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Abstract

In this paper, we study H* performance of interval systems. We prove
that, for an interval system, the maximal H norm of its sensitivity function
is achieved at twelve (out of sixteen) Kharitonov vertices.
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1 Introduction

Motivated by the seminal theorem of Kharitonov on robust stability of interval
polynomials[1, 2], a number of papers on robustness analysis of uncertain systems
have been published in the past few years[3, 4, 5, 6, 7, 8, 9, 10]. Kharitonov’s theorem
states that the Hurwitz stability of the real (or complex) interval polynomial family
can be guaranteed by the Hurwitz stability of four (or eight) prescribed critical vertex
polynomials in this family. This result is significant since it reduces checking stability
of infinitely many polynomials to checking stability of finitely many polynomials,
and the number of critical vertex polynomials need to be checked is independent
of the order of the polynomial family. An important extension of Kharitonov’s
theorem is the edge theorem discovered by Bartlett, Hollot and Huang[4]. The edge
theorem states that the stability of a polytope of polynomials can be guaranteed
by the stability of its one-dimensional exposed edge polynomials. The significance
of the edge theorem is that it allows some (affine) dependency among polynomial
coefficients, and applies to more general stability regions, e.g., unit circle, left sector,
shifted half plane, hyperbola region, etc. When the dependency among polynomial
coefficients is nonlinear, however, Ackermann shows that checking a subset of a
polynomial family generally can not guarantee the stability of the entire family[11,
12].

In this paper, we prove that, for an interval system, the maximal H,, norm of its
sensitivity function is achieved at twelve (out of sixteen) Kharitonov vertices. This
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result is useful in robust performance analysis and H, control design for dynamic
systems under parametric perturbations.

2 Main Results

Denote the m-th, n-th (m < n) order real interval polynomial families K,(s), K¢(s)
as

Ky(s) = {9(s)lg(s) = 3 bis' b € [0 B, i = 0,1, o}, M)
Ki(s) ={f(s)|f(s) =D ais’,a; € [ai,a;),i = 0,1, ......n}. (2)
i=0

For any f(s) € K(s) , it can be expressed as

f(s) = ay(s*) + s8¢ (s%), (3)
where

af(sz) = ag + ass® + ays* + ags® + ... , (4)
Br(s?) = ay + azs® + ass* + ars® + ... (5)

Obviously, for any fixed w € R, ay(—w?) and wfB;(—w?) are the real and imaginary
parts of f(jw) € C respectively.
For the interval polynomial family K(s), define

045[1)(32) ag + @38° + agst +ags® + ..., (6)
04;2)(32) To + aps® + azs® + ags® + ..., (7)
6(1)( ?) =ay +azs® +agst +ars® + ..., (8)
5}2)(52) =T +azs® +apst +aps®+ ..., 9)

and denote the four Kharitonov vertex polynomials of K¢(s) as

fii(s) = o (?) + 58 (s?), i, =1,2 (10)

For the interval polynomial family Ky(s), the corresponding a{(s), 3% (s) and
gij(s) € Ky(s) can be defined analogously.

Denote by H the set of all Hurwitz stable polynomials (i.e. all of their roots lie
within the open left half of the complex plane).

For the proper stable rational function 2 Esg the H,, norm is defined as



ol =i
p(s)

The proper complex rational function q(sg is said to be strictly positive real, if 1)

q(s) € H; and 2) for any w € R, %%>0.
Denote by SPR the set of all strictly positive real rational functions.

|w € (-0, +oo)} (11)

Lemma 2.1[14]
For any fixed w € R, f(s) € K¢(s), we have

ol (—w?) < ay(—w?) < aP(~u?), (12)
BV (—w?) < Br(—w?) < B (—u?). (13)

Lemma 2.2[11] (Zero Exclusion Principle)
For the n-th order polynomial family

f(s,T) = {f(s, )|t € T}, (14)

where T is a bounded connected closed set, and the coefficients of f(s,t) are con-
tinuous functions of ¢, then f(s,T) € H if and only if
1) there exists t* € T, such that f(s,t*) € H;
2) 0¢ f(jw,T), Vw € R.
Consider the strictly proper open-loop transfer function
9(s)
1) )
and suppose the closed-loop system is stable under negative unity feedback. Denote
its sensitivity function as

£
SETEP T () 1 es)

(16)
Apparently, we have

[S]]oe > 1 (17)

For notational simplicity, define
Jiljlizjz(s) = Gi1jr (S)+(1+56j9)fi2j2(8)a NS (07 1)7 il,jl,'éz,jz = 1727 0 e [_77-771-]'
(18)

Lemma 2.3
Suppose ¢(s) + f(s) € H. Then, for any v > 1, we have

S]] < 7 <= g(s) + (1 + ieﬂ‘@)f(s) € H, Vo€ |—m . (19)



Proof: Necessity: Since g(s)+ f(s) € H and ||f(s s)||00 < 1, by Rouche’s Theorem,
we know that

1 .
lg(s) + f(s)] + *ejaf(é’) €H, V0el[-mmn] (20)
Sufﬁmency Now suppose on the contrary that ||.S||« > 7, namely, ||f ) ||oO >
1. Since | O +g) )|5 jw| 18 & contiunous function of w, and since
lim ILISZM =2 <1 (21)
w=oo f(s) +9(s) g
there must exist wg such that
|W‘S, =1 (22)
fs)+g(s)
Therefore, there exists 0y € [—m, ] such that
1 .
{9) + £(5) + J 1) Homin =0 (23)

which contradicts the original hypothesis. This completes the proof.

Lemma 2.4
For any ¢ € (0,1),0 € [—7, 7], we have

W(s) = {g(s) + (1 +0”) f(s)lg(s) € Ky(s), f(s) € Kyp(s)} C H = (24)

']11117 J1212> J22227 J21217 J11127 J12227 J22217 J21117 J1211> J22127 J21227 ']1121 cH (25)

Proof: Necessity is obvious. To prove sufficiency, note that W (s) is a set of poly-
nomials with complex coefficients, and with constant order n. By Lemma 2.2, it
suffices to show that

0¢W(jw), YweR (26)
Since 0 ¢ W (jwso) for sufficiently large wy,, we only need to show that

0¢oW(jw), VweR (27)

where 0W (jw) stands for the boundary of W (jw) in the complex plane.

To construct W (jw), note that arg(l + de’?) € (=%, %). Suppose now w > 0
and arg(1l + de??) € [0,Z). Then by Lemma 2.1, we know that K,(jw), K;(jw)
are rectangles with edges parallel to the coordinate axes. The four vertices of
K,(jw) are g11(jw), g12(jw), g21(jw), ga2(jw), respectively; and the four vertices of
K;(jw) are f11(jw), fi2(jw), fa1(jw), faa(jw), respectively. (1 + §e?)K;(jw) is gen-
erated by rotating K(jw) by arg(1 + de??) counterclockwisely, and then scaling by
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11+ de?|. Thus, W(jw) = K,(jw) + (1 + 6¢?°) K;(jw) is a convex polygon with
eight edges. These edges are parallel to either the edges of K,(jw) or the edges of
(14 0e/?)K;(jw). Therefore, their orientations are fixed (independent of w). The
elght vertices of W(]W) are (ClOCkWiSGly) Jllu(jW), Jnlg(jw>, Jlglg(ju)), Jlggg(ju)>,

J2222(Jw), Jaz01(Jw), Ja121(jw), Jor11(jw), respectively.
Now suppose on the contrary that there exists wy > 0 such that

0 € OW (jwo) (28)
Without loss of generality, suppose

0e {/\Jllll(jw()) + (1 — )\>J1112(jw0)|>\ - [0, 1]} (29)
Namely, there exists Ag € (0,1) such that

AoJ1111(Jwo) + (1 — Xo)J1112(Jwo) =0 (30)
Since Ji111(s), J1112(8) € H, we have
a Ji11(jw) >0 4 Ji12(jw) > 0 (31)
dw arg Jijn (Jw ) dw arg Jij2(Jw
Thus[15]
d i .
o arg[J1112(jw) — J1111 (jw)]|w=wo = (32)
(1= 20)-L arg J111 (6 oo + Ao— arg Jiir ()l > 0 (33)
0 dw arg J1111\JW) |w=wq Odw arg J1112{JW) | w=wq

This contradicts the fact that the edges of W (jw) have fixed orientations. Thus

0¢ oW (jw) (34)

Suppose now w < 0 and arg(1 +6e/?) € (—Z,0]. Then K,(jw), (14 0e/?)K;(jw) are
the mirror images (with respect to the real axis) of the corresponding sets in the
case of w > 0 and arg(1 + d¢/?) € [0,5). Therefore, following an identical line of
arguments, we have

0 & oW (jw) (35)

The cases when w > 0 and arg(1+de’?) € (—%,0] and when w < 0 and arg(1+de/) €

[0, %) are also symmetric with respect to the real axis. Hence, we only need to
consider the former case. In this case, K,(jw), K;(jw) are rectangles with edges
parallel to the coordinate axes. (1 + de’)K;(jw) is generated by rotating K ;(jw)
by |arg(1 + de’?)| clockwisely, and then scaling by |1 + de?®|. Thus, W(jw) =
K, (jw)+(140e’?) K (jw) is a convex polygon with eight edges. These edges are par-
allel to either the edges of K,(jw) or the edges of (1+6e¢) K (jw). Therefore, their
orientations are fixed (independent of w). The eight vertices of W (jw) are (clock-
wisely) Ji(jw), Jio11(jw), Ji212(jw), Ja212(jw), Jazea(jw), Jor22(jw), Jar21(jw),
J1121 (jw), respectively. Thus, following a similar argument, we have

0 ¢ oW (jw) (36)
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This completes the proof.
The following theorem shows that, for an interval system, the maximal H,, norm
of its sensitivity function is achieved at twelve (out of sixteen) Kharitonov vertices.

Theorem 2.1
Suppose g;;(s) + fij(s) € H, i,j =1,2. Then
7f(8) S S S S =
InaX{Hj(S)%_g(s)Haﬁg() € Ky(s), f(s) € K¢(s)} (37)
max{|| Jizia(5) ool (i1j17272) = (1111), (1212), (38)

fizjz (3) + Girr (5)

(2222), (2121), (1112), (1222), (2221), (2111), (1211), (2212), (2122), (1121)}  (39)

Proof: Since g;(s) + fi;(s) € H, 4,5 = 1,2, by Kharitonov’s Theorem[1], we know
that K (s) + K¢(s) C H. Let

= Imax L S S S S
1 = manfll L Sots) € 5,000, 09) € K00} (40)
o = max{[| 222G i) = (1111), (1212), (41)

fisz (3) + Girir (5)

(2222), (2121), (1112), (1222), (2221), (2111), (1211), (2212), (2122), (1121)}  (42)

Then apparently

Nn=r=>1 (43)

Now suppose 71 # 2, namely, 71 > 7. Then there exists vy such that v; > o >
vo. Thus, for any (i171i272) € {(1111), (1212), (2222), (2121), (1112), (1222), (2221),
(2111), (1211), (2212), (2122), (1121) }, we have

fi2j2(5)
I oo < (44)
fi2j2(s) + gi1j1(3) °
Hence, by Lemma 2.3, we have
1 .
Gi1j1 (S) + (1 + 76J0>fi2j2 (S> € H7 Vo € [_ﬂ-’ﬂ-] (45>

7o
By Lemma 2.4, we know that

{9@)+(1+;;a%fﬁﬂgw)EB%@%fQ)GB%@X}CfL v € [-m, 7] (46)

Therefore, by Lemma 2.3, for any g(s) € K,(s), f(s) € Ks(s), we have



£(s)
|’f(s)—|—g(s)|’°°<% (47)
Namely
max{||——2 L || lg(s) € K,(s), £(5) € K5()} <o (48)
75) +909) = o{5);

That is, 71 < 70, which contradicts 7, > 79 > 7. This completes the proof.

3 Conclusions

We have proved that, for an interval system, the maximal H* norm of its sensitivity
function is achieved at twelve (out of sixteen) Kharitonov vertices. This result is
useful in robust performance analysis and H,, control design for dynamic systems
under parametric perturbations.
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