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Abstract

Mesoporous materials with multi-continuous networks are attracting widespread in-
terest due to their potential applications in optical metamaterials, membrane separa-
tion, and catalysis. Block polymers, with their simple thermodynamic representation
through self-consistent eld theory (SCFT), provide an ideal model for examining the
self-assembly behaviors in these networks. In this dissertation, we leverage SCFT to
deepen our understanding of the thermodynamic principles that govern the formation of
these complex network phases and to facilitate the discovery of new network phases. The
investigation begins with an exploration of the metastability of cubic single networks via
SCFT. Our ndings reveal that larger interfacial areas per unit volume, resulting from
lower chain-packing densities in the single networks, are a critical factor contributing
to their metastability. This phenomenon is largely due to the speci ¢ positioning of
chain con gurations relative to the minimal surfaces. Furthermore, we utilize SCFT
to validate the feasibility of using ternary polymer blends for fabricating alternating
gyroids (G”). By introducing a small amount of poly(isoprene-b-styrene-b-ethylene
oxide) (ISO) triblock terpolymers into blends of double-gyroid-forming diblock copoly-
mers, poly(isoprene-b-styrene) (IS) and poly(styrene-b-ethylene oxide) (SO), the G~
phase can be e ectively stabilized. It is found that the formation of GA is particularly
sensitive to the asymmetry in thermodynamic parameters, and that matching the pre-
ferred domain sizes of the IS and SO diblocks enhances the stability of GA. Finally, to
overcome the limitations of conventional SCFT in predicting new morphologies, we in-
tegrate SCFT with a deep convolutional generative adversarial network (GAN) trained
on SCFT density elds of known phases. This innovative approach allows the GAN to
generate new input elds for subsequent SCFT calculations, resulting in a library of 349
candidate network phases. These phases cover both known networks and new networks
with competitively low free energies, o ering new directions for inverse materials design,
property predictions, and structural determinations of self-assembled network phases.
Overall, this dissertation advances our understanding of self-assembled network phases
in block polymers and other soft matter systems, proposing new strategies for future
research.
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Chapter 1

Introduction

1.1 Network Phases

In this section, we provide a brief overview of network phases, starting with an intro-
duction to triply periodic minimal surfaces (TPMS) and their connection to various
network structures. We will also discuss di erent types of material systems that pro-
duce network phases across various length scales, highlighting their diversity and the
broad applicability of these intricate structures in material science.

1.1.1 Triply periodic minimal surfaces (TPMS)

Minimal surfaces are mathematically de ned as surfaces that locally minimize their
surface area, meaning they exhibit zero mean curvatureH = 0) everywhere on the
surface. Mean curvature, denoted asH, is the average of the principal curvatures,
ki and kp, at a given point. The principal curvatures represent the maximum and
minimum values of the normal curvature at that point, indicating how the surface
bends in orthogonal directions.

Triply periodic minimal surfaces (TPMS) represent a family of minimal surfaces
that have periodicity in three principal directions. Examples of TPMSs are provided in
Figure 1.1 and they can often be approximated by simple implicit equationsf (x;y; z) =
0, accurately capturing their complex geometries. These surfaces are characterized
by their intricate and repeating patterns, making them of signi cant interest in both
mathematics and material science.

The exploration of TPMS dates back to the 19th century when mathematician Her-
mann Schwarz described several types, including the Schwarz Primitive (P), Schwarz Di-
amond (D), Schwarz Hexagonal (H), and Schwarz Crossed Layers of Parallels (CLPY?
A notable addition to the TPMS family is the Gyroid (G) minimal surface, discovered
by NASA scientist Alan Schoen in 19701

These TPMSs are not merely theoretical constructs; they are commonly observed



2
in various materials systems. In the natural world, G surfaces are part of the struc-
ture of butter y wingscales that contribute to their vibrant colors, while D surfaces
are found in the exoskeletons of certain beetle$* TPMS are also widely discovered in
synthetic materials systems, including self-assembled block polymer3® both lyotropic
and thermotropic liquid crystals, ® and inorganic mesoscopic solids that are templated
using these soft materials!®'2 The widespread presence of these geometries is partly at-
tributed to their optimized surface con gurations, which minimizes interfacial tensions
between di erent domains. However, more detailed and system-speci c investigations
are necessary to fully understand their prevalence and functionality across various sys-

tems.

Figure 1.1: lllustrations of the Schoen Gyroid (G), Schwarz Diamond (D), and Schwarz
Primitive (P) minimal surfaces and the corresponding implicit equations f (x;y;z) =0
that approximate the minimal surfaces.

These TPMS materials are also cataloged as network phases or network structures
due to their continuous and interpenetrating domains. They attract signi cant research
interest not only for their sophisticated structures but also for their diverse potential ap-
plications. %512 The cubic network phases, which are related to the G, D, and P minimal
surfaces, are ideal models for optical meta-materials and photonic band gap materials,
thanks to their unique band structures at relevant length scales!#1® Moreover, the in-
terweaving domains of these structures create high surface areas and porosity, which are



3
bene cial in applications such as membrane separation and catalysi$%%1’ The specic
applications depend largely on the exact length scale and the medium or building block
of the domains. These cubic network phases are accessible across a wide range of length
scales with di erent self-assembled materials, from nanometers to micrometer$.”:13:18
This versatility in scale makes TPMS structures adaptable for various design purposes,
ensuring they remain a vital subject of research and innovation.

1.1.2 TPMS-related network phases

Minimal surfaces, such as the commonly observed cubic G, D, and P surfaces, divide
three-dimensional space into two parts. These divided spaces are typically identical in
volume and can be converted into each other through simple symmetry operations such
as translation or inversion. Taking the G surface as an example, it separates space
into left-handed and right-handed domains that are equal in volume, as illustrated in
Figure. 1.2. By lling these opposing spaces with materials of di erent chemical prop-
erties, single-network materials can be created. These are named for the characteristic
that each domain consists of one continuous network. Similarly, single-network mate-
rials based on other types of minimal surfaces can be obtained by assigning di erent
chemistry to two identical domains separated by the respective minimal surfaces. For
example, separating the domains with the D and P surfaces lead to single diamond (SD)
and single primitive (SP) phases, respectively.

In practice, the dividing surfaces for TPMS-related materials may not always split
the space into two perfectly equal volumes. Instead, what are often observed are vari-
ations known as constant-mean-curvature (CMC) surfaces1® These surfaces, which
can be seen as deformed versions of TPMSs, maintain a constant mean curvaturd,,
that optimizes their surface area for speci ¢ volume fractions of each domain. Thus,
TPMSs are a special case of the CMC surfaces, whet¢ = 0. CMC surfaces can also
be approximated by implicit equations, f (x;y;z) = t, wheret is a constant that de nes
the level-set value. Whent = 0, the equation represents the minimal surface. When
these CMC surfaces are used as the dividing interface in materials, and the opposing
domains are lled with di erent chemical substances, the result is a single network ma-
terial. However, unlike those de ned by perfect minimal surfaces, these networks will
typically have unequal domain volumes.



Figure 1.2: Gyroid-related morphologies and their related domain interfaces. The G
minimal surface, approximated by f (X;y;z) = sin x cosy + Sin y c0Sz + Sin zCosx =

0, bisecting the space into two opposing domains with opposite handness, creating a
symmetric SG morphology. Deforming the G minimal surface to a constant-mean-
curvature (CMC) surface, which can be approximated byf (x;y;z) = t, wheret is a
non-zero constant, leads to unequal volumes of the two opposing domains, which is
associated with an asymmetric SG morphology. A pair of CMC surfaces approximated
by jf (x;y;z)j = t separate two identical and interpenetrating gyroid cables from the
matrix with near uniform thickness, resulting in a double-gyroid morphology.

Double networks represent another important class of network phases, often found
to be more stable and prevalent in self-assembled soft mattef%?! These structures can
be conceptualized in a couple of ways that illustrate their formation: One approach
to understanding these structures is to imagine the growth of one of the two domains
along the minimal surface, which divides the space into two??> The remaining space
is then occupied by a di erent chemical component. This results in the other domain
containing two sets of interpenetrating networks that are identical to each other, hence
the name \double network”. For example, if one continuous constant-thickness domain
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grows along the G minimal surface, and the rest of the space is lled with a di erent
chemistry, a double-gyroid (DG) phase can be produced. Another way to understand
these structures involves altering the minimal surfaces by shifting it towards two CMC
surfaces, as illustrated in Figure. 1.2 This modi cation creates domain interfaces that
incorporate two gyroid networks. The interfaces between can then be approximated
using a level set function,f (x;y;z) = t. In practice, the domain interface in double
networks is shaped by the competition between maintaining constant mean curvature
and ensuring uniform matrix thickness.

Even though both single and double networks are based on the same minimal surface
geometry, their di ering arrangements in space result in distinct physical properties. For
instance, each domain in the SG phase exhibits chirality, leading the entire structure to
exhibit chiral properties, which makes it particularly promising for applications such as
chiral beam splitters.?3 In contrast, the DG structure, composed of two opposing gyroid
cables, is achiral due to the cancellation of chirality between the two networks. However,
the presence of two separate continuous networks in DG enhances its conductivity for
thermal and electrical applications.?42°

1.1.3 Network phases across length scales

Despite the variety in network phases and the distinct mechanisms underlying the forma-
tion of these meso- or nano-scale network structures in di erent self-assembled materials,
the principal governing factors are largely similar. They often result from a competition
between the tendency to form an optimized interfacial geometry and the constraints
imposed by geometric packing, which can introduce penaltied:?® In the next section,
we will delve into the detailed mechanisms speci c to block polymers. For now, we
provide a brief overview to illustrate the extensive range of network phases found across
biological and chemical systems.

The initial experimental realization of co-continuous network phases dates back to
the 1960s within a lyotropic liquid crystal system,?’ with the DG phase being de nitively
identi ed in 1990. % Since then, DG phases have been extensively discovered across
various liquid crystal systems. To date, most of the relevant structureS in the G,
D, and P classes have been realized in lyotropic liquid crystals, including the double
networks DG,?® DD, ?° DP, % and the single networks SI¥ and SP3! recently realized
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by designing a special type of molecules called bolapolyphiles with two lateral side
chains. Furthermore, more complex structures such as a triple cubic network with
Im 3m symmetry3? and a triple hexagonal network following the Schwarz H minimal
surface® have also been discovered.

Block polymers exhibit unique behaviors compared to liquid crystal systems. The
rst DG phase in block polymers was synthesized in the 1980s but was initially misiden-
ti ed as a DD phase.3334 It was not until 1994 that it was con rmed to be a DG phase,
with evidences from small-angle X-ray scattering and self-consistent eld theory (SCFT)
predictions.?%21 Subsequent e orts were made to stabilize the DD phase through blend-
ing and designing new polymer architectures’®36 Very recently, Lee et al. successfully
stabilized the DP phase through end-group modi cations, which created strong hydro-
gen bonding interactions at one end of the diblock copolymers that enhance stability
of the structure.3” In the realm of diblock copolymers, other network phases have also
been discovered, including an orthorhombic single-network network, @, characterized
by its space groupF ddd. 3840

One of the intriguing properties of these soft assemblies is their ability to serve as
templates for the growth of solid materials through a co-assembly mechanism. For in-
stance, by introducing co-structure directing agents (CSDA) that interact with both
surfactants and silica precursors, these agents can guide the polymerization of the
precursors to follow the complicated interfacial geometry of the micelles, resulting in
network-structured silica crystals after the removal of small moleculest? A notable
example occurred in 1992 when Mobil scientists successfully produced MCM-48, a ma-
terial with DG morphology, characterized by a mesoporous silica wall that follows the
G minimal surface.1° Furthermore, the introduction of CSDAs and silica precursors can
alter the self-assembly behavior of the system, opening the door to the discovery of new
morphologies beyond traditional soft assemblies. In 2009, this potential was demon-
strated when Han et al. reported the rst experimental realization of a tricontinuous
mesoporous silica that follows the Schwarz H minimal surfacé?

It was later discovered that nature has been employing similar strategies to develop
these network phases. For instance, the scales on buttery wings exhibit SG struc-
tures that contribute to their unique structural colors. 3 Butter ies grow these gyroid
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microstructures by utilizing the natural self-organizing behavior of their biological mem-
branes. Initially, a double-gyroid structure is formed within the cells. Over time, chitin,

a natural polymer, deposits into one of the gyroid networks, while the rest of the cellular
material degenerates. This natural co-assembly process showcases the incredible com-
plexity and e ciency of biological systems and has inspired subsequent experimental

e orts to use block polymers as templates for fabricating SG-structured materials#?

1.2 Block Polymer Self-Assembly

Block polymers are a type of polymers with two or more polymer chains (blocks) co-
valently bonded together, with each block made up of chemically distinct monomers'3
Figure 1.3 illustrates the self-assembly of the simplest form of linear diblock copolymers,
featuring chemically distinct blocks of polyisoprene and polystyrene. These chemically
distinct blocks tend to phase-separate due to their incompatibility in chemistry, however,
the covalent bond between them prevents macro-phase separation. Instead, the system
undergoes micro-phase separation, leading to the formation of various mesostructures.
In linear diblock copolymers, stable morphologies include lamellae (L), hexagonally
packed cylinders (C), spherical phases with body-centered cubic (S) and face-centered
cubic packed spheres (§), and more complex network phases like the double gyroid
(DG or G) and O7°,

The selection of mesoscale morphology in self-assembled block polymers results from
a delicate balance between entropic penalties associated with stretching polymer chains
to Il space, and the enthalpic penalties arising from contact between chemically dissim-
ilar monomers.143 To minimize chain-stretching penalties, a uniform domain thickness
is preferred, while to reduce enthalpic interactions, minimized domain interfaces and
thus uniform interfacial curvature are desired. However, for phases other than the
L phase, these two objectives cannot be simultaneously satis ed, leading to increased
packing frustration. Matsen and Bates developed a straightforward yet e ective method
to estimate the degree of packing frustration by calculating the variations in interfa-
cial mean curvatures of the mesophase® As illustrated in Figure 1.4, networks phases
exhibit a higher degree of packing frustration compared to the cylinder phase due to
their irregular shapes in the nodal areas. Moreover, in network phases, the degree of



Figure 1.3: lllustration of the self-assembly of diblock copolymers with polyisoprene and
polystyrene blocks forming various structures: lamellae (L), hexagonally packed cylin-
ders (C), body-centered cubic packed spheres (S), face-centered cubic packed spheres
(Scp), double gyroid (DG or G), and O° phases. A schematic of chain alignments in
the lamellar phase is included. Adapted from Ref. 43 and partially based on a gure
from Prof. Mahesh K. Mahanthappa.

packing frustration is directly linked to the number of struts connected to each node;

increased connectivity results in bulkier nodes, which aggravates the packing frustra-
tion. This phenomenon helps explain why network phases are relatively rare and why
the three-fold connected DG is prevalent, while the four-fold connected DD and six-fold
connected DP are less common.

The subtle balance between enthalpy and entropy in block polymer systems can
be in uenced by several key thermodynamic parameters: the volume fraction of the
minority block (fa), the segregation strength (N ), and the conformational asymme-
try parameter ( ). The volume fraction f o signi cantly a ects the preferred curvature
of the system. Adjusting fa from symmetric to asymmetric compositions can induce
phase transitions from lamellae (L) to double gyroid (DG) to cylindrical (C) to spherical
(S) phases. The parameterN represents the segregation strength between dissimilar
monomers, where is the interaction parameter and N is the degree of polymerization.



Figure 1.4: Distribution of interfacial curvature H for the C, G, perforated lamallae
(PL), and D phases from SCFT calculations. The green patches on the schematic
diagrams to the left represent elementary interfacial units. The curvature distribution
for each unit is indicated by the color scale, with the average and standard deviation
provided on the right. Adapted from Ref. 44.

, the conformational asymmetry parameter, is de ned as the ratio of the statistical
segment lengths of the polymer blocks. By strategically controlling the polymer archi-
tecture, the types of monomers used, the block volume fractions, and the temperature
conditions, it is possible to speci cally target the formation of network phases.

Network phase formation in self-assembled block polymers is of particular interest
for two main reasons. Firstly, the ability to access network phases with a broad range of
domain sizes is crucial for their utility in various applications. By controlling the molec-
ular weights and manipulating the molecular architectures, block polymers can produce
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network phases with domain sizes ranging from a few nanometers to over 100 nanome-
ters.1318 This range could potentially be extended further with the use of bottlebrush
polymers, made possible by recent advancements in polymer synthests. Additionally,
the ability to nely tune the properties of block polymers through synthetic chemistry
opens up a wide array of applications.

Second, block polymers serve as an ideal model to understand the mechanisms of
network phase formation. They support the application of simple and more generaliz-
able self-consistent eld theory (SCFT) that is valid regardless of the model polymers,
provided there is a su ciently large degree of polymerization.*36148 The detailed dis-
cussion of SCFT will be presented in Chapter 2. Moreover, the recent development of
slice-and-view scanning electron microscopy tomography allows for the direct observa-
tion of twinning and other types of defects.*® This capability is enhanced by the large
domain sizes of the self-assembled structures, making block polymers particularly valu-
able for studying and understanding the intricate details of network phase development.

1.3 Challenges in Network Phase Formation of Block
Polymers

Despite the signi cant potentials outlined above, designing block polymer systems that
stabilize network phases remains a substantial challenge. Therefore, the objective of
this dissertation is to utilize computational methods to deepen our understanding of
the formation mechanisms in block polymer network phases and to devise new design
strategies that could expedite experimental discovery.

Chapter 2 will provide a comprehensive overview of the computational method em-
ployed in this study: self-consistent eld theory (SCFT). We will explore the theoretical
framework, underlying assumptions, and limitations of SCFT in detail. Additionally,
the chapter will introduce the methodology for generating initial network structures for
SCFT calculations.

Chapter 3 tackles a signi cant issue in block polymer research: among the well-
known G, D, and P minimal-surface-related mesophases, only cubic double networks
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have been realized in block polymers, while cubic single networks have not. Under-
standing the absence of the single networks can deepen our comprehension of phase for-
mation mechanisms in block polymers and inform new designs for polymer architectures
that could stabilize single networks for advanced optical applications. Through SCFT
calculations and geometrical analysis, we highlight the key di erences in chain packing
between single and double networks. In double networks, one end of the polymer chains
meets at the minimal surface, while in single networks, the junctions are positioned
close to the minimal surface. This distinction a ects chain-packing density and results
in larger interfacial areas per unit volume in single networks, leading to their metasta-
bility within the network-forming region of the morphology diagram. These analyses
help elucidate the origins behind the metastability of single cubic network phases in
neat diblock copolymer melts, providing new insights into the experimental realization
of these networks.

As accessing single network structures directly presents inherent challenges, in Chap-
ter 4, we explore an alternative pathway to access SG by fabricating an alternating gy-
roid (G#). While G” can be stabilized in simple ABC triblock terpolymers, its narrow
stabilization region requires precise composition control, which complicates potential
large-scale production. To address this, we utilize SCFT to investigate the feasibility
of a blending strategy by computing the phase behaviors of ternary mixtures involv-
ing DG-forming poly(isoprene-b-styrene) (IS) and DG-forming poly(styrene-b-ethylene
oxide) (SO), and poly(isopreneb-styrene-b-ethylene oxide) (ISO). The calculations con-
rm that the addition of 1SO indeed stabilizes G” and highlight the importance of
matching the preferred domain sizes of DG formed by the IS and SO diblocks. These
computational ndings o er valuable insights into potential experimental strategies for
producing G*) and underscore the sensitivity of network phase formation to asymme-
tries in the thermodynamic parameters.

Chapter 5 addresses the challenge of accelerating the discovery of new network phases
in block polymers. The enormous design space inherent in these block polymer ma-
terials necessitates theoretical methods to guide experimental innovations. However,
traditional approaches such as SCFT are limited in their ability to discover new phases
due to the requirement for a reasonable initial guess of the targeted morphology. To
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overcome this limitation, we have integrated SCFT with a generative adversarial net-
work (GAN) that has been trained using SCFT trajectories from known network phases.
This integration leverages the ability of GANs to propose novel initial guesses for net-
work structures, combined with SCFT's established capacity to re ne these structures.
As a result, 349 candidate network phases were generated by learning from only ve
cubic networks. This approach not only covers all known network phases in block poly-
mers but also identi es new phases with competitive free energy levels. The success of
this method signi cantly enhances the capability of theoretical tools, transforming them
from merely explanatory to fully predictive resources for block polymer phase discovery.

In Chapter 6, we summarize our e orts to tackle the major challenges discussed in
the previous chapters. We will discuss the potential opportunities that these e orts open
up for new computational and experimental studies. Our ndings provide new starting
points for the inverse search of stabilization regions of network phases and facilitate the
design of new network morphologies with superior properties. Additionally, they en-
hance theory-informed structure characterization and pave the way for the development
of real-time simulation monitoring tools. This conclusion of our research prepares the
way for improvements in network phase discovery in block polymers.



Chapter 2

Methods

2.1 Self-Consistent Field Theory ‘!

Self-consistent eld theory is a fast and robust method to predict the equilibrium phase
behavior of block polymers?#3:46:47:51 |n SCFT, a complex many-body system is simpli-
ed by modeling the interactions between a test chain and an external eld that acts
on this chain. The theory incorporates the entropy and enthalpy calculations through
Gaussian chain statistics and interactions between dissimilar monomers. This simple
yet e ective model can accurately predict the stability regions of ordered morphologies
at a low computational cost, a capability that has been extensively validated by exper-
imental phase diagrams of various block polymer systems. As shown in Figure 2.1, in
the linear AB diblock copolymer melt system, the order-to-order transitions observed
in experiments are well captured by SCFT.

2.1.1 Theoretical framework

Here, we provide a brief overview of the underlying physics and governing equations of
SCFT,; the details about the theory and its implementation can be found in Refs. 21,
46, and 47. Our implementation of SCFT idealizes a polymer chain as a continuous
Gaussian chain containingN coarse-grained monomers. Each monomer is indexed by
a continuous contour variable s ranging from 0 to N, wheres =0 and s= N represent
the two ends of the polymer chain. The chemical potential eld that interacts with any
monomer from the A block at position r, ! A(r), is given by

ba(r)= s()+ (r) (2.1)

Iparts of this section were adapted from: (i) Pengyu Chen, Mahesh K. Mahanthappa, Kevin D.
Dorfman, J. Polym. Sci. 2022, 60(17), 2543-25522 (ii) Pengyu Chen, Kevin D. Dorfman, Proc. Natl.
Acad. Sci. 2023, 120(45), e2308698120>°
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Figure 2.1: Comparisons of (A) SCFT-predicted phase diagram for conformationally
symmetric AB diblock copolymer melts and (B) the experimental phase diagram of
poly(isopreneb-styrene) (PI-PS) diblock copolymers. Adapted from Refs. 43; 52.

where is the e ective segmental interaction parameter, g(r) stands for the local
volume fraction of type B monomer at position r, and (r) is a Lagrange multiplier
chosen to ensure that the volume fractions of all monomers sum to 1 at each position.
For a diblock copolymer with volume fraction f 5, the eld ! o(r) acts on segments from
s=0to s= faN. A second chemical potential eld, ! g(r), acts on segments from
s= faN to N. This second eld is de ned in a manner analogous to Egn. 2.1 with the
A and B subscripts interchanged.

With this construction, we de ne q(r;s) as a constrained partition function for a
chain segment that starts at monomer 0 and ends at monomes when monomers is
con ned at position r. The quantity q(r;s) is also termed the \forward propagator"”.
Similarly, a \backward propagator" ¢(r;s) can be de ned where the chain segment
begins at monomerN . The random-walk statistics of a polymer can then be described
by the modi ed di usion equations (MDES) for the two propagators

@(éf) = %zr 2 1i(r) or;9) (2.2)
@UrY _ B o1y gy (2.3)

@s 6
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with initial conditions q(r;0) = ¢¥(r;N) = 1. Here, bis the statistical segment length,
and i denotes the chemical identity for the segment of chain contour coordinate. From
the solutions for these propagators, the volume fraction at each position is calculated
from L ZN
aln)= — ds o(r;s)(r;s) (2.4)

NQ o

where 7
Q= % dr g(r;N) (2.5)

is the partition function for an unconstrained chain and V is the unit-cell volume. From
the incompressibility constraint, it follows that g(r) =1 a(r).

According to Egn. 2.1, the chemical potential elds !i(r) depend on the volume
fractions i(r). On the other hand, the volume fractions (r) depend on the propagator
functions q(r;s) and ¥(r;s) (Eqn. 2.4), which further depend on ! i(r) according to
Egns. 2.2-2.3. As a result, these equations need to be solved iteratively until self-
consistency is achieved. In order to initialize the iteration scheme, an initial chemical
potential or volume fraction eld is required as an input, which is evolved using a quasi-
Newton-Raphson iteration algorithm or an Anderson-mixing algorithm.*7:53 The entire
work ow described above is summarized in Figure 2.2.

Once a converged solution for a speci ¢ phase is obtained, the free energy per chain
is calculated from

z z

TS Qe A ey A EA®) A le() (] @6)

where kg T is the thermal energy andn is the total number of chains. The Helmholtz
free energy per chain can be further decomposed as

F _ U (SJ + Sp + SB)
nkBT - nkBT nkB

2.7)

where U is the internal energy, S; is the translational entropy of the AB junctions, Sp
is the con gurational entropy of the A block, and Sg is the entropy of the B block. The
internal energy per chain is simply the second term in Eqn. 6,
Z
U _ N

kT -V dr a(r) s(r) (2.8)
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Figure 2.2: Conventional approach to using self-consistent eld theory (SCFT) to com-
pute block polymer phase behavior. The iterative solution requires initialization using
either a previously computed solution or a guess for the structure, e.g., a level set for
network phases or form factor for particle phases, to initialize the chemical potential
elds. The SCFT iterator re nes the chemical potential elds through solutions of the
modi ed di usion equations (MDESs) for the forward and reverse propagators, which are
then integrated to compute the density elds for the given blocks. The density elds are
then used to compute the error in the self-consistent eld (SCF) equations. If the SCF
error is below a set tolerance, the solution has converged and the calculation outputs the
density eld, the optimal unit cell geometry, and the Helmholtz free energy. Adapted
from Ref. 50.

Since our model is incompressible, the internal energy is equal to the enthalpy. The
con gurational entropy per chain of the A block and B block can be calculated from

S Z
ﬁ = ¥ dr [ 3(r)Ing(r;s)+ ! a(r) a(r)] (2.9)
S N z
ﬁ = drlamn od(r;s)+ Lg(r) s(r)l (2.10)

where ;(r) is the distribution of the diblock junctions. These quantities can be under-
stood as the chain-stretching penalties for each block.



17
2.1.2 Limitations

Despite the signi cant success of SCFT in predicting the phase behavior of block poly-
mers, there are substantial limitations that restrict its application in certain scenarios.

The primary limitation problem stems from the mean- eld assumptions, which are
inadequate for capturing uctuation e ects inthe low N regime. This inaccuracy leads
to an overestimation of the free energy in the disordered state, resulting in inconsistency
between the experimental observations and SCFT predictions (see Figure 2.1). Inde-
pendent e orts from Matsen ®? and Fredrickson® have used eld-theoretic approaches
to address these uctuations.

Another notable drawback of SCFT is its reliance on initial guesses. Due to the
highly non-linear nature of the governing equations, the convergence strongly depends
on the initial guess eld. Traditional approaches for generating initial guesses, which
are discussed later in this chapter, typically rely on prior experimental observations.
As a results, SCFT is ill-suited for predicting new morphologies where no advanced
structural knowledge is available. Our e orts to overcome this challenge are discussed
in Chapter 5.

2.2 Software Packages

The SCFT calculations presented throughout this thesis were performed using the open-
source software package Polymer Self-Consistent Field Theory (PSCF), developed by
Morse and coworkers?’ Both the Fortran and C++ versions of the software packages
were used for di erent projects. The more up-to-date C++ version not only enables
faster calculations augmented by GPU support but also allows modeling of polymer
architectures beyond the linear polymers permitted in the Fortran version.

2.3 Level-Set Methods for Initial Guess Generation

As stated earlier, providing good initial chemical potential elds is crucial for for SCFT
calculations to ensure convergence to speci ¢ structures of interest. The simplest way
to obtain an initial guess eld is to utilize an previously computed converged eld of
the desired structure. However, when dealing with a new structure or a new polymer
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system, one must generate the initial eld by the geometrical model of the structure
candidate. Typically, this involves estimating the monomer density eld of the system
and setting the Lagrange multiplier as 0 in Egn. 2.1 to obtain an initial chemical
potential eld.

There are two prevailing methods for constructing initial guesses from scratch: the
form-factor approach for particle phases and the level-set method for network phase¥.
The form-factor method involves calculating the scattering amplitude of a particle,
which is used to derive the density eld from particle positions, is particularly robust.

It can produce good initial guesses that converge to complicated low-symmetry Frank-
Kasper phases with up to 82 particles in a unit cell®® The level-set method, which is
our main focus here due to its relevance to network phases, will be discussed in more
detail.

The level-set method starts by approximating the domain interface using a level
surface. For instance, the G minimal surface can approximate the domain interface of
the single gyroid phase in a compositionally symmetric AB diblock copolymer melts.
However, in most cases, the level surface cannot be represented by a minimal surface. In-
stead, we utilize a linear combination of the rst few symmetry-adapted basis functions
of a specic space group to de ne a level surface. This approach uses a symmetry-
adapted Fourier expansion, where a periodic eldF (r) in real space associated with a
given space group is expressed as

x
F(r)= anfn(r) (2.11)

n=1
Here, f ,(r) represents then-th symmetry-adapted basis function, a, is a real coe cient,
and P is the number of basis functions considered. After de ning the periodic eld, we
determine a cuto value t based on a preassigned volume fraction, ensuring that this
fraction of grid points satis es F(r) <t. Grid points where F(r) <t are designated to be
occupied by pure A monomers, while the remainder are occupied by pure B monomers.
Although these procedures result in a very sharp interface, it generally su ces for the
SCFT iterations to converge to the desired solution. In Table 2.1 we summarize the
coe cients for the linear combinations of basis functions that approximate the domain
interface of some widely studied network phases.
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Table 2.1: Level-set surface approximation for various network types and corresponding
space groups. The coe cients of the cubic network phases are derived by Wohlgemuth
et al.,>® while the coe cients for non-cubic network phases are estimated from structure
factors obtained through scattering experiments.

Network phase Level-set surface approximation
DG (la3d) Foiz  0:2F20
DD (P n3m) Fi10 + F111
DP (Im3m) Fi10 +0:4F51,
SG (14,32) Fi10
SD (Fd3m) Fi11
SP (Pm3m) F1io0
O"% (Fddd) Fi11 + 0:2F g2 + 0:1Fg0a  0:2F502  0:3F220 + 0:3F 220
0°2 (Pnna) 0:25F 00 + F101 + F210 + Fo11 + 0:25F 00

H%3 (P 63=mcm) 0:15F o0 + Fooz + 0:8F 111 + 0:8Fg12 + 0:25F 150 + 0:15F 250  0:15F ;30

So far, our focus has been on diblock copolymer systems, which requires only one
interface to separate two distinct types of monomers. However, this method can also
be applied to triblock or other multiblock polymer systems by de ning multiple level-
set surfaces as domain interfaces. Additionally, for structures whose level-set surfaces
are not straightforward to identify, a Voronoi construction can be employed around the
skeleton of the networks, followed by interface re nement to minimize interfacial area®’



Chapter 3

Stability of Cubic Single Network Phases in Di-
block Copolymer Melts 1!

3.1 Introduction

The percolating 3D structures of polycontinuous mesoscale network phases (NETs) nd
wide-ranging applications as drug delivery vehicles? structured electron and ion trans-
porting media for energy conversion deviceg>°%°9 and size-selective separation mem-
branes%1” The most commonly observed NETs are the double gyroid (DGJa3d sym-
metry), double diamond (DD, Pn3m symmetry), and double primitive or \Plumber's
Nightmare" (DP, Im 3m symmetry) phases?® These double NETs, which exhibit cubic
symmetries, are tricontinuous phases comprising two interpenetrating and symmetry-
equivalent networks of the same chemistry embedded within a matrix of a distinct
chemical constitution. In AB diblock copolymers, these phases may be respectively
conceptualized as arising from situating the B block termini (colored red in Figure 3.1)
along either Schoen gyroid (G), Schwarz diamond (D), or Schwarz primitive (P) triply
periodic minimal surfaces®® Some of these cubic double NETs are experimentally known
to form in self-assembled block copolymers, but single cubic networks such as the single
gyroid (SG, | 4,32), single diamond (SD,Fd3m), and single primitive (SP, Pm3m) are
yet to be observed, although self-consistent eld theory (SCFT) has predicted SG could
be self-assembled in linear pentablock copolymer melt8! As opposed to the double
NETSs, single NETSs instead arise from situating the junctions of AB diblocks along the
G, D, or P surfaces, thereby partitioning space into two discrete and interpenetrating
volumes.

Cubic single NETs are of special interest due to their potentially unusual optical
properties. The structural colors of butter y wings 36263 and beetle exoskeleton$ arise
from SG and SD structures, respectively, with cubic lattice parameters 100 nm. These

1This chapter is reproduced from: Pengyu Chen, Mahesh K. Mahanthappa, Kevin D. Dorfman, J.
Polym. Sci. 2022, 60(17), 2543-25522
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Figure 3.1: Composition pro les of cubic double and single NETs from converged self-
consistent eld theory (SCFT) solutions. Domains with di erent colors indicate di er-
ences in chemistry. The unit cell of DD is duplicated for easier visualization; the unit
cell is indicated by the light gray boundaries. For the double networks, the two networks
(in blue) and the dividing surface (in red) were created by plotting the network using
a cuto value of A > 0:9 and the interface using a cuto value of g > 0:95, with
one exception for DP where the networks are displayed by using o > 0:5. For the
single networks, each network is displayed by using o > 0:9 (for the blue network) and
g > 0:9 (for the red network).

structures have also captivated substantial interest as photonic materials with complete
band gaps, as predicted by calculationst* Additionally, SG nanostructures o er exciting
opportunities to produce optical metamaterials*? and chiroptical materials with demon-
strably strong circular dichroism responses?* Advancing fundamental studies and future
applications of light-matter interactions of these single NETs motivates investigations
of methods for their fabrication with cubic lattice parameters ranging from 20-500 nm
from a palette of materials with varied dielectric properties.

None of the cubic single NETs has been observed as an equilibrium phase in linear
AB diblock copolymer melts, the simplest such system, and our goal here is to provide
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a basis for this metastability via SCFT. Microstructure formation in block copolymers
is governed by the competition between the enthalpic penalty for dissimilar polymer
contacts and the entropy loss from chain stretching to minimize interfacial contacts.
Based on the pioneering theoretical study by Matsen and Bates, packing frustration
has been recognized as a major factor that hinders the formation of NETs in block
copolymers 2144 Interfacial tension drives the block copolymer melt towards an ordered
morphology with a smaller interfacial surface area between domains, whereas space
lling at constant density with minimal variations in chain stretching prefers uniform
domain thicknesses. Unlike the classical lamellar (L), cylinder (C), and spherical (S)
phases, the cubic double NETs su er from signi cant chain-stretching penalities inside
the network nodes by virtue of deviations from a constant mean curvature®® The de-
gree of packing frustration has thus been assessed by the deviation from the constant
mean-curvature (CMC) geometry, as quanti ed by the relative variation in mean cur-
vature p=HHi of the domain interface, where y is the standard deviation andH i is
the area-averaged Helfrich mean curvature®* By applying this calculation, it has been
shown that the degree of packing frustration is directly related to the valency of the
connectors?* For example, the 3-fold connected DG is less frustrated than the 4-fold
connected DD, because more struts are connected to a single node in the DD, which
makes its node bulkier. While packing frustration has received considerable attention as
the origin of NET phase formation in diblock polymers, the extent to which the average
mean curvature of the NET microstructure matches the spontaneous curvature of the
interface produced by the block polymer also plays an important role in the morphol-
ogy selection®** Moreover, the interfacial area per chain, which governs the amount of
A/B contact, also contributes to phase selection. These three driving factors (packing
frustration, curvature matching and area per chain) are not mutually exclusive, and
thus makesa priori understanding of the basis for NET phase selection challenging.

In comparison with the well-studied cubic double NETs in block copolymer systems,
there are no systematic reports on the stabilities of cubic single NETs, and detailed
insight into their absence in block copolymers remain unclear. Herein, our objective is
to examine the factors contributing to the stability of cubic single NETSs in linear AB
diblock copolymer melts using SCFT.
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3.2 Methods

3.2.1 Self-consistent eld theory

As discussed in Chapter 2, SCFT is the most successful tool for investigating the phase
behavior of block polymers, in particular for its ability to determine order-order transi-
tions between di erent phases that are qualitatively in accord with experimental obser-
vations and its ability to do so in a computationally e cient manner. 4’ In the present
context, SCFT is an ideal tool to study single NETSs for the following four reasons. First,
the free energies of metastable phases can be readily calculated from converged SCFT
solutions because di erent solutions of the self-consistent eld equations are possible
depending on the initial input for the elds. In most scenarios, as long as a reasonably
good initial eld is provided as the input, a converged solution for a structure of interest
can be obtained. Second, SCFT provides easy access to the key parameters that a ect
mesophase morphology selection in block copolymers, allowing a systematic study of
the e ects of segregation strength and diblock copolymer composition on the relative
stability of cubic single NETs. Third, the free energy calculated by SCFT can be de-
composed into the enthalpic penalty from dissimilar polymer contacts and the entropy
loss caused by chain stretching, allowing their relative e ects to be readily compared®
Fourth, geometric analysis is relatively straightforward starting with an SCFT solution,
because the interface at an equal volume fraction of the two blocks can be identi ed
from the composition eld of the SCFT solution. Mean curvature and other geometry-
related calculations can then be conducted based on this surfacE:** These advantages
are tempered, of course, by the mean- eld approximation embedded in SCFT. For our
purposes, the uctuation e ects neglected by SCFT are expected to be of minimal im-
portance since we are comparing ordered phases, but one should be cautious if applying
the results obtained here to systems with high self-concentratiorf’

Our SCFT calculations here were performed based on the open-source Polymer Self-
Consistent Field software (PSCF) developed by Morse and coworker§’ PSCF uses a
pseudo-spectral method to solve the MDES® In the pseudo-spectral method, periodic
solutions of MDEs are discretized by a certain number of grid points in real space and
a computational step s for the time-like contour length variable. An integration step



24
size s=0:0IN was chosen for the input les in our calculations, but for cases where
the contour length step was not small enough to resolve the length of each block, PSCF
used a smaller s that is as close as possible to our input. A tolerance of 1P for the
convergence were used for all the calculations. The grid sizes used for all the cubic NETs
were at least 64 64 64, with higher resolutions of 128 128 128 and 192 192 192
used to resolve the interface for the geometric analysis.

3.2.2 Field initialization

Converging the non-linear, non-local SCFT equations to a structure of interest requires
that the elds be initialized with values that are within the basin of attraction for
that morphology. In most cases, the chemical potential eld of a previously converged
SCFT solution of the desired structure can be used, which works well when the block
polymer parameters are similar to a previous calculation*” However, such converged
PSCF solutions were not available for some of the cubic NETs. In these cases, we
used a level-set method for generating initial elds for NETs.#":6% The simplest level-set
method uses the rst non-zero symmetry-adapted basis function of the speci ed space
group and the desired volume fractionf o to identify the dividing interface between A
and B domain, and has been successfully applied to the DG phas¥.Unfortunately, this
method fails for the DD and DP phases, as one basis function is not su cient to capture
the key features of their complex morphologies. Inspired by the work by Wohlgemuth
et al.>®, we used multiple basis functions to reconstruct the geometric models for these
phases, which successfully converged to the desired structures. The prefactors for the
combinations of basis functions can be found in Ref. 56.

3.2.3 Geometric analysis

We performed the mean curvature calculations from our converged SCFT solutions us-
ing a modi ed version of the software originally developed by Fenget al.*® In our sightly
modi ed version of their program, the domain interface is identi ed as the surface where
a(r) = g(r)=0:5. The surface is represented by a triangulated mesh, which is iden-
ti ed by a linear interpolation of the composition eld generated from converged SCFT
solutions. Instead of performing the two-step conditioning in their software package, we
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instead increased the resolutions of the triangulated mesh to reduce the error caused by
irregular edge lengths and roughness of the mesh. As shown in Figure A.1, a mesh with
over 10 vertices can be used to compute curvatures and interfacial areas with small
absolute errors (10 2 and 10 *, respectively). The mean curvatureH = (ky + k»)=2 on
each triangulated vertex can be obtained once the principle curvaturek; and k, are
calculated. A positive principle curvature indicates the interface is curved towards the
B domain. The total interfacial area A is calculated by summing the area of all the
triangles in the mesh, which is then normalized by the volume of the unit cell.

3.3 Results and Discussion

The phase behavior of conformationally symmetric linear AB diblock copolymer melts
(ba = bg) in the mean- eld limit is determined by two factors: the degree of segrega-
tion N between A and B segments and the volume fraction of the A blockf 4.2%44
Increasingf o towards the symmetric composition leads to a phase transition C DG

L in most regions of the morphology diagram. The key exception that is relevant
for our work is an orthorhombic single NET with Fddd symmetry, O’, that was pre-
dicted to be stable near the DG/L phase boundary at low N , and later con rmed by
experiments 3%79 In what follows, we will work at values of N such that O7° is always
higher in free energy than DG.

Although it is believed that cubic single NETs are metastable in block copolymers,
the free energies of cubic single NETs have not been systematically reported even for
the simplest linear diblock copolymer melts. Thus, we begin by computing the free
energies of cubic single NETs in a 2-D parameter space dil and f using SCFT. An
upper limitof N =40 was chosen for computational e ciency; increasing N increases
the computational costs since more grid points are required to accurately resolve the
sharpened interface. The lower limit for our calculations is either the order-disorder
transition or the DG- O’° order-order transition, such that DG is the stable network
phase. The range off o spans from 03 to 0:5, which covers the entire NET-forming
region, as well as some regions of C and L. Our results con rm, as expected, that all
three cubic single NETs are metastable phases throughout the whole parameter space
that we studied. By way of example, Figure 3.2 shows the free energy di erences
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Figure 3.2: Helmholtz free energy per chain of cubic single NETs relative to the free
energy of the DG phase in diblock copolymer melts atN = 20 as a function of
composition f . The dash-dot lines indicate the C/DG and DG/L phase boundaries,
respectively. The notation at the top of the panel indicates the stable phase.

between cubic single NETs and DG at N = 20. The equivalent gures N = 30
and N = 40 are provided in Figure A.2. In the DG-forming region, the cubic single
NETs are at least 0034 nkg T higher than DG in free energy, indicating that the cubic
single NETs are of su ciently higher free energy that they are likely inaccessible by
non-equilibrium processing methods and unlikely to be stabilized by uctuations. One
interesting observation is that the free energy of SG crosses below the free energy of DG
near the symmetric composition where L is the equilibrium phase; we will return to this
point later. However, the excess free energies of SG and SD, i.e., the energy di erences
between the metastable phase and the stable phase, are minimized & = 0:375,
because L becomes the equilibrium state at more symmetric compositions, suggesting
that any modi cations to the molecular design intended to produce SG or SD are most
likely to succeed near the DG/L boundary.
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Figure 3.3: (a) Relative variation and (b) standard deviation in mean curvature of the
domain interface of the cubic single NETspaia function of diblock copolymer composi-
tion fo at N =20. The unitfor 4 is 1= Nb.

3.3.1 Relative stabilities of cubic single networks

Con rming that none of the cubic single NETs is a stable phase in diblock copoly-
mer melts, our focus now moves to investigating the relative stability of the cubic
NET phases to understand the origin of that metastability. As we discussed earlier, the
packing frustration argument has successfully explained the origins of double NET mor-
phology selection in block copolymers!*66 Hence, y=hHi has been used to measure
the inability of the double NETs to simultaneously minimize interfacial area and chain
stretching.

The results of our free energy calculation of cubic single NETs are consistent with the
argument for the double networks, i.e., that higher valency connectors increase packing
frustration. As shown in Figure 3.2, the 3-fold connected SG has the lowest free energy,
while the 6-fold connected SP has the highest free energy among the three single NETS.
Figure 3.3(a) provides the relative variation in mean curvature n=hHi of the cubic
single NETs, showing a trend consistent with the free energy calculations. Note that
the p=HHi curves of the cubic single NETs diverge when approaching the symmetric
composition because the domain interface is approaching the triply periodic minimal
surface geometry. The mean curvature of a minimal surface is zero everywhere, which
means its average mean curvaturéH i = 0. ! Thus, it is more straightforward to directly
compare the standard deviation of mean curvature  here, given that the HHi of the
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