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CHAPTER I

THE FRESENT SITUATION IN THE HIGH SCHOOL
MATHEMATICS CURRICULUM

For several years leading mathematiclans, teachers,
and to some extent, professional educators have recognized
that there exists some kind of deficiency in the mathematics
curriculum of the high school. The exact nature of this
deficiency is open %o éanjecture,.but geveral canses have

been suggested for this inadequacy.

I. PROPOSED CAUSES FOR THE INADEQUACY OF THE
HIGH SCHOOL MATHEMATICS CURRICULUM

These complaints eagainst high school mathemeties have
been laumched from all sides, from without and from within.
One of the surprising characteristiocs of these complaints
is that there is 1little consistency among them. The eritiecs
plase the blame for the allegedly poor curriculum first on
one thing, then another.

The wide varience among those accusations is made
clear when one looks at several of them. It is elaimed, in
particular, that (1) the preaént-day mathematies curriculunm
is too difficult, (2) the mathematics presented in the
existing curriculum can not be applied to real«lifo situa=~
tions, (3) the pupils have no interest in mathematiecs, (4)



the mathematics teachers are illepropared, (5) the pupils
are given poor mathematical backgrounds by the elementary
teachers, and (6) the methematies curriculum is out-dated
and at least one hundred years behind the times.l

’Perhaps these eriticisms are validj 1t is oven conw
ceivable that all the above conditions exist im the modern
high school. It is not the purpese of the author to judge
the velidity of these charges, but to consider the one most
fundamental failing of the mathemetics curriculum in partie
cular, ani to propose an immediate measure to alleviate

some of the defieciency.

1I. THE FUNDAMENTAL PAILING OF THE
HIGH SCHOOL MATHEMATICS CURRICULUM

It is contended by the author that the fundamental .
cause foi' the inadeguaey of the mathematies eurriculum ias
the subject matter taught. In other words, it is meintained
that the mathemetice curriculum s, indeed, ocut-dated and ad
deast ono hundred years.behind the times.

What does this mesn? Are not the econcepts of geome~
try, algebra and trisanometi'y used in modern day living?
Most assuredly so. But thesec mathematical methods have fbeen

- Yoommission on Mathematies of the cguage Entrance

Examination Board, %ﬁg%%man et
(Pamphlet. New Yorks Coilege oy
1998 P 2.
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in existence for centuries. Geometry and .trigonometry had
their orisiha'zn the aﬁataut Greek clvilizatiom. Other
nethods of computation ﬁausht in the high school have been
_ developed through the ages, with the newest of thess, log-
arithmie. ccmputmioa, being only three hundred yeers amﬁ
. There 3;'3‘ validity in using these means for they bave proven
themselwes through conturies of use. They are time~honopred
methoda_,and tradition says that we may use them.

Véﬁat if this same criterion were appl&eﬁ %o the field

and: s.nanxmate. This comcept is not as aat.eaf _:f{'&he belief
of the &ms,em Greeks that earth, air, t&rewana water vere
'tbe ccmponents of all things, but in compar@son to the chome
aatry of 1958, it is as ancient as geomatry &s te the moderm
ma‘bhemat&cian. What would the modern ehemiam elasa be
like 12 ﬁhe idea of only ninety~two elamenﬁa 9%111 permeated
the e1a8$roam? It would be difficult to 1magana¢' Chemistry
35 being changed oonstantly, and these ney ehanges are being
1naerparated into the chemistry eourse as rapidly as they -
happen, 20 as not to be behind the times. Qhem&stry is not

a siave ta the beliefs of antiquity.

2mu:um E. B. Jourdain, "The Nature of Matheme$ies,"
The Egm Wﬁs dames R. Eewmaa, e&.ttar (Hew Yorks
slmau and sehus ery; 1956), p. 25. | )
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Hew discoveries and .ooncepts are being added to all
selentific fields as they cecur, With these refinements,
toachers now ean explain tho theories of the atomic bomb and
tho effeot of radieation upen genotic mutetions.  Mathematics
plays an equally important role in these gaw_seiantifie dise
coveries, but its place is disregarded in the high sochool.

Unfortunately, new developmenits in mathematies are not
added to the curriculum, In the past one hundref yesrs more
has been developed in the fields of mathematies then was in
the preceeding forty centuries. However, the hish school
curriculum hangs temaclously to the older concepis of geoe
metry, algebra and trigonometry and refuses to let these mode
ern develbpmenzs gein any hold. .It is not thet these new
mathematical developments are difficult; they ere fundamental
to mathematical knowledge, and muoh more fundamental than the
present high school courses, Rather, ecducators do not reale
ize the need for them. How can they see this when some of
them do not even recognize the practical applications and
uses of elementary algebral .

III. THE LEADERS IN CURRICULUM REVISION

If this basic defiociency of the mathemetiecs curriculum
is over o be relieved, it must be the mathematicine and the
informed high school teachers thet will be the driving forece
behtfid this revision. »Néturally'ehis revision must mot be



5
made hastily, nor should it be made for the sake of revision
1ts01f, but must be made only after determining that revision
will produce a desired effect and that there is & definite
need for the ehanse.3 Without these eensiﬁerations, any

"revision is next to wopthless.

‘ 3 ‘ ,
g%%ﬁéﬁikﬁar°1d o eareé Yorﬁgmgggégghn.Bodggsgg&' 7




CHAPTER 11
PROPOSALS FOR MODERNIZING MATHEMATICS

If the fundamental defieiency ef high school mathemfiw
tios is recogniged as the outmoded eurriculum, and if this
defection is kept in mind, what programs, if any, ean be
instituted to modernize mathematios?

I. TWO PROPOSALS

A% least two definite proposals have been made with
this inadequacy 4in mind. Thoy are proposals that have ree
ceived wide publicity, both for the progressiveness of their
content and their unique methods of presentation. An oxdm-
ination of the fundamental recommendations of these two
proposals may prove valuable.

Qommiseion on Mathematics
Founded in 1955, the Commission on MNathematios of the
College Entrance Examination Board has worked oonstantly on
& set of proposals for tho modernization of the high aschool
mathematics ourrdculum. Other areas of interest to the Come
mission are (1) teacher education, (2) content and methodology
of proposed new courses, (3) writing of sample text materials,
and (4) the publishing of progress reports. In one of these
roports, the following recommendations are explieitely givens
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(1) T™hat inereased emphasis be placed upon the teache
ing of algebra as the study of mathematical structure in
contrast to the development of manipulative skills alono,
and that in & limited way the ideas of modern moethematics
be introdueed into this instruction.

(2) That the 1deas of graphing commonly taught be eze
tended inte a development of the eenaepts of elemenhary
analytic geometry.

"(3) That increased emphasis be placefl upon deductive
reasoning in areas of mathematics other than gecmetry.

{4) That the traditional course in deductive solid
goometry be abandoned, but that spapgial concepts bo dee
veloped in commection with those off the plane,

{5) That increased emphesis he placed upon the trigo-
nometric functions and their properties as funetions of
real numbers, with & consequent lesceasd emphaesis upon

such eomputational trigonometry as solution of triangles
by logerithms.

(6) That 1n9raaeed emphasis be placed upon probability
end statistical inference as a $ype of thinking of the
greatest importanee in the contemporary world.

(7) That provieion be made for the imclusion of the
olementary ecaleulus of polynomials in the high school
progrem, but thet & standard course in analytic geometry
and calenlus be considored as & college~level course,
which if taught in high school should be regarded as &
eollege course taught to able students for advanced
placemend.

(8) That a student who completes & full foureyear
program in secondary school msthematics should be pre=
gg red to take analytio g gometry and caleulus as his

eshman college cenrsa.

One has not too much difficulty in seeing the direce
tion these proposals would take if ehncted. They are not too

4'Gemmiasien on Mathematics of the collese Entrance
Examination Board, Commisaion on Mathemat (Pamphlet. New

Yorks College Entrance Examination Beard,M5957), Ppe 4=5.
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redical a diversion from the present ourr;aulum. in that all
‘pieaant 6earaesAtausht‘1n the curriculum are 1nnlaﬁé&. The
,moaernizatian in these recommendations eomes with the inclu~
\sion of m@dern algebra in the ninth yeer, ana the nore &de
 vaagea topics of annlytic geometry, probability and statise
tical inference in advenced elgebra snd twelfth year mathemae
tice. The incorporation of these "ecxtra” ﬁopiaa necessitates
Mltheéeaﬁanaat&on of the present currioulum by oliminating
most of the deductive study of solid geemetry ahﬁ the compue
(tatzcnal trisonnmetry. It should be noted that these recome
mendations 1mp1y thet analytic geometry and e&leulua should
n@t be taught as separate courses, but shaul& be ‘ineluded

only as a direct appliecation of the funotion eonaepb.

2&3:2&323&5&&1.e&.sllaaa;. | A
‘On the other hand, the program advanced by the Univere

8ity efdxllineia. under the leadership of Mex Bebermen, a
teacher at the University High School, end Herbert E. Veughen,
a2 mathematiciasn on the university faoulty, is so modern in
its approach as to make the previously mentioned plan look
almost antique. The cornerstone of the Illinois program is
the approach to methematios vie abstract generaliszsations,

The program is extended through the four years of the Univere
sity High School and is being used experimentally in other
schools in Illinols and Missouri. The general practicality
of this program is not yot known, although the work done at



9
the University High School by Bebermen and his students has
been most successful.d

II. A THIRD PROPOSAL

These proposals are conseientiously mede, and are seen
to be valid without too. much difficulty. The author is whole=-
heartedly in favor of.many’ef.these.ausgestiona. but bellieves
that too 1little emphasis is placed upon the importanee of
esloulus. It is contended that caleulus ean and aheuid be
introduced to the high school mathematics student at thé
earlieat possible moment.

¥hat are the reasons behind thie proposal? At first
glance, 1t would sppesr that the suggestion to inolude eale
eulus in the high school mathematics currieulum in no way
modernizes the curriculum, but rather makes it slightly more
aifficult. This is the case Af one considers only that ecal=
culus was invented four hundred yeers ago, and is an ancient
topic compared to set theory. But it does not stop there.
Consider the extensive use mede of ecalculus in many fields

of modern knnwledgess soclology, psychelogy, physiology,

5E. P, Rosenbaum, "The Teaching of Elementary Mathe-
maties,” Solentific American, 1983 6473, May, 1958.

SHovard F. Fehr "The Place of Analytics and Calculus
in the Secondary School," athematios Teachor, 27 301.
Oct.ober. 1934; and Eugene W. Hellmich, The Hathematios

g tai %s%e%&sa.% %'%uy
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économies, not to mention the physical zcientes. One reale
izes ¢that in order to communicate in these fields, ono musb
Ihava e Imowledge of the lenguage. Celeulus is & part of the
language of these fieida, particularly on the advanced lovels.
‘Thus the inclusion of celeulus at the high school level will
.facilltata and hasten the acquisition of leanguege, and, in -
turn, the understanding of a field of knowleﬁse.:

~ Another point to eonsider is that ealeuiué.can'provlaa

the eager student an outlet for his desire to learn. One of
the fundemental aims of educetion is ¢o sive the stndans the
fullest opportunity to leerm.! While it is true that not
all pupile are students, it 18 necessery thet the student be
provided for. At the same time, the pupil will‘be challenged
by the fascination of calculus to put forth mors effort inte
his studies.

Then there are two important reaaéns for ineluding
ealoulus in the high school curriculums

(1) To bring the high school mathematice curriculum
more in line with the modern progressive age in which we live.

(2) To help the student satisfy a desire for knovledge
and give the pupil & greater eppreciation of mathematica.

THarold Alberty Reorg
dun (New York: The MaoMiTIE



CHAPTER II1I
THE PREOEDENT.FOR CALCULUS IN THE HIGH SCHOOL
I. THE DOWNWARD TREND

If we 1nspeat the history of mathematieal pedagogy,
one faat especially shaula impreas 1tself on our minﬂs. All
mathematical systems nave shown & tendeney to move downﬂava
;n the educatlonnl echelon as they havglbeoame more widely
knoﬁn.a This hasAbeenlthé case of arithmetlie, geometry,
trigonpmetry;‘algobra and analytie geométry; When fhsse
fields weré first develoﬁed. th@y vere taught only to the
1n$elleetua11y‘elite. But as the senéral level of education
rose, more and more of the younger students desired knowledge
of these subjects. Thns trigonometry, as the others, which
was onoe considered solely a university-level course has been
introduced to the high school student, and seems more than
likely to remain a high sahsol Jevel subject.

- This prectice has bsen followed 1n the United Statea.
but stopped with the introduction of trigonometry. It seams
rather inconsistent that the trénd should siop here, raﬁher

BH Al mordsaard, “:ntroduetcry Oaleulus as a High

sekes oo, iennd ni o Ko Jmapon sf il ,

ematics {New York: Teachers callege, Columbia UntVevsity,
1928), 673 and W. H. Tyler, "Celoulus for Schools," The
Nathenaties Zeschor, 15+ 308-9, April, 1922,
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than continue on to include calculus. This is not as damage-
ing to mathematiecal education, hovever, ae has been the ale
most complete disregard for one of the most fundamental of
methematical conceptst ono that is essential to a thorough
understanding of caleculus =~ the function conecptd.

II. THE FUNCTION CONCEPT

One of the cries of the many reform movements has been
that mathematics must be made functional, This terminology
can be used two ways. First, methematics must be taught in
such a way that the student in a'eergznasing course may be
able to use that mathematical knowledge in hie shosen vocae
tion, whatever it maey be. Also, the college-bound student
must have asquired the prerequisite Imowledge for the first
methematies course he enters at the university level. Thus
mathenatics must be funectionsl in that the students must be
able to use it. Sccondly, mathematics must be taught in
such & way that x and y become not only variable quantities
vhose values are to be determined in a particular situation,
but more importaent become related changing quentities whose
variation is to be studied. This 1dea of the relation and
variation of changeable quantities is Ikmown as the funetion
concept. This is the fundamental concept which wAll faeilie
tate further study of mathematics in thet & studemt will be
learning more actual mathematies, end will be in a better
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position to epply his mathematics to -his emvironment and fue
ture studies. The function concept is, in fact, the besis-
for all modern study of mathematies as pioneersd by the
Freneh in the nineteenth aentury;g

III. THE USE OF GRAPHS

A graph 18 a pictorial represcntation of a relation~
ship between two variebles. The main purpose of the graph is
to teach, in a simple menner, the idea of functional relaw
tionships. With tho -use of graphs, continuity and irregulare
ity of functions are made plain. The idea of graphing is not
to'&raw en exact pieture of & funcdion, but rather to sketch
a goneral picture of a function. This epplication of the
funoction 1s of great value in elementary mathematics where
the students have diffleculty grasping fundamental notlons,
and should play en importent role in the movement of calculus
into the high sehool ecurriculum.

The function is of primayy importance in the study of
nathematics. While this concept has had some use in high
school mathematics, it should be the core of the mathematiecal

edueation program,

%¢r. p. 23.



CHAPTER IV
THE VITAL ISSUES
I. THE PRESENTATION OF CALCULUS

| When the subject of teaohing caloulus in tho high

school is menuoned, some t.eaehez' will s.mmediately recall his
eonege caleums 13.93, vherein t.he prof@saor expounﬁea the
beaat.iea of tha emanﬁed lew of the mean, or hbared for a
eonsidarable t.s.me over tho exiatenee of an mteml. th.le
u is necessax'y that a aollege mat.hemat.tes stuﬂent knw thia
material, and must bs exposed to 1% through e rigoreue pra-
seutats.on, most. certaialy one can not expeet. that. & seventoone
yeax*-om boy or 511-1 will he able to eope With t.he thaeret-
.tcal reﬁnemente of caleulus.

%M&%W

The author does not advocate the atuay of the more
difficult toples of calculus in the high school, but does
propose to go further into the subjest then suggested by the
Hational committea.onmathematioalraeqairemen%a in 1925’310

The oalculus of the algebraie polynomial is so simple
that a boy or girl who is capable of grasping the ides of

‘rhe Ha.@ional Committee on Mathematiecal Requiremants,

26N 17285100 Se {NEW
[atheme 1oa1 %eaec%aﬁon of %% 923),
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1imit, of slope, and of velocity, may in & brief time
gain an outlook upon the field of meshanies and other
exact scliences, and acquire a fair degree of faclility in
using one of the most poverful tools of methematics, toe

gother with the capacity for solving & number of intere
esting problems,

Zhe Theovettcsl Approagh
| The Rationel Committee recommendation stresses the
utility of mathematies, but gives little importence to the
benefit derived from the study of calculus as pure mathemee
tioss, It should be noted thats | _’
| The nature of mathematics is twofold. On one side 1t
deals with quantitative relationships between materisl
objeots and thus becomes & tool in the world of business,
" geonomics or sclente. On the other side it dedusces theow
rens from arbitrarily chosen postulates and secks 1o ecar=
ry these theorems tc thelir logieal conclusions, giving
but little heed to their use in the world of practical
affairs, F{gmythis point of view mathematics belongs to
philosophy. -
The high school teacher tends to favor the use of
mathematics as a tool. This is fine, but nothing else is
accomplished. NMathematics first of all is a dsdustive sti-
ense, then a tool., This point should not be lost. Caleulus
forms & bridge between the two aspscts of mathematies that
ean not be gapped Af ene viewpoint is divorced from the
other. The study of caloulus "would open up the field of

pure methematios and would be reedily appreciated as the

Wyera Sanford, 4 %) 2 of Methematios (Bostons
y ] * . c L

Houghton Mifflin Cempany,
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conneoting link between pure and applied mathamaties."lﬂ
- The sather prcpoaes $o 1ne1ude an elementary atndy of

the polynomiaz and elgebrale funetion, meking the study as
meaningful as possible by using a graphical appryach, while

atitempting to inelude a selcoted amount of elemenfiery theory.
¥I. FOUR VITAL CONSIDERATIONS

- Other conslderations: then method and content must bo
made. :.A.aauming thet the problems of method and content can
be solv?ad, there aré 661'%13 vital questions t.haﬁ must be
answeraa ‘bafore the study of caleulus in the high aehoo!l.
ooul& even bs consldered,

(1) Will essential and vital ports of the exiating
eurriculus heve to be ssorificed in order to make room for
the study of caleulusa? |

(2) Is the t.eaemng force of suffioient sizc and pree
peradion to permit the inslusion of caleulua?

(3) Will it be necessary to ra-»amnsé the present
mathematics currieulum?

(4) Does & high .seheol student have the mentality and
ezperience to profit by sush & course? |

There are other questions that hay be asked concerning
ealoulus in the high school, but these four ere the vital

m&naie B. F‘armez-, "'l'he Place and Teaching of Caleulus
in Beeondary Schools,” ThHe Mathematics &'eachér, 20: 187,
April, 1927-
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ones. Tho less important questions must remain unanswvered,
end bo loft to the high school administration end the mathes

matics teacher.

The anewer to the first question 4s given when it 1s

-%ﬁuulﬁa is elective,

realized that the proposed course in
8o that it will not crowd out any of the existing courses.
Hewever; a full semester or so given to the study of calouw
lus necessitatos one meve. That will be to accelerate the
present mathemetics currieulum by casting out "dead wood"

and eliminating Auplication so that the remsining material
mey be given in about five semesters. This will not orowd
any of the non-mathomatical parts from the eurriéulum. and
it will give the student with mathematical interest an oppore
tunity to take up this enlightening brench.

Zhe Caloulus Instructor

A for the instructor, nothing could be more diesase
trous to a new course than to have it taught by inecompotent
teachers. Moot mathematles teachers have studied caleulus
in college, and perhaps these can undertske the tsaching of
the clements of caleulus to high school puplils. There 48 a
danger in this assumption, however, for the meager knowledge
of ecaloulus required of prospective methematices teachers by
moat teacher-training instituticns does not acqueint one
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with much more than the meohanieal operations of the topile;
most of which ean be forgetten too easily., With this in mind,
it is almost imperative that the high school caloulus toache
er have studied more ¢aleulus than in normelly included in
the requirements for gradustion; and this study should eome
very shortly before the teacher attempts to give a-cohrae in
éﬁlculua in the high school. Nor should a teacher out of
eympathy with this proposal be pressed to teach it, no mats .
ter‘bow"tﬁerough his cducation. In @ smell sehool, it may
be inadviseble to give the course. In such ceses, topies
can be cffered as part of the higher algebre anﬁ trigonometry
courses, or perhaps it mey be offered in alternate years.

The Reyised Gurriculum

As to the third questions In itself, this new course
will not make 2 re-arrangement of the mathemeties curriculum
necessdry. One may simply add this extra course for high
school juniors or seniors. The revision in methematics, as
has been sald before, will rise, not out of the inclusion of
caloulus, but from the recognition that much of the high
school program is extraneous and can be easily omitted from
formel 1nstrnction.13 Particularly with more junior high
schools including the study of informal geometﬁy, the feeling
18 that one yeer is suffiecient for a sfndy of both plane and

os. pe 7o



19
s0lid geometry, Algebra and trigonometry are still necessary,
but iz there justification for arbitrarily parcelling these
courses into twoesemester &nd one-semester packages, respec=
tively? In these courses, considerable "weeding out” sould
take,place ieaving at least ono semester, and in most cases
more than one semester, for the study of caleulus and other

advanced maderial.

zna..aa;z&z.sz.sae.aasa._maagai_ssgsas
In regarﬂ to the feurth question o must first displaee

ths;fear-that a course in elemenﬁarg caleulus ia_ang mnore
aiffiouit than many topies now gtvén‘in the_high_séhool
course, Particularly is brought to mind the topic of trig-
onometric identitlies and equations, the genuine backbone of
trigonometry. As taught in high schools, this topic brings
no immediate response from the students. They are not
tanght %0 understand the importance and utility of these
rolations and must force themselves to memorisze these mathe~-
matical aids bocause they are to be tested §n~themu What

a far ery this is from the informal study of maxima and
minime by studying the graph of a funotion, or by relating
the asign of the derivative to the stralght line motion of
an automobiles Here the students can "see" the theory or
ean use their experience to benefit from the topie. The
benefits of ealoulus are made clearer if we inepect the re-
sults of an experiment at the University of Iowa High School.
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It was found that the students showed keen interest and were .
impressed by the power of caleulus, They were particularly
struck by the ease with which physices problems could be
vorked and wero in agreement that caleulus was the most usew
ful and helpful ‘mathematics tool they hed caﬁze ‘4n eontact
with,1#

WUhat do we find in other countries? In Austria, Gepe
many, Franee and Sweden eertain schools intfeduca analytie
geometry in the el'e'venthi year, and in some of the advanced
German e.nd Austrian sechools, differential caloulus is dovele
oped and applied to physics in that yosr, 15 In the twelfth
year the schools of Denmark, Germeay, Austria, Belgium, Swee
den, Switzerland, France and Russis and others offer diffor=
ential and uﬂ.esral caleulus. |

¥o one believes that tho mind of en American yauth
does not equal that of his European eousin. His sehool year
mey be shorter, his eurriculum lees intonse, his teachers
less well-equipped, but he certainly has the mental power te
‘4o in the sleventh and twelfth years what the Eurcpesn youth
@oes in those same years. The European youth in his twelfth
year is on the par of an American college sophomore 1:1 roe

Mmo aard, "Introductory Caloculus as a Hish School
Subject,” p. 95.

15 , .,
James E. Russell, Ge % g;m; gcho {New Yorks
Longmans, Green and Company ’ Pe 320,
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spect to scholastie achievements thenks to better trained
temchers and an intense well-plemned eurriculum, but that .
does not affect his netige ability. Meny of the high schools
in Europe are highly selective, and thus 4o not have the
geeat crose~seotion of puplls &s do American sohools. Howe
ever, the ealeunlus in Germeny and Frence is reqnire& of all
pupile,ls ‘The c¢alculus we prepose is elective, designed for
the better mathemetics student. These are exaotly the etue
dents thet enroll in the present elective eloventhe &nd
twolfth-year nathematics courses, thus we are, in effect,

~ deaiy

'7f¢l the proposed celeulus course for the presan& stue
denta of high scheol mnathematlies,

- J t‘)‘f )+ 1 32&‘5 and F. E, Fa”ins%n' g!ma ‘»"-3!.‘3
; e.s‘ New Yorks Longmens, Green and Compeny, 1910),




CEAPTER V
THE DEVELOPMENT OF CALCULUS
IN THE sgconnaar‘SQHOOL
. For & more thorough understanding of the case.for
calculus in the high school, perheps & look into the histore

1ea;vda#elopment of this subjeot in the secondary school is

in order.. -
I. THE HISTORICAL DEVELOPMENT
Europe
~ Europe was the cardle of modern mathematiée, and as
such, was first to realize the benefit that the study of

caleulus in the high school can bring. Let us look &t only
8 few of the countries thet have ploneered this movement.

225323.17 In France the secondary schools have been
giving work in caloulus for over ons hundred and fifty years
under 8lgebre and apslyse. For & long time, France has been
giving & classical and seientifie course in the upper years
of her seocondary schools, and hes encouraged a degres of
epecialization in the twelfth year that in most countries is
permitted only in the university. The direetlon of the soew

ondery mathematics currioulum has been given by the exaeting

learrinston, Op¢ 8ite, PP+ 257=28T7.
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mathemetical requirements for entrance to French sciontifie
schools. School authority has been highly centralized and
16 directed from Pards. This possibly aceounts for France
being the first ecountry in the world te 1ncluae work in oal-
culus as a resular and required part of the eurr&enlum in
her secondery schaola. ‘

In the 1ast quarter of the nineteanth century a mQVe-
ment grew vhich would reault in ecalculus beins studiea by all
stuaents, and not by. just the superior. Gegrelation of mathe=
magiba with the seiences, the nn#ficaﬁion of ﬁhe»differént
branches of mathematics, end a psyohelogieaikrather than a
logical approsch to the different toples were being egitated.
ibove 81l the function concept wes to be made the core of the
new mathematics 1natruet10n. AIt vas from‘thié jdea that the
questien of teaching caloulus to the nonpspeeializins, nons
pre-profdssional students had its beginning, in France as
well as in other countries. |

8ince French schools taaoh all their msthematics ae 8
unified course, they found an immediate use for ealeulua, 3
eépeciaily in their work with elgebra, and this work kae been
inecorporated in the algebra texts. Even in branches that are
not toe elose 1n union with ealeulus, it has been fonnd use~
ful, both in applioaalon and in theory. Scholast&e standards
are high, and the number of sucecessful mathematies students

is equally high.
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gornany.1® In Germany, the situation proved to be’
different. There was no strong centrally directed force pre=~
seribing the eurrienlum, although as far back as 1816 the
curriculum for secondary sohools ineluded anelytic geometry
and calecuius, This 4id not prove to be of any benefit, howe
over, for entrance requirements to the university were much
lover than the advenced courses provided in the secondary -
sohools, The universities were hostile to the teaching of
‘ealeulus in the high school and instruction in it was actuw
ally forbidden. | |
Hot until the time the Fremch began to "push” the

funotion concopt did the Germans begin to meke extensive use.
of saleulus in the secondary scheols, but only inm & disgulse
ed form by making use of the funetional properties of conies.
Gradually the fumection conoept worked its way down from the
higher elasses to tho lower classes. A% the turn of the
twentieth eentury Felix Klein began to take the leading role
in the reform of methematios teaching throughout the world.
Klein's urging of the use of functional thinking resulted in
a proposal to teach 2ll mathematics from the functional viscue
point and that 2ll nine-cless German schools should have the
elenents of calceulus taught in them. These proposals were

maussell, gp. sit., pp. 312-328; and J. V. 4. Young,

%gw orks sgmgn et ﬁ .3%% __Higgg§ Sohe
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adopted by The Socioty of Natural Scientists at Meran in
1905, One result wes that the Pruseian ministry of oduca-
tion permitted fivo nine~class schools %o oxperiment. Other
schoole shorily followed this example, and now introductory
celeulus is taught in the secondary sehools throughout Ger-
meny .and Austria.

| Egg_ggg 19 Durins the naneteenth eenﬁury the surong-
er pdblic sehools of England were offering special élasaes
in mathematice in the upper forms for boys ranging from
seventeen to ninateen years of age with asome mathematiaal'
ability. These boys were planning either to'ceﬁgeﬁe foi the
university scholarshipa, to take the army entranee examinas
tien, oFr were pvapar&ns to take up engineerina.ae The
aonrsea were much like the present elementary caienlus
found in American colleges and universities. The movement
to introduce caloulus to a wider seieot;on of students at a
lover level follewed much the same steps as were encountered
in France éné Germ#ny. but thers was a ten year leg behind
the leadership of France.

19m A, He ) s TAn Earlier Place for the Caleulus
in the Curriculum ggg,ﬁgggggggggg 20: 325427,
Ootober, 19273 anﬁ C. 3. Jackson, e Ca e us as a Sehool

1]
Bouts of sRuestion, T9L20; Yok VLT SU3TH0r (endont

20;. M. Kinney, "Caloulus in the High School," The
Eethenatals Tosshars 161 326, otemors 1085 S
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) In 1014 severallschnols vere giving introductory cale

eulus, primarily using the polynomial function. The tetche
ing was not exhaustive, nor exceedingly rigorous, but correct.
There has been no backward turn in this movement in England.
The poliey is not deereed to the Inglish sohools by & cenw
tral ministry, but must be determined by popular and profess
sional discussion. It is, however, beconing quite general
in both Englend end seotiand, Australia élso.eivea'the
course in certain scheools as does Oanada, althoqgh ﬁhe latter
is governed mich by the attitude in the United States.

Zhe United States®
The teaching of elementary caloulus in the high schoel

did not become 8 live issue until about 1920, despite the
fact that the issue was put before American mathematics

* $oschers eround the turn of the century. The loader in this
aﬁﬁ%eérofessor E. H. Noore, of the Unlversity of Chicago.
Almost prophetiocally Moore discussed the problem of primery,
secondary and higher education, offering solutions in 1902
that have besome realities today, such &s correlation of sube
jseta,_unified courses, laboratory methcds.vjunior colleges,
teacher training. But his suggestion to teach in the second-
argkaahoala the advanced courses.of trlgonémetry, analyt1§

' alﬂo » "An Earlier Plase for tbe Caleulus in
the oarrieulum, pp. 32223, .
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goonoetry and oaleul&a med with less rawponaeﬂ~th¢ caleulus,-
no Tesponses -

- Hot for seVeralljears was the ateempt}ﬂade'tozteaehv~
eleméniery caloulus and analytic geometry in the high sohool.
But progress was being msde. In 1916 the Nationsl Oommittes

on Hethematicsl Requirements was oreated. It labored from. .
1016 to 1923 and produced menumental work. |
o Tha Hetional Committee recommended that elementary

ealeulua be offored as an elective 1n the senlor high school«
It was made clear that ealoulus is not 1n$anﬂed for 311
schools nor for all teachers or all pupils in eny aehael.

?ﬁe committse_juétified the.iﬁeluéion of this ?ééllege eourse“
in the high eohooi.eurrioulum by nhtihg the character of the
course. It proposed that‘elamentary ealoulus be introduced

by studying rates of changoe.

In nature all things change. How nuch do they ohanse
in a given time? How fast do they change? Do they 1
orease or decrease? VWhen does & quantity becoms 1argest
- or smallest? How can rates of eh&nge be compared? These
are some of the questions which lead us to study the ele-~
mentary caleulus. Wighout its essential prinoig%&s these
questions cannot be answered with defin&ﬁeness.

Aecorﬁing to the Netiomal Oommittee, the alementary
ealeulua should ineludes

(1) The general notion of & derivative as a limit ine
dispensable for the accurate oxpression of such fundamene

28,0 National Committes of Methematical Requirememts,
m.; Pe 40,
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~ tal quantities &m veloeclty of & moving body or slope of
a ourve.

(2) Applzcations of derivatives to easy prablema in
rates and in maxime and miniame.

- (3) simple cases of inverse problems; for example,
find&ng dietanae from veloeity.

(4) A@proximate methods of summation 1eaa$ng up to
integration as a powerful methed of summation.

(5) Applications tg.eluple cases of motlion, ares,
volume, anﬁ pressure, 3

These regommendations startlea the gemeoral Fun of maths-
matioiana who had na% follewed developments 1n Enropean ’
aoheols. They did, however, give 1mpetus 1) mavamenﬁs 8l
ready in existence: the tsaohang of caleculus %o college freshp
men at the Messachusetts Instituﬁe of Teehna&agy and the Uni.«.
versity of Rochester; and experimentatlon with secondary
sehoolfealculns at the laboratory school eeﬁnaete& with

Teachers College, Celumbia Univerazty.aa

iIl. EXPERIMENTAL PROGRAMS
IN THRE TEACHING OF CALCULUS

From $these beginnings in 1923, ocaloulus in the high
schoel has gone palnstakingly, e?eybsoaalaﬁly forward. In
the early ghools two piana were used in offoring ea;eulups

agm" p. 38

ka rd, "Introductory Caleculus as & High Sehool .
8!1‘)330%;‘-’ O, -
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The first was to employ the methods and notation of ¢aleulus
in some other course such as algebra. This was basically the
plan used im Franee. The other was ¢o offer & course in cal~

eulus as such using what ever blogk of time was available,

Ihe Early Years

mmmmms&m% Pioneer work in
his field was done by Miss Vevia Blair in the Borace Mam

8ehee1 for Girls. First offered in 3921 end eenﬁ&naeﬁ sinoo
ﬁh@m" the course has been & semior elective. The groups are
éo;lege'* prepayatory, meet three paﬂoda e woek end use mo
text, although materisl is drawn £rom sev‘emlg texts, The
syllabus covers the differentiation of the funetioms £(x) = =0,
£(z) = uv, £(x) = wy, £(z) = ain‘x. f{z) = cos = with prob=-
lems on yates and maxime and minime., In integral ealculus
they take up thé,preblems of ersa, volume, work and fluid
pressure. In differentiation the limit of diffioulty 4s

found in the'aevelopment of the Maclaurin series expansion

for sin xs ,
3 7
in =R - E-. . 6 e
sin x = % g-f-:-% 7!+ 3

and in integration the limit of difﬁcnluy mey be found in

ealeulating the volume of a torue made by revolving the

eirele 2 + (y » 7)2 = 9 about the zeaxis.

251p1d., pp. 91-2.
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The Lincoln Sehool of Zeachers College.?® The work

done in the Lincoln Scehool of Teachers College wae led by
Dr, Vera Sanford. The experiment was in two perts, the Iirst

6

¢onducted for three years (1521-24) on eleventh graders, both
good and poor students, at the ssme time elgebra end trigonoce
netry were being studied. The werk was not'éleotive, but was
needed for college entrance. |

Rather then borrov. time, as it were, from trigoncmetry
and elgebra, the caloulus course was offered &s & senior
olective for the second part of the experlmént. The ectual
work in calculus began with the twelfth year and covered
roughly the first semester, The key xdea_wéa the extenslon
of the function concept to that of the rate of change of &
variable quantity. This led directly to the introduction of
the derivative and its appliéations. The indefinite integral
as the inverse of the derivetive wes used for finding areas,
volumes, momentums, force and work. The last semester of the
senlor year was given over to the study of édvancea algebra
and further work in trigeonometry, using methods of caleulus
whenever possible. _ _

Wedleigh High Sehool, Hew York.2! For some years,
Mr. John Swenson of the Wadleigh High School of New York has
trisd the experiment of combining caleulus with advanced ale

26&2&.. PPe 92=3, 27&@0, PDe 93=4,
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gebra, trigonometry and solid geometry. Differentiation and
integration of polynomials are 1ntroducsa in the latter hslf
of the advanced aljjebra given in the eleventh yoar. The deri-
vetive ;s used to find mexime and minime, to obitein equations
of tanggnts and normals to econics, and to determine the points
of 1nfieo£ion of a curve. Areas are obtaiﬁsd by intsgration.
In the twelfth yoar the treatment of trigonometric functions
is expended by using trigonocmetric substitution to integrate
certain integrals. While studying solid geometry, integra-
tion 15 ufied to finﬂ volumes and surfaces.

L &.mﬁmmm Qakland, ¢ ..m” at
the University High School of the University of Californis

twelfth yoar studonts are given a course in calewlus combined
with solid geometry. The tenth year's work includes all of
plene geometry and five weeké’ work in solid geometry, with
emphasis on the latter being computational rather than demone
strative. The Junior yeer's work includes algebraic £heory,
trigonometry, and some work in the natural scicnces. In the
fall term of the senior year thej take up elementary calsulus
end the more demonaﬁrativa parts of solid geometry. About
ten weeks is given to the atndy of caloulus, since consiaem»
able solid geometry has been studied in the tenth year. Anale
ytic goometry ies offered the second semester of the senior year.

28rp1d., pp. 93-4.
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Ihe University High School of the University of Iowe.??
The menner in which a course in caleulus was inpugurated at
tho University Rish School, Iowa City offers a good example
of what mey be expected at other schools which attempt this
revision. Here there was no fear about offering the eourse
for the value and feasibility of such & course scemed well
established to those in charge. The problem was to £if% it
into tho school's needs and resources. The enrolled class
was 8 select group-~seleeted, net by the school, but by
their own interests and abilities and future plans-~which
wanted an advanced course in mathenmaties. The course could
have no bearing upon college entrance for the atnﬁenta'haﬁ
threc semesters of algebra and provision had beon made for
20114 geometry. They wished to have & sourse that would be
of value to them if they did not take up college work, and
which should help them in their work in mathematies, in sel-
ence, or in enginesring in case they went to college. The
school had formerly given & fourth semester of algebra, but
it was decided to subatitute & course in elementary caloulus
and rolated material.

The teacher had much else to do and had not had any
oxperience in teaching caloulus. It was declded to use &
basie textbook and to cover in five days & week for & semes-

2%Ib1d., pp. 94=5.
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tor a little less than vhat eollege students using the same.
toxt cover in four days a weok. Supplementary material from
other texts was used, but the order of {the basle text wes
followed.

The instructor reports that the students showed keen
interest and were impressed by the powver of the new mathema-
tics. The students were overwhelmed by the ease with which
physics problems could now be worked,. and were in agreement
that it had been the most useful and helpful mathematics
course they had met.

The ey Britein High Sohool.’® In 1922-23, the senior
high school in New Britain, Commectiout, begen giving elemen~
tary ealeulus as a senior electivé, following elesély tha'
recomnendations of the National Committee,”® The poliey
was to give no marks &nd no mseignments. Enough theory and
exercises were given to prepere the students for the solution
of a}aet of prepared prebleme. The main %topics eansiderea
were variable rates of motion, mexima and minima, and éreas
vand volumes. lMr. @Goff, the instructor, mimeographed his ovm

text for the course.

30robert R. Goff, "4 Fev Lessons in Calculus for High
Sohools,"” The Mathematies Ieacher, 158 307+8, May, 1922,

310e, ppe 145, 278.
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South Side High Sohool, Newark, New Jersey.”: At the
South Side High School in Newark , Howard F. Fehr, present
Head, Department of Teaching of Mathematies, Teachers College,
Solumbie University, used a syllabus in twelfth year mathe=
matics thet incorporated trigomometry, edvanced algebre and
ealoulus. The topies studled in caleulus £ellow the same
pattern es the National Committee's recommendation of 1923,
In an apticle written after the use of this curriculum for:
two years, Mr. Fehr veports’’ thatt ‘

(1) A student who has acquired the eonaapt-of funetion
ecan more readily, vividly, and intelligently apply it to
the study of physical phenomena,

(2) A student pecognizes in the caleulus a tool in-
disponeible in modern enginoering and sclence, and is the
more eppreciative of the modern seientific achievemonts
which he enjoys. . ,

(3) A student fomilier with the notation and simple
operations of coordinate geometry and ealeulus who does
not continue his cducation in higher institutions can fay
-more readily pursue the subject without elassroom instrue~
tion, while the student who does go on to eollege adapis
himself more readily to the new methods of presentation,

(4) A student familier with the function concept hasia
general methed of atteoking geomstrie problems instead of
the "Bag of Trioks" which he used in Euclidean geometry.

(5) As a ¢hild matures so should his idees of algebra,
geometry, and trigonomeotrys and this growth is best obw»
tained for him by showing their applications in the highe
oer branches of mathematies rather than in advanced parts
of the same fleld.

32pohr, op. gike, PPe 296=302,
331m4., pp. 301-2.
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(6) A student having hed such & course c¢an read books
end technical papers on recent seisntifie developments
- with better understending. : :
- (T7) These simple methods of the soordinate geametry
and the ealsulus unif{ the mathematiocal knowledge of the
@

- - student sineo they meke indiseriminate usée of practical-
‘_1y all the mathemazaea the student has yrsviously 1earnad.

III. THE FUTURE EXPERIMENTS

This survey of the‘historieal dé#exepmsnts anﬁ past'
experimenta in %eachina ealoulua in the secondary sohnol is
far from exhaust&ve, but 1t shnuld preaent a aross~soetion
of those ezperiments which have been tried. Hoither doea
~ this or prévious considerations oampiétely Justify the in~

clusion of oaloﬁlus in the hiéh sehool éurricalum. - One’
thing is appérent from studying thb reports of these axperia
mentes the more able mathematios students are able to grasp
the fundamentals of c¢alculus end realize that in ealoulus
thoy have found the most powerful mathemetieal toel thoy
have yet encenntered. Is 1t asking too mueh‘that these .
periments be condueted on & wider secale onm groups of stu-
dents of a wide range of mathemsticel ability? If they cen
be taught to recognize the power of this tool and ean under=
stand the fundamentals, this is not too great a load to
undertake. |



OHAPTER VI
A PROPOSAL

Thboughout the preceding five chapters, mentaon’ﬁaa. -
beon made of the.anxhbr'a‘proposal for the teaching of aale
oulus in the high schools, but nowhere has this proposal
been given. The purpose of this chapter is ¢o expliciﬁ%@g
present\these reéommqnﬁations, and'oanalder the baékgréun@,
the values, the content, and the methods of this suggested

oonrsefln caleulus5:
I. THE BACKGROUND

| .sfuﬂy of past trends, recéﬁhenﬂatiené,'éxpekimenta.
anﬂcbnditiqns réveaia no less ;han four er&ﬁeria'u@on which
tﬁé téachins of ealéulus in the higﬁ‘sehnol ean be baaed, at
least partislly. | - |

1. Calculus has been taught for meny years in the
secondary schools of Euroye to students of ability equal to
that of Americag studonts without any adverse offocts.

2. 8mail secale experimentation in the teaching of
caleulus to American youth has shown that the pupiis have
boen able to master the elementary comcepts and cperations,
and hsve réeognised the importance of this mathematicel
tool. .

3. Other mathematical subjeect matier that, like
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caleulus, was once thought to be university-level, has, with
suseess, been introdueced %o the secondery school mathematics
curriculum.

4, The inclusion of oaleulus in the secondsry school
ourrieulam has been advoeated for many years by the world's
leading mathematloal sdusators.

II. THE VALUES

Certain velues, meny of which may be inestimable, ean
be reslized from the study of valoulus in the high eohool.

1, OCaloulus is & valuable tool in many fields of
endeavor; the inelusion of osleulus early in the curriculum
will facilitate the learning of these applied flelds end .
will provide 2 more meaningful lsarning experience.

2., Young students of mathematies will be pruvida&
e greater opportunity to understend and appreuiaﬁevthe
importance of methematiocs in modern~day living, end will
bo given & deeper insight into the nature of mathematiea.

3. The study of caleulus in the secondary achool
vill accelerate the learning of thoso students preparing
for & scientific vosation and will thus provide the cppere
tunity for them to be released into soolety with & greater.
Imowledge. There is a definite possibility, also, that
these people may be dslivered to the community at an ear-
llor age, so that they cen provide humanity with greater
service during their years of greatest produstivity.
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4, Caleculus oan serve &8 the unifying course in high
school methematiocs, for it makes use of all mathematlics
previously learned in school., Furthermore, it serves as the
connecting link between pure and applied mathematios
because of which thies first introduotion to theoretical
mathematies can be made msaningful by the use of appli-

cations.
III. THE CORTERT

While the content of this proposed course is outlined
at length in Chapter VII, a brief preview of this content is
in order,

1. The differentiation of the algebraic function.

2. The integration of the algebraic polynomiasl.

3+ Elementary applications of e¢aleulus. Among these
applications aresg maxima and minima, elementary curve trace
ing, rectilineer motion, areas and volumos.

4, While the subject is not ineluded in the proposed
syllabus, differentiation and integretion of trigonometric
funetions, with appropriate applications, could be added by
the teacher whose students are sufficiently prepared.

IV, THE METHOD

The methods of teaching & high school subjest are,
rightfully, the teacher's own trade secrets, so to spoak.
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As sueh, very little cen be said concerning the speeific -
methods one should use in teaching caleulus. However, ¢ore
tain principles should be followed by the teacher who is
offering & course in high school ealeulus.

Since moat present high sechool mathematics students
are not sufficiently mathematically mature to understend a
rigorous, theoretical approach to caleulus, & psycholeoglcal
rather than logioel pressntation must be utilized. Wherever
possible, theory must be related either to experionce or to
sraphleél presentation. In this way, learning experiences
will become more meaningful, apd knowledges can be acguired
much more rapidly.

vTha proof of essential theorems, however, will not
be overlooked by assuming a more informel approach. Rather
than neglect the proof of an importent theorem, the teacher
will be asked to argue from a geometrie standpoint, if at
all possible. Cthermrise, it will be required that the teache
or explain to his students that the proof is too much for
the present lovel, and must be assumed to be valid. This
assumption, however, does not mean that content will be pre-
sented from the standpoint of rote learning.

The content included in the proposed course for high
school caloulus is outlined in Chapter ViI. UWhile ths con~
tent is so arranged that it could be taught in a separate
semester course, this is not the only reason for the givenm
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arrangement. The author reelizes the difficulties that can
arise from the proposal to include calculus. in the high
scheol currioulum. With these limitatieons in mind, he
envisions the possibility of ineluding toplos from the
syllabus' in other mathemetiecs eourses, rather than offering
o separate olective course. If this case did arise, the
topics in the syllabus eould be taught in these other
courses as the teacher so determines. 4As an example, the
author syggests that the subjeet of graphing the linear
funntieh by using the difference quotient could be introe
duced §o a class in first year algebra.

| As 2 £inal aid to the teacher, the author stréngly
suggests that the teasher who plans to offer a sourse in
high school ealeulus frequently refer to0 his college anale
ytic geometry and calculus texts ¢o refresh his memory and
further his understanding of the elementary topics. out-
1ined in this paper. '

V. A YORD OF CAUTION

The point does not need to be pressed that all stu-
dents will not be able to achicve & high level of understande
ing in elementary caleulus. Few students who achleved the
enviable record of "straight A" in high school mathematies
have been able to achieve equal success in college ealeulus,
A student who does not earn such & record in high school
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ocaloulus should not be punished severely for his lack of abil-
ity. Far more adventageous to the student and humanity would
be the polisy of guiding this student out of mathematics and
into & field more commensurate to his adbilitles, perhaps @
f1eld in vhich mathemeties plays a 11m1ted‘role¢

‘Reither should the teacher expect the work of all
high school students of e¢aloulus to be as thorough as that
ef the college student. Thoroughness, conclseness, and clare
ity of oxpression come only with experience; this exporience
san noitnormally be achleved by the senlor year of high-
school. The mathematics teacher should nbt, hovaver, acecept
major omissions under this eriterion. Work must‘be complete
to the extent of the presemtation to the studenta. Thus,
for example, the teacher must comsider that

J[3xadx = 27

is incorrect, for the comcept of an additive constant in an
integrél is fundementally simple. Follewing the same erie-
teria, the gtatement that
lim 1/% = oo

A x—0 '
4s a pérfectly legitimate statement, despito the faet that
nothing "1s equal to" infinity, provided that the teacher
has taken the appropriate precautions in explaining the eon~
cept of infinity, and has, with equal diseretion; defined
the symbol o,
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The high school ealeulus teaoher must be prepared.
Unﬂer no o&reumstaneee should he atﬁempt 0 teaeh that
) matarial whieh he himself does not fully understand. Disy
. regerd for this rule oan lead only t@ gross er

7-and mise
Junderstanding on the part of the atudent. and can do

. nothing but ecorreoborate a feellng among many,cel;ege mathee

matios teachers that high school mathematios temchers are

_ incompetent. |



CHAPTER VII
THE FROPOSED CONTENT

I% 48 the author's intention to give the ressons why
ealeulus should be teught to secondary school students end
propose the toplcs of & high sohool course, end not to write
', a texﬁboek.on caleulus. Thus, these topies as presented ia
'ﬁhis ohapter are in skeletal outline form. The more impor
“tant %heorems have been stated at length, end 1tlhaa boek
assumea that the teacher well~en9ush informed to teach hish
‘sehaol caleuluu cen rofer %o his collese calaalus text or
any of tha meny execellent texts listed in ths bibliosraphy
“to this paper in order to f£111 in the details.

- The content as outlined here is more than minimal for
most high school sﬁndenss, but 4t is also not maximal
amitted from discussion are the more advanced topica of dife
ferentiation suech as rates of ehange and appoximation by
differentials and of integration as centrolds, fluld pres-
sure and multiple integration. Furthermore, the differens
tiation and 1n$egration of transcendental functions have,
with full intention, been amitted, for the author believes
that even the superior high school aﬁuﬁenﬁ 1s not mathema-
tically mature for an adequate discusaion of these topics.

Before the study of caleculus can propérly begin,
there are certain prerequisite elemﬁhtéry,knawledges that
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must either be reecalled or lsoaraned. Vhile it is possible to
introduce meny of these fundamentéls at other plages in the
development of caleulus, they are grouped in the beginning
for convenience. Those fundamentals needed later can then
be recalled.

I. Fundamental concepte
A, Variable
1. Definition of varilable
9) Disarete
b) Bounded
6) Infinite
d) Finite
B, Function
1. Definition of function
a) Independent variable
b) Dependent varieble
2. Definition of range
a) Single~valued funection
b) Multiple<«valued funotion
¢) Bounded
d) Infinite
@) Finite
£) Discrete
0. Funetional notation
1, Even function



D.
E.

the ine

2. 044 funetion
Functions of more than one veriable
Algebraic translation
1. Definition of locus
2, Definition of algebralc translation
8) Formetion of & function |
b) Change of varieble in & funotion |

The study of ealoulus is dependent upon the notion of
rement of a variable. This increment is symbolioally

represented by use of the Greek letter "Delta,” A. In this

section, many uses are made of the operator A.

Il. Introdue;ien to the inecrement

A,

B,

c.

Linear function |

1. Definition of linear funotion

2, Heming of 11nea: funetion from graph

The opergtpr'lk

1. Defin&tioniof the operator

2. The differemce quotient

3+ Tho inorement of & variable

The use of the difference quotient in graphing
1., Slope of & line

2. Angle of inclination of a line

3. Equality of slope, difference quotient, and
tangent of angle of ineclination

&4, Sleope-intercept form of lincar funection



D. The distance formula
E. Inoreasing and decioasing linear functions
1. Definition of inereasing funection
2.« Dofinition of deecreasing function
F. The quadratiec function
1. Definition of quadratie function
2. Graph of quadratic funétion
3. Tangent line

4, Difference beeween slope of seoant line and
tangenﬁ 1ine from tho same point

: a) Slope of secant line approaches .slope of
tangent line

R Definitlon of slope of & ourve
G. The cubic funotion
- 1+ Definition of cubie funotion
2, Graph of cubic funotion
3, Slope of eubic funection

The concept of e limit (vhether 1% be the limit of a
sequense, & variable, or a funstiqn). and the associated
coneept of continuity are considerably too sophisticated
for an analytie study in the high school saleulus sourse.
For this reason the notion of the limit¢ will be discussed
only in the most intultive manner.

III. The Limit concept
A. Sequences



B.

C.

D.

1.
2.
Se

A7
Definition of sequence
Limi¢ of a sequence
Tho coneept of infinlty

Theoroms OR segqueneces

Lo

2,
3.
a,

Se

The 1limit of the product of & constant and &
sequente is the product of the sonstant and
the 1imit of the sequense. '

The 1imit of tho sum of %wo sequences is the
sum ofv%hp limits of the sequences.

The limit of the difference of two sequences
is the differense of tho limits of the sequences.

‘The liﬁAt of the product of two sequenses egquals

the produet of the limits of the segquences.

The 1imit of the quotient of tvwo sequenges equals
the quotient of the limits of the sequeneces, pro-
vided the limit of the divisor is not zero.

Functiona

1.
2.
3,

Limit of & variable
Linit of a funotion

Definition of a continuous funetion

Limit theorems on funotions

1.

2.

Do

Ao

-

The limit of the produet of a constant and &
funotion equals the product of the constant and
the 1imit of the function.

The limit of the sum of two funetions equals -
the sum of the limits of tho funetions.

The 1imit of the difference of two funetions
is the difference of the limits of the functions.

The 1limit of the product of two funetions equals

‘the product of the limits of the funetions,

The 1limit of the quotient of two funotions esguals
the quotient of the limits of the functions, pro-
vided the 1limit of the divisor is not zero.



E. Aress by summation
F. VOlumes.by sumnation

While wany mathematioians (and the author) believe
that the 1n$egra1 as ths f&ndamenzal backbane of aalcnhus,
the discussion of the derivative and ite applicat&ana will

provide a more maaninsful 1earn1ng experience for the high
sehool atudent, and shnuld be studdied prior to the disous~
elon of the integral.

IV, The operations of caloulus
A. The &erivativé |
1. Definition of derivative
24 Geqmetrié aignificance
' 3. Physioal significance
4, Notations for derivatives
B. The Awprosess of aifferentiat;ns
0. The derivative of x
1. The eonstant function

a) Theoren: The derivativa of a conastant funetion
&s ZOT0.

*a; Theorems If & funetion has a derivative whieh
is zero at each point of an intervsl, the funce
tiom is eonstan& on that interval. 4
D. The derivative of the eslgebraic polynomial
1. Linear combination of two funetions

2, Definition of the differentiable function



3+ Theoprem?

&) Corollary:

%(-—u) = -a% |

ls. i‘heoremz

§u+v)= % %
a) comnarys
C flme ) a gl g
b) comue.rys |
G- -B-f
E. Inoreasing and deoreasing functions
1. Definition of incressing funstion
e i:sfinition of deereasing funetlon
k- 19 Theorems If the derivative is positive threoughout
a given intervael, the funotion is lnsreasing there;
if the derivative is negetive, the function is de
erecasing.
4, Stationary point of & funotion
F. Elcmentary curve tracing
1, 3keteh of the graph of a function by finamg
a) Zero points of $he funotion, if any
- b) Stationmary points of the function, if any
¢) Intervels where the function increases
d) Intervals where the function desreases
@. Finding & funcuon with a known aara.vatzw

1. Theorems The moat general function F(x) which has
P(x) as its der&vauva is

F(x) = g(x) + o,
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where g(x) ia any parﬁﬁ@ular funotion such that
g'(x) = £(z) and vhere'c is any constant,

2. »efinﬂ.'aien of anﬁderivauw

3, Theorems If y'= ax®, where & and 1 ave aﬁnatants,
- and n # «), then ¥ hes the form -

y= &-“* + Gy
vmere ¢ ﬁ.s an arbitmry eons'san‘b. .
H, Reetilinear motion L
: : 1., Veloeity as derivative 6? distance
2, Acceleration as Gerivative of ‘yeloolity
3. Freely £alling bodles | |
I. Areas by antidifferentiation
Je Ds.ff'erem&e&mn of prndue%s and quotients
1, Theorenms
&-(uv) = u% +v4a
a) Corollary

g (uww) = xw% \m%

2. Theoyren}

E. Derivatives of higher order -
1. Definition of higher order derivatives
2. Notation for higher order derivatives

The more elementary applications of the dirivative
have beon diseussed in the previous seetion of the outline.
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The follewing are more advanced applications that can be
studied by the whols clase for a better background, or by
‘only the better students if time is limited.

V. Parther applioations of c¢aleulus

79

Hegimum and minimum ve.lueé
1. Definition of absolute maximum end minimum

2, Definition of relative meximnum and minimum

B.

3 T-hearem If the fumeotion £{z) hes & relative max-
- Smun or minimum at a point and if the derivative
exlsts at that point, it must be zero.

4. Theorems A function has a relative maximum 2% a
point Af the derivative is positive to the lefd
of the point and negative to the right of the
point, and a relative minimum at that point if
the derivative is negative to the left of the
point and poaitive to the righi.

Signifieance of the second deritative in finding
maxima and minima

1. Definition of conecave upward and eoncave dowmward

2. Theorems The graph of 2 funotion iz concave upe
wvard 1f the second derivative is positive and
concave dounvard if the seceond derivative is
negative,

3« Dofinition of & point of inflection

4, Theorem: If & point is & point of inflection of
a curve, the second derivetive is zero there.

5. Thoorem: The funetion y = £(x) will have & rela=
tive maximum at % = Xq provided that

y'=0, 3" <0, at x = x,
and a relative minlmum at x = X, provided that
y‘= 0, y“>°’3tx=xec
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C« Appliocations of maxima and minime
1. Theorems If £(x) is dofined and eontinuons in &
¢losed interval, then there is at lsast ono point
in the 1nterva1 at whieh the value £(x) is an
absolute maximum and at least one peint at which
it is an absclute minimunm.

An informel discussifin of the integral bas been
covered in the discussion of areas and volumes by summation
and entidifferentiation. These toples of discussion are the
gpringbeard to the formal disoussion of the integral and

will b2 related here.

VI. The integral
A+ Proporties of the integral
1. Definition of the integral as the limit of a sum

2. Definitlon of the integral as the general
antiderivative

3. Notation for tho integral
&) Use of the aifferential &z
B. Integral formulas
. .li du=kif +¢

n+l
2e fu dan = LT""Q
C. The definite integral
1. Definition of the definite integral

a) Definition of the limits of intogration
b) Definition of integrand
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D. Propegties of definite integrals
a
1. f £(x) ax = -/ £(x) ax
a ' b o

~a A

® ¢ ¢
. | £(xz) éx £(x) ax = f(x) ax
3 fab (x) +[b‘ :x) .j;_v(x)_ |
5. [ [e(x) + g(x)] ax = [ £(z) ax £(x) ax
5 [Cfeo) 4 stm)] [a ) o+ [t
E. Caloulating definite integrals

1. Theorems Ibe'(x) = £(x), then
f £(z) dz = F(b) » Ple).
a .

F« Apreas by integration
@. Volumes by integration

It is bardly neccessary to say that frequent llluse
trative problems should be worked on the ohalk board. Equale
ly important is a good croas~sectionel set of problems for
the student to solve. These are the author's laat two suge
gestions. From this point on, the content and methed of the
high school caleulus éourae 18 left in the hands of the
tsacher. Only he knous uﬁ% his students oan manipulate end
assimilate,
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AFPPENDIX

The suthor unfortuncstely has had no opportunity to
validate his proposed plen for teaching caleulus in the high
sehool. While it has been assumed that mueh of the content
of this plan can be handled by high school studends heocause
of its similarity to successful ezperiments (cited in Chape
ter V), the firstehand opinions of high school teachers have
been obtained for emalysis in order to obtain validity by
authoxrity.

This was done in the following way: The outline of
content confiained in Chapter VII was distributed to forty-
£ive junior and semior high sohool mathematics teachers ate
tending a Hational Selence Foundation Institute at the Unie
versity of Minnesota, Duluth Branoh during the summexr of
1958, The purpose of this plan was explained %o them, with
emphasis placed on the fast that the author has conceived
this caleulus outline to be used elther as tho basis for a
somester coursse in high school ocaleulus, or as a source for
eppropriate topics in ealoulus that could be studied in any
high school mathematies course vhere they m&sht be found
saitable.

These toachers wero esked to read the outline and,
80 that the author eould get a eross~seotion of opinion ani
obtein some sort of validity for his project, answer the
following questions eontained in a questionnsires



1.
2.

3.1

A

60
At what level do you teaeh7
What subjects or grades do you teach?
How mang years have you boon teaehins? |
Bbw meny quarteﬁsorsdits of mathamatiea ha?e 3au

~taken in college?

- 6.

What 13 the anrallasnt in yaur sehaol? ’.
Is there eny spacial elaas in mathamaties taughﬂ

‘f‘(or Plannﬁﬂ to be taught) 1n yanr aehool beyond
'~ the usual aurrieulum?

, ffgi

8.

9.

if 80, of what does this oourse eonsiet?
Do you think high scheol atudents eould unﬂerstand

'the material in the outline? Explain your answer.

Do you think that a semester 3ourse in caloulus,
nging the topies in ¢the outline, would be practi~
cal for the better high school mathematies stu-
dent? Vhy? ’

The return from this sampl&ng wes only twen&y. but
this small group does seem to provide a deflnite, but harde
ly concluslve. trepd of opinion. The facta colleeted from

_gh;s survey een bast‘be anclyzed question by question.
At yhat level do you keash? OFf the twenty teachers

replying,

four taught only in junior high schools (grades 7

to 9), and eixteen taught only in & senior high school
(grades 10 to 12) or in & combination junioresenior high

Bchﬁal -
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yhet subjeots or grades do you beach? The subjects
ﬁaught by these tetchers reprosented the fuil'mathematiaa
currioulum of $he sesondary schools A broakdown of the
eourses taught togethor with the number of teaahars‘teaehing
them 1s includeds seventh and eighth grade arithmetic or gen~
éral mathematics, 5; olementary algebra, 10; plane gebmetgy.
lﬂs,aavanoedQﬁngébra. 11y.eﬁlid'aeametry, 7¢:trig@nnae$P?é Te
The seven teachers that taught solid geometry also taught
twigonpmétry. Thus only thirty-five percent of the teachers
responﬁinsfhavefoxperaence working with the ocalibrs of gﬁu»
ﬁeni this proposed courze is designed to aid.
~ Boy meny yeers have you boen heachinaz? The average
number of years teught by these teachers was 12.2, with the

experience ranging from four to twenty<five yeers. Those
teachers that had taught the greatest number of years gone
erally taught the more advanced courses. |

mathematios preparation averaged 39.9. The variance was
from oighteen to sixty~four. This average represents about
six quarter~ersdits over the minimum required of majors ia
many teacher~training institutions. Of the eight teachers
with & preoparation greater than the median, only thres were
toaching solid gaohetry and trigonometry. Experienee. not
proparation was the dbasls for selection of these teachers.
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lihat is the emrollment of your school? The average
enrollment in the schools represented by thaée toachers was
695 with a lov of 125 and a high of 2000, All of the schools
that were represented by effirmative answers to the next
qaeét&en had enrollments greater than the average.

| lﬁuﬁﬁﬁﬁaamzsﬂﬁﬁééhs&&&a:uzzﬂﬁﬁﬁﬁﬂﬁﬁﬁtaﬁmﬂui(ez
Wmmmwammwmmm
swlup?  If g0, of whet does this gourse gomeist? Of the
twenty schools represented, ten offared~ﬁé apeelﬁl pathemae
tics courses of any type, four schools were planning progrems
% be offéred in the mear futuve, and alx‘sahénlglneﬁ offered
some‘kinduof speeial mathematics progrem for‘tha“beﬁter stu-
dent. Of ﬁhsse six, one echool provided for ability éreupw
ing in plane goometry only, assuning that'sreupzng vas &
natural process for advanced algeobre and trigonometry. Four
sehools offeored emriched programs in sll courses from plane
geometry up to allow the better student to get "something
extra” from the eourss. This plan was adopted in thoee
schools becaude the mathematios staffs were too small to
éllow for any other plan. The sixth school taught plane
and soiid geometry in one year, advanced elgghra and Arigo-
nometry wore accelerated to less then the normel three semes=~
ters, the rest of the senlor yesr spent studying modern ale
gobra and statisties. It should be noted that this is the
type 6f special program recommended by the author 4f one is
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to "Find time" to tesch some of the elemente of ecaleulus in
the twelfth year.

Do you think bish sehool gtudents could pnderstand
the maferial in fhe outline? Ixplain. Throe of the recpond-
ing teachers folt that the outlined materisl wes sufficiently
eagy for high sehool seniors, vhile four theught that no high
 sohool student could understsnd eny of the elements of caloue
lus. The remaining thirteen teachers esiimated that ‘enly- e
portion of twelfth grade mathemstics students could comnpro-
hond ealenlna, the eatimates varylng from five pment -
thirw percents

bigh gohool @&Wﬁ&% gtodent? Uhy? Thirte@n teachers
folt that caleulus should be offex*ed es an elective course

in the twelfih grede, for the magan that it would bettor
prepare a student for college mathemetics. Four more teasche
ers thought that ealoulus should not be offered as & seps-
rate course, eiting the recommendations of the Commission

on Hethematics of the College Entrance Examin2tion Board as
" suthority., The last three felt that the outline comtaimed.
too mch material for consumption in 2 somester courss.

Thus the consemsus of the group seems to be thias

Calounlus chould be offered in the high school es an eleotive |
twelfth grade subject, with a content somewhat more restrige
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tive then the outline in Chapter VII, but would be under
stood by only a fraction of the students in present twelfth
grade methematics courses. These seem to be much simdler
to the opinions reached by the author in the text of thie.
paper.

- - It is the hope of the author that a number of entere -
pr:.sﬁing- secondary schools will show a desire to experiment. -
in the teaching of caloulus. Only with contimued efforts
along these lincs cen date be gathered to determine whether
or not progrems of advanced methematics can adequately be
taught exi the pre-~collaege level, o





