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CHAPTER I 

!HE PRESENT SITUATION IB THE HIGH SCHOOL 

MATHEMATICS CURRICULUM 

For several rears ·leadi.Ds matbematlolans, teachers. 

an4 to some extent, professional educators have recosn1Be4 
tba\ there ez1sts some kind of 4ef1c1enoy 1D the mathema\los 
eurr1culum of the b1sh exaot uture ot thls 
4efto1enor ls open to oon3ectue1 . but several oaues have 

been sassested tor this lnadequaor. 

I. PRO:POSED CAUSES FOR. THE INADEQUACY OF THE 

HIGH SCHOOL MATHEMATICS CURRICULUM 

These compla1nts against hlsh school matheme:t1os have 

been la\111ohe4 from all sides, from without ana. from wl.thln. 

ODe of the surprlsiag obaraoter1at1oa of these complaints 
ls that t.here ls little cons1ste11oy &moJlS them. The er1Uee 

plaoe \he blame for the allegedlr poor ourr1oulum t1rs\ on 
one thing, then another. 

The wide varlanee amoDg these aocu.satlons is male 

clear when one looks at several of them. It 1s clalme4t 1B 

particular, that (1) the present-dar mathematles ctllT1culum 
ls too d1ff1eult, (2) the ma\hemat1os presented in the 

ex1stJ.Ds curriculum can not be applled to real•llfe s1 
tiona, (3) the pupils have no interest !n mathematics, (4) 



the matbematlcs teachers are lll•preparect, (5) \he pap11s 

are ss.ven poor mat.hemat1oal 'baokground.s bJ the element.a17 

teachers• ana (6) the mathemat1os ou.rr1culum ls out-dat.ecl 

and at least one hundred rears beb1nd the . t1mes.1 

Perhaps these or1t1e1sms are valldi 1t 1s even eon• 
oelvable t.hat au the above· coD41 '1ona exist !n the mo4era 
Msh sobool. · It ls not,· the purpose ot the· author to 

the va1141tr of these obarses, 'but to oons14er. t.he one meat 

flmdamEmtal· faillas at the matheaatloa ·ouw1oulum la partl• 

aD4 to propoae ·an lmmedlat• measure 'o allevi.ate 
some of the detiolencJ. 

IX. THE PUl.'mAMENTAL FAIL:nJG OJr THE 

HIGH SCHOOL MATHEMATICS CURRICULUM 

It is oonte!lde4 by the author that the tumtamental 
cause for the 1nadeqQ&ey of the mathematics oarr1oul.um 1s 

the su'b3eot matter tausbt. In other wo.a.s, it is malatatnea. 

that the mathematics ourrioulwn S.s, 1Ddeed, out-dated 81'14 11 
lest one years . bebin4 the times. 

What does th1e mean? Are not t.he oonoepts of geome-

try e algebra and tr1sonometrJ used 1a modem day 11v1Dg? 

Most asauredl.J so. Bat these mathema\1oal methods ha1ie been 



1n ex1stenoe ·tor centur.ies. Geometry and ·had 

their orlslns · 1n \he e*.e'fent Greek o1v111satlon. Other 

methode of computation tausht in the high seh0o1 ha?e been 

developed throush· the ages, with \be newest ·ot these, los-
arltbmic·. coDJPutation, beins only ttuaee hum4r&4 ·.,.ears 

. ·' . 

. There V&llditJ in US1DS these ·.meaas tor have proven 

tbroush centuries. of· use. Tl1e7 · · ·time•hoao.re4 
••• • < : ••• • : ,. 

tradition sa7s tbat we mar QS(;t ·.them.·· 

• · i!&t if t1'11s same ozaitel'lon were appi1-ed to t.he ti$14 

At one t1llle, it was theN were 
,/" : ·. ' ·. . . . . . . .. · . . . :' \.)· . .. ... ' . 

onl#. n .. t,..two · elem-.ts whioh comprlsed anima\e 
arui·; This oonoept ia not as 6.a.i.,.;:-as'·the belief 

' ( • '·: :;·· ;' '; • : ' -.·f .. : :. ·:·J ' 

.Greeks that ea!\th0 atr,. ·tl(J.ter were 

ot all thlDgs, but 1n to the el:lem-. . . - ' . - ' . ' . . ·. . ' . .. ·, - . ' 

ls\J*)r. ... 1958t 1t is as ancient as ,,·the modern 

· What would the modem . be· .,_:·.; . ><. .. . ·:·:··. 
U!te · 1t· .'·the idea ot only· ainetr•two stl.U permeated 

ther ol ... _ ... om? It vould be d1ffica1t to 1mastne·. Chemlst17 
r''.-· • . 

into the chemistry course as :rapid17 as ther ·· 
1..._._\ 

·;so as not to be behiDd the times.. ObemS.s\ry ·is .not 
' ;_·· .. ·. 

a .\he beliefs of antiql11tr• 



Mew cUaooyeriee and .oonoepts. are beiDS added \o all 

soS.entlfle fields as they oecur. Wlth ·these ·.refinements, 

teachers now oan explain theories ot the atemlc . bomb an4 

the etfeot of radiation u"n sene\lo lllllt.attona. . Mat.bematlos 
plays an equallJ· lmportaat role S.n these new sc1ent1f1o 41a• 

I ' 

oover1es, but 1t.s plaoe 1s dlsJ'fJSarded. ln· h1sh sohoe1• 

Unfortanatelr • new· developments in are· no' 
added to the eurriculwn. In the past one hundred years mozae 

bas been developed ln the fields of mathematics than wao Sn 

the preoeedlng forty centuries. However, the h1Sh aohoo1 

curriculum hanss tenaciously to the older concepts of se_. 
met:ey 0 aJ.sebra and and retases te le\ these 11104• 

ern developmeate saiD aDJ hold• 1s no\ that these aew 

mathematical developments are dlff1oult.; they are ttmdamental 

to mathemat1eal knowleClse. and muoh more fundamental than the 

present hish school oolU'ses. Rather, educators do not real• 

S.ze tbe need for them.. How can they see tbls When some of 

them ao not even recopze the praot1oal appllcatlons ani 
usee of elementa17' alsehrat . 

III • THE LEADERS Dl OURRIOtJLm.t REVISIOB 

It \his basic det1o1ency ct the mathemat1os ou.rrleu.llllll 

'-s ever to be re11wed1 1t must be the matbemat1c11dla and \he 

high school t.eache•s -that will be d!-1V1Ds to:eoe 
'. . . 

1Jebli4 this revlslon• Naturally .this rev1B1on mus\ not be 



5 
macle has\117, nor should 1 t 'be made for the sake ot revls1oa 

ltself, but must be macie onlJ after detel'll1D1:na that ·revision 

will produce a 4es1red etteot and tbat there. ls a dettnlte 
aeed for the ebaDSe•' Without cons1derat1ona, &DJ 

revision ls next to 



CHAPTER II 

FRQPOSALS FOR MODERNIZING MA!HEMATICS 

If the fundamental 4efle1enoy of hlsh sebOol mathema• 

t1os is recosnlzed as the outmoded eurr1oulwn0 and lf tbls 

detection ls kept 1n mlnd, what prosrams, 1f an7• oan 'be 

1ast1tute4 to modernize mathemat1os? 

I • TWO PROPOSALS 

At least two det1n1te proposals have been made wl\h 

tbia 1nadeqa&OJ' 1n mind. They are proposals that haVe re.• 

ce1ved wlde publlo1 tr 1 both tor the prosresslveness of \heir 

cont&Dt and their unique metbo4s of presenta\lon. An 

1nat1on ot the fundamental recommendations of 1ihese two 

proposals mar prove valuable. 

oem•&sa1gg !I math'llt&os 
Fotmde4 1n 1955, the Commlsslon on of the 

Oollese Batrance Examination Board has worked constantly on 

a set et proposals foP \he modernlzation of the hlsh aohool 
mathematics ourr1oulum. Other areas of interest to the Com-

mission are (l) teaoher eduoa\1on1 (2) content and me\ho4olog 
ot proposect new oourses, (3) wr1t1DS of sample text materials, 

and (4) the publ1sbJ.ns ef prosress reports. In one of these 

reports, the following reeommeDdat1ons are expl1eltelJ s1vens 
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(1) Tbat increased emphae1s. be plactd upon "he \eaoh• 

bs of aJ.sebl'& as tb.e study ot mathematioal stru.ctUI'e sa 
oon'\rast \o the developmen' et mau1pula\1Y& sk111a aloae, ana that 1n a 11m1ted wa7 the lcteaa et mo4am mathematics 
be 1ntro4ueed tnto this 1natrttc\1on. 

(2) That' \he 1deae of -phlng oommolllt''taugh\ be· •• 
. a development of the ot 

analytic seomet17. · 
· (3 )' That ·1ncrea·sea,. emphasis be plaed upon ·dectuct11te 

reasoDins ln of mathematics other than seometrr. 
(4) 'fb.at \be trad1\1ona1 course 1rl deductive sol14 

be abandoned., bu.\ tb.Bt e"t1al oonoepta be 4e-
'Ye1eped S.n oonnee\len With \hose o«t: tb.e plane. 

(5) Tha.t. 1nereas.e4. emphasis be plaoe4 u.pon the trlso-
nometr1e tunotions and their pnper\les . as tcnetlona ot 

numbers.. wi:tb. a oonsequ.ent leseeA&d emphasis upon 
sucb computational trisonometr, ae solutlon ot trlanslea 
b7 logarltbms. 

(6) !hat emphasis be plaoei upon probab111t7 
aDd statlst1oal 1Dtereace as a tJPG ot t.h11Jkbs ot the 
sreatest 1mportanee in the wor14. 

(?) fbat prov1s1on be macle for the 1nclus1on of the 
· elementarJ calculus of pol,nomlals la the hlsll sohoel 
program, but tbat a standard course 1n analytle seometrr 

calculus 'be as a oollege•level course, 
whloh lf tau.sht ·1n high sehool ahoulct be regarde4 as a 
oollege coarse tausht to able students toz. actv•oea 
placement. 
· (8) fbat a stttdent who completes a full four-rear 

program 1n .seeondal')' sohool math•e.t1os _should be pre-
pared to take aaalytio seomet17 and calculus as his 
fresbma.n oourse.4 

One bas. DO\ too muob d1tf1cul\7 la .seetns the dlreo-
t1on these proposals would take 1f eaaotea.. fhe7 are not leo 
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Ndleal a diversion from the present eur!.cQlwa• 1D that all 

present oourses taught 1n the ourrleulwn are !he 

mo4emlzat1on tn these recommendations eomes wt. t.h the lnela• 

.a10D ot modem alse'bra in the Dlntb rear, and the more &4• 

veaeea topics of ana1J.t,1o geometry, probab111t7 and sta\1a-

\1•·at inference ln Qa.vanoei alsebra ani twelttb .Jeazt mathema-
u-.e.. The 1neorpora.t1on ot these "extra" toplee aeceaa1ta\es 

the ooildensatlon of the present ourr10ull11B b3' eltm1nat1Ds 

most . the deductive stud7 ot so11a seometnr and t-he oompa.• 
tr1sonome\J7. It should 'be noted that these reoom• ' . . 

1mp1J that anal7t1c geometz*J and e&leulue should 

not be taqht ae separate coeses, but should be included 

onlr ae a. direo\ app11eat1on of the function. oonoept.. 

Da ua&vs:s&u sL lU&aa&! 
·On the other b.ancl, the prosram advamced by the Univer• 

slt7 of., Ill1no1s• under the leadership of Max Beberman1 a 

teaoher at the University High School, and Herbert E. Vausb&n, 

a mathemat.1o1an em the unive:rs1tJ' taoulty1 is so modern 1n 

lts approach as to make the previouslJ mentioned plan look 
almost The cornerstone of the Illinois program 1s 

\he approach to mathematlos via abstract general1zat1ons. 
The program 1s extended through \he tour 7eare ot the Univer-

sity High School and 1s being used expertmentall7 ln other 
schools 1n Il11ao1e and Missouri. The general praet1ca11\J' 

ot thls prosram is not 7et known. although the work done at 
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the Uft1vers1 ty High School b7 Beberman and his students bas 

been most slloces·stul.5 

II. A 'l'BIRJ) PROPOSAL 

These proposals are oonso1eat1oualJ mad.e, aD(l 

to be valid w1 thout too. muob d1f:t1cu.l t7. 'fhe autl'lor 1s. wb.Gle-

heartedlJ in favor ot.maDJ ot these. susses\lons, bQt believes 
that too little emphasis 1s plaoed upon \he 
oaleu.lus. It ls con\ended tbat. o•le111us ·ean and should be· 

lntroduoed to the hish school mathematics stwtent at 

earliest possible momen\. 

What are the reasons. behlad this pJ'oposalt At. f'-rst 
slanoe, it would appear that the 81118estion to 1Mlt1d• cal-

culus in the high school mathematics. curriolllu ln no. 
medemlzes the ourrlou.lwn, but rather makes 1t sllsht;Lymore 

41ff1cult. 'lbls is the oase 1t. one considers oDly \bat cal• 

otllue was lDVented four. h\Ul4red 7ears ago, -n4 1a an 

topic compared to ae\ jbeory. But it does not stop there. 

Oone1der \he extensive use made of ealculus 1n maey fields 

of moder.n knowlease6s soc1oloSJ,, ps1choloSJ• physiolosy, 

SE. P. Rosenbaum• 11 Tbe 'leacl$16 ot Elementar7 Mathe-
matlea,u Sf11JD\lflg A;erlcaa, 1981 •. Ma7• 1958. 

Osoward F. Fehr1 "The Place of Anal,-tlcs and. oai.culua 
1n the Seoonde.J17 11 lJ.la 21s '011 
October, 1934; and Eugene W. B e , .D! iatb . SJ:oe JrB 
o t 1 §\udies .&a §eoodia ·acJlii!g .iD!l 8W Ye£s feao e:re=doliege, OoiUiDEi :;vers1t.jT, 
PP• "'• 
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eoonomlcs, not to. ment1on .the pb.Js1oa1 sciences. One real• 

tzes tbat in order· to communicate 1n these fields, one must 

bave e. knowledge of the lansu&Se• . Calculus 1s a part, of the 

l&nsuase ... of these fields, partioularlr on the aa:Yanoed levels. 

Thus the inclusion ot aaloulus at the high school· level will 

fac111tate ·and basten·the a.oqu1s1tion of·le.nguage.·and, ill· 

tur.n; Understand1ng of a·t1eld of knowledge. 
· · Another point to consider ·is that calculus can prov14e 

the .:easer stUdent an ·outlet for hi a desire to leiArn• One· of 
tbe tmidamental aims of education is to give the student the 

fullest opportunl\7 to lean. 1 While lt is 'brue·. that no.t 
.. 

au pupils are students, it ie necessar, that the student be 

pl'OVided tor. At the same t1me1 the pupil will'be 

b7 the faec1nation ot oaloultla to put tonh more;·ettort· into 
hts stWU.es. 

Then there ·are two important reasons tor including 

calculus ln the high school curriculums 

(1) To brlns the h1gh ··sehool mathematics curr1culwn 

more 1n line with thfb modem prosresalve age 1n which we live. 

(2) To help the stwlent satlsfr a desire tor knowlecJse 

aa4 stve the pupil a grea\er appreciation of mathematics. 



CHAPTER III 

THE PREOEDEl\lT FOR CALCULUS nt THE HIGH SCHOOL 

I. THE DOWNWARD T.REND 

If we C!tf. PedaS08f• 
one :ract espec1a11J should impress 1 tselt on OlD' mlD.ds. All 
. ! •• • : • . • '·. • ," +. • ' 

mathematical systems bave shown a tendencr to move downwar4 
. . . . . . . . . . 

ln t.he eehelon as the7 have beoome more w1del7 

Jmown. 8 'rhls bas been the case of aritbmetlo, seome\rJ, 
trlgonometrr, . alge'!Jr& and anal7t1o geomet17. When these 

fields developed, were onlr to the 
1ntellectuallr ell te. But as the seneral level. of education 

. . ' . . . . 

rose., and more of the desired. lmew1edfse 
of subjects. Thus tr1gonometz7, as the others, whloh 

was once solelr a course bas been 

1ntroduoed to the high scbeol student, aDd seems more \ban 

to remain a high saho01 level subject. 

This prect1ee bas been followed ln the Un1te4 States, 
but stopped with the introduction of tr1sonometr,. I\ seams 
rather 1ncons1steat that the trend should stop here, rather 



than continue on to 1nolude ealoulus. This ls not as 

iDS to mathematical education, however, as has been the al• 
most oomplete d1sresara tor one of the most faadamental of 
mathemat1eal oonceptst one that is to a thoroqh 

UD4era\and1:ns ot oaloultts -- the tunotion concept. 

II. THE FUNCTION CONOEP! 

One of the orles of the manr reform movements bas been 

that mathematics must be made functional. This tel'lllnolog 

can be used two wars. J'1rat, mathematics must be taught 1a 

auoh a war that the student. 1n a- course mar be 
able to use that mathematical knowledge 1n his chosen voca-

tion, whatever lt mar be. Also, the collese•boun4 studen\ 
have acquired the prerequisi\e knawle4Se tor \he first 

mathemat1ee oourae he enters at the unlvers1 t7 level. Thus 

mathematics must be taaot1onal in tbat the eta4en\s must be 

able to use S.t. Seoodl.J'1 mathematics must be tausht ln 

such a war that a, ana.% become not onl7 variable quan\1"1es 

whose values are to be determined ln a particular s1tuat1on1 

but more important beoome related ebafJ81DS quantities whose 
variation 1s to be studied. !his 1dea of \be relation aDd 

..rarlation of ohanseable quantities is known as the tunetion 
concept. This is the fundamental ooncept which wlll tao111• 

tat.e further stu4r of ma\hematice 1n tbat; a student w111 be 
learning more aetual mathematics, and will be in a better 



posit10D to appl7 hie mathem&t10S to ·hiS Gnvlr<mment &Jld fll* 

ture studies. ·The .tunet1on concept 1s, ln tact, the basle·· 
for all modern study of ma1ihemat1es as pioneered. 'b7 the · 

Franeh· in the Dineteeatb oentur.y*P 

III. THE USE OF GRAPHS 

A graph 1s a p1ctor1al representa\lon of a relaUon-

sbip between two variables. The ma1D purpose of the p..pb. la 

to \eaoh, in· a simple manner, the ldea of tunctlonal· rela• 

t1onsb1ps. lflth the· use of· peaphe, coilt1ml1tJ and irz-esular• 

l \7, of . functions are made plain. 'fhe. 14ea ot · paph1J18 ·t·s not 

to clraw an exact picture of a tunotion, but rather to sketch 

a general plotu.re of a :ruction.. This appl1oat1on ot the 

tunot.lon 1s of great value ln elementa17 mathematics where 

have difficulty grasplns fundamental notions. 

aDd should pl&J an tmportant role 1n the movement of caleulue 
lnto the b1gb school currleulwn. 

The function 1a of importance 1n the stUdJ ot 
mathematics. While tbla eonoept has had some use 1n hlsh , 

sobool mathematics. lt should be the core ot the mathematical 

education prosram. 



!BE VITAL ISSUES 

When the subJ.eot of \eaobins ln the h1sh 
school ls mentl011ed1 some teaobel" will lmmed1ate17 recall bia 

. ·' ·\ . 
college oaleulua elass, wherein \be professor expotmded the 

1.. • ' • '.. • •. , • • ' . ' 

beauties of the extended law ot the mean. or labOred tor a 
. - . . . . ' . 

oona14el-ab1e tlme over the clstence of an integtal. Wbile 
1\ 1a that a oollese mathematics know tb1a 

. ,. . . ,. . 
. , 

material; and must be exposed to lt tbrouah·: a 1'1goroua . . . . . ' ··: 

sentatlon, most oertaiDlJ one ean expee\ that Q eeventeen-
JG&r-01.4 or sirl will be able to cope w1t.h theoret-
loal refinements of oaleulus. 

Dr! D!rl&HdM 6SBMSh 
The author does not advocate the study ot the more 

ditfietllt toplee of ••lculus 1n the hlsh school, but 4oea 
propose to so further in\e the eub3eot tban sugested bJ' ._ 

lVaUoual Comm1ttee.on·Mathemat1c&1 Reqd.remen\s ln 192Js10 

'l'ha oaloulus of the algebraic polJ110mlal 1s . so simple 
that a boJ or str1 Who 1s capable of ;raaplns the 14ea of 



limlt, ot slope,. and ot veloolt71 mar in a brief time 
saln an ou'ttlook apon the field ot meohBDSos aD4 other 
exact aoleneee, and aoqU1re a fair degree ot tac111tr 111 
ualDg one of the most powerful tools ot mat'b.ematlos, to• 
sether W1 th the oapao1 tr tor solvbs a number of lnter-
estlDg problems. 

1M Dtun»gal BJ1'91'i 
The Dat1onal Committee reeommendat1on stresses the 

uU11tJ. of. mathematics, but gives little importance to the 

benef1 t derived htom the stud7 of calculus as pure mathema• 

ties. It should be noted tbatl 
The nature of mathematics ls twofold. On one side 1t 

deale with quantitative .relat1onshlps between material 
objects and thus becomes a tool·#A the "orld of ·wslness1 eoonomlos or selenoe. On the ·othw slde.s.t·deduoes theo• 
rems from arb1trar11t ohosen postulates and seeks to ear-
7!7 'beee theorems to their los1oal oonolas1ons1 pv1Ds 
but 11ttle heed to tbelr use in tbe world ot practical 
attalrs. .this point ot view belcmss w 
pb1losopb.7• . 

The b1gh school teacher tends to favor the use of 

mathematics as a tool. . This is tine, bat DOtbiDS else is 

accomplished. Mathematics first of all is a dedaot1ve sol• 

eace1 then a tool. 'lhls point shoul4 no\ be los\. Oalculas 
forms a br1dse between the two aspeots of mathemat1ce that· 

can not be gapped 1t one viewpoint 1s divorced from the. 

other. ·The study of calculus "would open up the t1e14 of 

pure mathematlos and would be read117 appree1ated as the 
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eormeot1nm 11nk between pure and applled matheme.t1es. • 11 

'l'he author proposes to include an elemental? etu.d7 of 
' the pol1J1om1a1 and alsebra1c function·, malting the studJ as 

mean1ng:tul as pesslble bJ us1ns a srapb1oal appr()aOht while 
, .. 

. to a. seleoted amount of theoi'J• 

IX • FOUR VITAL OOIISIDmATIONS 

Other coD.s1derat1ons:tban method anc1 content mus\ b$ 
made. .Asswa1ns 'hat the problema of method a,nd. oan 

be solved, there are certain· vital queet.iona that mu.st be· 
. . 

answered before the etwl7 of oalolllu.s ln the school-

could even be considered. 

(1) Will essential and vital parts of the: aistbg 

eurriculum have to be saoritioed 1n order t.o make room for 

the stud7 of calcllluat 
(2) Is the teaohins toroe of sutt1o1ent e1ze ana.· pre. 

parat1on to perm! t the 1nolus1on of o.alouluat 

(3) W'll11t be neees·sa:J:7 to re•&JT&:nse the. present 

mathematics ourr1eulum? 

(4) Does a high school student have the mentality and 

experience to profit b.J saoh a course? 
fhere are other qu.eeUons tbat ma7 be asltei ooneenlq 

ln the h1sh school• but these. totlr. tb.e · 

.·11aus1e 18. l'armer;, "The Place and 'leaoblns of .Oalotllus 
ta SeeODdaJ7 Sob.Oels," D .Ma.t.bematlcs i'eaoh&r, lOa 18'71 
Apr11, 1921• 
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ones. The less 1mpol'tant quests.cme muat remain unanswerecl, 

and be left to the hlp sohool a4mllllstraUon ana the math .. 

maUoa teacher • 

. aa B•'&ve . 9tm:as m. St6SJ1PI 
!he answer to· the first question ls slven when 1\ la 

realized that the proposed course ln eiteulus is eleet1ve. 
so \bat lt. w111 net crowd out an.v of tbcr exlstl:ns eourses. 

Bowwer • a fUll semester or so slven to 'he stud7 of oalaa-

lus !lecessltates one move. That WlU be to accelerate the 
present mathematics cvr1oulum bJ castlq ·"dea4 wood" 
and e11m1Dat1Ds dup11cat1on so that the rema1D1118 material 

m&J be s1ven 1n about f1Ye semesters. '!bls wlll no\ orowd 

&DJ ot the non-mathemaucal parts from the all4 

lt w111 s1ve the student wi\h mathematical lnteres\ an oppor-

tu.n1t7 to take up this en11shten1Ds branch. 

at, !(aloUlJ\1 IAetl'!ls1t9r 
As for the 1nstrootor0 utbins could be more dlsaa• 

trous to a new course than to have 1 t tausht b7 1ncompeteat 
teachers. Most mathematlos teaohera have stud1e4 calculus 
ln collese, and perhaps these oan undertake the teaoh1ns ot 
tb.e elements et oaleulue \o hlsh school pupils. There is a 

danser 1n this assumpt1on, howeYer, for the meager Jmowled&e 

of oaloulue required ot prospective mathe.mat1oe teaebers bJ 
most teaoher-tralDlns lnatitutlons 4oee not acquaint one 
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with -muoh more than the meobanleal operations ·or the topic; 

most of which can be forsotten too easily. With this ln m1D4, 

it ls almost imperative that the high sobeo1 ealoulas teaoh-

er have studied more oalculue tban 1a normal17 lnalw!ei ln 

the requirements for sraduation; &114 \hls atw!J sboald eom.e 
ver, short.l7 before the teacher attempts to sive a course ln 

oaloulu.s in the ·high sohool. moza sb.otlltl a teacher out of 

s)'BlP&thr with thle proposal be pressed to teaoh 1\1 DO 
.. 

ter how therough h1s education. Ia-.a small eohool, lt ma7 

be 1na4v1sable to slve the oourse. In. such t,oplca 

can be offered as part of the h1sher aJ.sebra and tr1sonomet.z7 
oourses, or perbaps 1t may be offered 1n alternate yea:re. 

at Rg&f!A garr&culg 
As to the third questions In l tself • this new Coi.U'se 

w1U not make a r...arransement ot the mathematics ourr1oulwa 

necase&l'J• One ma7 s1Dlpl7 add this extra course tor high 

sohool 3un1ors or seniors. The rev1a1on in matbemat1os1 as 
bas been said before; will rise. not out of the 1nolus1on of 

oaloulus. but from the :reoogn1tion \bat much of 'he hisb 
school prop-am is extraneous and can be easily om1\ted from 

formal 1nstruot1on.13 Part1cularl.J wl tb more Junior hlsh 

schools 11:lolud1DS the sttld7 of informal seometrr • t.he feelt:ns 
.. 

is tbat one 7ear ls sutf1c1en\ tor a siPir of both plane and 

13 at. P• T· 
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sol14 geometr.r. Algebra and trigonometr, are stlll 
but· 1s ther& justlf1oat1on· tor arb1trarll7 parcelling these 

Bou.l'ees into two• semester and· one-semester paokaies·; 

t1Vel7?; ID: \hese courses, considerable "tfe.e41Ds ·out"· eou14 

take. plaoe leav1as at least one, semester, and in. most oasee 

more one semester, tor the stud7 of oalotllus and other · 
materlal•· · · · · 

Zl\t .AJd.:J.&'z JU: lU Ds.ll· Sp)!goJ, BSSAtJl$ 
In regar4 to the tour'b ·question we· ast dlsplaee 

. . . ., 

the tear that a coUJ'se in· elementai'J' oaletllus is .anr more 
41tt1oul.t than manr topics now s1ven ln \he hlsb school 

oourse. Part1oula•1J 1s brousht to m1Dd the toptc· of tr1s• 

onometrio and equati-ons, the gentllD.e ot 
tr1gonometrJ. As taught 1n high schools, this \oplo brlDss 

no immediate :response from the students. 'l'her are not 

taught to understalld the 1mportauoe and ut111 t1 of these 

relations aad must force themselves to memoP1Se these mathe• 

matloe.l a1cls because theJ are to be -them• 
a tar oey tbls is frem the informal study of maxima and 

minima b7 st\1471118 the sr&Ph of a fmotlOll, or b:r relatlq 

\he s1sn of the del'ivative to the straight line motion ot 
an automobile. Here the stUdemts can • see11 the theo17 or 

can use their experience to benefit trom the topio. !he 
benef1 ts ot calculus are made c1EJ4rer if we inspect the re-
st4ts of an. exper!met at, the Un1vere1tt ot Iowa H1sh Sehoo1. 
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It was found tbat the stu.dents showed keen interest and were 

impressed by the pwer ot calculus• They were part1c\llarly 

struck by the ease with which pbysios problems could be 
worked and were in apteement tbat calculus was the most uae-

ft11 and belpt111 ·mathematics tool they had oome · 1n eontae\ 
w1tb.14 

Wbat do we -find 1n other eotmtries? Austna, Ger-

many, certain schools 1Dtroduce anal7\10 
geometry ln the eleventh· rear, and 1n some ef the a.dV&noed 

Germart .and Austrian dlfterentlal ealo\llus is dwel• 

.. oped and. applled to physles ln that Je&r•l5 the twelfth 

the schools ot Denmark, GeJ'fi&DJ, Belgium• swe-

den, France and Russia and others offer differ-

ential and integral 
mo one believes that the mind of an American routh 

does not equal that et h1e European cousin. His sehool rear 
mar be shorter, his earr1ot1lum less S.nt.ense. h1s teaohers 

leas well-equipped; b.at he certainly· has \he power to 

·de 1n the eleventh aDd twelfth ,ears what the European JOUth 

1n those same )'ears. The European routb in hls twelfth 

year ls on the P8.J' of an American oollese sophomore 1ft re• 

141\loJ"Clgaard• ni!ltroducW:ey Calolllu as a Hish School 
Stlbjeet;*' P• · 95. · . . · 

15zames E,; Russell, i•Hft lUsh!§ SeJaoe&a (New Yorka 
Lonamans 0 Green and CoJJll)arlJ • 9 ) • p. 21. 
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spect to soholast1e achievements thanks to better trained 
teachers and an intense. well•plenned curriculum, but· that 

does not affect his t18.t1• ability. *111 ot the hlgb sehoola 
ln Europe are. h1gh1J selective' and thus do not haV$ the .. : 

cross•aect1on of pupils as do American sohools. · Bow• 

etrer, the ealculu.s in Germany and France is requiJ'led ot all 

the calculus ·we propose is elective, designed tor 

the matbemat1cs student. These .exaot17 _,he stu• 
dents that enroll in \he present elective eleventh• and 

mathamatlos oours$s, thus we are, 1n effect, 
. the ·proposed calculus course for th• present. stu• 
4ents·ot biSh sobool 



CrAPTr:R V · 

THE DEVELOPMillT OF CALCULUS 

m THE SECONDARY SCHOOL 

· .. For a more thoroush ·understanding· of the: aase .tor. 

calculus. 1n the ·high school,· perhaps a look into· the h1ator-

· deyelopment of this subject 1n the second•J7 1s 

111 order •.. 

I. !HE HISTORICAL DEVELOPMDT 

EH£9!2. · 
·Europe was the oardle ot modern mathemat1ea, and as 

smob1 was first realize the benefit that the study of 
calculus b1Sh eebool can brlns. Let us look at only 
a tew of the countries that have pioneered this movement. 

IPD'I•lT In the seoonda17 schools bave been 

slvlng work in oaloulas tor over one hundred and fifty rears 
tmder alstJ?r; and aglxsg. For a lons t1me, bas been 

slvlns a claaa1oal and se1entlt1o course in the years 
ot her secondary schools, and bas encoure.sed a desree of 

epecla11zat1on 1n the twelfth rear that 1n most coantrlee is 
permitted only in the un1versit7• The direction of the sec• 
ondary mathematics ourrloulum has been s1ven b7 tbe exaet1Dg 
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mathematical reqt11remen\s for entrance to Freneh so1ent1fle 

schools. School authority bas been .blshly oenva11ze4 and 

ls directed from !his possibl7 acooun\a for Franoe 

belDg the first oount17 in the wo:rld to inelude work 1n cal-

culus as a resular and required part of the Cl.U'J'ioulum 1n 
0 0 

her secondary scboola .. 
·, 

In the last quarter ot the Dlneteenth centarJ a mOVe-

ment grew which would result ill oalcul11s belns stu41ed by all 
• 0 

students. and not by. just the superior. correlation of ma\he-
• 0 

' 0 

mattes wlth the seienees. the unlt1oat.1on ot the d1tferen\ 
0 0 

branches or mathemat1es, ana. a psychological P&thw than a 

logical approach to the different toplos were being agitated. 
0 • 0 

Above all the function concept was to be made the eore ef the 

new mathematics lnstruotlon. It was from th1s idea that the 
0 • 

question ot teaching caloulue to the non•spee1al!a1ns 1 non-. . 

had its beslDD!ns, l:n 1'1-aue as 

well as ln countries. 

Since French schools teaoh all their mathemat1os ae a 

un1f1ed oourse1 the,y .found an immediate use tor oalculas. 
especially in t.he1r work w1\b algebra, and this work hae been 

0 0 

,. . 
in the algebra texts. Ev'en 1n branches that are 

not· tee close in Wllon w1 th calculus 1 1 t hae been · use-
• 0 

tul. 0 both in app1$cat1on in. Scbolastio s.tandards 
are high, and the number of successful. mathematics students .. 
ls equally high. 
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Gerpy.18· xa German7• t.he s1tua\1on provea.· to be· 

fhei'G was no stroq centrall7 41recte4 force pre• 

sol'lblrls the eurrloulum• althousb as tar back as 1816. \he 

ourrloulum for seconda17 seb.ools 1nolu4ed anal¥t1o seometry · 

and ·calculus. Tbls· 41d ·not prove· to be of a111 benefit.• ·.how• 

ever, for entrance z-equ1rements to the tm1vers1 ty were much 

lowes- than the acflvanoe4 courses prov1d.ed 1l'1 the seooDdary. · 

sohoole. The un1vers1tles were b.oetlle to the teaohirls of 

· oaloulus 1n t.he hlsh sehool aDd lnstruot.lon 1n lt was ao\Q• 

allr·torbldden. 
mot until the· time the French began to "push" \be 

ttm.otlon· ocmcapt 414 the Germans begin to mate extensive ase. 

of ealculus 1n the aecondary schools, bu\ onl7 1D a cUssule-. 

ea foftl b7 making use of the tunotlonal properties of ooDios. 

GractuaU7 t.he tunotlon conoept worked 1 ts wa7 down from the 

higher elasses to the lower classes. At the turn of the 

twentieth oentuey Felix Ine1a began t.o take the lead1DS role 

in tbe reform of matb.ematlos teaohlns t.hroqshoat the·world. 

ne1n 1 s urg1DS . ot the use of functional th1Dk1DS reaul ted ln 

a proposal to teach all mathematics from the tunet1onal vlew• 
pola\ and that, au Dine-class Gen.an schools should have \he 

elemeat.s of oalcu.ltts tausht in them. These proposals were 
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adopted br fbe.soeletr of Natural Solentiete a' Meraa to 
1905. One resul.t was that the Prusalan minlstey of eduea-

tloa permitted t11fe n1ne•olass schools to experiment. Other 

schools shortly followed this ·example, and :now lntroduetort 

caleulas is tausht in· the eecoJldaey sob.aols throushout ,Qer- · 

many .. and Austria. 

lgla!¥1.1' the eentUl'J' strons• 
er publlo schools of England were otfertng s.peelal 61asees 

, 1 o , • ' > t I 

ln ln the upper forms for bo7s raDS1!21 from 

seventeen to nineteen rears ef age w1 th some 
ab111ty •. These were plaDDlras either to compete tor tbe 

tm1vers1ty to take the &J'1117 ent.rance examllla• 

Uoa, or were prep&l'1JJ6 to take up . ens1aeer1JJ6• 20 The 

oourses were much like the 
toun4 1n American eolleses and un1vers1 Ues. 'fhe movemen\ 

to calculus to a wider selection of stud&Dts at a 
lower level followed. much the same steps as were encountered . . 

la Fr&Dce ana Germanr • but there was a ten year las behind 

the leadership of Franee. 



In 1914 several sob.ools were g1"1ns introduotort cal• 

otllus, · prlmanlr· wsl!ls · t.he polJDomlal functt1on.. Tb.e t.eaoh-

lDs was not exhaustive, nor exeeed.1ft8l7 rigorous, but ooneot. 

There has been· no backward turn in thls movement 1n EDslani. 

The poliOJ 1s not deereed to ·the Ens11sh sohoole bJ a oen.· 
tral ministry.,· but must be determined by popular an4 proteus• 

e1ona1 d1eouss1on. .1s; beoomins quite ·general 

in both EDslaDd and Scotland. Australta also S1Ves the 
1n oerta1n schools as does oanaaa, the latt• 

ls soverned much by the attitude in the UDited, States. 

!1!1. JJaitd @\@t;ea21 

The teaebbg of elementary ealou.lus the hish schOol 
atd net, become a live issue untll about 19200 despite the 

taot that the 1ssue was pat before American mathemat1os 

teachers az-ounct the tum. of the oentuey. The leader 1a \his 

Professor E. H. ot the UD1versity ot Cbloaso. · 
Almost prophet1oa11J Moore discussed the problem of 
secondal'f and higher eduoat1ono otferiDS solutions 111 .1902. 

have beoome realities toda7 0 suob as cor.re1at10D of 
Jects, urdt1ed ooursea, laboratoey methods, Junior collesee, 

train1DS• But his sussest1cm to t.eaob ln the second• 
: ecboC)ls t't!-e advanced courses . of tr1gonometey, 
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seometey ·ana.· caletlltta. ·met' wl th less ·rerapQns..-the · oalcUlas,- · 
, . 

· )Jot· tor several: rears was the attempt ·mad• ·to' .. \eaoh ·· · 
oaloulus· and analytic· geometey 1n 'the hlsh·, school. 

Btat prof3ress was beiDS made. In 1916 the N•tional. Oommittoe 

on· Hathematic'll Requirements was oreatea. It lab.ore4· trou1: · 

1916 .. to 3,.923 aftd produced, monument41 workt, · 

, . fb.e National Committee recommended that element&J7 
. - .. 

ea1eu1tta. be offered- ·as an elective 1D the blah· school .. 

It. made clear that· ealoulus· is not latended for au 
sohools nor for all teachers or all pup1·ls 1D &DlT school. 

!he Conimittee Jti'sUt1ed the 1nelus1on ot tbis "coUese eourae" . . 

1n the. h1gh sohool. eurr1ot1lum notlDs the of the 
-

oourse. It proposed that elementa17 oaloulue be 1D.Voduced 

b7 etudJlng rates of change. 
In nature au th1D8s change. Bow much do tb.GJ ohanse 

ln a glven t1me' How fast do the7 obaDSe7 Do the, in-
crease or decrease? tlhen does a quant1tr beeome largest 
er ·smallest? Bow can z-ates of obaqe be eolllJ)&I'G4t · These 
are some ot the questions wh1oh lead u.s to stWiJ' :.tho el..-
mentaey calculus. W1 thout .1 ts essential pr1nc1D16s these 
questions cannot be answered With det1n1tenesa.z2 · 

AeoordiDS to the National Committee, the elementarr 
calouiu.a shollld ineludea 

(1) The general notion ot a derivat1ve as a 11m1\ in-
dispensable tor the accurate expreea1on of euoh tundamen• 

... 11!he :National Comm1ttee ot ».Iathematical Requirements, 
a1l• Jdl•, P• 40. . 



·tal quantities aa veloc1t7 of a movinc bod7 or slope·ot 
a oQJTe. 

(2) App11oat1ons of derivatives to easr problema ln 
rates and. 1n· maxlma and m1n1ma. · 

(3) Simple eases of inverse problenuli tor example1·'. 
finding trem veloc1'7• 

(4) Approximate ·methods of ewmaa'loa leacUDs up to 
tntesrat1on as a powerful method of swamation. . 

(5) Applications ta
3

s1mple oases of· mot1on, area, 
volume, and pJtesaure. 

These reoommendat1ons the seaeral I'W'l of mathe-. 
who bad followed 4eve1opmeats in European 

sohools. they d1d1 however, slve to mwements al• 
. . 

reaa., b !he teachlDs: of calculus _co11ese 
at the M&seaohusetts Instlt• of Teebnolos7·ana. tb.e· Uni•· 

vers1 ty of. Rochester a and experiments. \ion wt th seoondar, 
sebool oaloulue at the laborat017 sohool oenaeeted wl'b 

Teaobers OoUese, eolumbla UD1verslt,-.14 

:tl. EXPERilmtrrAL PROGRAMS 

IN· 'tHE TEACHING OF CALCULUS 

from these besbmiDS& in 1923, · calculus 1ft \be h1sh 

school has son• pa1astaklns17» eve..,eo•slow17 forward. X• 

t.he ear11 allleols two plaas were used 1n otte,.J.ns ea1ou1aa1 
. ' 
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The t1rst was to employ the methods and nota.tlon of calculus 

bl some other course such as algebra. This wae basically the . . 

plan used in France. The other was to otter a oourse in oal• 
eulus as. staoh· us1Dg what ever blook ot was ava1lab.1.Et• 

!!lafiU:li:.YH£S 
. D! -oe - !£ e5 llcmee:r work 1D 

. ' 

field . was done b7 Mtss Vevla Blair- la· the Boraoe Mara 

School toP Girls. First o:rtere4 1n l921 Bil4· contllllled slDce 

then,· oourse has been a · sentor eleot1ve. · !he sroupe are 

eollese._preparaton, meet tlaree periods a week use no· 
text, although material ls drawn from several· texts. The 

oovers the dltterent1at1on of the funot1oae f(x) = a'!, 
t(x) = 111'0 f(x) = u/v 0 f(x) =sin x. f(x) = cos x with prob• 

lema on rates and maxlma and minSma. In 1ntesral aaloulas 
the7 \ake up the .. problems of area. volume, work and tla14 

pressore. d1tterent1at1on the llm1\ of d1ftioultr 1s 
found 1n the development ot the r-tacLal11'1n series expansloa 

for sin xt 

3 . T s!nx=x•!f+.,._.a.:.+ • • •; 3. 5· T! 
aDd 1n integration the 11m1t of 41tt1oult.y may be totmcl s.n· 
e&leulatJ.ns the Volume of a tOl'US made bJ revolv1Jaa the 

o1ro1e x2 + (J • T)a = 9 about the x-axls. 

as · Ib&#• • PP• 91•2• 
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Tne Sgb.ool at Te@ers Collese. 26 The work 

done 1n the Lincoln Sebool o:r Teachers College was led by 

Dr .• Vera Sanford. 'rhe experiment was in ttiO parts, the first 

conducted tor three y-ears on eleventh graders. bctb. 
good and poor students, at the same time algebra and tr,igono• 
metry were studied. The work trae not eleot1ve, btlt was 

needed for college entrance. 
Rather than ·borrow. t1me, as 1 t . were • from tr1sonometJ7 

and e.lsebra, the calculus course was offered as a sen1w 

elective for the second part of the experiment. The actual 

work 1n calculus besan with the twelfth :rear and covered 

roushlr . the first semester. The key ldea was the ex\enslon 
of the function oonoept to that of the rate ot change et a 
variable quantity. This led direotl7 to the 1ntroduot1on of 

the derivative and 1ts appl1eat1ons. The indef1D1te 1ntesra1 

as the inverse of the derivative was used for areas, 
volumes, momentums 0 force and work. The last semester of the 

senior rear was given over to the study of advanced algebra 

and furtber woz-k in tr1sonomet17 • u.sing methods of caleul.lae 

whenever possible. 

Wt.Slelf&h ltsll §cb!96t ;ew XSI!:k•2'1 For some rears, 
Mr. John Swenson ot the Wadleigh Bish School of New York baa 

tried the of combintag calculus with advanced al• 

2? lltli• • PP• 
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sebrat trigonometry solid geometry. Differentiation an4 

integration of pol111om1a1s are introduced in the latter halt 

ot. the advanced aJ.Iebra given in the eleventh 7ear. · t.rne d.ezt1• 

vative is u.sed to t1nd maxima. e.nd minimat to obtain equations 
of tangents al'ld normals to conics, and to the points 

ot inflection ot a· curve. Areas are obtained b7 tntegraUon. 
IB the twelfth y•r the treatment of 1ir1gon,metrio tanotlons 
1e expanded by using trigonometric substitution to tntegra'e 

integrals. Wblle stWiy1Dg solid seometrr, 1n\e;ra-

t1Qn is 'lltJed. to f1nc1 volumes and surfaces. 

::11! Jlnlvet.s1ti Blsh At. 
t.be.Unlversitr High School of the Ualverslt7 ot·ca11fom1a 
twelfth year students a coarse 1n caleulus comb1ne4 

w1 th solid geometry. The tenth year • s work includes ot. 
plane geometry and .t1ve weeks' work in solid seometJ7, with 

emphasis on the latter be1DS computational rather \han demon-
. . . 

strat1ve. The year's work includes algebraic theo17, 
and. some work in the D&t.ur&l sciences. In the 

tall term of the senior year theJ take up elementar,y caloulas 
aDd the more. demonstrative parts of sol1d seometrv. About 

ten weeks is given to \he study ot calculu.s 0 since consider-

able aol1d geomet17 bas been studled 1n the tenth 7ear. Anal• 

yt1c seometry ls offered the second semester of the senior year. 

28 . . ; 
Pd..4•, PP• 93-4. 
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l!l! Yrdrxern1tz llsh sg}lool at * YD&t•rg!Sz. at !a!• 29 

The marmer 1n whleh a course 1n oaloul.u.s was irlausuratea at 
the UD1vers1tr High Sohool, Iowa Clty otters a sooa example 
of what mar bte expected at other sohoo1s wbloh att.8JDJ)t this 

J'e1rls1on. Here there was no fear about ofter1ns the eourae 
tor the value ana teaslb111 t1 ot such a oo&rse seemed weU 
established to those 1n oharse. The problem was to tlt. 1\ 

into the sebool 1 a needs and resouroea. The· enrolled elass 

was a select group--seleeted, aot br the school, but br 
their own interests and abilities and tuture.plans-.wbioh 
wan'ed an advanced course in mathemat1es. The course ooa14 
bave 11e bearlDS upon oollege entrance tor the students bad 

tbree semesters of alsebra and provision had been made tor 
ee114 seomet17. !hey wished to have a oourse that would be 

of •alue to them 1f they d1d not take up college work, aDd 

wb1eh shot.Jld help them 1n \heir work 1n mathematlos1 in sol• 
enoe, or 1n eDS!.neerlDS ln oaee the, wen\ to college. The 

school bad formerly stven a toarth semester ot aJ.sebrat but 
1 t was decided to aubsti tut,e a course 1n elementa17 oaloalt&e 

aDd related material. 
The teacher bad muoh else to 4o and had not bad an, 

experience 1n caleulus. It was decided to ase a 

basic textbook and to cover ln flve dars a week for a semea• 

29 :nd.A.• • PP• 



ter a .less.. wbat. eollese. th• .sam•· 
text cover 1D tour d.ays a week. supplementary matenal h'Om 

other \exta· was u.sed• bllt 'he order of \he baa1o tot was 

i'ollowect. 

!be bls\ruotor reports that the students sbowed keen 

interest and were impres·sea. by the power ot the DStf' mathema• 

t1os. The students were overwhelmect by the w1 tb:. wbloh 
peya1cs problema coald now be worked,. anci were in asreemen\ 

that 1t bad: been the most useful and helptal matbemaUos 

eourse tbe,J had met. 

AI Iii DQMlD i&S!l Sebop:)a.30 In 1922•!3, the seDior 

high school 1n Bew Brlta1n0 Ocmneotiout, began S1V1ns elemen• 

ealeulus as a elective, to11ow1ns eloself tbe 
the mat1onal Oomm1ttee.'1 The poller 

was to gtve no marks ana. no assiSflDlent.e. Enoqh theorr ana 
exero1ses were slven to prepare the students tor the solu\ioa 

. . 
of a set of prepared problems. The maln topics considered 

were variable rates of mot1on, maxima aDd m1n1ma, an4 areas 

and volumes. Mr. Goff, the lnstruc,or, m1meosraphe4 b1a own 
text for the course. 

30aobert R. Goff, "A Few. Lessons ln Calculus tor H1sb 
Sehools," 8i1 BtJaa1;1es tt••hfJ'• 151 301•80 M&Jt 1921• , 

' 1cr. PP• 14•5, 21•8. 



fJeut)! §&4! I!& agyol, H!ii.rlJ·, lei At. the 

south Slde Hisb 1n Newark , Howal'd F. Fehr,. present 

Head0 Dep&rtmen\ of of Ra\hemaUes, 'feaohers 

Colwab1a.Un1ve:rs1\J·• used a lB \weltt;h rear matha. 

mattes that· incorporated trisonometr)', advanced alsebra an4 
ealoulue. The topics s\wlled 1n calelllus. follow the same · 

pattern as the mat1ona1 Oommlttee•s recommendation· ot 192,. 
In. an artlole wrlt,en after the use ot th1a OUS'r1o\llwn· tor: 
two years, Mr. Fehr reports'' thatt 

(1) A stu.Clent who has acqttirecl the ooaoept of tunet1on 
ean more readllft vlvldlJ, and 1nte1UseDUJ applrlt to 
the study of physical phenomena. 

(a) A st-Udent "oosnlzes 1n, the calculus a·. tool 1n-
dlspens1'ble ln modern enstneer1D8 8Jl4 and ls the 
mere ajJprectattve of the modem scientiflc aoMeYemen'ts 
whleh he enJOJs• 

(3) A s\udent familiar w1 th the notation and simple 
operations ot cooJ'd.taata geometrr am\ ealculus who does 
not oont1Dtte his edu.eat1on ln b1sber 1nst1tut1ona can tar 

.more read11J pursue the sabJeot without classroom· 
t1on, wbile the student who does so on to eollese adapte 
himself more J'ead1l7 to the new ·methods ot presentatloa, 

( 4) A s\U4ent taml11ar . w1 th the ftmCtion ooneept 
general metbo4 ot attaok1DS seomet.zato problems 1nstea4 it 
the 0 B&S of Trloks11 which he used 1n EuoUdean seometrr• 

<s > .As a oh114 r4atu.res so should. M.s 1a.eas ot algebra, 
geometJ7, and trS.gonometrrJ and tllls srowtb 1s best ob-
tained tor hlm b7 showtas their app11oat1ou tn the hlsh• 
er ._ranches. ot matbematies rather \ban in advanced parts 
of tbe same fleld. 

,·.--
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(6)·.A b.f14 such a. oo.-ee can read books 
and teelml·oal papers on recent sc1ent1f1o developments 
wlth better Ulderetandins• 
. (7) 'lbese simple· ·methods of the seemetJ7 
and the ealoulus UDitr the mathamatloal tnowle48e ot the 

· .· s'wient· slncur they make 1B41sortm1nate use of praoUoal• lr au the mathemat.ies the stwlent has prwlously learned. 

Thls surrer of the historical and past. 
. . 

experiments 1n teao'b.lJls oaloulus 1n the seoona.ar, sob.ool 1s 
' . . . 

far from exhaustive, but 1 t should present. a cross•seot1cm 

of . those expeJ'lmeat.s, wh1eh have tlefift tried. Bel\her does 

tbls or considerations oomplet.elr Just1'f7 \he la-
elusion ot oaloulus in the high sehool etDTiolllum. · One· 

tb1DS is apparent from etudy11J8 the reports ot these exper1·• 

mentst the more able mathematios students are able 
the ftmdamentals ot oalcul.us and realize that 1n ealeulu.s 

\heJ have found \he most powertlll mathematical tool they 

have yet encountered. Is lt, asking too much that these ez .. 

per1ments be conducted on a wider seale on sroups ot stu.-

dents of a wide ranse of mathemat1ea1 abili\y? It the7 can 

be taught to. reco6J11ze the power of this tool aDd ean under-

stand the fondamentals, th1s is not too sreat a loe4 to 
tmdertake. 



·oBAFTBR VI 

A PROPOSAL 

Throughout the preceding five ohaptel"s; mention bas . 

been made ot the.autbor's proposal for the teaob1ns·of· oal• 
oulus 1n the high so.hools, but nowhere has this propoeal. · 

been given. !he purpose of th1s chapter is to 
' , , ' I • ,.1 , 

present these recommel!dations, and oonslder the . . 
the the content, and the methods of this sugsested 

course 1n calculus. 

1. THE BAOKGltOtml 

Stud,- of trends, exPeriments, 
and conditions reveals ao less than tour er1ter1a upon whlch 

the teachlns of oaloull&s in the high school c41n be based, at 

least partially. 

1. Caloulu.s has been taught for many years 1n the 

secondary schools of Europe to students of ability equal to 
that of American students without &DJ adverse ei'feets. 

a. SmaU soale experimentation in the teaeMDs of 

calculus to American routh bas shown that tb.e pupils have 

been able to master the elementar, coneepta and o,perat1ons1 

have recognized the importance of this mathematical 
tool. 

3. Other· mathematical subJect me.\ter tbatt like 
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ealelllus. was oace thoQSht to be un1vers1ty•level, us, with 

suecess, been 1ntrodueed to the seconda17 eohool mathema.tlos 

otDT1cu.lwa. 

4. The 1nolasion of oale·ulus in the seconda17' school· 

has been advocated for marq )'ears b7 the wor1a•s 

leading mathematical 

II. THE VALUES 

Certaln valttes, many of wb1eh may be 1nest1m&ble, ean 

be· realized from the stUd.J ot ealcalue ln the high school. 

1, Oaloulus ls a valuable tool 1n m&DJ t1e14s of 

eadeaYor1 the 1nelus1on of calculus early the curriculum 
will taeilltate the learning of these appl1ed t1e1ds sad 

will provide a more meaningful leamlDS experience. 

2. Young students of mathematics Will be ps-ovlded 

a greater oppol'ttmi\7 to understand and appreciate the 

lmportanoe of mathematics in modern-day Uvirlg, alld Will 

be sJ.ven a deeper 1Dslgb.t lnto the nature ot. matbemat.1os. 

3. The study of calculus 1n the seeondaJ7 school 

will accelerate the 1earD1ng of those students prepartns 
for a scientific vocation and will tbas provide the o.ppor-
ttm1ty tor \hem to be released lnto soo1&t7 With a greater. 

lalowledge. There 1s a definite posa1b111t7o also, that 

these people mar be de11verea to the eommanstr at an ear-
lier age1 so that they can prov14e humaD1t.y wtth p-eate:. 

serv!ce dur1DS their J'e&I'S ot sreatest produot1V1\7• 
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4. Calculus can sene as the UD1f71DS eo\lJ'Se ln b1sh 

sobool matbemat1os, for it makes use of all mathematics 

previously learned ln school. Fur\het"l11ere. 1\ serves as the 

oonneet1as ltnk between pure and applied mathematics 
because of wbloh this first 1ntroduct1en to tbeoret1oal 
mathematles can be made meaniDsful by the use of appl1• 

cations. 

III • THE COlTER! 

Wb11e the content ot tbis proposed oolU'se is ou.U1ae4 

at length 1n Chapter VII, a brief preview of th1a eonten\ 1a 

1n order. 
1. The differentiation of the algebraic tunct1on. 
2. The 1ntegat1on ot the alsebraia pol71J.0mial. 

3. Elemen\817 appllcatlons of ealculu.s. AmoDS these 

applications area maxima and m1n1ma 1 elementar, CUPV'e \rao• 
iDS·, rectilinear motion, areas and volwaes. 

4. While the subject is not 1noluded in the proposed 

syllabus, differentiation and integration of \r1sonometrte 
tunet1ons, with appropriate app11oatlons, could be added bJ 

the teacher whose students are sutf1o1en\ly prepared. 

'I'HE rvtETHOD 

The methods of teaohiDS a h1Sh school subJect are• 

nshttl1117t the teacher's own trade secrets,. so to speak. 
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Ae such• .ve"l"J l1 ttle ean be . sa14 eoacerrdas the apeoitio · 

metbocls one should ;use 1n teaoh1Dg oaloulu.s. cer-

tain ·principles ahottld be followed b)' the teacher who 1s 

offering a course in bish school ealeUlus. 
Since most present b.1$h school mathematics students 

are·Dot sutfio1entlJ mathematically mature to understaD4 a 
r1soroue 0 theoretical approach to oaloulus, a psJob.oloeioal 

rather than logical presentation must be utilized. llherever 

possible, theory must be related either t,o exper1enoe or to 

presentation. In th1s wa7, learning exper1ences 

w111 become more meanine;tul, and lmowledses oan ·be acqatrea 
muoh more rap1dl7• 

The proof of esaemt1al theorems, however, will not 
be overlooked b)' assuming a more 1Dtormal approaeh. Rather 

than neglect the proof of an important theorem, the teacher 
rill be asked to argue trom a geometric standpo1n\1 lf at 

&.11 .possible. Othertdae, it w111 be tha\ the t,eaoh-

er explain to bis students that the proof ls too mach for 

\he present level, and must be· a.sswaed to be va11a.. !his 
assumption, however, does not mean that content will be pre-

sented from the standpoint of rote 
The content included in the proposed course tor hlsh 

school calculus 1s outlined in Chapter VII,. While 'he eon-
tent. ls so arre.J26ed that 1\ co\tld be taught in a separa'e 
semester course. this is not the onl,- reason tor the slvea 
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&ITBI'JSeJJlent. The author reallmes the 41tt1cult1es \bat ·oaJl· 

aJ'ise from \he PftJposal· to 1noltlde calculus. in the h1gh 

school curriculum. V11th these 11mitat1pns 1n mind;· he· 

envisions the·poss1b111t)' of 1noludl:OS toplos trom·the 
SJ'llabus ·-1n other mathematics courses, rather than· otferins 

a· ;separate elective course. ·It this case did arise., t.he 

tOpics itt the syllabus oould ·be· taushii ln these other 
courses as the teaoher so determines• As an example, the 

author susgests that, the subjeot ot 8J'&pbing the llllear 

bJ as1ns the d1fterenoe queUen\ oollld tle 

duoed to a class 1n first year algebra. 

·A.s a final. aid to the teaoher, the aa\bor etr.tD817 

Bt18Seets that the teacher who plane to ofter.aoourae·1n 
high school caleulus frequentlr refer to his oollese anal• 

ytic geometry and oalottlua texts to refresh b1 s memory and 

further his understanCliDg of the elementaey topics. ottt• 

ll.ned this paper. 

V • A WORD OF CAUTIOI 

The .point dOf)S not need to b.e pressed that aU S\\1• 

dents will not be able to achieve a h18b · level of UDderstaDd-

lDs 1n element&ey' caloulus. Few students who aebievecl the· 

enviable record ot "straight A" in high school ma\hemat1es 

have been able t,o achieve equal suocess. 1n collese caloulu.s. 
A student who does not earn such a record in hlsh sobeo1 



caloulus should not be punished sfRare17 for b1·s laek of 

1\7• Far more advantageous to the stu4en\ and bumeai'J woulcl 

be the pol1ey ot gu1d1DS tbis student.ottt of mathematics 8Di 
lnto a field more commensurate to b1s abill\les, perhaps a 
field 1n whlab mathemat1os plays a 11Jn1ted role. 

· mes. ther shOuld the teacher ·expect the work o.f all 

b1gh· acbool students of caloulus to be as thoroush·as that 
of the collese student. Thoroughness, cenoiseness. $114 ol&r• 

1tr of expression come only with experleneeJ this experience 

ean not norma.U;y 'be achieved b7 the .sen1or yea!' of high · 
sohool. The mathematics teaober should aot, however, aooept 

major omissions under this cri tertoD.. \fork must be complete 
to the extent of the presentation to the students. Thu$1 

for example, the teacher must eons14er that 

ts ·tnoorreot, to:r the concept of an add1t1ve constant ln aa 

latesr&l is fundamentally simple. followiq tbe same er1-
terla, ·the -teaent that 

lim 1/x = oo 

·ts a perfectly lesit1mate .statement. despite the tact that 
noth1DS "1s equal to" 1Df1n1ty, provided that the teaoher 

bas taken the appropriate precautions in explaintmg the eoa-
cept of 1nt1D1 ty, and. has, w1 th equal d1soret1oll.; defined 

the symbol OO'• 
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The hlsh school calculus teaoher: must be prepas-ea.. 
Under no oircumstanees shottld he to teaeh tba\ 

material which he himself. does not fa11J' UJ14eretand. 

resa.rd this rule; can lead oD11. te sross mts• 
.. on the p&J't of the stu4ent1 and can do 

notb1DS bat. .corroborate a feel1DS college mathe-
matics · t,eaob.ers that high sohool teachers are 

lnoompetent. 



It 1 s the autboJ-' s 1ntent1oft to give the reasons . wbJ 
ea+eulus should be taqb\ to stua.-.ts 8.D4 
propese the topics of a blsh school ••se, .. ani not. to 
a textbook. on calculus. Thus, these \oplos as 1a 

this are 1n skeletal outline torm. The more impor-

tant theorems bave bee stated at leDSth, and lt bas beea 

assumed that the teacher well•enousll 1Dtorme4 \o teach hlsh 
school. ean refer to hls oollese oaloal.us text or 
aa, of the mam, excellent texts listed in the b1bl1ograpbJ 
to· this paper 1n order to :f1U 1n the deta1lll• 

The. eonteat as outlined here 1s mere than. m1nlmal for 

moat· high school a\tldents, but lt ls also ut maximal. 

Omitted from disouss1on are the more advanced toptea of dit• 

terent1at1oa sueb as rates of ob.a:age and appox1mat1on bJ 

dlfterentlals and of lntesrat1on as centroids, tlu14 pres• 

sure ana altlple 1ntegrat1on. Furihermore. the d1tteren-
tla\1on aDd 1ntesrat1on ot traneeeftleatal tunct1oaa have, 
wlth full lnten\lon, been omitted, tor the author believes 

that the superior high school 1s not mathema• 
I ' 

tloally mat.ure tor an adequate disctasaioa of these topioa. 

Before the stud7 of calculus properlr besln, 
there are certain prerequ1s1 te el&JifDt&rJ knowled&ee that 



must e1 ther be recalled or leamel.- Wblle 1 t 1s possible to 

introduce lll8.DJ of these ttmdam.entals at other in the 

development of oaloulus, the7 are grouped .tn tbe bes1DD1DS 

for oonvenlenoe. Those ftmdamentals nee4e4 later can then 
be reoalled. 

I. FQD4amental oonoe.pte 
A. Variable 

1. Defird. t1on of var1able 

a) Diserete 
I 

b) Bo\Ulded 

c) IDflDl'e 

d) Finite 

B. Fuaotloa 
1. Definition of tanetion 

a) Illdependent variable 

b) Depelldent variable 

a. Det1D1 tlon of ra:nse 
a) S1DSle•valued fUDCtion 

b) Mul t1p1e-valued. t&mCtS.on 

o) Bounded 

4) Inf1Dlte 

e) F1D1t.e 

f) Dlsorete 
C. Funet1ona1 notation 

1. Even function 



2. Odd tunotlon 
D. Fanotlons of more than one variable 

E. Alsebraic t.rane,.at1on 

1. Det1n1 t1on of locus 
2• Det1Dlt.1on of alsebralo translation 

a) Formation of a function 

b) 011anse ot variable in a funot1on 

!he stua,· of oaloulus 1s dependent upon the DO'ioa at 
the increment of a variable. This increment t.a spbolloallr 
represented by use of the Greek lettex- "Delta, 0 6,. In Wa 
seetlon, many use·s are made of the operator 

11. Intro4uot1on to the inoremen\ 
A. Linear function 

1. Detla1 tlon of linear function 

2 • BalDing of linear function trom eraph 

B. The operator /1 
1. Det1D1t1on of the operator 

2. The dlfterenoe quot.1en' 

3 • The 1norem.ent of a variable 
a. The use ot the difference quotient in sraph1ns 

1. Slope of a 11ae 
2. Ansle ot 1no11:naUon of a 11Be 
3. Equa11\y et slope, difference quotient., an4 

tangent of aDgle of 1nol1aatloa 
If... Slope-interoep' form ot llnear tunetten 



D. The atstSDCe ·tomula 

B. Inoreas1Ds ana. 4eoteas1ms 1laear ttmc\lons 
1 •. J>et1Dit1·on of 1noreas1D& ttmo\1on 

2. Det1D1 t1on of deereas1ns tunotlon 
F. The quadrat1o function 

1. Det1D1·t1on of quadratic ·tunctioa 
2. Graph· of tunot1on 

3 • Tangen\ lble 

4. D1ftereDOe between slope of secant line and 
taDgent llne from the.· same· poS.at, · · · 

a) Slope o·f secant line approaches .slope of 
'UJSellt line 

5· Def1D1t1on ot slope of a curve 
o. The cu'ble flUlOtioa 

. 1. Def11Ut.ioD. of ouble funat1on 

2. Graph ot cub1c tunctlon 

3. Slope of eublo tu.nctioa 

The ooneept . ot a 11ml t (whether 1 t be the llm1 t of a 

seqQenoe, a or a tunot1on) 1 and the assoc1ate4 

ooaoep\ ot &PG oons1derabl7 too sophisticated 
for aa aaalrt1o s\ua, in the bish oaloulas course. 
For this reasoa the notion of the 11m1' w1ll be disausse4 

OD17 S.n the most 1n'tu1tlve manner. 

III. The L1mlt OoJlCept 

A. Sequences 



1. Definition of sequence 

a. L1m1t ot a sequence 

'• The· concept ot 1nt1Dl\f 
B. Theorems Oft sequences 

1. The 11m1\· ot the· product of a eonstant and a 
aequenee ls the product ot the oonstan• ami 
the 11m1 t of the seqU.tBOe. · 

2 • The 11m1 t ot t,he sum · ot· two ·aequ.enees 1 s the 
sum of the limits of the sequenoes. 

3. !he 11m1t of· the difference of two sequences· 
ts \he 41tferenoe of the 11ml ts of the seqtteaoes. 

4 ... The limlt of the product of two sequ.enoes equals 
the product ot the llm1ts of the sequences. 

5. The llmlt of the quotient of two sequences equals 
the· qu.o,1ent of the 11mlta of the sequences, pro• 
vided the llm1t ot the dlvlsor ls not zere. 

c. Functions 
1. L1m1 t ot a variable 

2. Liml t of a :tunot1on 

3. DetlnlUon of a oonUnuo1aa function 
D. Limit theorems .on tunot1ona ·. 

1. · The 11m1 t. o:t the product et a aDd a 
faouon equals \he· product of the ooastant aD4 
the limit of the tunotloa. 

2. The 11m1 t · of the sum of \wo ·functions equals .. 
the swa of the llml te of the :runotlou. 

3. '!'be 11ml t ot the dltterenoe ot two funetloDS 
S.s the ditfel'enoe of the 11mlts of the ftmOtlou. 

4. fbe limit ot the product of two tunettcms tquale 
·the product of the 11m1ts of the tanet1ons. 

5· The limit ot the quotient ·of two tunot1ons eqaals 
the qu.ot1ent of the limits of the tunct1ens. prg. 
vided the limit ot the divisor is not zero. 



E. Areas by swumat1on 

F. Volumes by summation 

Wbile UDJ (anA the author) believe 

tbat the lntesr-1 is the tunaamental backbone ot ealoulus, 
. . . . . 

the d1sousslon of the derivative and 1ts appl1cat1oDs will 
provide a more me&DlDStu.l 1earDS.IJ8 experlenoe tos- the hlsh 

. . . ·' . . . . '. 

school student, and should be studied prior to the <Usous• 
s1on ef the integral. . . 

IV. The operations ot ealoulna 
A. The derivative 

1. Det1Rit1on ot derivative· 

a. elsDlf1cance 

'· Phyeloal s1gn1tioanoe 
4. motatioua tor derlvatlvea 

B. The of 
a. '1'he derivative ·of xn 

1 The constant function 

: .. 

a) !b.eoremt The dw1vat1ve ot a constant ttmOtion 
Sa.· zero. · 

1t) · If a tUDCt.lon has a d•l'lvatlve whloh 
t.s zepo at eaoh point ot aa interval• the funo• 
tloa 1ra eonstant on that 1nteJ'9'81. 

' . . 

1. Uaea.r combination of two tunot1ol18 
2. Det.ln1tlon ot the differentiable tunctlon 



· 3. Theorem 1 

fxeu =eft 
a) Corollaeyt 

I 
-4. 'fbeoremc 

fx<• + = ft + I 
a) Corollarya 

. fi<ul + ... + U.) = ;& +••• + ;a 
b) CorollaJ71 

fi<u .. v) = ft .. ft 
E. Iuoreaeiug ani aeoreas1ng tunotions 

· 1. Def'lnl tiom. of 1ncreasins · tunotton 

2. Definition ot deereastns 
3- Theorem• It the· der1vats.ve is positive tbroushout 

a 81Ven 1ntena10 tbe function 1s lnereas1J28 theret 
lt the .derlvatlve·is negative, the ftmettoa is a.-. 
ereaalq. 

4. Statlonarr point of a funotlea 

P. Elementa.rr curv'e vae111g 

1, Sketoh ot the sr&Ph of a tunoUon 'bJ' f1!ld1DS 

a) Zero points of the tunot1on1 lt arra 
b) Statiou.ey polnts of the function, it anr 

e) Intervals where the ttmot1on lnereasee 
d) Intervals Where \he f'unotlon deereases 

e. F11141ng a fUD0\1on With a known dertvat.11fe 
1. ftletreml The most seneral tunetlon l'(x:) ·wbieh baa 

t(x) as its 4er1vatlve le · 

P(x) ::. S(X) + o, 
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where s(x) ls aay partt.111•r ttmotlon · such tbat 
s• (x) =- f(':£) and where·:··o an, constant. 

2. Dets.Rltion ot ant1derlvaUve 
theorems It ,. ... wu.e··a an4 a are 

· and D. F •1, the 1 bas the · tol'lD · · . 
D-tl 

.,= H 1 + "• tl !1 + . 

c ls an 

B •. motion 
1. as derivati-ve of dlstanoe 
2. Aooeleratlon as derivative of 

'. J'nelr. falliDS 
x. Areas b7 ant141tferent1at1oa 
J, D1fferent1e.\1on ot products aDd quotients 

1. !heoremt 

L(uv) = dl +• ax ·as 
a) Coronarr 

tx( Uft) :; avft + -e + vwft 
2. !heorem • 

= 
v.a 

K. Derlvatlves ot b1Sber order . · 
1. Detlnltion of higher orcter derivatives 
2. Notation tor higher ol'der derivatives 

The more elementar,r applications of the d$Plvat1ve 
bave been 41seussed in the previous· section of the 



The followl!JS are more advanced that be 

studied by \be whole class for a better or 'b1 
. cml7 the better studeats if ts.-. ts 11m1te4. 

V. Pvtb.er app11oat1ons of calculus 
A. Maxlmum ana. m1Dimum values 

1. Definition of absolu'e maximUm 8D4 mlaimum 
' ' 

a. Definltion of relative maximum aDd mlDlmwn . . 
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3. Theoremt If the ttmct1on t(x) has a relative max• 
!mum or illlnlmwn at a polnt and 1t the· derlvatlve 
exists at that po1:nt1 lt mllst. be zero. 

4. !heorema A tunotion bas a relative maatmwn at a 
polat 1f the der1va·t1ve is posltlvs to the let' 
of the point and negative to the J'isht ot the 
point,· ani a relative m1D1mwn at \bat polntt 1t 
the derivative is negat.tve to the left of the 
point and positive to the rlgh\. 

B. Sisnltloau.oe of the second der1fatlve 1n t1Dd1DS 
maxtma ana m1n1ma 
1. Detlalt.1on of concave upward and concave downward 

2. '!b.eorema !he sr&Ph of a tunotlon 1s ccnoave up-
war-d tf: the seooaa. der1vau:r• is pos1tlve and 
cono.ave tlownward 1t the seeond a·erlvat1ve 1s 
nesat1ve. 

3. Detinl t1on of a point of 1Dflection 

If.. 'l'beoremt It a point is a polnt of 1Di'lect.1on of 
a cu.ft'e. the second derivative 1s zero there. 

5• !heercmil The tunotion 7 ·= f(x) will bave a rela• 
t1Ye maximum at x = x0 provided that 

1' = o, 1" < o, at x = x0 

ana a relative Jd.Dimum at x = s 0 provided tbat 
y 1 ::: 0, r" > 0, at X = Xo• 
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c • Appl1oationa ot maxima and minima 

1. 'l'heoreml If t(x) ls defined. and eontlnuoue in a 
closed 1n\erva11 then there S.s at least one point 
1n the lD.\erval at whl.eh the value t(x) is an 
absolute maximum and at least one po1nt at whloh 
lt ls an absolute mlntmum. 

All informal discues18n of the intepal has been 

eoverec! 1n the d1souss1on of areas and volwaee by summation 
aDd These top1os of diecusslon are the 
B.Pr1DShoard to the formal discussion of the integral aDd 
w1ll be related bere. 

VI. The integral 

A. Properties of the lntesraJ. 
1. D&t1D1tion of the 1ntesr&l as t.he 11m1t of a sum 

2. Det1D1 t1on of the integral as the general 
antlclertvat1ve 

3. lotat1on tor the intesral 
a) Use of the differential ax 

B-. Intesral formulas 

l· fk 41l = .... 0 

2. r u:• 411 ::. an of- + Cl )' . n + 

0. '!'he te integral 

1. Det1D1t1on ot tbe definite tntegral 
a) Def1D1\1on of the 11m1ts of intesr&\lon 

b) Deflni t1on of 1ntesran4 



D •. Properties of definite 1ntegr&1a 

J. 'b J,a 1 .• , · f(x) .ax = - . ·t(x) ax 
a · b . a . 

2. Jr. t(x) ax = o 

3. J.'t(x) ax + Jb0
t(x) ax =. fa0

t(x) ax 
..,. b . z..J.· ettx)· ax·=· e J t(x) ax a a · 

. . b ... · . . b . . ..,. 
· s. J. [t(x) + s<x>] _ax =J f(x) ax + J f(x) ax 
. a a a . 

E. Oaloulat1ag 4ef1Dite 
1. !beoremt If F'(x) = t(x), then f

8
bf(K) ax= F(b) • F(a) •.. 

f. Areas b7 ·utesr&tlon 
G. Volumes b7 ·integration 

It .1s b.ardl7 neeessa17 to sa7 that t:reqa811\ 1llus-

trat1ve problems should be worked· on- the ohalk Equal• 

ly important is a sood croas-sectlonal set of problems for 

the atu4eDt to solve. These are the authol''s last two sus• 
sestlons. hom tbls point on, the content and method of the 
hlgh school caleul.u.s course 1s left 111 the ballds of the 

'eaeher. Only be ·1a1owa .. , his students oan manipulate and 

assimilate. 
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'fbe author tmtortunatelr bas bad 110 opportUDl'J to 

val14ate bls proposed plan tor teach1D8 oaleulus in the b1sh 

sohool. While it bas been assumed that mqeh ot the content. 
o:t tbls plan can be bandled by b1&h school etadeats beoau.se 

ot 1 ta s1ml1ar1 t7 auooesstlll experlmeats ( 01 ted ln Obap. 

ter V) • the tlrst-balut o])1Dlons of h18ll sohool teaehers haVe 

been ob\alaed tor analrsis in order to obtain •a1l41\:V 'bJ 

authol'ltr. 
'lbls was done in the tollowlag wart The outline of . 

content eolllatnecl 1n Chapter VII was cUstnbaated to torir• 
tlve 3tmlor '&net semor bish school mathematics \eaohers at-
teftdlas a llatlonal Soleaoe rol1Ddat1on Ias,1tl1t.e at. the UDl• 

versi t7 of M1Jmesota1 Duluth Branoh 4ar1Ds the summer of 

1958-. !he PQJ'Pctse ot this plan vas explained to them• with 

emphasis plaeect on the taet tbat "he author bas eoBOelvect 
tbls oaloulus out.llDe to be used e11iher aa the basls tor a 

semester eou-se ln hish sohool oaloul.us, or as a souree fer 
appropriate topics la oaloulus \hat ooa14 be studied la aJ11 

bish sehool mathematics coarse where the7 mlsh\ be foun4 
su.ltable. 

These teachers were asked to read the outline &Ddt 

so that the author could get a oross-aeot1011 of oplnlon aai 

obtalD. some sort of valldlty for bls proJeot., atUmer the 

tollowlag questions eonta1ned in a questloDD&iret 



1. At what level do J'OU teach? 
2. subjec\s or sra<tes do JOU teaoht 

3 • How 1J1B.D7 years haVe 1011 been teacb11J8f . . 

4. Bow m&llJ' quart.ore41 ts of mathematics have 7011 
• 0 I I 

taken ln colleset 
. . 

the em'oUilent. 1a .solloe17 
' 

. 6.. Is. et.DJ 1n taup.t. 
· · ·· · (or plarmea. to be tausbt) in.1our ·•ebet)l beroDd· 

• I 0 0 • 

· the usual oUI'rioulwat 
. . 1. It so, ef wat 4oes this oourse eonslstt 

I 0 0 I , ' 
0 

• ' I, 1 
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8. Do 7011 think hlgh school students eou14. 1U14erstancl . . . . . 

the material 1n lhe outline? Explain rotar 

9. Do JOll t.h1Dk that a semester eou.rse in calculus, 

ue1ns the topics in t.he oatl1ne, would be praotl• 
eal tor the better hish sohool mathematics s'-• 
dent.? Wby? 

The return from this sampllrJS was onl7 twentr1 but 

th1a emall sroap does seem to provide a defllllte, bu\ bard• 

ly conclusive. \rend ot op1D1oa. The facts oolleetect trom 
this surver ean best be analyzed question b.J question. 

Al Dt Alftl i2 D9. td!HJ!f Of the twent1 teachers 
replJ1DS, tour tatight onlr S.n 3unlor high eohoola (grades 1 
to 9) • and. sixteen tausht oD11 ln a senior high echoel 

10 to 12) or 1D comb1natlen Junior-senior hish 

school. 
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gu)J"'' at SftAea 41, %.5 hUb' The au'b3eots 
taught b7 these teaoh&rs the tun' 

etDTloulum of the seeodary eohoo1. A breakcloa or the 
eourses tausht ·with th8 ·number ot teaollere .teaohlDS 
them ls lnelu4eds swen\h and elsbth pad.e arlthmeUe or sen-. , . ' 

era1 St elemeDt&J7 alsebra, 101 plane -eometr,, 
lll advanced UJ. ·seemetrJ• · tM8onomeU71 1· 
the swen teaobers that tausb' so1ld ·seometrr· also taaght 

flms Oftl.J' th1P,7•f1ve percent ot the teaohera 
respondias have worki111 with the oallbre_ of 

dent \b.is proposed. eourse ls des1sne4 ·to alct .. 

Ia P!R 111£1 l&in D!l lli.& aee'b&!!lt . fte averase 

DUmber ot para tausbt bJ \bese teachers waa 12.2, with the 

r&D81DS from four to twen\y•flve 7e&rs. Those 

teaebers that bad tedasht the sreatest number of years sen-
erallJ tausht the more adVanced oouz-ses. 

im 1!DX it at!a.Uee 1!!b aa 
MJtg al !!9J.lezgt nwnber of quar\er-oredi 's of ooUqG 
mathematics preparation aveJ'&SeCl 39·9· !he V8Z'1anoe was 

trom elshteen to six\r•tour. This average represents ·aboa' 

alx over the m1mmwa required of ma3ors la 
m&ft7 teaober•training S.neti tut1ons. Of the e1Sht teachers 

wlth a preparation peater than the median• oDlJ tbJ'ee were 
solid geometry and trlso:a.ometz7, E&perlenoe. not 

PJ'epar&t1on was the baels tor ·selection of these teaehers. 
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D.!a A& .s.t.aat BSH917 The averase 

in the sohools represented b7 these wae 
695 wltb. a low of 125 and a bish of aooo. All· ot the sobools 

tbat were repres.ented b7 afttrmaUve answ.,-s to· the next· · 

ca.uestlon· ba4 enrollments sreater than the av•ns•• · · 
11 .-; &es!l a.l&ee a !!ftll•$&se •:as (£. 

Jl.yned 1Q..ltfl ··)J,)· !a:i9Bl' 111ltil JIU.'9.1i.:* !1sSM!J. 99!£&..-,. 
CJ!ilml? l&: 8• at J1a1; 4IU ll'!&.l 99'!£18 QOS!ll$7 Ot the 
twentv ecbools represented,. ten .otterea ·M special maU..ema• 
tics courses of &DJ tJ'Pe• tour sohools. were plalm2.DS· prosrams 

to be .ottered in the neal' future. a:a4 SU BOW offeHCl 

some kind prosram ror the better stu-

dent. ot these stx, one school provided tor a.b!lt \7 poup. 

1DS ln plane seomet17 oldy• aseWJtt.ns tbat sroup1ns was a 
natural process tor adVaDOed algebra and taao.nome\J7• Four 

so'boola offwe4 &lU'lohed prosrams 1n all oovses from plaJle 

seomet17 up to allow· the better .student to set "someth-.ns 
extra" from the eourse. This plan was acSopte4 in these 
sohools beo,..:· the mathematics statts were too small to 
allow tor arq other plan. Tbe sixth sehool tausht plaDe 

and flolld geometry ln. ODe J'e&l't 84VaDOed algebra an4 Vl80• 

nomet1'J. were aoeelerated to less than the aormal three semes-
ters • the rest of the aerllor rear spent stlld711l6 110dern al•. 

Sebl'& aDd statistics. It shoQld be noted that tbla ltl the 
tJPe ot speeial prosram ·reoommencle4 b7 the author lt one is 



to "tlad ta.me". to · •ome ot ot calO\ll.U t.a 

the.· twelt\h ·rear • 
. 'k DJ1 Sb&U !Mll s9J1StA t'id'P.\1-·Ge»H •ssB!d 

•matrar&!$ a a& 9UJ.&Dit iiali&l• Three of ·the respond .. 
tq tEta.ohers telt that the out11aed.materia1 was ·autttolentlr 
easr tor Jd.gh · ••h.ool. sen$: ora, foUl' no 

· stuct•nt. aDJ. ot 
"us• . remainlJlS tbU'teen · that enl.7 a 

pert.1on .of· twelfth grade mathemaU.cs students ·eou14 COBlPI'..., 

hcmd oaloulus, the estimates va:ry1DS from. n.ve to·. 

\b.lx-\1 percent• 

.. 

·aa J9Jl 'h&D!h . .»&U a efJlltttt£ ast•• 11 tAUI!&Iecw •·· 
a· ·Ma&eu JJl at· u&WLt• a. amaa&s!i m·a :a.t!s 
Usb·· EMMlUW.tl ltAAW' ·Dz,? !blrteen teaehers 
felt tbat oaloultls ahoU14 be offered as an elective ooUJtse 
ln the tweltt.b srade; tor the \hat 1\ would better 
p:rep&J'e a .sw4ent tor oollese a. Four mo:re teaeh-
ers thought that ·ealoulue should not be etfere4 as a sepa-

rate eourseo cs.Uns the reoommena.ats.ons of the Commtasloa 
on of the Collese Enven.ce Examluat1on Board as 

at.tthorlty. The last three felt that the outline ooatalaecl-

too much material tor oenswaptlon S.n a semester OOW!'se. 

Thus the consensus of the sroup seems te be tbiaa 

Calculus should be ottere4 1n the high scbeol as an eleets.ve 
tweltth sraa.e subJect, wltb a oon\ent somewhat more res ..... 



Uve than tbe outline in VII, but would be under-· 

stood bJ oD17 a tr&e·t1on of the students twelfth 

sraa.e ae_em to: be 
by· the 1n the -text of tbls · 

paper. 
· · .It is the hope of· the autho:r _that a Of' ent.-. · 

seeond8.l7 · schools Will shov a desire to experlment, · ·. 

in the teaoblns ·of. oalculus. Only with oont1mted efforts · 

aloq these Unes can data be gathered to 4etermlne tthe'b.eP 
er pPOptame of advanced mathemattos can be 

on the pre-college level. 




