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Chapter 1

Introduction

In this paper, we study the analytic properties of exterior cube L-function for the group
G Lg introduced by Ginzburg and Rallis in [I]. More precisely, let 7 = ®,m, be a cusp form
of GLg(AF), we can associate to each unramified representation m, a semisimple conjugacy

class t, in the L-group, then we can define the local L-function as
Ly(mp ® Xo, AP, s) = det(I — A3(tv)Xv(p)qis)il

where [ is the 20 x 20 identity matrix. Let S be a finite set of places in F' including the
archimedean ones such that m, and x, are unramified outside S, so we can define the partial

exterior L-function as

L(n®x, A%, s) = H Ly(my @ X0, A®, )
vgS
Our goal is to show that the partial L-function is entire for all characters x and for all
generic cup forms 7 on GLg(A) except when w2x* = 1 and w,x? # 1. We also generalized
the analytic properties to the general cases.

Our method is to use the Rankin-Selberg method. In section 2, we will introduce the
Langlands L-function Conjecture, and describe the typical steps in contructing Rankin-
selberg integrals and their properties. For more details can be found in [2]. In section 3,
we will talk about the basic case of Rankin-Selberg integral: Tate’s integral following [3],
which will be used to show the convergence and meromorphic continuation of our integral
in section 7. In section 4, we will discuss the Fourier-Whittaker Expansion of cusp forms for
GL,, following [4], and we will use a similar approach when contructing the global integral.

We will follow through the steps in [I] in the rest of the section with detailed proofs.
In section 5, we will construct the exterior cube integral for GLg with Siegel-Eisenstein
series. In section 6, we will calculate the integral with unramified data. In section 7, we

will give a new proof about the convergence and meromorphic continuation of our integral
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using Gauge theory [5]. We will also prove that we can choose the data nicely so that the
integral is nonzero at s = sg. In section 8, we prove the properties of the partial exterior
cube L-function that the partial L-function is entire for all characters y and for all generic

cusp forms m on GLg(A) except when w2x* = 1 and w,x? # 1.



Chapter 2

Langlands Conjecture and

Rankin-Selberg Convolutions

2.1 Satake correspondence

In Langlands’ program, Satake correspondence gives a correspondence between unrami-
fied representation of a reductive group G over a local field and conjugacy classes in the
Langlands dual group “G.

Let F' be a local field with ring of integers O and a uniformizer w. G is a split connected
reductive group, K be a compact open subgroup of GG, T' be the torus group of G, Ty = Tn K.
H(G, K) denotes the spherical function algebra.

Theorem 2.1.1 (Satake Isomorphism). There is an algebra isomorphism H(F, K) —
H(T,Ty) given by
Fro (SH® =50 | ftn)in
N
where §(t) = | det(Ad(t)]n)| 7.
Corollary 2.1.1.1. (Unramified Local Langlands) Fiz an embedding T < GLy(C), there is

a bijection between isomorphism classes of irreducible unramified representations of G and

semisimple unramified representations ¢ : Wgp — GLy,(C), where Wg is the Weyl group.

2.2 L-function data

Let G be a connected reductive linear algebraic group over F, 7 = ®,m, be an irreducible
unitary automorphic cuspidal representation of G(A), r be a finite dimensional representa-
tion of the L-group “G of G. These data are refered to as the L-function data (G,m,r). The

data is called unramified at a finitely place v if G is unramified over F,, and , is unramified.
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In this case, m, corresponds to a semisimple conjugacy class t, in the local Langlands dual

group “G, by the Satake homomorphism, so we can define the local Langlands L-factor as
L(s,mp, 1) = [det(1 = ry(ty)g;*)] ™!

Let S be a finite set of places of F' such that for v ¢ .S, the L-function data are unramified.
Then Langlands defined the global L-function as
Lg(s,m,r) = HL(S,?TU,TU)
v¢S
In [6], he proved the convergence of the Euler product Lg(s,,r) when s > sg for some
sg for irreducible unirary representation w. Later in [7], he extended the Lg(s,m,7) to a
meromorphic function in C for automorphic cuspidal .

Later he conjectured|[§]:

Conjecture 1. Given any G, w, r, S, L(s,m,r) (in our case it means Lg) is a meromorphic
function in the entire complex plane C with only a finite number of poles and statisfies the
functional equation

L(s,m,r) =e(s,mr)L(1 —s,7,T)

and

G(Sa ™, T) = 1_[ 6(5, Tpy T'py w)

v

For the generalization of this conjecture, there are two approaches proven successful .
One is by Langlands’ original approach using the theory of Eisenstein series. The other
one is to undertand the analytic properties of Zeta integrals, which could give an explicit
construction of the L-functions. We will introduce the second approach in a very simple

case G = G Lo to show the basic ideas and standard steps.

2.3 GLy Jacquet-Langlands method

Let 7 be an automorphic cuspidal representation of G'Lo over Ag, which is the generalization

of a cusp form
e}
f(Z) _ Z an€27rinz
n=1
Define the ”complete” L-function attached to f as

o0
Gn

Lis, f) = (20)T(s) | " iy dy

n=1 n?
f corresponds to automorphic cuspidal representation my = ®m,, where unramified m, of
GLy(Qp) is of the form I ndng(Qp ) p ® po (p; are unramified characters in the form of |z|%

i=1,2).
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The L-group of GLs is “G = GL3(C), and the conjugacy class t, is ( #1(p) ®) )
2
Let r be the standard representation of “G. Then o
L(s,mp,r) = [det(I —r(t)p™)] 7" = (1 —app™ +pF 17271 ' = ==+ 5

then

a0
H L(s,mp, 1) = Z Z:,

p<o0 n=1

Define the global Zeta-integral

Z(p,s) = JQ*\A* » << a 1 )) |a|§‘%d*a

where ¢ is a function in the subspace of L(x) realizing 7, then ¢ is rapidly decreasing at

infinity, i.e. for any compact set C' in Gy, and ¢t > 0, there exists Cy such that

a -N
© L)Y < Cnla|™, geC,la] >t

Now we want to relate Z(p,s) to the automorphic L-function L(s,w). By using the

Fourier expansion, we can write a cusp form as

- :ée%*ww ((5 1 >g>

where 9 is a nontrivial character on Q\A, and

Wy(g) = JQ\Aso (( ! f ) g) ?(x)dx

Then W,(g) is rapidly decreasing at infinity, and for Rs large enough,

Z(p,s) = JA* W, << a 1 )) ’a‘s—%d*a

Since the Whittaker model W (m, 1) equals the tensor product of local Whittaker models
W (mp, 1), we have

Wo(g) = [ [Wela)

where W), € W(m,,1,) depends on ¢. The local Zeta-integral

Z(Wp,s) = j(@* W, (( a 1 )) ‘a|s—%d*a
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It converges absolutely for s > sg, so we obtain the Euler product expansion for Rs large

enough
Z(p,s) = | [ Z(Wp,9)

P00
The following general results in local theory are expected for Zeta/Rankin-Selberg inte-

gerals:
(a) Z(W,s) converges for s > s.
(b) Z(W,s) is a rational functions in p~*, hence meromorphic in C.

(¢) {Z(W,s)} admits a common denominator as a polynomial P such that P(p~%)Z (W, s)
Clp~*,p®], for all W € W ().

(d) There exists Wy such that Z(Wy,s) = 1.

(e) There exists a meromorphic function y(mp, ¢y, s), such that

~

ZW®, 1 —5) =~(mp,p,s)Z(W, s)

a

where W (g) = W (gw), Z(W, s) = SQ;,; (( )) \a!s_%xfl(a)d*a, where x,, is the

central character of m,.

1

(f) If mp is unramified, then for K-invariant W,

ZWY s) = det[I — r(tr)p 5] = L(s, mp, 7p)-

From the theory of asymptotic expansions[?], we can derive the first four results.
Now we go to the global theory. Since we haven’t define L(s,m),) for ramified places, so

we first restrict them to unramified places, i.e. partial L-function

Lg(s,m,r) = H L(s,mp,rp)

r unramified

For ramified p, pick W), such that Z(W,,s) = 1. Then for W = ]—[p Wp, where W), = W]g)
(the unique right K-invariant function such that W°(k) = 1 for all k € K,,) for unramified

p, we have
Z((pa S) = eg(s)LS(sa 7T)

where ¢(s) is some holomorphic function, thus we can deduce the holomorphy of Lg(s, )

from the holomorphy of the Zeta integral Z (¢, s).
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As for the functional equation of Lg(s, ), we first recall the functional equation of Zeta

integral Z(¢p, s), then

s) = H Z(WP’S>

=([ [2(Wy.5))Ls(s,m)
peS

([T pr ) [ [ 2,1 = 5) L (s, )
peS peS

By the global functional equation:

Z(p.s)=Z(" 1—s)= [ [ZWP,1—s) = [ [ Z(W}",1 = s)Ls(s,)
peS

For W), = WS,

ZWe,s) =[(1—p (p)p )1 — py (p)p~)] ™! = det[I — r(£,)p ]~

~1
where i; = ( i (p) =y > is the conjugacy class in G Ly(C) associated to the contra-
Ha

gredient representation 7 = ’md,ul_l Qpuy L Choose W), so that A (WZ;“, 1—s) is nonvanishing
forpe S, so
(s,m,r) vap,d)p, YLs(1 —s,m,7T)

peS

Next we want to explain that L(s,7,) can be defined as the greatest common divisor of
the family of Zeta integrals Z (W), s).

We know from earlier that there exists a polynomial P such that P(p~°)Z(W,s) €
Clp~*,p®] for all W € W(m,). Let A, denote the C[p®, p~*] module generated by all the
Zeta integrals Z(W)p,s) for W, € W (mp,1p). Since A, is a subspace of C(p~*) and there
is a common denominator P such that PA, < C[p®,p~®], so A, is a fractional ideal of
C[p®,p~®]. Denote L(s,7,) as any of these generators, so it can be written as %, with
Q, R € C[p~*] relatively prime, and @ has constant term 1. We know that Z(W,s) = 1 for
at least one W), so the numerator cannot have any zeroes, hence L(s,7,) can be uniquely

defined by ﬁ, with Q(0) = 1. Then A, = L(s, 7)C[p®,p~*], so for unramified m,,
L(s,mp) = Z(s,W,)) = det[] —r(t,)p~°]™"

And L(s,mp) is indeed the greatest common divisor of the family of the Zeta integrals

Z(W,, s). Simillarly, define L(s, 7,) = 5 (;75) as the greatest common divisor of the contra-

gredient Zeta integrals Z (W, s).
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For the functional equation L(s,m) = [[,L(s,mp), choose W, so that Z(W,,s) =
L(s,m). We have

- HZ(WINS) = Z(p,s) 22(90“],1 —3)

HZW“’ 1—s) HL

peS
T ZW 1 - ) N
~(1 L(l——s,%)pL(l o
Y(7p, Vp, 8) Z (W, ) N
Zgg P 1p_ . 7r)p L(1—s,7)
=(] [ e(mp, vp, $))L(1 = 5,7)
peS

’7(7rp7 wpv S)Z(VV, 8)
L(1—s,7),

where €(mp, ¢p, s) = , and by checking that €(s, 7) has no zeros or poles,

we have

Theorem 2.3.1. The automorphic L-function L(s,m) = [ [ L(s,mp) can be extended to an

entire function of s in C, and satisfies the functional equation
L(s,m) = ¢€(s,m)L(1 — s,7)

where €(s, m) = [ [ g €(s, mp, ¥p) is @ monomial function of s.



Chapter 3

Tate thesis-local zeta function

(non-Archimedean case)

Let F' be a non-Archimedean local field, and |- |r be the normalized absolute value. Let op

be the ring of integers in F', p < o be the maximal ideal, 7 be the uniformizer of of.

Definition 3.0.1. For f € ./(F) and quasi-character x : F* — C*, define the associated

local zeta function as

25,00 = | fax(ate

Theorem 3.0.1. For f e (F), x = x|-|® where X is the unitary part of x. Let o = R(s),
then

(a) Z(f,x) is holomorphic and absolutely convergent if o > 0.

(b) If 0 < o < 1, then there is a functional equation

Z(f,%) =0 ¥, dz) Z(f, x)

for some ~v(x, ¥, dx), which is independent of f and meromorphic as a function of s.

So Z(f,x) admits a meromorphic continuation to the whole s plane.

(¢c) There exists a e—factor e(x,v,dx) € C* satisfying:

L(x
(x

~—

Y(x, ¥, dx) = e(x, 9, dx)

™~

Therefore,
LOOZ(f, %) = e(x, ¥, d2) L) Z (S, )

Hence, L(x) = Z(fo,x) for some fy.
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Proof. (a) Since F is non-Archimedean, let ¢ be the order of the residue field kr = op/pop.
Since f € (F), then f factors through the finite quotient group p~"/p", m,n € Z,

—m < n. So it is enought to prove for f = xyn. Let 7 be a uniformizer of p. Since
o0
npop — {0} = | Jmho
let d*xz = cdx, we have
20501 =¢ | If@lelida
F—{0}
| el
F—{0}

0
=c Z J |z|%d*x
k ><

which is finite for o > 0, therefore Z(f, x) = Z(f, X, ) is holomorphic and absolutely

convergent for o > 0.
(b)
Lemma 3.0.2. For all x € X(F*) with 0 < o < 1, we have
Z(£.02(9.%) = Z(f.0)Z(9.x)
In fact,

240260 = | (| f@ienlald ey

fx fo fla P(xyz)dzdz)x(y~Y)|y|d*y

The above integral is symmetric about f and g, thus we finished the proof of lemma
3.2. ]

Fix a Schwartz function fy € 7 (F), let

(X, ¥, dx) =
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By the lemma above, v is independent of the choice of fjy, and hence we have

Z(f,%) = v(x. ¥, dz)Z(f, x)

Since y(x, ¥, dx) is independent of d*z, and Haar measure is unique up to a constant,

SO

We will show in part (c) that ~y(x,,dx) is meromorphic as a function of s. Since
Z(f,x) is holomorphic for ¢ > 0 and Z( f, X) is holomorphic for o < 1, so there is a

memorphic continuation of Z(f, x) to the entire complex plane.

(c) For test function f € . (F'), define an entire nonzero function h such that

Z(f, X) = h(fa X, ¥, dm)L(X)

A~

Z(f,x) = h(f, X, ¥, dz)L(x)

We fix again d*z = dz/|x|F, so

CZ(f,%)  h(f. %%, dz)L(X)
1068 d0) = Z05 ) = h(Fox v do) L)

We are going to show that v(x, 1, dz) is a meromorphic function of s and independent
of f, and

_ h(f X, de)
h(f:x: 1, dx)

Since every quasi-character x is in the form of X|-|%, where X is a unitary character, let

e(x, ¥, dx)

p be the unique prime of F', U,, be the subgroup of the form 1 + p", denote xsn(z) =
|z|%X(Z), T € 0} is defined as z = iw;(z), where p™ is the conductor of x. Define the
standar non-trivial additive character on a local field to be ¢ = ¥p(trg g, (), where p

is the prime lying below p and v, is the standard non-trivial additive character on Q,.

Define f,,(z) = ¢ (x)char,-a—n(z).



If n = 0 (i.e.unramified case), since % — {0} = U _,mho¥, so
Z(f(]a Xs,O) = j fO(x)Xs,O(x)d*x
FX

=j el d*s
w;df{O}

¥ f lalpd*s
k=—dYT

FOF

= Z g **Vol(of,d*z)
k=—d
ds

~Vol(oj, d*z); 7
—q

—q™Vol(o%, d*z)(1 — |mp[3) !
:quVOZ(olii, d*z)L(xs0)

—~

If n > 0 (i.e. the ramified case), since W’f,ﬂu = 1, then

Z(fna Xs,n) = fFX fn(i')XS,n(.%)d*l'

-, (@) Xalalpd*e
nn" "op—{0}

0

= > J‘ Y(rhu) X (k) | whulfd*u
k=—d—n

Z q- J (k) X (F)d*u
k=—d—n op Jog

12

For any multiplicative character w : oj — S ! and any additive character A : op — S,

define the associated Gauss sum to be:

g(w, ) = f w(w)\(u)d*u

F
so we have

mesn = Z q_ks Xv ”F>

k=—d—n

where k\T) = T e have the fo owling lemma a out Gauss sums:
here 4,k Y (nfx) We have the following 1 bout G

Lemma 3.0.3. Let w and A be taken as above with conductors p" and p”

, respectively Let

¢ > 0 be the number such that d*x = cdx.. Then the following statements hold:

(a) If r < n, then g(w,\) = 0.

b) If r =n =0, then |g(w,\)|? = Vol(o}, d*z)?.
F
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(c) If r = n, then |g(w,\)|? = cVol(op,dz)Vol(U,,d*z).
(d) If r > n, then |g(w,\)|?> = cVol(op,dx)(Vol(U,,d*z)) — ¢ Vol (U,_1,d*z).
Since the conductor of v is p~¢, then the conductor of v, is (p~?~*). By part (a), we

have then since for k > —d —n, g(X, ¥ _—a-n) = 0. So
F

Z(fna Xs,n) = q(d+n)sg(>~<7 ¢7T;d—")

Since x and v —s—n have conductor p", then from part (b) and (c) in the lemma above,
F

we have g(X,%_-a-n) # 0. As such, X(fp,Xsn) is essentially an exponential function with
F

neither zeros nor poles. Recall that for n > 0, L(xs,n) = 1 since X, is not ramified. Thus
Z(fna Xs,n) = q(d+n)sg(>~<’ wﬂgd*")L(Xs,n)

Now compute the Fourier transform of the test function f to determine Z(f, ijn)).
(

Lemma 3.0.4. Forn =0, we have fo(y) = Vol(p~, dx)char,, (y), where char,, (y) is the
characteristic function of op. For n > 0, we have fn(y) = Vol(p~@ ", dx)1n_1(y), where

charyn_1(y) ts the characteristic function of p™ — 1.

We have computed Z(f,xsn) for the unramified and ramified cases, now compute
Z(f, Xsm) for both cases. If n = 0, using the lemma and of — {0} = ;2 Wkolfﬁ, we

have
Z(f.xin) = LX Jo(w)xs0(y)d*y

=Vol(p~?, dx) f o Xs.0(y)d*y
oF—

o0
=Vol(p~4,dz) >’ Jk lylpd*y
k=0

s 0:—‘
o0
=Vol(p~?, dx)Vol(o},d*z) Z g k=)
k=0
_ y 1
=Vol(p d,dx)Vol(oF,d*x)m
1
=Vol(p~®, dzx)Vol(o}, d*z) —————
v JVollop. &)1 — Xs0(7F)

=Vol(p_d, dz)Vol(oy.,d*z)L(x5,0)
=quOl(0F, dz)Vol(of,d*z)L(x5,0)

Consequently, from equation about Z( fo, xs,0), we have

L(xs,0)

5,09 7dx = _d(s_l)vol o0 ,dl’
Y(Xs,0,9,dr) = g (oF )L(xs,o)
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and
6(XS,07 1;[}7 dl’) = q_d(S_I)VOZ(OF, dl‘)

Now consider n > 0. by definition x;, = X;M r =X 11[,_5. Since Y is unitary, then

o—1 1

X! = X. Note that the conductor of x3,, which is just the conductor of x~!, is also n.

Using this fact and the lemma, and that L(xs,) = 1, we have

Z(fus Xan) =Vol(p™*", dfv)f X@lylidy
P —

(y)d*y

>

=Vol(p~ @, dx) f
pr—1

—Vol(p~t, dr) f H(—y)d*y
+pn

=qd+”Vol(0F,dw)>Z(—1)J xd*y
1+pn

=¢*"Vol(op,dz)Vol(1 + p™, d*z)X(—1)L(xsn)
If n > 0, then by applying the translation invariance of the Haar measure, we have
Vol(U,,d*z) = j d*z = cf 2| dr = cf dx = cVol(p",dx) = cqg "Vol(op,dx).
n (1+p™)—{0} p"
As such,
Z(fna X;,n) = quVOl2(OF7 dx))Z(_l)L(Xs,n)
Therefore, we have

cqlq(dtn)sy/ )2 (op,dz)x(—1)

€(¢s,n,¢, dl‘) = ’Y(Xs,na @Z},dl’) = g(f( w
; ﬂ-;d*")

Applying the translation invariance of the Haar measure d*u, we obtain

W =J X(u)w(ﬂgd_”u)d*u

X
Op

Since the conductor of ¥ and ¢_4_,, is p", then

g(i,wwgd—n)g(f(,l/}ﬂ;d—n) = cVol(op,dz)Vol(1 4 p",d*z) = ¢ "Vol*(or, dz)
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Consequently, for n > 0 we have
quq(_d_n)s‘/vol2(OF7 de‘))Z(_l) X(il)g(iﬂ 17&71—;‘17")
e(ws,m 1, dx) = — _—
g(X? Tvbﬂ-gd*") g(X, wﬂ_;dfn)
cq’q =V ol* (op, dw)g(X, ¥y —a-n)
B 2q—"Vol?(op, dr)

:lq(—d—m(s—l)
C

g(;(» wﬂ-;d*”)

Consider the Gauss sum of x and ¢ﬂ;d7n defined by

9Tt an) = f R, ()t

F

Since ¢ has conductor p~%, then ¢_—4—n defined by ¢_—a—n(x) = Y(m7*"x), has conductor
F F

p". For a € U/U, and 1 + nr'. € U,, we have
n . nyy _
wﬂ_;dfn (a(l + Ter)) = 'llz)ﬂ_;dfn (a)wﬂ_;dfn (a/Ter) = 'lz)ﬂ_;dfn (a)

becasue p" = wrop is the conductor of wﬂ;dfn. As such,

9K Upan) = D) Wpan(@)Xd*u

zeU/Un

=Vol(Up,d*z) ), X (@), —a-n ()
zeU/Un

—cq "Vol(op,dx) ) X(@)vy (@)
zeU /U,

Therefore,

1 —d—mn)(s— c —d)(s— —ns c
(o, v, dr) = —gC O g(R, 0 i) = VNG Vol (op,dr) Y X(@)an ()
zeU /Uy,

For F' non-Archimedean case, we have

q*Vol(oy, d*z) n=0

h(fn;Xs,n7¢7dx) = .
q(cl+n)sg(X7 wW;d—") n>0

and
q*Vol(op,dz)Vol(oy,d*z)  n =0

h me;,mwadw =
( ) { cq?Vol®(op,dz)¥(—1) n>0

where p is the unique prime ideal of F, g is the order of the residue field or/por, p~% is the
conductor of the additive character v, p" is the conductor of x; ,, and ) is the restriction

of xsn to op. Furthermore, note the dependence of h on dz and on d*z.
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Therefore, for p-adic characteristic zero local fields, we have

=

X
(x

Y(x; ¥, dx) = e(x, ¥, dx)

h

where €(x, 1, dx) is an entire function of s whose image lies in C*. Applying (b), we have

LOX)Z(f,%) = €(x, ¥, dx) Z(f,x)

Since L(x), L(x) and €(x, v, dz) do not have zeros, then the poles of Z(f,x) are no worse
than those of L(y), which is independent of f. O



Chapter 4

Fourier-Whittaker Expansions of

Cusp Forms for GL,

Let k£ denotes a global field, A its ring of adeles and v denotes a continuous additive
character of A which is trivial on k. (m, V) is a cuspidal automorphic representation of
GL,(A).

Let ¢(g) € Vx be a cusp form in the space of 7. If f(7) is a holomorphic cusp form on the
upper half plane h with respect to SLy(Z), then f is invariant under integral translation,

f(r+1) = f(r) and thus has a Fourier expansion of the form
w .
f(T) _ Z an€27rm7'
n=1

If p(g) is a smooth cusp form on GLo(A), then the translations correspond to the maximal

1
0 T >} and p(ng) = ¢(g) for n € Ny(k). So, if ¥ is

any continuous character of k\A we can define 1-Fourier coefficient or 1)-Whittaker function

by
1 =z _1
Mw(((} 1)9)#} (z)dx

unipotent subgroup No = {n = (

Wewl) = |

We have the corresponding Fourier expansion

0(9) = > Wou(9)
"

If we fix a single non-trivial character 1 of k\A, then by standard duality theory , the
additive characters of the compact group k\A are isomorphic to k via the map vy € k — 1,

where ¢, is the character ¢, (x) = ¢ (yx). By changing variables, we have Wy (g) =

0
W (( g ) > g) if v # 0. If we set W, = W, for our fixed 1, then the Fourier

17



18

expansion of ¢ becomes

P(9) = Wouo(9) + D, Wy (( g ? )g>

yek>

W o (9) = L\Aso (( ; :16 >g> dx =0

so the Fourier expansion for ¢ is

0
-5 ((50)9
vly g}x 01!

As for the Fourier expansion for a cusp form ¢ on GL,(A), the translation correspond

Since ¢ is cuspidal

to the maximal unipotent subgroup N,,. Fix the non-trivial continuous character ) of k\A
as above. Extend it to a character of N,, by setting v(n) = ¢¥(z12+ ... + Tp—1,) and define

the associated Fourier coefficient or Whittaker function by

Wo(g9) = Wou(g) = JN R ¢(ng)~" (n)dn

Since ¢ is continuous and the integration is over a compact set, this integral is absolutely

convergent, uniformly on compact sets.

Theorem 4.0.1. Let ¢ € V; be a cups form on GL,(A) and W, its associated 1- Whittaker

function. Then

¢(g) = D Wgo(( ! X )9)
(k)

’\/ENn_l (k‘)\GLn_l

converges absolutely and uniformly on compact sets.

Proof. Denote P, the mirabolic subgroup stabilizing e,, = (0,...,0,1) € k™ as

h
P, = {pz ( 31’ ) |heGLn_1,yek”1} ~ GL, 1 x Y,

I,
Y% _ {2/__ < 1 ? > h/e kn_l}-zzkn_l

Since P, > N,,, we may define a Whittaker function attached to a cuspidal function ¢
on P,(A) by

where

O

Wo(p) = f o(np)y (n)dn.
Ni (k)\Nn (A)
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We will prove by induction that for a cuspidal function ¢ on P,(A), we have

v 0
o(p) = 2 W (( ) p)
"yENn_l(k’)\GLn_1(k:) O 1

converges absolutely and uniformly on compact sets.
The function on Y,,(A) given by y — ¢(yp) is invariant under Y,, (k) since Y,,(k) < P, (k)

and ¢ is automorphic on P, (A). Hence by abelian Fourier theory for Y,, ~ k"~! we have

ep)= D, @)

ye(kn=T\A-1)
where

¢A<p>:=_[ PPN () dy
Yo (k)\Yn (A)

By duality theory, (kn—/l‘@t—l) ~ k"1 In fact, if we let {,) denote the pairing k"~ ! x
k"l — k by (x,y) = . z;y; we have

S0,

Pa(p) = Ln_lw_l plyp)d™ (o, y))dy

GL,—1(k) acts on k"' with two orbits: {0} and k"' — {0} = SL,,_1(k) -t e,—1 where
en—1 = (0,...,0,1). The stabilizer of ‘e,_1 in GL,_1(k) is ‘P,_1, therefore ¢(p) can be
written as

©(p) = ¢o(p) + > Prten_y (D)
YEGLp—1(k)/t Pn—1(k)

Since ¢(p) is cuspidal and Y, is a standard unipotent subgroup of GL,,

%@=f oyp)dy =0
Yo (k)\Yn(A)

On the other hand,

SO

v 0
(p(p) B Z (pten_l (( ) p>
’yEPn_l(k:)\GLn_l(k) 0 1

For n = 2, it is true for GLs as we showed ealier.
We have P, = GLp—1 x Y, and N, = N,y x Yy, so Ny_1\GLp—1 ~ N,\P,. Let
P, 1 =P, 1 xY,c P, then P,_1\GL,_1 ~ P, 1\P,, so

thenfl(yp) = @Z}(ynfl)(ﬂten,l(p), Y E Yn(A) ~ An—1
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SO
v 0
o= 2 90(( 0 1 >p> ) 2 Praca(O0)
YEPn—1(K)\GLn-1(k) 6ePy_1(k)\Pn (k)

Fix p € P,(A), consider ¢'(p") = ¢, (p") on P,_1(A) given by

' p0
so(p)—soten1<<0 1)29)

¢ is left invariant by P,_1(k) and cuspidal on P,,_1(A), then apply the inductive assump-

tion:

¢ (p) = > Wy (( Z) ? )ﬂ) - W (6'p)
)

’Y/ENn72(k)\GLn72(k 56Nn,1(k)\Pn,1(k)

Therefore

o) = D, ¢, ,(0p)

8P _1(k)\Pn (k)

= D @)

0ePy—1(k)\Pn (k)

- Z Wei, (5

6€Py_1(k)\Pn (k) 8'€Nn—1\Pn_1

Then

SO
)= )] D, Wy(d'op)
8€Py,_1(k)\Pn(k) 8'eNy,_1\Pp_1

= D, Wu(p)

6N (k)\Pn (k)

v 0
+EN 1 (NG L1 (k) 0 1
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If ¢ is a cusp form on GL,(A), then for g in a compact subset Q, ¢,(p) = ¢(pg) form a

compact family of cuspidal functions on P, (A) under the weak operator topology, so

v 0
)
N1 (kNG Ln—1 (k) 0

0
converges absolutely and uniformly, hence p(g) = ZveNnA(’f)\GL”’l(k) We (( 0 ) g>

0 1
converges absolutely and uniformly for g € €2.



Chapter 5

The Global Construction for GGLg

Let F be a global field, and A its ring of adeles. Let

Define
GSps = {ge Glg ' gJg = u(g)J, u(g) a scalar}

where ?g denotes the transpose of g. Let @Q denote the Siegel parabolic of G Spg, i.e.,
Q = (GLl X GLg)R

We can identify GL; x GL3 with

m: (a,g) — ( I *>, aeGly,ge GLs
g

where g* = 1 g 1

1 1
R can be identified with

S={YeMs3:'Y 1 = 1 Y}

22
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by the inverse of
1Y
Y'—>u(Y):< I),YGS

Let ¢ be a nontrivial additive character of F\A, let N be the maximal standard unipotent
subgroup of GLg, thus N consists of all upper unipotent matrices. Given n = (n;;) € N,

we define

P (n) = P(ni2 + naz + n3a — nus + nse)

Let 7 be an irreducible cuspidal representation on G'Lg(A), with a central character wy,
we shall denote its space as Vy in LE(Z(A)GLg(F)\GLg(A),wr), where Z is the center of
GLg. We assume that 7 is generic, which means that the space of the functions generated
by

Walo) = | o(ng)bn(n)dn, €V, g€ GLo(A)
N(F)\N(4)

is not identically zero. We call the space of functions above form the Whittaker model of 7
and denote it by W(m, ).
To construct the Eisenstein seires, we define a character x, of Q(A) as follows. Let
X be a unitary character of F*\A*. Define x, on the embedding of GLi(A) x GL3(A) in
GSpe(A) as
Xr(m(a, 9)) = (wrx?) (@) (wrx?)(det g)

where « € GL1(A) and g € GL3(A). We can extend xr to Q(A) by letting it act trivially
on R(A).
Given s € C, set

GSpe(A) ¢s
I(s,x) = IndQ(&G( )5Qx7r

where d¢ is the modular function on Q. Given fs € I(s, xx), then it satisfies

fs(m(a, g)rh) = (wex®)(@)(wnx?)(det g)

Define the Siegel Eisenstein series as (for R(s) large)

E(g, fox.s)= Y, f(ve) g€ GSps(A)
YEQ(F)\GSps ()
The theory of Langlands on Eisenstein series shows that the above series converges abso-
lutely for Rs large enough, has a meromorphic continuation to the whole complex plane,

and satisfies a certain functional equation.
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Let

0
w = GGLﬁ

and set j(g) = wgw ™! for g € GSpg. Our global integral is

I(p, fs,x,8) = f ©(j(9)E(g, fs: X, s)dg
Z(A)GSps(F)\GSp(A)

Here Z is the center of GSpg, which is also the center of GLg. We have

Theorem 5.0.1. The integral I(p, fs,Xx,s) converges absolutely for all s € C except where

the Fisenstsin series has a pole.

Proof. Given an integer IV, we have

|0(j(9)w)| < Cnglgl™

where Cl , is a constant depending on NV and ¢, and w is in any given compact set. From
reduction theory, we can write GSpg(A) = Z(A)GSps(F)TS2, where €2 is a compact set

and
.

abe
ab

T.={t= lal, [b], le] > €

"

b—l

b=te!
\
We may assume that every t € T has entry 1 at all the finite places, and some fixed positive

real number at the infinite places. Then we can write our integral as
I= f f w(J () E(tw, fs, X, s)dtdw
QJTe

Since |w;| = 1, we may pull out the center, and using the fact that E(tw, fs, x, s) is a slowly
increasing function, we finished the proof of the absolute convergence of I for s € C which

is not a pole of the Eisenstein series. O

The next step is to prove I is Eulerian:
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Theorem 5.0.2. For R(s) large we have

I(p, o, 8) =j f WA (X (r)j(9)) s (g)drdg
Z(A)V(A)\GSpe(A) JA

where V' is the mazimal unipotent of GSpg such that V < N.
Proof. We will use these notations for the rest of this proof:
R} =R
R? ={ra(y1,y2) € V i 1a(y1,y2) = s + y1(e12 — es6) + y2(e13 — eaq)}

R' ={ri(y) € V :r1(y) = Is + y(eas — ea5)}

(
(

RS ={r§(y1,v2,y3) € V : 75(y1,y2,y3) = Is + y1e26 + y2e35 + Yseas )}
5(

R? ={r5(y1,y2) € V :ri(y1,y2) = Is + y1e12 + y2€13}
R ={r{(y1) € V :rl(y1) = Is + yre23}

V3 :R3R3

V2 —R2R2Y3

VI=R'RIVZ=V
We first carry out the standard unfolding process of the Eisenstein series.

I(p, fs,x,8) = ©(3(9))E(g, fs; X, 5)dg

JZGSps(F)\GSpa(A)

= f ©(j(9)) D flvg) |dg
2GSpe(F)\GSps(A) +€Q(F)\GSpo(F)

©(4(9))fs(g)dg

JZ(A)Q(F)\GSP(A)

N f : j ©(j(rg)) fs(g)drsdg
Z(A)GL3(F)R3(A\GSp(A) JR3(F)\R3(A)

Consider the Fourier expansion with respect to j(R3)(F\A), then

I(p, fs, x: 8 f > f ((r5(y1,y2,y3)) m39) | ¥ (o + By2 + vys) fs(g)dyidrsdg

B,y
1 00 0
1 0 0 Y1
. 1 0 y2 ys
JZJ J rag | | w(aws + Byz + vys) fs(9)
a,B,y 1
1

1

dy;drsdg
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where y; are integrated on F\A, r3 is integrated on R3(F)\R3(A), and g is integrated on
Z(A)GSps(F)\GSps(A).

Since ¢ is invariant under G Lg(F'), we have

QO(.%'g(Oé,,B,’)/)h) = (P(h), hGGLﬁ(A),Oé,,B,’)/GF

Denote vz = r§r3, then

I(p, fs, x: 8) J > f ((r5(y1,y2,y3)) m39) | ¥ (ayn + By2 + vys) fs(g)dyidrsdg
a,B,y

JZJ fs(g)dvdg

. I X
= J;JMS’S(F)\MS,S(A) ¥ (] << I )) g) fs(g)dX

here 0 is summed up for all characters on Rg, hence can be considered on all X € M33, g
is integrated on Z(A)GSps(F)\GSpe(A).

The group GL; x GL3, the Levi part of Q(F), acts on the group of characters of R>
modulo R? with two orbits, one is the trivial orbit, and we can choose a representative of
the open orbit ¥ as ¥1(X) = (x4 — x3).

For the orbit with respect to the trivial character, we get

) I X
| 0 (g (( )) g) f+(9)dX dg
M3 3(F)\Ms,3(A) I

I X
where the inner integral SMB 5 (F)\Ma.5(A) P (j << s )) g) dX = 0 since ¢ is cusp-
idal.
As for the other orbit, the representative i1 as ¥1(X) = (x4 — zg) has stabilizer in
GLy x GL3 as GLo(F)R?*(F) GLy(F)R?(F), embedded in GSpg as

I vy oy
9] L0
g 1
g 1 0 -y
1 1 -y

where g € GLy and yp,y2 € F.

, I X
f(so,fs,x,S):j J @] g | i (X)
Z(A)GL2(F)R2(F)R3(A)\GSps(A) J M3 5(F)\Ms 3(A) I

fs(g)dXdg
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Now consider the Fourier expansion with respect to j(R?)(F\A). GLy(F) act on the

character group of j(R2)(F)\j(R?)(A) with two orbits: one is the trivial orbit, and we can

choose a representative of the open orbit as ¥(n) = ¥(n12 +n2g — ngs +nse), since GL1 - Ry
is the stabilizer of 1y in GLyR?, where GL; - R; is embedded in GSpg as

« 1

aeGLy, BeF.

1 1

The trivial orbit contributes

| [ #titnans.(a)andg
which will be zero since ¢ is cuspidal.
So we have
I foxs) = | | (i (1)) 2 () f(g)dndy.
Z(A)GL1(F)RY(F)V3(A)\GSpe(A) JV2(F)\VZ(A)

where V2 = R2R2V3. Consider the Fourier expansion with respect to the unipotent group

= {j({ + yeas)}, then

f ¢(j(ng))yz(n)dn = f
V2(F)\V2(A) e

where X1(m) = I +megs. Let N3 be the unipotent subgroup of Na for which ngy = 0. Thus

Z f m)ng))2(n)y(am)dmdn

aeF

1
1
1 r
Ny = N3
1
1
Notice that
1
1
1 r
X(r)=7
(r) .
1
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Since ¢ is invariant under rational points, it equals to

2 J(F\A)Q e[ X (a)7(X1(m)n) X (1) (9)]n () (m)drdmdn

aeF

JNs (F)\N3(A)

then by conjugating X (a)j(X1(m)n)X (r), it equals to
| | elitammx(a s nx(a+ 06 mm) X @i mn) X ()5(s)]
N3(F)\Ns(A) oot J(F\a)2
Y, (n)drdmdn

and by changing the variavle for g, it is
| [ eliCmn X (a4 i), n)drdmn
(F)\N3(A) e J(F\A)?

Collapsing the summation and integration over o and r, we have

f J 0(j(n)X(r)j(9))Yn,(n)dndr
A JIN4(F)\Na(A)

where Ny is the unipotent subgroup of N given by all matrices of the form

1

1

Also ¢, is extended trivially from tn,. Consider the Fourier expansion with respect to
J(I + mey3) with m € F\A, the trivial orbit is 0 by cuspidality as before, and by taking the
representative ¥4 (I + ymsgsa) = ¥(y), then

I foxes) = | j > L\A fm iy £ e X @)5(9) % v,

Y(am) fs(g)dndmdrdg

:f JJ e(nX(r)j(g9)Yn(n)fs(g)dndg
Z(A)V(A)\GSps(A) JA JN(F)\N(A)

:f f W (X (r)j(9))fs(9)drdg
Z(A)V(A)\GSps(A) JA

which is the identity we need to prove.
Now we need to justify the unfolding process by showing the absolute convergence of
the above integrals for Rs large.

We started by showing the integral

j Wal5(X(r))g]fal)ldrdg



29
converges for Rs large. Here ¢ is integrated over Z(A)V (A)\GSps(A), r over A. From the

Iwasawa decomposition of GSpg(A), it is enough to show the convergence of
J (Wl (X () k]|a”b* |0 5 (") |drdt dk

Here r is integrated over A, k over the maximal standard compact subgroup of GSpg(A),

t" over the maximal torus of GSpg(A) modulo Z(A) parametrized by

abc

ac

€ GSpG

blc!
We denote by dp, the modular function of the Borel subgroup of GSpg such that @) > By.
Conjugate ' to the left, changing variables we obtain j(X(rt'k)) = j{t't' 1 X(r)t'k) =
j(#'X)(a"'r)k), hence

| Wi ey atard

where t = j(t') and
W/LS _ ‘a‘28_4’b|45_6’6|88_10

The integration in t is on (A*)3. For this proof only, we denote R = X(r). Write the
Iwasawa decomposition of r € R as r = uptrkpr, where ug is the unipotent part, tg the
toral part, and kg is in the maximal standard compact subgroup of GSpg(A). Thus we

need to prove the convergence of
| Wt ) 6 deara

where the integration over r is on R(A). Let f be a smooth function with compact support

on GSpg(A). It follows from [4] that every W, is a finite sum of convolutions of the type

f Wo(gh) f(h)dh

the integration over G:Spg(A) Thus, it is enough to prove the convergence for these functions.

For such functions

W (bt rkri(k)] = rjWo<ttRh>f<j<k>—1kR1h>dh|.

Write

JG’SpG(A) a JV(A)\G’SpG(A) JV(A)
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where V' denotes the maximal unipotent of GSpg. Thus, the right-hand side is equal to the

absolute value of

f Wo(ttRh)(f FG k) kgt uh) bt guts e Ydu)dh

where u is integrated over V(A) and h over V(A)\GSpg(A). Since W is a Fourier coefficient
of a cusp form, it is bounded uniformly, and hence the above integral is bounded by the

absolute value of
ff(j(k)—1kgluh)&(tt3ut§1t—1)dudh
Following the same reasoning as in [8], we deduce that it is bounded by

bt1 cty ats cty bt
| o] e o S B e grgay (1)

RAJ@axs  l2 t3 la o ts e
Here t; are the torus elements of tg, and ® is a fixed positive-valued Schwartz Bruhat
function. Thus we may assume that ® is factorizable and, we are reduced to studying the

local version. A change of variables in a, b, ¢ shows that the local integrals equals

t1 i3t

J f (2, 2,2 a,b,0)|a?b S *|a* b0 Loy (t, ..., te)d ad*bd* cdr
R(F) J(pxys  t2 la te

where ¢ > 0 a local Schwartz-Bruhat function, and «,; depends on the absolute value of

t; of 1 < i < 6. Here F stands for an arbitrary local field. This integral is convergent by

Iwasawa-Tate thesis, and we will prove it later in details in local theory. O



Chapter 6

Unramified Computation

Let F' be a nonarchimedean field. We will assume all data to be unramified in this section.
Let m = m, be an unramified admissible generic irreducible representation of GLg, let
K(GLg) be the standard maximal compact subgroup. By this assumption, there exists a
vector £ € Vi, such that 7(k)¢ = €. The vector ¢ is unique up to a scalar. Since we assumed
that 7 is generic, there exists a unique vector W, € W(my, ¥,,) such that W, (k) = W (e) = 1
for all k € K(GLg). Let fs denote the unramified vector in I(s, xr) with fs(e) = 1. Thus
the central character w, and x are unramified characters.

Since 7 is unramified, we may assume m = [ ndgLﬁd}Bﬂu where B is the standard Borel
subgroup of GLg, 5]13/2 is the modular function of B and u is an unramified character. Let

T be the maximal torus of GLg, and we may identify ¢t € T as t = diag(t1, to, ..., ts), SO we

can write u as

o

p(diag(ty, ta, ... te)n) = | | pwi(ti), ti€ F*, neN

i=1
From the general theory, “GLg = A3, where A® is the exterior cube representation of
GLg(C), and this representation has dimension 20. So to each 7, we may attach a semi-
simple conjugacy class t, in G Lg(C) whose representative is chosen to be diag(u1(p), p2(p), ...,
ue(p)). Define the local twisted exterior cube L-function by

L(m ® x, A%, s) = det[I — A*(tx)x(p)g ],
where [ is the 20 x 20 identity matrix. In terms of coordinates, we have

Lir@x,A%s) =[] Q= (uamjm)®)xp)g) ™"

1<i<j<k<6

For a given character w of F*, denote
L(w,s) = (1 - w(p)g™)~".

Then we have

31
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Theorem 6.0.1. For all unramified data and for Rs large,

Lt ®x, A%, 25 —1/2)

I(W, =
(W2 for08) = 0 32 As) (w2 85— 2)

Proof. The Iwasawa decomposition of GSpg is GSpg = ZVT'K, where K is the maximal
compact subgroup of GSpg, ZT' is the maximal torus of GSpg. Let B’ denote the Borel
subgroup of GSpg, so that B’ = ZT'V. We can parametrize an element t' € T as

t' = diag(abe, ac,1,a,¢ L, b7 1™l a,b,ce F*

We have

S (') = a5,  op(t) = |a2b*cE
Thus

- ;

1
1
W fes = [ w 3 | la2b e (b2t e (be2) et
(F*)3 JF z 1
1
L 1 .

dzd*ad*bd*c

Here the measure on K is chosen so that SK dk = 1. Conjugating the torus to the left we

obtain



I(W,fs,x,s>=f fw
(Fx)s JF

drd*ad*bd*c

LV
(F*)3 JF

dL d* ad*bd*c
a

Lo
ey Jr

dyd*ad*bd*c

We have, for |z| > 1

1
1
1
ar 1
1
1
1
y 1
1
1
1
1
y 1
1
1
1
$_1
1
1
0 -1
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|a2b408\Sx(ab2c4)wﬁ(b62)|a4b6010|71

\a2b408|sx(ab204)w,r(b02)|a4b6010|_1

\a2b4cs|Sx(ab2c4)w,r(b02)|a5b6010|_1
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with € K. And since € K when |z] < 1,
1 27! x 1

we have

I(W, fs, X, 8) =J W (G (t')|a®b B %1a®b5c 0| "Ly (ab?c)wy (be?)d* ad* bd* e+
(F*)3

+f J w | () . .
(F*)3 Jjz|>1 T 1

x a6 B1%ab5c0 | Ly (ab? ¢t wy (be?) dzd* ad*bd* ¢
Here the measure on F' is chosen so that S|x\ <1 dz = 1. Denote

t = j(t') = diag(abe, ac,a,1,¢7 L, b7 et

Changing variables a — az?, ¢ — cz~!' we obtain
abcx
acx
2
ar azx
‘[(F*)S w N |a2b4csx_4|S|a5b6010\_1x(ab204a:_2)
clx
blelx
wr (b d* ad*bd* ¢
T
x
T ax 214 8 —4ys|,52,6 .10|—1 2.4 -2 2 2N 1% g g
=J w t||a b c®x™%%|a’b’c | T x(ab“c " )wy (be*x ™) d  ad™ bd™ ¢
(F*)3 T
x
T

= j W () wr (2)9 (az)|a®b*®[* || ~*]ab%e™®| T x(ab®c) x () ~2wr (be?)
(F*)3
wa(x) " 2d*ad*bd* c

=|z| *x(2) 2wy (2) ! J W (t) ¥(az)|a®b*c®|*|a®b0 ety (ab®c*) x (2) 2wy (be?)d* ad*bd* ¢
(F*)3
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Therefore,
I(W, fs,x,8) = f W (t)wr (be?) x (ab?c) [a?b2c®|*|a®b8 !0 7 H (a)d* ad*bd* ¢
(F*)3

where
H@) =1+ | wy @] v (on)ds
|z|>1
For |e| = 1, we have H(ae) = H(a), so we only need to compute H(p™), m = 0, where p is

1

the generator of the maximal ideal in the ring of integer of F', ¢~ = |p|, since

(1-q)¢" k<O

| w@={ k=
|| =¢*
0 k=2
we have
HE =1+ | @l s
x|>1
0
1 @)
k=1 |z]|=g*
o0
I I e T
k=1 || =gk—m
1 —wex?(p)g™* 2 —4s+1)(m+1
:1 W X2 p)q,4s+1 (1 Wr X (p)q( ) ))
hence,
1 —wex?(p)g™* . 4s
H(a) 1w X2 p)q,45+1 (1 - WTrXQ(a)|a|4 lwnX2(p)q( 4 +1))
and
L(wa2743—1) 2 2 4\ 274 81s| 516 .10—1
IW, fs,x,8) = J W (t)wr (be”) x (ab®c™)|a“b*c®|®|a”b’c
( =TT ) WO @ o

(1 _ wﬂXQ(a)|a‘4sflw7rx2(p)q(f4s+l))d*ad*bd*c

Let K(t) = 5];1/2W(t) where B is the standard Borel subgroup of GLg Thus dp(t) =

|a”bt0ct6|. Write a = p™ier, b = p™%ey, ¢ = p"3e3, where n; are nonnegative integers and

le;| =1, 1 < i< 3, write
d(n1,n2,n3) = diag(p”1+n2+n3’pm+n3,pn1’ 1,p ", p 2,

Since W(t) = 0if |a| > 1 or |b] > 1 or |¢| > 1 we obtain

I(W, fs, X 8) :L(wﬂX2’4S U i K (d(n1,n2,m3))x(p)" 22408
L(wxx?,4s) L

% wﬂ(p)n2+2n3q(—25+1/2)n1+(—4s+1)n2+(—85+2)n3(1 _ (wﬂxg)(p)mﬂ

q(—45+1)(n1+1))
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Here we choose the measure on a, b, ¢ such that S\e\:1 de = 1. Let z = x(p)g~2**1/2). Thus

L(wrx?, 45 —1) &
IW. foxo8) ==pr—g gy~ 2, K(dlm,nz,ng))x
ni,n2,n3=0
% wﬂ(p)n2+2n3$n1+2n2+4n3(1 o ww(p)n1+1x2(n1+1))

Now consider the right-hand-side. By the Poincare identity, we have
L(7 @ x, A%, 25 — 1/2) = det(I — A3(t,)x(p)g® "/

0
= 2 trS" (t)x(p) g "
n=0

where S™ denotes the symmetric nth power operation. Thus we need to prove the identity

o0 o0
(1= wr(p)a®)(1 = wi(p)z®) Y trS"(tz)a™ = >, K(d(ny,ng,ng))wx(p)"+2"
n=0 ni,n2,n3=0
$n1+2n2+4n3(1 o wﬂ_(p)n1+1$2(n1+1))

Let &; 1 < i < 5 denote the ith fundamental representation of GLg(C). Let (0, ..., 1, ...,0),
one in the ith position and zero elsewhere, denote the character of the representation

evaluated at t;. By the Casselman-Shalika formula[9],
K(d(n1,n2,n3)) = (n2,n3,n1,n3,n2)

Thus we need to prove

0

0
Z trS™(tr)z" =(1 — wr(p)z?) 711 — wWi(p)z?)~? Z (n2,n3,n1,n3, n2)wx (p)"2 2"
n=0

ni,n2,n3=0

.’Bnl +2n2+4ns (1 — W, (p)n1+1x2(n1+1))

Let V denote the 20-dimensional complex vector space that G:Spg acts via the exterior cube
representation. Let C[V] denote the symmetric algebra, by Brion[10], C[V]Y

is a polynomial
algebra generated by 1, where N is the maximal unipotent of G'Spg(C) It follows from Brion
[10] that

trS" (tx) = Z(nm N3, M1 + N4, N3, Mg Jwy (p) 12 T2 TRATIS

where the sum is over all n; € N, 1 < i < 5 satisfying nq + 2ns + 4ns + 3ng + 4ns = r. Thus
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na+2n3+ng+2ns

0
D1 (n2,n3,n1 + nayn3,n2)wr(p)
n;=0,1<i<5

0
Z trS" (tr)x"
r=0

xnl +2mo+4ns+3ng++4ns

0
=(1 —wi(p)zh) ! Z (n2,m3,M1 + N4, N3, N2 )wy (p)"2 st
n;=0,1<i<4 (6.1)

IEnl +2mo+4nsz+3ng

o0 o0 0
:(1 - w72r(p)$4)_1 Z Z Z (TLQ,TLg,T, n3’n2)wﬂ(p)n2+2n3+n4
—n )

xr+2m2 +4nsz+2ny

The right-hand-side of (6.1) is

0
(1= wr(p)2®) ' (1 —wi(p)ah) ™ Y (n2,ns,n1,ng, na)ws(p)"2F2regmrnatine

ni,n2,n3=0

(1 o wﬂ_(p)n1+lx2(n1+l))

0]
) 1—w P n1+1$2(n1+1)
=(1—wZ(p)zt)™ Z (n2,ng, n1,m3, M2 )wy (p)"2 T8 g M 2NN 17r(—)w7r(P)l’2

g
ni,n2,n3=0
a0
:(1 - w72r (p)$4)_1 Z (TLQ, ns,ni,ns, n2)W7‘r (p)n2+2n3xn1+2n2+4n3

n1,n2,n3=0

ny

Z (1+ We? + ..+ w;”x%l)

r=0

0] ni
:(1 _W?T(p)xél)—l Z Z(n%ng’nl’n&n2)w7r(p)nz+2n3xn1+2n2+4n3w;x27‘

ni,ng ,n3:0 r=0

e} ni
=(1 - wz(p)ah)™ Z Z (2, 3, M1, N3, N2 )wy (p)"2 T2 Ty 2N2 Fdns +27

ni,n2,n3=07r=0

which is the exactly (2) after exchanging the position of r and z1. Therefore, we proved (1)

and hence the theorem. O



Chapter 7
Local Theory

In this section, we will study the local integrals which come from our global constructions.
Let F' be a nonarchimedean local field, O will denote the ring of integers in F, p a
generator of the maximal ideal in O, with ¢ = |p|~L.
Let 7 be an admissible generic representation of GLg(F") with central character w,. Let
X be a unitary character of F*. Let I(s, x5) = Inngp6522XTr. Thus fs € I(s, xr) is a smooth

function which satisfies

fs((o, g)rh) = (wax®) (@) (wax?) (detg) 5 (o, g)) fs(R)

for all (a,g9) € GL; x GL3, 7 € R,h € GSpg. Let K be the standard maximal compact

subgroup of GSpg. If i is an unramified character of F*, let L(u,s) = (1 — u(p)g*) L.

We are studying the local integral

(W, fo, 0 5) = f f W(X(r)j(9))fs(g)drdg
ZV\GSps JF

where W e W(m, ), fs € I(s,x), X(r) = , Z is the center of GSpg,

V' is the maximal unipotent of GSpg such that the maximal standard unipotent subgroup of

GLg N (all upper unipotent matrices) and V' < N, which is the center of GLg, j(g) = wgw ™1,

38
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where w = € GSps

7.1 Convergence, Meromorphic Continuation

Definition 7.1.1. A gauge £ on G Lg is defined as a positive function, invariant on the left

under N, on the right under K, given on A, which is the mazximal torus, by

&(a) = ¢(ai1(a), as(a), ..., 045(@))\al(a)ag(a)...a5(a)\fk.

With the Iwasawa decomposition of GSpg, let 77 be the maximal torus in GSpg, the

parametrization of ¢’ € T" is ¢’ = diag(abc, ac,1,a,¢71,b7tc7), a,b,ce F*,
GSpg = ZVT'K
Let B’ denote the Borel subgroup of GSpg, P be the parabolic group, then
op(t) = a*b5ct0|,  op(t') = |a®b cd|

Take K° as an open compact subgroup of K which stablizes W and fs;. Then we can write
K as a finite union [ J; K°k;, let W; = p(j(k:))W, fsi = R(k;)fs. We have

I(W, fs, X, ) JJ J W (X (r)j(t'k)) fs(t'k)drdkdt’
=Zf | f WX (1) (#R) (k) £ (25 s drdke
=c ij WalX (1) (#)) foa ¢ )drat

where ¢ is the volume of K°. By proposition 2.2 in [11], for any generic representation
of G(F'), there exists a finite set X of finite functions {\} defined on the torus and a
corresponding set of Schwartz functions {¢)} < . (F"~!) with the following property: for
any W in W(m; 1),

= 2 /\(al,ag,...,ar_1)¢>\(a1,a2,...,aT_l) (7.1)
AeX

for

a = diag(a1ag...ap_1,a2...07_1, ..., ar_1, 1),

which means W can be considered to be the finite combination of the gauges.



Theorem 7.1.1. For £ a gauge on GLg,

£0,

40

reFteT

implies that x belongs to a compact set independent of t' € T'

Proof. Write t' € T as

abe

ac

h—1le L

abe

ac

ar 1

If we rewrite ax as Ax’, which gives a change of variable 2/ =

t =
then,
[ [ 1
1
¢ 1
z 1
1
abc
ac
decomposition of
abe
ac
- —a
-\’
1

b—1let

is

b~ le L

azr/X, and the Iwasawa
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abc
ac
a . . .
Then & is nonzero implies
Ar’ 1
1
b=lc !
abc
ac
a a
— . ac —3a7
13 Aw ) is nonzero, hence |——| = |eAz’| and | 22" |
_>\x v den
1
b—le !

is bounded. Since our choice for A is any nonzero number, we can let A = 1/c € F*, we

have |2/| is bounded, so 2’ must land in a compact set independent of ¢’ € T”. O

Theorem 7.1.2. Let w be a generic representation, let W € W(m, 1), then the integral
I(W, fs, x,8) is absolutely convergent for Rs large, and it has a meromorphic continuation

to the complex plane.

Proof. Since
IOV fuxs) = vol(K)- 3 [ | WX @)D ueiret

we only need to prove for each of the W; and f,; that (., §, Wi(X(r)j(t') fs:(t')drdt’ is
absolutely convergent for Rs large and admit a meromorphic continuation to the complex
plane. By (3), we can reduce the problem to the case when W is a gauge function. By Now
back to I(W, fs, x, s), By Theorem 1, W (X (r)j(t') # 0 implies that r belongs to a compact
set independent of ¢'. Thus the integral I(W, fs, x, s) is a finite sum of integrals of the form

W (5(t) fs(t)at’
T

with W e W(m,v), fs € I(s, xx). In fact, this integral is computed as

abe abe

ac ac

1
J W “ £ d*ad*bd* ¢
()3
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Since fs € I(s, Xr),

abc

ac

fs

b1t
=(wnx®) (@) (wrx?) (detg) 3 (@, 9)) f5(Is) = pa(a, b, c)v(a, b, c)®

where pz(a,b,c) = |a®b8c0| =1y (ab?c)w, (bc?), v(a,b,c) = |a?b*c®|. Since here W is a

gauge, we have for diag(abe,ac,a,1,c 1, b7 1c7 ) e T’

abc

ac

w = ¢(a,b,c)uz(a,b,c)

b—1le1

where ¢ is a Schwartz function of a, b, ¢, us(a, b, c) is a finite function. Let u = ug - u3, then

the integral is in the form of
f o(a,b, c)u(a,b,c)v(a,b, c)’d*ad*bd*c
(F*)3

which according to Tate’s one dimensional case [as in the lemma below], the integral above

converges and admits meromorphic continuation, and is a rational function of ¢—%.

O

7.2 Nonvanishing result

Theorem 7.2.1. Let f,s be a K standard section, i.e. its restriction to the standard mazximal
compact group K is independent of s Let W be a smooth vector in the Whittaker space of m.
Then given sy € C, there is a choice of W and a K finite section fs such that I(W, fs, X, s)

1S nonzero at s = Sg.

Proof. Assume that (W, fs, x, s) is zero at s = sp at all choice of data, then

(W, fps x. 50) = f f W(X(r)3(9)) fao (g)drdg = 0
ZV\GSpe JF
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By Iwasawa Decomposition, g = m(a, g1)k for k € K, then

fs(m(a, 9)k) = wex®(@)wrx®(det g)[a| 0| det g[**~* £ (k).
We have

(W, foy, s) = f f W(X(r)7(9))/s(g)drdg
ZV\GSpg JF

f j f WX (1) (s g)k)amx® (@)omx(det g)|a]
Z(VAGL3)\GLy xGL3 JF JK

| det g|**~* f,(k)dkdrd* adg

Define for Rs large,

LW, x, 5. ]) = f f W (X ()50 ) k)wonx (@)wnx(det g)] a5
Z(Vr\GLg)\Glech F

| det g|**~*dtd* adg
Here k € K(G) and («, g) € GL1 x GL3. Then for Rs large,

IV, foxs) = |

II(VV, X5 S, k:)fs(k)dk
GL3nK\K

So I; admits a continuation in s and such continuation in s as a function in k is locally
constant.

Therefore, for all K-finite function o, we have

f[l(W,X, s, k)o(k)dk

is zero at s = sq for all smooth functions o on (GL3 n K)\K Thus I1(W, x, s, k) is zero at
s = sg for all W. In particular, it is true for k = e, then

LW, x,s,€) = j j W (X ()7 (0, 9))wrx® (@)omx®(det g)] 56
ZVﬁGLg\GLl XGL3 F

det g|**~*drd* adg

is zero at s = sq for all W. Define a Whittaker function W7 by

1 0
1 T
) 1 0 ro r
Wi(g) = L‘i Wl gj . 2 ¢(r1,72,73)dridradrs
1




where ¢ is a smooth function with compact support on F3. Then

LW, x.,¢) = J WX ()5 | (ar9)

Z(VAGL3)\GL1 xGL3 JF F3

P(r1,72,r3)p1 (e, g, s)dr f* adg

where ji1(a, g,5) = w3 (@)wrx?(det g)|a|%6| det g|**~*drd*adg. Now conjugating

to the left, we obtain for Rs large,

44
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1 0
1 1
. 1 ry T3
nWse) = | | ] wexe) [mag)
Z(VﬂGLg)\GleGLg F JF3
1
1
¢(Tl7 T2, 7”3),&1(0{, g, S)dT‘f*Oédg
1 0 0 O
1 0 (&
. 1 O o T3
- | ] wxeitmtag
Z(VAGL3)\GLy xGL3 JF JF3 1
1
1

(X (r)j(m(e, )~ (r)i(m(a, 9))p(r1,72,m3) 1 (ev, g, 8)dr f* adg

- f f WX ()i (m(a, 9))
Z(VAGL3)\GL, xGL3 JF JF3

1 0 0
1 1
) 1 0 r9 13 . 1
e | X(r)j(m(a, g) ) (X (r)j(m(e, g))~" | p(r1,72,73)
1
1

p1(a, g, s)drf*adg

= f f W(X(r)j(m(a, g))Y(agiir: + agiare + agisrs)
Z(VﬁGLg)\GI_q XGLg FJF3

o(r1,ro,m3)p1 (v, g, 8)dr f*adg

Let po be the restriction of u; to GLg, since

f , Y(agiir + agiare + agisrs)o(r, r2, r3) i (a, g, s)dridradrs
F



is an arbitrary smooth function on GL2R2\GL1 x GLg (GL2R2 is embedded in GLg as

Y2

—Y2
—U

j (W(X ()i (9) 2, 5)drdg
VAGLy)\GLy JF

L
91 1
g
so let
IQ(W7 X5 5) = J(
we have the meromorphic continuation of Ir(W, x, so) = 0 for all data.
Let
Ly w2
1
1

Wa(g) =

Then we have

|
2

9]

IZ(W27 X S) :f
2

| | wexwi
(VGGLQ)\GLQ F

(Y1, y2)n2(g, s)drdgdy dys

—Y2
—U

1

Y1

d(y1,y2)dy;

Y2
1
1 —Y2
1 —n
1

46



I(W2, x, s) :J

f f WX @) | g
(VﬁGLQ)\GLQ F

p2(g, s)drdgdy, dyz

J f j W(X (1))
F2 J(VAGLy)\GLy JF

d(y1, y2)p2(g, s)drdgdy, dy,

j f j W(X(r)j
F2 (Vr\GLQ)\GLQ F

d(y1, y2)p2(g, s)drdgdy, dy,

a

Jo ey

1

Y Y2
1

—Y2
—Y1

90

90

us(a, s)drd*a

a
We can write g € GLo as g = ( > go by conjugating to the left,
1

I wn

1 wn

é(y1,y2)

Y2

Y2

47

—Y2
!

—Y2
—h
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where p3 is the restriction of ug to Z(GLg). Therefore, the meromorphic continuation of

a

BOVos) = || wlxe

1

is zero for all W, so W(e) = 0 for all W. This is a contradiction.

us(a, s)drd*a



Chapter 8

The Analytic Properties of the

Partial L-function

Let m = ®,m, and I(s, xx) = Quly(s, xrx). Let S be a finite set including the Archimedean
places such that outside of S all data is unramified. Given a character p = ®,u, of F*\A*,
we denote L¥(u, s) = [ logs Lo(pw), s where Ly (4, s) is the local degree one L-function of
Iy Set

E*(g, fs X, 8) = Ls(wrx®, 45) Ls(wix", 85 — 2)E(g, fs, X 5)
and

I*(¢. fss X, 8) = Ls(wnx®, 45) Ls(wix", 85 — 2)I (e, fs, X 5)

Lemma 8.0.1. Let ¢ be a cusp form on GSpg(A), then

| P(i(9)Elg. . 5)dg = 0
GSp(F)\GSps(A)

Proof. Let @ denote the parabolic subgroup of GSpg whose Levi part is GL1; x GSp4. Let

I(s) = Indg?é)f(A)éa, and for every f € I(s), define for R(s) large
E(g, f,s) = > f(vg,s)
YEQ(F)\GSps (F)

For R(s) large, by unfolding the Eisenstein series, we have

f o(9)fs(9)dg
GL1(F)GSps(F)R3(F)\GSpe(A)

where Rs is the unipotent radical subgroup of @), and the embedding of GL; x GSp4 in
GSpg is as

(Oé,h) - h OéEGLl,hEGSp4.
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Define

V2= {veV :v=I5+ries +ree1s + r3e14 + r4€15}

Take the Fourier expansion with respect to V2(F)\V?2(A), then the integral becomes (the
last step is by cuspidality)

4
f f p(v2(9)p( D ire) f5(g)dvdg
GL1(F)GSps(F)R(F)\GSpes(A) JVZ(F)\V2(A) i=1

J [ i)ty =o
GL1(F)GSpa(F)R2(F)R3(A\GSps(A) JVe(F)\Ves(A)

O]

Theorem 8.0.2. Let fs be a standard K finite section which is an unramified outside of
S, then

(a) If wex? = 1 or w2x* # 1, then I* (¢, fs, X, 8) is entire.

(b) If wix* = 1 but wyx? # 1, then I*(p, fs,X,s) can have at most a simple pole at
s=1/4 or s =3/4.

Proof. We first state the result from Ikeda [12]:

Lemma 8.0.3 (Ikeda). Suppose that k is a number field. If ) is a good section of I(w, s),
then the pole of E(h, f(s)) are at most simple. The set of possible poles is as follows:

(a) If w is principal, say w = 1:

{n+1)/2—mmeZ,0<m<n+1,m#(n+1)/2}

(b) If w is not principal, but w? is principal, say w* = 1:

{n—1)/2—mmeZ,0<m<n—-1,m# (n—1)/2}

(¢) If w? is not principal, then E(h, f)) is entire.

We need to study the poles of E* and its residue. By the functional equation of E*
and the fact that if f® is a good section of I(w, s), then Mwof(s) is a good section of
I(w™!, —s) (where M,, is the intertwining operator), it is enough to prove for the case
when R(s) = 1/2. By lemma above, the poles are as following: E*(g, f, X, s) has at most

simple poles, and for R(s) > 1/2, we have
(a) If w2x? # 1, E*(g, f, X, s) is entire.

(b) If w2x* =1, but wyx? # 1, E*(g, f, x, s) has a simple pole at s = 3/4.



o1
(c) If wax? =1, E*(g, f, X, s) has simple poles at s = 1 and s = 3/4.

Theorem 8.0.4. Let w be a cusp form on GLg(A). Let S be as above. Then

LS(Wv A3 ® X S) = H Lv(TrW A3 ® Xwvs S)
vgS

is entire unless w2x* = 1 and wyx? # 1. In this case, the L-function can have at most a

stmple pole at s =0 or s = 1.

Proof. By theorem 6.1, we can write

1
I*(¢. foxo8) = [ [ @o(Wo, £, X0, ) Ls(m x x, A%, 25— 2)
veS

For v € S, by theorem 7.4, we can choose data so that ®,(W,, 7@y, s) is nonzero, together

with theorem 8.2, we proved this theorem. ]
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