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Abstract. We employ a special class of orientations for the optical axis to minimize an energy func-
tional for nematic liquid crystals whose degree of orientation varies in space. When the boundary data
possess a certain symmetry with respect to an axis, we prove that the energy minimizers share that sym-
metry, and we establish a criterion to decide about uniqueness of minimizers within the class we employ
here.
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1. Introduction. Liquid crystals are oriented materials whose microscopic state is
described at a macroscopic scale by the optical azis. The regions in space where the optical
axis suffers discontinuities are called defects. ERICKSEN [1] has recently proposed a new
mathematical model to describe defects in liquid crystals. ERICKSEN’s model differs from
OSEEN and FRANK’s classical model [2,3] in that it allows the degree of orientation of

liquid crystals to vary in space.

The interpretation of both the optical axis and the degree of orientation in terms
of microscopic parameters can be found in Section 2 of [1]. Here we regard both as
macroscopic, phenomenological quantities.

We represent the optical axis by a unit vector n and the degree of orientation by a
scalar s that ranges in the interval [—1/2,1]. A liquid crystal becomes isotropic. wherever
s vanishes: there n cannot be defined.

Let B be the region in space occupied by a liquid crystal. The subset of B defined by
(1.1) 8(s) := {p € Bls(p) = 0}

is called singular set, because there n may exhibit defects.
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In ERICKSEN’s model the free energy of a nematic liquid crystal is a functional F that
depends on both s and n. A simple formula for F compatible with ERICKSEN’s general
formula is

(1.2) Fs, n] := ,c/{k|v3|2 +$2|Vnf? 4+ 00(s)} |
B

where k and k are both positive constants and oy is a given positive function (cf. Section 5

of [1]). The fields s and n in (1.2) are defined thus:
s:B—[-1/2,1] , n:B\§(s)— &%,

where 8? is the unit sphere of V, the translation space of the three-dimensional space.

If B is an open bounded set with Lipschitzian boundary and if both s and n are
prescribed on the whole of OB or on an open subset of 9B, say D, F attains its minimum
in the following class of admissible functions:

(1.3) A:={(s,n)|s € WY (B;[-1/2,1]),u € W'?(B;V),u := sn} .

If the boundary data are prescribed on the whole of 0B, this result is proven in [4] (cf.
also [5]); essentially the same arguments apply if the boundary data are prescribed only
on D. For all members of A we agree to set u =0 in §(s).

The regularity of the minimizers of F has been examined in [6] and [7]: in particular,
we know that any pair that minimizes F is such that s is continuous on the whole of B
and, if o is of class C™ with m an integer, both s and n are of class C™?, for all a < 1,
away from the singular set 8(s). Furthermore, reasoning as in Section 5 of [7], one sees
that if D is a surface of class C17, with ¥ > 0, and if both s and n are prescribed on D as
Lipschitzian functions, then for all minimizers of 3 both s and u are Hélder continuous in
B up to D. As to the singular set of a minimizing pair, another theorem of [7] (cf. Section
6) shows that its Hausdorff dimension is at most 2 for all £ < 1, while it is at most 1 for
all £ > 1.

Also the uniqueness of the minimizers of F has been addressed in [7]. In particular, if
oo = 0 and k €]0, 1[, we know that there is only one pair (s,n) that minimizes J. If £ > 1,
this conclusion may in general be false.

Several boundary-value problems for F have been solved so far; a review can be found
in [8]. In some of these problems both the region B and the data prescribed on its boundary
are axis-symmetric (see [9], for example). Thus, the solution is assumed to share the same
symmetry. Though this is quite natural, an explanation still wants. In this paper we get
closer to such an explanation.

In Section 2 we introduce the class R of all fields n whose longitude on 8% can be
defined as a smooth function on the whole of B\8(s), except where n is directed along the
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polar axis of 82. A subclass of R plays a special réle in our work: its members have the
same longitude on all planes through a given axis; we call Ry this class not longitudinal
orientations its members. Assuming no special symmetry for B, we show that when the
boundary data for n are longitudinal, the minimum of F in R is the same as the minimum
in Ry, though the minimizers need not be all in Ry. Furthermore, we give a criterion to
decide whether all minimizers of ¥ in R belong indeed to Ry. Of course, when the minimizer
of I happens to be unique in Ry, and our criterion applies, we get uniqueness in the whole
of R.

In Section 3 we take B as a circular cylinder and we prescribe n on the lateral houndary
of B so as to be constant on all the generatrices of B and symmetric about its axis. We
also prescribe s on the lateral boundary of B as a positive constant. In [9] the minimizers
of F subject to these conditions have been studied within the class R, relative to the axis
of B. Here we prove that the variational problem studied in [9] has a unique minimizer in
R, modulo a reflection. We think that for this problem each minimizer of F belongs indeed
to R, and so there would be only one minimizer among all admissible orientations.

2. Longitudinal minimizers and uniqueness. Let B have Lipschitzian boundary
and let D, an open subset of OB, be a connected surface of class C1'7, for some v > 0. Let
0 be a point of the three-dimensional space. We call b the axis through 0 in the direction

of a given unit vector e:
(2.1) b:= {0+ ze.|z € R} .

We call longitudinal plane of B each plane containing b that intersects B. The axis b
itself may or may not intersect B. In either case we can represent B in the cylindrical
co-ordinates (r, 8, z) whose axis is b. Away from b we employ the local orthonormal frame
{er,eq, e}, where e, is the radial unit vector.

Let a pair (s, n) be given in C(B;[—1/2,1]) x C*(B\8(s); $?). W define a closed subset
of B by

(2.2) Bo := {p € B\S(s)|(n-e,)* =1} US(s) .

DEFINITION. We say that n belongs to the class R if there are two functions of class
C', a:B\(BoUb) — R and B : B\8(s) — [0,7], such that in B\(Bo U b) n can be

represented by the following formula
(2.3) ‘ n = sin f cos ae, + sin B cos aeg + cos fPe, .

We sey Wvat n belongs to Ry, if it belongs to R and o = 0 in (2.3).

REMARK 1. Locally, each field n that minimizes F in A is represented by (2.3). Nev-
ertheless, while 8 is well defined in the whole of B\S(s) for all smooth fields n, this is not

S
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the case for a, whose determination need not be unique along all closed curves in B\By,
though it is well defined on all simply connected subset of B\B,.

We assume that F attains minimum in R.

In our opinion this is not a severe assumption. We think that the existence of a
minimizer of ¥ in R is to be proved along the same lines of though pursued in [4]. Here,
as is made plain by (2.6) below, sin 3 is to be treated the same way as s and By is to play
the same role as §(s) in the existence theorem of [4]. In so doing, one should achieve a
weak existence result in a suitable subclass of A. Then, a regularity result for «, 3, and s,
away from By, should be at hand. We think so since both « and f are locally determined
in terms of n, to within an additive constant.

THEOREM. Let oy be a function of class C. If both s and n are prescribed on D as
Lipschitz continuous functions such that

(2.4) slp>s0>0, n-e;|p\p >0, n-eglp\p =0,

then the minimum of ¥ in R is the same as the minimum in Ry. Furthermore, if the set
B\By is connected for all minimizers of F in Ry, then there is no other minimizer of ¥ in

R.

Proof. Let the pair (s,n), with s a continuous function and n in R, be a minimizer of

F. It follows from (2.3) that

(2.5) / s2|Vn|? = / s2{B?% 4 sin? Ba? + %2(63 + sin? B(ag + 1)?)+
3\30 B\BO
+ B2 + sin? fa’}rdrdfdz =: Ga, 8] ,

where partial derivatives with respect to co-ordinates are denoted by subscripts. If the
pair (s, u) minimizes F subject to (2.4), then the pair (a, #) minimizes G subject to

(2.6) alp\p =0

and to the approximate boundary condition for # on D\b. In particular, the function
g : Rt — RT defined by

(2.7) g(A) = §[Ae, ]
attains its minimum at A = 1. It is easily seen that

(2.8) g A) =art +br + ¢,
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where

2
(2.9) a:= / s2sin? B|Val? , b:=2 / :‘_2 sin? Bayg , c:= / VB .

B\ B, B\'Bo B\Bo

We show now that ¢(1) is the minimum of g only if both a and b vanish. We see from
(2.9); that @ > 0, and so b < 0, otherwise we would have g(\) < ¢(1) for all A € [0,1].
Were a > 0, the minimum of g would be ¢ (—2—':1); since

o(—5 ) ~sn = -2 <o,

we conclude that a = 0. Thus, ¢ is a linear function, which attains minimum at A = 1
only if it is constant. Likewise, & minimizes G only if it is constant in B\By. Furthermore,
the value of a does not affect the value of G, and so the minimum of F in R is the same as
in Ry where a = 0.

If a pair (s,ng), with ny € Ry, minimizes F and the set B\B, corresponding to ng
is not connected, then infinitely many minimizers of ¥ in R can be produced by merely
rotating ny about e, in each component of B\ By whose boundary does not include D. If,
on the contrary, the set B\ By is connected for all minimizers of F in Ry, there is no other
orientation of R with constant o that minimizes . [J

The following Corollary is an immediate consequence of the Theorem.

COROLLARY. If ng is the only minimizer of ¥ in Ry and the set B\By is connected,
then ng is the only minimizer of ¥ in R.

REMARK 2. It is easily seen that the Theorem above holds also if n - e,[p\p < 0, but
if n - e, has not the same sign on D\b, explicit counterexamples have been constructed in

[10].

REMARK 3. At each point of B away from b all fields of Ry lie in a longitudinal plane
of B. Thus, the Theorem tells us that F possess in R a longitudinal minimizer. Then, the
uniqueness criterion established in the Corollary can be rephrased as follows: If there is
only one longitudinal minimizer of F and for it B\ By is connected, then the longitudinal
minimizer of JF is its unique minimizer in the whole of R.

3. An example. In this section we apply the Theorem proved in Section 2 to the
special case in which B is a circular cylinder:

(3.1) B={0+re,+ ze,|z €]0,H[, r € [0,R], J € [0,27][} .
We denote by OrB the lateral boundary of B. Here, of course, b intersects B.
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THEOREM. Let oy be of class C'. If

(3.2) n|p,B8 = cosppe, +sinpoe, and s|a,s = so

where o €] — %, 7 [ and so > 0 are given constants, then all minimizers of ¥ in Ry have
the form

(3.3) n = cosp(r)e, +sinp(r)e,

and all minimizing s depend only on r.
Proof. Away from §(s) U b any field of Ry can be represented as follows
(3.4) n = cos p(r,d, z)e, + sinp(r,d, z)e, ,

where ¢ is a function of class C' into ]—% y 5 [. To prove (3.3) it remains to see that ¢ is
indeed a function of r only. If n is as in (3.4), an easy computation shows that

2w

H R
2
(3.5) f:r'[s,n]zn/dﬁ dz/dr r{k (33'*‘33‘*'78,_3)'1'
o 0 0

2 2
L <¢3 Loty COSS:#) +UO(3)} .

Thus,
(3.6) Fs,n] > 2rHk irfllf F[t, ]
where
y; 2
(3.7) F[t,¢] := /dr r {kt” + t? (W + %’-"-) + ao(t)}
0
and

(3.8)  A:={(t,¥)lt € AC(0,R),% € ACi0c(]0, R[\S(?)) : t(R) = s0,¥(R) = @0} .

In (3.7) a prime denotes differentiation with respect to r. In (3.8) the set S(t) is defined
as

(3.9) S(#) := {r € [0, R]|t(r) = 0} .

In (3.6) the equality holds if, and only if, both s and ¢ depend only on r and there is a
pair (t9,%¢) € A such that

(3.10) Flto, o] = inf FI[t, ] .

Since the infimum of F is indeed attained in A, as one sees in Section 4 of [11], the proof
of the Theorem is complete. []



REMARK 1. The problem of finding the longitudinal minimizers of ¥ has been solved
in [9] under the assumption that ¢o = 0. Apart from the reflection that changes ¢ into
—¢, there is only one longitudinal minimizer of ¥ for all £ > 0. Furthermore, By = BN b
for all £ > 0, and so the longitudinal minimizer is the only minimizer of F in R, modulo a
reflection.

REMARK 2. We conjecture that if B is axis-symmetric and both s and n are prescribed
on the lateral boundary of B as in (3.2), then all orientations that minimize F belong to
R, and so the uniqueness criterion stated in Section 2 holds indeed among all admissible

fields.
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