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1. Introduction and problem statement

The problem this paper focuses on is thesupervised clusteringf a data—set. The data—set is given by the

— pxN p
matrix M =[x, %,...x,] 00 , where each column d¥l, % 5" is a single data—point. This is one of the
more basic and common problems in fields like pattern analysis, datagnidocument retrieval, image

segmentation, decision making, etc. ([GJJ96], [JMF99])).
The specific problem we want to solve herein is the partitiorMointo two sub—matrices (or sub-clusters)

N\ XNR _
M, OO° and M. OO° , No*+Ne =N 1hig problem is known dsisecting divisivelustering.

Note that by recursively using a divisive bisecting clustering procedurelatse-set can be partitioned into any
given number of clusters. Interestingly enough, the clusters so—obtainstractired as aierarchical binary



tree (or abinary taxonomy This is the reason why the bisecting divisive approach is very attractiveaimy
applications (e.g. in document-retrieval/indexing problems — sefS&€y00] and references cited therein).

Among the divisive clustering algorithms which have been proposed in the literattine last two decades

([IMF99]), in this paper we will focus on two techniques:
» thebisecting K-meanslgorithm;
» thePrincipal Direction Divisive PartitioningPDDP) algorithm.

K-means is probably the most celebrated and widely used clustering techriigoee it is the best
representative of the class of iterative centroid—based devadgorithms. On the other hand, PDDP is a recently
proposed technique ([B97], [B98], [BG+00a], [BG+00b]). It is representativenefrion—iterative techniques
based upon the Singular Value Decomposition (SVD) of a matrix bonit the data—set.

The objective of this paper is twofold:

» compare the clustering performance of bisecting K-means and PDDP;

* analyze the dynamic behavior of the K-means iterative algorithm..

In the existing literature, both these issues have been considered onlycathpiThe performance of PDDP
and K-means have been recently studied, and have been reported to be somalawosi the basis of a few
application examples ([B97], [B98], [BG+00a], [BG+00b]). As for K-means beatravthe main theoretical
result known so far is [SI84], where it is shown that the K-means iterativeedwoe is guaranteed to converge;

however, nothing is said about "where" and "how" it converges.

The main contribution of this work is to provide a simple mathematical explamatf some features of K-
means and PDDP. This is done under the restrictive assumption that therelataiformly distributed within a
p—dimensional ellipsoid (some comments on this assumption will be given in theSetion). The main
results here obtained can be summarized as follows:

* when the number of data—points tends to infinity, bisecting K-means and PDDP conugetige same

solution;

* when the number of data—points tends to infinity, the iterative biset&ttrrgeans algorithm is characterized
by p stationary—points; among themp;1 are unstable equilibria; the remaining one is a stable equilibrium
point;

* when the number of data is finite (and small), K-means is strongly iniéitim—dependent, since it may be
trapped into local minima. PDDP guarantees a unique solution but the PDDPorotoight be slightly
sub—-optimal with respect to the best K-means solution. The best use ot&srand PDDP is to use
PDDP for the initialization of K-means.

The paper is organized as follows: in Section 2 K-means and PDDP are dpneisgled and discussed; in
Section 3 they are analyzed when the number of data—points tends to infinity asher®ection 4 an empirical
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analysis in the case of finite data sets is proposed. Some caowchadiarks end the paper.

2. Bisecting K-means and PDDP

As already stated in the Introduction, this paper focuses on two bisectirgivdiygartitioning algorithms, which
belong to different classes of methods: K-means is the most popular vieere¢introid—based divisive
algorithm; PDDP is the latest development of SVD-based patrtitioning technidbesspecific algorithms
considered herein are now recalled and briefly commented. In suchthlgsrthe definition of "centroid™ will

be used extensively; specifically, the centroid/ipfsay W, is given by

: (1)
M, . . M Qimi . M M W
where ! is thej—th columns of VMl | Similarly, the centroids of the sub—clustefst and ™'r, say " and
W, are given by:

U 1NL
L
|_Jl

é’v 1 NR

where M. and Me, are thg—-th columns oMt and Mk, respectively.

(2)

Bisecting K—-means: the algorithm.

Step 1. (Initialization). Randomly select a point, Scd))]D p; then compute the centroid of M (see (1)), an

o

p —w—(c —
compute® HH" a5 Cr =W (CL—W)

Step 2. DivideM =[x % %] into two sub—clusterd: and M= according to the following rule:

B OMCif - x —cs]x —cf
B OMe it [ -] >[lx -

Step 3. Compute the centroids ¥ and M=, We and W=, as in (2).

Step 4. IfWe =€ andWr = & | stop. Otherwise, It =W, %*-=Ws and go back to Step 2.

Bisecting K-means: remarks.



The algorithm above presented is the bisecting version of the general K-meanthaig@s such, it could be
properly named "2-means" algorithm?). This bisecting algorithm has beenlyedmtussed and emphasized
in [SKVO0OQ] and [WW+97]. It these works it is claimed to be very effectimedocument—processing problems.
It is here worth noting that the algorithm above recalled is the vergidalsand basic version of K-means, also
known (see [F65], [GJJ96]) dsorgy’s algorithm(with a slight modification of the initialization step). Many
variations of this basic version of the algorithm have been proposed, aiming toerdéaeiccomputational
demand, at the price of (hopefully little) sub—optimality. Since the goahisf paper is to analyze convergence
properties and clustering performance, this original version of the K-mdgasthm is the most interesting
and meaningfubk

PDDP: the algorithm.

Step 1. Compute the centraidof M as in (1).

Step 2. Compute the auxiliary mati¥ as:

M=M-we

wheree is aN-dimensional row vector of ones, nam@? [ 1']'1']'1']]
Step 3. Compute the Singular Value Decompositions (SVDD7bf

M =UsV™

where Z is a diagonal pxN matrix, andU and V are ortonormal unitary square matrices having

dimensionP* P and N*N respectively (see [GV96] for an exhaustive description of SVD)
Step 4. Take the first column vector of say Y =Y, and divideM =Paxg ] into two sub—clusterd/L

and MR, according to the following rule:

Bx OM_ if u'(x,-w)<0
OM, if u'(x -w)>0

PDDP: remarks.

The PDDP algorithm, recently proposed in [B98], belongs to the class of SVD-hdesedprocessing
algorithms ([BDO95], [BDJ99]); among them, the most popular and widely knowrtheréatent Semantic
Indexingalgorithm (LSI — see [A54], [DD+90]), and the LSI-relatethear Least Square FiiLLSF) algorithm

(ICY95]). PDDP and LSI mainly differ in the fact that the PDDP splits thatmix with hyperplane passing



through its centroid; LSI through the origin. Another major feature of PDDP is thaSWi2 of M (Step 3.)
can be stopped at the first singular value/vector. This makes PDDP sigrifidast computationally
demanding than LSI, especially if the data—matrix is sparse and the gairgingular vector is calculated by
resorting to the Lanczos technique ( [GV96], [L5€)]).

The main difference between K-means and PDDP is that K-niebased upon dterative procedure, which,
in general, provides different results for different initializations, velasr PDDP is adne—shot algorithm,
which provides a unique solution. In order to understand better how K-means dbi ®Rbrk, in Fig.1a and

Fig.1b the partition of a generic matrix of dimensiért 200C provided by K-means and PDDP, respectively,
is displayed. From Fig.1, it is easy to see how K-means andPRiaik:

* the bisecting K-means algorithm spli¥$ with hyperplane which passes through the centmidf M, and

is perpendicular to the line passing through the centréfdsand Wk of the sub—clustert and M= This
is due to the fact that the stopping condition for K-means iterations is icht&ement of a cluster must be
closer to the centroid of that cluster than the centroid of any citer.

» PDDP splitsM with an hyperplane which passes through the centwomf M, and is perpendicular to the
principal direction of the "unbiased" matri¥ (note thatM is the translated version &f, having the

origin as centroid). The principal direction b} is its direction of maximum variance (see [GV96]).

At a first glance, the two clusters provided by K-means and PDDP look almdstinguishable. A more
careful analysis reveals that the two partitions differ by a few points. Nwethis is somewhat unexpected,
since the two algorithms differ substantially.

Bisecting K-means partition PDDP partition
15 15




Fig.1la. Partitioning line (bold) of bisecting K-meansFig.1b. Partitioning line (bold) of PDDP algorithm. The
algorithm. The bullets are the centroids of the bullet is the centroid of the data set. The two

data-set and of the two sub—clusters. - N vi
arrows show the principal direction & .

In the rest of the paper we will try to give a rational explanation to thetfzat PDDP and bisecting K-means
may provide similar results. This will be done by analyzing the dynamic behavior ohdéns iteration.
Moreover, we will try to clearly outline theros andconsof these two seemingly equivalent algorithms.

The analysis presented in the following two sections is based upon thetrestassumption that the points of
the data—set are uniformly distributed within an ellipsoid. Thssiaption deserves a few words of comment:

* Itis important pointing out that an answer to the questiahére does K-meansonverge" can be found
only if an assumption of the data—distribution is made. Note that this is not n@agdione only wants an
answer to the questiondbes the K-means iteratiorconverge?” (as a matter of fact in [SI84] no
assumptions on the data distribution are made). Therefore, the sensible dfdice data distribution
becomes the main issue.

» Ellipsoid-shaped uniform distribution is the simplest distribution wittmpact support that, from the
clustering point of view, is equivalent to multi-dimensional Gausdistribution (which is the most typical
distribution of experimental data). Henceforth it can be considered thHauldedistribution when no a-

priori information on the data is available.

3. Theoretical results for infinite data sets

In this section the "asymptotic" behavior of bisecting K-means and PDDPowilinalyzed. Asymptotic here

means that the data set has an infinite number of points, name’r\ym. In Fig.2 the difference between a
finite and an infinite set of points is naively depicted.
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Fig.2a. 2000 data points uniformly distributed within anFig.2b. Infinite data points uniformly distributed within
ellipsoid. an ellipsoid.

In the first part of this Section, we will focus on tt2e-dimensional casespecifically, it is assumed that each
—_ T
point X= [Xlxz] of the data—set belongs to an ellipsoid centered in the ondimederred to the axes:

X = [ ]T ﬁz +x2<1
=% %1 pelongs to the data set if: @ . (3)
The semi-axes lengths of the ellipsoid in (3)&1(9 <as l) and 1, respectively.

Given these assumptions, the problem we wish now to solve is the mathdndascaiption of the dynamic
behavior of the bisecting K-means algorithm. The solution of this problem widiben in the following four
items (a)-(d).

(a) Parametrization of the splitting line. First note that the splitting hyperplane (the splitting line in 2-
dimensions) is always a line passing through the origin. This proggrtgserved even at the first step (see
the initialization procedure used in Step.1 — Section 2). Henceforthsglitting line can be parameterized
using one parameter only. The natural choice for this parameter is the aagle, setween the splitting
line and the positivey semi—axis. We shall use the subscriptto indicate the iteration number, namely

O¢ is the value o at iterationt. With no loss of generality it is also assumed OF

(b) Description of the basic idea.The basic idea used to compute the mathematical model of the dynamic

behavior of bisecting K-means is the following. GivBn, the next anglé® 1 can be calculated by first



()

computing the centroids, sa‘{)’t(at) and WR(O‘t), of the two semi—clusters induced by the splitting line
with angleo‘t. The angleo‘t+1 of the next—iteration splitting line then can be easily computed: it is known

to be perpendicular to the line connectiﬁ’&(o‘t) and WR(O‘t). In this way we obtain a recursive

Ui

relationship® 1 = f(o‘t), which provides a complete description of the dynamic behavior of bisecting K-

means.

Computation of the centroids.Due to the infinite number of uniformly distributed points in the data—set,
the centroids of the two sub—clusters induced by the splitting line with a‘ﬁglmust be computed using

integral calculus. Usingf(2 as integration variable, the computation of the position‘%f (which is the
centroid of the "Left" cluster, bordered with a dashed line in Fig.3) mustpbtisto the computation of
the centroids of two sub—pieces of the Left cluster (which are separatdz lmiashed—dotted line in Fig.3).

The position of™ hence is given by:

D S} OSCH) _ —y2 05@&) —_ 2 D

: ngsin(ao& ot XZ%%%X”&“ & E”Z :

UJ S UJ

0 os@,) 2 0
] gy

L 1 S

%VLZD B IXZ [2a4¢1—x22dx2 IXZ S(I);St) X2+a4/1_X22 %Xz B

0 o + 0

O 2a,/1- ¢ d 0S€) ) 4a /i %ﬁ O

g ! a\/1-x; dx, I sin@.) X, +a,/1 0

(4

where S is the *2—coordinate of the intersection between the splitting line and the ellipsottd first
guadrant (see Fig.3); its expression is given by:

alsina,)

S=
Jcos(a,) +a’sin*(@,)

(5)
Both (4) and (5) hold for0<as<l gng 0=a, 5"/2. Fortunately, (4) can be explicitly computed and

significantly simplified. After some cumbersome manipulatibresin be shown thaft is given by:

D 4 a’sin(a, ) C
L

w, 0 O 3n/co§(o( )+a’ —a’cos(a,)
%{v E_ cos(,) C

L
@3njco§(0( )y+a’-a’cos(a,) E 0<a<i, 0<a, <T[/2




It is trivial to see thatVr is given byWr = "W

—

(d) The dynamic model of bisecting K-meansOnce w (@) and W= (a1, have been found, it is easy|to
compute the recursive functidhrs = T ©4) which models the transition frofi to the angle® 1 of the

next—iteration splitting line. Indeed, this line must be perpenditaltre line passing throquL and W&,

namely:

Ay = a_tar[aztan@(t)], 0<a£1, OSG»[ST[/Z. (6)

Equation (6) is one of the major results of this work, since it provides a rigorous climsed-explicit
expression of the dynamic behavior of bisecting K-means in the limiting case. tNat (6) represents a first
order autonomous (i.e. without forcing inputs) non-linear dynamic disdigte-system. As such, it can be
analyzed using non-linear systems theory (see e.g. [L86], [VE#})analysis of (6) reveals that:

» By solving the steady-state equation
o= atan[a2 tan@r )],

it is easy to see that the iterative K-means procedure can only havetationary—points, & =0 and
a=T/2 | correspondence to these points the ellipsoid is divided by its shorter@ﬁ@(), and by its
longer axis @ :”/2), respectively.

* By locally linearizing the dynamic system (6) about the admissible equilibripoints (namely by

= (o @)/oa,), ., P,

computing the tangent modeI Peos = , where 60, =0, ~0 ), we obtain the following
two linear dynamic discrete—time systems:
i — 2 —
Local dynamic behavior aboGt =0 60,,, = (@) 0, oa, :=a, - 0.
__ — 2 —
Local dynamic behavior abo@ =Tt/2; = @a’)oa, 00, =0, ~Tt/2.

From linear discrete—-time dynamic system theory we know th& SR <1, the linear system aboGt =0
is asymptotically stable and the linear system aboft=Tt/2 js unstable (indeed they have poles iR

and in 1/32, respectively). This means that bisecting K-mealways converges towards® =0, unless

the algorithm is exactly initialized witfo = m/2 (namely the initial pointCL exactly belongs to the -
axis). In Fig.4 the function (6) is displayed, whe=0.6, and a simulated movement of system (6) is

illustrated. Note that, whatevéfo is (except in the cas&o=T/2) the dynamic systenfta= f(@:)
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always converges iff =0.

The value ofa strongly affects the number of iterations taken by the algorithm to converge. Thanks to

equation (6) this number can be given an approximate but quantitative estusatg,dynamic systems

—_ 2
theory. First note that the linear system described by the recursive equgﬂon_ (@)oa, only

asymptotically converges at its equilibrium point. A measure of the "speed" ahwihe system converges

towards the equilibrium is given by the so—call&the—constantr. T is defined as the number of steps that

00, takes to decrease its distance from O by a fa]ét%r and it is related ta by the following relationship:

i % Iogtaz) E

Due to the discrete nature of the distribution, the bisectingééns algorithm converges in a finite number
of steps, sayl. T is a function of the number of the data—poifMgnamely it depends on how densely the

data are distributed), which is expected tghmportional to T, namely:

Ty % Iogtaz) E )

The exact value of/(N) is hard to be predicted exactly. A rule—of-thumb typically used by the control

systems practitioner can be used to have an ide\ﬁ(Nf): this rule says that, wheﬁo‘t has reached the
98% of the distance between the initial value and the equilibrium, the systarhe considered, in practice,

at steady-state. It is easy to see that this correspon(\.fél\ﬂaz 4. In Section 4 a numerical validation of
this formula will be provided.

Finally note thafl may take very different values. For instancey(ﬁN) = 4), K-means is expected to take
only 10-15 iterations to converge &0.7, about 40 iterations are neede@&#0.9, whereas i6=0.95 the
algorithm might need 80 iterations to converge. It is important to observe, hovitkael7) is expected to
provide a reliable estimate dfonly if the number of the points of the data—set is large. For small data—sets
the number of iterations required by K-means can be considerablgisthah (7).
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Fig.3. Parametrization of the splitting—line in K- Fig.4. Function (6) (extended over the rangev§:3rv4])
means. whena=0.6. The bullets are the equilibria. The thin line is
a simulated movement of (6).

The analysis above presented is the main contribution of this Section. It caonbisely summarized with the
following two propositions, generalized padimensions.

Proposition 1. If the data—points of a data—set are uniformly distributed ip—aimensional ellipsoid, the
semi—axes of the hyper—ellipsoid have lengths equal tex,1a,,?, ay-1 (0O<a<l,i=1,2,..p-1),

and N —~ % then the dynamic discrete-time system which models the K-means iterative
algorithm is characterized by equilibrium points;p—1 points are locally unstable, and 1 is

— 2
locally stable. In particular, ip=2, the dynamic model has the fornflt: ‘atan(a tan(xt)),

O<a<l 0=@.<TU/2 the gpiitting hyperplanes corresponding to the equilibrium points pass
through the origin and are orthogonal to the main axes of the ellipsoid. The splittingoleype
corresponding to the stable equilibrium point is orthogonal to the laagissof the ellipsoid.

Proof. Whenp=2 the proof of this result is given in items (a)—(d) above. Those results camdighstorwardly
extended to th@—-dimensional case (except for the expression of the dynamic model of the K-meanshehavi
which, in general, takes a much more complicated expression fhan (6

Proposition 2. If the data—points of a data—set are uniformly distributed ip—aimensional ellipsoid, the
semi—axes of the hyper—ellipsoid have lengths equal tex,1a,,?, ay-1 (0O<a<l,i=1,2,..p-1),

and N —~ @ then the PDDP algorithm splits the ellipsoid with an hyperplane passingghrou
the origin and orthogonal to the largest axis of the ellipsoid.
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Proof. This result is a direct implication of the properties of the SVD. Indeedbtemgular vectors of a set of
points uniformly distributed within an ellipsoid coincide with the direatiof the principal axes of the ellipsoid
(see [GV9I6] for detailsy

Propositions 1 and 2 show that bisecting K-means and PDDP provide the same saxtem, in the case
when the initialization of K-means exactly corresponds to an unstajpldil@ium point of the K-means
dynamic model. However, if the initialization is made randontlis €vent occurs with probability zero.

These asymptotic results are useful to gain a deep insight into the bisectmgats algorithm, and to explain
why, in many cases, K-means and PDDP show a very similar clustering behdoiwever, when the data set
contains a finite number of data (namely when the number of points is comparatall), bisecting K-means
and PDDP might provide solutions, which, sometimes, are remarkably diff@featfinite data—set case will be
analyzed and discussed in the next section, on the basis of nunmesidtd obtained by simulation.

4. Numerical results for finite data sets

In this section, the bisecting K-means and PDDP will be analyzed when thesdathas a finite number of

data—points. The analysis will be done empirically, using simutdésl

The purpose of this section is twofold:

» validate the theoretical results obtained in the previous section, and seéépwahiange when the data—set
is finite;

e understand thprosandconsof K-means and PDDP.

The analysis is structured as follows: in Subsection 4.1 the dynamic model oe&ns will be numerically

computed for finite data-sets, and the problem of local minima will be déstljsn Subsection 4.2 the formula

(7) for the estimation of the number of iterations required by K-means to conveibbéewvalidated; in

Subsection 4.3 the clustering performance of K-means and PDDP will be campamelly, in Subsection 4.4
some conclusions on tipeos andconsof the two algorithms will be drawn.
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Number of data points = 15; a=0.6

Number of data points = 30; a=0.6
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Fig.5. Recursive functioff s = F (@) estimated from data, whexx0.6. The dashed line is the asymptotic function
(6) computed in Section 4. (&)=15; (b):N=30; (c):N=100; (d):N=2000.

4.1. The dynamic model of K-means and the problem of local mma

The first problem we consider is the analysis of the K-means dynamic behavior whdat#ieset has a finite
number of data. As a first experiment, four sets of data have been considerediesimrddy 15, 30, 100 and

2000 data—points uniformly distributed within a 2—dimensional ellipsoid &ih.6. The recursive function
Uy = F(0) has been numerically computed for these four data—sets. The results@agaisin Fig.5. From

the inspection of Fig.5, the following remarks can be done:
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* The main difference between the asymptotic function (6) and the recursivédiumcbrresponding to finite

data-sets is that the latter are step—wise functions. A major conseqofeifiie function being step-like is

that every equilibrium point (namely every point where the function crossefn8 1 =% — see Fig.5a)
is locally asymptotically stable, since the local slope of the function alheueguilibrium is smaller than 1.
Note that this explains why, in the case of finite data—sets, the K-meanstlafgas affected by "local
minima" problems.

* When the number of data—point grows, the finite data—set function converges tothardsymptotic
function (see Fig.5d). This validates the theoretical model developed in theopsesection. Moreover,
notice that when the number of data—point gets large, the number of equilibrium genrsases, and each
step gets narrower (see e.g. Fig.5c). This explains why, when the number of datiiciergly large, it is
the common experience that the problem of local minima tendsishva

As a second experiment, the recursive funcion = f) has been computed for four sets of 15, 30, 100 and
2000 data—points uniformly distributed within a 2—dimensional ellipsoid &i#th.9. The results are displayed
in Fig.6. The main difference in the results between the eafe6 anda=0.9is that in the latter the problem of

multiple equilibrium points is more severe.

Number of data points = 15; a=0.9 Number of data points = 30; a=0.9
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Number of data points = 100; a=0.9 Number of data points = 2000; a=0.9
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Fig.6. Recursive functioffea = F (@) estimated from data, whexx0.9. The dashed line is the asymptotic function
(6) computed in Section 4. (&)=15; (b):N=30; (c):N=100; (d):N=2000.

The above experiments suggest that the problem of local minimaséating K-means is expected to:

* decreasevhen the number of data grows;

* increasewhen the size of the "short" semi—axgé"("aﬂ) approaches the largest axis.

In order to validate these conjectures, the bisecting K-means algdngisrbeen extensively tested for different
values ofa (a=0.6,0.7,0.8,0.9) and for different sizes of the data—Natafiging from 10 to 5000). The average
dispersion of the centroids we have obtained (which is directly relatetieégotoblem of local minima) is
displayed in Fig.7. In particular, for each valuef 20 different data—sets have been randomly generated; for
each data-set, 100 different runs of K-means have been done (starting frorerdiff@tial conditions), so
obtaining 100 "dispersed" centroids. The dispersion of these 100 centroids hahgmrted for each of the 20
data-sets, and averaged. Note that the conjectures above outlined amofifilined by the data: the centroids
dispersion increases witl) and decreases witth

4.2. The time of convergence of K-means iterations

An interesting result proposed in Section 4, which must be validated, is #dicpon of the number of
iterations which bisecting K-means needs to converge. Recall that ekpref/) is expected to hold
approximately if the data set is very large. For small data-the convergence is expected to be faster.

To this end, the number of iterations required by K-means to converge has beeimexpally estimated for
different values ofa in the range [0.7,0.95], using data—sets of $ize20000. The results are in Fig.8. Notice
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the very good fit between the predicted and the estimated reé/éllt@(used in Fig.8 to predict the number of

iterations of K-means i¥(N) = 4, which is the "rule—of-thumb value" suggested in Section 3).

10 Estimg_tgd standard deviation of the centroids 80 Number of steps taken by K-means to converge — Number of data-points = 20000

10
0.7

10% I L
10" 10°  Number N of data-points ~ 10°

0.8 0.85 0.9 0.95
Size of the shorter semi-axis a

Fig.7. Average dispersion of the centroids andMg Fig.8. Estimated number of iterations required by K-
computed via K-means, as a function of the number ofmeans to converge, as a functioraohe dashed line is

data—points. The four lines correspond to different valuesne number of iterations predicted by (7), with)=4.
of a.

4.3. Comparing the clustering performance of bisecting K-mearsnd PDDP

The last crucial issue we consider is the analysis of the clustering perfoerat K-means and PDDP. This
issue is immaterial when the data—set is very large, since both meginodsie the same results, but is very
important when the size of the data set is comparatively small.

To make a comparison between the performance of different clustering algsrighperformance index must be

N NRr _ xN
used. Given two sub—matricddt B and Me HET 6f the data setM = [ %%, ] OO° , a widely—

accepted way of measuring the internal quality of the partition is giveméydllowing penalty index (see e.g.
[JMF99], [S184], [SKVO00]):

IMLM)= 3w 3 I - ©

where . and Wk are the centroids oMt and MR, given by (2). Note that (8) is a measure of cohesiveness of

each cluster to its centroid: the smal1]é|M 1:Mg) is, the better is the partition.

It is worth pointing out that clusterirlg by direct minimization of M, Mz) would be, conceptually, the best
clustering method. Unfortunately, the minimization of (8) is known to reqexbaustive search which is
exponential in time with respect to the number of data—points. Note that themhgsalgorithms which have
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been proposed in the literature (including K-means and PDDP) can be intdrpsetéernate ways of tackling
the problem of minimizing8). All of them provide a solution with a reasonable computational effort, at the

price of some sub—-optimality.

In order to compare the performance of K-means and PDDP, we have considerset$wad data, uniformly
distributed in a 100—dimensional ellipsoid. The main semi—axis of tiyselld is 1. The size of the remaining
99 semi—axes is in the range [0.05, 0.95]. The first data—set has 1000 points. The daterskt 5000. Note
that this number of data—points is comparatively small for a 100—dioveadl vector space.

Measure of quality of the partition (O=best; 1=worst) — Size of the data-set N=1000

0.4

° t . c . . . - Quality of clustering
. . . IR S .o oo | |t e . . provided by PDDP
. O A EL T o TR SR PN SR +
b ~. . o s o Lot Tutl e S, S0 2t SRS © o PR P
3% Tt o AR % ..,A.-:’_;.'.: e RIETEN . e s®.

Experiment # Quality of clustering
provided by K-

means initialized
with PDDP result

Fig.9. Measure of quality of bisecting partition of a data—sdt=f000 points.

Measure of quality of the partition (O=best; 1=worst) — Size of the data-set N=5000

0.2
- Quality of clustering
. .. . . . o . .o provided by PDDP
. o |ee . . o . . . . b o ole

<

<
500 600 700 800 900 1000 ‘
Experiment # Quality of clustering
provided by K-
means initialized
with PDDP result

Fig.10. Measure of quality of bisecting partition of a data—seéti=6000 points.

For each data set, the following clustering techniques have be#n use
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(a) Bisecting K-means, initialized randomly. Specifically, 1000 diffiérmitializations have been tested for
each data—set.

(b) PDDP.
(c) Bisecting K-means, initialized with the result provided byDIPD

At the end of each clustering experiment, the so—obtained partition has b&leated using (8). The results are
displayed in Fig.9 Nl=1000) and in Fig.10N=5000). The measure of quality in Figs.9-10 is a normalized
version of (8). Specifically, O corresponds to the best clustering perfoenaachave found; 1 corresponds to

the "worst—case" situation of non—partitioned cluster (narr{\(glfy= M ang Ms =0 ). The 1000 dots show the
clustering performance of K-means randomly initialized; the two horizdiries show the performance of
PDDP, and the performance of K-means initialized via PDDP.

From the inspection of Figs.9-10, the following remarks can be done:

e The results obtained by random initialization of K-means suffer a remarkiabg variation: the
corresponding performance index is spread within the [0,0.2] range. Moreover, raick-tmeans may
converge towards very "bad" (in terms of clustering performance) solufishikh are indicated with an
arrow in Figs.9-10). In Fig.9 there are two "bad" solutions, charasedriby a 70% and a 90% (!)
performance loss, whereas in Fig.10 the worst solution is chazadidy a 40% performance loss.

* In both cases, PDDP slightly under—performs (of about 5%) the best result obtaitkethigans. However,

it outperforms the worst and the average results of K-means.

* The combination of PDDP and K-means provides very good results. In particutlie case N=1000 the
final performance loss with respect to the best K-means solution is abounl$e case N=5000 there is
no loss of performance.

Floating points operations required to bisect a 50x1000 matrix Floating points operations required to bisect a 50x1000 matrix

6,0E+07 3,5E+08

About 10 | About 16
50E+07 seconds on ¢ || 308408 seconds on ¢ [
About 35 PIlI-500) About 40 PIII-500
aoesor || iterations (7 #5848 17 jterations (15 o
seconds on ¢ — seconds on ¢
PII1-500) (C) 208408 = P||1-500)

3,0E+07 —

2,0E+07 —
1,0E+08
@

@

/
/
() l ©
(b)

10E+07 ] 5,0E+07 T
0,0E+00 0,0,E+00

Min. of K-means Mean of K-means Max. of K-means PDDP PDDP + K-means Min. of K-means Mean of K-means Max. of K-means PDDP PDDP + K-means

Fig.11. Comparison of the computational effort required by methods (a)—(c)

To complete this analysis, a few words on the computational power required bsfustering experiments

(8)—(c) must be said. To this end, the number of floating point operatitops) spent to cluster the 160000
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and the 1085000 data matrices are displayed in Fig.11. The following canithe sa

» The PDDP requires about the numberfloips requiredin averageby a run of K-means. This means that
that PDDP must be compared with the result of a single run of K-means. Irolighé performance results
displayed in Figs.9-10, at equal computational power PDDP is expected to provigeegatormance than
K-means.

* As expected, the computational effort required by a run of K-means varies d&déotninimum and the

maximum values oflops may differ of an order of magnitude.

* The refinement of the PDDP solution with a run of K-means requires littletiaddi computational power
(which — as one intuitively expects — is approximately equal to the miniratifftopsrequired by K-means
randomly initialized). This is due to the fact that PDDP provides a solution whiclose to an equilibrium
point for K-means.

Obviously, the above quick comparison of K-means and PDDP computational demand iisnfiabding
exhaustive: the computational power depends on many variables, and is significaptsmentation-
dependenanddata—dependenfa complete analysis of this issue goes beyond the scope of the present work).
For instance, it can be shown that M tend to be "square" (namelg=N), PDDP is significantly more
demanding than a single run of K-means, whereap<dN, PDDP outperforms K-means (this trend can be
observed by comparing the two graphs in Fig.11). However, it is interestingetthaé the above results are
very consistent with the results one intuitively expects.

4.4. K-meansversus PDDP: concluding remarks

On the basis of the numerical analysis proposed in this Section, we cély bummarize thgros andconsof
bisecting K-means and PDDP, when the size of the data-@@njzaratively small:

+ K-means is very simple to implement, and tends to give slightly bestarts in terms of partition quality.
However, it is not deterministic (its results strongly depend on thealigttion), and it might take a large
number of iterations to converge. Hence, if the "best" result is searchedt fizr significantly more
demanding than PDDP, in terms of computational power.

» PDDP gives a deterministic result, and cannot be fooled by local minirosueMer it tends to provide

results which are slightly worse than the best K-means results

The peculiar features of K-means and PDDP above outlined can be summaritted following "rule—of-
thumb" for the practitioner:

» The best performance in terms of quality of clustering are obtained by runnringelns a large numbers of
times, with different initializations, and picking up the best resifowever this requires a large
computational effort.
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* The quickest and safest way of obtaining a "reasonably good" solutiangsRI3DP.

* The best compromise between computational effort and cluster qualityusetiK—means initialized with

the PDDP result. This procedure has the additional advantage of pgpaidieterministic result.

5. Conclusions

In this paper the problem of clustering a data—set is considered. Two bisdotisiye clustering techniques are
considered: the K-means and the PDDP. The similarity and the differentiessef two algorithms are outlined
by means of a theoretical and an empirical analysis. In particular, the dyrmhavior of the recursive K-

means algorithm is studied, and, under some restrictive assumptidosed—form model is developed.
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