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Abstract

A damped one-dimensional wave equation is used to model an elastic rod that
bounces off the ground with a given initial velocity, under the influence of gravity.
An explicit solution is derived, based on the Method of Descent and D’Alembert’s
formula. The time of contact with the ground is determined in terms of the initial
velocity, damping coeflicient and gravitational constant. We obtain expressions for the
motion of the center of mass for the duration of the impact and are able to determine
the internal vibrational energy present at the end of the contact time. A corresponding
definition of a “coefficient of restitution” is proposed and analyzed.

1 Introduction

The classical problem of determining the height of rebound of a bouncing object has
been investigated in a huge number of works going back Newton (1687) who defined the
coefficient of restitution (COR) as a ratio of relative velocities after and before a collision,
Hertz, 1882 [5], who developed the foundations of contact mechanics (see e.g., [8]) based
on stresses in spherical elastic bodies, and Love 1905 [12] who investigated the dynamics
of colliding elastic rods governed by one-dimensional wave equations.

Although there are numerous applications where impact problems are studied; e.g.,
sports science, robotics and earthquake dynamics (see e.g., [4], [6], [11], [18], [20], [19],
[21], [10]), there are very few situations where a precise knowledge of motion during the
impact has been determined. Consequently in most applications, an impact is modeled
using a COR. While this methodology has become quite developed, (see e.g., Stronge [17]
for a detailed description of various theories of COR and application), there are numerous
drawbacks and inconsistencies with this approach, some of which are described in [16].



A COR less than 1 describes an inelastic collision, and hence describes some amount of
dissipation (at least in terms of velocity) that occurs during the impact. It has long been
thought [16] that dissipation during an impact results from 1) localized plastic deformation;
2) viscous damping in the material; and 3) energy transfer to vibrational energy. Therefore
a better knowledge (even in specialized situations) of the portion of translational kinetic
energy that is transferred to vibrational energy during the impact, could improve how the
COR approach is applied.

One situation where it is possible to write down an explicit solution formula (see e.g.,
Love [12]) for an impact is the one-dimensional elastic rod

PVt — OUze = f. (1.1)
In the above, u(z,t) is the longitudinal displacement at position x and time ¢; f is an
external applied force, p is the linear density, and o is the longitudinal elastic modulus.

The main motivation of this paper is to determine for an elastic rod, possibly a viscous
damping term as in (1.2) below, the proportion of vibrational energy in the elastic rod at
the end of the impact.

Some results in this direction were obtained by P. Shi [14] who considered the impact
of an elastic rod dropped from a specific height to a rigid foundation, and determined the
time of impact and rebound velocity of the bottom of the rod. He also obtained a formula
for a COR based on the change in velocity of the bottom of the rod.

Here we consider the following constant coefficient elastic rod with viscous damping;:
Vit 4 210 — gy = —g x € Qr:=(0,L), te(0,+00), (1.2)
where in comparison to (1.1), we have divided the equation by p so that g > 0 is propor-
tional to the gravitational constant, and the wave speed ¢ = \/% is positive. The viscous
damping term 2rv; (r > 0) describes a frictional force proportional to the velocity.

The rod is assumed to be stress-free at the end x = L and we impose Signorini boundary
conditions at the end x = 0:

ve(L,t) = 0, t € (0,+00), (1.3)
v:(0,8) < 0, t € (0,+00), (1.4)
v(0,t) > 0, t € (0,+00), (1.5)
v(0,t)v;(0,t) = 0, t € (0,+00). (1.6)
In our formulation of this problem, we assume that the rod impacts the ground at time 0
with constant initial velocity —u:
v(z,0) = 0, x € Qp, (1.7)
v(x,0) = —p, x ey,
and with zero displacement from the reference configuration
X(z,0) =z, xz €0, L],
thus the deformed position at time ¢ is given by
X(z,t) =2+ v(z,t). (1.9)



The Signorini boundary conditions (1.4)—(1.6) (also called unilateral constraints) essen-
tially state that the bottom of the rod should be stress-free while not in contact with the
ground and the Dirichlet condition v(0,¢) = 0 should be imposed when in contact with
the ground.

Signorini problems have been considered in a wide variety of contact problems for plates
plates, beams, strings etc., see e.g., [2], [15], [1], and can be expressed as a variational in-
equality, for which there is a corresponding definition of a weak solution. For the damped
problem (1.2)—(1.6), but with general initial conditions of finite energy, Rivera and Oquen-
do [13] proved global existence of weak solutions and obtained asymptotic decay results.
Lebeau and Schatzman [9] studied an analogous multidimensional undamped wave equa-
tion on a half space, and proved existence and uniqueness of solutions in a suitably defined
functions space. Controllability in the context of a string equation was considered in [3].

For the present paper, we only need to consider the time interval [0, ¢, 4 €), where [0, ¢;]
is the contact interval and e is sufficiently small so that there is at most one bounce.
In this situation, solutions are classical except for jumps in the derivatives along certain
characteristic rays due to the bounce. Here t; (possibly = o0) is defined by

ty =sup{t > 0:v(0,7) =0, 0<7 <t} (1.10)

Based on the Method of Descent and D’Alembert’s formula, we obtain explicit solution
formulas for v(x,t) over the contact interval [0,¢y]. The contact time ¢ is determined in
terms of a computable formula in Theorem 1. In particular, we show ¢, >t := 2L/c. In
the case r = 0, an explicit formula in terms of parameters u, L, ¢, and g for t; is derived,
which in particular shows that t; < ¢, < 2¢;. We also find expressions for the motion of
the center of mass over the time interval [0, t;, + €] for small e. At the time t;, the energy of
the elastic rod has an orthogonal decomposition into translational energy, corresponding
to the motion of the center of mass and and wvibrational energy, corresponding to energy
of vibrations. We are able to calculate this decomposition at the time of impact, and
define an associated COR based on the ratio of translational energy after and before the
collision. Based on this definition of COR, we are able to make some observations about
the dependence of internal vibrational energy as a function of the i, the velocity of impact;
see Section 4.

2 Explicit integral representation of solution

During the time interval [0, ¢], (1.2)—(1.8) can be written as:

Vg + 2rvp — gy = —g, (x,t) € Qp x (0,tp),
U(m,O) =0, ’Ut(l',O) =M HAES QL7 (211)
v(0,t) =0, vy(L,t) =0, t e (0,tp).

It is easy to see that solutions of (2.11) coincide with solutions ¢ of

Vg + 200y — CQ’DMC = —g, (:r,t) € Qor, X (O,tb),
@(:an) = Oa @t(l’,O) = T € QZ[n (212)
5(0,¢) =0, 9(2L,t) =0,  te (0,t).



Setting 0(z,t) = e "'w(x,t) in (2.12) results in

Wit — CQU}IL‘ZE =r?w — gert, (‘Ta t) € Qyp X (Ov tb)a
w(l‘,O) =0, wt(x70) = —H z € Qo (213)
w(0,t) =0, w(2L,t) =0, t € (0,t).

We see below that (2.11) can be solved explicitly using the method of descent together
with the reflection principle. For a first step, consider the homogeneous problem on the
infinite domain:

(2.14)

Ut — gy — N0 =0, zeR, te(0,+0),
u(z,0) =0, w(z,0) =p(x). zeR

Lemma 1. Assume ¢ is C? on R. Then the classical solution to (2.14) is given by

1 r+ct
uet) =5 [ D09 d, (215)
r—ct
where s = \/c2t? — (x — y)? and
9 w/2
Iy(z) = / cosh(zsinf) df, (2.16)
T Jo

18 the modified Bessel function of the second kind.

Proof: We apply the “method of descent”; see e.g., [7]. Let u be the solution of (2.14)
and define u(x1, x2,t) = cosh(Az2)u(z1,t). Then it is easy to verify that

{ﬂtt — cz(ﬂggw1 + Ugysz,) =0 x1,22 € Rt € (0, +00), (2.17)

w(x1,x2,0) =0, U (x1,x2,0) = cosh(Axa)p(z1), x1,22 € R.

On the other hand 4 is also given by the spherical means formula

cosh(Ay2)@(y1)
t) dyy d
(1, 2,1) = e //<Ct N Y2,

where 12 = (y; — 21)? + (y2 — 22)%. Tt follows that

u(zy,t) = ﬂ(th t)
B T1+ct C2t2 (y1— xl)Q (p( )COSh()\yQ)
_ = ——— dy2dy1
o2re vi—ct J /P2 (yi—z1)? \/c t (y1 — 1) y

1 /x1+ct ) s coSh(/\yQ) (s = /2 — (y; — 1)?)

— oy = dy2 dyy;
27TC 1—ct —s A/ S° — y2

1 x1+ct /2
= — @(yl)/ cosh(Assin @) df dy,

2me r1—ct —7/2
1 x1+ct

= e(y1)Io(As) dy,
2c x1—ct



as claimed. The proof is complete.

For the moment, consider problem (2.13) in the more general form:

Ut — C2uarx - T2u = h(l?, t)) HANS QQLa te (07 +OO),
u(z,0) =0, u(x,0) = p(z), x € Qo (2.18)
u(0,t) = u(2L,t) =0 t € (0,400).

We will use symmetry to extend the data in (2.18) to all of R. To this end, given a
function f : (0,2L) — R, let f : (=2L,2L) \ {0} — R be the odd extension of f. Then
define the symmetric extension f€: R\ 2LZ — R as the periodic extension of f.

Proposition 1. Assume that ¢ € C[0,2L], h and hy € C([0,2L] x [0,T]). Then (2.18)
has a unique weak solution u in C([0,T]; H}[0,2L]), and u; in C([0,T]; L*(0,2L)), which
18 given pointwise by

1 z+ct

u(z,t) = 2% tIo (ry/t2 — 9)2/c2) % (y) dy (2.19)
I+CT
/ / 72— (z —y)? /) (y, t = 7) dy dr.

The solution above is continuous and continuously differentiable except on the character-
istics ¢t = +(x — 2kL), k € Z, where the partial derivatives u, and us could have jump
discontinuities.

Proof: Under the assumptions on ¢ and h, it is well known that (2.18) has a unique
weak solution as described in Proposition 1. Let u; denote solution to the problem (2.18)
with h = 0. It is easily verified that the reflection principal applies to formula (2.15) and
problem (2.14) exactly the same way that D’Alembert’s formula applies to the undamped
(r = 0) wave equation (2.18). Hence by the reflection principle u; coincides with the
solution u§ of the problem (2.14) with initial velocity ¢© (and h = 0). Thus

x+ct
(e, t) = — / oV — (& — 92/ ) (y) dy (2.20)

2¢ —ct

On the other hand, by Duhamel’s principle the solution ugy of (2.18) with ¢ = 0 is

z+c(t— 7')
up(z,t) = / / V=7~ (@ = )@y, 7) dy dr

c(t—T)

= 20/0 /i+ Io(r\/(1)2 = (x — )2 /)R (y,t — 1) dy dr. (2.21)

The solution w is the superposition of uq, us.

From the solution formula, it is clear that w is continuous for all z and ¢ and the
first derivatives u,, u; are piecewise continuous with possible discontinuities along the
characteristics ¢t = +(x — 2kL), k € Z. This completes the proof.



2.1 Calculation of jumps along characteristics

Let u(z,t) be the solution of (2.18) as given by (2.19) with A =r/c. A calculation gives

ug(z,t) = %C(cpe(x + ct) — ¢°(x — ct))
x+ct €T —
L e

/ (h®(x +cryt —T) — h®(xz —er,t — 7)) dT

/ /x+CT)\Il As(T,x — y))L_)he(y t—7)dydr, (2.22)
s(t,x —y) ’ 7

where s(t,r) = v/c2t?2 — 2, and

™

1 vy
I(2) = I)(2) = / cos 0e* <89 dg
0

is the first order modified Bessel function.

Let =% denote the set of points (z,¢) that are on the characteristics ¢t = +(x — x0)
emanating from points (zg,0) with 29 € 2LZ, and let = = EF UZ". If ¢ is continuous
on (0,2L) but ¢ has jump discontinuities, then (2.22) remains valid for points (z,t) ¢ =.
Let [¢(z)] = ¢ (1) — ¢(x~) denote the jump of function ¢ at x. For functions B(z,t)
with jump discontinuities on the characteristics E, define [3(x,t)] to be the jump of 3 at
(z,t), as a function of ¢, with = fixed.

Consider the case where (z,t) = (g — ct,t) € 2~ \ E*. Since the only contributions to
[ug(x,t)] are due to terms in the first line of (2.22), we have

a2 2)] = a0 = e, )] = - (19 (20)] — [0 — 260))) = [ (z0)]

If instead, (z,t) = (zo + ct,t) € =t \ 27, noting that along these characteristics, crossing
a characteristic in the ¢ direction corresponds to the negative jump in the z direction.
Hence

o, )] = [aliro + ct,8)] = (1 (2t + 20)] ~ [ (0)]) = o

Similarly,

up(z,t) = %(cpe(x + ct) + ¢°(x — ct))

1 /’Hd rtli(As(t,x — y))
_l’_f
xr—ct 8(t7 T — y)

5 ©°(y) dy

1 x+ct
_,_7 Io(As(t,x — y))h(y,0) dy

Tr—

ct
1 t T+cT
+ / Iy(As(m,z —y)hi(y,t — ) dydr (2.23)
0



We again can easily calculate [u;], the jump in u; along the characteristics. If (z,t) €
=~ \ ET, then

e, 1) = ua(o — et, £)] = ([ o — 26)] + [ (@0)]) = 56 (z0)]
If (z,t) € E* \ 27, then

e, )] = o + ct, )] = ([ (@o)] + [ (o + 20)]) = — 5[4 (o))

We summarize this calculation in the following.

Proposition 2. The solutions u(x,t) given in Proposition 1 satisfy the following proper-
ties:

(i) If (z,t) = (xg — ct,t) € =~ \ ET, then

e, 0] = 5 [ Gao)], [l )] = Sl o)l

(ii)If (x,t) = (zo + ct,t) € ET\ E7, then

el lule, B = —5 o (o))

[ux(x7 t)] = 2%

(i) If (x,t) = (xg + ct,t) = (x1 — ct,t) € EXNE", then

[ (@) + [¢* (1) WM@FW%M—WWN

[um(x>t)] = 2 ’ 9

2.2 Calculation of contact time

In the case of interest, namely ¢(z) = —p is a constant and h(z,t) = —ge™ with x € Qqp.
Therefore ¢¢(x) = —pu(x)¢ and h(z,t)¢ = —g(z)%e"™, where g(x)¢ and p(z)® denote the
symmetric extensions defined on R\ 2LZ of the constant functions g, p (originally defined

n (0,2L)). With A = %, we see from (2.13) and Proposition 1 that the solution to the
original problem (2.11) is

v(z,t) = e "u(x,t) =e "w(x,t), where (2.24)
1 x+ct

wiet) = oo [ RO @) (s(er) = VEE =),
z+cT
+ /“/ Io(As(r.z =) (g )e ) dydr,

Since v,(0,t) = e "w,(0,t), the boundary condition (1.4) holds if and only if w,(0,¢) < 0.
Therefore, we compute w,(0,t) = u;(0,t) where u(x,t) is given by (2.19) with ¢¢ = —p¢
and h® = —gee” We obtain

1
we(0,1) = o (¢%(ct) — ¢ (=ct))
1 ct _
- 1 t
1 t
—i—— hé(er,t — ) — he(—cr,t — ) dr
0

—
<
~—
>
3]

1 t
+— / / AL (As(7,y)) yy he(y,t — ) dy dr. (2.25)
0 J—

7



Assume for some k = k(t) € Ng = {0, 1,2...} that
2Lk < ct < 2L(k+ 1),

or equivalently

tik <t<ti(k+1 (2.26)

—u€ is an odd function that is

)-
Using that (i) s(¢,7) is even with respect to r, (ii) ¢¢ =
=0, (iv) A = r/c, we compute the

constant on (2jL,2(j +1)L),Vj € Z, (iii) s(t, *ct)
first two terms in (2.25),

(¢ (ct) — ¢ (—et) - 1/0 Il(AS(t,y))(_y)Awe(y) dy

20 20 —ct S(t7y)
ct
= gesen -y [ (SRt e wa
U Sfet) L PO
_ ) L _k/w (dyfous(t y>>)¢<y>dy

_% :Lk 22 dyo()\s(t,y))> ¢°(y) dy

= LT (oot ) ) + ot o) |2

+Io(As(t,y)) o (y |2Lk}

= Lopr 0 {Io(s(t,0) — ( Io(As(t,2L)) + Io(As(t,—2L)) )

2c

+( ToAs(t,AL)) + Io(As(t, —4L)) ) — oo 4+ (=1)F (Ig(As(t, 2k L)) + To(As(t, —2kL)))}
5 et (0T (rt)) k=0,
= (2s06(0+) (Io(Tt) +25°F (1) Io(r/22 = (jtl)Q))> k>l
= _TMHVW (2.27)

where on each interval t € (t1k, t1(k + 1)),

H(t) im {10( rt), t e (0t == 2L),
T Wo(rt) + 238 (m1Y I (r /22 = (711)?) te (kty, (k+1)ty).

and k is defined in terms of ¢ as in (2.26). Similar calculations can be used to simplify the
last two terms in (2.25). Hence we obtain

C

we(0,1) = U, (1) := L H, ()~ 2 / t " I (1) dr (2.28)
c 0

Returning to the original system (1.2)—(1.8), we see that inequality (1.4) is maintained if
and only if U,.(¢) < 0. Therefore, we have the following result that defines time ¢, of the
first bounce in equation (1.10).

Theorem 1. Let set S = {t: V,.(t) > 0}, where V,(t) is defined by (2.28).
(i) If S = 0, there is no bounce.



(i1) If S # 0, then the first bounce is given by t, = inf S > t; = 2L/c.
(i) ty = t1 if and only if U, (t7) +2u/c > 0, i.e.

t1
—ulo(rtr) + 2 — g/ "M [o(r7) dr > 0, (2.29)
0

Proof. Part (i) is clear. Hence assume S is not empty, and ¢, € R. Note that ¥,.(0) < 0
and is strictly decreasing for ¢ € (0,¢;). Therefore ¢, > t1, which proves part (ii). For part
(iii), in order for a bounce to occur at time tj, the stress function ¥, (t) has to change
sign at time ¢;. By Proposition 2, [u,(0,¢1)] = 2u/c. Hence, the condition for a bounce is
U,.(t7) + 2u/c > 0, which simplifies to (2.29). O

We examine the condition (2.29) in more details below:

General case 7 # 0 and g # 0: The condition (2.29) simplifies to
t1
42— Io(rty)) > g / =) [ (r7) dr. (2.30)
0

Since the right hand side is positive, a necessary condition for solving (2.30) is
2 — I()(Ttl) > 0.

Since the graph of Ip(z) is monotonically increasing for z > 0, the above condition is

equivalent to
rt; < I;1(2) ~ 1.8. (2.31)

Then (2.30) can be simplified as

Jg> gl "= [o(r7) dr
Hig 2 — I[)(Ttl)

(2.32)

Therefore, in order for a bounce to occur at time 1, » must be sufficiently small so that
(2.31) holds. If also 11/g is large enough such that (2.32) holds, then there will be a bounce
at time ¢7.

We examine in further details for two special cases.

The case r = 0 and g > 0: To apply Theorem 1, in case of » = 0, we know that the
stress function ¥, (t) becomes

p g [
\Po(t) = —*Ho(t) — / Ho(T) dT,
C cJo
where
1, te (0,t1),
Hy(t) := i 4 (01)
1+237  (=1) t € (kty, (k+1)t1).
Set S in Theorem 1 is defined by ¢ for which Wy(t) > 0.

The function Wy(t) is piecewise linear and 2¢1-periodic. One easily deduces the following,
which is more precise than Theorem 1.



Corollary 1. Assumer =0 and g > 0 and p > 0. There is a first bounce at time t, > t;
for which

(i) if u = gt1, the first bounce time is t, = t1

(i) 0 < u < gt1, the first bounce time is t, = 2t; — %.

Remark 1. If r =0, g =0, then t1 =ty for all p > 0, since hypothesis in (ii) is vacuous
and only (i) applies.

We mention that Corollary 1 was also obtained in [14], although his formulation is
different than ours.

The case g = 0,7 > 0: The condition (2.29) for a bounce at time t;, = t; = 2L/c reduces
to
Io(’I"tl) < 2

or equivalently,
rt; < I;1(2) ~ 1.8. (2.33)

2 3 4

Figure 1: Plot for ¥,.(¢) with different r values of 2.6, 2.9 and 3.0, when g = 0,¢t; = 1,u =1,
and ¢ = 1, the time t; of first bounce for each case is indicated by a dot.

Hence for 0 < r < I;'(2)/t1, we have t, = t; = 2L/c. Mathematica computations
indicate that for slightly larger values r, the bounce can occur at later times. Figure 1
shows a plot of the function ¥, (¢) on the interval (0,4¢;) in the case when g = 0,¢; =
1,up = 1,¢ = 1, with values of r varying as 2.6, 2.9 and 3.0. For each case, the bounce
time ¢, occurs when the graph of W, (¢) crosses the t-axis. The graph indicates the bounce
time ¢;, at various positions within the interval (t1,2t1), (2¢1,3¢1) and (3t1,4¢1).

3 Momentum, Center of Mass and Energy
First we derive formulas for the center of mass and momentum of the rod.

10



3.1 Momentum and Center of Mass

We consider the system (2.11). The momentum of the rod for ¢t > 0 is given by

L
P(t) = / ve(x, t) de. (3.34)
0
Integration of both sides of equation (2.11) with respect to x on [0, ¢] results in
L
Pt + 2P(t) — / P (1,1) — g da (3.35)
0
= —Pu,(0,t) — gL (3.36)

Therefore since P(0) = fOL(—M) dr = —pL and v, (0,t) = e "W, (t), where U,(t) is defined
in (2.28), P satisfies

P'(t)+2rP(t) = —ce "W, (t) —gL, 0<t<ty; P(0)=—uL. (3.37)

We solve the ODE on [0, t;] and get

t

L

P(t) — _626—27"15/ CTT\IJT(T) dr — %(1 o e—QTt) _ ;LLe_%t. (3.38)
0 T

Let h(t) denote the position at time ¢ of center of mass of the rod relative to the midpoint
of the rod at time 0. Thus h(0) = 0. For any ¢ > 0, h(t) = %fOLX(x,t) dx — L/2, where
X(x,t) denotes the position of the point with reference position = at time ¢ defined in
(1.9). Then h(t) is given by

L L
ht) = i/o X(x,t)de/2:2/0 o(, 1) da

_ 1/L (v(w,0)+/tvt(m,7)d7> dz

L Jo 0
1 t pL
= = ve(x, 7) dx dr
ohl
1 t

= — | P . .
= /0 (r) dr (3.39)
Define
v0(z) = lim v(z, ), vl(z) = lim vy(z,t).
t—t, =ty

These limits exist since by Proposition 1, v(z, ;) is continuous and vy (x,t;) is piecewise
continuous for 0 < z < L. Let

L ty

R = h(ty) = % /0 () dz = % /0 P(r) dr, (3.40)
L

W= h’(tb):% /O vl(a;)da;:%P(tb). (3.41)

Note that v%(x) and v!'(x) do not need to be known in order to compute h® and h' since
P(t) is given explicitly by equation (3.38).

11



Let to = sup{t: v(0,t) >0 on (t,t)}. We can also solve h(t) and P(t) on time interval
(tp,t2). The PDE on this interval is:

Vgt + 2r0p — gy = —g, (z,t) € Qp x (ty, t2),
U(:thl) = UO(QJ‘), Ut(watl) = Ul(x)7 HAS QLa (342)
v(0,t) = v, (L,t) =0, t € (tp, t2).

Since the bottom of the rod is stress free on this interval, it follows that ¥, () = 0 on
(t1,tp). Thus (3.35) changes to

P'(t)+2rP(t)= —gL  P(t,) = Lh'.
Solving this ODE, one obtains

gL
2r

L
(WL + L2)e2rt=t) | <t <t (3.43)

P(t) = 2r

From (tp,t2), using (3.40) and (3.43), h(t) is given by

1 t
h(t) = h%+ / P(r)dr
L J,
A—g(t—ty) — hte 2rlih) g —2r(t—t)
= 1—e =\t 44
where A = h' 4 2rh%. In summary,
L p(r)dr t e [0,t)
ht)={ 570 o T 3.45
y {A_g(t_tb)_gﬁle S oz (1 - e~ 2 U=t)y -t € [ty ta], (3.45)
where
P(t) = —c2e 2t fot e (r)dr — %(1 —e 2t — uLe=?t, t€(0,t), (3.46)
9L L (WL ZE)e2rli-t), t € [ty, ta), '

and hY and h! are defined in (3.40) and (3.41).

The case r = 0: In the undamped case, the center of mass and momentum can be
determined in a more explicit form. We consider the following cases

(i) for r =0, g >0, pu > gt1, i.e. tp = t1:
Since now Wy (t) = —& — 2¢, from (3.38):

C

P(t) = u(ct — L) + gt(ct/2 — L), t € [0,t1]. (3.47)
Consequently
h(t) = % /0 " P(r)dr = %(gct‘g 164+ (e — gL)2/2 — ult), t € [0,t1]. (3.48)
Therefore ) 291 Pt uL
W=h) =S, p= oy, (3.49)
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Thus, in the pure elastic case without damping, the momentum immediately after the
collision is the same in magnitude as before the collision. However, when g > 0, internal

stresses remain present.
For t € (t1,t3): Take limit as r — 0 from equation (3.43) and (3.44), one obtains

8gL? t*  2L(u—gt
P(t) = pL — Lgt + 2L%g/c, h(t) = ==+ ut — L — 2l =gt)
3c 2 c
In summary, if r =0, g > 0, u > gt1, then
t — L)+ gt(ct/2 — L), t€]0,t],
uL — Lgt 4+ 2L%g/c. t € [t1,ta].
and
l( 3 _ 2/9
get® /6 + (e — gL)t* /2 — pLt), t € [0,1],
h(t) = L89L2 gt?  2L(u—gt) (3.51)
_302 +/’Lt_7_7c y te[tl,tQ]

(ii) for r =0, ¢ >0, 0 < p/g < ty, i.e. t, > t;:

Solving for P(t) on the intervals [0,t1], (t1,%5] and (¢, t2) separately using Wo(¢)
—8 2 Po(t) = £ — £(2t; — t), Uy(t) = 0 on each respective interval. One obtains:

c c’ c

p(et — L) + gt(ct/2 — L), t €[0,t1],
P(t) =4 =2 4 (4 gt)BL — L) — Lt € [, 1), (3.52)
49L% e L (u+ gt), t € [ty ta],
and
. el
(4L—c1t)(?,m;(—2L+at)2+g(4L2—5cL1t+c2t2))7 te [thtb], (3.53)

6¢2 L
3e34(ct—AL)(3c2gu?—6¢g? L) —3g° L(ct—4L)?
% ( )(3c?gp 9° L) —39° L( ) t € [ty ta).

6C2g2L )

Remark 2. One can use (3.50)-(3.53) to compute the mazimum height hymer = h(t")
by setting P(t*) = 0. One obtains

ty+ g In(l+ 22 0, 5 <ty
2k r= 07 2 P gth
r=0, 0<p<gt,

*_

" = g

8g2L%—2cgLu+c?p?
2cg?L

)

Therefore, if g > 0, and t* € [ty, 2], one finds

1 0 L
E San ), r#0, #<i

2 2 L2
hmaaz = h(t*) = %g - 3962 ) r= 07 H 2 gtla
1292 L2 —8cgLu+3c*p?
w12 249?[7/2# C,U«)7 r=0, 0<p<gl.
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3.2 Energy decomposition

The energy of the rod consists of the sum of the kinetic energy, the strain energy and the
gravitational potential energy and is given by

Et) = ;/OL ((ve)® + c*v2) dz + Lgh(t), (3.54)

for any ¢t € (0,t2). At points where £ is differentiable one finds

d L
GEW = [ o+ Puv) do+ Lgh' ()
0

L
= CQUIUJ{% —|—/ vy (v — c2vm) dx + P(t)g
0
L
= / ve(—2rv — g)dx + P(t)g
0

L
= —2r/ v? di. (3.55)
0

The boundary value problem satisfied on (¢p,t2) is (3.42). Due to the stress free bound-
ary conditions in (3.42), for t € (,t2), the eigenfunctions corresponding to (3.42) are
{coskmx/L}7° . In particular the constant component is orthogonal to all other eigen-
functions. Hence if we decompose the initial data:

L L

W(z) = 11,//0 v0(s)ds + 2°(z) = b0 + 20(x); /0 2(s)ds =0 (3.56)
L L

viz) = i/o vl(s)ds + 2 (z) = h' + 21 (2); /0 Z(s)ds =0, (3.57)

where hY and h! are given in (3.40) and (3.41), then the solution v(z,t) of (3.42) on [t, to]
has the orthogonal decomposition

v(x,t) = z(x,t) + h(t), tE [ty 2] (3.58)

where the constant component h satisfies

R +2rh) = — t ty, t
+2r 9, € (tp, t2), (3.59)
h(ty) = hO, B'(ty) = ht,
and z satisfies
zu + 2rzy — 62296@ =0, (x,t) € Qr x (tb,tQ),
2(x,ty) = 20, z(x,ty) =24, 1z €Qp, (3.60)
ZI(O, t) = ZI(L,t) =0, t e (tb,tg).

The solution of (3.59) was discussed in the previous subsection.

Due to the orthogonality of the solutions z and h on L?(0, L), the total energy & has

the decomposition
E(t) = En(t) + (1), (3.61)
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where for ¢ € [ty, ta],

E(t) = ;/OL 22+ 2l dx (3.62)
1 L / 2 1 2
&) = 5 /O (H'(8))%dz + Lgh(t) = 5= P*(1) + Lgh(t). (3.63)

E.(t) is the vibrational energy, and & (t) is the energy corresponding to the motion of the
center of mass, which we refer to as the translational energy.

The goal of this subsection is to determine or approximate this decomposition at the
time of bounce ¢,. From equation (3.55), (3.58), (3.62), and (3.63), these energies have
respective decay rates given by (for ¢ € [ty, t2])

L
%Sh(t) = —Qr/o (h’)Qda;:—%TP(t)Q, (3.64)

L
%gz(t) = —27‘/0 (zt)2d:c. (3.65)

Note in particular that when r = 0, &, and &, are conserved on [ty, to].

3.2.1 The undamped case r =0

When r = 0, one can use the conservation of energy law on [0, t2] to obtain

1 [t 2L
Et)=E(0) = 2/ (ve(2,0)? + c2vy(x,0)?) dx + Lgh(0) = 'MT = Erot.- (3.66)
0
Furthermore, &,(t) can be computed with (3.50)-(3.53) and (3.63). Explicitly, one obtains

for the case u > po (thus t1 = tp), for t € [t1, o]

1
E1) = o L(~glt —2L/c) + 1w + Loh(t)
L 2L 2 8gL? gt?>  2L(p — gt)
= 3 <—9(t— C)+N> + Lg(— az T Ht— ?—f)
B 29°L3 Ly
N 3c? 2
L, o ud 2gL
_ Lo o _ 29k 3.67
-ty (= (3.67)
Similarly, one can compute for ¢ € [0, 1],
t — L) + gt(ct/2 — L))? t3/6 —gL)t?/2 — uLt
() = (n(c )+29L(0/ ) | 9t /6 + (e Lg /2 —
_ 120202 + 3c2t2(2u + gt)? — 8cLt(3u? + 3gut + g*t?)
24L '

By similar computation, for the case 0 < p < po (thus ¢, > ¢1), using (3.52), (3.53) and
(3.66), one obtains

1212 2 +3c%t% (2u+gt)2 —8cLt(3u? +3gut+g°t?)

AT, , t e [O,tl],
2047 — )3 2,200 372 —ATN2(ct—
gh(t) _Jg (4L—3ct)(4L—ct)>+12c¢ ,u2(4cz2£3L) +12cgu(ct—4L)*(ct 2L)7 te [tlatb], (368)
8 3212 Lp2 (3% —4ppo+3u2)
2%1”2(12[/ _ % + ;JLL ) _ Lpmiop GM%LMO Mo , te [tb,tg].
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Using the energy decomposition (3.61), conservation of energy (3.66), together with
previous expressions for &,, we have the following result.

Theorem 2. Let r = 0 and bounce time t, as defined in Corollary 1. At time ty, the
internal energy satisfies

_M 0<:U’<:U’0:29L/Ca

Et) =19 o ™0 (3.69)
6 12 fio-
Thus,
_pBu—ip) < —
2 ) H< o= QQL/C,
E(to)/Etor = 2 R (3.70)
370 H = fo-

A typical graph of £,(t;) as a function of p is given in Figure 2. Corresponding graphs
of E,(ty)/Eror and Ex(tp)/Eror are given in Figure 3. We note the following observations:

(1) E:(tp)/Etor as a function of p is maximized at p = 2pu0/3.

ii) £,(ty)/Etot is a continuously differentiable function of u for x> 0.
iii) €

(
(iii) &€,(t) is constant with respect to p for u > pg.
(

iv) limy 00 Sgt(:i’) =0 for p > po.

S? (tb)

Figure 2: Plot for &,(t;) when r = 0,c¢ = 1.0, L = 1.0, g = 1.0 change with pu, the red dot
corresponds to p = pyg.

4 Coefficient of restitution

The standard definition for a coefficient of restitution (COR) for an impact of a particle
against a fixed surface normal to the motion of the particle is the ratio of velocities, or
equivalently ratio of momenta, immediately after impact (v; or P;) to the immediately
before the impact (v or Pp) i.e,



3 R Ez(tb)/ Etct

— & (tb)/ Etot

Figure 3: Plot for &,(t,)/£(0) and &.(t,)/E(0), when r = 0,¢ = 1.0, L = 1.0, g = 1.0
change with u, the red dot corresponds to u = pyg.

Thus a purely elastic collision is described by e = 1 and purely inelastic, where the motion
of the particle stops at impact is described by e = 0. Intermediate values of e describe
the degree of inelasticity of the impact. The idea of applying a COR to bouncing objects
goes back to Isaac Newton, who suggested (see [17]) for example that glass should have
e = 15/16 and steel should have e = 5/9.

4.1 Momentum coeflficient of restitution

Analogously, we can define a momentum coefficient of restitution for the bouncing elastic
rod as the ratio of momenta after and before the impact:

o — L)
P P(O) )
where ¢ is the bounce time. Equivalently, ep = —veas(ts)/voar(0), where vops denotes

the velocity of the center of mass.

The undamped case r = 0: From equations (3.50)-(3.53), one obtains

pL, > gt
P(0) = —uL, P(ty) = {czﬂ 0
29 < p < gty.
Thus, we have
{1, H> gty
ep =
2‘;—2:%, 0<p< gty

A flaw in this definition is that when g > 0, the position of center of mass at the end of
collision is lower than the initial center of mass. Hence, even when ep = 1, the elastic
rod will not bounce as high as it was dropped from (to generate the initial momentum
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P(0)). Conservation of energy is not violated since after the bounce, internal energy
remains within the rod. This suggests an adjustment of the definition of COR based on
translational energy &, which we propose next.

4.2 Energy coefficient of restitution

Since the internal energy &, of the flexible rod does not contribute to the motion of the
center of mass, we define the energy coefficient of restitution eg as the square root of the
ratio of the energies &, after, and before the impact:

g = (‘Z%;)é . (4.71)

The undamped case r = 0: From (3.66) and Theorem 2

Ly (3p —4ppo+3ud)

2
2L > ;o 0<p < po,
En(0) = 5 T Eot Enlty) = Li 2 659
5 =), p= pho-
Thus,
3u —dppo+3ud
o Ealty) )Tt 0<u<po,
g = I3 (O) - H2O (472)
h =3 B> Ho-

In fact, a typical graph of €2 = Sgt(ottb) as a function of p is given in Fig. 3 (the upper

curve). In the general undamped case (r = 0) we can make the following observations:

(i) lim,—oee = 1; lim,, o ee = 1.
(ii) eg as a function of x4 is minimized p = 2pu/3.

(iii) eg is a continuously differentiable function of y for p > 0.

Thus the relative amount of internal energy in the bouncing elastic rod is maximized
at the intermediate value p = 2p0/3 and as p increases to infinity, the impact approaches
perfectly elastic.

A limitation in application of this definition of COR is that when one attempts to ap-
ply this definition to repeated bounces, subsequent initial conditions of the impact would
include some internal vibrations, and hence would not be of the same form (uniform veloc-
ity) as considered here. On the other hand, for some applications it could be appropriate
to assume that any internal vibrations remaining after an impact are converted to heat,
or otherwise dissipated before the next impact.

The damped case r # 0: Determination of the COR (using either the momentum or
energy definition) is much more complex in the damped case since all formulas involve
computing the complicated stress function ¥, (¢) from (2.28). Therefore we focus on the
energy COR eg¢.

The energy COR eg can be computed numerically by the following steps:

1. Compute the stress function ¥,.(¢) using (2.28);
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2. Determine the bounce time ¢, from Theorem 1. This involves finding the first root
of the stress function ¥, (t), as in Figure 1.

3. Calculate P(t;) and h(tp) from (3.38) and (3.39).
4. Calculate eg using (4.71), £,(0) = p?L/2, and (3.63).

For the parameters we considered, we were able to compute eg and related graphs using
Mathematica (with about 100 time steps) in about 2 minutes computational time.

— r=0.0

- r=01

‘_." ..................................... v =02
"""" r=0.3

Figure 4: Plot for €2 = gg(((%) withe=1,L=1,9g=1,r=0,0.1,0.2,0.3 as a function of
1.

For the parameters considered in Figure 4, the two conditions (2.31) and (2.32) are
satisfied for values of u to the right of the black dot in each of the cases r = 0,0.1,0.2,0.3.
(These values of p correspond to those for which ¢, = ¢;. In each case the curves continue
to the left of the black dots, but are significantly more difficult to compute since ¢, depends
on u and 7 in a more complicated way.) Thus in each case ¢, = t; = 2. The red curve is
the undamped case r = 0 and coincides with the right-most portion of the graph of the
corresponding function in Figure 3.

We mention that when r > 0, it is possible that &,(t;) can become negative. This
happens when at the time of the bounce, h(t,) < 0 and the kinetic energy P(t3)%/2L is
smaller in magnitude than the drop in potential energy |Lgh(ty)|; see eq. (3.63). This
implies that the center of mass can never return to the initial value of L/2 (corresponding
to h = 0) and thus in terms of the center of mass, there is not really a “bounce”. Therefore
we leave eg undefined in these cases.

In the case r = 0 we noted earlier that lim, o, es = 1. For r > 0 however the graph
suggests a different limit as p tends to infinity. In order to numerically investigate this
limiting behavior more systematically, we note that

& (tb) 5(tb)

E(ty)  £(0)

¢ =

(4.73)

The quantity é:;((tib)) is the ratio of translational energy to total energy at time t;, and can

be viewed as a form of COR that is does not depend (directly) on the viscous damping.
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The second is a ratio of energy at time ¢; to the initial energy, hence is directly related to
the decay rate of energy.

In order to analyze the terms S;&Z’)) and 55((%7)) separately, it is necessary to compute £ ().

Unfortunately there is no simple way to compute this and one must directly compute
E(ty) from (3.54) by computing v¢(x,t,) and vy (z, ) for 0 < o < L. This computation is
described in the Appendix.

The ratios &, (t1)/E(t1) and E(t1)/E(0) versus p are graphed separately in Figures 5 and
6 below. We picked the same parameter values that were used in Figure 4; i.e., g = 1.0,
L =1.0, ¢ =1.0. The four curves correspond to the r values as 0.0, 0.1, 0.2 and 0.3. The
values of y changes from 3.2 to 12.5.

The graphs are linear interpolations of data based on 20 time steps. (This computation
took hours to run, so we did not attempt a finer time step.)

En(ty)
&(ty)

— r=00

- =01
-eor=02

r=0.3

Figure 5: Plot for &,(t1)/€(t1) when ¢ = 1.0, L = 1.0, g = 1.0 change with pu.

Figure 5 indicates a very similar behavior with respect to p of the ratio &,(t1)/E(t1)
compared to the undamped case, where energy is conserved, and hence & (t1)/E(t1) =
En(t1)/€(0) = €. Since lim, o eg = 1. Figure 5 suggests that

. En(ty)
]
joo E ()

=1. (4.74)

Figure 6 suggests that the ratios £(¢1)/€(0) are nearly constant functions of p for large
values of . This nearly constant value varies with respect to the damping r in a way that
is related to the behavior of the decay rate of the Fourier series solution corresponding to
the given initial data. This involves infinitely many modes since the initial data does not
correspond to a finite combination of eigenfunctions for boundary conditions v(0,t) = 0,
vz (L,t) = 0. However the energy decay in (3.55) suggests that the ratios £(t1)/E(0) might

—— E(t1)/£(0)

be proportionate to e This suggests investigating the quantity = 37— which is

graphed in Figure 7.
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E(t)
£(0)

Figure 6: Plot for £(¢1)/€(0) when ¢ = 1.0, L = 1.0, g = 1.0 change with px.

Figure 7 indicates that the quantity % tends to a common limit (approximately

Cp = 1 up to numerical error) for the different values of r considered.

Thus combining this with the previous observation in (4.74) and (4.73) suggest that

Mli_>n010 ee e, (4.75)

We were able to verify this numerically for the curves in Figure 4 to within 0.001 for each
curve. This required 100 time steps in the numerical integrations.

E(t)/£(0)
g 2rty
108
I e R P oA F oL Aa ot
o TR Ceenmnrreee
I — =00

"""" r=0.1

ST 3
____ r=0.3

080 -

= " 8 : . II: Ju

Figure 7: Plot for E/EO) when ¢ = 1.0, L = 1.0, g = 1.0 change with pu.

e—2rty

5 Conclusions

In this paper we have analyzed the motion of a linear elastic rod with viscous damping
over the duration of an impact with the ground, which is assumed to be rigid.
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First, we derived an explicit solution formula (2.19) for the motion of a bouncing elastic
rod during the impact. Based on this formula we were able to find an expression for the
stress function ¥(¢) at the bottom of the rod during the impact, and correspondingly obtain
a characterization of the bounce time ¢, in Theorem 1. In the undamped case (r = 0),
there is a closed form expression for ¢, described in Corollary 1, where in particular,
t1 :=2L/c <ty < 2t;. In the damped case we were not able to prove that ¥ must have a
root (so that there is a bounce), but were able to show that if there is a root, then ¢, > t1,
and moreover found examples where ¢, > 3t; (see Fig. 1).

We also obtained closed form expressions (3.45), (3.46) in terms of W(¢) and physical
constants ¢, u, g, L for the relative center of mass h(t) and momentum P(t) for the time
interval [0, to]. If r = 0, these expressions become explicit in terms parameters ¢, u, g, L;
see (3.50)-(3.53).

At the time t3, the total energy £(t) has an orthogonal decomposition into translational
energy &x(t) and vibrational energy &£,(t). Since &, can be expressed in terms of h and
P, we obtained explicit expressions in terms of W(t) for &,(t) for t € [0,t2]. This led to a
natural energy-based definition for the COR eg defined in (4.71). With this definition, eg =
.9, for example, would indicate that 81 percent of the original energy was in translational
form at the end of the impact, and 19 percent was either dissipated by damping or in
vibrational form. In the undamped case, eg is given explicitly in terms of parameters c,
i, g, L in (4.72) and is graphed as a function of p in Fig. 3.

In the damped case, the expression for eg depends on the stress function ¥(t;), and
hence the behavior with respect to p is more complex when bounce times need to be
calculated. Figures 4 describes the behavior with respect to u when p is large enough so
that ¢, = t1 (so that the computation is not difficult). Part of the value of eg is due to
damping and part is due to the ratio of vibrational energy to total energy at the end of the
contact period, as indicated in (4.73). Figures 5, 6, 7 characterize, up to numerical error,
the behavior with respect to p of the decomposition (4.73) of eg. Based on these graphs,
we suspect that the limiting behavior with respect to u is described by (4.75), which at
least for the examples considered, seems to be correct.
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7 Appendix

In this appendix, we sketch the steps that were taken to numerically compute E(t1),
particularly when r # 0 and ¢, = ;. Reviewing equation (3.54),

1 (L
Eth) = 2/0 (vt(x,t1)2 + czvx(:c,tl)Q) dx + Lgh(ty).

h(t1) can be calculated using (3.38) and (3.39) as shown in Section 3.1. Alternatively,
(3.34) can be used once v(z,t;) has been computed numerically. Then again use (3.39)
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to get h(t1). We need to compute v;(z,t1) and vz (x,t1). The idea is to apply equations
(2.22), (2.23) and (2.24) with v(z,t) = e "w(z,t), ¢°(y) = —pc(y) and hé(y,t — 1) =
_ge(y)er(th)_

Thus, v(z,t1) and v, (z,t;) can be computed from w(x,t1), we(x,t1) and wy(z,t1) as
below:

ve(x,ty) = —re_mw(:v,tl)—I—e_rtlwt(:n,tl),

vx(Ia tl) = e_rtlwa:(‘rv tl)

The integrands for the terms w(x,t1), wi(z,t1) and wy(z,t;) have discontinuities along
characteristic lines ¢t = +(x — 2kL),k € Z. Consequently some care should be taken to
evaluate the integrals correctly in the separate regions, which are defined by the charac-
teristics, see Fig. 8. For example, in order to compute wy(z,t1), after using the definition
of the extended functions p¢ and g¢¢, and recall that A = r/c and s(t,r) = Vc2t? —r2,
(2.23) becomes the following,

1 O n(\s(ty,x — 27 (As(ty, z —
’l,Ut(.%',t1> = — CQtlﬂ/)\/ 1( S( 1, T y)) dy—CQtllU)\/ 1( S( 1, X y)) dy
2¢ x—ct1 S(th T = y) 0 S(tl, xr — y)

Tt [ (As(ty, @ —
+ C2t1u)\/ 1(As(t, v~ y)) dy + 2cp
2L s(t,x —y)

0 2L
+ gl To\s(trz=)s(ts o=y dy= [ Tt 2=9)s(tr,a=1) dy

—ct1

x+ctq
4 / To(As(tr, @ — 9)s(ti, @ — y) dy)
2L

t1 px+ct
+ T/O /x_CT Iy(As(T, z —y))(—ge(y)er(tl_ﬂ)dydT) ) (7.76)

We handle the last double integral as follows. Given a point (z,¢1), where z € (0, L), the
region of integration is the region in Fig. 8 determined by characteristic lines emanating
from point (x,t1). We write this integral as a sum of three integrals, based on their region
of integration. In Fig. 8, the purple regions correspond to ¢g¢(x) = —g, while the green
area corresponds to g¢(x) = g. Taking this geometry into consideration, the last term can

be written as
t x+cT
, / | nstrs =) =g t)e ) dydr

t1+y
/ / C (st — 7.1 — y))e drdy)
xr—cty
t1 x—i—c t1— T
/ / (O oOs(t — 7,2 — y))e™™ dydr)

c(ti—7)

x+cty tl*T
+ 2(—7“/ / (—g)Io(As(t1 — T,z — y))e'™ drdy).
2L 0

Similar explicit expressions for w(z,t1) and w,(z,t1) can likewise be written down.
Therefore, £(t1) can be expressed in terms of integrals that can be computed numerically
using Mathematica.

As a benchmark, we computed £(¢;) the way in the conservative case r = 0, and
obtained the red curves in Fig. 5, 6, 7, which has about 1% error using Mathematica 10.3.
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—4L —2L 0 2L 4L

Figure 8: Integration regions A, B and C.
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