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Abstract

We present a novel approach for improving particle filters for multi-
target tracking. The suggested approach is based on Girsanov’s change
of measure theorem for stochastic differential equations. Girsanov’s
theorem is used to design a Markov Chain Monte Carlo step which
is appended to the particle filter and aims to bring the particle filter
samples closer to the observations. Also, we present a simple Metropo-
lis Monte Carlo algorithm for tackling the target-observation associa-
tion problem. We have used the proposed approach on the problem of
multi-target tracking for both linear and nonlinear observation models.
The numerical results show that the suggested approach can improve
significantly the performance of a particle filter.

Introduction

Multi-target tracking is a central and difficult problem arising in many sci-
entific and engineering applications including radar and signal processing,
air traffic control and GPS navigation [10]. The tracking problem consists
of computing the best estimate of the targets’ trajectories based on noisy
measurements (observations).

Several strategies have been developed for addressing the multi-target
tracking problem, see e.g. [1, 5, 4, 13, 7, 9, 10, 11, 12, 19]. In this paper we



focus on particle filter techniques [4, 13]. The popularity of the particle filter
method has increased due to its flexibility to handle cases where the dynamic
and observation models are non-linear and/or non-Gaussian. The particle
filter approach is an importance sampling method which approximates the
target distribution by a discrete set of weighted samples (particles). The
weights of the samples are updated when observations become available in
order to incorporate information from the observations.

Despite the particle filter’s flexibility, it is often found in practice that
most samples will have a negligible weight with respect to the observation,
in other words their corresponding contribution to the target distribution
will be negligible. Therefore, one may resample the weights to create more
copies of the samples with significant weights [7]. However, even with the
resampling step, the particle filter might still need a lot of samples in order
to approximate accurately the target distribution. Typically, a few samples
dominate the weight distribution, while the rest of the samples are in sta-
tistically insignificant regions. Thus, some authors (see e.g. [6, 20]) have
suggested the use of an extra step, after the resampling step, which can help
move more samples in statistically significant regions.

The extra step for the particle filter is a problem of conditional path
sampling for stochastic differential equations (SDEs). In [16], a new ap-
proach to conditional path sampling was presented. In that paper, it was
also shown how the algorithm can be used to perform the extra step of a
particle filter. In the current work, we have applied the conditional path
sampling algorithm from [16] to perform the extra step of a particle filter
for the problem of multi-target tracking.

The suggested approach is based on Girsanov’s change of measure trans-
formation [14] for the SDE system which describes the dynamics of the tar-
gets. The dynamics of an SDE are governed by a deterministic term, called
the drift, and a stochastic term, called the noise. While unconditional path
sampling is straightforward for SDEs, albeit expensive for high dimensional
systems, conditional path sampling can be difficult even for low dimensional
systems. On the other hand, it can be easier to find conditional paths for
an SDE with a modified drift which is usually simpler than the drift of the
original equation. Of course, these simplified paths may have a very low
probability of being paths of the original SDE. One has to take this into
account and assign to the paths of the simplified equation the right weight
with respect to the original equation. Stochastic analysis, and in particular
Girsanov’s theorem (see e.g. Section 8.6 in [14]), provides an explicit for-
mula for the calculation of the right weight. Moreover, one can view the
Girsanov weight formula as a probability density, and use it to sample paths



of the modified equation that also have a high probability as paths of the
original equation (see Appendix A for more details).

In addition to the extra step for the particle filter, we have designed
and implemented a simple Metropolis Monte Carlo algorithm for the target-
observation association problem. This algorithm effects a probabilistic search
of the space of possible associations to find the best target-observation as-
sociation. Of course, one can use more sophisticated association algorithms
(see [13] and references therein) but the Monte Carlo algorithm performed
very well in the numerical experiments.

This paper is organized as follows. Sections 1.1 and 1.2 provide a brief
presentation of particle filters for single and multiple targets (more details
can be found in [7, 4, 8, 13]), which will serve to highlight the versatility and
drawbacks of this popular filtering method. Sections 1.3 and 1.4 demonstrate
how one can use an extra step to improve the performance of particle filters
for single and multiple targets. In particular, we discuss how Girsanov’s
theorem can be used to effect the extra step (more details in Appendix A).
Section 2 describes the Monte Carlo sampling algorithm for computing the
best association between observations and targets for the case of multiple
targets. Section 3 presents numerical results for multi-target tracking for the
cases of linear and nonlinear observation models. Finally, Section 4 contains
a discussion of the results as well as directions for future work.

1 Particle filtering

Particle filters are a special case of sequential importance sampling methods.
In Sections 1.1 and 1.2 we discuss the generic particle filter for a single and
multiple targets respectively. In Sections 1.3 and 1.4 we discuss the addition
of an extra step to the generic particle filter for the cases of a single and
multiple targets respectively.

1.1 Generic particle filter for a single target

Suppose that we are given an SDE system and that we also have access
to noisy observations Zr,,..., 21, of the state of the system at specified
instants 717, ...,Tkx. The observations are functions of the state of the sys-
tem, say given by Z7, = G(Xr1y,&k), where &,k = 1,..., K are mutually
independent random variables. For simplicity, let us assume that the distri-
bution of the observations admits a density g(Xr,, Zr,), i.e., p(Z7, | X1,) o
g (XTk7 ZTk)'



The filtering problem consists of computing estimates of the conditional
expectation E[f(Xr,){Z1; }é?:l], i.e., the conditional expectation of the
state of the system given the (noisy) observations. Equivalently, we are
looking to compute the conditional density of the state of the system given
the observations p(Xr, |[{Z7; 2?:1). There are several ways to compute this
conditional density and the associated conditional expectation but for prac-
tical applications they are rather expensive.

Particle filters fall in the category of importance sampling methods. Be-
cause computing averages with respect to the conditional density involves
the sampling of the conditional density which can be difficult, importance
sampling methods proceed by sampling a reference density q( X7, |{ Z7; }le)
which can be easily sampled and then compute the weighted sample mean

N X2 Zp e
CUERIPATRIES Srpeptia LA/
n=1 k 1=

or the related estimate

>on=1 f(XF) a(X, {21, }5_1)
o T

E[f(Xn,){Z1,}}=] =

where N has been replaced by the approximation
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Particle filtering is a recursive implementation of the importance sampling
approach. It is based on the recursion

n=1

p(XTk‘{ZTj };?:1) X g(XTw ZTk)p(XTk’{ZTj §;11)7 (2)
where p(XTkHZTj}?;ll) = /p(XTk|XTk1)p(XTk1|{ZTj}§11)dXTk1' (3)
If we set
q(XTk|{ZTj}§=1) = p(XTk’{ZTj}?,;ll)?
then from (2) we get

p(XTk‘{ZTj }?:1)
a(Xn {Zr, }_y)

X g(XTkszk)-
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The approximation in expression (1) becomes

Sy F(XP)g(XF Zr,)
N
Zn:l g(X’?“k 9 ZTk)

From (4) we see that if we can construct samples from the predictive distri-
bution p(X7,, { Zr; f;ll) then we can define the (normalized) weights W7 =
9(X}, . Zr;)
Sn—1 (X, Zn,)’
will be distributed according to the posterior distribution p(Xr, [{Zr; };‘?:1).

In many applications, most samples will have a negligible weight with
respect to the observation, so carrying them along does not contribute sig-
nificantly to the conditional expectation estimate (this is the problem of
degeneracy [8]). To create larger diversity one can resample the weights to
create more copies of the samples with significant weights. The particle filter
with resampling is summarized in the following algorithm due to Gordon et
al. [7].

E[f(X1,){Z1,}-1] = (4)

use them to weigh the samples and the weighted samples

Particle filter for a single target

1. Begin with N unweighted samples X7, from p(X,_ [{Zr; ?;11)
2. Prediction: Generate N samples Xﬁ from p(X7, | X7, ,).

3. Update: Evaluate the weights

9(XT, Z1,)
ZnNzl g(Xﬂ, ZTk-)

n o __
Wr, =

4. Resampling: Generate N independent uniform random variables
{6"}N_, in (0,1). For n =1,..., N let X = X{ﬂkwhere

Jj—1 J

Swh o<y W,

I=1 =1
where j can range from 1 to N.

5. Set k =k + 1 and proceed to Step 1.

The particle filter algorithm is easy to implement and adapt for dif-
ferent problems since the only part of the algorithm that depends on the



specific dynamics of the problem is the prediction step. This has led to the
particle filter algorithm’s increased popularity [4]. However, even with the
resampling step, the particle filter can still need a lot of samples in order to
describe accurately the conditional density p(Xr, [{Z71; };‘?:1). Snyder et al.
[15] have shown how the particle filter can fail in simple high dimensional
problems because one sample dominates the weight distribution. The rest
of the samples are not in statistically significant regions. Even worse, as we
will show in the numerical results section, there are simple examples where
not even one sample is in a statistically significant region. In the next sub-
section we present how drift relaxation can be used to push samples closer
to statistically significant regions.

1.2 Generic particle filter for multiple targets

Suppose that we have A = 1,..., A targets. Also, for notational simplicity,
assume that the Ath target comes from the Ath observation. Even when this
is not the case, we can relabel the observations to satisfy this assumption.
We will discuss in Section 2 how targets can be associated to observations.
The targets are assumed to evolve independently so that the observation
weight of a sample of the vector of targets is the product of the individual
observation weights of the targets [13]. The same is true for the transition
density of the vector of targets between observations. We denote the vector
of targets at observation T}, by

XTk = (XLTIN cey XA,Tk)
and the observation vector at T} by

Zr, = (2115 - 2N T)-

Also, we can have different observation weight densities gy, A=1,..., A for
different targets. However, in the numerical examples we have chosen the
same observation weight density for all targets.

Following [13] we can write the particle filter for the case of multiple
targets as

Particle filter for multiple targets

1. Begin with N unweighted samples X7 from p(Xr,_, {Zr, f;ll) =
A k—
H)\:lp(XA,TkﬂHZ/\,Tj j:ll)'



2. Prediction: Generate N samples Xﬁ from

A

(X1 X7, = [[ p(Xng | Xom_,)-
A=1

3. Update: Evaluate the weights

A
Do 90 (X" N 15 Za13,)
N A -
Yon—1 o1 (XX 1 Zom)

n o __
Wr, =

4. Resampling: Generate N independent uniform random variables
{6"}N_, in (0,1). Forn =1,..., N let X} = X;kahere

Jj—1 J

S wh <o < 3w,

I=1 =1
where j can range from 1 to V.

5. Set k =k + 1 and proceed to Step 1.

1.3 Particle filter with MCMC step for a single target

Several authors (see e.g. [6, 20]) have suggested the use of a MCMC step
after the resampling step (Step 4) in order to move samples away from sta-
tistically insignificant regions. There are many possible ways to append an
MCMC step after the resampling step in order to achieve that objective. The
important point is that the MCMC step must preserve the conditional den-
sity p(Xr, [{Zr; };‘F:l). In the current section we show that the MCMC step
constitutes a case of conditional path sampling. In Appendix A we present
an algorithm for conditional path sampling problem based on Girsanov’s
theorem and drift relaxation. We also discuss the necessary modifications
needed in order to apply the conditional path sampling algorithm to the
MCMC step of a particle filter.

We begin by noting that one can use the resampling step (Step 4) in the
particle filter algorithm to create more copies not only of the good samples
according to the observation, but also of the values (initial conditions) of the
samples at the previous observation. These values are the ones who have
evolved into good samples for the current observation (see more details in
[20]). The motivation behind producing more copies of the pairs of initial
and final conditions is to use the good initial conditions as starting points



to produce statistically more significant samples according to the current
observation. This process can be accomplished in two steps. First, Step 4
of the particle filter algorithm is replaced by

Resampling: Generate N independent uniform random variables {om1 v
n (0,1). Forn=1,...,N let (X} X1)= (X7 X7 )where
k—1 k k—1 Ty

Jj—1 J

i j i
S wh <6l <Y W
=1 =1

To motivate the second step we use the recursive particle filter formulas
(2), (3) to write an update equation for conditional expectations. This
is done to conform with the notation in Appendix A and elucidate how
Girsanov’s theorem and subsequently drift relaxation can be used to produce
samples at the current observation which are statistically more significant.
In fact, we have

Elf(Xr){Zr, Y] =
/f XTk’ZTk) (XTk 1‘{ZT} )dXTk 1dP
) [ 9(Xy., Zr, )p( X1 {27, Yo 2] d X1, dP’

n=1

()

where P is the Wiener measure. Formula (5) can be approximated (using
the initial conditions of the samples produced by the modified resampling
step above) as follows:

E[f (X1 ){Z1;}j=1] =
(X{,Ek, Z7, )dP
N Z/f fg XTk7ZTk> (XTk_l‘{ZTj};?;ll)dXqudP,

i.e., we have approximated the integration over the initial conditions X7, |
appearing in (5) by an average over the initial conditions produced by the
modified resampling step. Note that we have not approximated the integra-
tion over X7, | appearing in the denominator because the denominator is
a normalization constant which will not be needed in the MCMC sampling
performed during drift relaxation. Now, we can use Girsanov’s theorem (see
Appendix A) on the numerator and we have

E[f(Xn,){Z1,}=] ~

(6)

M3 g g(YE . Z1,)dP

NT f _ 9
Z/ fg X, Zr,)p (XTk71|{ZTj };?:%)dXTkAdP

(7)



where Yﬁ is the value, at T}, of the sample that starts at X%kil and evolves
according to an SDE with modified drift (note that we still have not specified
the modified drift). Also, M7 4, is the Girsanov theorem correction to

account for the modified drift. ' The superscript n appearing in Mz g,
is to denote the dependence of the quantity on the initial condition at the
previous observation. Also, it denotes the fact that we can use a different
modified drift for each sample.

Equation (7) is of crucial importance. It can be interpreted in two ways.
First, it means that the conditional expectation conditioned on the observa-
tions for the original SDE can be computed by constructing sample paths,
from a modified SDE, starting from the same initial conditions at the pre-
vious observation and correcting for the drift modification by the quantity
M[?Fk_th]. Second, and more importantly, it gives us a way to sample paths
from a modified SDE which are statistically more significant according to
the current observation and are also paths of the original SDE with high
probability. This can be accomplished by starting from the same initial
conditions at the previous observation and sampling paths according to the

density
qukakflg(Yﬁ ’ ZTIc )

J 9(Xr,, Z1,)p( X1, [{ Z1, ?;%)dXTk_ldP

with respect to the Wiener measure P. This density can be sampled using
the drift relaxation process described in Appendix A. The sampling of the
density (8) is the second step in the process of producing samples that are
statistically significant according to the current observation.

The approximation in equation (7) involves an integration over the Wiener
measure. This is because for each of the initial conditions at the previous
observation one can create different paths depending on the choice of the
Brownian path. The integration over dP can be approximated by an average
over Brownian paths and we find

E[f(Xn){Z1,}j=1] =

(8)

N M n,m n,m
S g et
NM T [ 9(Xz,, Zy,)p( X1, { Z1;, f;ll)dXkaldP

n=1m=1

9)

The approximation in (9) has an error of order O( \/]\1[7M) This means that

even if M is kept finite, the approximation still converges in the infinite

1As is often the case, the SDE of interest is autonomous, and time can be reset to
0 at every observation and thus, Girsanov’s theorem can be applied in [0,77] instead of
[Tk—1,T%]. We use the more general form for the presentation for the sake of completeness.



limit for N. In the numerical implementation we pick M = 1 and focus our
computational resources on the averaging over initial conditions.

We are now in a position to present the particle filter with MCMC step
algorithm

Particle filter with MCMC step for a single target

1.

2.

6.
7.

Begin with N unweighted samples X7, from p(X1,_, {Zr, f;ll)
Prediction: Generate N samples X7° from p(Xr, [XT,_,).

Update: Evaluate the weights

g(X%i? Zry)

wp — .
* 27]-:[:1 g(X%i)ZTk)

Resampling: Generate N independent uniform random variables
. 19 19
{07}, in (0,1). For n = 1,...,N let (X7, ,X%)= (X7 ,X7)

where
j—1 o
Swh <<y,
I=1 I=1
where j can range from 1 to V.

MCMC step: For n = 1,..., N choose a modified drift (possibly
different for each n). Construct a path for the SDE with the modified
drift starting from X7 and ending at X7 . Construct through drift

relaxation (see Appendix A) a Markov chain {Y; ,l}f\:() with initial

value ij; 0 = X7, and stationary distribution

M[T'}k_l,Tk]g(Y’ ZTk)
fg(XTk7ZTk)p(XTk—1‘{ZTj ;?;ll)dXqudP

n,\A
Set Xp = Y™,

Set k =k + 1 and proceed to Step 1.

Since the samples X7, = Y;i A are constructed by starting from different
sample paths, they are independent. Also, note that the samples Xﬁ are
unweighted. However, we can still measure how well these samples approx-
imate the posterior density by comparing the effective sample sizes of the

10



particle filter with and without the MCMC step. For a collection of N
samples the effective sample size ess(T}) is defined by

N
ess(Ty) = 1407
where
1 (1Y I v
Cr= 3 N;(g(x%k,sz>—wk>2 and Wy, = N;g@izﬂ)-

The effective sample size can be interpreted as that the N weighted samples
are worth of ess(Ty) = H% i.i.d. samples drawn from the target density,
k

which in our case is the posterior density. By definition, ess(Ty) < N. If the
samples have uniform weights, then ess(7) = N. On the other hand, if all
samples but one have zero weights, then ess(Ty) = 1.

1.4 Particle filter with MCMC step for multiple targets

We discuss now the case of multiple, say A, targets. Instead of the obser-
vations for a single target now we have a collection of observations for all
the targets {Z7, }§:1 = {(Zzlpj, e ,Z%j) ;‘?:1. There are two cases which we
now examine. First, the function whose conditional expectation we want to
compute depends only on one of the targets. Second, the function whose
conditional expectation we want to compute depends at least on two targets.

We begin with the first case. Recall that the targets evolve independently
and after the appropriate association between a target and an observation,
we have for the conditional expectation estimate for the Ath target (A =
1,...,A)

E[f(XA,Tk)HZTj };?:1]

A _
—/f(X)\T) [T%—1 93 (Xn 1, Zx 1 )p(Xov i {2, Y52 d X Py
TN 2 95 (Xv s Zv )P (X v e {2y Yoo d X vy, d Py
9(X0 10 Zam )P(Xa g {21, Y521 )X 7, d P
fg(XA,TwZA,Tk)p(XNkalHZ)\,Tj é?;ll)dX)ukaldP)\
(10)

= /f(X)\,Tk)

where the second identity comes from integrating out all the targets except
for the Ath target. Due to this simplification we are back at the case of

11



a single target as in equation (5). So, we can apply Girsanov’s theorem
and, subsequently, perform the Girsanov MCMC step individually for each
target. The difference with the single target case is that here we can have
a different Girsanov weight M7 for each target A = 1...,A. The

M [Tr—1,Tk]

particle filter with MCMC step for the case of multiple targets is

Particle filter with MCMC step for multiple targets

1.

Begin with N unweighted samples X7, from p(Xr,_,[{Z7, ;‘:11) =
A k—

HA:1P(X/\,Tk_1|{ZA,Tj j:ll)'

Prediction: Generate N samples X{,ﬁ; from

A

p(Xr | X7 _,) = [[ p(Xn i [ Xz, )
A=1

Update: Evaluate the weights

A
[[= gA(X,;\L,TM Z\1;)

Wr. = —=x i .
' Zn:l H)\:l gA(X/K,T;y ZA,Tk)

Resampling: Generate N independent uniform random variables
. 19 19
{6"}N_, in (0,1). For n = 1,..., N let (X3 X7) = (X:ﬂk_l,XTJk)

where
i-1 o
S wh <o < 3w,
I=1 =1
where j can range from 1 to V.

MCMC step: Forn=1,...,N and A =1,..., A choose a modified
drift (possibly different for each n and each ). Construct a path for
the SDE with the modified drift starting from X},  and ending at
X} 1, - Construct through drift relaxation (see Appendix A) a Markov

chain {Y}" %k}lL: o with initial value Y)\n’jgk = X}, and stationary dis-
tribution

M;[Tk_th]g(Y)w ZTk)
[ 9(Xn 10 Zam)p(Xry_, [{ 2o, Yi2)dXa m,_ AP

(11)

n I 'I’L,L
Set XA’Tk = YA,Tk'

12



7. Set k =k + 1 and proceed to Step 1.

For a collection of N samples the effective sample size essp(Tj) for A
targets is

N
essp(Ty) = o
Ak
where
1 1 N A
Cak = N XY Z W )2
Ak War \| N ;(E g/\( My )‘:Tk) A,k)
1 N A
and War =+ > [[ox(X8s,. Z0m).
n=1 =1

Finally, we mention the necessary modifications to compute conditional
expectation estimates of a function h(X; 7,,...,Xa 1) = h(X7,) that de-
pends, in general, on all targets.

Elh(Xn,)|{Z; Y]
= /h(XTk) Hé\\//\ﬂ g)\/(X)\',TkvZ)\’,Tk)p(X)\’,Tk71|{Z)\’,Tj}‘I;;_ll)dX)\lkaildP/\,
Ty (X rs Zov 1 )p(Xv 1y {2 ?zll)dX/\',Tk_ldP,\/
“ o> [ [Ty 0 (K, o
N~ YT INXn 105 Zx 1 )P( X 13- {20 1 ?Qll)dX,\/,Tk_ldPN

A
-2 XN:/h(Yn) [Dv=1 M3 i1,y g 9% (Y30 2w m ) dPy
— AT Ty _
N = =1 95 (X s Zo )0 (X 1y [ 2w Y2 dX v 1, Py

where the last equality was obtained by applying Girsanov’s theorem for
each target. In order to carry out the MCMC step in this case one has to
construct a Markov chain with stationary density

A
H)\/Zl M/@,[kal,Tk}g)‘/ (Y’ Z)‘lka)

pn(Y) = A -1
J IV =1 9 (Xv 1, 2o 1 )p(Xv 1 {20 1} 21)dX v 1y, APy
(12)
for each sample n = 1,..., N. The subscript n in p,(Y") denotes, as before,

the fact that we may use a different modified drift for each sample. The
sampling can be performed as before through the process of drift relaxation

13



described in Appendix A. The algorithm described above needs to be mod-
ified only in the MCMC step where one needs to construct a Markov chain
with stationary density given by (12).

2 Monte Carlo target-observation association al-
gorithm

As in any other sequential Monte Carlo algorithm for multi-target tracking
(see e.g. [13] and references therein) we need to associate, for each sam-
ple, the evolving targets to the observations. The association problem is
sensitive to the tracking accuracy of the algorithm. If we cannot follow
accurately each target and two or more targets are close, then the associ-
ation algorithm can assign the wrong observations to the targets. After a
few observation steps this can lead to the inability to follow a target’s true
track anymore. There are different ways to perform the target-observation
association. The ones that we are aware of are based on various types of as-
signment algorithms first developed in the context of computer science [3, 2].
Here we have decided on using a different algorithm to perform the target-
observation association. In particular, we have designed a simple Metropolis
Monte Carlo algorithm which effects a probabilistic search of the space of
possible associations to find the best target-observation association.

Suppose that at observation time ¢ we have K; observations which in-
clude surviving and possible newborn targets. Also, suppose that for each
target we have at each step J observation values for different quantities de-
pending on the target’s state. For simplicity, we assume that we observe
the same quantities for all targets. Usually, one observes position related
quantities, like the x,y position or the bearing and range of the target. The
observation model is given by

Zijt = 9j(Xpe) + &y, for k=1,...,K; and j=1,...,J, (13)

where for k=1,...,K; and j=1,...,J,& , are i.i.d. random variables.
For simplicity let us assume that the & ; are ~ N (0, 032»). Note that the ob-
servation model (13) assumes that we know that the kth observation comes
from the kth target. However, in reality, we do not have such information
and we need to make an association between observations and targets. De-
fine an association map A given by A(k) = my where k,my = 1,..., K.
The association map assigns to the kth observation the myth target. For
K observations there are K;! different observation-target association maps.

14



For a specific association of each observation to some target, the likelihood
function for the collection of observations for the nth sample is given by

p(xita s 7XTIl{t7t7 Zl,l,t7 ceey Zl,J,t; ceey ZKt,Jﬂf)
Ky J 2
kgt — gJ(XA( k),t +)
x H H exp [— 5% 2 (14)

where the proportionality is up to an (immaterial for our purposes) normal-
ization constant. If we define

n n
HObS(X].,t""7XKt,t7Z1)17t7'"’ZlaJ7t7"' ZKt,Jt)
2
B 9 gl T
N 2 % 02
k=1 j=1 J

we can rewrite p (omitting all the arguments of p and H Obs for simplicity)
as
p o exp[—Hyy | (15)

(o]

The superscript A is to denote the dependence of the value of H obs
the specific association map A. The best association map is the one Wthh
maximizes p. By definition, H ;?)8 > 0 and thus the best association is the one
which minimizes H ;l‘)s We can find the best association map by standard
Metropolis Monte Carlo sampling on the space of association maps, using
the density p (see e.g. [8] about Metropolis Monte Carlo sampling).

As in every Metropolis Monte Carlo sampling algorithm there is arbi-
trariness in the new configuration (association map in our case) proposal.
We have tried two different proposal schemes which performed equally well,
at least for cases up to 4 targets that we examined in our numerical ex-
periments. The first proposal scheme constructs a new observation-target
association map from scratch. This means that for each observation in the
observation vector we choose a new target to associate it with. Note that if
there is only one target there is no need for sampling since there is only one
possible observation-target association. The second proposal scheme starts
with an initial association map. Then it chooses randomly a pair of obser-
vations and their associated targets and exchanges the associated targets.
This allows one to build a good association map incrementally. We expect
that the second proposal scheme will be advantageous in the case when
the number of observations K; at the observation instant ¢ is large. Recall
that the number of possible association maps grows as K;!, and it becomes
prohibitively large for an exhaustive search even for moderate values of K;.
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The numerical results we present here are for the first proposal scheme.
The Metropolis sampling algorithm was run with 10000 Metropolis ac-
cept/reject steps and we kept the last accepted association map.

3 Numerical results

We present numerical results for multi-target tracking using the particle
filter with an MCMC step performed by drift relaxation and hybrid Monte
Carlo. We have synthesized tracks of targets moving on the xy plane using
a 2D near constant velocity model [1]. At each time ¢ we have a total of K,
targets and the evolution of the kth target (k =1,..., K}) is given by

Xit = AXp 1 + By, (16)
= [xk‘,ta ik‘,ta yk,t7 yk:,t]Ta

where (2¢,Tr¢) and (Yrs, Ui,e) are the xy position and velocity of the kth
target at time ¢t. The matrices A and B are given by

1 T 0 0 T%2/2 0
01 0 0 T 0

A = 00 17T and B = 0 122 | (17)
00 01 0 T

where T is the time between observations. For the experiments we have set
T =1, i.e., noisy observations of the model are obtained at every step of the
model (16). The model noise vy, is a collection of independent Gaussian
random variables with covariance matrix 3, defined as

o2 0
In the experiments we have 02 = 02 = 1. Also, we have considered two

T y
possible cases for the observation model, one linear and one nonlinear. Due

to the different possible combinations of targets to observations we use a
different index m to denote the obsevations. Since we do not assume any
clutter we have m = 1,..., K. If the mth observation z,,; at time ¢ comes
from the kth target we have

Zmt = |: Thit :| +Wm,t (19)
Ykt
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for the linear observation model and

arctan(Zkt
Zm,t = [ (wk ! )

4 +w it (20)
EIR ALCH R

for the nonlinear observation model. As is usual in the literature, the non-
linear observation model consists of the bearing # and range r of a target.
The observation noise w;, ; is white and Gaussian with covariance matrix

o 0
D= |: obs,x :| (21)
b 0 Ugbs,y
for the linear observation model and
2
_|og O
=7 3 2

for the nonlinear observation model. For the numerical experiments with
the linear observation model we chose U?bs,x = O'gb&y = 1. For the numerical
experiments with the nonlinear observation model we chose og =10"* and
02 = 1. These values make our example comparable in difficulty to examples
appearing in the literature (see e.g. [13, 18, 19]).

The synthesized target tracks were created by specifying a certain sce-
nario, to be detailed below, of surviving, newborn and disappearing targets.
According to this scenario we evolved the appropriate number of targets
according to (16) and recorded the state of each target at each step. For
the surviving targets we created an observation by using the state of the
target in the observation model. Thus, for the linear observation model,
the observations were created directly in xy space by perturbing the xy
position of the target by (19). For the nonlinear observation model, the ob-
servations were created in bearing and range space 6,7 by using (20). The
perturbed bearing and range were transformed to xy space by the trans-
formation x = rcosf, y = rsinf to create a position for the target in zy
space.

The newborn targets for the linear model were created in xy space di-
rectly by sampling uniformly in [—100, 100]. Afterwards, the observations of
the newborn targets were constructed by perturbing the x, y positions using
(19). The newborn targets for the nonlinear model were created in xy space
by sampling uniformly in [—100, 100]. Afterwards, we transformed the z,y
positions to the bearing and range space 6, and perturbed the bearing and
range according to (20). The perturbed bearing and range were again trans-
formed back to xy space to create the position of the newborn target. Note
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that both observation models do not involve the velocities. The newborn
target velocities were sampled uniformly in [—1,1].

The number of targets at each observation instant is: Ko = 2, K = 2,
Ko=1 K3=2,K4=3, K = Kg = ... = Koy = 4. So, for the majority
of the steps we have 4 targets which makes the problem of tracking rather
difficult.

3.1 Girsanov change of measure for near constant velocity
model

In order to apply the drift relaxation process we need to find the Girsanov
change of measure formula. Note that the near constant velocity model
is discrete while Girsanov’s theorem is applicable to continuous time It6
processes. Thus, we need to formulate the drift relaxation scheme in con-
tinuous time and then discretize. Since the targets evolve independently we
will write the Girsanov formula for one target with the obvious generaliza-
tion for the case of more than one targets. The 2D near constant velocity
model (16) is a simplified discrete approximation of the formal linear SDE
system

i‘t = O'xu:p,t (23)

Ut = oyly ¢,

where u; ¢, uy; are independent Brownian motions and o,y ¢, 0yt are
Gaussian white noises with covariances R, (t) = 025(t) and Ry(t) = 055 (t)
respectively and §(t) is the delta function. We can define velocities in the z
and y directions, p;; = @; and p,; = ¥ and we can rewrite (23) as

:I‘:t = Pzt
p:c,t = Uxu:c,ta (24)
Ut = Dy,

Dy = Oylys.

The formal system (24) can be written rigorously

dxt = pw,tdtv
dp:c,t = U:cduac,tv (25)
dyr = py,dt,

dpy,t = Uydu%t.
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The equations for the positions have zero noise and the equations for the
velocities have zero drift. We can write the SDE system (25) in matrix form

dIL‘t Dzt 0 0
dpz 1 0 or 0 [ dug ¢ ]
Tl = dt + . 26
dyt pyﬂg 0 0 duyﬂg ( )
dpy’t 0 0 Uy
Define the 4 x 1 vectors z; = [z1.4, ..., 2a4]7,a(z) = [a1s, ..., a44)7, the 2x 1
vector wy = [wy ¢, we |7 and a 4 x 2 constant matrix o by
Ty Pzt 0 0
Pt 0 Uy ¢ or O
zZ = T, alz) = , Wy = ’ and o =
! Yt (=) Dyt ' [ Uyt } 0 0
Dyt 0 0 Oy
Note that
Z1t Tt 22t
Z2t | _ | Pat and a(z) — 0
23t Yt Z4t
Z4t Dy, 0
With these definitions we can rewrite the SDE system (26) as
dz = a(z)dt + odw; (27)

We will apply Girsanov’s theorem to the SDE system (27). Consider the
linear SDE system

dz; = b(z)dt + odw; (28)
where )
2ot
no_ Ha
b(zt) = ZA/L,t
Hy

and fiz, ity are drifts that we can choose. In our numerical experiments
we chose i, pty to be constant. In order to apply Girsanov’s theorem (see
Theorem 8.6.8 in [14]) we need to find a 2 x 1 vector p = [p1, pa]? such that
op = b(A\) — a()) for A € R*. This means that we need to find p such that

0 0 A2 — Ao 0
oz 0 P _ | =0 | | ba
0 0 [ P2 :| o )\4 — )\4 o 0 (29)
0 oy fy — 0 Hy
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The system (29) reduces to

Ozp1 = pg and oyp2 = fy,

which has the solution p; = 5—2 and po = g—z The Girsanov change of

measure transformation with respect to (28) on an interval [0, 7] is given by
(see (46) in Appendix A)

T p V(T Ta]? | [y
Mr = exp(—/ [IdeS + ydwgﬁ} — / {[1 + [y] }ds)
0 L0z oy 2 Jo Og oy
T T 2 2
xX 1 xX
= exp(—/ ['uduz,s + Myduw} — / {[,u] + [My] }ds)
0 Loz oy 2 Jo o Oy
p p T(Tpa)” | 1]
= (= G+ Poma] S {] 4[] }) o0
Oz oy 2 |os Oy

since fiz, by are constant and uz ¢, uy; are Brownian motions which are zero
at t =0.

For the Ith level (I = 1,...,L) of the drift relaxation process we have
instead of the SDE system

dzy = a(z)dt + odwy,
the SDE system
dzl = (1 — )b(2)) + a(zh)dt + odwy.

The Girsanov change of measure transformation with respect to (28) for the
Ith level (see (50) in Appendix A)becomes

2 2
¢ © 7 oL [ |1 2
i = oo -G+ G| - @3[]4 [2] )

In the numerical experiments we used L = 10 levels with ¢ = [/10, [ =
1,...,10.

3.1.1 The choice of the drift for the modified system

We proceed to comment on the values of u,, i1, Since the particle filter is
a recursive algorithm we are interested in computing piz, py, between two
consecutive observations. Thus, it is enough to show how to compute p, 1y
in the interval [0, 7], where T is the time interval between two consecutive
observations. In our experiments we have chosen T = 1.
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We suppose that we are at observation time T and we have N samples.
After the resampling step at observation time 0, we have obtained a col-
lection of pairs (27, 2%), for n = 1,..., N. When p, it,, are constant the
system (28) can be solved explicitly. In particular, we have for the position
and velocity in the x direction

2 T
A =210+ 2007 + o=+ / Oz Uy, sds (31)
0

/ /!
Zor = 290+ pal + OgUg 1.

where we have used the fact that the Brownian motion u,; is zero at ¢t = 0.
For the nth sample, if we use 21", = 21 and 257, = 25 we have

2 T
z’lnT = zio + zS,OT + ,%7 + /0 Uwug,sds (32)

Zg,LT = Zg,o + pg T+ Uxug,Tv
where u}; o, s € [0,7] is a new Brownian path for each sample. Define y, as

n n n
AL T A0 222,0
T2/2 T

1 N
ux:NZuﬁ with g =

n=1

(33)

The motivation behind this definition comes from considering the usual case
where the resampling step of the particle filter has produced only copies of

ng __mno ng
no _ 1,7 *1,0 2Z2,0

one sample, say the ngoth sample. Then p, = pl° = R T T From

(32) we get
T
sz = z?OT + / oty (ds.
0

Due to the symmetry of Brownian motion around 0, the values zi”T are syms-
metrically distributed around z]'%. Since our objective during the MCMC
step is to bring the state of the sémple closer to the observation, it is advan-
tageous to start from a symmetrically perturbed state of the sample that the
generic particle filter steps have produced. Also note, that in our numerical
experiments the observation functions depend only on the position, so choos-
ing a drift that explores the area around the sample’s position produced by
the generic particle filter steps is again to our advantage. Also, in the numer-
ical experiments we have made the approximation fOT OpUy (dS & Topuy p.
Similarly, for the drift 4, in the y direction we define

n n n
Z3r — %30 2%
T2/2 T

N
1 n : n
Py = 5 Zuy with g, = (34)

n=1
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3.1.2 Hybrid Monte Carlo formulation

We present briefly the hybrid Monte Carlo (HMC) formulation that we have
used to sample the conditional density for each target. Since the targets
evolve independently of one another and we are interested in computing
conditional expectation estimates of functions that depend only on one tar-
get, we need to formulate HMC only for the case of a single target. We will
formulate HMC for the [th level of the drift relaxation process. We have
already seen that the Girsanov density at the Ith level can be written as

2 2
[ Iz oL [ |1 7
= e a| S+ Do - g {22 4[] })

Thus, the conditional density that we have to sample for the linear observa-
tion model at the [th level is given by (see (11) in particle filter algorithm
with MCMC step for multiple targets)

Mfrlgx(zl,% ZZLT)gy(Z?»,T? ZZ/’:,LT)

T 2 2
o e ona] - @ {[2] + [2])
x Yy x Yy

(Zvr — ") (Zsr — 257p)?
ool |z | 9)
e *x O

obs,x obs,y

exp -

where Z1 7 the observation value of the x position of the target and Z3 r the
observation value of the y position of the target. Note that the x, y positions
21, 257 of the nth sample are determined by

2

zi”T ~ 210+ 2501 + Ha g + Tozuy (36)
2
i = z5o + 20T + Hy T Toyuy, r (37)

where we have used the fact that we go in one step of size T from one
observation to the next to make the approximations fOT Oy ds = Toguy o
and fOT oyuy (ds ~ Toyuy p. Due to (36), (37) and since the initial conditions
20, -+ -5 2 are fixed by the resampling step, the only quantities that we
need to sample with the conditional density (35) are the Brownian values
uy, Uy, p. With the help of (36), (37) and after grouping the exponentials
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we can approximate My g.(Z1,1, 2\"r)9y(Zs1, 25'7) as

M3 g (Z17, 24'7)9y(Z3.1, 23'7)

T 2 2
~ exp<—{€l |:5_I Uy, T + /;yuy,T] + (61)22{ |:Zx:| + |:,Z-y:| }
x Yy x Yy

n n T2 n 2
(Zir — 210 — 2501 — pag — TUwux,T)

2
2% aobs,z
2
n (Zsr — z30 — 2401 — NyTT - TUyun,T)2 }) (38)
2
2 % Tobs,y

The approximation (38) for M g.(Z1,r, 2\'p)9y(Zs1, 25") is a Gaussian
density for ug’T, u?’JL,T. We do not need HMC to sample it. "We can rewrite it
as the product of two Gaussian densities, one for Uy 7 and one for Uy and
sample it with standard methods for Gaussian densities. However, we show
how HMC is implemented because for the nonlinear observation model, the
density to be sampled will no longer be Gaussian.

Define the potential Ve, (uj, 1, uy 1) by

T 2 2
Vot poiy ) = 1| Sy + M“y,T} + (GZ)Q{ Pﬂ i [My] }

T2 2
(Z1r = 20 — 2501 — oy — Tozuy 1)

2
2% aobs,a:
T2 2
(Zsr — 237»1,0 - ZZ,OT —Hy — TU?JUZ,T) (39)
2
2 % Tobs.y

and the density M7 g.(Z1.1, 2"r)gy(Z3 .1, 23') becomes

M go(Z0.1, 2p) 0 (Zors ) = exp<—vq <u:;,T,u;;,T>>.

Consider u” -, UZT as the position variables of a Hamiltonian system. We
define the 2D position vector ¢ = [q1,¢2]7 with ¢ = uy p and g2 = uy .
To each of the position variables we associate a momentum variable and we

write the Hamiltonian

T
He,(q,p) = Ve (q) + g,
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where p = [p1,p2]” is the momentum vector. Thus, the momenta variables
are Gaussian distributed random variables with mean zero and variance 1.
The equations of motion for this Hamiltonian system are given by Hamilton’s

equations

dq; OH. dp; 0H. ,
Y _ Loand - _ Lfor i=1,...,2.
dr Op; dr 0qi
HMC proceeds by assigning initial conditions to the momenta variables
_p'p

(through sampling from exp(—%3¥)), evolving the Hamiltonian system in
fictitious time 7 for a given number of steps of size 7 and then using the
solution of the system to perform a Metropolis accept/reject step (more de-
tails in [8]). After the Metropolis step, the momenta values are discarded.
The most popular method for solving the Hamiltonian system, which is the
one we also used, is the Verlet leapfrog scheme. In our numerical imple-
mentation, we did not attempt to optimize the performance of the HMC
algorithm. For the sampling at each level of the drift relaxation process we
used 10 Metropolis accept/reject steps and 1 HMC step of size 67 = 1071
to construct a trial path. A detailed study of the drift relaxation/HMC
algorithm for conditional path sampling problems outside of the context of
particle filtering will be presented in a future publication.
For the nonlinear observation model

My ge(Zor, 21 ) gr(Zrir, 27')

T 2 2
xop(al v+ S| - {22 + [2] })
x Yy x Yy

Z _ my\2 _ my\2
oz 2P o[ B —rCE)
*0'6 2*Gr

| o

exp [—

where Zy 1, Z, T are the bearing and range observation values for the target
and

Z/’VL
0(24) = arctan ( ?nT) and r(2J) = (zi"TQ + zé"T2)1/2
217T ’ ’

are the bearing and range values for the nth sample. We can use the same
procedure as in the linear observation model to define a Hamiltonian system
and its associated equations. We omit the details.

3.2 Linear observations

We start the presentation of our numerical experiments with results for the

linear observation model (19). Figures 1 and 2 show the evolution in the
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Figure 1: Linear observation model. The solid lines denote the true target
tracks, the crosses denote the observations and the dots the conditional
expectation estimates from the Girsanov particle filter. We have plotted the
conditional expectation estimates every 5 observations to avoid cluttering
in the figure.
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Figure 2: Linear observation model. Detail of Figure 1.

25



xy space of the true targets, the observations as well as the estimates of
the Girsanov particle filter. It is obvious from the figures that the Girsanov
particle filter follows accurately the targets and there is no ambiguity in the
identification of the target tracks.

The performance of the Girsanov particle filter with 100 samples is com-
pared to the performance of the generic particle filter with 120 samples in
Figure 3 by monitoring the evolution in time of the RMS error per target.
The RMS error per target (RMSE) is defined with reference to the true
target tracks by the formula

Ky
1
RMSE() = | 7= D e — ElxielZa, ..., 2|12 (41)
k=1

where ||-]| is the norm of the position and velocity vector. Note that the state
vector norm involves both positions and velocities even though the obser-
vations use information only from the positions of a target. xj; is the true
state vector for target k. E[xj¢|Z1,...,Z;] is the conditional expectation
estimate calculated with the Girsanov or generic particle filter depending
on whose filter’s performance we want to calculate.

The Girsanov particle filter has a computational overhead of the order of
a few percent compared to the generic particle filter. We have thus used the
generic particle filter with more samples than the Girsanov particle filter.
This additional number of samples more than accounts for the computational
overhead of the Girsanov particle filter. As can be seen in Figure 3 the
generic particle filter’s accuracy deteriorates quickly. On the other hand,
the Girsanov particle filter maintains an O(1) RMS error per target for the
entire tracking interval. The average value of the RMS error over the entire
time interval of tracking is about 2.5 with standard deviation of about 0.5.
For the generic particle filter, the average of the RMS error over the time
interval of tracking is about 800 with standard deviation of about 760.

Figure 4 compares the effective sample size for the generic particle filter
and the Girsanov particle filter. Because the number of samples is different
for the two filters we have plotted the effective sample size as a percentage
of the number of samples. We have to note that, after about 50 steps,
the generic particle filter started producing observation weights (before the
normalization) which were numerically zero. This makes the normalization
impossible. In order to allow the generic particle filter to continue we chose
at random one of the samples, since all of them are equally bad, and assigned
all the weight to this sample. We did that for all the steps for which the
observation weights were zero before the normalization. As a result, the
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Figure 3: Linear observation model. Comparison of RMS error per target
for the Girsanov particle filter and the generic particle filter.
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Figure 4: Linear observation model. Comparison of effective sample size for
the Girsanov particle filter and the generic particle filter.
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Figure 5: Noninear observation model. The solid lines denote the true target
tracks, the crosses denote the observations and the dots the conditional
expectation estimates from the Girsanov particle filter. We have plotted the
conditional expectation estimates every 5 observations to avoid cluttering
in the figure.

effective sample size for the generic particle filter drops down to 1 sample
after about 50 steps. Once the generic particle filter deviates from the true
target tracks there is no mechanism to correct it. Also, we tried assigning
equal weights to all the samples when the observation weights dropped to
zero. This did not improve the generic particle’s performance either. On
the other hand, the Girsanov particle filter maintains an effective sample
size which is about 25% of the number of samples.

3.3 Nonlinear observations

We continue with results for the nonlinear observation model (20). Figures 5
and 6 show the evolution in the xy space of the true targets, the observations
as well as the estimates of the Girsanov particle filter. Again, as in the case of
the linear observation model, the Girsanov particle filter follows accurately
the targets and there is no ambiguity in the identification of the target
tracks.

The case of the nonlinear observation model is much more difficult than
the case of the linear observation model. The reason is that for the nonlinear
observation model, the observation errors, though constant in bearing and
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Figure 6: Nonlinear observation model. Detail of Figure 5.

range space, they become position dependent in xy space. In particular,
when x and/or y are large, the observation errors can become rather large.
This is easy to see by Taylor expanding the nonlinear transformation from
bearing and range space to zy space around the true target values. Suppose
that the true target bearing and range are 0y, rg and its xy space position
is g = rocosby,yo = rosinby. Also, assume that the observation error in
bearing and range space is, respectively, 60 and dr. The xy position of a
target that is perturbed by 06 and Jdr in bearing and range space is (to first
order)

x = x9 — Yyodl — r cos by
Yy = yo + xgdh — drsin .

Thus, the perturbation in zy space can be significant even if 66 and dr are
small. In our example we have oy = 1072. So, when the true target = and
y values become of the order of 10® as happens for some of the targets, the
observation value in bearing and range space can be quite misleading as far
as the xy space position of the target is concerned. As a result, even if one
does a good job in following the observation in bearing and range space, the
conditional expectation estimate of the xzy space position can be inaccurate.

With this in mind, we have used 200 samples for the Girsanov particle
filter and 220 samples for the generic particle filter. Again, the extra samples
used for the generic particle filter more than account for the computational
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Figure 7: Nonlinear observation model. Comparison RMS error per target
for the Girsanov particle filter and the generic particle filter.

overhead of the Girsanov particle filter. The performance of the Girsanov
particle filter is compared to the performance of the generic particle filter in
Figure 7 by monitoring the evolution in time of the RMS error per target.
The generic particle filter’s accuracy again deteriorates rather quickly. The
error for the Girsanov particle filter is larger than in the linear observation
model but never exceeds about 80 even after 200 steps when the targets have
reached large values of x and/or y. The average value of the RMS error over
the entire time interval of tracking is about 22 with standard deviation of
about 21. For the generic particle filter, the average of the RMS error over
the time interval of tracking is about 760 with standard deviation of about
770.

Figure 8 compares the effective sample size for the generic particle filter
and the Girsanov particle filter. After about 60 steps, the generic particle fil-
ter, started producing observation weights (before the normalization) which
were numerically zero. This makes the normalization impossible. In order
to allow the generic particle filter to continue we chose at random one of the
samples, since all of them are equally bad, and assigned all the weight to
this sample. We did that for all the steps for which the observation weights
were zero before the normalization. As a result, the effective sample size
for the generic particle filter drops down to 1 sample after about 60 steps.
Once the generic particle filter deviates from the true target tracks there is
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Figure 8: Nonlinear observation model. Comparison of effective sample size
for the Girsanov particle filter and the generic particle filter.

no mechanism to correct it. Also, we tried assigning equal weights to all
the samples when the observation weights dropped to zero. This did not
improve the generic particle’s performance either. On the other hand, the
Girsanov particle filter maintains an effective sample size which is about
25% of the number of samples.

4 Discussion

We have presented an algorithm for multi-target tracking which is based
on Girsanov’s change of measure transformation for stochastic differential
equations. The algorithm builds on the existing particle filter methodology
for multi-target tracking by appending an MCMC step after the particle
filter resampling step. The purpose of the addition of the MCMC step is
to bring the samples closer to the observation. Even though the addition of
an MCMC step for a particle filter has been proposed and used before [6],
to the best of our knowledge, the use of Girsanov’s theorem to effect the
MCMC step is novel (see also [16]). The use of Girsanov’s theorem leads
to a Monte Carlo sampling problem which we addressed through the use of
hybrid Monte Carlo and drift relaxation.

We have tested the performance of the algorithm on the problem of
tracking multiple targets evolving under the near constant velocity model [1].
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We have examined two cases of observation models: i) a linear observations
model involving the positions of the targets and ii) a nonlinear observation
model involving the bearing and range of the targets. For both cases the
proposed Girsanov particle filter exhibited a significantly better performance
than the generic particle filter. Since the Girsanov particle filter requires
more computations than the generic particle filter it is bound to be more
expensive. However, the computational overhead of the Girsanov particle
filter is rather small, of the order of a few extra samples worth for the generic
particle filter.

We plan to perform a detailed study of the proposed algorithm in more
realistic cases involving clutter, spawning and merging of targets. Also, we
want to study the behavior of the algorithm for cases with random birth and
death events as well as for larger number of targets. Finally, the algorithm
can be coupled to any target detection algorithm (see e.g. [13]) to perform
joint detection and tracking.

After completing the current project, we realized a simplification in the
formulas occurring for the case of linear dynamics which allows us to per-
form the MCMC step without recourse to Girsanov’s theorem. This will
be explored in a future publication. However, the method proposed here is
more general and can be applied also for the case of nonlinear dynamics.
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A Conditional path sampling by drift relaxation

A.1 Conditional path sampling and Girsanov’s theorem

We discuss the problem of conditional path sampling and how drift relax-
ation can be used to address this problem. The MCMC step of a particle
filter described in Section 1.3 constitutes a case of conditional path sampling.
Suppose that we are given a system of SDEs

dX; = a(Xt)dt + O'(Xt)dBt, (42)

where X; = (X1(t),...,Xn(t)), is a N-dimensional It6 process with drift
a(Xy) = (a1(Xy),...,an(Xt)) and By = (Bi(t), ..., By (t)) is a M-dimensional
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Brownian motion. Also, o(Xy) is a RN x RM diffusion matrix. The problem
of conditional path sampling is to generate sample paths of (42) with initial
and endpoint conditions Xy and X7. The initial and endpoint conditions can
be known exactly or can be specified through some probability distribution.
In the first case,

X() = Z() and XT == ZT. (43)

In the second case,
Xo ~ h(Zy, Xo) and X7 ~ g(Z7, X7). (44)

The functions h(Zy, Xo) and g(Zy, X7) are specified probability densities
(with respect to Lebesgue measure) for the initial and endpoints respec-
tively. The values Zy, Z7 are also known parameters. In the case of filter-
ing/smoothing Zy, Zr can be noisy observations of the state of the system.
To motivate the algorithm, we discuss a situation which arises in many ap-
plications and which highlights why the problem of computing conditional
sample paths of (42) can be complicated. Let us assume that the endpoint
condition density g(Xr) is sharply peaked in a region of RY that is rare for
the solution to visit. This can happen whether the stochastic term o(X;)dB;
is large, small or comparable to the drift term. Then most paths will result
in an endpoint which has a very small probability with respect to the end-
point density g(Xr). Thus, one would need to produce a very large number
of sample paths in order to get one path that conforms to the endpoint
condition. The drift relaxation algorithm aims to remedy this situation.

We will present the drift relaxation algorithm only for the case when the
initial and endpoints are specified through given probability distributions.
The algorithm relies on the use of Girsanov’s theorem for SDEs (see in
particular Theorem 8.6.8 in [14].) Even though there exist several different
versions of Girsanov’s theorem, the main result that we will be using here is
that if one wants to produce sample paths of (42), one can instead produce
sample paths from a different SDE system (with the same dimensionality
and diffusion matrix)

dY; = b(Y;)dt + o(Y;)dB,. (45)

Then, one accounts (corrects) for the drift modification by weighing each
sample path by an appropriate weight.

To be more precise, let us assume that we have produced sample paths
from the systems (42) and (45) starting from the same initial condition
Xy =Yy = z. Also, suppose we can find a process u : RN — RM such that
o(y)u(y) = b(y) — a(y), for y € RY. Define the quantity
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My = exp (— /OT<U(32),dBS> - ;/OT IU(YS)I2d5>, (46)

where (-, -) stands for the inner product in RM. Let P be the Wiener measure
on continuous functions on [0,7] and define a new measure () (absolutely
continuous with respect to P) by d@Q = MpdP. Girsanov’s theorem states
that, under appropriate conditions on the drifts ¢ and b and the diffusion
matrix o, the Q-law of Y; is the same as the P-law of X} in [0, T]. This path
measure equivalence translates into equivalence for expectations taken with
the measures ) and P. We have

Ep[f(XP)] = EQlf (Vi) = Ep[Mr f(Y,)], (47)

for a function f. In relation (47), Ep denotes expectation with respect to
P and Eg expectation with respect to @ (see Section 8.6 in [14] for a lucid
and detailed presentation of Girsanov’s theorem).

In words, Girsanov’s theorem states that if one has constructed sample
paths for the process Y;, these can be used to compute expectations for the
process X;. However, it allows us to do much more. The relation d@) =
MpdP provides us with a way to quantify the probability of a path from
Y; being a path of X;. So, one can treat M as a probability density and
sample it through Monte Carlo, i.e., construct paths from Y; that have high
probability of being paths from X;. Technically, M7 is the Radon-Nikodym
derivative of ) with respect to P.

We return now to the conditional path sampling problem and see how it
can be facilitated by the preceding discussion of Girsanov’s theorem. The
conditional path sampling problem is equivalent to computing the condi-
tional expectation E[f(X¢)|Zo, Zr]. The corresponding initial and endpoint
conditions for Xy and X7 are connected to Zy, Zr through (44) which we
repeat here

X() ~ h(Zo,X(]) and XT ~ g(ZT,XT).

For the conditional expectation E[f(X;)|Zo, Zr| we have

W Xo, Zo)g(Xr, Z7)dP

fh XO,ZO (XT,ZT)dP
/f h(Yo, Zo)M7g(Yr, Z7)dP
fh XO,ZO) (XT,ZT)dP

BLA(X)| 2o, Zo] = /f (X))

(48)

where in the last equation we have used Girsanov’s theorem. We have de-
liberately written the numerator as h(Yy, Zo)Mrg(Yr, Z1) to denote the
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probabilistic weight of the initial condition of the path (the term h(Yj, Zp)),
the path connecting the initial and endpoints (the term Myp) and the end-
point condition (the term g(Yr, Zr)) respectively. So, we see that the condi-
tional path sampling problem in this case amounts to sampling the density
h(Yo, Zo) Mpg(Yr, Z7) with respect to the Wiener measure P. Note that in a
MCMC sampling context the normalization constant [ h(Xo, Zo)g(Xr, Zr)dP
is immaterial.

A.2 Drift relaxation

We have reformulated the problem of conditional path sampling as a prob-
lem of sampling the density h(Yy, Zo) Mrg(Yr, Zr). This sampling should be
done with care if we want it to be efficient. We proceed now to discuss how
this sampling can be realized in an efficient way. Let us start by pointing out
why sampling h(Yp, Zo) M7rg(Yr, Z7) can be difficult. This will motivate the
way in which we propose to perform this sampling. If the endpoint condi-
tion is highly unlikely for paths of the original process X; then the sampled
conditional paths from Y; will be quite different from the desired condi-
tional paths of X;. This difference creates two difficulties. First, the process
u(Ys) which monitors the drift discrepancy between the original and modi-
fied drifts can be large. This means, that the density h(Yy, Zo) Mrg(Yr, Z1)
is rather sharply peaked around a few paths of Y;. As a result, a naive Monte
Carlo sampling will result in very low acceptance rates for the new path con-
figurations. Second, (see expression (46) for Mr) we have to sample a path
for Yy, t € [0,T], as well as the associated Brownian path By, t € [0,T].
Inevitably, we have to discretize the integrals in M7 and sample discretized
paths. A Monte Carlo sampling algorithm which proceeds incrementally
(after discretization of the path) by changing one segment of the paths at a
time can be slow, especially if the path discretization is dense.

We discuss now how to handle these two difficulties. We begin with
the problem of the large discrepancy between the original drift a and the
modified drift b. Instead of attempting to sample directly from the den-
sity h(Yo, Zo)Mrg(Yr, Z1), i.e., correct for the full discrepancy b — a of the
drifts, we propose the following relaxation (hence the name drift relaxation):
Consider a collection of L + 1 modified SDE systems

dv} = (1 = e)b(Y)dt + eja(Y})dt + o(Y{)dBy, (49)

where ¢ € [0,1], [ =0,...,L, with ¢ < €41, ¢ = 0 and €, = 1. The SDE
system for [ = 0 has drift b, while the SDE system for [ = L has the original
drift a. Correspondingly, we can define a collection of L (note not L + 1)
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sampling densities MlT,l =1,..., L. Recall that the density My provides us
with the probability of a path from one process being the path of another
process. In other words, it involves two processes. One choice is to define
MZT with reference to the process with drift 6. This resembles the technique
of simulated annealing in equilibrium statistical mechanics [8]. The densities
M? are given (again through Girsanov’s theorem) by

T T
1
M% :exp(_el/o <U,(Y;O)7dBS> - 2(61)2/0 ‘U(KSO)‘st)a l= 17'--;L-
(50)
Another choice is to define MlT with reference to the previous process (level)
in the sequence. This resembles homotopy methods for nonlinear algebraic
equations [17]. For this choice, the densities ML are given by

T T
M = exp(~a-am) [ @i an) - la-an)? [ urieas)
(51)
for l =1,..., L. In the current paper we use only the form of Mp} given in
(50). The form of ML given in (51) will be studied in a future publication.

We start with a sample from the process with drift b and use the sample
from one level as the initial condition for sampling at the next level in the
sequence. The relaxation allows us to enforce the original drift gradually by
making at each level relatively small changes to the conditional path. The
relaxation process mitigates the large discrepancy between the drifts a and
b. Note that at the L + 1st level we sample from the density My which we
wanted to sample from originally. More details are provided in the numerical
results section.

The second problem of the Monte Carlo sampling is how to propose a
new trial path for Y; and B;. As we have already pointed out, an incremental
change of the path by changing one segment at a time can be rather slow.
This problem can be remedied by the use of hybrid Monte Carlo (HMC)
[8]. HMC proceeds by constructing a Hamiltonian system associated with
the variables that we want to sample. The Hamiltonian system is evolved in
fictitious (algorithmic) time and the state of the system after some predeter-
mined fictitious time steps is used as trial configuration for the Monte Carlo
accept/reject step. For our case this allows the proposal of entire paths for
Y; and B;. This results in higher acceptance rates and faster exploration of
the path space. We provide more details of the HMC implementation in the
section on numerical results.
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