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Abstract

Ker ng, also known as relief cutting, is a subtractive cutting process that enables
planar structures to undergo dramatic deformation in the presence of static loads. Start-
ing from at and rigid sheets, di erent kinds of ker ng patterns can be used to induce
a wide variety of unconventional free-form shapes, making the process especially ap-
pealing for architectural applications. Many kerfed structures feature repetitive units,
making them inherently periodic structures. Observing this, we investigate the bandgap
behavior of certain meandering-type kerf patterns via Bloch analysis, nite element sim-
ulations and laser vibrometry experiments. This investigation reveals the existence of
phononic bandgaps in the band structure of the kerfed cells. Leveraging the extreme de-
formability of these kerfed structures, we test the robustness of the bandgap landscape
against drastic changes in global shape and we consider the possibility to use the large
deformability as a tuning mechanism. Additionally, we brie y explore opportunities for
utilizing di erent densities of cuts in joint nite assemblies in order to leverage bandgap
behavior of each cell type. Finally, we touch on some of the other possibilities of kerfed
structures as a metamaterial platform for wave control as inspiration for future works.



Contents

Acknowledgements i
Abstract ii
List of Figures Y
1 Introduction 1
1.1 Overview of periodic structures . . . . . .. ... ... ... ....... 1
1.1.1 De nition of periodic structures . . . . . .. .. ... ... .... 1
1.1.2 A history of wave propagation in periodic structures . . . . . . . 2
1.1.3 Developments in periodic structures with tunable behavior
1.2 An overview of kerfed metamaterials . . . . . ... ... ... .. .... 6
1.3 Motivationofthework . . . . . . .. .. ... o L 8
1.3.1 Advancing the state of the art of morphing materials . . . . . . .
1.3.2 Flexible, recon gurable bi-kerfed strips . . . . .. ... ... ...
1.4 Organizationof work . . . . . . . . .. . ... 9
2 Bandgap Analysis of Kerfed Structures 11
2.1 Unitcellanalysis . . . . . . . . . . . 11
2.2 The 2D square lattice . . .. .. .. .. .. ... .. .. .. .. ... 12
2.3 Bloch's theorem and Bloch conditions . . . . . ... ... ........ 13
2.4 Finite elementanalysis . . . . . .. . ... ... . 14
2.5 2D Bloch analysis of kerfed periodic structures . . . . ... ... .. .. 18
251 Bandstructure . . . ... .. ... 18

252 Modeshapes . .. .. ... .. . . ... 19



26 Kerfswithholes . ... ... ... .. .. ... ..........
2.6.1 Motivation . . . ... ...
26.2 Holepatternl ... ... ... ... ... ... ......
26.3 Holepattern2 . ... ... ... .. ... .. .. .....

2.7 Densely kerfed unitcells . . . . ... ... ... ...... ...

2.8 Transient analysis of kerfed plates . . . . .. ... ... ....

2.9 Summary ... oL e e e e

3 Dynamic Characterization of Kerfed Strips

3.1 Motivation for using kerfed strips . . . . . . ... ... ... ...
3.2 Homogeneous kerfed strips . . . . .. ... ... .........
3.21 1D Blochanalysis . ... ... ..............
3.2.2 Full scale steady state analysis . . . ... ........
3.2.3 Experimental dynamical analysis of kerfed strips . . . .
3.2.4 Analysis of twisted kerfed strips . . . . . ... ... ..
3.3 Hybrid bi-kerfed strips . . . . .. .. ... ... . o oL
3.3.1 Bi-kerfed steady state analysis . .. .. .........
3.3.2 Bi-kerfed experiments . . . ... ... ... ... ...,
3.4 A preliminary investigation of tuning by bending . . . ... ...

4 Conclusions

41 Summaryof ndings . ... ... ... ... ... ...
42 Futurework . . . . .. e

References

Appendix A. Experiment on a homogeneous coarsely kerfed panel

71



List of Figures

11

1.2

1.3

2.1

2.2

2.3

2.4

lllustrated example models of periodic structures of increasing complex-

ity. (a) 1D spring and mass chain. (b) 2D square lattice. (c) 3D cubic
lattice. . . . . . . e 1
Examples of three ker ng types. Image credits to Kalama et al. (a)
Parallel or linear kerf. (b) O -set kerf. (c) Meandering kerf. . . . . . .. 7
(a) Extreme twisting deformation achieved with dense kerfs. (b) Ex-
treme bending closed-loop structure enabled by dense cuts and regions

of coarse cells contributing rigid sides. (c) Joint engagement of bending
and twisting mechanisms to create a Mebius strip structure. . . . . . .. 9
Top view of kerfed unit cell with lattice vectors e; and e, labeled. The

unit cell can be tessellated in either direction to de ne a lattice of any size. 12
Kerfed unit cell FE mesh. This mesh features three layers of nodes in
order to su ciently characterize the exural behavior in Bloch analysis. 15
Kerfed unit cell Bloch boundary conditions. Such conditions hold on the

sets of boundary nodes for each of the three layers through the thickness
ofthe FEmesh.. . . . .. . .. . . . .. ..o 16
2D band diagram for a square kerfed unit cell where out-of-plane ( exural
dominated) modes are plotted in black and strictly in-plane modes having

no exural character are plotted in red. Two modal exural bandgaps

are observed, whose onsets are each marked with a green dot. The rst
(lower) bandgap spans 4904 Hz to 5349 Hz. The second (upper) bandgap
spans 5612 Hz to 7595 Hz. Within these frequency ranges, no exural
modes are present, meaning no exural waves may propagate anywhere
inthe Brillouin zone. . . . . . . . . . ... 19



2.5

2.6

2.7

2.8

29

Mode shapes associated with the onset of the (a) upper bandgap at 4904

Hz and (b) lower bandgap at 5612 Hz. Here the colormap refers to a
normalized displacement between 1 and -1 relative to the undeformed

con guration of the unit cell, with red being 1 and dark blue being -1.

Zero displacement is represented by green. . . . . . ... ... 20
Band diagram for a steel kerfed cell without added holes. The mode
shapes plotted in Fig. 2.7 are marked here with green dots. Two modal
exural bandgaps are observed separated by a pair of nearly at modes.

The morphology of this band diagram is similar to the the one obtained

for the unit cell analyzed in Fig. 2.4, only di ering by a scaling factor. . 21
Mode shapes plotted at the (a) lower bound and (b) upper bound of

the lower bandgap, indicated by the green dots in Fig. 2.6. Mode shapes
plotted at the (c) lower bound and (d) upper bound of the upper bandgap,

also indicated by the green dots in Fig. 2.6. The colormap here refers to

a normalized displacement between 1 and -1. Green areas are nodes of

the mode shapes undergoing zero displacement. . . . . .. ... ... .. 22
Placement of holes in hole pattern 1, selected based on the mode shape
occurring at 8329 Hz in the cellwithno holes. . . . . ... ... ... .. 24
Band diagram for hole pattern 1. Plotted in gray are the mode shapes

of interest from the coarse cell with no holes. The mode shape that was
targeted with this hole placement at 8329 Hz increases in the new band
diagram to 9078 Hz. The at mode shapes separating the upper and

lower bandgaps also increase slightly, while the frequency of the mode
shape where the lower bandgap opens is not signi cantly changed. . .. 24

Vi



2.10 (a) Onset of the lower bandgap. Here, the holes are not located at ei-
ther the zero-displacement nodes, nor the most extreme de ection points.
Such a placement means that neither a signi cant change in inertia, nor
a signi cant softening of the response are aorded. (b) Lower bound
of lower bandgap, as well as, (c) the onset of upper bandgap where the

hole patterns happen to be located in regions where the mode shapes ex-

hibit high de ection, causing a reduction in inertia. (d) Targeted mode
shape at the closing of the upper bandgap, which experiences the most
signi cant upward shiftin frequency. . . . . . ... .. ... ...

2.11 Placement of holes in hole pattern 2 that target the zero-displacement
nodes of the mode shape at 8329 Hz. . . . . .. .. .. ... ... ....

2.12 Band diagram for hole pattern 2. Plotted in gray are the mode shapes
of interest from the coarse cell with no holes. The mode shape that was
targeted with this hole placement at 8329 Hz decreases in the new band
diagram to 7459 Hz. The at mode shapes separating the upper and
lower bandgaps also decrease slightly, while the frequency of the mode
shape where the lower bandgap opens is not signi cantly changed.

2.13 Mode shapes at the (a) opening and (b) end of the lower bandgap. At
the opening of the lower bandgap, the holes are located at points where
there is signi cant deformation in the mode shape, leading to a slight
increase in the frequency of this mode. Mode shapes at the (c) opening
and (d) closing of the upper bandgap. At the end of the bandgap, the
holes are located at zero-displacement modes which cause a signi cant
decrease in the frequency of the mode. . . . . . .. .. ... ... ....

2.14 Densely kerfed unit cell. FE mesh features three layers of nodes. Nodes
related via Bloch conditions are also presented for the unit cell, prescribed
under the same method as previous square kerfed unitcells. . . . . . ..

2.15 2D Bloch band diagram of a densely kerfed square unit cell. The onset of
the key bandgaps are marked with green dots. The lower bandgap spans
the range 2964 Hz to 3204 Hz. The upper bandgap spans the range 5563
to 6144 Hz. Mode shapes are later plotted at the spectral points marked
bythesedots. . . . . .. .. .. . .. .. ..

Vii

25

27

28



2.16 (a) Mode shape associated with the onset of the lower bandgap at 2964
Hz. Deformation of the unit cell does not extend far into the cutting
path. Rather, the solid region in the quadrants of the unit cell act as
semi-rigid solid patches. (b) Mode shape associated with the onset of the
upper bandgap at 5563 Hz. This mode shape displays a greater amount
of deformation of the solid paths with the motion occurring much further
along within the quadrants of the unitcell. . . . ... ... ... ....

2.17 Schematic of the kerfed panel used in the transient analysis. At the left
edge is the point where the excitation is prescribed, marked in red. . . .

2.18 Out-of-plane response of the plate to a 6500 Hz tone burst at four se-
lected points in time. (a) Early stage of propagation, before the packet
is fully formed. (b) (c) Stages capturing the interaction of the packet
with the kerf cells. Note that the kerfed pattern is activated in a manner
akin to the mode shapes observed at the onset of bandgaps, featuring sig-
ni cant apping motion of internal microstructural elements of the kerf,
con rming that those mechanisms are indeed involved in the bandgap
opening. (d) After a su ciently long time we observe that the plate en-
ters a standing wave regime where the kerfed cells act as a barrier that
stops signi cant leakage into the interior of the plate. . . . . . . .. ...

3.1 Model of densely kerfed macro-cell and quasi-one-dimensional kerfed strip
(3 cells tall and 24 cells long) resulting from tessellation of the macro-cell
inone dimension. . . . . . . . ...

3.2 (a) Coarse macro-cell with 1D Bloch conditions. (b) Resulting 1D Bloch
band diagram. For comparison, the (c) 2D Bloch band diagram is also
shown. Modal exural bandgaps are highlighted in light blue. Two ex-
ural macro-cell modes within the upper and lower bandgaps are marked
in dark blue. Also plotted are (d) macro-cell mode shapes and (e) unit
cell mode shapes at the onset of bandgaps. These are marked on the
band diagrams with red and green dots, respectively. Mode shapes from
the 2D Bloch band diagram corresponding to bandgaps are marked with
yellow squares. . . . . . ...

viii



3.3 (a) Dense macro-cell with 1D Bloch conditions. (b) 1D Bloch band di-
agram and (c) 2D Bloch band diagram for the same kerf type, with the
modal exural bandgaps highlighted in light blue. (d) Macro-cell mode
shapes are plotted at the onset of the exural bandgaps and marked with
green dots on the 1D Bloch band diagram. Mode shapes from the 2D
Bloch analysis are also plotted with yellow squares. (e) Two macro-cell
mode shapes are plotted for lower frequencies, marked with red circles.
These mode shapes are associated with edge modes that mark the onset
of small bandgaps in the 1D Bloch band diagram.. . . . .. .. ... .. 39

3.4 Model of dense kerfed strip used for steady state analysis. The gray
points mark xed boundary conditions. The blue marker identi es the
excitation point and the yellow one denotes the point where the response
is sampled to compute transmissibility. . . . . . ... ... .0 40

3.5 (a) Transmissibility curve obtained from numerical steady state analysis,
plotted from O to 6500 Hz. Regions of attenuation are highlighted in gray
and bounded with dashed lines. These dashed lines are extended onto the
band diagram to window frequency intervals in which we expect bandgaps
of other the mechanisms responsible for attenuation. (b) 1D Bloch band
diagram with the main bandgaps mostly contained within the dashed
lines, highlighted in dark blue. Ranges within the attenuated regions
that do not directly correspond to main bandgaps, which are highlighted
in light blue. (c)-(e) Zoomed details of dierent attenuation intervals
not attributed to large bandgps. The insets show that these regions are
associated with a collection of at modes alternated by smaller bandgaps
also highlighted in dark blue. . . . . ... ... ... ... ... ..... 41



3.6

3.7

(a) All-dense kerfed strip used in the experimental tests (3 cells by 24 cells
long). (b) Close-up of scanning area centered 4 macro-cells away from the
excitation point. The resulting scan is spatially averaged between these
points. (c) Photo of at strip test set-up where camera and scanning
head are shown in foreground, with the shaker just behind the specimen.
(d) Reverse view of the set-up showing where the shaker is attached to
the specimen perpendicularly. Super glue is used to ensure the shaker
remains connected to the specimen throughout the test. . . . . . . . ..
(a) Experimental transmissibility curve for an all-dense strip in the at
con guration. This curve features several regions of attenuation high-
lighted in gray. These regions are extended to the band diagram with
dashed lines to highlight agreement and identify discrepancies. The fre-
qguency ranges are not perfect matches, but many of the key features
are still observed in the experimental transmissibility curve. (b) The 1D
Bloch band diagram for the dense macro-cell, as shown before. (c) On
the right are selected mode shapes plotted for frequency ranges where
we observe attenuation in the experimental transmissibility curve, but
are not explained by the mechanisms identi ed in the previous numerical
analyses. The yellow dots are mode shapes plotted at a coalescence of
several modes near 3500 Hz. The blue and red dots are plotted at lower
frequencies between 2000 Hz and 2500 Hz. For the experiment, the points
we sample are shown as small blue dots plotted over the mode shape, and
for each of these mode shapes there is little motion at these points. . . .



3.8 Close-up of the strip specimen with a variety of non-idealities highlighted.
These non-idealities are expected to contribute to discrepancies in the ex-
perimental transmissbility curve and band diagram by introducing extra
softness and relaxing the periodicity. Circled in yellow are examples of
the lleting caused by the cutter at the end of the cutting path. Boxed
in green is an example of the non-uniformity in the solid limbs of the
microstructures which lead to varying thickness. In some cases this may
make the limb thinner than its counterpart in the FE model. Boxed in
red are instances of in-plane deformation of the kerfs due to pressure ex-
erted during the cutting process. In particular, unit cell quadrants close
to the edges of the strip are disproportionately aected. . . . .. .. .. 47

3.9 (a) All-dense steel (same 304 steel as in the numerical analysis) strip in
the at con guration, as used in the rst experiment. (b) All-dense strip
in the twisted con guration. The twist from end-to-end is 180 . Boxed
in green is the excitation point, with the scan points boxed in red. (c)
Camera and scanning head shown in the foreground. The scanning head
is moved to be perpendicular to the sample points for the second part
of the scan after the excitation is sampled. (d) Close-up view of the
deformation occurring in the macro-cells for a 180 twist. . . . . . . .. 48

3.10 (a) Experimental tranmissibility curve for the all-dense at strip. (b)
Experimental transmissibility curve of the all-dense strip, subjected to
a 180 twist from end to end. Regions of attenuation and bandgaps
that are shared with the at con guration are highlighted in gray, with
modi cations to the response caused by the twisting highlighted in pink.

The resulting extended regions of attenuation are marked with dashed
lines. Overall, the bandgap landscape appears robust against twisting,
but appreciable with extensions of the behavior in some frequency ranges. 49

3.11 (a) Two coarse, two dense (2C2D) supercell. (b) Four coarse, two dense
(4C2D) supercell. (c) 2C2D strip, 24 unit cells long. Excitation point
marked in blue, sampling point in yellow, xed boundaries in gray. (d)
4C2D strip, 24 unit cells long. Excitation point, sampling point and xed
boundaries are marked in the same fashion as the 2C2D strip. . . . . . . 52

Xi



3.12 (a) and (d) show again the band diagrams for the 1D Bloch analysis of
the dense and coarse macro-cells, respectively. Steady state transmis-
sibility curves for the (b) 2C2D and (c) 4C2D hybrid bi-kerfed strips
possess features from both band diagrams. The lower bandgap near 3000
Hz, available from the dense cell, is still present in both kerf con gura-
tions, although diluted, by the smaller fraction of dense cells. The upper
bandgap near 6000 Hz is still available, and is now slightly wider due to
bandgap behavior of the coarse cell. Additionally, the strength of the
upper bandgap is also diluted by the smaller fraction of dense cells. . . .

3.13 (a) Experimental set-up of at 2C2D bi-kerfed strip. Sampling points
are boxed in red with the excitation point boxed in green. The shaker is
not pictured here. (b) Experimental set-up of end-to-end, 180 twisted
2C2D bi-kerfed strip. The coarse regions are signi cantly more rigid and
thus force the dense regions to undergo signi cant local deformations in
order to accommodate this degree of twist. (c) The twisted all-dense
strip is also shown, for reference. In contrast to the 2C2D strip, the
static deformation of the all-dense strip is smooth and uniform across
its length. (d)-(e) Close-up of deformed dense cells in the twisted all-
dense strip. Close-up of deformed dense cells in the twisted 2C2D strip,
respectively, shown to emphasize the greater deformation of the dense
cells in order to achieve the same end-to-end twist. . . . . ... ... ..

Xii



3.14 (a) Flat 2C2D strip transmissibility curve from the numerical steady

state analysis. Here, the greatest attenuation is on the order of 105.
(b) Experimental transmissibility curve of the at 2C2D strip from Fig.
3.12. Here, the attenuation is more modest, only reaching about 103.
In the higher frequency ranges, similar bandgap behavior is observed
between the numerical and experimental transmissibility curves, although
the agreement is limited. At lower frequencies, regions of attenuation on
the order of around 10 1 or 10 2 are observed and appear to share
a better agreement with the numerical result, especially between 1000
Hz and 3000 Hz. (c) Experimental transmissibility curve of the 180
twisted 2C2D strip. At higher frequencies, little changes from the at
congurationarenoted. . . ... .. .. .. ... .. 55

3.15 (a) Front view of bending specimen with sample points boxed in red and

the excitation point highlighted in green. (b) Top view of the specimen
emphasizing its nearly closed-loop con guration. (c) Reverse view high-
lighting the connection of the shaker to the structure. (d) Close-up of

cells in the deformed con guration, revealing pop-up mechanisms of the
cellsinternal elements. . . . . . . . . ... .. .. ... ... . ... 57

3.16 (a) Transmissbility curve for a con guration subjected to extreme bend-

Al

ing. (b) Flat strip transmissibility curve. (c) 180 twisted strip trans-
missibility curve. Gray regions indicate frequency regions of attenuation

also available with the at con guration. Pink regions indicate additional

regions of attenuation that are enabled by bending, and that resemble
closely those introduced by twisting. . . . . ... ... ... ....... 58
(a) Coarse kerfed panel specimen clamped in place. (b) View of experi-
mental set-up showing specimen, scanning head and camera. (c) Close-up
view of unit cells and sampling points. Sampling points are located at

the connections between cells. (d) Reverse view of the specimen showing
where the shaker is connected to the bottom middle of the panel. . . . . 72

Xiii



A.2 (a) 2D Bloch band diagram of the coarsely kerfed unit cell corresponding
to the cell used in the specimen. A lower and an upper bandgap are each
marked in dark blue. The lower bandgap opens at 5343 Hz and closes at

5906 Hz. The upper bandgap opens at 6295 Hz and closes at 8687 Hz.

(b) Transmissibility curve obtained from the panel experiment. Again,
the bandgaps are marked in dark blue. The lower bandgap opens at 4128

Hz and closes at 4594 Hz. The upper bandgap opens at 4763 Hz and
closes at 7533 Hz

Xiv



Chapter 1

Introduction

1.1 Overview of periodic structures

1.1.1 De nition of periodic structures

All periodic structures are de ned by a speci ¢ spatial repetition of unit cells, or repet-
itive volume elements (RVES). Such a de nition holds for one-, two- and even three-
dimensional structures. Shown in Fig. 1.1 are some simple illustrated examples of 1D,
2D and 3D periodic structures.

Figure 1.1: lllustrated example models of periodic structures of increasing complexity.
(a) 1D spring and mass chain. (b) 2D square lattice. (¢) 3D cubic lattice.
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It should be noted that a proper unit cell should be irreducible, meaning it cannot be
further broken up into smaller cells. However, the unit cell is also not unique as there
are often multiple appropriate selections of repetitive units which, upon tessellation,
reproduce a periodic domain. The geometric and material properties of the unit cell
itself inform the global behavior of the periodic structure obtained through its repetition.
For this reason, the bulk properties of periodic structures can be determined via analysis
of a single unit cell. The primary technigque to assess the dynamic behavior of such
periodic structures is a process called Bloch analysis, which relies on the calculation
of the free vibration of a unit cell subject to special wave number-dependent periodic
boundary conditions linking the cell to its neighbors. These conditions are known as
Bloch conditions, and they enforce the fact that the cell is part of an in nite lattice; as
a result, the behavior of a nite lattice well approximates the outcome of Bloch analysis
only in the limit case when the number of cells approaches in nity (in practice for a
su ciently large number of cells). This technique will be fully detailed in the next
chapter.

1.1.2 A history of wave propagation in periodic structures

Mechanical metamaterials are man-made structural materials that exhibit extreme,
unigue or even counter-intuitive mechanical properties that are not typically found in
nature [1]. For example, the idea of left-handed materials, or materials with e ective
negative properties, has been a particularly well-researched phenomenon. Elastic meta-
materials exhibiting odd properties like negative mass density leading to negative bulk
modulus [2] or tunable bending sti ness [3] have been studied.

Periodic structures provide a platform for mechanical metamaterials exhibiting in-
teresting static behavior. For example, various kinds of lattice structures with re-entrant
features, or hinged squares or lattices with star-shaped inclusions have all exhibited aux-
etic properties, meaning they possess a negative Poisson's ratio [4]. This means that
when such periodic metamaterials are compressed or tensed they will shrink or expand,
respectively, along the axis perpendicular to the applied strain. Materials with this
property are not typically found among conventional lattice architectures. Addition-
ally, compared to the traditional saddle-shaped deformations associated with materials
having positive Poisson's ratio, auxetic metamaterials can possess unique out-of-plane



properties by deforming into a dome shape when bent [5].

Beyond their interesting applications in the eld of statics, a long history of re-
search beginning with Brillouin's book on wave propagation in periodic structures [6]
has shown that periodic structures also possess a unique array of dynamical properties
that make them powerful devices for vibration control. For example, the negative mate-
rials highlighted before were shown to exhibit negative refractive indices [2, 3], whereby
an incident wave is essentially bent along the normal of the surface it originally col-
lided with. Other experiments from the mid-twenty- rst century on lattices immersed
in water, including a pioneering experimental work by Yang et al [7], rst demonstrated
this refractive behavior on elastic waves obtained with uniquely manufactured periodic
lattices. This atypical refractive behavior was also shown to be useful for the focusing,
or lensing, of waves [8, 9].

Perhaps the most signi cant property of periodic structures is their ability to open
bandgaps, or frequency ranges where waves cannot propagate. As a note, periodic struc-
tural materials are also referred to as phononic crystals, since they mimic the periodicity
of natural crystals featuring phonons in the form of mechanical vibration modes [10].
The term represents an extension of the expression photonic crystals previously intro-
duced in the electromagnetic waves community. The late eighties and early nineties
saw some of the rst work to done to successfully engineer metamaterials speci cally
for the purpose of possessing photonic [11] and phononic bandgaps [12, 13]. Continual
research on the topic of periodic structures has seen further discoveries on engineered
periodic 2D or 3D lattice structures capable of partial and/or total bandgap lIter-
ing [14, 15, 16, 17, 18, 19, 20, 21], as well as in 1D phononic crystals[22, 23]. Addition-
ally, research has shown that by leveraging the partial bandgap properties of periodic
structures, waves can be forced to propagate along frequency-dependent paths, allowing
the structures to display directionality or directivity [16, 18, 19, 20, 24, 25, 26].

Bandgaps are attributed to either one of two mechanisms. The rst is Bragg scatt-
tering, whereby destructive intereference of waves traveling through the lattice leads to
their attenuation at certain frequencies. This behavior is dictated by the periodicity of
the lattice itself and is therefore only available at frequencies for which the wavelengths
of the waves induced in the structure are commensurate to the characteristic unit cell
size. The other way bandgaps are opened is by the activation of resonant mechanisms.
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Bandgaps from resonant mechanisms typically occur at lower frequencies and they do
not inherently require periodicity. In the early 2000s, Liu et al. [27] and Sheng et al. [28],
analyzed small cubic phononic crystals featuring locally resonant lead balls coated in
silicone. Such a structure exhibited low frequency bandgaps due to the resonant behav-
ior of the periodically distributed mass inclusions. Such gaps occurred at wavelengths
much smaller than the lattice, and therefore it could not have been attributed to Bragg
scattering. Building o the work of Liu and Sheng, Huang et al. [29, 30] studied chains
of mass-in-mass units, whose cells display a negative e ective mass. These lattices fea-
ture a bandgap whose onset is at the resonant frequency of the internal masses. The
idea of mass-in-mass units as a means to achieve resonant behavior, and therefore wave
attenuation, took o and many structures utilizing resonating mass inclusions were de-
veloped and studied throughout the years following Huang's work [31, 32, 33]. Material
platforms for opening bandgaps via local resonance have taken on other forms as well.
For example, in 2012, Assouar et al. [34] showed a stubbed plate with bandgap behavior
due to the resonant behavior of composite stubs periodically distributed throughout an
aluminum plate. Later work showed that a stubbed plated made of periodically placed
Lego bricks has bandgaps, with the individual bricks acting as local resonators [35]. It
is also possible to introduce resonant mechanisms by the addition of microstructural
elements to periodic lattices. Work by Gonella et al. [36] and Celli et al. [37] showed
that by adding microstructural elements to regular hexagonal lattices, bandgaps caused
by the local resonance of those microstructures were opened.

1.1.3 Developments in periodic structures with tunable behavior

Of special interest are sturctures whose dynamic behavior is tunable. Recon guration
of a periodic lattice cell's geometry or material landscape results in alterations to the
bandgap and waveguide behavior. In a sense, undulated [20] and zizag [19] lattices can
be considered \recon gured" versions of traditional square cell lattices in that their cell
morphology can be interpreted as a geometric modulation of the square lattice geometry.
An especially interesting class of systems is represented by systems in which the
recon guration (of the geometry and/ or material properties) can be achieved actively
by tweaking certain system parameters to tune the response to changes in the operating
conditions. These systems are referred to as tunable. An example of a tunable elastic
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metamaterial or phononic crystal is one whose bandgap landscape (bandgap position
in frequency and bandgap width) can be actively modi ed in order to yield Itering
capabilities in a desired frequency range. A system can be labeled aslaptive if it is
capable of spontaneously modifying its response in response to change in its operating
environment (e.g. frequency or amplitude for excitations) such as in tunable granular
phononic crystals [38].

Tunability has been achieved in a variety of material platforms including magneto-
elastic structures [39] and spring-mass structures [40]. The folding of soft 2D [41, 42, 43]
and 3D lattices [44], as well as elastomeric helices [45], have all shown great promise
for achieving tunable behavior due to fundamental changes in shape of the unit cell
by way of an applied strain. The work of Wang et al. showed that the behavior of
resonating microstructures could be tuned upon a static recon guration of the connec-
tive beams joining the microstructure to the primary lattice [33]. Programmability has
been demonstrated in stubbed plates working as bandgap materials and waveguides.
One example is the previously mentioned Lego brick stubbed plates developed by Celli
et al. [35], which can be quickly and easily rearranged into di erent con gurations for
channeling waves as well as broadband energy trapping devices. Bilal et al. [46] also de-
veloped a recon gurable stubbed plate for channeling waves by leveraging magnetically
activated nubs. A 3D structure consisting of folded origami building blocks was studied
by Babaee et al. [47] and demonstrated unique directional wave behavior depending on
the orientation of three internal angles within the blocks. Other tuning mechanisms
involving piezoelectric resonators have also been used to modify the dynamic behavior
of phononic crystals. For example, Casadei et al. [48] employed piezoelectric resonators
to tune waveguide behavior in a small plate. The resonators could be turned on and o
to either permit or block the propagation of waves through waveguide channels in the
stubbed plate. The work of Cardella et al. [49] used piezoelectric elements to tune an
aluminum beam waveguide, achieving broadband lItering behavior in what is referred
to as a rainbow trap.



1.2 An overview of kerfed metamaterials

The ability to create freeform structures and facades in architecture has been stud-
ied extensively; a popular approach consists of constructing segmented assemblies of
bendable panels [50, 51]. However, these approaches can take a great deal of time and
e ort to implement. Alternative methods involving patterned subtractive cutting oper-
ations [52, 53] can also be used to achieve highly curved surfaces. Often referred to as
ker ng, these patterned cuts are often intricate and periodic in nature, and they can be

a fast, cost-e cient method [54] for creating curved surfaces. Traditionally done with
laser-cutting or waterjet cutting methods, the patterned cuts are strategically placed to
remove material, enabling extreme deformability in materials that are normally rigid.

In a recent paper, Chen et. al. [55] noted that meandering ker ng patterns introduced

a number of slender elements with lower moments of area and torsional rigidity, thus
softening the structure. Chen et. al. also noted that for developable surfaces of zero
Gaussian curvature, there was no stress build-up in the beam limbs of the kerf [55]
(though stress build-up had to be considered for other surfaces). Several ker ng styles
are available. In a 2020 paper, Kalama et al. [56] systematically studied and described
variations of three primary kerf genealogies, reported in Fig. 1.2.

These cuts can be repeated throughout the structure to achieve a global curvature
surface, with the type of cutting pattern directly informing the type of curvature surface
that can be achieved. From the work of Kalama et al., the behavior of the kerf patterns
in Fig. 1.2 can be summarized as follows:

(a) This is a linear cutting pattern featuring several parallel lines. This kerf style is
anisotropic, featuring lines running in a single direction. A panel cut with this
kind of kerf is capable of a large single curvature deformation due to the directional
nature of the cuts.

(b) Building o the linear pattern, parallel lines are o set and connected at angles to
produce what is referred to as an o set pattern. This particular pattern features
triangular o sets, and is particularly durable due to a greater proportion of uncut
material. It should also be noted that this structure achieves double curvature,
meaning bending is achievable along more than one axis as opposed to the previous
cutting pattern.



Figure 1.2: Examples of three ker ng types. Image credits to Kalama et al. (a) Parallel
or linear kerf. (b) O -set kerf. (c) Meandering kerf.

(c) These meander patterns depart from the previous patterns by featuring tightly
interlocked chiral cuts. The relative orientation of the cuts endows the overall
structure with double curvature. Other types of meander patterns made with
kerfed lines, or even forming hexagonal cells are also possible. Kalama et al. also
noted that reducing the scale of the cuts made the structure less durable.

Kerfed materials are an e ective way of achieving extreme deformation in otherwise
rigid solids. This is due to the wide variety of ker ng patterns available, which can be
speci cally chosen and modi ed to meet the needs for a particular application. Kerfs
are also a quick and simple method to achieve exibility, while also retaining overall
durability of the structure. Moreover, the favorable geometric qualities of meandering
ker ng patterns make them amenable to automatic generation via kerf-generating algo-
rithms [57, 58]. This class of meandering patterns will be brought up again later in this
thesis as the chosen kerf style for implementing in a periodic structure with bandgap
capabilities.



1.3 Motivation of the work

1.3.1 Advancing the state of the art of morphing materials

The search for materials with recon gurability is not a new endeavor. Recon gurable
metamaterials have been investigated thoroughly in recent years based on a wide va-
riety of material platforms and morphing mechanisms [59]. One approach is based on
origami folding techniques. Filipov et al. [60] showed that origami can be used to create
recon gurable sti tubes. Another approach takes the folding techniques of origami and
combines it with cutting in a practice known as kirigami. The work of Neville et al. [61]
used kirigami to produce shape-morphing structures based on modi cations to Poisson's
ratio. Fractal cutting patterns have also shown promise for engineering interesting 3D
shapes, as demonstrated by Cho et al. [62]. In more recent work, Celli et al. [63] took
advantage of the bending behavior of thin twisted ribbons to assemble morphing 3D
structures that can be quickly engaged from initially at con gurations.

1.3.2 Flexible, recon gurable bi-kerfed strips

The state of the art discussed in the previous sections motivates the ultimate goal of this
thesis, which consists of developing recon gurable metamaterial structures with tunable
dynamic behavior. The objective is to study a class of kerf-based recon gurable mor-
phing structures leveraging both singly-kerfed structures as well as blended structures
featuring two cut densities of meandering kerf cut patterns. These kerf cuts are ar-
ranged in long, thin and rigid strips to endow them with exibility and induce a variety

of potential deformable shapes. Shown in Fig. 1.3 are various examples of deformed
kerfed strips fabricated out of medium density berboard (MDF) by collaborators at
the California College of the Arts.

For the purposes of this work, structures containing multiple ker ng patterns will be
called multi-kerfed structures. Speci cally, bi-kerfed strips (featuring two types of kerf
cuts, here labeled as dense and coarse, respectively) are studied in this thesis because
they possess a multitude of favorable properties. The rst advantage is that the dy-
namic behavior and potential bandgap landscape from each cell type can be aggregated,
possibly resulting in a more broadband Itering behavior due to contributions from each
cell type, akin to the broadband Itering behavior of acoustic rainbow traps [64, 49].



Figure 1.3: (a) Extreme twisting deformation achieved with dense kerfs. (b) Extreme
bending closed-loop structure enabled by dense cuts and regions of coarse cells contribut-
ing rigid sides. (c) Joint engagement of bending and twisting mechanisms to create a
Mebius strip structure.

From Fig. 1.3, it is also clear that kerfed strips can be deformed in a variety of ways
through the application of di erent static loads, resulting in a plethora of opportunities
for recon guration and tuning. Compared to plates, strips can be deformed according
to a variety of deformation mechanisms via relatively simple and low-amplitude loads.
Additionally, strips allow for agile laboratory handling and testing via laser vibrometry.
Finally, 1D con gurations can be modeled numerically using a smaller nite element
(FE) mesh, which means less computing time and resources required to run full-scale
and Bloch analysis compared to their 2D counterparts.

1.4 Organization of work

This thesis is organized in four chapters. Chapter 1 covers the fundamental concepts
regarding periodic structures, highlighting previous work done to study their bandgap
and directional behavior and introduces the process and history of ker ng. Chapter 2
primarily covers the theory behind Bloch analysis of periodic structures and the work
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done to assess the behavior of kerfed unit cells using 2D Bloch analysis, mode shape
analysis on the mechanisms behind bandgap formation and full scale transient analysis
of kerfed plates. Chapter 3 covers the behavior of single- and bi-kerfed strips. This is
done through 1D Bloch analysis, full scale steady state analysis, as well as experimental
results obtained from laser vibrometer scans of bi-kerfed thin strips. Finally, chapter
4 provides a summary of the ndings of this thesis and some closing remarks touching
on possible future endeavors utilizing kerfed structures similar to those studied in this
thesis.



Chapter 2

Bandgap Analysis of Kerfed
Structures

2.1 Unit cell analysis

As stated in the introduction, a repetition of identical cells that are also identically
connected de nes a periodic structure. If we assume that the cells are part of an in nite
lattice medium, Bloch theory [18, 65] guarantees that the behavior of the structure can
be inferred from the analysis of a single unit cell under appropriate periodic boundary
conditions. This method of analysis allows for a full characterization of the band struc-
ture associated with a particular unit cell. In the next sections, the kerfed unit cell used
in this analysis will be de ned. Following this, Bloch's theorem will be explained and
derived, along with the appropriate Bloch boundary conditions for the unit cell. Then,
the results of the Bloch analysis for the proposed unit cell will be presented. These
results include the overall band structure, as well as mode shapes associated with the
opening of bandgaps. Finally, using the Bloch analysis framework, other unit cells will
be studied to assess important dynamic mechanisms of the kerf pattern as well as to
investigate an alternative cutting pattern.

11
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2.2 The 2D square lattice

First, the periodicity of the lattice in space must be established. Consider a Cartesian
reference framel = (11;12) and within it a generic unit cell called the reference unit
cell. The general framework presented in this section can be applied to any lattice.
Therefore, regardless of the shape of the cell, the relations presented can be written
in terms of lattice vectors. A pair of direct, or primitive, lattice vectors e; and e; are
de ned. The lattice vectors are not in general orthogonal. However, in the case of a
square lattice in which the unit cells are tessellated according to a Cartesian grid, the
lattice vectors will be orthogonal and each parallel to an edge of the unit cell, and equal
in length to its sides. The square kerfed unit cell shown in Fig. 2.1 along with its lattice
vectors is an example of this scenario.

Figure 2.1: Top view of kerfed unit cell with lattice vectors e; and e, labeled. The unit
cell can be tessellated in either direction to de ne a lattice of any size.

With the direct lattice vectors de ned, a 2D repetition of the unit cell in space can
be done to generate a lattice of any desired size. Upon tessellation of the reference unit
cell, it is also possible to express a generic point within the domain of unit cells using
the direct lattice vectors. Call r a point in the reference unit cell and the following
expression can be written:

(n;m)=r+ ne;+ me; (2.1)

Where the point (n;m) is the corresponding point in the (n; m) cell. This point is
expressed in the basis de ned by the direct lattice vectors. It is also convenient to de ne
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a reciprocal basis,b;, which is related to the direct lattice basis through the following
equation:
bi g = j (2.2)
Where j is the Kronecker delta. Thereforeb; and b, will be orthogonal to e, and
e1, respectively.

2.3 Bloch's theorem and Bloch conditions

Now we consider a plane wave propagating in the periodic lattice. We can write the
displacement associated with this wave as follows:

u(r;t) = upett kn (2.3)

Where ug is the amplitude of the wave,! is the frequency of the wave and is the
wave vector. The wave vectork describes the propagation of the plane wave, with its
direction corresponding to the direction of propagation of the wave and its amplitude
being proportional to the reciprocal of the wavelength, or spatial frequency, of the wave.
We write the wave vector in terms of the reciprocal lattice basis and the component
wave numbers 1 and » as follows:

k= 1b1+ 2by (2.4)

Now consider a random position in the lattice, ,, de ned in the direct lattice basis
as given in equation 2.1. Substitute this expression into equation 2.3 in place of the
point r.

u( ;t) — uOei(!t kK )= uOei(!t kK (r+ne;+mez)) — u(r;t)e ik (ner+mey) (2.5)

Now it is possible to leverage the orthogonality of the direct and reciprocal lat-
tice bases, allowing for several cancellations of the vector quantities. Substitute the
expression for the wave vectork from equation 2.4 into equation 2.5.

u( ;t) = u(r;t)e i( 1b1+ 2b2) (nei+mez) _ u(r;t)e i(n 1+m 2) (2.6)

It should also be noted that equation 2.6 can be generalized further such that a
relation between neighboring cells can be established. Consider the displacement eld
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atthe n+1;m+1 cell. This can be expressed in terms of the displacement at a generic
cell n;m.

u( (n+1;m+1);t)= u(r;t)e ' 1+ (M) 2) =y (n:m);t)e (22 (2.7)

These relations linking the degrees of freedom of neighboring cells in terms of the
components of the wave vector expressed in the reciprocal basis are typically referred
to as Bloch conditions. With the Bloch conditions de ned, the conditions can now be
applied to a nite element model in order to conduct Bloch analysis. The following
sections detail the steps involved for implementing such an analysis, as well as outline
the results that are computed from such an analysis.

2.4 Finite element analysis

When the unit cell is characterized by internal geometric complexity, it is convenient to
start from a nite element (FE) model of the cell. In this way we have a \black box"
for Bloch analysis where the geometric complexity of the unit cell is wholly contained
in the stiness and mass matrices, therefore allowing us to input any mesh so long as
the appropriate Bloch boundary conditions are prescribed. Eight-noded isoparametric
brick elements are used, with nodes having three degrees of freedom. The software
GMSH [66] was used to draw the cell geometry and generate the FE meshes used in
this analysis. Shown in Fig. 2.2 is the mesh of the kerfed unit cell described above.
Using a matrix construction scheme, the mass matrix and sti ness matrix (M and
K) are built for the mesh in Fig. 2.2. Bloch boundary conditions are applied to this
mesh according to the logic depicted in Fig. 2.3 whereby the leftmost and rightmost
as well as bottom-most and topmost nodes are related by Bloch conditions involving
1 and », respectively. It should be noted that for a typical square unit cell, Bloch
conditions are de ned between the edges as well as the corners. However, in the case
of the kerfed unit cells studied in this thesis, there are cuts along the corners, meaning
only small portions of the edges form connections with neighboring cells. It is at these
small protrusions, which can be seen in Fig. 2.2, that Bloch boundary conditions are
applied. See Fig. 2.3 for the full set of Bloch boundary conditions.
From the labels shown in Fig. 2.3, the displacements are grouped based on their
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Figure 2.2: Kerfed unit cell FE mesh. This mesh features three layers of nodes in order
to su ciently characterize the exural behavior in Bloch analysis.

location on the boundary, or in the interior, and sorted into an array u as:
fug=fu,; ug; u;; ug; utg’ (2.8)

Through Bloch conditions, right nodes are related to left nodes and bottom nodes
are related to top nodes. Leveraging these conditions, a reduced displacement vector
ur can be written containing only the displacements of the left, bottom and internal
node sets. In matrix form this is accomplished by introducing a matrix W ;. ,, whose
entries depend on the scalar components of the wave vector, that relates the full vector
of displacements to the reduced one:

fug= W ., furg (2.9)

The matrix W .., is organized in blocks that implement Bloch conditions along
di erent directions of propagation, according to equation 2.7. The left, bottom and
internal points have trivial relations to the reduced displacements.

2 3
INg NG On, Ng Ong N
Ong N, INg Ng Ong N,
W = On, N, ON, Ng In, N,
e "ln, N, On. Ng Ong Ny

ONB NL elleB Ng ONB N



16

Figure 2.3: Kerfed unit cell Bloch boundary conditions. Such conditions hold on the
sets of boundary nodes for each of the three layers through the thickness of the FE
mesh.

Similarly, the internal forces f acting between the boundaries of neighboring unit
cells can be reduced to a more compact form by applying Bloch boundary conditions.
In the case of the internal forces, a matrixB similar to W is written, but the sign of
the Bloch conditions is ipped.

ffg= ff_; fg; fi; fr; frg’ (2.10)

And this vector of forces is related to the reduced vectorf, as follows:

ffg= B .. ,ffg (2.11)

Now we consider the governing equations of the unit cell in thé -domain that enforce
a force equilibrium with the internal forces between neighboring unit cells.

(K 12M)u=f (2.12)

K and M are the sti ness and mass matrices from the nite element model, respec-
tively. We apply equations 2.9 and 2.11 here to obtain the following formulation of the
governing equations as functions of the reduced displacement and internal force vectors:

(K 12M)Wu , = Bf, (2.13)
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Next, equation 2.13 is simpli ed by premultiplying the expression by the Hermitian
of W, wH,

(WHKW  12WHMW )u, = wH Bf, (2.14)
Equation 2.14 allows us to write the mass and sti ness matrices in a more convenient
form:
M, = wHmMw (2.15)
K, =WHKw (2.16)

We call these the reduced mass and stiness matrices. It is also noted that in
equation 2.14, by building the matrix B with opposite sign Bloch conditions, the right-
hand-side W " Bf ; equalsf0g. Thus the internal forces are canceled out, and we are
left with a reduced, generalized eigenvalue problem:

(Ke( 13 2) !'2M(( 15 2)ur = fOg (2.17)

Which can be solved at di erent wave humber pairs using the determinant as follows:

J(Ke( 12 !'°M(1; 2)j=0 (2.18)

For each (1 ) pair, the solution of 2.17 yields as many eigenvalues as the dimen-
sion of the array u;. The collection of the eigenvalues for all pairs form the so-called
dispersion surfaces. Therefore, an Nx1 array fou, would yield N dispersion surfaces.
An e ective way to visualize these dispersion surfaces is through the use of a band
diagram. To construct a band diagram, the wave vector is selectively sampled along
the so-called irreducible Brillouin zone (IBZ) which is the smallest region in the k-plane
that su ciently captures all possible wave propagation conditions. Then for each point
along the contour of the IBZ there are N eigenvalues forming N branches. The branches
are assembled into a plot called a band diagram that reveals potential gaps between the
dispersion surfaces where wave propagation in forbidden, referred to as bandgaps. Each
eigenvalue solution to 2.17 also yields eigenvectors which represent a mode shape of the
unit cell, i.e. the deformation mechanism associated with a wave travelling with the
frequency and wave vector of that particular spectral point. When mode shapes at the
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onset of bandgaps are plotted, it can help to identify the mechanisms responsible for
the opening of bandgaps. Lower frequency mode shapes close to the long-wavelength
limit can also help verify the validity of the results by comparing them against the
deformation shapes associated with waves in homogenized continua.

2.5 2D Bloch analysis of kerfed periodic structures

2.5.1 Band structure

Employing the methods detailed in the previous sections, 2D Bloch analysis is performed
on a square kerfed unit cell that is assumed to have the elastic material properties of
304 stainless steel. These properties are a Young's modulus E = 193 GPa, a Poisson's
ratio = 0.27 and a mass density = 7955 kg=m3. The cell is assumed to be 0.75" by
0.75" and 0.03" thick. The eigenvalue problem resulting from Bloch analysis is solved
along the contour of the IBZ, and the lowest 12 modes are computed. Due to the 3D
character of the cell's FE model, the modes encompass either out-of-plane or in-plane
characteristics, or a combination of the two. In order to determine the existence of
modal out-of-plane bandgaps, i.e., bandgaps for the exural response, it is imperative
to isolate the purely exural branches of the band diagram. To this end, we can repeat
the analysis using a purely two-dimensional cell model, obtained using a mesh of 4-
node 2D plane-stress elements. The computed branches are superimposed to the band
diagram in Fig. 2.4 in red and they overlap precisely with a subset of the modes from
the 3D cell model. The other branches can be interpreted as modes with a non-negligible
out-of-plane ( exural) character.

The goal of this analysis is to identify exural bandgaps, thus these are the features
of the band diagram we choose to focus our discussion on. From the band diagram,
the presence of two modal exural bandgaps is noted, separated by a relatively at pair
of out-of-plane modes. These bandgaps can be labeled as total bandgaps in that they
span the entire contour of the IBZ, thus granting attenuation of waves in all directions
of propagation. The onset of the lower exural bandgap occurs at 4904 Hz and it spans
a frequency range in which high velocity propagating in-plane modes exist, shown in
red. The upper bandgap starts at 5612 Hz, and it features mostly propagating in-plane
modes, making it another modal bandgap.
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Figure 2.4: 2D band diagram for a square kerfed unit cell where out-of-plane ( exural
dominated) modes are plotted in black and strictly in-plane modes having no exural
character are plotted in red. Two modal exural bandgaps are observed, whose onsets
are each marked with a green dot. The rst (lower) bandgap spans 4904 Hz to 5349 Hz.
The second (upper) bandgap spans 5612 Hz to 7595 Hz. Within these frequency ranges,
no exural modes are present, meaning no exural waves may propagate anywhere in
the Brillouin zone.

2.5.2 Mode shapes

The results of the Bloch analysis also yield mode shapes which allow for the charac-
terization of the deformation behavior of the unit cells at points in the band structure.
When this is done for selected points at the onset of bandgaps, then it is possible to
characterize the mechanisms associated with bandgap formation, such as potential res-
onant behavior. The mode shapes for the onset of each of the bandgaps highlighted in
the previous section are plotted in Fig. 2.5.

From the gure, both mode shapes appear to be associated with a pronounced ap-
ping motion of internal microstructural elements of the unit cell. Here, by microstruc-
tural elements we refer to regions of the cell that do not include connections through
which the cell communicates with its neighbors. The upper bandgap at 5612 Hz is
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Figure 2.5: Mode shapes associated with the onset of the (a) upper bandgap at 4904
Hz and (b) lower bandgap at 5612 Hz. Here the colormap refers to a normalized dis-
placement between 1 and -1 relative to the undeformed con guration of the unit cell,
with red being 1 and dark blue being -1. Zero displacement is represented by green.

associated with a mode shape where the displacement is localized at microstructural el-
ements located along a diagonal of the unit cell. The nature of the displacement leads us
to believe that this bandgap is associated with some resonance of internal elements. It
is important to point out that these are not locally resonant mechanisms as convention-
ally observed in lattices with internal microstructures [36, 37]. In lattice con gurations
featuring resonant mechanisms, the resonating elements are typically auxiliary compo-
nents that one can add or remove from the cell without altering the structure's static
sti ness or load-bearing capabilities, and whose function is only dynamic, i.e., changing
the acoustic properties. Here, the elements that resonate are an integral part of the
connective pathways along with the solid portion of the plate that is retained during
the cutting process. For this reason, it is dicult to ascribe the observed bandgaps
to a specic class of bandgap mechanisms. While it could be safe to consider this a
resonant behavior, as demonstrated later in this chapter, the conventional connotation
"locally-resonant” may not apply per se. It is also possible that the bandgaps result
from a mixture of Bragg scattering and resonant behavior, as the behavior in the lower
bandgap seems more likely ascribed to Bragg scattering mechanisms. The following
subsection details analysis done to assess the nature of the mechanisms behind the
bandgaps by strategically altering the interior microstructural elements of the unit cell.
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2.6 Kerfs with holes

2.6.1 Motivation

The mechanisms that cause bandgap behavior are investigated via a study involving the
introduction of strategically placed holes into the kerf pattern to achieve modi cations

in the frequency range of the bandgaps. The overarching idea is to introduce holes
in regions of the cells that, based on mode shape inspection, promise to be especially
sensitive to changes in mass and sti ness, and observe the resulting changes in the band
diagram. Tracking the correlation between position and size of the holes and changes
in the band diagrams, and relying on qualitative mechanistic models that link the cells
deformation mechanisms to the presence of the holes, we aim at inversely determining
which mechanisms are behind the phonon bands and the bandgaps.

Figure 2.6: Band diagram for a steel kerfed cell without added holes. The mode shapes
plotted in Fig. 2.7 are marked here with green dots. Two modal exural bandgaps
are observed separated by a pair of nearly at modes. The morphology of this band
diagram is similar to the the one obtained for the unit cell analyzed in Fig. 2.4, only
di ering by a scaling factor.

Modeling the same ker ng pattern used in the previous section, the coarsely cut cell
is simulated using 8-noded brick elements. However, since this study was conducted
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at a di erent phase in the work, we adopt the following modi ed properties: Young's
modulus E = 205 GPa, a Poisson's ratio = 0.29 and a mass density = 7870 kg=m?3.
Comapred to the steel unit cell shown in the previous section, the dimensions of the
unit cell here are modi ed to accommodate for the change in sti ness and inertia due to
the overall larger material properties. Here, the unit cell is made to be 1" by 1" square
and 0.06" thick. First, the band structure of the baseline case of the unit cell without
holes is shown in Fig. 2.6. Like the band diagram for the coarse unit cell shown in Fig.
2.4, the band diagram in Fig. 2.6 features two modal exural bandgaps separated by a
pair of nearly at modes.

Figure 2.7: Mode shapes plotted at the (a) lower bound and (b) upper bound of the

lower bandgap, indicated by the green dots in Fig. 2.6. Mode shapes plotted at the (c)

lower bound and (d) upper bound of the upper bandgap, also indicated by the green

dots in Fig. 2.6. The colormap here refers to a normalized displacement between 1 and
-1. Green areas are nodes of the mode shapes undergoing zero displacement.

The lower bandgap starts at 5188 Hz and ends at 5737 Hz. The upper bandgap
starts at 6132 Hz and ends at 8329 Hz, and the mode shapes of these spectral points are
plotted in Fig. 2.7. Atop view is used here to emphasize the locations of certain features
of the mode shapes, which resemble those shown for the original steel unit cell in Fig.
2.5. This suggests an alteration of the material properties and dimensions of the unit cell
only results in a scaling of the response frequency spectrum. From the mode shapes, the
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presence of zero-displacement "nodes" along the solid path of the kerf pattern are noted.
The complexity of the band diagram, where the bandgaps occur above a large number
of modes, prevents from being able to unequivocally ascribe the observed bandgaps to a
single bandgap formation mechanism. The many turns in the meandering pattern along
which the mechanical signal propagates during wave motion provide ample opportunity
for scattering e ects to take place at every sharp turn in the path, hinting at Bragg
scattering as a possible mechanism associated with these bandgaps. On the other hand,
strong activation of the above mentioned interior units is also evident and is seemingly
dominant at these frequencies, suggesting that some resonant mechanisms may also
be invoked. Conceptually simplifying the structure, the paths stemming from these
zero-displacement nodes can be thought of as forming internal cantilever structures
undergoing exural deformation, akin to cantilever beams (or alternatively, cantilever
platelets with non-canonical shapes) where the zero-displacement nodes are analogous
to the clamps, and the e ective span of the cantilevers encompasses the winding path,
gaining sti ness from its many elbows. Using the analogy of the cantilever beam, a
removal of material near the tip will drastically reduce the inertia of the beam. If we
think of the cantilever structure as a lumped-mass resonator - a sensible approximation
for the lowest modes of vibration - whose natural frequency scales with one over the
square root of the mass, we expect this correction to produce an upward shift in the
resonant frequency. On the other hand, a removal of material near the clamps will
cause an overall softening of the response, leading to a downward shift in frequency via
a reduction in sti ness. Following this logic, it is possible to selectively modify the band
structure of the cell by strategically placing holes along the solid path according to what
regions of the cell are activated in a particular mode shape. In the following sections,
this analysis is conducted using two di erent hole placements, compared against the
original con guration with no holes.

2.6.2 Hole pattern 1

The rst set of holes studied are placed close to the interior of the cell, where the
majority of the de ection is observed in the mode shape at 8329 Hz shown in Fig. 2.7.
Two holes, placed o -set from each other, are introduced in each quadrant of the unit
cell, as illustrated in Fig. 2.8.
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Figure 2.8: Placement of holes in hole pattern 1, selected based on the mode shape
occurring at 8329 Hz in the cell with no holes.

Figure 2.9: Band diagram for hole pattern 1. Plotted in gray are the mode shapes of
interest from the coarse cell with no holes. The mode shape that was targeted with
this hole placement at 8329 Hz increases in the new band diagram to 9078 Hz. The
at mode shapes separating the upper and lower bandgaps also increase slightly, while
the frequency of the mode shape where the lower bandgap opens is not signi cantly

changed.

The band structure of the unit cell in Fig. 2.8 is shown in Fig. 2.9. The general
morphology of the band diagram remains largely unchanged by the introduction of
the holes, still featuring an upper and lower bandgap separated by nearly at out-of-
plane modes. The most signi cant change is observed at the upper bound of the upper
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bandgap, where the mode shape is lifted from 8329 Hz in the original con guration, to
9078 Hz with the hole pattern. This behavior supports the cantilever beam analogy;
a selective removal of material in these particular regions reduces the inertia of the
apping portion of the meandering path, thus increasing the frequency at which it is
observed. The at modes separating the bandgaps are also shifted up in frequency by
the speci ¢ hole placement. The opening of the lower bandgap features a slight, but
less signi cant, upshift in frequency. Since this range was not speci cally targeted with
the rst hole placement, a separate analysis of their mode shapes in this neighborhood
is necessary to determine whether this hole pattern is positive, detrimental or neutral
in this range. Shown in Fig. 2.10 are the relevant mode shapes at the onset and closing
of both bandgaps, indicated by the green dots in Fig. 2.9.

Figure 2.10: (a) Onset of the lower bandgap. Here, the holes are not located at either
the zero-displacement nodes, nor the most extreme de ection points. Such a placement
means that neither a signi cant change in inertia, nor a signi cant softening of the
response are a orded. (b) Lower bound of lower bandgap, as well as, (c) the onset of
upper bandgap where the hole patterns happen to be located in regions where the mode
shapes exhibit high de ection, causing a reduction in inertia. (d) Targeted mode shape
at the closing of the upper bandgap, which experiences the most signi cant upward shift
in frequency.

In Fig. 2.10, the top view helps to interpret the in uence of hole placement on the



26
band structure. For the onset of the lower bandgap at 5218 Hz, there is little change
compared to the original coarse cell, whose lower bandgap started at 5188 Hz. From
Fig. 2.10, the holes are not located in regions deemed signi cant by the cantilever beam
analogy, so inertia is not as a ected since the holes are not placed in regions experienc-
ing signi cant strain. The middle mode shapes at 5934 Hz and 6393 Hz experience a
signi cant upshift in frequency, and as Fig. 2.10 shows, the holes are located in regions
of signi cant de ection in the mode shapes. Following from the cantilever beam anal-
ogy, this hole placement would signi cantly reduce the inertia of the modes, therefore
increasing the frequency. If these small internal elements are indeed acting as local res-
onators, then intertial tuning in locations where the displacement is largest by removal
of material increases the frequency of the a ected modes. We cannot exclude that this
particular placement of holes may also alter Bragg scattering mechanisms in such a way
that favors an overall increase in frequency ranges of bandgaps, but this connection is
more di cult to track than the connection to resonant mechanisms.

2.6.3 Hole pattern 2

The next set of holes is moved to the opposite corners of the quadrants so that they lie
on the zero-displacement nodes of the 8329 Hz mode shape from Fig. 2.7, as presented
in Fig. 2.11.

Figure 2.11: Placement of holes in hole pattern 2 that target the zero-displacement
nodes of the mode shape at 8329 Hz.

With the new placement established, the band structure is computed with Bloch
analysis and is shown in Fig. 2.12. Again, as in the previous section, the overall
morphology of the branches does not appear to have changed although a signi cant
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Figure 2.12: Band diagram for hole pattern 2. Plotted in gray are the mode shapes

of interest from the coarse cell with no holes. The mode shape that was targeted with

this hole placement at 8329 Hz decreases in the new band diagram to 7459 Hz. The
at mode shapes separating the upper and lower bandgaps also decrease slightly, while
the frequency of the mode shape where the lower bandgap opens is not signi cantly
changed.

lowering of the frequency ranges of the available bandgaps is observed. In particular,
the targeted mode shape at 8329 Hz decreased most signi cantly down to 7459 Hz.
The mode shapes associated with this hole placement are plotted for the green points
in Fig. 2.12 to help with the interpretation of the in uence of hole placement on the
mechanisms of bandgap formation.

Invoking again the cantilever analogy, geometric softening by removal of material
near the clamp lowers the equivalent stiness of the structure. It appears that all
the modes are signi cantly shifted down in frequency by the second hole placement,
with the exception being the onset of the lower bandgap. For the mode experiencing
the most signi cant downshift at 7459 Hz, the holes are located on zero-displacement
nodes, which are assumed to act as clamps. On the other hand, the onset of the lower
bandgap at 5230 Hz actually experienced a slight upshift (a more signi cant upshift
than for hole pattern 1) likely caused by the placement of the holes at signi cantly
de ected regions of the mode shape. The reasoning behind the downshift in frequency
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