )\2 mg )\2
Ty X H (’y,z,j) 2 (T + —2> (T,f) 2 exp {—?2 ’y,ij — ?17,?} . (6.21)
o Teg Tk —
j=1 ) j=1
Here Ay, Ay > 0 are fixed. Xu and Ghosh (2015) show that the prior in (6.21) is proper
with the normalizing constant being a function of A\; and Ay. They also derive the full

2 and o? leading to a four variable deterministic scan Gibbs

conditionals for 3,~%, 7
sampler. We will note that 72 and 72 can be updated together in a block leading to
a three variable Gibbs sampler.

Define V., to be the diagonal matrix with its diagonals being the diagonals of
Vi,..., Vi in that sequence. In addition, when we use two subscripts on 3 as in fy ,

then we are referring to the jth coefficient in the kth group. The BSGL model in
(6.20) leads to the following full conditionals for 3, 72,42 and o2.

B | 0_2’7_2,/72’y ~ Np ((XTX + VT-T,Yl)_lXTy,O-Q(XTX + ‘/;—’—71)—1)

1 No?
— | B, o2,y ~ Inv-Gaussian T1U , A7 |, independently for all k
Tk /BGk/BGk:
(6.22)
1 > . Ao? o\ . .
—— | B,0%,y ~ Inv-Gaussian —5— A3 |, independently for all %, j
Vi Bk,j

O-2|/877—2’A2’y

~ Inv-Gamma, (” +p+2a (y—XB)(y—XB)+ BV, 1B+ 25)

2 ’ 2
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Notice that the full conditionals for 72 and +? are independent and thus can be
updated in one block. This reduces the four variable Gibbs sampler to a three variable
Gibbs sampler. If (3, 7'(2”), 'y?n), afn)) is the current state of the Gibbs sampler, the

(n + 1)th state is obtained as follows.

1. Draw 0n+1 from f(o? | B vfn),y).
2‘ Draw (1/T(2n+1)’ 1/’7(2n+1 > from f(l/T ’ B(n); n+1 ) (1/")/ | 5 n+1 y)

3. Draw fusn) from f(8 | 72,1072 1) 00y 9):

The full conditionals in (6.22) lead to a three variable Gibbs sampler that samples
from the posterior distribution of (3,72,7% 02). Define the drift function Vgsgr :

RP x RE x R x R, — [0,00) as

K my

Visar (B, 7292, 0%) = (y— XB) " (y — XB) + 57V, 5 Z 2y ZZ%J

k=1 j=1

(6.23)

Theorem 6.3 If n > 3, a drift condition and an associated minorization condition
hold for Vpgsgr. Thus, the three variable Gibbs sampler for the BSGL is geometrically

ergodic.

Remark 6.9 Let M = max; my. Then in Appendix D.7 the drift rate is determined
A2 A2
1 1
p ( _+'A2) < _+>A2>

n+p+2a—2’ DYDY AN DYDY
2(14—A24—A22M1+ﬁ+A2

Unlike the drift rate in BFL and BGL, the drift rate here can be less than 1/2.

to be

(bBSGL = max

However, it is likely that p is large enough so that ¢psgy is determined by the first
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term p/(n+p+ 2a— 2). In this case again, the drift rate will tend to 1 as p increases

and the thus convergence may be slower for large p problems. 0

Remark 6.10 The tightest bound for this choice of Vs and resulting ¢psqr, and
Lpscr, is obtained by minimizing Vg, over the space of starting values of the chain.

Thus a reasonable starting value for the Markov chain is 3y, the sparse group lasso

estimate, 75, = 24/ ¢, Bo.c, /M and G, = 2|Bo x|/ A2 See Appendix D.7.1. O

Remark 6.11 We require no conditions on p, the model matrix X or the tuning

parameters i, Ao. ]



Chapter 7

A Guide for Users

The goal of this dissertation was to develop termination procedures for MCMC using
multivariate output analysis tools. The literature in multivariate output analysis for
MCMC has been lacking, and the work done through this dissertation serves as a
building block for further research. The relative volume sequential stopping rule,
multivariate effective sample size, and strong consistency of the mBM estimator have
been presented in Vats et al. (2016a). Strong consistency of the mSV estimator is
shown in Vats et al. (2016b).

The R package mcmcse (Flegal et al. (2015)) computes the mBM estimator, the
mSV estimator, the effective sample size, and the minimum number of effective sam-
ples needed. The package is open source and is available on CRAN. Our methods

can be implemented by users in the following way.

1. The user must first identify the target distribution, F'. Further, the user should

decide the vector of quantities of interest. That is, g and 6 should be chosen.

2. Since 6 is now fixed, p is known. In addition, the relative tolerance level for
termination, €, and the confidence level 1 — a must be decided. We recommend
using € < .05. This allows the calculation of the minimum number of effective

sample size needed to be within an e level of relative tolerance using (3.5).

93
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3. The user chooses an MCMC sampler to draw samples from F. The sampler
should be such that it is polynomially ergodic. Since this can often be difficult

to show, we recommend using the “best” possible sampler.

4. At this time the user must also decide their choice of estimator for 3. We
recommend using the mBM estimator as it is significantly faster to compute
than the mSV estimator. We also recommend using batch size b, = |n'/?]

when the rate of convergence of the Markov chain is unknown.

5. The MCMC sampler should be first run for some n* iterations. The choice of n*
is such that reasonable estimates of > and A can be obtained. We recommend
n* to be larger than the lower bound in (3.5) and be such that ¥, is positive
definite.

6. After n* iterations, simulation is terminated when the estimated ESS is larger
than the lower bound in (3.5). At termination, the final estimate of 6 is calcu-

lated.

The performance of the methods above depend on the rate of convergence of
the chosen MCMC sampler. The choice of ¢,b,, and n* may be influenced by the
convergence rate of the Markov chain. For this reason, we do not recommend using
our method as a black box and encourage users to adapt our methods according to

the chosen MCMC sampler.



Appendix A

Proof of Theorem 3.1

By Vats et al. (2016b), since Ep||g[|>"® < oo and {X;} is polynomially ergodic of
order m > (1 + €;)(1 4 2/§), (2.4) holds with ¢(n) = n'/2=* for A > 0. This implies

the existence of an functional CLT. Now, recall that
T*(e) = inf {n > 0: Vol(Cyo(n))"/? + s(n) < K, (9(X),p)} -

For cleaner notation we will use K, for K,(g(X),p) and K for K(g(X),p). First, we
show that as e — 0, T*(¢) — oo. Recall s(n) = €K, I(n < n*) + n~!. Consider the

rule,
tle) =inf{n > 0:s(n) < eK,} =inf{n > 0:el(n < n*) + (K,n)"" < e}.

As € = 0, t(e) — oo. Since T™*(€) > t(e), T*(e) — oo as € — 0.
Define V(n) = Vol(Cy(n))Y? 4+ s(n). Then T*(e) = inf{n > 0: V(n) < eK,}. Let

27P/? /2
dy, = 2 )
» = ) Vo)

Since s(n) = o(n"'/?) and X is positive definite,

nl/QV(n)

1/p

2 p/2
=n'/? |12 2/ plan —1) Fi_ - |2 |1/2 + s(n)
pL(p/2) \ (an—p) —“P7F "
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1/p
2mP2 (pla, — 1 p/2
- ( (e TR S

pl(p/2)

= (dap|Z[VHYP > 0 wp. 1asn — oco. (A.1)
By definition of T*(e)

V(T (e) = 1) > eKrs(o)-1, (A.2)
and there exists a random variable Z(e) on [0, 1] such that,

VT () + 2(6)) < K200, (A3)
Since K, is strongly consistent for K and T*(¢) — oo w.p. 1 as € — 0,

Kpre) = K wp. 1, (A.4)

Using (A.1), (A.2), (A.3), and (A.4)

T*(e) 2V (T"(e) — 1) ||/
lim sup €77 (€)/? < lim su —d/P= w1
e—0 P ( ) o e—0 P KT*(E)*l “p K P
T* 1/2 T VA » 1/2p
lim inf €7 (€)*/? > lim inf () PVIT™(e) + Z(c)) = di/pL w.p. 1
e—0 e—0 KT* (€)+Z(e) P K
Thus,
|2|1/2p
lim eT*(e)'/? = d;{gT. (A.5)

Using (A.5) and the existence of a functional CLT, by a standard random-time-
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change argument (Billingsley, 1968, p. 151)

VTS 00+ — 0) 5 Ny(0,1,)  as e — 0.
Finally,

Prio € C,(T*(¢))]
= Pr [T ()00 = ) Sy (B — 0)

< plar« —1)
(aT*(e) - p)
+ Pr [0 € Co(T*(€)); |Sp+(o| = 0]

Flfa,p,aT*(E)fp; ‘ET*(G)l 7é 0

—1—aw.p. 1 asn — oo since Pr(|Ep«| =0) = 0as e — 0.
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Appendix B

Proofs from Chapter 4

Throughout this chapter we use the notation | - | to denote absolute value and not

determinant.

B.1 Preliminaries

Let {B(t)}+>0 denote a p-dimensional standard Brownian motion and let B® denote

the ith component of B(t).

Lemma B.1 (Cs6rg6 and Révész (1981)) Suppose Condition 4.2 holds, then for
all € > 0 and for almost all sample paths, there exists ng(e) such that for all n > ng

andalle=1,...,p

1/2
sup  sup |B(i) (t+s) — BY )] <(1+e) <2bn (10g 24 log log n)) ,
0<t<n—by, 0<5<by, b,
, , n 1/2
sup |BW(n) — BY(n—s)| < (1+e) <2bn (log ot log log n)) , and

0<s<by, n

‘B(i)(n)‘ < (1 +€)y/2nloglogn. 0

98



B.1. PRELIMINARIES 99

Corollary B.1 (Damerdji (1994)) Suppose Condition 4.5a holds, then for all € >
0 and for almost all sample paths, there exists ng(e) such that for all n > ng and all
1=1,...,p

V2
Vb

' 1/2
1BY ()] < (1+¢€) (log bﬁ + log log n) :

n

O

Let L be a lower triangular matrix and set ¥ = LL”. Define C(t) := LB(t) and
if C((t) is the ith component of C(t), define

; 1 4 . . 1 .
C(k) = - (COU+ k) = VW) and Y = ~C(n).

Since C@(t) ~ N(0,t%;), where ¥;; is the ith diagonal of X, O //S; is a 1-
dimensional standard Brownian motion. As a consequence, we have the following

corollaries of Lemma B.1.

Corollary B.2 Suppose Condition 4.2 holds, then for all ¢ > 0 and for almost all

sample paths there exists ng(e) such that for alln > ng and alli =1,...,p
‘C(i)(n)’ < (1+ €)(2n%y; loglog n)'/?, (B.1)
where Y; is the ith diagonal entry of X. 0

Corollary B.3 Suppose Condition 4.2 holds, then for all ¢ > 0 and for almost all

sample paths, there exists ng(e) such that for all n > ng and alli =1,... p

; 1 . . 1
‘Cl( )(k)‘ < T sup  sup ‘C(Z)(l +5) — C’(l)(l)| < EZ(l—i—e)(bnEii logn)*/?, (B.2)

<I<n—by, 0<s<by,

where Y;; is the ith diagonal entry of 3. O
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Lemma B.2 (Kendall and Stuart (1963)) If Z ~ x?2, then for all positive inte-
gers 7 there exists a constant K := K (r) such that E[(Z — v)*] < Kv". O

Lemma B.3 (Billingsley (2008)) For a family of random variables {X,, : n > 1},
if E(]X,]) < s, where s, is a sequence such that ) s, < oo, then X,, = 0 w.p. 1

as n — oo. [l

B.2 Proof of Theorems 4.1 and 4.2

Recall that the lag window w,,(+) is such that it satisfies Condition 4.1. We will require

the following results about the lag window wy,(-).

Lemma B.4 (Damerdji (1991)) Under Condition 4.1,

(i) Y Ajw,(k) = 1. O

We will first prove Theorem 4.1 and then use it to prove Theorem 4.2. The proof
for Theorem 4.1 is split into several lemmas. We first present some definitions.

Define for [ =0,...,(n—b,), Yi(k) = k'35, s, and

n—bn by

B = 3 S KA (R)Ti(K) — GIT(R) ~ T (B.3)
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Fort =1,2,...,n, define Z, =Y, — Y, and

—_

bn t—1 n
== {Z Ajw,(t) <Z 2zl + > Z,ZZT)
t=1 =1 l=n—bp+t+1

bn—1 [ bp—s t—1
SIS Ao (z Tt 2
t=1

} . (B.4)

+ ) (leﬁs + Zi 28 ))
Notice that in (B.4) we use the convention that empty sums are zero.

l=n—bp+t+1

Lemma B.5 Under Condition 4.1, f]w,n =Ygy — d,. O
Proof
Fori,j=1,...,p, let f]wM denote the (i, j)th entry of iw,’m Then,
iw,ij
n—b, bn
= 5> R (k) [FO0) - V0] [T k) - ¥
1=0 k=1
n—bn bn "k k .
S St [ -] [t - i
=0 k=1 | t=1 =1
n—by bn "k k
oD 3D BN D SF i > 7
1=0 k=1 [ t=1 =1
n—bn bn k—1 k—s k—1 k—s
()
= - Z Z Aswy (k Z l+t l+t + Z Zl+t l+t+s + Z Z Zl+tZl+t+s
1=0 k=1 s=1 t= s=1 t=1

(B.5)

Notice that in (B.5), we use the convention that empty sums are zero. We will consider

each term in (B.5) separately. For the first term, changing the order of summation
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and then using Lemma B.4,

1 n—>by k .
" Z Z Z Agwy (k Zl(+t l+t
0

1 t=1
b’ﬂ b’l’L n

Z Z Z Aswy (k li)tZlJr)t
1=0

t=1 k=t

bn
k=

I=
1
n

nbn

1
= Z ZAIwn Zl(+)t l+t

=0 t=1
1 bn n—bny ' ‘
= Z Aqw,(t) Z 280,24,
t=1 =0
bn 1 L

Zt(Z)lzt( )1 + Z(l)b +t+1ZT(L]—)bn+t+1 RERE Z,(f)Z,(Lj))]

n

1 bn, t—1 7; ‘ i '
= 701 (0) = =Y Aqun(t) <§ 20727+ Y 4 ’Z}”) by Lemma B.4.
n
t=1 =1

l=n—bp+t+1

(B.6)

For the second term in (B.5) we change the order of summation from [, k,s,t to

l,s,k,ttol, stk to get

nbnbnklks
)
- E E E E :Aan l+t A
=0 k=1 s=1 t=1
1n—bnb—l bn
(4)
_E E E: E:Aan l+tZl+t+s
=0 s=1 k=s+1 t=1
N—bp bp—1bn—s by

1
“n Z Z Z Z Down(K)Z}, 2]

3

1
= Z Z Ajw, (s + t)Zl(Jr)tZl(i)tH by Lemma B.4

= s=1 t=
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bn 1n—bp bp—s

= — Z Z Z Aywy(s+1t) l+tZl(i)t+s

s=1 [=0 t=1
b—lbn—snb

— Z Z Z Ayw, (s +1) 20,2,

s=1 t=1 [=0
bn—lbns n—>bn

= — Z Z Aywy (s +t) Z Zl(-li-)tZl(-l;)t+s

s=1 t=1

bp—1bp—s n—s
DI R S S
s=1 t=1 l=n—b,+t+1

bn—l by,—s

_ Z §)Yn.ij (5 Z > Avw(s +1) ZZ 79

s=1 t=1
+ Z ) 70)
l+s

l=n—bp+t+1

by Lemma B.4. (B.7)

Repeating the same steps as in the second term we reduce the third term in (B.5) to

n—bn bn, k—1 k—s
n Z Z Down (k) 21,20,
=0 k=1 s=1 t=1
bnfl bn 1bn S
= Wi (8)Ynji(s Z ZAlwn (s+1)
s=1 s=1 t=1
t—1
(4) (@)
X Z 2y 2y + Z Z Zl+s
=1 l=n—bp+t+1
bn—1 bn—lbn s
=) (=) = 1 D0 D A(s 1)
s=1 s=1 t=1
t—1 n—s
« Z Z(j)Z(i) + Z Z(])z( (B 8)
l I+s l+s .
=1 l=n—bp+t+1

Using (B.6), (B.7), and (B.8) in (B.5)

Zw,ij
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b—1 -1
= Yni5(0) + Z W (8)Vnij(8) + Z Wy (8)Yn,ij(S)
s=1 s=—(bn—1)
1 bn t—1 n
_IStA (i) ,(3) (i) ()
n Z 1) (Z 2°70+ > 47
l=n—bp+t+1
—1bp—s t—1 n—s ‘ .
- Z Z Ajw,(s+1t) Z Z( )Zli)s + Zz+sZ( ) + Z (ZJ(Z)ZZ(JJFL
s=1 t=1 =1 l=n—b,+t+1
+Zl(—21—)le(j))]
bp—1
= Z Vi ($)Wn(8) — duij
:_(bn_l)
=Xsv,ij — dnij- O

Let 3,(s), Ssv, Swn and d, be the Brownian motion analogs of (4.1), (4.2), (B.3),

and (B.4). Specifically, for t = 1,...,n, define Brownian motion increments U; =
iid

B(t) — B(t — 1), so that Uj,...,U, are ~ Ny,(0,1,). For ! = 0,...,n — b, and
k=1,...,b, define By(k) = k=Y (B(I+ k) — B(l)), B, =n"'B(n), and T; = U, — B,.
Then

~ 1
ryn(s) = H Z(Ut B )(Ut+s - n Z,—Tt t+so (Bg)
tels " el
_ bp—1
Ysy = Z Wn(8)Vn($), (B.10)
=—(bn—1)
n—bn by
= LS P (R[Bi() ~ B[Bi() — BT, (B.11)
=0 k=1
1 bn t—1 n
== {men(t) (ZTlTlT‘i‘ > TlTlT)
l=n—bp+t+1
bn—1 [bn—s

t2

3 v (o) (S + 1t (312
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} . (B.13)

Notice that in (B.13) we use the convention that empty sums are zero. Our goal

+ ) <Mﬁs+msﬂf>>

l=n—bp+t+1

is to show that iw,n — I, as n — oo with probability 1 in the following way. In
Lemma B.6 we show that EN]w’n = igv — Jn and in Lemma B.8 we show that the end
term d,, — 0 as n — oo with probability 1. Lemma B.12 shows that igv — I, as

n — oo with probability 1, and hence iwm — I, as n — oo with probability 1.

Lemma B.6 Under Condition 4.1, iwm = isv —d,. O

Proof
Fori,j=1,...,p, let iml-j denote the (i, j)th entry of iw,n- Then,

Z]w,ij
Zz o [t~ ) [ - 9]
=0 k=1

nbnn

== Z Z Agwy (k) [BO(k +1) — BO(l) — kBY]

x [BY(k+1) — BY (1) kBY]

nbn bn

:—ZZAzwn Z U, — kBY
=0 k=1
Z e

nbn bn,

k
>0 kBl

D IPITAT Z o

=0 k=1

k—1 k—s k—1 k—s

1 n—by by Z
== 3> Avwn(k) ZTHT}L + 0T+ S T,

=0 k=1 | t=1 s=1 t=1 s=1 t=1

(B.14)

In (B.14), we continue to use convention that empty sums are zero. We will look
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at each of the terms in (B.14) separately. For the first term, changing the order of

summation and then using Lemma B.4,

L " bk o
3 3 SPSRATLETE
1=0 k=1 t=1
1 n—by, bn, bn
535 9 SWNTIHEE
=0 t=1 k—t
1 n—bn, bn
~n Z Tl(ert l+tA1wn( )
1=0 t=1
1 n nN—0m
= Ayw,(t) > 101
=1 1=0
1 bn, t—1 ‘ ' n ) .
= Fuis(0) = — >~ Avw (1) <Z T+ Ny T}”T}”) . (B.15)
t=1 =1 I=n—bp+t+1

For the second term in (B.14) we change the order of summation from [, k,s,t to

l,s,k,t then to [, s,t, k and use Lemma B.4 to get

1
LSS Al
=0 k=1 s=1 t=1
1 n—bp bp—1 b, k—s ‘ '
= > ZAan(k)ﬂ(—:—)tTl(—i%—i-s
=0 s=1 k=s+1 t=1

1 i
= 12(; ; ; k;g Aow, ()T DT,
n—byp bp—1by,—s

== Z Z Z Ayw, (s +1t) l+tTl(er3t+s

=0 s=1 t=1
bnlnbnbns

= - Z Z Z Aywy(s+1t) l+th(er3t+s

s=1 [=0 t=1
bp—1b,—sn—by

= — Z Z Z Alwn S +t l+tTl(er25+s

s=1 t=1 1[=0
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bn 1b,—s n—bn
133 e Y T,
s=1 t=1
b —1bp—s n— bn+t
IS Y )
s=1 t=1 =t
bn—1bp—s 1 t—1 1 n—s
= 20 X Al +0) () = SO -5 3 BT
s=1 t=1 =1 l=n—bnp+t+1
bp—1 bn 1bp—s
SDTEIERES yh e’
s=1 t=1
t—1 A ' n—s
Sl DN f R S v (B.16)
=1 l=n—bp+t+1

Repeating the same steps as in the second term, the third term in (B.14) reduces to

1 n—by, bnp k—1 k—s
(i)
" Z Aowy (k H—t Tiiiys
=0 k=1 s=1 t=1
bnfl bn 1bn S
s=1 s=1 t=1
t—1 ' A n—s
X Z Crl(j)jjl(-iz-)s + Z T(j)jjl(—i-)s
=1 l=n—bp+t+1
bp—1 bn—lbn s
:an( )’Vm] __ZZAIU)" S+t
s=1 s=1 t=1
t—1 _ '
ST S 191, (B.17)
=1 l=n—bp+t+1

Using (B.15), (B.16), and (B.17) in (B.14), we get

Yiw,ij

bn—1

= Yn,ij(0) + Z Wi (8)Fn,ij(s) + i Wi (8)Fn,ij(5)

s=—(bn—1)
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b t—1 n
1 & A (i N (i
- EE A, (1) <§ Y+ > TPT}”)
= =1

l=n—by+t+1
bn 1bn,—s -1
__Z ZAlwn S+t ZT(Z T(J +Tl+)sT( ))
s=1 t=1 =1
+ Y @I+ TITY)
l=n—b,+t+1
bp—1

= Z '771 z] wn ) - dn Jij

—(br—1)
= Ssvij — - O

Next, we show that as n — oo, d, — 0 with probability 1 implying iwm — gy — 0
with probability 1 as n — oo. To do so we require a strong invariance principle for

independent and identically distributed random variables.

Theorem B.1 (Komlés et al. (1975)) Let B(n) be a 1-dimensional standard Brow-
nian motion. If X7, X5, X3... are independent and identically distributed univariate
random variables with mean p and standard deviation o, such that E [e'txlq < o0 in

a neighborhood of ¢t = 0, then as n — oo

ZXZ- —nu—oB(n) = O(logn) . O

i=1

We begin with a technical lemma that will be used in a couple of places in the

rest of the proof.

Lemma B.7 Let Conditions 4.1 and 4.2 hold. If b,n~' S0 k|Ajw, (k)] — 0 as



B.2. PROOF OoF THEOREMS 4.1 AND 4.2 109

n — oo, then

bpn—1by—s
(Z\Alwn \+2ZZ]A1wns+t> — 0.

s=1 =1 0
Proof
bn bp—1bp—s
t=1 s=1 t=1

b bu—1 by
= = Z]Alwn H—QZ Z |Ayw, (k )

n s=1 k=s+1

b by k-1
_ b Z]Alwn 23S A (k )

" k=2 s=1

bn
= Z [Aywa ()] + 2Z<k: - 1>|A1wn<k>|)

t=1 k=2

b by by

= E" Z |Aqw, (t)] + ZZ(k; — 1)|A1wn(k:)|>
t=1 k=1

by [
< 2Zk\A1wn<k>!>

n k=1
— 0 by assumption. 0

Lemma B.8 Let Conditions 4.1 and 4.2 hold and let n > 2b,. If asn — o
byt S0 k| Ayw, (k)] — 0 and b;'logn = O(1), then d,, — 0 with probability

1 asn— 0. O
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Proof
Fori,5 =1,...,p, we will show that as n — oo with probability 1, ij — 0. Recall

dn,ij
1 & = n N
— ZAlwn(t) <Z le(Z)fTZ(J) + Z 7}(@7‘}(]))
Nz =1 l=n—bp+t+1
bn 1b,—s t—1
+ - Z 7 Avwa(s +1) D (GOTY + T 1Y)
s=1 t=1 =1
+ Y @I AT
l=n—bp+t+1
| ij|

b t—1 n
S E |A1wn(t)| ( ‘Tl( )TZ(J) + ‘Tl( )T}(]) >
t=1 =1 l=n—bn+t+1

bpn—1bp—s
1 n n
+ =0 [ Aqwa(s + 1) x
n s=1 t=1
x [ (|71 + |22+ 3 (|n0m] + [rLn?]) |
=1 l=n—bnp+t+1

(B.18)

where we use the convention that empty sums are zero. Using the inequality |ab| <

(a* +b%)/2 in the first and second terms in (B.18), we have for t = 1,...,b,

t—1 t—1 2bn
‘T p Z(T() +T”)2> ZT ¥z ZT
=1 =1

IN

n N 1 " . .
Z ’TZ(Z)TZ(J) 5 Z <Tl(l)2_|_Tl(J)2>

l=n—bp+t+1 l=n—b,+t+1

% Zn: T2 +% Zn: 7”?

l=n—2b,+1 l=n—2b,+1

IN
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Similarly, for the third and fourth terms in (B.18), for ¢t = 1,...b, — 1 and s =
1. by —1

t—1

i) (J)
> [r0T| +
=

‘ l+s

12 . 1
<3y ZT LS
1 2by, 1)2 an 2bn 2bn 1)2
352 + 5 ZT +5 ZT + 5 ZT

2by,

2bn
N2 N2,

D SN

> [

l=n—b,+t+1 l=n—bp+t+1
1 - )2 1 - )2 i
<5 2 WPHTeg 3 @+T)
l=n—2b,+1 l=n—b,+1
1 a )2 )2 1 a /)2 )2
I=n—2b,+1 l=n—2b,+1
_ rUCREN S O
l=n—2b,+1 l=n—2b,+1

Combining the above results in (B.18) we get,
|51

2bn, 2by, n n
<ZT 4= ZT(J Z Tl(i)Q—i-% Z Tz(j)2>

l n—2b,+1 l=n—2b,+1

bn—1 2b 2b.
S+ 15 [(z S
t=1 =1 =1

s=1
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n bn—s
+ Z T 2y Z TJ)2>Z|A1wns+t

l=n—2b,+1 l=n—2b,+1
1 (1 o 1 1 <
_ ()2 (4)2
—bn(2z el 3 Al s o)
= l=n—2b,+1 l=n—2b,+1
—1b,—s
x = (Z | Ayw, (£)] 42 Z > 1Avw,(s + 1) ) (B.19)
s=1 t=1

We will show that the first term in the product in (B.19) remains bounded with

probability 1 as n — oo. Consider,

1 i 1 T &
anz l()z_E (Ul()—Bfl))
- 1 2;71 1 2bn, B 5
" o=1 =1
1 2bp, )2 () 1 2by, (A) 7(‘) )
< Ele, +2|BY Elel +|BY

2by,

a5, 2

1 2
+ (—(1 + €)(2nloglog n)1/2> by Lemma B.1

a5, LU

< (1+ ¢€)(2nloglog n)1/2>

2by,

a5, 20

“Llogn)Y?) + O(ntlogn) .

0% N (0,1) and by the classical strong

Since Ul(i) are Brownian motion increments, U;"
law of large numbers, the above remains bounded with probability 1. Similarly
(2b,)7 ! IQE Tl(j )2 remains bounded with probability 1 as n — oo. Next, consider

=3, Ul(m. Since Ul(i) ~ N(0,1), R, ~ x2. Thus R, has a moment generat-

ing function and an application of Theorem B.1 implies there exists a finite random
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variable Cg such that, for sufficiently large n,

|R, —n—2B%(n)| < Crlogn . (B.20)
Consider
|Rn - Rn—anl

(R, —n —2B%(n)) — (Ro-ap, — (n — 2b,) — 2B% (n — 2b,,))

— (n —2b,) +n+2BY(n) — 2BD(n — 2b,,)

< (R, —n—2BY(n))| + [(Ro—ap, — (n — 2b,) — 2BW(n — 2b,))]
+ (26, +2B%(n) — 2B% (n — 2b,)|

< Cgrlogn + Cgrlog (n — b,) + 2b,

1/2
+2(1+¢) <2(26n) (10g L log log n)) by (B.20) and Lemma B.1

b,
< 2Cglogn + 2b, + 4(1 + €)(2b, logn)/2. (B.21)
Finally,
Loy g
2b,, !
l=n—2b,+1
1 n . N2
o, > (U7-BY)
" |=n—2bp+1
1 ¢ g2 2BV L i 2
Sa X UPSEE Y 0P ()
" |=n—2bp+1 ™ l=n—2bp+1
= By R - 2B (BO() — BOm - 2,)) + (LB9m))
2, " = 2bn n " 2b,, " " " n "
1 2

) 1 . .
< oy Bu = Buoan, |+~ | BO ()] 5= [BO(n) = BY (n — 20,)|
n n n
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)

1
<5 (2CRlogn + 2b, + 4(1 + €)(2b, log n)l/Q)

9 1 1/2
+ —(1 +€¢)(2nloglog n)lﬂﬁ(l +€) (Q(an) (log % + log log n))
n n

n

1 2
+ (—(1 + €)(2nlog log n)1/2) by (B.21) and Lemma B.1
n

4(1 4+ €)(2b, logn)1/2

< Crb11 1
rb, logn + 1+ %,

1
+ T(l + €)%(2nlog n)'/*(8b, log n)*/? +
nop

< Crb;tlogn + 14 2(1 + €)(2b, ' logn)/?

%(ﬂog n)

logn 2logn

1/2
) (b;llogn)l/2+2(1—|—e) :
n

+4(1+e)2(

n

Since b, ' logn = O(1) as n — oo, the above term remains bounded with probability

1 as n — oo. Similarly, (2b,)"" >0, 5 4 Tl(j )2 remains bounded with probability 1

as n — oo. The second term in the product in (B.19) converges to 0 by Lemma B.7

and hence cimj — 0 with probability 1 as n — oc. O

Recall that h(X;) = Y2 for t = 1,2,3, ..., where the square is element-wise.

Lemma B.9 Let a strong invariance principle for A hold as in (4.3). If Condition

4.2 holds, b, 1, (n) — 0 and b, 'logn = O(1) as n — oo, then

bn

Y h(G)and - > B,

k=1 " k=n—b,+1

stay bounded with probability 1 as n — oc. 0

Proof
Equation (4.3) implies that b7 S°0" h(X;) — Eph if b, (b,) — 0 as n — oo,

Since by assumption b, ', (n) — 0 as n — oo and 1y, is increasing, b;' S0 h(Xy)
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remains bounded w.p. 1 as n — oo. Next, for all € > 0 and sufficiently large n(e),

% > WXy

k=n—bp+1
1 n n—bn
=0, D (X)) = D h(Xk)
k=1 k=1
1 n
== > h(Xy) = nEph + (n = by)Eph + bEph — LyB(n) + LyB(n — by)
k=1
n—bn
+ La(B(n) = B(n—by) = > h(Xy)
k=1
1 n
Sb— ; h(Xk) — nEFh — LhB(TL)
1 n—bn
5 ; hX}) — (n—by)Eph — L,B(n — by,)

1
+ 0 |Lrn(B(n) — B(n —b,)) + b,Erh||

<iDh¢h(n) + iDh%(n —by)

b, by,
1
+ - | Ln(B(n) — B(n —by))|| + [|[Erh| by (4.3)
1 1
Sb—th(n) + b—thh(” — by)

» 1/2
—||Lh|| <Z|B” BY(n —b,)| ) + |Erh||

Sleh¢h(n) + leh¢h(n —by)

n

0<s<by,

1/2
1 P i i 2
+ oLl (Z sup \B()(n)—B()(n—S)\> + [Eph]

=1
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by Lemma B.1

9 p1/2 n 1/2
<b—Dh,1/1h(n) + b—HLh”(l +¢€) (an (log 5t loglogn)) + [|[Eph|

2
<IIEh] + - Dutn(n) + O((t; log )" 7).

Thus by the assumptions b, ' |37, _, . h(Xy)]|| stays bounded w.p. 1 as n — co.0]

Lemma B.10 Suppose the strong invariance principles (2.4) and (4.3) hold. In addi-
tion, suppose Conditions 4.1 and 4.2 hold and n > 2b,,, byn ' 30" k|Ayw, (k)| — 0,
b l(n) — 0, b 'y(n) — 0 as n — oo and b, logn = O(1). Then, d, — 0 with
probability 1 as n — oo. 0

Proof
Fori,j=1,...,p, let d,;; denote the (7, j)th element of the matrix d,,. We can follow

the same steps as in Lemma B.8 to obtain

| 5]

2bn, 2bn, n n
(ZZ b= ZZ +% > Z}”%% > Z,(m)

l=n—2b,+1 l=n—2b,+1

bn—1b,—s
(Z|A1wn |—|—ZZ Z |Aqw, (s + t)] >

s=1 t=1

The second term in the product converges to 0 by Lemma B.7. It remains to show

that the following remains bounded with probability 1 as n — oo,

2by, 2by, 1 n 02 1 n )2
(ZZ+ZZ §ZZ/+§ZZZJ>.

l=n—2b,+1 l=n—2b,+1
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We have,
2b, 2b,, O om\? | 2n - ()7() o
QbZ " 2, ;(Yl _Y”)ZEIZ;Y - 2, Y+ (15)

By the strong invariance principle for g, AR} Y2b — 0, and (Y ) — 0w.p. 1as
n — oo. By Lemma B.9, (2b,,) ! 1221 Yl(i) remains bounded w.p. 1 as n — oo. Thus
(2b,)7t lQi’i Zl(i)2 remains bounded w.p. 1 as n — oo. Similarly (2b,)7* 5221 Zl(j)2

stay bounded w.p. 1 as n — co. Now consider

n

Loy e ] @ _vo)
W 2 AT g 2 (Yl -%0)

™ |=n—2bp+1 " l=n— 2bn+1
_ b Z Y2 _ oy L Zn: YO 4 (V0)2,
2b,, " 2b, "
l=n—2b,+1 l=n—2b,+1

(B.22)

We will first show that (2b,)7' >0, o, 1 Yl(i) remains bounded with probability 1.
Let X;; denote the ¢th diagonal entry of ¥, then

1 - (i)
%, > Y
l=n—2b,+1

L (i o
-5 (B L
=1 =1
1 n - A 1 n—2b, @
=5 (ZYZ - Z”B(’)(n)> ~ % (Z v — /5B (n — 2b,) )

=1 =1
+ %\/E% (BD(n) — BY(n — 2b,))
1SSy _ e 1N _
<3 ZZIY; V2B (n) + 5 lzl v — /$uB(n — 2b,)
- % Vi (BY(n) — BY(n — 2b )))
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< L D) + —Di(n — 2b,)

2b,, 2b,,
1 . ,
+—/%s sup |BY(n) - BY(n—s)| by (2.4)
20y, 0<s<2by,

oD 1 1/2
< ﬁw(n) + V2 T —(1+¢) {Z(an) (log % + loglog n>] by Lemma B.1

n

< Db "(n) + /Su(1 + €) (20, log n)'/?

= 0(b,"¢(n)) + O((b, ' logn)"?) .

By the strong invariance principle for g, Yn(i) — 0 and (Yn(i))2 — 0wp. lasn —
co. By Lemma B.9, (2b,)~! Z?:n_%n“ Yl(i)2 remains bounded w.p. 1 as n — oc.
Combining these results in (B.22), (20,)7' 3.0, o 11 Zl(i)2 remains bounded w.p. 1

as n — oo. Similarly (20,)7" Y2, 5, 4 Zl(j)2 remains bounded w.p. 1 as n — oo.

Lemma B.11 (Whittle, 1960) Let Ry, ..., R, be i.i.d standard normal variables and
A= >  awR Ry where ay, are real coefficients, then for ¢ > 1 and for some

constant K., we have

E[|A — EA/*| < K, (ZZalk) .

O
Lemma B.12 Let Conditions 4.1 and 4.2 hold and assume that
(a) there exists a constant ¢ > 1 such that ) (b,/n)¢ < oo,
(b) byn~tlogn — 0 as n — oo,
then igv — I, w.p. 1 as n — oo. [

Proof
Under the same conditions, Theorem 4.1 in Damerdji (1991) shows isvﬂ'i — 1 as

n — oo w.p. 1. It is left to show that for all 4,7 = 1,...,p, and ¢ # 7, iSV,ij —
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0 w.p. 1 asn — oo. Recall that

ijsv,z'j
bn—1
= Z (8)7n.ij (s)
s=—(bn—1)
bn—1 n—s
= T Z wa(s) Y (U = BIYUL, - BY)
t=1
- Z wa(s) Y (U7 = BO(U, — BY)
s=—(bn—1) t=1—s
b —1
= T Z wa(s Z Y — BO)(U, - BY)
t=1
bn—1
+ 2w > (U0~ B, - BY)
t=1+s
bn—1 1 n—s ' ' ‘
= Yn Z] )+ Z Wy (s [ (Ut(l)Ut(j—)s — Br(Li)Ut(-ji-)s B U(Z + B(%)B(J))
=
n Z (U BOUY _ By 1 B RU >>
t=1+s
Since
Ut( 7 B(J)( ) — B(j)(s) ZUt(i) _ B(i)(n —s),
t=1 t=1
Ut(f)s = BU(n —s) and Ut(i) = BYD(n) — BO(s),
t=1+s t=14s
we get
ESV,”LJ
bn—1 ]
a5 (0) + Y wy Z U U, — — B (BY(n) — BY(s)
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1=y n—38\ =/ =/ 1 < N
— ZBUWRBO(, — BWORG) L = D)
n n (n S) + n n + n Z t t—s

n
t=14s

1 -, . 1 - . — _
— —B,I(ZZ)B(J)(TL— s) — —sz])(B(Z< ) — BW(s)) + (n S) BS:)BSZJ)
n n

n
bn—1
_'?nm(o)"{'zwn ZUt t+s+ Z Ut t— s+2<1__>B()B(
s=1 t 1+s
_9BWBL) | lBa)B(a’)( )= B0 B0 — g
L 20 50 L 26) g0
~ “BOBW (5 — 5) + ~BYBI(s)
n n
bp—1 1 n—s 1 n s
= i (0) + > wa(s) [= S UL, + = 3 vfu, -2 (1 + —) BWBY
s=1 n t=1 t=1+s n
+ B39 — Lpopiig, — o 1 g0 pw) — Lpigo, — )
n n
1 20 gw) 1 20 g
+ —B,)BY(s) + =B, B"(s)
n n
bn—1 1 n—s . . 1 n . ' s
Fnii(0) + 3 wa(s) | = Y UPUD + = S U, -2 (1 + —) BWBY
s=1 n t=1 n t=1+s n
1., . 1. .
+=BY(BY(n) — B (n —s)) + =B{(BY(n) = BV (n — s))
n n
1 20 g L OYAY: 1)
+ —B,"BY(s) + —B"(s)B)’ (B.23)
n n

t=1
1 <& . _ ‘ _
_ E (Ut(Z) _ B7(L1)> (Ut(]) _ Br(zj)>
n
t=1

1 e _
=N vy - pH=%" gl u? + BOBY . (B.24
LU0 BTy - B L0+ B, (B2

t:1
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We will show that each of the terms in (B.24) goes to 0 with probability 1, as
n — oo. First, we will use Lemma B.11 to show that n=' Y"1, Ut(i)Ut(j) — 0 with

probability 1 as n — oco. Define
Ri=U" Ry=U",... Ry=U® Rypy=UP, ... Ry, =UY.

Thus, {R; : 1 < i < 2n} is an i.i.d sequence of normally distributed random
variables. Define for 1 <1, k, < 2n,

, ifl<li<nandk=I1l+n

otherwise .

Then,
A= ZZ@mRsz—Z —uWyD
=1 k=1

By Lemma B.11, for all ¢ > 1 there exists K. such that

E[|A —EA*| < K <ZZalk>

Since i # j, E[A] =0,

n 2c

1 i ;
- Z Ut( )Ut(J)
n

t=1

E

k=1

Note that >~>2 ' n~¢ < oo for all ¢ > 1, hence by Lemma B.3, n=' >~ | uu) -
0 with probability 1 as n — oco. Next in (B.24),

20 L X0
B;%;Ut <- BU ZU
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(1+ €)v/2nloglogn

< V(1 + (1‘%”)”2

1~
— Z Utz) by Lemma B.1
n

t=1

L6
w2

5I>—‘

n

By the classical SLLN

1< 0
w2 U

Similarly,

w.p. 1 asn — oc.

ol N
B(l)—ZUt(]) —+0 wp. lasn —o0.
n

n
t=1

= (i) B 1 ; :
BWBRU) < — |B()(n)‘ ‘B(J)(n)‘
1
< 1+ €)*(2nloglogn) by Lemma B.1
n
1
<2(1+¢)? ( Og")
n

—0asn—o0.

Thus, 7,,:;(0) — 0 with probability 1 as n — oo.

2. Now consider the term Z m L, (s)nTt S * U )Ut Define

Ri=U" Ry=U{" ... ,Ry=UY Rpyry=U",.... Ryy=U.

Thus, {R; : 1 < ¢ < 2n} is an i.i.d sequence of normally distributed random
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variables. Next, define for 1 <[,k < 2n

/

Lw,(k—(n+1), f1<I<n—-1,n+2<k<2n,

a = and 1 <k—(n+1)<b,—1
0 otherwise.
\
Then,
2n  2n
A= Z Z CleRle
=1 k=1
n—1 2n 1
=> ) H{1<k—(n+1) <b, — 1}—wu(k — (n+1))RRy
=1 k=n-+2 n
n—1 n—lI 1
= Z Z I{1 < s <b, —1}—w,(s)RiRpti1s letting k — (n+1) =s
=1 s=2—1 n
n—1 n—s 1
=3 ) {1 <5< by — 1} —wn(s)RiRnsiss
s=1 [=1 n
0 n—1

1
+ > D 1< s by =T —wn(s) Ry
s=(3—n) I=(2—s)

= Z Z —wn(s)Ul(i)Ul(i)s since n > 2b, > 2
n

Using Lemma B.11, for ¢ > 1 and some constant K,

bn—1 n—s 2c ¢
E (Z wn(s)% > U§“U§fs> < K. (Z > ai) :
s=1 t=1 l k
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Thus, by Assumption (a) and Lemma B.3,

bn—1 n—s
n 1 Z .
Z wn(s)ﬁ Z Ut( )Ut(i)s — 0 w.p. 1asn— oo.

t=1

3. By letting t — s =1,

bn—1 n ‘ . bn—1 n—s
Y wals) s 30 UPUL, = 3 wals)- UL
s=1 t=1+s s=1 =1

This is similar to the previous part with just the ¢ and j components interchanged.
A similar argument will lead to 327 w,(s)n ' 37, U U9 — 0 with proba-

bility 1 as n — oc.

4.
bp—1 )
Z 2w, (s) (1 + _> BYWBY
s=1 n
by —1 )
<> 2w, (1 _> B0 BU)
< ; wy(s) (1+ ~) BYB;
bp—1 )
<N 2w, (1 _> BO[|BY)
;!w(SH +n|n|}n‘
2 bp—1 s
s=1
9 b —1 .
2
< ﬁ(l + €)*2nloglogn Z_; (1 + ﬁ) by Lemma B.1
b —1
< 4(1 + 6)2n_1 logn Z 2
s=1

< 8(1 +€)*b,n tlogn

— 0.
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5. Next
bu—1 1
wy(s)=BY (B(i)(n) — BY(n — s))
n
s=1
bn—1 1
<) wa(s)=BY (BY(n) = BY(n - ))
s=1
bu—1
< Z (n)! |B(i)(n) — BY(n — s)| since |w,(s)| <1
1 bu—1
< = |BYn sup |BY( BY(n—m
< BRI 2 sup 1BO() = BO(n—m)

< % ((1+¢€)(2nlog logn)l/z) (I1+¢)

1/2 bp—1
X (an <log% + log log n)) Z 1 by Lemma B.1

1

< 2'%(1+ €)*—(nlogn)"/?(4b, log n) /b,
b\ 172

A
n

— 0.

6. Similar to the previous term, but exchanging the ¢ and j indices,
bp—1
Z wy(s B(Z (BY(n) — BY(n — s)) — 0 with probability 1 as n — oc.

7.
bp—1 1
w,(s)=BY B (s)
n
s=1
bnzzlw l B(j)(s)
n n
bn 1

<Z\wn HB [BY(s)]
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b—1
< % B9 ()| ; [BY ()| since |w,(s)] <1

bp—1

1 :
< ﬁ(l + €)(2nloglogn)'/? Z sup |BY(m)| by Lemma B.1

o—1 1<m<by,

2
n 1<m<b,,

bn
< ﬁ(l + €)(2nloglog n)'/?

0<t<n—by, 0<m<b,

1/2
< b—g(l + €)(2nloglogn)Y2(1 + ¢) <2bn (log oy 1oglogn)>
n

bn

1/2

n

_ 93/2 2
=2°%(1+¢) i

b,ntlogn

— 0.

8. Similar to the previous term, by exchanging the ¢ and j index,

bn—1

Z wn(s)

Since each term in (B.23) goes to 0, we get that

BYBW(s) — 0 w.p. 1asn — oo.

S|

Ysvij — 0w.p. 1asn — oo.

1 . .
(1+ €)(2nloglogn)’? sup |BY(m +0) — BY(0)| Z 1
s=1

sup  sup |BY(t+m)— BY ()|

126

Lemma B.13 Let Conditions 4.1 and 4.2 hold. In addition, suppose there ex-

ists a constant ¢ > 1 such that Y (b,/n)® < oo, n > 2b,, b,n~tlogn — 0, and

b,n~t EZ’;l k| Ajw, (k)| — 0, then iw,n — I, w.p. 1 as n — oo.

Proof
The result follows from Lemmas B.6, B.8 and B.12.

The following corollary is an immediate consequence of the previous lemma.

O
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Corollary B.4 Under the conditions of Lemma B.13, LY, 2T — LLT =% wp. 1

as n — oo. [l

Lemma B.14 Suppose (2.4) holds and Conditions 4.1 and 4.2 hold. If as n — oo,

b 2
bath(n)? logn (Z \Agwn(k)|> — 0 and (B.25)
k=1
Z | Agw, (k)| — 0, (B.26)
then iw,n — 2 w.p. 1. ]

Proof
Fori,j=1,...,p, let ¥;; and iwj denote the (7, j)th element of 3 and iw,n respec-

tively. Recall

nbn bn

S = 3 3 KA (h) [F00) = V9] [70 () - ¥

=0 k=1

We have
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7 G) _ @(j))”' (B.27)

We will show that each of the nine terms in (B.27) goes to 0 with probability 1
as n — oco. To do that, let us first establish a useful inequality. From (2.4), for any

component ¢, and sufficiently large n,

Sy — )| < Dy(n). (B.28)
t=1
1 n—bn b o o . o
L= > R A (k) (CF (k) = CF) (CF (k) = C9) - £
=0 k=1

Notice that

N—0n On

% Z Z kQAan(k;) (él(i)(k) _ C«T(Lz)> (C’l(j)(k‘) _ Cz(j)) 7
=0 k=1

is equivalent to the 75th entry in LiwﬁnLT. Then by Corollary B.4 as n — oo,
with probability 1
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. S5 K ) (V00 = ) (V) - POk |

1=0 k=1
Note that for any component i,

i (V00 - )| = Z Y0 — 0Ok + 1)+ CO (1)
:iy ZY —CO(k+1)+CD()
ek L
< ZY e+ + Dy -t
< DyY(l+ k) + Dy(1) by (B.28)
< 2D(n) since [ + k < n. (B.29)
By (B.29),
n—bn by
LSS Rl | (O 0) - 6P m) (V) - )|

— 0 asn — oo with probability 1.

3 LSS k| (700 - P ) (7 - )|

=0 k=1
Note that for any component i, using (B.28),

¥, — < Dw( ) (B.30)

n

Z YD — c@n
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By (B.29) and (B.30),

LSS a1 | (5770 - €6 9) (7 - €9
< —sznmgwn ) D) (%D@w(n))

=2D2w<n>2( b“) Zk|A2wn

§2D2w(n)2( b“) Z\Azwn

— 0 asn — oo with probability 1.

4. Now
LS S 91 (700 - €0 0) () - )
=0 k=1
< L S | (%00 — 009 €Ot
=0 k=1
+ %nl on ::1 g |A2wn | ‘(Yl C(Z (k)> G

We will show that both parts of the sum converge to 0 with probability 1 as

n — 0o. Consider the first sum.

nbn bn

- Z S kA ()| (VO (0) = €0 (k) €O (k)|
=0 k=1
n—bn, bn

ZZMAM |‘Y“ k:)HC‘,(j)(k))

=0 k=1
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by (B.2) and (B.29)

n—bn bn
< 230> K (0] 2Du) (201 + VT o))
=0 k=1

b, +1
— (n - + )4D + €)v/Ziib, logn(n E | Agw,, (k)|
k=1

— 0 by Condition 4.2 and (B.25) .

The second part is

nbn bn

- ZZMAW” (70w - cPmy) €9
=0 k=1

nbn bn

= LSS Rl BT H) — GO k)| [0

=0 k=1

by (B.29) and (B.1)

< %"l_’;" i k|Aqw,, (k)| (2D (n)) (%(1 + €) [2nX;; log log n]1/2>
< (" l;:* 1) 25, D(1 + e)w(n)mbg—wgkmm(k)y
< (n O +1) QEz‘z‘D(l*'EW(”)(lOil—rgmbni|A2wn(k)|
k=1
< (” ot 1) 355 D1+ )b o) 2L S a0
k=1
— 0 by Condition 4.2 and (B.25) .
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5. Next,
n—by bn
L Z SR Asuwa (k)] | (T — CO) (70 — C0)|
=0 k=1
n—by bp
<= Z > K| Agw, (k) |—D2w< )* by (B.30)
=0 k=1
but 1\ pabis,,
< <T) D’ Z | Agw, (k
— 0 by Condition 4.2 and (B.26) .
6.
n—bn bn 4 4
T3> BlAw ]| (70 - € (V0 - ¢ 0|
=0 k=1
n—by, bn 1
< T3S KA ) (— ¢<n>) (2Dy(n)
=0 k=1 n
n—=ob,+1
n—=b,+1
< (T) 2D%)(n Z | Agw, (k
— 0 by Condition 4.2 and (B.26) .
7.
1 n—by bn
— BB, ()] | (7, = CF) (G (k) - C9)]
n =0 k=1
1 n—by bp
<- B Bswn(R)] | (V0 = C) € ()
n
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n—bn, bn
+= Z > k| Agw, (k)] [(V,D — C9) C) .
=0 k=1

We will show that each of the two terms goes to 0 with probability 1 as n — oc.

nbn bn

_ZZk2|Agwn |‘ (2) _(])(k‘)’
=0 k=1

by (B.2) and (B.30)

nbn bn,

< 2 o] (D0 ) (200 + O VB Tgiosn )

bn,
- (%) 2D(1 + e)ﬁw(n)@ D klAzwn (k)
k=1

bn
< (M) 2004 9V ViTogmvln) 3 e ()
k=1

— 0 by Condition 4.2 and (B.25).

For the second term,

n—bn, bn
_sz2|A2wn }7 C_rz) _7(Lj)|
=0 k=1
n—by, bp
LSS a5 - ) 0
=0 k=1

by (B.30) and (B.1)

nbn bn

Z > K Agw, (k) (%Diﬂ(n)) (%(1 +€) [2n2;; log log n]1/2>

=0 k=1



B.2. PROOF OoF THEOREMS 4.1 AND 4.2 134

— b, +1 Vnlogn o
< (u) 2EiiD(1+e)%WZk2|Agwn(k)\

- n
k=1

0= b, +1 b2V Tog 1 i(n) -
< [ =" - . n
< < . ) 2% D(1 + ¢) = ; | Agw, (k)]
n—b,+1 by b” o
= (T) ZELD(1-+ )5 s (b logm) () 3 s ()
=1
— 0 by Condition 4.2 and (B.25) .
1 n—by bn o ~ .
8 =Y KA )] |(CPw) - 69 (V00 - 6P |
=0 k=1

This term is the same as term 4 except for a change of components. Thus the

same argument can be used to show that it converges to 0 with probability 1 as

1 » o
0. 3D kAW |(CF () - C0) (T - €.
This term is the same as term 7 except for a change of components. Thus the

same argument can be used to show that it converges to 0 w.p. 1 as n — oo.

~

Since each of the nine terms converges to 0 with probability 1, |¥;; — X;;| — 0 as

n — oo with probability 1. 0

Since we proved that g, = iw,n +d, = X+ 0 as n — oo with probability 1, we

have the desired result for Theorem 4.1.

Proof (Proof of Theorem 4.2)
Since Er||g||**® < oo implies Ex||g||>™® < oo and X is a polynomially ergodic Markov

chain of order m > (1 + ¢)(1 + 2/J) we have from Corollary 2.1 that an SIP holds
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such that

< Dnl'/? s

> " g(Xi) = nf — LB(n)

t=1

for some A, > 0 depending on ¢, d, and p only.

Since Ep||g||*™® < oo implies Ep|/h]|**® < oo and X is a polynomially ergodic
Markov chain of order m > (1 +¢;)(1+2/§) we have from Corollary 2.1 that an SIP
holds such that

1/2=An

> (X)) —nb), — LyB(n)|| < Dyn

t=1

for some A, > 0 depending on €, §, and p only.
Setting A = min{\,, A\, } shows that (2.4) and (4.3) hold with

¢(n) = u(n) =n'>.

The rest now follows easily from Theorem 4.1. ([l

B.3 Proof of Theorem 4.3

We first state the theorem more generally for processes that satisfy a strong invariance
principle. Then, the proof of Theorem 4.3 will follow from Theorem B.2 below and
Corollary 2.1.

Theorem B.2 Let (2.4) and Condition 4.5 hold. If b;l/Q(log n)Y2p(n) — 0 asn —

0o, then Xgy — X w.p. 1 as n — oo. OJ

The proof of this theorem will be presented in a series of lemmas. We first con-

struct i a Brownian motion equivalent of the batch means estimator and show that
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5 converges to the identity matrix with probability 1 as n increases. This result will

be critical in proving the theorem.

Let B(t) be a p-dimensional standard Brownian motion, and for ¢ = 1,...,p, let
B® denote the ith component univariate Brownian motion. For k = 0,...,a, — 1
define

_; 1 . . _ 1 _.
BY = - (BO((k +1)by) = BO(kb,))  and B (n) = ~BO(n).
n n

For By = (BY",...,B”)T and B(n) = (BW(n),..., B®(n))", define

an—1

> [Bi = B()][B — B(n)]".

k=0

bn,
a, — 1

Here Y. is the Brownian motion equivalent of ¥ g, and in Lemma B.15 we will
show that & converges to the identity matrix with probability 1. But first we state

some results we will need.

Lemma B.15 If Condition 4.5 holds, then Y - I, with probability 1 as n — oo

where [, is the p x p identity matrix. 0]

Proof

For i, =1,...,p, let i-j denote the (i, j)th component of Y. Fori = 7, Damerdji
(1994) showed that iij — 1 with probability 1 as n — oco. Thus it is left to show
that for ¢ # j, f]ij — 0 with probability 1 as n — oc.

5,- % BY = BYm)| |BY - B )]
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We will show that each of the four terms in (B.31) converges to 0 with probability
1 as n — oo. But first we note that by the properties of Brownian motion, for all
k=0,....a,—1,
itd

= (7 1 — (13 1 .
B() ~ N (0, b_) and B,i] N (0, b_) independently

n n

=vb B %ZN 0,1) and /b B‘ %N (0, 1) independently. (B.32)

1. Naturally by (B.32),
bn = by =) ii bn =i b =) ii
Xi= 5B+ 5B XN (0.1) and Yio= ([ SB[ S B RN (0,1)

Notice that AB = (A + B)2/4 — (A — B)?/4. Using X}, as (A + B) and Y}, as
(A — B), we can write b, B( / 2 as a linear combination of two x? random

variables. Specifically,

b an—1 A an—1
n B(’)B ])
an, — 1 kR —14 \/ \/

an—1
1 n
Z—E X;-Y?

an—1 an—1
— 1 Z Xii - — 1 Z Yy

an X an Y
S - B.33
2(an — 1) a, 2(a,—1)a,’ (B:33)

where X = ZZZBl XZ~x2 and Y = ZZ’;Bl Y2 ~ x2 independently.
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By Lemma B.2, for all positive integers c,

E[(X —a,)*] < Ka& = E [(f—n — 1>21 <K (%)

Thus by Lemma B.3 and Condition 4.5b, X/a,, — 1 with probability 1, as
n — oo. Similarly, Y/a,, — 1 with probability 1, as n — oco. Using this result

in (B.33) and the fact that a,/(a, — 1) — 1 as n — oo,

anp—1

bn (1) (7
— ZB,(C)B,E,]) — 0 w.p. 1asn— oo.
Ay —
k=0

2. By the definition of B(n) and By,

b an—1 _ 5 a0 1 1 . an—1 ‘ '
n D BU) (n) = 2B @) _ B
p— > B,’BY(n) —n (n) Y BY((k+1)b,) — BY(kb,)
k=0 k=0
— Y B0 BO(a,,)
a, —1n e
an Vbn .  Abp
— n_ VB0 (n) X" B ) B.34
B () B () (B.34)

Using properties of Brownian motion,

BY(n) ~ N(0,n) and BY(anb,) ~ N(0,anb,)

by, by bn 1
= \/n_B(J)(n) N (O, E) and ;/b_B(’)(anbn) <N (0, —) :

(B.35)

As n — oo both terms in (B.35) tend to Dirac’s delta function. Thus as n — oo.

Vb

n

Vb

ann

BY(n) - 0w.p. 1 and

B9 (a,b,) — 0 w.p. 1. (B.36)
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Using (B.36) in (B.34),

ZB,&B ) =0 w.p. 1l asn — oo.
k=0

TL

3. A similar argument as above yields,

bn an—1 o o
0 Z BO(n)BY -0 wp. 1asn— .

by = ay bn 1
n BO(mBY (n) = B(l BY)
T X BB = e B0 B o
—— @B(i) (n)@BU) (n)
a,—1 n n

— 0 w.p. 1 as n — oo by (B.36).

Thus each term in (B.31) goes to 0 with probability 1 as n — oo, yielding S I,
with probability 1 as n — oo. 0

Corollary B.5 If Condition 4.5 holds, then for any conformable matrix L, as n — oo,

LYLT — LLT with probability 1. O

For the rest of the proof, we will require some results regarding Brownian motion.
Recall L in (2.4) and set ¥ := LLT. Define C(t) = LB(t) and if C(¢) is the ith
component of C(t), define

o=

Since CW(t) ~ N(0,t%;), where ¥y is the ith diagonal of X, C®/\/%; is a 1-

CO((k+1)b,) — C(i)(kbn)) and  CW(n):= %C(i)(n).

dimensional Brownian motion. As a consequence, we have the following corollaries of

Lemma B.1.
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Corollary B.6 For all € > 0 and for almost all sample paths there exists ng(¢) such

that for alln >ngand alli=1,...,p
‘C(i) (n)| < (1+¢) [28;mloglog n]*/?,
where ¥; is the ith diagonal of X. O

Corollary B.7 For all € > 0 and for almost all sample paths, there exists ng(e) such

that for alln > ngand allt=1,...,p

~(i 2% 12
‘C,g) S“b_<1+€) (log%%—loglogn) :
where ¥;; is the ith diagonal of . O

We finally come to the last leg of the proof, where we will show that for the (7, j)th
element of Xgpr, |Epami; — 2ij| — 0 with probability 1 as n — oo.

Recall that gi(Xt) be the ith component of g(X;). Define for each i = 1,...,p,
the process V = gi(X;) —0; for I = 1,2,.... Further, for £k = 0,...,a, — 1 and
7 =1,...,p define

b
— (i I 6 (i 1 i
Vk() o E :Vk(biu and VO (n) = " E :W()-

=1

Then

an—1

7O )] [Vk(j) _ V(j)(n)} .

ZBM,ij 1
tn k=0

We will show that [Xgpr; — 2] = 0 w.p. 1 as n — oo.

‘EBM,ij - sz‘
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an—1
= g 3 [ o] [ o] -,
T k=0
an—1
= | Y [ - VO £ O £ CO)
T k=0

x [V9 = VOm) £ 0P £ CO ()| - 3,

k=0
b an—1 o
o || (- (- )
" k=0

We will show that each of the 13 terms above tends to 0 w.p. 1 as n — oc.

1. Notice that,
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is the (7, j)th entry in LYLT. Thus, by Corollary B.5, with probability 1 as n — oo,

2. By Condition 1

> Vi—LB(n)

< Dy(n) w.p. 1,

where V; = (vl(”,

— C9(n)| < Dy(n) and
Note that,
L[
~@) |
L[|
<& Z v
2
< b—D@D(n)
Similarly
‘Vk(j) . C_vlgj) < —D@D(TL)

Thus, using (B.38) and (B.39),

b | (0
an—lzKVk B

k=0

. ,Vl(p )>. Hence, for components i and j

)| < Dy(n). (B.37)

kb,
1 [& 4
0| =5 | 2N —O“’(/cbn)]
" li=1
kb, ‘
(k4 1)ba) | + >V — (k)
=1
(B.38)
(B.39)
b, 4D®
S ¥(n)
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< 4p?_n logn
- a, —1 b,

¥(n)?

—0w.plasn— oo.

3. By (B.37), we get

VO(n) - CO(n)| = win) (B.40)

S|

Similarly |

VO (n) — CD(n)| < D—. (B.41)

n

Then,

b N (7O () — GO ) (VO () — €9 ()|

k=0
by, n)?
y — 1anD2¢512)
5 Gn  byby, Y(n)?
an — lnn b,
5y byby(n)logn
a, — 1 nn b,

a, — 1

<

=D

<D

— 0 w.p 1 as n — oo by Condition 4.5a.

4. By (B.38) and (B.41), we have
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an_ by p(n)*logn

< 2D?
a,—1n b,

— 0 w.p. 1 as n — oo by Condition 4.5a.

5. By (B.39) and (B.40), we have

anp—1
b, <

(VO(m) = COm) (V7 - ¢),

a, — 1
k=0
bn

< o (BP0} (o)

a, by(n)?logn
a,—1n b,

< 2D?

— 0 w.p. 1 as n — oo by Condition 4.5a.

6. By Corollary B.7 and (B.38)

bn 2D 22” n 1/2
< - Tn <Ew(n)) ( b (1+¢€) (loga + log log n) )

< 23292 p(1 n
1 ( + 6) an _ 1 \/E

— 0 w.p. 1 as n — oo by Condition 4.5a.

7. By Corollary B.7 and (B.39)

bn anz_l (70— ¢ ¢f

a, — 1
n k=0

by 2D 2% n 12
< - Tn (E@/}(n)) ( b (1+¢) (loga + loglog n) )
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an_ P(n)
n—1/b,

— 0 w.p. 1 as n — oo by Condition a.

< 2¥2512D(1 + €)= (2log n)'/?

8. By Corollary B.6 and (B.38)

Sl -e)en
anbi L (%wn)) (%0 +€) (2Tun]log 10g">1/2>

2D 4 - ta YEloEn)

a, — 1 nl/2
b, \ /2 1 (n)(log n)'/?
23/2D\/7 1_|_6 1 (_) ¥( )(bl/% )

— 0 w.p. 1 as n — oo by Condition 4.5a.

9. By Corollary B.6 and (B.39)

an—1

b o) com)

< bn i, <Qw(n)) (%(“Fﬁ) (QEiinloglogml/Q)

an — 1 by,
1 1/2
< 23/2D /2“<1 + 6) Qp, ¢<n)( 0g n)

a, — 1 nl/2
b\ /2 1 1/2
— 0 w.p. 1 as n — oo by Condition 4.5a.

1 pL/2
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10. By (B.40) and Corollary B.7

b an—1

Y| (V) - COm)) CF

Ay —

b D 2% n i
- — “(1 log — + log1
<an_1an(n¢(n)) ( b ( +e)(ogbn—l— og ogn) )

a, b 2 12
< V2% D(1 + €)—=——"1(n) <— log n)
n

a, — 1 b,
1/2
_ o3/2v11/2 Gp, bi¢(n)(1ogn>
= 2°/°%,] D(1+€)an—1n N

— 0 w.p. 1 as n — oo by Condition 4.5a.

11. By (B.41) and Corollary B.7

b anp—1

=S |9 - )

ap —

bn ¥(n) 2% n V2
< - Tn <DT> ( » (I1+¢) (loga + loglogn)

a, b 2 12
< V2%uD(1 +¢)— ﬁw(n) (—log n)

a, — 1 b,
1/2
_ 93/2571/2 an__ by ¥(n)(logn)
= 2°/°%, D(1+e)an_1n R

— 0 w.p. 1 as n — oo by Condition 4.5a.

12. By (B.40) and Corollary B.6

an—1
0 x -2 (VOm) = CO () GV ()]
n }—0
< anbi Tan <%¢(n)) <%(1 + €)(23;n loglog n)l/Q)
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< V25uD(1 + ) —2 by 1(n)(logn)'/?

a, —1n nt/2

— 0 w.p. 1 as n — oo by Condition 4.5a.

13. By (B.41) and Corollary B.6

P S (O ) — €9 () OO )

a, — 1
k=0
b, 1
—ay, <DM) <—(1 + €)(2%;n loglog n)l/Q)
a, — 1 n n
a, by 1p(n)(logn)'’?
< 2211D<1+6)an_ 1% /2

— 0 w.p. 1 as n — oo by Condition 4.5a.
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Thus, each of the 13 terms tends to 0 with probability 1 as n — oo, giving that

Y BMm,ij — 2ij W.p. 1 asn — oo.



Appendix C

Proof of Theorem 5.1

Without loss of generality, we assume 72 = 1. The posterior distribution for this

Bayesian logistic regression model is,
K

FBly, X) o< FB) [ ] £ wil X, )
i=1

_lBTﬁ 1 Yi €_X1ﬂ 1=y C 1
2 e — P —
o Z»Hl<1+e‘xlﬂ) (1+e—m) ' (C1)

For simpler notation we will use f(() to denote the posterior density. Note that the
posterior has a moment generating function. Recall that a random walk Metropolis-
Hastings algorithm with a multivariate normal proposal distribution is used to sample
from the posterior f(/5). We will use the following result to establish geometric

ergodicity of this Markov chain.

Theorem C.1 (Jarner and Hansen (2000)) Let m(8) = Vf(8)/[|Vf(B)| and
also let n(B) = B/||B]]. Suppose f on RP is super-exponential in that it is positive

and has continuous first derivatives such that

lim n(B)-Vlog f(f) = —. (C.2)

148
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In addition let the proposal distribution be bounded away from 0 in some region

around zero. If

limsupn(f8) - m(B) <0, (C.3)
8]l =00
then the random walk Metropolis-Hastings algorithm is geometrically ergodic. 0

Note that the multivariate normal proposal distribution is indeed bounded away
from zero in some region around zero. We will first show that f is super-exponential.
It is easy to see that f has continuous first derivatives and is positive. Next we need

to establish (C.2). From (C.1) we see that

log f(3)

K

K
1 T X8
= const — 56 B — izlyi log(1+e ) — Zzl(l —u) X,
K
=31 y) log(1+ )

=1

K K
1
:const—ﬁﬁTﬁ—Zlog(que_ i) Z 1—y)X
i=1 =1
1 D K K D
:const—§ZB]2—Zlog(1+e = 17355 Z 1—3/1')25%'5]'-
J=1 i=1 i=1 j=1

Forli=1,...,p

—X;B K

810gf i€
- _ E E 1 — )
a/Bl ﬁl“’ 1+€ Xzﬁ . 1( yl)wll
and
—Xzﬁ K

BQ+Z$Z]ﬁJ1 + e XiB Z(l _yi>$ijﬁj

7=1 =1

'M"s

B-Viog f(B) =
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K
2
=—||8]l +Z 1+e—X15 Zzl(l—yz‘)Xzﬂ-
Hence
K
Xip
-Vlog f (5 Bl + (1—
||BH ~lAl Z HﬁH Trexs ~ LWy
Taking the limit with ||3]] — oo we obtain
B e X0
lim V1 — L
18— 18] o8 f(f) = 18]l 00 1511+ IIBII Z HBH 14 e Xif
K
. X
— 1] 1— 9 . C.4
i, 21~ W 4

By the Cauchy-Schwarz inequality we can bound the second term

- X8

K K
o Exe) e

lim < Xil. C.5
WHWZ,WHHMZB 2 T T e <X (@)

For the third term we obtain

e Xf
Jim 20— v
K
L 21 Tihi
= it 20 T8 g
K D ﬁ
:izl(l_y)zﬁlgoo [E

Mx

(1_y)i i —1zisllBil
- R IR 1]

p

K
> -5 (1-y) > fm el Since ] < 8]
=1
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= _Z(l_yi)”XiHl- (C.6)

Using (C.5) and (C.6) in (C.4).

fm o V1 <- + 3701+ 30 =g Xall =
Ay Vs S B < = Jm 1A Z' | Z )lIXil s =

Next we need to establish (C.3). Notice that

p K p K
f(B) oc exp [—% STBE =3y D e — Y log(1+ eZé?mjﬂj)]
7=l i=1 j=1 i=1

_ OB

and hence for [ =1,...,p

2/ (B) - L e X8
1 LC0) [_@ =570 - yi)wa - ; 1+l€—_xﬂ] .

i=1

In order to show the result, we will need evaluate

. @18
I8ll=oe [V F(B)I

To this end, we will first show that
IVFB)I*

—1.
18] =00 €2CB)|| 3|2

We calculate that

IV f(B)II*

K

2
_Z — i xz]+zlxie—Xz6

j=1 =1

hS]
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.. XiB 2 K ’

1=

K K
+2 Z — Yi)xi 85 — (53' + Z — Y x”> > 1+ e—&ﬁ)]

=1

P K T i3 d K ’
= 620(5) Z (Z 11—M> + ||5||2 + Z (Z 1 — Y $z]>

j=1 \i=1 i=1

Xip

+2Z (1—9:) X3 — 22X61+6—X16

K e—XiB
—22_: (; 1—y;) z) (Z%‘He—m)

i=1

Z<Z ) 1 3 (S0-w “)

=1

21812 ||

K

2 1— - -
2 ||/3u2 Zuﬁnme—m

=1

e (S0 (S|

and

IV f(B)IP
2O |2

- 72<Zfie—w> HBHZ<Z )

=1

1

*22 — v HBH Z ||m| Ty e
1 e~ X8
—2—2 Z<1—yi>Xf Zl—m
||B” j=1 \i=1 i=1 +

Since limyg—oo [|B]] 71 — 0, it is left to show that the term in the square brackets is

+1. (C.7)
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bounded in the limit. Since y; and z;; are independent of 3, and e=*?/(1 + e=Xi)
bounded below by 0 and above by 1, it is only required to show that the third and
fourth terms in the square brackets remain bounded in the limit. From (C.6) and the

Cauchy-Schwarz inequality

K K Xﬁ K
=) (=)l Xilli <2 ”Bllllm Z(l —Yi) o Tl <2 (1—y)|Xi|.
i=1 =1 =1

In addition,

z zz'%"@
||5||21+e—m L2 B T e
|xw||5j‘
>_
> ZZ 7
K

Thus, by the above result and (C.5),

K
_ <N IXil.
Z” < im ZHBIIHGW_;| |

Using these results in (C.7),

IV

181 =00 €2CB)|| B2

- vy X0\ 1 N (& i
B (Zm o)+ S (S )

_X’LB

+ lim
18l—o0 18]

+2Z — ) ”

Z IIBH 1o X8
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,XB
||B|| Z Z Z“"”l P
=1.

Next observe that
K K e—XiB
B VI(B) = O Z [ — 2wl + 3wl e—X’ﬁ]
=1

K XiB
_ C®) [—WHZ—Z“—% XB+ZX61+6_X5] :

i=1
and hence

K

BViB) W L\ Xip XB e
||BHI|Vf(5)H—IIVf(5)II[ I8 = 2 (=) gr + 2 ]

We conclude that

lim B Vf(B)
18100 B IV £(B)]]
Lo S e
||Bl|1|gloo IVFB) [ b ZZ1 ||5||2 +Z ||5||21+6_X25

=-1

which establishes (C.3).



Appendix D

Proofs from Chapter 6

D.1 BASAD Rejection Sampler

To show the result, we will first integrate § out of the posterior distribution.

f(B.0* Z | y)

o< flyl B,Z.0")f(8,Z | ") f(c%)
(y — XB)"(y — XB) } (02)-1 exp {_042}

202 o2

02
DPn 5 5 L /82 1-Z;
X H ((1 — qn)(2m0"7,,) "2 exp {—202;(?” })

i=1

s g2\
X <qn(277027127n)2 exp {— 202;_2 })
1n

o (o2) E T  exp {2 (1 = g ) E A g )R
O' k) b

x (2m0%) "2 exp {—

_ T(y — P _ 7. )
XeXp{_@ XB)(y Xﬁ)}exp{_zﬂg(;ﬂ z+ Z
i=1 i

202 T

Note that,

1- 2, 7 1 1
( + ) Lizi=0) + 555 Lzi=1),

2.2 2.2 — 5 2.2 2.2
20 Tom 20 Tin 20 Tom 20 Tin

155

2027}

)}
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and thus if D, = Diag(72 ),

iﬂg L-Z , Z \_BD5
" \20%73, 20°7¢, 202

In addition, define V, = (XX + D). Then,

(0%, Z | y)
/ f(8.0% 7| y)d

(@) e { - (- a)m ) A ) B
/exp SRR G GRS AL O

o< (02)_%_7_01_1 GXP{ : } (1 = gn)7, ) 27 (guy, %)EZ
/ {_5T(XTX + DB -2y XB+ yTy} dp

202
_n_Pn_ o] (0% _ _ —
x (o2) T e {2 (1 - q)m ) R A ) =

{ yly — yTXVZ‘lXTy}
X exp § —

202

X/ {_BT%B—2yTXﬁ+yTXV31XTy} a5

202

—5—Bt—ai—1 a - _
o (o) FTE T e {51} (0 - g R )P
{_yT(In - XVZ_IXT)y}

202

« [ex {_ (8= VXY TVL(8 — VIIXTy) } »

202
_n_Pn_ o1 (6] ) _ )
X (UQ) P exp{ o2 }((1 — qn)To, )pn ZZl(anl,T}L)ZZZ

I, — XvixT o
xexp{—y (n 20‘2/2 )y}(2ﬂ'0’ ) 2 det(V.)~ :
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To finish the proof, we find f(0?|Z,vy).

202

2 T, — XV1xT
02|Z;y~IG(CY1+g, azty 5 - )y)

n 2 I, - XV ixT
f(0® | Z,y) o< (o) 727 Lexp {— aty =XV, )y}

It is possible in this case to implement a sequential rejection sampler to sample

from the posterior distribution. Notice

fB.0%Z | y)=fB o> Zy)f(0® | Zy) f(Z |y).

We showed 02 | Z,y ~ Inverse-Gamma(ay +n/2, (2as +y* (I, — XV 1 XT)y)/2).
Thus if we can draw independent samples from f(Z | y), then we can obtain indepen-
dent samples from the posterior distribution. We will use a rejections sampler to draw
i.i.d samples from Z | y using the proposal distribution of independent Bernoullis,
that is, g(Z) = 17", ¢7(1 — ¢,)"~%. First let us find the marginal posterior for Z,
f(Z]y). We know that

T[] — XV-1xT —(n/24a1)
f(Z ’ y) = (062 + Y ( 9 = )y) det(VZ)il/Z

< (gami) =7 (1= a)ro)™ 7

Note that

T([ — XV-LXT)y\ /2o (nj24a
(a2+ Y ( 2 )y) < (a2) (n/2+ 1)_

5 =

Also, by Minskowsi determinant theorem (see Marcus and Minc (1992)),

det(XTX 4+ D7HY2 > det(XTX)2 4 det(D;1)Y?
> det(D;1)1/2

= det(XTX + D;Y) Y2 < det(D,)"2.
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Let f(Z | y) = kq(Z | y) where k is the unknown normalizing. To implement a

rejection sampler, we need to find a constant C' such that for all Z € {0,1}?,

q(Zly)
<C
9(Z) —
q(Zly)
9(Z)
T I — valXT —(n/2+a1) _ B ‘
_ <a2+y oA )y> det(Vi) ™2 (1) =% () T

(Cm)_(n/Z-&-m) det(Dy) (7—1—’;)221- (ﬁ;ﬁ)pn_z Z;

Pn
— (a2)_(n/2+a1) ( T(}’;ZiT1Z72> (Tl_ﬂ%)ZZi (70‘7,1)””_222'

=1

IN

= (a2)7(n/2+a1) .

Thus, C = (ag)f("/ 2t and a rejection sampler can be implemented in theory.
However, since the marginal posterior for the Z is not factorizable to the individual
components, each update involves accepting or rejecting a p dimensional vector, and
for large p (even as small as 3) the acceptance probability is (very) low. Thus, a

rejection sampler is not practically feasible.

D.2 LDA Full Conditionals

In this section we derive the conditional distributions required for the collapsed Gibbs
sampler. Recall that notation n,j; refers to the number of times word j has been

assigned to topic k£ in document 7. Summing over various indices give quantities that
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we will find useful.

N;
Nije = ZH(Zit =k, wy = j)
t=1

= number of times word j is assigned to topic k£ in document .
W

Ny = E n;jr = number of words assigned topic k in document i.
=1
D

Nk = Z ni;, = number of times word j is assigned topic k for all documents.
i=1

= number of times topic k£ assigned to any word over all documents.

flw|z0)f(z]0)f(¢]b)f(0]a)
flw]|a,b)
o w0 f(0])

f(e | Z7w7¢7a7b):
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Thus,
0; | z,w,¢,a,b ™ Dirichlet (a")  where aj, = n;j + a.

Thus, the mean of # with respect to the full conditional is

Nik + ay
;.. + Zlf:l Qg
Similarly, we find the full conditional for ¢.

go(z,w) = E[0i | z,w,¢,a,b] =

f(@]zw,0,a,b) (W\Zcb (¢ 10)

1o ) (TTES 2 [t
QUESINT Sy

i= 1] 1 k=1 t= 1 t=1
K N;
z”—kw”—t bi—1
«T1 (TTTT 4 ch
k=1 \i=1 j=1
K W
N.tktby—
< [TTL e
k=11t=1

Thus,
ok | z,w,0,a,b ~ Dirichlet(b') where b, = n.y, + b, — 1.

As before, the mean of ¢ with respect to the full conditional is

Ny + by

gs(z,w) = E[éwt | z,w,0,0a,b] = —————
n.g+ Z}:L by

160

(D.2)

For the collapsed Gibbs sampler, we first need to integrate out # and ¢ from the

joint posterior.

120,60 | w,a,b) o< f(w | % 8)f(6 | b) - F(= | 0)£(6] a)
420 | w.a.b) = f(z| )16 | a) / fw | 2 6) (6] b) do
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Z|0 0|@/HH¢ntk+btld¢

k=1t=1

K W
I(

F(=16)£(8]a) || Ly e+ b

T T (e + b))

(W (g + b)) ﬁ P
Ht:l (”tk+bt) t=1

K w
I( b
= f(z10)f 9|aH Lz e+ b
F( t1(ntk+bt>>
ntk+bt

f(z]0)f(0|a)do
1ntk+bt /

q(z]w,a,b):HFI} L

1 t

1.5
NS
HZlF Ny, + by H HkKlF Nk + ax)

0.6

1 (e + by i=1 k=1

> T

I )
( ))
I'(n.u + by) gnLkJrak L0
e [I1I
( )
)

(
T DO (e +81)) iy DS (i + an))

K
/ F(Zf:l (ni'k + ak)) H eniAk-f—ak—lde‘
K ik )
[T T(nik + ax)

k

X

k=1

éN

HtVLF(ntk"‘bt H Hk 1 U'(niy. + ay)
1F( };V ( k=

k (e + be)) 32 1(nzk+ak))

[1.2, T + be) HHk  T(nig + ag)
1F(nk+2tlbt i=1 +Zk | k)

gw

k
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(D.3)

Equation (D.3) is the joint posterior of the topic assignments to all words over all

documents. To implement a Gibbs sampler such that ¢(z | w,a,b) is the invariant

distribution, we require full conditionals ¢(z4y | 2—guw,w,a,b), where z_g4, denotes

2\ Zaw- To find the full conditional, we decompose the product into terms that involve

the word dw and terms that do not involve the word dw. Note that here we use
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notation dw to denote word w in document d.

K
q(Zdw | 2—dw, w,a,b) = (HHPntk+bt> H F(n.wk+fvw)

k=1 t£b

I
y 2T D + a) [Ty T (nax + ar)
(H F( K: )) (F (nd.. -+ Zle Clk>

x (ﬁ L (s + bu) ) ( HkK L(nar + ax)
o1 I <nk + > bt> r (nd.. + Zk:l ak)
_ ﬁ L (. + bu) I'(nar + ax)

We want to know that given z_g4,,w, a,b what is the probability that zg4, is the

topic k. Let n_ refer to the various counts used, and n~% refer to the counts excluding
the word dw. Note that if word dw is not assigned topic k, then n”=™ = n_ and if
word dw is assigned topic k, then n_ = n-% + 1.
K
1Can | = aww,ab) = [ ] (R +;7/w) I'(na +I?k)
kit g L <nk +> bt> r (nd.. +> ak>
" L' (Napzy, + bw) ['(Ng.zy,, + Azy,)
r (n..zdw + lel bt) r (nd.. + Z,ﬁil ak>
T(ny2 + by +1) T(ng? +a.,, +1)
i ( —dw+zt 1bt+1>r(n;€?w+2k:1ak+1>
Mot + bu Nty + az,

n2dw+2t1t _dw"_Zk 10k
n"zdw _'_ ZZl bt
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Thus for the jth word in the ith document, the Gibbs sampler updates the topic
assignment according to
(n” + b) (" + ax)
Nn.r —+ Z}E/Zl bt
K
k=

p(zdw =k | Z—dw, W, a, b) = .
3 (ny” +b5) (" + ax)
1 n.r + Ztvil bt

D.3 Preliminaries

In general, E; represents expectation with respect to the Markov chain transition
density, k for that problem. Expectations with respect to a full conditional of a
variable are denoted by E(). The index 0 on variables denotes starting values for the
Markov chain.

Below are some properties of known distributions that will be used often.
o If 1/X ~ Inverse-Gaussian(a,b), then E[X]| =1/a + 1/b.

o If X ~ N,(u,%), then E[XXT] =3 + up”.

o If X ~ Inverse-Gamma(a,b), then E[X] =b/(a —1).

o If X ~ Inverse-Gamma(a,b), then E[1/X] = a/b.

We present some results that will used in the proofs of geometric ergodicity for

all three samplers.

Lemma D.1 Let y, X, and 8 be the observed n x 1 response, the n X p matrix of
covariates and the p x 1 vector of regression coefficients. Let ¥ be the p X p positive

definite matrix such that for o2 > 0,

B~ N, ((XTX + ) X Ty A (XTX + 277,
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then

E [y~ X8)"(y — XB8) + 757'8] < y"y + po*. O

Proof
This result was used in Khare and Hobert (2013) for a particular ¥. The proof here

is similar but is presented for completeness.

E[(y—XB)"(y—XpB)+ TS 4]
=y"y+E[BTX"XB - 2y" X3+ pTE7'4]
=y"y—2y" XE[B]+E [T (X"X +571)p]

=y y— 22 XXX+ ) ' XTy+E [tr(T(XTX + 57

)5)]

)

XMy + o (XTX +SHE [B8T])

=y y -2 XXX+ ) X Ty + tr (P(XTX+ X HXTX +57)7)

)
=y"y -2 X(X'X + S ) ' XTy+E[tr(X"X + 27" mT
)

(
(

=yly— 2" X(XTX + 57!
(

+tr (XX + 3 )(XTX +57 ) X Ty X (XTX + 5717
=yly =2y X(X'X + 577 Xy +po® + tr (y X (XX + 2707 X Ty)
_ yTy - yTX(XTX + E*l)fley +p0_2

<y"y+ po’. O

Lemma D.2 For a = (ay,...,a,) and 6 = (61,...,0,),

2
P1a2/52 <Z(5
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Proof

p CY? ) p azg p
bz 2;5_1251 Z:_f z;l u
plclﬂ/a?:ZiQ Q‘Zi; ) -
; /6; /9; =

i=1 =

Lemma D.3 For \2,a? 0% > 0, if the random variable X has the probability density
function f(z) such that

2 2
i e 22 )

202z
then 1/X ~ Inverse-Gaussian distribution with mean parameter y/A%20?%/a? and scale

parameter \2. O

Proof
It is given that,

2 202
s A2o? + a?2?
=z 2expd ——————
P 202z
, a? (% + zz)
=z zZexpy —

202z
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20'2 g
2.2 ) a? (—’\a2 — 2/ 2 z2>
=exp{ —

5 Z zexpq —
o

202z

3 a a

Xz 2expyq —

A2 <’\2§2 -2 L;’Qz + 22)

A202
25z

Thus, Z ~ Inverse-Gaussian with mean parameter /\?02/a? and scale parameter
A2, O

Lemma D.4 If 1/X ~ Inverse-Gaussian with mean parameter y/A202/a? and scale

parameter \? and a? < d? for some d? > 0, then

f(z) > exp {— N } a(z),

o

where f(z) is the probability density function of X and ¢(z) is the probability den-

sity function of the reciprocal Inverse-Gaussian distribution with mean parameter

V/A202/d? and scale parameter \2. O

Proof

By Lemma D.3, we have

f(x)
2 9 2 9
\2 Ao o [ Ao 1 n i
22 . a? a2 z 22
- ﬁ(x) TOXPY T 2221
2— =
a? x
32 Ao? 1
B A2 /\2< )_% a? 22
= exp p o ) 2 exp 2)\202 N
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( \2o? 1
. ()
S R
L a? x
( 2\
2 A2 ()\202 + )
_ T
= ﬁ(@ 2expq§ —
2\202—
. z ),
( 2 \
2 A2 ()\202 + )
>\ 5= (@) 2expq —
2m 2\202—
L T
A2o? 1
/)\2d2 /)\2d2 B A d? 2
= exp exp 2— eXp 271
d? x
5 No? 1
\22 / d2 d? 2
=expy — 2exp 55
o2 7r )\ o l

Lemma D.5 Let y, X, and 8 be the observed n x 1 response, the n X p matrix of
covariates and the p x 1 vector of regression coefficients respectively. Let ¥ be thae
p X p positive definite matrix. Then,

-1

(y—XB) " (y—XB)+ 'S8 >yy—y" X (X'X+357") X'y 0
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Proof

The proof mainly requires completing the square in the following way.

(y—XB) (y—XB)+ 5727
=y"y— 2" XB+pT(XTX + 578
=yTy — 2" X(XTX + L H)(XTX +2) 18+ B7(XTX +£71)8
+y X (XTX +57)THXTX + 3T (XTX + 37Xy
—y XXX ST TN (XX ) T Xy
=yly -y X(XTX + 271Xy
(B — (XTX + 2 XT)T(XTX + 278 — (XTX + 271) 71X Ty)

>yly —y" X(XTX + 571Xy, O

D.4 Bayesian Fused Lasso Prior

In this section we show that the Bayesian fused lasso prior is proper and that the
resulting posterior is the one desired.

First note that det (35) = det (251)—1‘ We decompose 251 into

Y5l =Li+ Ly (D.4)
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Bk -4 : :
& Aty 0
L 0 —z 77t oz g 0
0 O 27'5_1 + wgl_Q + wzl_l _wgl_l
L 0 0 _wzgal—l é * wf)l 1

The diagonal matrix L; is clearly positive definite. The tridiagonal matrix Ls is also
positive definite since Lo is real symmetric, has positive diagonals, and is strictly
diagonally dominant (see Theorem 1.2 in Andeli¢ and Da Fonseca (2011)). Here the

condition of strict diagonal dominance is satisfied since

1 1 1 - 1 1
2Tz‘2 w?fl wi2 wi271 w? '
Thus,

det(35") = det(Ly + Lg) > det(Ly) + det(Lg) > det(Ly) = ﬁ (i>

L1\ 272
=1 i

= det 1/2<1_[ 1/2

Thus, the joint prior on (72, w?) satisfies,

1

P p

=1 7

ﬁ 212 (ﬁ (72) 712 et /2> (

=1 =1

(u?) />
(u?) /)

I
—_

1

bS]
|

i=1
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-1
= ov/? (ﬁ em?ﬂ) (i‘[ (w?) ™2 6/\2wi2/2> _

i=1 =1

The term above is the product of the density of p exponentials and the density of
p — 1 Gamma distributions. Thus, the prior is proper.
Next we demonstrate that our choice of prior in the Bayesian fused lasso leads to

the Laplace prior in (6.13). First we expand 5T2515.

[CED PRy
[ 1 1 52 17
B (— + —) — B .
1 3
= ——2+53 e T Bs
_ 1 1
_@ + 5}7 - + 5 | 613 |
L wp—l Tp wp 1 .

:ﬁ12<i+i2)_51€2 5152+62 <_+ 1 +i>_5253

wi wy w1 72 wl 7~U2 w2

Y ER I B WO = S SO

Wy T3 wy o ws w3 -1 -1
LB B BE-2018 B34 B~ 26aPs B2+ B2, — 28,8y
L R A PN

: w7 W Wy,_q

p—1

_ Z f_2 + Z 5z+1 Bz ‘ (DG)
i=1
Using (D.6),

(8]0

p e
oc/ / (2mo?) "2 det (251)1/2exp —M
r? JR2! 20
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P p—1
x det (25)1/2 (H (7-1.2)_1/2 €>\173/2> (H (w?)_l/2 6)‘2wi2/2> dw?dr?

i=1 =1
p 2 2
o\ —1/2 )\17}' Bz 2
%ﬁw esp {255~ 1 far
p—1 2 2
o\ —1/2 Awi  (Bi1 — Bi) 2
y , _ Wi d
/Ril LLwD e { 2 and [T

p—1
—exp{ Zm QZrﬁm—m}
=1
T (2 N B A
<[ 116 e e T

p—1 2 2
2\ —1/2 _ howi (Bi+1— Bi) Ao 2
X /Rpl (wz) exp{ 5 207w + . |Bix1 — Bil ¢ dw

oceXp{—%ZWz Z|5z+1 Bil },
=1

where the last equality is due to the integrands being the densities of the reciprocal

of Inverse-Gaussian distributions; see Lemma D.3.

D.5 Proof of Theorem 6.1

We will establish geometric ergodicity of the three variable Gibbs sampler for the
BFL by establishing a drift condition and an associated minorization condition. We

first establish the drift condition. Consider the drift function

p

2 A2t
VerL(6, 7%, w? 0%) = (y—Xﬁ)T(y—Xﬁ)wTEglm%fo+fXZ: wi. (D.7)
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Then Vprr, : R? x RE X R{fl xR, — [0,00). To establish the drift condition we need

to show that there exists a 0 < ¢gpr, < 1 and Lgp; > 0 such that,
Ek [V(57T27w2702) ‘ 50,7'(?771)(2)708} S ¢BFLVBFL(50,T§77~U(2)70§) + LBFL7

for every (Bo, 78, w3, 02) € R? x RE. x R x R,

Ek [VBFL<5JT27w27O-2) | ﬁ077—027w(%70-(2)]
- /VBFL(B77—27UJ270-2)]C(0-2 | 507Tgaw(2)7y)f(7-2’w2 | 5070-27?/)
x f(B| 1% w? 0%, y)dBdr? dw* do?

— [ F0?] B 2wl y) / £ w2 | By, 02 )
RﬂxR?fl

Ry

« / Vars (8,72, 0%, 0%) f(B | 72,02, 0%, y)dB dr dw? do®
RP

= E0'2 |:ET2,’w2 |:E,3 [VBFL(B>T27U}2702) ‘ 7_27w270—27y} ’ ﬁ0702>y] | 6077—027111371/}'

We will evaluate the expectations sequentially, starting with the innermost expecta-

tion. By Lemma D.1,

2

E [VBFL<577—27U)270-2> ‘ TQ,U) 70-273/]

o p—1

— B |(y - XB)(y— XB) + 87558 + 12 +A22w2|r Wt o,y

2P1

S?JT?J‘F ZT + == Zw + po?.

Next we move on to the expectation with respect to the full conditional of 72, w?.

ET2,w2 [Eﬁ [VBFL(677_2aw270-2) | 7—27w270-27y} | 6070-2ay}

2P1

SETQ,’U)Q Yy y+ Z 2 Zw +p0—2‘ﬁ07 g,y
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T 2 A% - 2 2 )\% = 2 2
=y y-+po +Z;E72 [Ti |ﬁ07avy]+ ZEMQ [wilﬁoaauy}

N~ | [ 5 M [(Boinn — Bos)?
_ T 2, M 0, - A2 0,i+1 0,i L
_yy+p0+42 A22+X2+42 jere +A%,

1=

where the last equality is using the properties of the Inverse-Gaussian distribution

mentioned in Appendix D.3. Recall that for a,b > 0, 2ab < a® + V?.

:E’rQ,u)2 [Eﬁ [VBFL(677_2aw270-2) | 7'27’(112,0'2,?‘]} | 6070-2ay}

2 [ B (n+p+2a) 1]

Ty pe? s M 1
Sy Yty ; 250%(n 1 p + 2a) N 32

1
MX: (Boi+1 — Bo,i)? Jr(7”L+p+204) 1
T 20%(n+p + 2a) 2\3 A3

A2 iy
24+ (n+p+20)+ ———-> =

T 2 P
= +=
Yy y+po S+ p 1 20) 2 =

2

)\2 g 50 i+1 50 z

+
8(n+p+ 2«) —

Finally, the last expectation,

:Eo'2 [ETQ,fuﬂ [Eﬁ [VBFL(ﬁaTQaw27U2) | 7—27w270-27y} | ﬂo:UQay} | /8077—027w(2]7y}
<yTy+ 5 (n+p+20+2) + pEaafo” | o, 7wl y

)\% P |:ﬁ02

_ E
+8(n—|—p—|—2a)z o2 |ﬂ077_0aw0ay:|

n+p+2a ZE |:BO7,+1 607,)

2 2
| /607T07w07y:|

(y — XBo)"(y — X Bo) + B3 25, Bo + 2¢
n+p+2a—2

SyTy+§(n+p+2a+2)+p
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i A2 i (n+p+ 2a)ﬁ§7i
8(n +p+2a) & (y — X)) (y — X o) + 555 Po + 2

n A3 % (n+p+20)(Boi+1 — Bo,i)?
8(n+p+20) = (y — XBo)"(y — XBo) + B3 X, Bo + 2¢

(y—XB0)" (y Xﬁo)‘irﬁoTE "By + 2¢

Svyte n+p+2a—2
+Z<n+p+2a+2)+§ﬂ02 f;;+ 5 i 1(ﬁfToé+}Boﬁo,i)2
Using (D.6),
B0 X 150>ZﬁoZ and 3 35 502 - (»301+12 50,1)2'

1 W,

’ (2

E02 [Eﬂ'Q,w2 [EB [VBFL(ﬁ 7—2 U)2 02) ’ 7—2 w2 0-27y} | 5070-27y:| | ﬁOngawgvy]
T (y— XB0)"(y — XPo) + L5, Bo + 26

<
Sy YTD n+p+2a—2
)\2 P 521' )\2 p:l ; N : 2
+g(n+p+2a+2)+— 12 0’2 + 22 Ef—l(ﬁ07+1 502,) ~.
4 Z ’BO,i/TO,i 8 Zi:l (50,i+1 - 50,1') /wO,i
By Lemma D.2,

Eq2 |:E72,w2 [Eﬁ [VBFL<577_27U)2’O—2) ’ T2aw2702>y} ‘ 6070—273/} ’ ﬁ077_()25w(%7y]

p 2p¢
<yTy+= 200+ 2
<y y—|—4(n+p—|— o+ )+n+p+2a_2
b T Ty—1
- X - X )y
+n—|—p+2a (( Bo)" (y Bo) + By ,3050)

p

2
\2 P -1
+§1Z7'01 ﬁz::

< ¢prLV (Bo, 7'0 3 w07 Uo) + Lprr,
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where
¢ P L forn >3, (D.8)
BFL = THax n+p+2a—2’ 2 B
and
Lprr=y"y + = (n+p+2a+2)+ 205 . (D.9)
2 n+p+2a—2

Thus we have established the drift condition and turn our attention to the mi-
norization condition. To establish a one-step minorization, we need to show that for
all sets Cy defined as Cyq = {(B, 7%, w?,0?) : Varr(B, 7%, w? 0%) < d} there exists an

€ > 0 and a density ¢q such that for all (3, 73, w?, o) € Cy

kBFL(ﬁaTQaw2702 | 5077—02711]870(2)) 2 EQ(ﬁ7727w2702)'

To establish this condition, recall that,

k:BFL(ﬁaT w y O |507707wg70—0) (5|7— w va) f(7—27w2|507027y)

By our definition of the drift function, for all (8y, ¢, w,o2) € Cy the following
relation holds due to (D.6),

)\2
dz(y_XBO) ( X50)+Bgzﬁgﬁ0+_z To,i fzw(%z

=1

" B3, “(ﬁw—ﬁw
4> (y = XBo) (= XPo) + 3+ D =
i—1 04 - 0,i

21”1

P
+zZToZ Z
=1
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Using the above and Lemma D.2, for each £ ;

Bg,j < Zﬁm = (Zﬁn) (Z f;”) < /\—% = d, (D.10)
=1 ?

=1

and similarly for eachi=1,...,p—1

p—1 1 p—1 6 5 d2
(Bo1—=Bog)* <D (Boir1—Bos)? (Z w&) (Z on L ) <7 = 2.
=1 0,3 2

=1 i=1
(D.11)
With these bounds involving 8y and using Lemma D.4
f(7-2a ’lU2 | 507 0-27 y)
= (7—2 | /807027y) (w2 | /60)0-27y)
P 2 12 2 12
Ay A5d3
ZH { \/ 5 }q, (12 0?) Hexp{ \[ =2 }hz(wﬂa?)
)\2d2 M\d2
—eXp{ Y (Y } [qu ‘o ] [Hhi(w? | 02)]
i=1
Since for a,b > 0,2ab < a® + b2,
1 pPAd; 1 pPAid; - 2 .2 - 2 2
>expd —= — e S (7 (w?
R e T O
(D.12)

where ¢; is the density of the reciprocal of an Inverse-Gaussian distribution with
parameters \/\?02/d? and \? and h; is the density of the reciprocal of an Inverse-
Gaussian distribution with parameters \/A302/d3 and A3
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By Lemma D.5

-1

(y — XBo) (y— XBo) + By S50 B0 = y"y — y" X (XTX +351) 7 Xy

Recall the decomposition X' = Lot + Loz in (D.4); here the 0 in the index indicates

75 and w§ entries. Here Lo is the diagonal matrix with entries 1/(275,;). Then since

YT X(XTX + Loy + Lo2) X'y > y" X(XTX + Ly ) Xy

= yTX(XTX + LO,l + LO,Q)_IXTy < yTX(XTX + L071)_1XTy
Using the above and the fact that for each i = 1,...,p, 273, < 8d/\}
_ -1
(y—XB0) (y—XBo)+ B S5 B =y y—y' X (XTX+5;") Xy
Z yTy—yTX<XTX+L 1)71XTy
A2 N\
>yly —y'X (XTX—i- 1]) XTy

8"
(D.13)

Using (D.13) and the fact that for (8y, 72, w3, 03) € Cy, (y — XBo) (v — X Bo) +
B85 25, 80 < d,

1 pz)\QdQ 1 p2)\2d2
{5 -5 - e et

n+p

((y—Xﬁo)T(y—XﬁoHﬂoT Eg0160+2€) z e

2

{1 2N

202 202 r ("—+p + a
o\ — 2 —a—1 (y — Xﬁo) (y — Xpo) + ﬁoTE,BO Bo +2¢
X (0 ) exp | — =

S o1 yTy —yT X(XTX + X(8d)'L,) ' XTy + 2¢ 1
- 2 r (% + a)
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x (02)” P -a-1 exp _d+28 + p*N3d5 + pPALdY
202
L Y
o (VXXX N (8d) ) X Ty g 2T
d+ 2§ + p?\3ds + p* \id?
ntp
<ci+—2§—kp2A§d§4—p2A%d§> A

2
X
SEE
_ntp_ o d+2 2\2d2 2\2d?
x (02) Vexp d — + 26 + p"A3d3 + p Aid;
202

ntp
Ty — T X (XTX + \2 17 V-1xTy £ 9¢\ 2 T
:e_1<y31 y X(XTX +XBd) ) y+'5> q(0?), (D.14)

d+ 28 + p?\3dé + P Md3

where ¢(c?) is the density of the Inverse-Gamma distribution with parameters, (n +
p)/2+ a and d + 2 + p*\3d3 + p*\id3.
Finally, using (D.12) and (D.14),

2 2 2 2 2 2
kBFL(ﬁ7T W, o |ﬁ077—07w0’0-0)

> e f(B] 77w 0% y) hl%QlalhIM(ﬂaﬂ, (D.15)

=1

where

n+p
T, TX XTX ALY 71XT 2 — to
626_1(y31 y' X( + Mi(8d) 1) y+ 5) ‘ (D.16)

d+ 28 + p?M\3d3 + p?\ids

Thus the minorization condition is satisfied. This completes the proof of Theorem 6.1.

D.5.1 Starting Values

2P1
Wwﬂ&T%waf)Z@rnﬂﬁny—XﬂWHﬂE?5+ E:Q**L

1=1
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Starting value (89, 78, wg, 03) is chosen such that

(ﬁo,Tg,wg,UQ) = arg min VBFL(B,TQ,wQ,JQ).

We will find the minimum by using profiling out 72 and w?. By (D.6)

oVerr 5i A2 9 465
- =)= = ——= — =0= - >
o2, & T =
oVrrL (Bo.iv1 — Boi)? 4(Bo.i+1 — Boi)?
= O = = — : = 0 = = : :
g, g, +2 1 o = 22

The Sy that minimizes Vg, is,

) | )\15 = Aa(Bis — Bi)?
Po = arg min {( B Z VB Z1 2v/(Bivr = Bi)?
9 p—1

+ZA2 462 %2 4@“_@) }
p—1
= arggré%; {(?/ —XB)"(y—XB) + M Z |8l + /\22 |Bis1 — ﬁz|} ;
i=1 i=1

which equivalent to the fused lasso solution. Thus, a reasonable starting value is Sy

being the fused lasso estimate, 75, = 2[6o,|/A and w§; = 2|Bo,i11 — Bo,il/Ae-

D.6 Proof of Theorem 6.2

We will prove geometric ergodicity for the three variable Gibbs sampler for the BGL
by establishing a drift condition and an associated minorization condition.

Let

5 K
Viar(.7%, %) = (y — XB)"(y — X6) + 57D+ 5 2. (D.17)
k=1
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Then Vpgr, : R? x RE x Ry — Ry. To establish the drift condition we need to show

that there exists a 0 < ¢pgr, < 1 and Lggr, > 0 such that,
Ei [Vaarn(B8,7%,06%) | Bo, 75, 04] < dparVear(Bo.75,05) + Lper,
for every (8o, 7¢,03) € RP x RE x R;. Just as in the proof for BFL,

Ek [VBGL(B7T270-2) | 5077—(?70-8}
= Eq2 [E'rz [EB [VBGL(B>T27O_2) ‘ 7—2702>y} ‘ 6070—273/} ’ ﬁO)T()Qay] .

We will evaluate the expectations sequentially, starting with the innermost expecta-
tion. By Lemma D.1
EB [VBGL (ﬁ7 7—27 02) ‘ 7—27 02]

PR L
=Es |(y—XB)(y— XB)+ TD'8 + erg | 72,02
k=1
T /\2 -
<yTy+ D T +pot
k=1

Next we move on to the expectation with respect to the full conditional of 72.

]ET2 [Eﬁ [VBGL<577—270-2) | 7—270-273/] ’ ﬁ070-27y}

L
<E,. yTy+ZZT;?+p02IBo,02,y]

k=1

N (B Boc 1
_,T 2 N 0,G~0,Gk -t
yy+pa+4; ESVEI +/\2

T 2 AQ =~ 2 2
=y"y +po +Z;E72 [72 | Bo, o2, y]
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Let M = max{my,...,mg}. Then,

E72 [Eﬂ [VBGL<677—270-2) | 7—270-27y] ’ B070-27y}

LR van+p+%m£@&gk 1

<o 2, AT
SV ytpo A Z M(n+p+2a)\20? A2

4

k=1
)\2 K T /BT 6OG M(n+p+2a> .
< T 2, N 0,GP0,Gy, 1
Sy y+pot+ A ; 20’2M(n—|—p—|—2a) oN2 -+ 32
K
<yQFHw2+g 1+Aﬂn+p+2@ N SE BTG, B
= 4 2 802M (n + p + 2a)

Finally, the last expectation,

Eg2 [ET2 [Eﬁ [VBGL(577-2a02) | 7—270-273/] | ﬂ07027y} | 60’Tg7y}

M(n+p+ 2«
Sf@+§(r& ( ; >>

N Yk Boc, Po.ci 1
= ) ) E el 2 E 2 2
8M(n—|—p—|—20¢) o2 |:0_2 |B077—07y:| + PLig2 |:(T |/60a7—07yj|

M 2

4 2
N30 B8 Boc (n+p+20)
SM(n+p+2a) (y—XB)(y— Xpo)+ 8§ D7l6o + 26
(y — XBo)" (y — XBo) + B D' Bo + 2¢

P n+p+2a—2
M(n+p+2
4 2
K
+ )\2 Zk:l 63:Gkﬁova

8M ((y — XBo)T(y — X o) + 65 D1 6o + 25)
(y — XBo)" (y — XBo) + B D' Bo + 2¢

P n+p+ 20— 2
2 K T
4 2 8M Bo D7 Bo
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(y — XBo)"(y — XBo) + B D' Bo + 2

+p

n+p+2a—2
Recall that,
s 2 2 2 2 2 2
Dy =diag( 751, 01, To2r -+ > Tor s To.K - - - ,TO’K),
7 g NS g
vV v Vv
mi m2 mK

Let the diagonals of D, be 75, fori =1,...,p. Then 55D, B0 = Y7, 53,/75.; and

P T3 <MY 72, By Lemma D.2,

E02 |:E7_2 [Eﬂ [VBGL<BJT2JO-2) | 7—270-273/] ’ ﬁ070-27y} | 5077-(?7?;}

M(n+p+ 2« A2 &
SyTy+Z—9(1+ (ntp )>+8MZT§,M
=1

4 2
(y — XBo)"(y — XPo) + B{ D! Bo + 2¢
+p
n+p+2a—2
M 2 A2 &
<yy+2(1+ (ntpt20)) A 2,
4 2 8 i
(y — XBo)"(y — XBo) + B D' Bo + 2¢
+p
n+p+2a—2
P 1 E
— - X T - X TDfl - " 2
n+p+20[_2 ((y /BO) (y ﬁ())—i_/BO T0 /BO) +2 <4 leO,k>
D M(n+p+2a) 2pé
=11
ty y+4( * 2 n+pt 20— 2

< ¢pcrVaar(Bo, 74, 03) + Lpar,

where

P 1
= “l<lforn>3 D.18
bseL max{n+p+2a—2’2}< o= (D.18)
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and

Mn+p+ 2&)) 2p€ (D.19)

L 1 )
Bal = yy+4( + 2 n—+p+2a—2

This establishes the drift condition and we now turn our attention to the mi-
norization condition. For d > 0, define Cyq = {(8,72,02) : Vaar(B,7%,0%) < d}. We
need to show that for all sets Cy; there exists an € > 0 and a density ¢ such that for
all (By, 72,08) € Cy

kBGL(577—270-2 | 6077-(?70-(2)) Z eq(B772702)'

To establish this condition, we recall that,

kBGL(ﬁaT o’ |50,707Uo) (5|T va) (72|30>02>y)f(02’/30,737y)-

By our definition of the drift function, for all (8,73, 02) € Cy the following relation
holds,

L
(y — XBo)" (y — XBo) + By D5, Bo + T Z 0y < d.
k=1

K
The above implies that each of 8§ D'y and (A?/4) Z Ty 1s less than or equal to
k=1

d, so
K
_ 4>
o) (3or) <
k=1
K K
4d?
ST o < (Z fiafoc, ) (z ) <y Lo D2
k=1

k=1 TOk:

4 2
= Bo.c,Bocr, < )\dz =d} forallk=1,..., K. (D.20)
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By Lemma D .4,
2 2 a A2di
>
(%] Bo, 0%, y) > k|:|1eXp —\ 3 a(7i | 0%)
1 K2\d?
>eXp{——— 552 } | |Qk Tk |‘7 (D.21)

where ¢, is the density of the reciprocal of an Inverse-Gaussian distribution with
parameters y/A\202/d? and \°.
Now, since for each i = 1,...,p, 75; < 4d/N*, by Lemma D.5
_ 1y -1
(y— XB0) (y—XBo) + B D' Bo>y"y—y" X (XTX+ D) XTy

)\ —1
> yly —yT'X (XTX + 4—d1 ) X7y

Using the above relation, we arrive at the following,

1 K2\d?
exp{—é— 20_2 l}f(o'Q‘ﬁOaTOZay)

(y—XBo)T (y—XBo)+BY D7, Bo+2€

= o

n+

2 202 (%2 +a) 7
< exn d (y = XBo)"(y — XPo) + 85 D' Bo + 2€
P 202
S -1 Ty —y" X(XTX + N2(4d) 1) P X Ty + 2¢ S 1
B 2 T +a)
_ntp_ d+ 26 + K2)\2d?
2 2 1 _ 1
X (a ) exp{ 557
LN
_ o (VXXX 4 X)) X Ty 2
d+ 25 + K2X\2d2

< + 26 + K2>\2d2> S

202

(o) o {_d 26+ K222 }
r (n+P + O{) p
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_ o1 (yTy — YT X(XTX + N(4d) L)' X Ty +2¢

"+
q(0%), (D.22)
d+ 26 + K2X2d} )

where g(0?) is the density of the Inverse-Gamma distribution with parameters, (n +
p)/2 + a and d + 2§ + K2 2d3.
Finally, using (D.21) and (D.22),

K
kBGL(577—270'2 | 6077-0270-(2)) > € f(ﬁ ‘ 7-2,0'2,:9) Q(JQ) HQk(TQ ‘ 02)7 (D23)

where

n+p
Ty — T X(XTX + N2(4d) 1) X Ty + 26 2+
626_;(1/1/ yIX(XTX + N (4d) ') T X Ty + 5) - (D.24)

d+ 26 + 4K2d?
D.6.1 Starting Values
Lt
Viar(8,7%0%) = (y = XA)(y — XB) + 87D B+ T > 7.
k=1
The starting value (g, 72, 0¢) is chosen such that,

(60,7'02,03) = arg min VBGL(B,TQ,J2).

We will solve the minimization problem by profiling. We proceed by first differenti-

ating with respect to 72 and then with respect to £.

oAY ;. A2 |45
BQGL — 0= — _/BO,Gk4ﬂ07Gk NESANN YN Tgk _ ﬂo,kaO,Gk
07'07k Tok 4 ’ A

Thus, the 5y that minimizes Vggy, is then,

K A T . /\2 K 4
ﬁozarggé%}) <y_X5)T(y_X5)+ZM+ZZ BL
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K
= argéxé%; (y—XB) T (y—XB) + /\Z \/ BE, Baws
k=1

which equivalent to the group lasso solution. Thus a reasonable starting value for the

Markov chain is 3y being the group lasso estimate and Tg,k =2,/ BOT: ¢, Bo.cy, /A

D.7 Proof of Theorem 6.3

Counsider the drift function

B Az K Az K mg

Visar(8,7%.9%,0%) = (y= XB) (y = XB)+ STV B+ D i+ F D iy
k=1 k=1 j=1

(D.25)

Then Vgsar, : RP x Rf x RE x Ry — R;. The BSGL Gibbs sampler MTD is

kBSGL(ﬁJ 7—27 727 02 ‘ 507 Tg? 7(2)7 0(2))

= f(ﬁ | 72772a027y) f(72772 ‘ 50>02ay) f<02 ’ 5077—(?773’3/)'

Just as before

E [VesaL(B,7,7% 0%) | 7%,9°,0°]

= EUZ |:ET2,’Y2 [EB [VBSGL<ﬂaT27’7270-2) | 7—2772ag2ay} | 5070-273/} | 5077—02773ﬂy}

In order to establish the drift condition, we will evaluate the expectations sequentially,

starting with the innermost expectation. By Lemma D.1

E [VBSGL(6>T27’72702) ’ 7—2772a0—2]
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K K
_ A
=E|(y—XB) (y—XB)+ ﬁTle + —41 E T2 + —42 E 7,% | 72,72, 0

Next we move on to the expectation with respect to the full conditional of 72, 2.

ETQ,'yQ [Eﬁ [VBSGL<B7T27’72 0-2) | 7—2,'72,0'279] | 60a0-2ay}

/\2 K myg
jz k+—227kj+p02lﬁo, y]

k=1 j=1

< ETz 2

K myg

)\2 2
=y"y+po’ + LD B [ | fo, 0% ] f;; [V, | Bo,o?, Y]

)\ K ﬁ kﬁ 2 K mpg 1
T e + 52 kaZ \/ 3
=1 =1 5=1

Define M = max{my,...,mg}. In addition, define

PYEPY:
A= (1+ﬁ+)\2) (n+p+2a).

Then,

Erz,e [Eg [VBSGL(B m.0%) | 7°,0%y] | Bo,0” ]

ﬁo G,ﬁo a, AM N i
202AM 207 N2

Agimk 58,” AM |1
20°AM 23 ' N

K myg

T 2 p )\% =~ ﬁngkﬁoaGk /60]{:]
< yTy 4 po +Z(2+AM>+8AMZ 5 SAMZZ
k=1

—1 j=1
A+ A3 B3 B
SAM o2’

=yTy + po? +4(2+AM) {
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Finally, the last expectation,

Ecr2 |:ET2,’Y2 [EB [VBSGL(ﬂaT2772702> | T2772 027y] | 6070-27y} | B077—(?7/7(2)7y]

P (A2 4+ A2 BTB
SyTy+Z(2+AM)+ W E,2 | 0|5o,70,%,y

+pE02 [0-2 | 50773a737y]

U A A+ A3 (n+p+2a)58{ Bo
vt B AN SO | = XA (= XBo) + VD o+ 26
n (y— XBo)" (y Xﬁo)‘i‘ﬁoT 7070504‘25
P n+p+2a—2
D (y — XBo)"(y — XPo) + B3V, R B+ 2
_yy+1(2+AM)+p n+p—|—2a—2 .
XN 53 6o
/\2 A2 1 0
+ (AT +A3) {8M (1+)\2+>\2)] (y — XBo) (y Xﬁo)-ﬁ-ﬁg r07050+2£

)\2 )\2 -1 T
Sf@+§@+AM%%Q?+£)FM(1+;Y%V)} (TéékJ

70,70
(y—XBo)" (y — XBo)+ B¢ 7070504‘25

P n+p+ 20— 2

Let vg; denote the diagonals of V, ;. Then by Lemma D.2,

_ B3B 50
BTV 3, Z Yo.i
BO ‘Fo ’Yo i=1

Now note that the harmonic mean of positive numbers is less than their arithmetic

mean. Using this property,
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Thus,

E0'2 |:ET2 [Eﬂ [VBSGL(677—270-2) | 7—270-27y} | B070-27y] | ﬁ07737y]
SyTeri—)(?JrAM)

+(>\§+/\§)[8M(1+i—z+i\z)} ( Zm+ i%vo,fJ

k=1 j=1
(y—XBo0)"(y — XBo)+ B¢ 7070504‘25
n+p+2a—2

X PLENDY A
SyTy+§(2+AM)+ (1+A2) [8(1+?+)\2>] (

/\2 )\2 /\2 /\2 K my
+<1+A—§) {8M(1+F+)\2>} ( ZZ%;”)

k=1 j=1
(y— XBo)" (y Xﬂo)—f—BTVTOl%ﬁo

+p

=N

|

K
2
E :TO,k

k=1

+P n+p+2a—2
p 2pé
<yTy+= 2+ AM
<y y+4( + )+n+p+2Q_2
p T
— X - X
T3 LY XA (v = XBo) + By Vo

A2 A2 N2 A2 &
+ (1+ A2) {8 (1+ﬁ+ AQ)} (ZlZT&k)
k=1

22 YR A e &
+(1+A—%) {8M(1+?—|—)\2>} TD Vows

k=1 j5=1

2 2 2
< ¢pscr Vesar(Bo: 75,7, 04) + Lescr,

where for n > 3

Py \2
1 1+ L
P ( +A2) ( +A§)

¢BSGL:maX s P} 2N 2 2
ntp+2a—2 ( N2 A) ( 22 AQ)

8(1+214+22) sm(1+2k+
JURIY 2N

<1,

(D.26)
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and

2p§
n+p+2a—2

2+ AM) + (D.27)

Lpsar =y y+4(

This establishes the drift condition and we now turn our attention to the mi-
norization condition. For d > 0, define Cy = {(B,7%,+%,0%) : V(B,7%,~% 0%) < d}.
To establish a one-step minorization, we need to show that for all sets Cy, there exists

an € > 0 and a density ¢ such that for all (8o, 72,72, 02) € Cy

kBSGL(577277270'2 ‘ 5057—(?778708) 2 EQ(B772772702)'

To establish this condition, we recall that,

kBSGL(/Ba 7—27 ,YQa 0—2 ‘ 507 7_027 ’ygv 08)

= f(ﬁ | 7—2772a027y) f(7-2772 | 5070279) f(O-Q | 6077—02773’y)'

By our definition of the drift function, for all (5y, 73,72,02) € Cy the following

relation holds,

K myg

d>(y—XB) (y Xﬁo)‘i‘ﬁTVTgl%BO‘i‘ Zow ZZ%M

k=1 j=1
K myg
d> (y— XBo)" (y — XBo) +ZZﬁokg< i
0

M s
+z§jhk
k=1 j=1 k=1

1
'Yo,k,j

mp

K my
dZ(y—Xﬁo) ( Xﬁo +ZBOGk60Gk+ZZBOIW ,\2 Tg’k

7o,k k=1 j 70 k.j 4 k=1

)\QKmk

ZZ’YOIH

k=1 j=1



D.7. PROOF OF THEOREM 6.3 191

Using the above and following on the lines of (D.20) we get

4d2
Bo.c.Boc, < 5yl =d? forallk=1,..., K., (D.28)
and similarly for each k=1,..., K and j=1,...,my
4d?
Bors < SvEE ds. (D.29)
2

Using Lemma D.4 and (D.28)

f(7—2772 | 5070-27y)
= f(7*| Bo, o, y) F(V* | Bo. 0%, y)

zgeXp{ \/W}Qk 7 | 0%) (ﬁﬁeXp{ \/W}qm(%ﬂ 2))

k=1 j5=1

1 pz)\gdg 1 K2)‘%d% s 2 2 1 2 2
ep{--Tge - B [T oot 17T Lstots 199

j=1

(D.30)

where g, (7 | 02) is the density of the reciprocal of an Inverse-Gaussian distribution
with parameters \/W and \? and where qk,j(7]%7j | 02) is the density of the
reciprocal of an Inverse-Gaussian distribution with parameters \/W and \2.

In addition, since each 75, < 4d/A? and each 3, ; < 4d/\3, so

—1
1 1 A2 a2\ !
-+ 55— S(—1+—2) = d.
<7‘g’k V(Q),k,j) 4d  4d ’

By Lemma D.5

(y—XBo) (y— XBo) + B3 Vb Bo=y"y —y" X(XTX + V!

70,70

)T X Ty
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1 —1
>yly —y'X (XTX + —Ip> XTy

ds
(D.31)
Using (D.31),
1 pPA2d2 1 K22
exp {—5 - ﬁ - 5 - lel f(02 ’ 5077—027'7373/)
n+p
(y—XB0)T (y—X Bo)+BT Vag Ly o+26 2 T
207 20° I (%52 +a)
X (02)_%?_‘“_1 exp{ — (y — XBO)T@ — XBo) + 50TVTE}YOB0 +2¢
202
i Pt
o (VYT XXTX 45 ) X Ty 260 2 1
2 > F(F+a)
Cndp d+ 26 + p?MN2d2 + K2 )\2d2
2 > 1 o 292 11
X (U ) exp{ 202
nip g,
o (Y XX g )X Ty g ag)
d+ 28 + p?A3d3 + K2A1dy
L‘,’P (6%
d+ 26 + P22 + K2X2d2\ 7 °
y 2
L (5 1)
_ntp_ d+ 26 + p?N2d3 4+ K2\ d?
2 > 1 _ 292 171
X (0 ) exp{ 202
m (63
_ yTy — yTX(XTX + dgllp)—lXTy +2§ ° i q(02) (D.32)
d+ 26 + PP A2 + K2X2 2 ’ '

where g(c?) is the density of the Inverse-Gamma distribution with parameters, (n +
p)/2 + a and d + 2§ + p*A\3d5 + K2\{d;.
Finally, using (D.21) and (D.22),

kBSGL(ﬁ; 7—27 727 02 | 507 Tg? fyga 0(2))
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K mp
fB 1729 0%y) a0 [ ] [qk(ﬂ? o) [T a2, | 02)] ,

k=1 j=1
where
_ _ n—"'p—i—a
o (VY YT X(XTX +dy ) X Ty 4 20 (D.33)
d+ 2€ + p2M\3d3 + K2)\2d? ' '
D.7.1 Starting Values
The starting values satisfy,
(6o, 76,7, 09) = argmin Vsar(B,7%,9%,0%).
To minimize Vgsar,

oV, 0, A2 463,

BiGL — 0= — _BO,Gk460,Gk + M_= TOQk _ ﬁo,(;kfo,(;k

T4k Tok 4 ’ A

A% A2 452, .

BjGLZOj: Bij+_—0:>’Yokg_ BoékJ

a%,k,j 70 k.j 4 A3
K K myg
M B, Ba Ao f3y

— ; T k J

&—arg%@{ (y—XB)"(y - XP) Z - ZZ
k=1 ﬁckﬂGk k=1 j=1 ﬁk,j

K my

K 2
DR S PD3 “f’?}
k=1 k=1 j—1
K mg
_arggég; (y—XB) 'y — XB) +/\12\/50k50k +/\2 Z|/8k:j’7

k=1 j=1

which corresponds to the sparse group lasso solutions. Thus a reasonable start-

ing value for the Markov chain is 3, being the sparse group lasso estimate, 7'0271@ =

24/ 80 Bo.c /M and g = 2|Bo k4l / Aa-
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