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FOR A SYSTEM OF REACTION-DIFFUSION EQUATIONS*
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Abstract. This paper proves the convergence of a semidiscrete scheme for a system of reaction diffusion
equations. The global existence and dissipativity results of the system are also obtained.
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1. Introduction. We consider a system of reaction diffusion equations:

(1) X —dda~ (f(8) + m1)a
(12) L= dn5+ (F(B) + m)a — 2

in the minimally smooth bounded spatial domain 2 C R™ with the boundary conditions:

(1.3) alag = ¢, Blaa =n

where k1, kg, d are positive constants and (, n satisfy

(1.4) AC=An=0 in Q, (,nelC*), nonnegative on ONQ.

Furthermore f satisfies:

(1.5) feCYR,R) and f(z)>0,Yz € R.

In the case of @ = (—1,1), f(8) = B this system describes autocatalysis of of chemical
species A, B in isothermal chemical reactions, where @ and § are their nondimensionalized
concentrations of A and B respectively. d is the nondimensionalized diffusion coefficient.
A detailed background is fully discussed in Scott[7].

Using numerical integration methods such as the orthogonal collocation technique
Brindley, Kaas-Peterson, Merkin and Scott [2] obtained some results concerning the long
time behaviour of the system in the above-mentioned case. In this note we shall prove
the convergence of a semidiscrete scheme for the case n = 1. As a preliminary result we
shall prove the global existence and dissipativity of the system in more spatial dimensions.
This is done in section 2. In section 3 we propose our scheme and convergence is proved
in section 4.
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2. Global Existence and Dissipativity. In this section we consider the following
system of reaciton diffusion equations which is equivalent to (1.1)-(1.3):

(2.1) O ddu — (f(8) + r1)a

%ti = dAv+ (f(B) + k1)a — k2B in Q
where
(2.3) a=u+( B=v+y

with ¢ and 7 satisfy (1.4), with boundary conditions:

(2.4) uloq = 0, vleg =0

and initial conditions:

(2.5) u(z,0) = ¢(z),  v(z,0) = ().

Our theorem concerning the global existence is as follows:

THEOREM 1. Assume that ¢,y € WQ’pﬂVVOl’p for somep >n and p+( > 0,p+n >0
in . Then the initial-boundary value problem (2.1)-(2.5) has a pair of unique classical
solution: u(z,t),v(z,t) for t >0 and (u + ()(z,t) >0, and (v + n)(z,t) > 0 for all t > 0.

Proof of Theorem 1. We adopt the approach of semigroups of linear operators. Since
the method is standard we will only sketch the proof. Details can be constructed following
Henry[4] or Pazy[5].

We start by considering the closed linear operator A = —dA with the domain D(A) =
W2P(Q) N Wy P(Q) in the pivoting space LP(Q). It is well known that —A generates an

analytic semigroup on L? denoted by e~“4! and that the fractional powers of A are well

defined. We denote the domain of A® by X for a > 0. Endowed with the norm ||A%ul|»
X% is a Banach space.

It is known (see [4], pp.39-40)that for o € (3,1)
(2.6) X* s WhP(Q)— CH*Q) for p=1-n/p

Fix o : a € (3,1) then ¢, € X! — X,



For u,v € X define

Fi(u,v)(z) = = (flv+n) + £1)(u+ )
Fy(u,v)(z) =(f(v+n) + k1)(u+¢) — k2(v + 1)

Then Fi, F are locally Hélder continuous on X x X thanks to (2.6) and (1.5). The local
solution (u,v) to (2.1)-(2.5) are constructed through the mild solution argument. First we
show that

(2.7) u(t) :e_Atgo-l-/O e AU F (u(s), v(s)) ds

(2.8) v(t) =e~Aep +/0 e AU By (u(s), v(s)) ds

has a unique pair of solution (u,v) € C([0,T] : X* x X*) for some T > 0. Since ¢, €
D(A) It can be shown that (see [4], pp.71)

u,v € C%([0,T]; D(A%)) for some 6>0

Then (u,v) is the unique pair of solution for the ordinary differential equation in L (Q) (
see [4] pp.53 ):

du
E = —AU + Fl(u,v)
dv
E = —Av + Fz(u,'l))

with the initial conditions: u(0) = ¢, v(0) = 1. Next we show that (see [4], pp.71) for any
v€(0,1),t— %(t) € X7 is locally Holder continuous in (0,T].

It follows that Au = —ZZ — Fi(u,v) is Holder continuous in © and therefore u(z,1)
similarly v(z,t) are classical solutions to (2.1)-(2.5) by Schauder regularity theory.

To obtain global existence in time, since Fy, F, maps bounded sets of X% x X< into
bounded sets in LP, it suffices to prove certain a priori estimates which constitutes the

following lemma:

LEMMA 1. Assume the conditions of theorem 1 are satisfied. Then there exists a
constant ¢ which depends only on intial and boundary data such that:

lullr < e |[Aull,, <c
vl g, <c  [JAvll, <c VE>0

3



In this note ¢ will alway denote an constant depends only on the initial and boundary
data.

Proof of Lemma 1. @ = u+ (, 8 = v + n satisfy (1.1)-(1.3) with the initial values:

a(z,0)=p+(,  B(z,0)=1+n.

The nonnegativity of the function f enables us to apply maximum principles (See [3]) to
(1.1), we have then « can not attain its negative minimum nor positive maximum in
therefore @ > 0 in . It follows from (1.2) that

% > dAB — k2.

The maximum principle again gives us that 8 > 0. Now add (1.2) to (1.1) we have then

o+ B)

TR dA(a + B) — ko8 < dA(a + B).

We have then a +  is nonnegative and bounded above by its initial and boundary data.
It follows that a(.,t), 8(.,t) therefore u(.,t),v(.,t) are bounded in L>®() for all t > 0. Tt
follows then that ||ul|zs,||v]|Lr are bounded for all time ¢ > 0.

Now by virtue of (2.9) we have then
1F(u(t), v(t)) = Filu(s),0(s)) | Loy < clt = 5|’ i =1,2

for t,s € (0,T) where c is a constant depending only the inital and boundary data.

Since
Au(t) =Ae A + (1 — e N Fy(u(t), v(t))

+ [ AT AR (u(e),0(9) = Fa(u(t)o(0) .

recall that ||e”4Y|,, < Me™#!, and |[Ae~4,, < Mt~le™#! for some M > 0 we have
therefore

[ Au(t)ll o (@) <Me " [| Al Lr (o) + (1 + 7" )M
¢
+ M/ (t—s) te #E=9) (¢t — 5)0 ds
0

<ec

Similarly ||Av(t)|| < ¢. The proof of Lemma 1 therefore Theorem 1 is complete. [J

Our next lemma will be used in section 4.
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LEMMA 2. Assume that in addition to the hypothesis of the Theorem 1 that Ay, Ay €
W2P N Wy P. Then ||u(t)||was, |[v(¢)||w4r remain bounded for all t > 0.

Proof. As in Lemma 1, we have ||Au|rs, ||Av||z» are bounded for all time ¢, the same
argument will then gives us the result observing that

D(A?) — WP,
The rest of this section will be devoted to the study of the long time behavior of
(1.1)-(1.4). First we have the following dissipativity result:

THEOREM 2. Assume that the conditions of the theorem 1 are satisfied. Then:

liiﬂsup la(, )l pee (o) < M
1iin8up 1B( )|y < M
where M is a positive constant independent of the initial data p,% if o +( >0, +n >0
in Q.
Proof. Consider v such that:

)
(2.10) 75% = dAy + K28

with boundary conditions:y|zq = Mo — (¢ + 1) where Mj is a positive constant large
enough such that My — (¢ + 1) > 0 and initial condition y(z,0) = 7o where v, is smooth
and pointwise nonnegative on 2.

We have from maximum principle that v > 0 on 2.

Take the sum of (2.6) with (1.1), (1.2) we have that
o+ g+
_(a’_a_’f;_ﬁ :dA(a+/3+,),),
(a+ B+ 7)laq = Mo.
It follows from the semigroup theory that

(e + B +7)(.,t) = Mo||L — 0.

The result therefore follows. [J



REMARK. In the case of homogeneous boundary conditions (Dirichlet or Neumann
type) we have

Jim flaCs Ollz2@) =0, him [[B(, D)l L2@) = 0.
Proof. Take L?(Q) inner product of (1.1) with @ we obtain

d
L ooy + (Ve V) = (~(£(8) + )

< —k1llallfz g

Therefore

Jim l]|Z2(qy = O.
Add (1.1) and (1.2) we have

o+ B)

5 = 90+ B) —koff = dA(a + ) — sa(a + B) + kea

Since —Ay = dA — Kk, generates an analytic semigroup on L%(Q) therfore

B(.,t) = e a4+ B)(.,0) + /0 e M) o a(r) dr — af., ).

Since |le~40t|| < e~*! for some A > 0 the result for B(.,t) therefore follows. ]

3. Approximation Problem. We consider an approximation problem for (1.1)-(1.4)
in the spetial case of one spatial dimension and 2 = (—1,1). We consider the boundary
conditions as in [2]:

(3.1) a=a at z=-1, a=a, at z=1;

(3.2) B=p at z=-1, B =08 at z=

The initial conditions are:

(3.3) a(z,0) = ao(z), PB(z,0) = Bo(z)

where «q, By satisfy the boundary conditions (3.1)-(3.2). First let us observe that we
applied maximum principles to get global existence in time for (1.1)-(1.4). We would like to
have a simidiscrete approximation problem to (1.1)-(1.2), (3.1)-(3.2) and compatible initial
conditions where the discrete version of the maximum principle applies. This motivates
our choice of the following discrete problem.
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We discretize I=[-1,1] into (N+1) equilenghth intervals with interior grid points z, =
—14vh,v=1,2,...,N where h =

N+1) The Laplacian operator is discretized by the

3-point approximation. Define

tu(z, h,t) = h%(u(:c —h,t) = 2u(z,t) + u(z + h,t)) — Au(z,t)

for sufficiently smooth u.

03y

Suppose that u(,.t) € H*(I) a Sobolev imbedding theorem then guarantees that e
x

. . 1
is Holder continous with exponent 5 One has then by mean value theorem that:

(3.4) [tu(z, by )| oo (1) < ch?

3

where ¢ depends only on ||u|| ga. If 8_% is Lipschitz then we would have instead of (3.4)
z

Itu(z, hyt)||Leo (1) < ch.

We may therefore have a semidiscretized problem which consists of 2N ordinary dif-
ferential equations:

da d, B _, o —
(35) —dt—:—ﬁ(ACk —cb)—(D,@—l—m)a
—
d d —
(3.6) 4 ST )+ (Ds 4 m) T~ B
with the initial conditions:
(3.7) @(0) = (ao(z1), a0(z2), . .-, ag(zn))"
(3.8) B(0) = (Bo(x1), Bo(x2), .., Bo(zw )"
where Dg = diag(f(B1), f(B2),--., f(Bn)) and
o = (al,az,...,aN)T
B =1, B2, B8)"
A is a matrix of order N x N:
2 -1 0 0 0
-1 2 -1 0 0
0o -1 2 0 0
A= :
0 0 0 2 =1
0 0 0 -1 2



and

T
¢y = (a;,0,...,0,a,)",

Cf = (ﬂlvov' . aOaﬂT)T-

It is well known that A is a positive definite matrix with eigenvalues:

km

)\k:2—2cos(N+1

),k=1,2,...,N.

4. Convergence Results. In RY define two discrete inner products and associated
norms by

N
(@, ¥ op =h Y wvn, [T, = (T, o
v=1

1,1 1
(77?)1,h = '};(A27)A2?)0,h7 ”E)H%,h = (777)1#
2
Forﬂ):(ul,UQ,...,uN),Tz(vl,vg,...,vN)andh:N+1

We also define

I oo = max fuy|, [I%]lo =
’ 1<v<N

We are now ready to state our main theorem:
THEOREM 3. Assume that aq, By satisfy the boundary conditions (3.1)-(3.2) and
ag, By € H2;Aa0,A,Bo € H? ﬂHé;ao >0,60>20 on I.

Let a(x,t), B(z,t) be the classical solutions to (1.1)-(1.2), (3.1)-(3.3) and

@ (1) = (a(z1,1), alz2, 1), ..., olzn, )T, B o(t) = (Blz1, 1), Blza, 1), .., Bz, 1),

Then:

1) For any integer N > 0 (3.5)-(3.8) have a unique pairs of solutions E’(t),ﬁ)(t),
defined for all t > 0, and

— —
(41) ”-57“00»’1’ ” ﬂ ”00,’1 S max(a, + ﬂhar + :Bm ”E)() + IB 0”00,/1);
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2) For any T > 0, there exists a constants C which depents on T and the initial and
boundary data such that:

(4.2) sup || (t) — @ o(t)|lon < ChE,
0<t<T

(4.3) sup || @ (t) — @4(t)||1h < Ch3.
0<t<T

Furthermore we have:

4.4 su max |a,(t) — a(z,,t SC’h%.
(44 sup o (t) — o, )

Similary results hold for (?(t) - Fs(t))

REMARK. The order of convergence in (4.2)-(;1.4) can be replaced by h?, h,h respec-

tively if the solution has more regularity, e.g., if — is Lipschitz continuous.

ozx3

Proof. 1) The global existence and estimates (4.1) of (3.5)-(3.8) follows from the dis-
cretized maximun principle. The proof is analogous to the continuous case.

2) Observe that o', FS satisfy:

d—o_zs d v o — o
(4.5) p” :—ﬁ(Aas—cb)—(Dﬂs—l—m)as%-G
dg d
._)
(4.6) 2= g (AB = ) +(Dp. + k)T s = mafi + G
and

@,(0)=a(0), B,0) =50

where D, = diag(f(8(z1)), f(B(22)), .., f(B(an))) and

(4.7) G® = (tolz1, hyt), ta(z2, b t), ... ta(zn, hot)),
(4.8) GP = (tg(z1,h,t), ts(22, hot),... ta(zn, hyt)).

to, tp are defined in (3.4).
Let eq(t) = @' (t) — @ s(t), ep(t) = F(t) — ?s(t), We have then

deg d

(49) % = —ﬁAEQ—fﬁEa—Gaﬁ-Dﬂe?s—Dﬁa
dley + € d

(410) % = —ﬁA(Ea-I-&ﬂ)—FEQEﬂ—G

9



where G = G + G? | ¢,, 5 also satisfy the initial conditons:
(4.11) €a(0) = 0,(eq +€5)(0) = 0.

(4.10)-(4.11) yield then
t
(4.12) ep(t) = / e‘(f—zA‘*"?)(t—T)(ngea(r) — G)dr —eq(t).
0

Since every component of B4(t), B(t) are bounded by the initial and boundary data and
f €CYR,R)
(4.13)
D5, @, — Dpa = — Dy, — diag(f(B(z1))
— f(B1), f(B(22)) = £(B2), .., F(B(zn)) — f(BN)) &
= —Dg,eq + Deg,

where D is a diagonal matrix whose diagonal elements are bounded and the bounds depend
only on the initial and boundary value data.

It follows then from (4.9), (4.12), (4.13) that

t
dea = — iA-Hgl €a —Dpg.ea —G*+ D e~ (G (1=m) Atro) Ko€a(T) — G)dr —eq(t)] .
dt h2 g 0
Therefore
t
(4.14) ealt) :/ e—(-fz—A-i-m)(t—r) |:—Dﬂ55a — Qe
0

— Deqo + D/ e_(h_d?A“L"?)(T_“’)(&zea(w) - G)dw] dr.
0

Recall that given || - ||p norm on RY and T € L(RN,RN), T is sysmetric, ||T|| is the
largest of the absolute value of the eigenvalues of T', therefore there exists constants ¢y, c2
which depends only on the initial and boundary data that

|Dg. + D|| < ¢, ||D]| < ca.

Obviously
|erAFNE=T))| < A7)

if A is positive definite and A > 0 and p > 0, (4.14) then leads to
t
(4.15) lea()llo < / e (1=7) [clneamno 6%
e / e (g lea(w@)llo + |Gllo) deo | .
0

10



Note that from the definition of G, G* and (3.4), |G|lo < ¢ N3h3 < csh. Similarly
IG*|lo < c4h we obtain from (4.15) that after integration by parts

1
(4.16) lea(®)]lo < 65/ e =Dl (7)|o dT + coh
0

where c3, ¢4, cs5, cg, Ao are some constants independent of h and N. (4.2) therefore follows
from Gronwall’s inequality and the fact that |lea]jo.n = 27 ||ealfo-

To prove (4.3) apply A% to (4.13) and observe that A? commutes with e#*4t> for any
real pu, A\, we obtain

(4.17) A%Sa(t) :/ (55 Atr1)(t- r)[ (Dg, +D)IA%€O[ _ Alqe

0

+D’/ e~ (REATRI(T=9) (e (W) — G) dw | dr.
0
where D' = AY DA%, and (Dg, + D) = A3(Dg, + D)A™3.
Clearly

(4.18) 1D = DI, l(Dg, +DY'll = [I(Dg, + D).
To estimate || A% G|y observe

IARG|2 = (A4G,G) = GI+ > (Gup1— G +G%

1<v<N

Therefore ||A2G||o < ¢rh for some ¢; independent of A and N.
Since
lealli,n = ||A25a||0

(4.3) follows from similar arguments through (4.17). To complete proof of our theorem let

€a = (€1,€2,...,eN) observe that
lev| < Z lexk+r —exl (g0 =0)
0<k<y
1
<N7 el + Z (k1 —ex)’ + €%
1<k<N

< N#|A%eq o
S Cg ”‘sanl,h

for some positive constant c8 (4.3) therefore follows from (4.2) and above inequality.

The results for ( 8 (t) - (t)) follows from (4.12) and (4.2)-(4.4). O

11
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