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I. Introduction

pecified time to
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I¥f prizes are awarded simultamnecusly at a
the +irst n customers who queus for them, the arrival times of
the customers to the gueus can serve the function of prices in
the allocation process (Holt and Sherman, 15982, 19837, When
prizes are awarded in & continuous stream, as 1s  common  in
practice, this method does not work too well. Instead. bribes for
buying better positions in the gueue sometimes give useful S1g-
nals similar to those of a pricing mechanism.

That briberv may have beneficial effects is not a new i1dea
(@.9., Leff, 1270). It is often argued that bribes serve as “"lub-
ricants"” in an otherwise sluggish economy and improve its effi-
Ciency. However, asides from the undesirable distributional con-
sequences, an important opposing view on 2fficiency also suists.
Myrdal , guoting the Santhanam Report on prevention of corruption

by the Indian government, arFgues that the corrupt officials may
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deliberately cause administrative delays so as to athr
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bribes (Myrdal, 1968, Chap. 20Y. I+ this is
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efficiency argument will bs much less appealing. A serious study

-

on bribery should not leave this problem unanswered.

Whether the server of a gueue can increass the bribe revenue
by slowing down the service does not have a ftrivial answer.
[evera issues are involved. For instance, what will happen to
the number of incoming customers who choose not to join the gueus
hecause the euxpected waiting time is too long? For  those who
stav, do they always want to pay larger bribes? & more fundamen~

»

tal difficulty, However., is that a customer’s action affect
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others., Externality must be incorporated in the behavioral model

of the gueue.

Several ogueueing models related to bribery ars available in

i}

the
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iterature. The FKleinrock model, which will be discussed
edstensively later in this paper, assumes that a customer paving &
bribe will be placed in front of all those who have paid smaller
bhribes in the gueus, but behind all those who have paid larger
bribes (Kleinrock, 19670 . This model has the desirable feature
that it can generate sccially optimal results. Howsver, in this

model . the amounts of bribes to be paid by the diffesrent

customers are decided by the server {(who acts as i+ he is aiso a
social plamner), rather than the customers themselves., To obtain

optimal results, great informaticonal burden is imposed on the

r who 18 required to know the values of time of all the
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SLer

5

customers. Some later models have less severe informational

requlrements. Naor (196%9) discusses a queus where a unifaorm toll

is imposed on those who want to join 1t., Rose~éAckerman {1978)
proposes a system such that a customer entering a gqueus served

withh greater priority will have to pay a higher bribe than one
jeining a lower priority queue. However ., if customers differ in
their opportunity costs of time, it can easily be shown that
these two models give suboptimal sclutions in the sense that the

total value of time spent in waiting by the customers is not

In this paper, we propose an equilibrium gueuwsing model of
bribery with decentralized decision makings. This model has some
desirable features. Under soms specified conditions, it is

L ble of giving socially optimal sclutions. At the szame bime,
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it does not have stringent informational reguirsments. To obtain
optimal results, the model {5 based on the gueueing discipline of
Fleinrock. However, the amounts of hribe payments are not decided
by the server, but by the customers themselves. As wse shall see,
this lighterns the informational requirements significantly.
Arother important feature is that the desired scocially optimal
solution 18 consistent with individual optimization strategies.
In other words, there exists a Nash sqguilibrium of this noncoope-
rative game such that under some specified conditions, the out-

come is also socially optimal. Based on this eguilibrium concept,

i

we can assess the validity of Myrdal’s hypothesis. It should alseo

be pointed out that the model need not be confined to the study

of bribery alones. I+ bribes are regerded as legitimate pavments,
the mechanism becomes a useful auctioning procedurse when a guaue
is involved.

In the next section, we shall outline a moditfied version of
the Kleinrock model and derive the expected system time function.
In Section III, we derive the optimal bribing function for the
customers and show that the implisd strategies form a Nash egui-
librium. In Section IV, we examine the effects on bribe revenue
whern the speed of service is varied. In Section V, we consider
the welfare implications of the model and examine the  require—
ments for optimality. Section VI is & summary of the results.
Fimally, the Appendix discusses a mathematical generalization of

the model.

II. The Rueueing Model

The following assumptions are made for the M/M/1 preemptive



queueing model in this paper:

1) Customers arrive at the end of the gueue according to a
Foisson process at a mean rate of m customers per unit of time.

2) At the other end of the queues, there is one server who
distributes prizes of uniform value F to the customers. The ser-—
vice time reguired for giving ocut a prize obeys an ¥ponen—
tial distribution with a mean service time of 1/u.

Iy Let v represent the value of time of a customer. In
general, different customers may have different values of time,
s that v is a random variable. The cumulative distribution
function of v is represented by A(v). It is assumed that A(v) is
known to the customers, and the derivative of A{v) is continuous
throughout its domain.

4) When a customer comes to the end of a gueue, he can
follow either of two strategies:

i) He can decide not to join the queues at all.
ii? He can pay a bribe ® to the server before he sees the
queue length. He will be placed in front of those whose bribes 7
H oy and behind those whose bribes u" * xe The expected system

time (waiting time plus service time) spent in the queue by a

customer who pays 3 is represented by Wx). He cannot revise his
bribe.
3) The queue is preemptive. & customer being served will be

ejected from service, but not from the gueue, if a newly entering
customer offers a bribe larger than his.™

We also let ¥ represent the maximum bribe received by the
server. Let the truncated distribution function of = be B(x) such

that B(u%*) is the proportion of customers who choose to stay in

.
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the guesue. In general, R{x*) £ 1. It is assumed that B (s is
continuous. The variable «% is endogenous in the model and will
be determined in Section II1.

Proposition 1 {(variant of Kleinrock’ s).

Givern the assumptions of the model, the expected system time

function is given by
WlH) = e e e e e e {1
mLC1l — rRB{x#) + rR{x) 1=

where the utilization index v is detined by r = m/u.
Froof. A& customer pavying a bribe x has to wait for three things
before leaving the system:

i) Hiz own expected service time is 1/u because of the
exponential distribution of service time assumption.

ii) He must wait until service is given to all those still in
the gqueuwe and who arrived before him and whose bribes are at
least as big as his. Due to Little s result,? the expected number
of such customers whose bribes lie in the region (v, v+dy) is

mLdB(v) /dyIW{yddy.

ince gach  such customer causes him to wait for 170 units of

3

time, his expected walting time for them is
3 ¥
I (m/w) LdB{(y) /dyIW{y)dy.

iii) He must wait until service 18 given to those who come
after him while he is still in the system and whose bribes esxceed
his. The expected number of such people coming per uwnit of time

is



Hence, during his average system time W(x), his exspected waiting

time for these people is

%
W) J (m/7L)dB(y).

Adding up. we get
¥ % 3
(1/7u) +-j (m 7w Wiy)dBiy) + W(H)J (m 7wy dR (y)

s Nt
B "

W)

5
L{l/7w) + rj WeyldB(y)I/01 — rB{x*) + rRBx)Y]. {2
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Replacing W{{x) and Wily) in eguation (2} by the expression given
in eguation (1) . we can establish the prooosition if  the

following eguality is true:

¥ W (1/7w) dRE{y)}
(1/7uy + FI —————————————————————————
{1/ ¥ [l — rBGixY + rROy) 1=
[l = rB{x*) + rR{x) 1= I = FR{u%*)Y + rR(x).

By simplifying the expression on the right hand side, we ses that
this equality is true. Thus, equation (1) is indeed the solution
to equation (2). This completes the proof.

W
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now substantiate in part ow earlisr claim that this
model is capable of vielding socially optimal outcomes. We want
to examine how the bribe of a customer should be related to his
value of time so that the queue has optimal properties. In other
words, we want to know the necessary restrictions on the bribing
function ®{v) such that the ranking of the customers in the gueue
is "correct."

Definition. A queue is socially quasi-optinmsl for a given

mean sService time if the customers are ranked in such a way that



for- a given fixed number of customers in the gueue, the average
cost of system time spent in the queue is minimized, that is,

v *
{ v (3 (v ) Y dA (v is minimized, whers v* is the maximum
<0

value of time among those customers who choose to stay in  the

queus.

Froposition Z.

Far anv given A{v), the bribing function =«{v) results in a
gpcially quasi-optimal gueue if x{v) is a strictly increasing
function of wv.

Froof. See Mieimrock (19&7).

The intuition behind this proposition is simple. To minimize
the time costs of the gueue, all that is needed 1is to rank
customers according to their values of time so that people with
higher wvalues of time are placed in front of those with 1lower
values. Bince the gueueing rule is to rank customers according to
How it necessarily also ranks them according to v for  any (v}
with =7 {v) » 0O,

We have used the term "guasi-optimal" rather than "optimal®
because the queus ié optimal only when the number of customers is
fined. Nothing has been said about the optimal number of people
to join the gueue. For example, it mnobody joins the queus, the
time cost will be zero. But this may not be an optimal outcome.

Detailed discussion on optimality is postponed to Section V.



III.The Bribing Function and the Nash Equilibrium

We now turm to the derivation of & bribing function which is
both socially guasi-optimal and privately optimal. We proceed in
two steps. First, we artificially construct & bribing function
which satisfies the socially quasi-optimal outcome requirement.
Second, we show that if all other customers follow this bribing
function, there is no incentive for any one to depart from it.

To guarantee social quasi-optimality, we impose the restric-
tion that x7{v) * O on the bribing function we construct. Since
the ranking of % is the same as the ranking of v,

Bla(vd) = A(v). (3
We also note that given this restriction, the definitions of u*
arnd v¥* imply that x% = x(v*)., Therefore,

Blx*) = Aly*). (4)
Define bix) = dR{x)/dx.

It follows that

bix) = A" (viv® (). {3
The function v(g) in (3 is the inverse function of #{(v). Hence,
v {x) must be positive.

Each customer with a given value of time v solves the
following maximization problem:

max B = F = (¢ + viW(GoO) (&)

G is the net gain of joining the gusue. The term in parentheses
is the total cost of joining it. Because of (1), equation (&) can
also be stated as

max B = P - 3 = s e &)
M mLl - rB{x#) + rRB{x) 12

]



The first order necessary condition is

dG 2r2Evh ()
—— = ] A e e e e = 0 (73

-~y

Using (3, (4) and (9 and the differential equation (7), we have

AT AVIVT () B e e e (773

2ravat (vidy
A + K (8)
ml1

where K is a constant to be determined.®™
It is also necessary to show that (7) is the solution of a
maximization problem.
426 2r3y [1-rRGO) +rEGO I907 (1) = Srb2 () [1-rR(x%) +rR () 12

du= m L1 = rB(x%*) + rB{(s)le

Using (7)) to get expressions +or biix) and b’ (1), this simplifies

d=@ — v ()
——— e () ()
= v

Theretore, (7} is indeed the solution of a maximization problem.

Ta facilitate our discussion, it is desirable to obtain a

more explicit bribing function than (8). Theretore, we make the

additional assumption that A(v? is a uniform distribution
function from v = O to v = v,.
Alv) = fAv for v&€ [QO,v,y1]
AV, =1 (1o
AT lvy = 4

The results for the general distribution function A(v) will

4



be discussed in the Append'x:
Equation (8) now becomes
J 2r®vady
R B ettt + K.
mLl~rAve+rrAv]=
Splving this gives
- e + K (8%)
mLl—rAv*+rav]i=2 mALl—rAve+rbv]

A necessary condition for Nash equilibrium is that the
customer with the lowsst value of time does not pay any bribe.
This is because other people with higher values of time always
pay Higher bribes than he does. If he pays positive bribe, he can
always improve his gain by paying less without affecting his
expected system time. In (8%, v = O implies x = 0. Using this
condition, we can solve for K. The bribing function now becomes

H T —ememm— e e e e e e 8")

mAL{l—-rAv#E) m{l-rAvEtriv) = mA {1 —r Av*+ir&v)

It remains to determine wv*. Recall that «% is the 1arges£
bribe paid by a customer in the queus and v#* 1s his corresponding
value of time, which is also the largest among those who join the
queue. For this customer., his net gain must be nonnegativé.
Otherwise, he will not join the gueue. Moreover, as long as v¥
Ya, that is, some people do not join the gueue, his gain cannot
be positive. Otherwise, people with value of time just above his
will also join the queue.® Hence, for v¥* 4 v,

Glu#) = P — u* — v (u*) = 0O,

Using (1),

MLl-rB{a%®)+rB{x%x) J=



= F o= e (11
m
Bv substituting v = v* into (8"), we also obtain”
i VR i
HH B i e e - ——— e ——e {129
mA(1-rAve) m mé&
Solving (11) and (12),
mFA
e (13
rA(l+mFa) .,
For convenience, define z = mFA.
Equation (13) is now
VE E e (137
radl+z) .
An alternative expression for v# is
2V,
V# = e (13"
ril+z).
We have utilized the fact that Av,y, = 1. The condition that v vy
is eguivalent to
P e——— (14)
1 + z.
In other words, (1Z°) or (13") hold when (14) is true. From
(11 and (13°), we also get
Fz
T T T — (15)
1 + z.
I¥ r & =/(1+2), v¥ = v,, {(15)
From (12), correspondingly, =% = r2/mAa(l~-r). (15°)
I¥ only some customers join the gueues, that is, (14) holds,
then from (13} and (8"),



= F 4 e e e m e (17)

Mi——— + Frav)= ME (== + FrEav).,
1+z 1+z

If all people join the queue, that is, if (1&) holds,

i s 1
H B mmmemmes m s — e e (18
mA{l-r) m{l-r+rfv)= mA(l—-r+rav.
Equations (17) and (18) express the bribe x in terms of the

parameters m, F oy A. P and the variable v. If the customers know
their own values of time, they can compute the optimal bribes

they shuuld PRV

Froposition 2.

i) SBuppose r » =/ (1+z). If customers with v & v* follow
bribing strategies givén by (17) and customers with v > v¥ do not
join  the queue, where v* is determined by (13, thern these
strategies Fform a Nash Equilibrium which 1is socially guasi-
optimal.

ii) Suppose r L z/{1+z2). I+ all the customers follow bribing
strategies given by (18), then these strategies form & Nash
equlibrium which is socially guasi-optimal.

i) Suppose  » z/{l+z). From (17), it can easily be seen
that x*{v) > 0. From Propositicn 2. if evervbody with v £ v*
follow (17), the solution is socially guasi-optimal.

Suppose all customers with v 4 v* follow (17) and those with
v r v¥* do not join the gueue. From how we construct the bribing

function, (179 is clearly the solution of the maximization

PRy
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problem (67). Hence, there is no incentive for those with v £ v#*
to change the bribe. Moreover, for those with v > v#, their net
gain in joining the queue is negative if other customers follow
(17). Thus, these customers have no incentive to join the queue.
For the customers with v = 0, since %(0) = 0, they cannot further
improve their gain by pavying less. They will not depart from the
strategy (17). The strategies ocutlined above therefore form a
Nash equilibrium.,

ii) The proof is almost identical and omitted here. (Nate
that given (16), the net gains for all the customers are nonnega-—

tive.)

The following example illustrates much of what has been

discussed in this section. Let r = 1, m = 1, F =1 and A = 1. It
follows easily that u* = 0.5, v# = 0.5 and B(x*) = 0.9. Figure 1
plots the net gain 6 against the bribe ¥ for different values of

vy, assuming that all other customers follow their own equilibrium
strategies. The optimal bribe paid by a customer with v is the x
wihiich gives the maximum point on the corresponding curve, it the
gain is positive. It can be seen that the maximum gain of &
customer is a decreasing function of his value of time v. For v =»
0.%, the customers cannoct have positive gain and do not join the
queue. For x > 0.5, the customer is already at the front of the
queue. He cannot improve his position by paying more bribe. The

cuwrves theretore become decreasing straight lines.



IV. Changes in Bribe Revenue

The bribing function (17) depends on the parameters r, m, F,
and A, while (18) depends on r, m, and A. We now turn to consider
the effects of changes in r on the average revenue received by

the server per period of time.

FProposition 4.

In the model outlined above, if r < z/(l+z), increasing the
mean service time per customer (1/u) will cause the aversage bribe
revenue received by the server per period to go up. I+ r >
2/ (1+z), increasing 1/u will cause the average bribe revenue per
period to go down.

Froof.

The average bribe paid to the server by an incoming customer
is given by |

- Y

H =.I_ #{vy F)Adv. {197

O
Since on the average., there are m customers coming to the

queue per period, the average bribe revenue per period is m#. For

roA z/(1+;), all customers join the queue. We want to show that
d (ms)
—————— > O,
d(i/u)
Since r ='m/u, for fixed m, it suffices to show that dx/dr > O.

From (18>,

- Vi 1 v 1
# =‘[ [-——mmm S ettt - e ] Adv
O mAll-r) m{l-r+rAv)= mA (1= +rAv)
Vi Vv 2 1In{l-ry
= mmm——— e e (200
mi{l-r) m rmaA

14



d Vi 3Ir® - 2
R e [ e e - 2 In{i-r1] (21)
dr e = (1-r)=
Let J be the term inside the parentheses [1. Clearly, roo= 0
implies J = 0., Moreover, dJ/dr = 2r®/(1-r)= > Q, since
z/(l+z) 1. Hence, for r > 0, the smallest value of J is zero.
Thus,
d
-—— > 0 if r z/(i+z) . (23
dr
We next assume that r > z/(14+z). Customers with v v# will
not  join the gueue and do not pay any bribe. Equation (19) then
become
- V# FV
Moo= J ¥i{v.rYAdv + J # v, Ady
9] RVE 3
%
= H{v,.r)ddv (197)
S0
since the second term is zZero.
We want to show that dx/dr < O. From (17),
. v i i 1
o= J [F + === = e e - e 1 Adv
O mA i 1
Mi{~=— + FrAv)= MA(——— + rAv)
1+z 1+z
F F 2 In(l+z)
= mem— e - e —— (24)
r r{l+z) rmA
ds 1 =
-~ = —==——[ 2 1In(l+z) - (2 + ==} ] (29)
dz mar = i+z

Let W be the ter

dW/dz = -z2/(1+z

9]

m in the parentheses []1. implies W=O0.

= Q.



Thus, for r > 0O, the largest value of W is zero.

dx

—_— 0 it K oF o=/ {l+z) (24)
dr

We now consider the situation when r = z/(i+z2). Im this

case, increasing r implies that r will become larger than
z/(1+z). Eguation (26) will apply. Thus, increasing the mean

service time reduces the average bribe revenue when r > z2/{(1+z).9

Froposition 4 shows that if the server is free to change the
speed of service, he will set r* = z/(l+2) where revenue is at
the maximum. This r¥* can also be considered part of the Nash
equilibrium strategies of the system. I+ before any bribing
OCCUrs, the initial r is larger than r#*, there is incentive for
the server to speed up rather than to slow down when bribery is
allowed; The contrary of Myrdal®s hypothesis may sometimes be

true.

Insert Figure 2 Here.

V. Welfare Implications

A. Rent Comparisons

To study the social optimality prablem of the bribing
mechanism, it is necessary to look at the rent generated rather
than just‘its system time costs. In each period, m customers come
to the end of the gqueue, but only a proportion of Av* will join
it. For a customer joining the gueue, the expected rent generated
by him is given by

P - vl (v))

1&



where v is the value of time of that customer. In each period,
the average expected rent generated by the system is given by
v

Re = m‘[ [F — vW{x{v))lAdv
0

V#* \
mj ] - 1 Adv (27)
Q Mm{l-rAve+rrAv) =

I+ r » =2/(1+2), only some incoming customers join the queue.

-

Using (137), equation (27) can be simplified to

Re = [z -~ 1ln{l+z)3/rA. (277)

I+ v « z/(l+z), all incoming customers join the qgueue.
v¥=v,, The rent per periocd then becomes

1 + = In(l-r)

Ry' = ——e—— + m—————— (27"
Inm (27"), FRe' is used instead of Ry to indicate the different
restrictions on  the value of r. Both Ry and Ry can easily be
shown to be nonnegative.

To see whether the bribing mechanism is optimal, it is
useful to compare its rent with the rent generated by the usual
first-come~first-—served gueue where bribery is not allowed.

lLet T be the average system time of a customer joining the
first-come—-first—-served queue. From a standard result of gueueing
theory (Kleinrock, 1975, Chap. 3).

T = —mmemm (28)

1-{m*/u).
where m* is the average number of new customers joining the queue
in each period. Of the m customers who come to the gueus each

period, only those who expect to receive positive gains will join

ey
17
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the queue. In other words, a customer with v will join the gueue

only if
F - vT » O. (29)
Let v" be the largest v among those who join the queue.

Suppose only a portion of the customers join the gueue. It
follows easily that v" ¥ v, and
ov" o= R/T. (30)

It also follows that the proportion of customers actually
joining the gueue is given by Av". Hence,

m¥ = Av'm (31

Making use of (ZQ) and (Z1), equation (28) can be simplified
to

T = r{i+z)/m. (287)

Equation (30) also becomes

v o= 2/ (1l+z)rA. ' (Z07)

The condition that v" < vy, = 1/A is equivalent to

=/ {l+z)rh < 1/4,
or, - & -
which is the same as condition (14). In this particular model, as
long as r » z/{1+2), only some of the incumingrcustomers actually
join the queue, whether bribery is allowed or not.

Assume (14) to hold. The rent generated by the first-come-
4ir5t—ser§ed queue in each period is

it

v
Re = m (F-vT)Adv (22
0
Using (30°) and (287), we also get

Re = z2/2ra(l+z). {(327)



Assume r 5 z/{(1+z). Then v" = v,. The rent generated by the

queue in one period is then
Re® = =—={zg = —————— ) (Z2")

We can now compare the rents generated by the two dqueueing
systems. Suppose + » z/{(l+z).

Re — Re = ([z - Indl+z)1/rA) ~ z2/2rA(l+z).
Using simple algebra, the eupression on the right hand side can

be shown to be nonnegative. Thus,

Re — Re > 0. (33
Now assume r < z/(l+z).
Re” = Re® = [r + Inflil-r) + r2/2(i-r)1/rA.

Again, the expression on the right bhand side can be shown to
be nonnegative.

Re™ = Re™ = O, (237

‘Given the assumptions in the model, the queue with bribery
is superior to the first-come-first-served queue in terms of rent
generated.”

Unfortunately, this result is not a general one. For other
distributions of A(v), ambiguous answer may oOCCcur. There are
several things to consider. |

First, _the bribing mechanism improves the rent because the
customers are ranked optimally.

Second, in the bribing mechanism, the expected private gain
for the marginal customer joining the queue is F-u¥—v*W(x#*)=0,
However, the rent generated by this marginal customer is
F—v#W (%), which is bigger than zero. Unless all the customers

are already joining the gueue, there is opportunity to generate

1%



more renpt by having more customers to join it. In the first-come-
first-served queue, however, both the rent generated by the
marginal customer and his private gain are zero. The queue
guarantees that the number of people joining it is optimal.

Third, if more people are in the queue, the average system
time of the customers will be longer, and the expected rent will
be affected.

In general, it is necessary to know the distribution
function AW) explicitly in order to decide unambiguously which
mechanism generates more rent.

B. Adjusting the Number of Customers

The bribing model proposed in this paper can be used as an
allocation  mechanism similar to that of auction when a gueue is
involved. Whether the payments to the server are in the form of
illegal bribes or in the form of legal prices is immaterial. We
have already seen that the strength of the mechanism lies in its
ability to rank customers in the most optimal wavy. However, it
does not guarantee the correct number of people in the queue. The
latter canmn be remedied by impﬁsing a uniform fee or giving a
uniform subsidy to each of the joining customers.

Let F be the uniform fee imposed on the joining customers,
in addition to the bribes they pay. I+ F is negative, it means a
subsidy is given instead. From the pointb of viéw of the
customers, imposing the fee is not different from reducing the
value of the prize F by F. For illustrative purpose, let wus
retain  the assumption of the uniform distribution function of v.

From (13), the values of time of the marginal customer becomes*®



VW T e o e e e e e s e e e e o

rafll + mAR-F) ]

z - mFA
S (24)

rAl{l+z-mFA)
dv* - m
. ZE o e ot o e < Q. (35)
dF r{i+z—-mFA)=

Equation (I5) means that we can adjust the number of joining
customers by changing the value of F. We can alsc substitute this
new value of v* into the rent equation (27) to obtain

(1+z2) (z-mFA)
Ry = —————omm———e - [In(l+z—-mFA) 1/rA (Z&)

I e v et e e e e e o O (=7
dF r{l+z—-mFA)=

The rent in this case can be increased by decreasing F, that
is, by giving greater subsidies fo attract customers. However,
when all incoming customers join the gueue, the rent cannot be
further increased by giving more subsidies. This can be seen from
the fact that the rent Re” in (27") does not depend on v* and
therefore does not depend on F. To summarize, given a uniform
distribution function of A(v), the rent will be maximized when
all incoming customers are attracted by the subsidies to join the
gueue. For other functional forms of Al(v), we can also go through
the same method to find out the subsidy or fee that will genefate

a socially optimal outcome.

V1. Concluding Remarks

We have constructed a bribing model in the context of an



M/M/1  gueue where the decfsian makings on bribe payments are
decentralized to the customers. This does not impose severe
informational requirements on the server. The bribing strategies
for the customers have been derived. I+ the customers know their
own values of time and a few other parameters, the strategies
lzad to a MNMash equilibrium which is also socially gquasi-—optimal.

I+ the server can control the speed of service, he can take
the customers’ strategies as given, and solve his own
maximization problem. Rased on this equilibrium bribing model,
the contrary of Myrdal®s hypothesis has been shown to be
possible. Sometimes, the privately optimal speed of service
chosen by the server may be faster than the speed without
bribery.

The rents generated by the queue and by the ordinary first-
come—first-served queue have been derived. The bribing mechanism
ranks the customers optimally, but its rent can sometimes be
further increased through imposition of appropriate uniform fees

or subsidies.
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Appendix

We want to examine how Froposition 4 has to be modified if
the distribution function of v is a general function A{v) instead
of the uniform distribution function Av assumed in the paper. We
require that A(v) is a differentiable furnction with the lowest v
at zerao, and A (v) is continuous. We make use of Leibniz Rule for

this purpose.

For v# & v,,

- v (F)

H =‘f HAiver)YAT (v)dv. (d—-1)
]

fpply Leibniz Rule to (A-1).

—— A ({vidv + A {v¥(r),r)A7 (v¥ (1)) ——————

dst Jv*(r) ds dv* (r)
0 di dr

dr

To determine the sign of dgfdr, it is necessary to know the
signs of dv#/dr and dx/dr. First consider dwv*/dr.

From (11), u# = F = {(rv#*)/m.

Egquation (8) and the Nash equilibrium condition imply

v 2r3vda(v)
4w =J ———————————————————
O mll=-ra(v®)+rA(v) 1=
- v# VS 3 rdv
D ememmmn b ] e e e e e e e e e
M O mil-rAa(ve)+rpiv) 1=

VS 3 rdv
P = J —————————————————— (A—-3)
O m{l-rAdve)+raiv) 1=, :

Using Leibniz Rule again,
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3
5

(v* d rdv r{dv*/dr)
=J e 3 J S
O dr m{l-rAl(v®)+rA(v))= MEl=rA{(v®)+rAa(ve) 1=
-[v* dv v 2rlA{ve) -A(v)+r (dv#/dr) A7 ldv
ZZ [ e e o it e i st o e i e o e e | e e e e e e e e e s e e e o g e
O mbll-rAaf{ve)+rA(v)]= -IQ mLl-rAa(ve)+rAi(v) 1=
+ (r/m) (dv*/dr) (A—4>
Suppose dv#*/dr > 0. Then since A(v*)-A(v) in the second term
of (A-4) is always positive because viv¥*, and A" {(v) * O, the

second term must be strictly positive. The first and the third
terms are also positive. The right hand side of (A-4) must
therefore be strictly positive. Contradiction,

dv* ‘

——— 0, (A-5)

dr

Consider dx/dr:

i d v 2r&vdAiv)

JO mEl-rA{ve)+rA(yv) 1=
V OArZVIA(v®) =A{V) +r (dv¥/dr) A7 TdA V)
J o ALi-rA e +rav e

—————————————————— (A=6)

% 4rvdA(V$
|
O mll-rA{ve)+ra(y) ]S

The second term is clearly positive. In the +Ffirst term,
since dv#/dr is negative, the sign of the numerator is
indeterminate.

From (A-5) and (A5, the Ffirst term of (A-2) is

indeterminate, while the second term is negative.

P
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d;/dr'§ 0 for v 3 vy, (A~7)

Now consider v¥ =v,;. (A-1) then becomes

Vi
®o= j R A{v.r YA {vidv {(A-8)
Q
di vy dx
— =J’ ————A" (V) dv (A-9)
dr Q dr
since dv,/dr = O,

0O mEl-r+r&(v) 14
v 4rvdf (v)
+ j ————————————— (A-10)
O mli-r+rA(v) 1=
Since dv,/dr = 0, the first term on the right hand side must
be positive. The second term is also clearly positive. Thus,
dusdr > Q. From (A-9),
dw/dr > O for v = v,. (A=11)
The Fireset part of Froposition 4 is therefore always true.
For the case v¥ < v,, slowing down causes less people to join the
queue because of (A-5). Whether those who stay will pay more
bribe is indeterminate. We cannot know unambigustly the sign of
d;/dr. The second part 54 Froposition 4 should be moadified
accordingly. But even in this case, it is guite possible to
encounter situations contradictory to Myrdal®s hypothesis.
It should be pointed out that the algebraic results in the

text can also be obtained by using Leibniz Rule.
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Footnotes

*Rigid prices often give rise to gueues. The waiting time of
queues may be regarded as part of the real resource costs of
price rigidity. However, as argued by Alchian (19703, stable
prices may sometimes be superior to flexible market-clearing
prices because the former reduces the search costs of customers
who look for lower prices. Bribery in this paper may be viewed as
a means to reduce the resource costs further.

2Naor assumes that all customers have egual values of time.
Suboptimal results are thus avoided in his model. Rose—Ackerman
explicitly shows that her system is not optimal. It should be
noted that when people differ in their values of time, the Rose-
Ackerman system dominates the Naor system in terms of efficiency
becguse it can differentiate the customers to some extent. How-
ever, the former also has stronger informational requirements.

*The preemptive assumption is not essential, but it greatly
reduces the algebra involved. The model can be modified for the
non—-preemptive case.

“Little (1961) shows that the expected number of people in a
system is equal to the praduct of their arrival rate and the
“pected time they spend in theksystem.

®In ‘(6’), we use the notation ; to indicate that this is
parametric to the mas<imization problem. In (77) and (8)., we use v
rather than v to indicate that once the maximization is solved,
the bribe % is dependent on the variable v.

*The argument follows from the fact that the gain of joining

the queue 1s & decreasing function of v, which can be proved



gasily.

7The ergodicity condition of the gueue implies that rAve < 1.
I+ this is not satisfied, the number of people who come and stay
in the qguesue per period is larger than the number being served.
The queue will get infinitely long.

oot r = z/{1l+2), if rvdecreases, equation (23) will apply.

YSuppose the speed of service is an endogenous variable, as
in FProposition 4. Then if bribery shortens the service time,
given the other assumptions in the model. it must be better than
the first-come-first—-served gueue. I+ bribery makes the server
act more slowly, the rent comparison will be ambiguous.

1?The same result can be obtained by going through the
argument in Section III again, but the Nash equilibrium strategy
of customers with v = 0 reguires them to pay F instead of zero

bribe.
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Figwr 1

RELATION BETWEEN NET GAIN AND EBRIERE

Note:— The line ab joins the maximum points of the curves.



g0~

1°0
2*0
£°0
%0
¢*o



Figure 2

RELATION BETWEEN AVERAGE ERIBE AND THE UTILIZATION INDEX

Py
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