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Chapter 1

Introduction

In this paper, we study the analytic properties of exterior cube L-function for the group

GL6 introduced by Ginzburg and Rallis in [1]. More precisely, let π “ bvπv be a cusp form

of GL6pAF q, we can associate to each unramified representation πv a semisimple conjugacy

class tv in the L-group, then we can define the local L-function as

Lvpπv b χv,Λ
3, sq “ detpI ´ Λ3ptvqχvppqq

´sq´1

where I is the 20 ˆ 20 identity matrix. Let S be a finite set of places in F including the

archimedean ones such that πv and χv are unramified outside S, so we can define the partial

exterior L-function as

LSpπ b χ,Λ3, sq “
ź

vRS

Lvpπv b χv,Λ
3, sq

Our goal is to show that the partial L-function is entire for all characters χ and for all

generic cup forms π on GL6pAq except when ω2
πχ

4 “ 1 and ωπχ
2 ‰ 1. We also generalized

the analytic properties to the general cases.

Our method is to use the Rankin-Selberg method. In section 2, we will introduce the

Langlands L-function Conjecture, and describe the typical steps in contructing Rankin-

selberg integrals and their properties. For more details can be found in [2]. In section 3,

we will talk about the basic case of Rankin-Selberg integral: Tate’s integral following [3],

which will be used to show the convergence and meromorphic continuation of our integral

in section 7. In section 4, we will discuss the Fourier-Whittaker Expansion of cusp forms for

GLn following [4], and we will use a similar approach when contructing the global integral.

We will follow through the steps in [1] in the rest of the section with detailed proofs.

In section 5, we will construct the exterior cube integral for GL6 with Siegel-Eisenstein

series. In section 6, we will calculate the integral with unramified data. In section 7, we

will give a new proof about the convergence and meromorphic continuation of our integral
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using Gauge theory [5]. We will also prove that we can choose the data nicely so that the

integral is nonzero at s “ s0. In section 8, we prove the properties of the partial exterior

cube L-function that the partial L-function is entire for all characters χ and for all generic

cusp forms π on GL6pAq except when ω2
πχ

4 “ 1 and ωπχ
2 ‰ 1.



Chapter 2

Langlands Conjecture and

Rankin-Selberg Convolutions

2.1 Satake correspondence

In Langlands’ program, Satake correspondence gives a correspondence between unrami-

fied representation of a reductive group G over a local field and conjugacy classes in the

Langlands dual group LG.

Let F be a local field with ring of integers O and a uniformizer $. G is a split connected

reductive group, K be a compact open subgroup ofG, T be the torus group ofG, T0 “ TXK.

HpG,Kq denotes the spherical function algebra.

Theorem 2.1.1 (Satake Isomorphism). There is an algebra isomorphism HpF,Kq Ñ
HpT, T0q given by

f ÞÑ pSfqptq “ δptq1{2
ż

N
fptnqdn

where δptq “ |detpAdptq|nq|
´1.

Corollary 2.1.1.1. (Unramified Local Langlands) Fix an embedding T̂ Ă GLnpCq, there is

a bijection between isomorphism classes of irreducible unramified representations of G and

semisimple unramified representations φ : WF Ñ GLnpCq, where WF is the Weyl group.

2.2 L-function data

Let G be a connected reductive linear algebraic group over F , π “ bvπv be an irreducible

unitary automorphic cuspidal representation of GpAq, r be a finite dimensional representa-

tion of the L-group LG of G. These data are refered to as the L-function data pG, π, rq. The

data is called unramified at a finitely place v if G is unramified over Fv and πv is unramified.
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In this case, πv corresponds to a semisimple conjugacy class tv in the local Langlands dual

group LGv by the Satake homomorphism, so we can define the local Langlands L-factor as

Lps, πv, rvq “ rdetp1´ rvptvqq
´s
v qs

´1

Let S be a finite set of places of F such that for v R S, the L-function data are unramified.

Then Langlands defined the global L-function as

LSps, π, rq “
ź

vRS

Lps, πv, rvq

In [6], he proved the convergence of the Euler product LSps, π, rq when <s ą s0 for some

s0 for irreducible unirary representation π. Later in [7], he extended the LSps, π, rq to a

meromorphic function in C for automorphic cuspidal π.

Later he conjectured[8]:

Conjecture 1. Given any G, π, r, S, Lps, π, rq (in our case it means LS) is a meromorphic

function in the entire complex plane C with only a finite number of poles and statisfies the

functional equation

Lps, π, rq “ εps, π, rqLp1´ s, π, rrq

and

εps, π, rq “
ź

v

εps, πp, rp, ψq.

For the generalization of this conjecture, there are two approaches proven successful .

One is by Langlands’ original approach using the theory of Eisenstein series. The other

one is to undertand the analytic properties of Zeta integrals, which could give an explicit

construction of the L-functions. We will introduce the second approach in a very simple

case G “ GL2 to show the basic ideas and standard steps.

2.3 GL2 Jacquet-Langlands method

Let π be an automorphic cuspidal representation of GL2 over AQ, which is the generalization

of a cusp form

fpzq “
8
ÿ

n“1

ane
2πinz

Define the ”complete” L-function attached to f as

Lps, fq “ p2πq´sΓpsq
8
ÿ

n“1

an
ns
“

ż 8

0
fpiyqys´1dy

f corresponds to automorphic cuspidal representation πf “ bπp, where unramified πp of

GL2pQpq is of the form Ind
GL2pQpq
Bp

µ1bµ2 (µi are unramified characters in the form of |x|siP

i=1,2).
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The L-group of GL2 is LG “ GL2pCq, and the conjugacy class tp is

˜

µ1ppq

µ2ppq

¸

.

Let r be the standard representation of LG. Then

Lps, πp, rq “ rdetpI ´ rptpqp
´sqs´1 “ p1´ app

´s1 ` pk´1´2s1q´1, s1 “
k ´ 1

2
` s

then
ź

pă8

Lps, πp, rq “
8
ÿ

n“1

an
ns1

.

Define the global Zeta-integral

Zpϕ, sq “

ż

Q˚zA˚
ϕ

˜˜

a

1

¸¸

|a|
s´ 1

2
J d˚a

where ϕ is a function in the subspace of L2
0pχq realizing π, then ϕ is rapidly decreasing at

infinity, i.e. for any compact set C in GA, and t ą 0, there exists CN such that

ϕ

˜˜

a

1

¸

g

¸

ď CN |a|
´N , g P C, |a| ą t

Now we want to relate Zpϕ, sq to the automorphic L-function Lps, πq. By using the

Fourier expansion, we can write a cusp form as

ϕpgq “
ÿ

ξPQ˚
Wϕ

˜˜

ξ

1

¸

g

¸

where ψ is a nontrivial character on QzA, and

Wϕpgq “

ż

QzA
ϕ

˜˜

1 x

1

¸

g

¸

ϕpxqdx

Then Wϕpgq is rapidly decreasing at infinity, and for <s large enough,

Zpϕ, sq “

ż

A˚
Wϕ

˜˜

a

1

¸¸

|a|s´
1
2d˚a

Since the Whittaker model W pπ, ψq equals the tensor product of local Whittaker models

W pπp, ψpq, we have

Wϕpgq “
ź

p

Wppgq

where Wp PW pπp, ψpq depends on ϕ. The local Zeta-integral

ZpWp, sq “

ż

Q˚p
Wp

˜˜

a

1

¸¸

|a|s´
1
2d˚a
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It converges absolutely for <s ą s0, so we obtain the Euler product expansion for <s large

enough

Zpϕ, sq “
ź

pď8

ZpWp, sq

The following general results in local theory are expected for Zeta/Rankin-Selberg inte-

gerals:

(a) ZpW, sq converges for <s ą s0.

(b) ZpW, sq is a rational functions in p´s, hence meromorphic in C.

(c) tZpW, squ admits a common denominator as a polynomial P such that P pp´sqZpW, sq Ă

Crp´s, pss, for all W PW pπpq.

(d) There exists W0 such that ZpW0, sq ” 1.

(e) There exists a meromorphic function γpπp, ψp, sq, such that

rZpWw, 1´ sq “ γpπp, ψp, sqZpW, sq

where Wwpgq “W pgwq, rZpW, sq “
ş

Q˚p

˜˜

a

1

¸¸

|a|s´
1
2χ´1paqd˚a, where χp is the

central character of πp.

(f) If πp is unramified, then for K-invariant W 0,

ZpW 0, sq “ detrI ´ rptπqp
´ss´1 “ Lps, πp, rpq.

From the theory of asymptotic expansions[?], we can derive the first four results.

Now we go to the global theory. Since we haven’t define Lps, πpq for ramified places, so

we first restrict them to unramified places, i.e. partial L-function

LSps, π, rq “
ź

r unramified

Lps, πp, rpq

For ramified p, pick Wp such that ZpWp, sq ” 1. Then for W “
ś

pWp, where Wp “ W 0
p

(the unique right K-invariant function such that W 0pkq ” 1 for all k P Kp) for unramified

p, we have

Zpϕ, sq “ egpsqLSps, πq

where gpsq is some holomorphic function, thus we can deduce the holomorphy of LSps, πq

from the holomorphy of the Zeta integral Zpϕ, sq.
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As for the functional equation of LSps, πq, we first recall the functional equation of Zeta

integral Zpϕ, sq, then

Zpϕ, sq “
ź

pď8

ZpWp, sq

“p
ź

pPS

ZpWp, sqqLSps, πq

“p
ź

pPS

γ´1pπp, ψp, sqq
ź

pPS

rZpWw
p , 1´ sqLSps, πq

By the global functional equation:

Zpϕ, sq “ rZpϕw, 1´ sq “
ź

rZpWw
p , 1´ sq “

ź

pPS

rZpWw
p , 1´ sqLSps, πq

For Wp “W 0
p ,

rZpWw
p , sq “ rp1´ µ

´1
1 ppqp´sqp1´ µ´1

2 ppqp´sqs´1 “ detrI ´ rprtpqp
´ss´1

where rtp “

˜

µ´1
1 ppq

µ´1
2 ppq

¸

is the conjugacy class in GL2pCq associated to the contra-

gredient representation rπ “ indµ´1
1 bµ´1

2 . Choose Wp so that rZpWw
p , 1´sq is nonvanishing

for p P S, so

LSps, π, rq “ p
ź

pPS

γpπp, ψp, sqqLSp1´ s, π, rrq

Next we want to explain that Lps, πpq can be defined as the greatest common divisor of

the family of Zeta integrals ZpWp, sq.

We know from earlier that there exists a polynomial P such that P pp´sqZpW, sq P

Crp´s, pss for all W P W pπpq. Let Ap denote the Crps, p´ss module generated by all the

Zeta integrals ZpWp, sq for Wp P W pπp, ψpq. Since Ap is a subspace of Cpp´sq and there

is a common denominator P such that PAp Ă Crps, p´ss, so Ap is a fractional ideal of

Crps, p´ss. Denote Lps, πpq as any of these generators, so it can be written as Q
R , with

Q,R P Crp´ss relatively prime, and Q has constant term 1. We know that ZpW, sq “ 1 for

at least one Wp, so the numerator cannot have any zeroes, hence Lps, πpq can be uniquely

defined by 1
Qpp´sq

, with Qp0q “ 1. Then Ap “ Lps, πqCrps, p´ss, so for unramified πp,

Lps, πpq “ Zps,W 0
p q “ detrI ´ rptpqp

´ss´1

And Lps, πpq is indeed the greatest common divisor of the family of the Zeta integrals

ZpWp, sq. Simillarly, define Lps, rπpq “
1

rQpp´sq
as the greatest common divisor of the contra-

gredient Zeta integrals rZpWp, sq.
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For the functional equation Lps, πq “
ś

p Lps, πpq, choose Wp so that ZpWp, sq “

Lps, πpq. We have

Lps, πq “
ź

ZpWp, sq “ Zpϕ, sq “ rZpϕw, 1´ sq

“p
ź

pPS

rZpWw, 1´ sqq
ź

pR

Lp1´ s, rπpq

“p
ź

pPS

rZpWw, 1´ sqq

Lp1´ s, rπqp
Lp1´ s, rπq

“p
ź

pPS

γpπp, ψp, sqZpW, sq

Lp1´ s, rπqp
Lp1´ s, rπq

“p
ź

pPS

εpπp, ψp, sqqLp1´ s, rπq

where εpπp, ψp, sq “
γpπp, ψp, sqZpW, sq

Lp1´ s, rπqp
, and by checking that εps, πq has no zeros or poles,

we have

Theorem 2.3.1. The automorphic L-function Lps, πq “
ś

Lps, πpq can be extended to an

entire function of s in C, and satisfies the functional equation

Lps, πq “ εps, πqLp1´ s, rπq

where εps, πq “
ś

pPS εps, πp, ψpq is a monomial function of s.



Chapter 3

Tate thesis-local zeta function

(non-Archimedean case)

Let F be a non-Archimedean local field, and | ¨ |F be the normalized absolute value. Let oF

be the ring of integers in F , p Ă oF be the maximal ideal, πF be the uniformizer of oF .

Definition 3.0.1. For f P S pF q and quasi-character χ : Fˆ Ñ Cˆ, define the associated

local zeta function as

Zpf, χq “

ż

Fˆ
fpxqχpxqd˚x

Theorem 3.0.1. For f P S pF q, χ “ χ̃| ¨ |s where χ̃ is the unitary part of χ. Let σ “ <psq,
then

(a) Zpf, χq is holomorphic and absolutely convergent if σ ą 0.

(b) If 0 ă σ ă 1, then there is a functional equation

Zpf̂ , χ̂q “ γpχ, ψ, dxqZpf, χq

for some γpχ, ψ, dxq, which is independent of f and meromorphic as a function of s.

So Zpf, χq admits a meromorphic continuation to the whole s plane.

(c) There exists a ε´factor εpχ, ψ, dxq P Cˆ satisfying:

γpχ, ψ, dxq “ εpχ, ψ, dxq
Lpχ̂q

Lpχq

Therefore,

LpχqZpf̂ , χ̂q “ εpχ, ψ, dxqLpχ̂qZpf, χq

Hence, Lpχq “ Zpf0, χq for some f0.

9
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Proof. (a) Since F is non-Archimedean, let q be the order of the residue field kF “ oF {poF .

Since f P S pF q, then f factors through the finite quotient group p´m{pn, m,n P Z,

´m ď n. So it is enought to prove for f “ χpn . Let πF be a uniformizer of p. Since

πnF oF ´ t0u “
8
ď

n

πkF o
ˆ
F

let d˚x “ cdx, we have

|Zpf, χq| “c

ż

F´t0u
|fpxq||x|σ´1

F dx

“c

ż

F´t0u
χpπnF q|x|

σ´1
F dx

“c
8
ÿ

k“n

ż

πkF o
ˆ
F

|x|σFd
˚x

“

8
ÿ

k“n

ż

oˆF

|πkFx|
σ
Fd
˚x

“

8
ÿ

k“n

q´kσ
ż

oˆF

d˚x

“
q´nσ

1´ q´σ
V olpoˆF , d

˚xq

which is finite for σ ą 0, therefore Zpf, χq “ Zpf, χ̃, xq is holomorphic and absolutely

convergent for σ ą 0.

(b)

Lemma 3.0.2. For all χ P XpFˆq with 0 ă σ ă 1, we have

Zpf, χqZpĝ, χ̂q “ Zpf̂ , χ̂qZpg, χq

In fact,

Zpf, χqZpĝ, χ̂q “

ż

Fˆ
p

ż

Fˆ
fpxqĝpxyq|x|dˆxqχpy´1q|y|dˆy

“

ż

Fˆ
p

ż

F

ż

F
fpxqĝpzqφpxyzqdzdxqχpy´1q|y|dˆy

The above integral is symmetric about f and g, thus we finished the proof of lemma

3.2.

Fix a Schwartz function f0 P S pF q, let

γpχ, ψ, dxq “
Zpf̂0, χ̂q

Zpf0, χq
.
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By the lemma above, γ is independent of the choice of f0, and hence we have

Zpf̂ , χ̂q “ γpχ, ψ, dxqZpf, χq

Since γpχ, ψ, dxq is independent of d˚x, and Haar measure is unique up to a constant,

so

γpχ, ψ, dxq “
Zpf̂ , χ̂q

Zpf, χq

“

ş

Fˆ f̂pxqχ̂pxqd
˚x

ş

Fˆ fpxqχpxqd
˚x

“

ş

Fˆ f̂pxqχ̂pxqd
ˆx

ş

Fˆ fpxqχpxqd
ˆx

We will show in part (c) that γpχ, ψ, dxq is meromorphic as a function of s. Since

Zpf, χq is holomorphic for σ ą 0 and Zpf̂ , χ̂q is holomorphic for σ ă 1, so there is a

memorphic continuation of Zpf, χq to the entire complex plane.

(c) For test function f P S pF q, define an entire nonzero function h such that

Zpf, χq “ hpf, χ, ψ, dxqLpχq

Zpf̂ , χq “ hpf̂ , χ̂, ψ, dxqLpχq

We fix again d˚x “ dx{|x|F , so

γpχ, ψ, dxq “
Zpf̂ , χ̂q

Zpf, χq
“
hpf̂ , χ̂, ψ, dxqLpχ̂q

hpf, χ, ψ, dxqLpχq

We are going to show that γpχ, ψ, dxq is a meromorphic function of s and independent

of f , and

εpχ, ψ, dxq “
hpf̂ , χ̂, ψ, dxq

hpf, χ, ψ, dxq

Since every quasi-character χ is in the form of χ̃| ¨ |sF , where χ̃ is a unitary character, let

p be the unique prime of F , Un be the subgroup of the form 1 ` pn, denote χs,npxq “

|x|sF χ̃px̃q, x̃ P oˆF is defined as x “ x̃π
νpxq
F , where pn is the conductor of χ̃. Define the

standar non-trivial additive character on a local field to be ψ “ ψP ptrF {Qpp¨qq, where p

is the prime lying below p and ψp is the standard non-trivial additive character on Qp.

Define fnpxq “ ψpxqcharp´d´npxq.
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If n “ 0 (i.e.unramified case), since π´dF oF ´ t0u “
Ť8
k“´d π

k
F o
ˆ
F , so

Zpf0, χs,0q “

ż

Fˆ
f0pxqχs,0pxqd

˚x

“

ż

π´dF ´t0u
|x|sFd

˚x

“

8
ÿ

k“´d

ż

πkF o
ˆ
F

|x|sFd
˚x

“

8
ÿ

k“´d

q´ksV olpoˆF , d
˚xq

“V olpoˆF , d
˚xq

qds

1´ q´s

“qdsV olpoˆF , d
˚xqp1´ |πF |

s
F q
´1

“qdsV olpoˆF , d
˚xqLpχs,0q

If n ą 0 (i.e. the ramified case), since ĄπkFu “ ũ, then

Zpfn, χs,nq “

ż

Fˆ
fnpxqχs,npxqd

˚x

“

ż

π´d´nF oF´t0u
ψpxqχ̃x̃|x|sFd

˚x

“

8
ÿ

k“´d´n

ż

oˆF

ψpπkFuqχ̃p
˜πkFuq|π

k
Fu|

s
Fd
˚u

“
ÿ

k“´d´n

q´ks
ż

oˆF

ż

oˆF

ψpπkFuqχ̃px̃qd
˚u

For any multiplicative character ω : oˆF Ñ S1 and any additive character λ : oF Ñ S1,

define the associated Gauss sum to be:

gpω, ψq “

ż

oˆF

ωpuqλpuqd˚u

so we have

Zpfn, χs,nq “
ÿ

k“´d´n

q´ksgpχ̃, ψπkF
q

where ψπkF
pxq “ ψpπkFxq We have the following lemma about Gauss sums:

Lemma 3.0.3. Let ω and λ be taken as above with conductors pn and pr, respectively Let

c ą 0 be the number such that d˚x “ cdx.. Then the following statements hold:

(a) If r ă n, then gpω, λq “ 0.

(b) If r “ n “ 0, then |gpω, λq|2 “ V olpoˆF , d
˚xq2.
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(c) If r “ n, then |gpω, λq|2 “ cV olpoF , dxqV olpUr, d
˚xq.

(d) If r ą n, then |gpω, λq|2 “ cV olpoF , dxqpV olpUr, d
˚xqq ´ q´1V olpUr´1, d

˚xq.

Since the conductor of ψ is p´d, then the conductor of ψπk is pp´d´kq. By part (a), we

have then since for k ą ´d´ n, gpχ̃, ψπ´d´nF
q “ 0. So

Zpfn, χs,nq “ qpd`nqsgpχ̃, ψπ´d´nF
q

Since χ̃ and ψπ´d´nF
have conductor pn, then from part (b) and (c) in the lemma above,

we have gpχ̃, ψπ´d´nF
q ‰ 0. As such, Xpfn, χs,nq is essentially an exponential function with

neither zeros nor poles. Recall that for n ą 0, Lpχs,nq “ 1 since χs,n is not ramified. Thus

Zpfn, χs,nq “ qpd`nqsgpχ̃, ψπ´d´nF
qLpχs,nq

Now compute the Fourier transform of the test function f to determine Zpf̂ , ˆχs,nqq.

Lemma 3.0.4. For n “ 0, we have f̂0pyq “ V olpp´d, dxqcharoF pyq, where charoF pyq is the

characteristic function of oF . For n ą 0, we have f̂npyq “ V olpp´d´n, dxq1pn´1pyq, where

charpn´1pyq is the characteristic function of pn ´ 1.

We have computed Zpf, χs,nq for the unramified and ramified cases, now compute

Zpf̂ , ˆχs,nq for both cases. If n “ 0, using the lemma and of ´ t0u “
Ť8
k“0 π

koˆF , we

have

Zpf̂ , ˆχs,nq “

ż

Fˆ
f0pyq ˆχs,0pyqd

˚y

“V olpp´d, dxq

ż

oF´t0u
ˆχs,0pyqd

˚y

“V olpp´d, dxq
8
ÿ

k“0

ż

πkoˆF

|y|1´sF d˚y

“V olpp´d, dxqV olpoˆF , d
˚xq

8
ÿ

k“0

q´kp1´sq

“V olpp´d, dxqV olpoˆF , d
˚xq

1

1´ q1´s

“V olpp´d, dxqV olpoˆF , d
˚xq

1

1´ ˆχs,0pπF q

“V olpp´d, dxqV olpoˆF , d
˚xqLp ˆχs,0q

“qdV olpoF , dxqV olpo
ˆ
F , d

˚xqLp ˆχs,0q

Consequently, from equation about Zpf0, χs,0q, we have

γpχs,0, ψ, dxq “ q´dps´1qV olpoF , dxq
Lp ˆχs,0q

Lpχs,0q
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and

εpχs,0, ψ, dxq “ q´dps´1qV olpoF , dxq

Now consider n ą 0. by definition ˆχs,n “ χ´1
s,n| ¨ |F “ χ̃´1| ¨ |

1´s
F . Since χ̃ is unitary, then

χ̃´1 “ ¯̃χ. Note that the conductor of ˆχs,n, which is just the conductor of χ̃´1, is also n.

Using this fact and the lemma, and that Lpχs,nq “ 1, we have

Zpf̂n, ˆχs,nq “V olpp
´d´n, dxq

ż

pn´1

¯̃χpỹq|y|1´sF d˚y

“V olpp´d´n, dxq

ż

pn´1

¯̃χpyqd˚y

“V olpp´d´n, dxq

ż

1`pn

¯̃χp´yqd˚y

“qd`nV olpoF , dxq ¯̃χp´1q

ż

1`pn

¯̃χd˚y

“qd`nV olpoF , dxqV olp1` p
n, d˚xqχ̃p´1qLpχs,nq

If n ą 0, then by applying the translation invariance of the Haar measure, we have

V olpUn, d
˚xq “

ż

Un

d˚x “ c

ż

p1`pnq´t0u
|x|´1

F dx “ c

ż

pn
dx “ cV olppn, dxq “ cq´nV olpoF , dxq.

As such,

Zpf̂n, ˆχs,nq “ cqdV ol2poF , dxqχ̃p´1qLpχs,nq

Therefore, we have

εpψs,n, ψ, dxq “ γpχs,n, ψ, dxq “
cqdq´pd`nqsV ol2poF , dxqχ̃p´1q

gpχ̃, ψπ´d´nF q

Applying the translation invariance of the Haar measure d˚u, we obtain

gpχ̃, ψπ´d´nF
q “

ż

oˆF

χ̃puqψpπ´d´nF uqd˚u

“

ż

oˆF

¯̃χpuqψp´π´d´nF uqd˚u

“χ̃p´1q

ż

oˆF

¯̃χpuqψpπ´d´nF uqd˚u

“χ̃p´1qgp ¯̃χ, ψπ´d´nF
q

Since the conductor of χ̃ and ψ´d´n is pn, then

gpχ̃, ψπ´d´nF
qgpχ̃, ψπ´d´nF

q “ cV olpoF , dxqV olp1` p
n, d˚xq “ c2q´nV ol2poF , dxq
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Consequently, for n ą 0 we have

εpψs,n, ψ, dxq “
cqdqp´d´nqsV ol2poF , dxqχ̃p´1q

gpχ̃, ψπ´d´nF
q

χ̃p´1qgp ¯̃χ, ψπ´d´nF
q

gpχ̃, ψπ´d´nF
q

“
cqdqp´d´nqsV ol2poF , dxqgp ¯̃χ, ψπ´d´nF

q

c2q´nV ol2poF , dxq

“
1

c
qp´d´nqps´1qgp ¯̃χ, ψπ´d´nF

q

Consider the Gauss sum of χ̃ and ψπ´d´nF
defined by

gp ¯̃χ, ψπ´d´nF
q “

ż

oˆF

¯̃χpuqψπ´d´nF
puqd˚u

Since ψ has conductor p´d, then ψπ´d´nF
defined by ψπ´d´nF

pxq “ ψpπ´d´nF xq, has conductor

pn. For a P U{Un and 1` nπnF P Un, we have

ψπ´d´nF
pap1` πnF bqq “ ψπ´d´nF

paqψπ´d´nF
paπnF bq “ ψπ´d´nF

paq

becasue pn “ πnF oF is the conductor of ψπ´d´nF
. As such,

gp ¯̃χ, ψπ´d´nF
q “

ÿ

xPU{Un

ψπ´d´nF
pxq ¯̃χd˚u

“V olpUn, d
˚xq

ÿ

xPU{Un

¯̃χpxqψπ´d´nF
pxq

“cq´nV olpoF , dxq
ÿ

xPU{Un

¯̃χpxqψπ´d´nF
pxq

Therefore,

εpψs,n, ψ, dxq “
1

c
qp´d´nqps´1qgp ¯̃χ, ψπ´d´nF

q “ qp´dqps´1qq´nsV olpoF , dxq
ÿ

xPU{Un

¯̃χpxqψπ´d´nF
pxq

For F non-Archimedean case, we have

hpfn, χs,n, ψ, dxq “

$

&

%

qdsV olpoˆF , d
˚xq n “ 0

qpd`nqsgpχ̃, ψπ´d´nF
q n ą 0

and

hpf̂n, ˆχs,n, ψ, dxq “

#

qdV olpoF , dxqV olpo
ˆ
F , d

˚xq n “ 0

cqdV ol2poF , dxqχ̃p´1q n ą 0

where p is the unique prime ideal of F , q is the order of the residue field oF {poF , p´d is the

conductor of the additive character ψ, pn is the conductor of χs,n, and χ̃ is the restriction

of χs,n to oF . Furthermore, note the dependence of h on dx and on d˚x.
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Therefore, for p-adic characteristic zero local fields, we have

γpχ, ψ, dxq “ εpχ, ψ, dxq
Lpχ̂q

Lpχq

where εpχ, ψ, dxq is an entire function of s whose image lies in Cˆ. Applying (b), we have

LpχqZpf̂ , χ̂q “ εpχ, ψ, dxqZpf, χq

Since Lpχq, Lpχ̂q and εpχ, ψ, dxq do not have zeros, then the poles of Zpf, χq are no worse

than those of Lpχq, which is independent of f .



Chapter 4

Fourier-Whittaker Expansions of

Cusp Forms for GLn

Let k denotes a global field, A its ring of adeles and ψ denotes a continuous additive

character of A which is trivial on k. pπ, Vπq is a cuspidal automorphic representation of

GLnpAq.
Let ϕpgq P Vπ be a cusp form in the space of π. If fpτq is a holomorphic cusp form on the

upper half plane h with respect to SL2pZq, then f is invariant under integral translation,

fpτ ` 1q “ fpτq and thus has a Fourier expansion of the form

fpτq “
8
ÿ

n“1

ane
2πinτ

If ϕpgq is a smooth cusp form on GL2pAq, then the translations correspond to the maximal

unipotent subgroup N2 “

#

n “

˜

1 x

0 1

¸+

and ϕpngq “ ϕpgq for n P N2pkq. So, if ψ is

any continuous character of kzA we can define ψ-Fourier coefficient or ψ-Whittaker function

by

Wϕ,ψpgq “

ż

kzA
ϕ

˜˜

1 x

0 1

¸

g

¸

ψ´1pxqdx

We have the corresponding Fourier expansion

ϕpgq “
ÿ

ψ

Wϕ,ψpgq

If we fix a single non-trivial character ψ of kzA, then by standard duality theory , the

additive characters of the compact group kzA are isomorphic to k via the map γ P k ÞÑ ψγ

where ψγ is the character ψγpxq “ ψpγxq. By changing variables, we have Wϕ,ψγ pgq “

Wϕ,ψ

˜˜

γ 0

0 1

¸

g

¸

if γ ‰ 0. If we set Wϕ “ Wϕ,ψ for our fixed ψ, then the Fourier

17
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expansion of ϕ becomes

ϕpgq “Wϕ,ψ0pgq `
ÿ

γPkˆ

Wϕ

˜˜

γ 0

0 1

¸

g

¸

Since ϕ is cuspidal

Wϕ,ψ0pgq “

ż

kzA
ϕ

˜˜

1 x

0 1

¸

g

¸

dx ” 0

so the Fourier expansion for ϕ is

ϕpgq “
ÿ

γPkˆ

Wϕ

˜˜

γ 0

0 1

¸

g

¸

As for the Fourier expansion for a cusp form ϕ on GLnpAq, the translation correspond

to the maximal unipotent subgroup Nn. Fix the non-trivial continuous character ψ of kzA
as above. Extend it to a character of Nn by setting ψpnq “ ψpx1,2` ...`xn´1,nq and define

the associated Fourier coefficient or Whittaker function by

Wϕpgq “Wϕ,ψpgq “

ż

NnpkqzNnpAq
ϕpngqψ´1pnqdn

Since ϕ is continuous and the integration is over a compact set, this integral is absolutely

convergent, uniformly on compact sets.

Theorem 4.0.1. Let ϕ P Vπ be a cups form on GLnpAq and Wϕ its associated ψ-Whittaker

function. Then

ϕpgq “
ÿ

γPNn´1pkqzGLn´1pkq

Wϕp

˜

γ

1

¸

gq

converges absolutely and uniformly on compact sets.

Proof. Denote Pn the mirabolic subgroup stabilizing en “ p0, ..., 0, 1q P k
n as

Pn “

#

p “

˜

h y

1

¸

|h P GLn´1, y P k
n´1

+

» GLn´1 ˙ Yn

where

Yn “

#

y “

˜

In´1 y

1

¸

|y P kn´1

+

» kn´1

Since Pn Ą Nn, we may define a Whittaker function attached to a cuspidal function ϕ

on PnpAq by

Wϕppq “

ż

NnpkqzNnpAq
ϕpnpqψ´1pnqdn.
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We will prove by induction that for a cuspidal function ϕ on PnpAq, we have

ϕppq “
ÿ

γPNn´1pkqzGLn´1pkq

Wϕ

˜˜

γ 0

0 1

¸

p

¸

converges absolutely and uniformly on compact sets.

The function on YnpAq given by y ÞÑ ϕpypq is invariant under Ynpkq since Ynpkq Ă Pnpkq

and ϕ is automorphic on PnpAq. Hence by abelian Fourier theory for Yn » kn´1 we have

ϕppq “
ÿ

γPp {kn´1zAn´1q

ϕλppq

where

ϕλppq “

ż

YnpkqzYnpAq
ϕpypqλ´1pyqdy

By duality theory, p {kn´1zAn´1q » kn´1. In fact, if we let x, y denote the pairing kn´1 ˆ

kn´1 Ñ k by xx, yy “
ř

xiyi we have

ϕppq “
ÿ

xPkn´1

ϕxppq

so,

ϕxppq “

ż

kn´1zAn´1

ϕpypqψ´1pxx, yyqdy

GLn´1pkq acts on kn´1 with two orbits: t0u and kn´1 ´ t0u “ SLn´1pkq ¨
t en´1 where

en´1 “ p0, ..., 0, 1q. The stabilizer of ten´1 in GLn´1pkq is tPn´1, therefore ϕppq can be

written as

ϕppq “ ϕ0ppq `
ÿ

γPGLn´1pkq{tPn´1pkq

ϕγ¨ten´1
ppq

Since ϕppq is cuspidal and Yn is a standard unipotent subgroup of GLn,

ϕ0ppq “

ż

YnpkqzYnpAq
ϕpypqdy ” 0

On the other hand,

ϕγ¨ten´1
ppq “ ϕten´1

˜˜

tγ 0

0 1

¸

p

¸

so

ϕppq “
ÿ

γPPn´1pkqzGLn´1pkq

ϕten´1

˜˜

γ 0

0 1

¸

p

¸

For n “ 2, it is true for GL2 as we showed ealier.

We have Pn “ GLn´1 ˙ Yn and Nn “ Nn´1 ˙ Yn, so Nn´1zGLn´1 » NnzPn. Let

P̃n´1 “ Pn´1 ˙ Yn Ă Pn, then Pn´1zGLn´1 » P̃n´1zPn, so

ϕten´1
pypq “ ψpyn´1qϕten´1

ppq, y P YnpAq » An´1
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so

ϕppq “
ÿ

γPPn´1pkqzGLn´1pkq

ϕten´1

˜˜

γ 0

0 1

¸

p

¸

“
ÿ

δPP̃n´1pkqzPnpkq

ϕten´1
pδpq

Fix p P PnpAq, consider ϕ1pp1q “ ϕ1ppp
1q on Pn´1pAq given by

ϕ1pp1q “ ϕten´1

˜˜

p1 0

0 1

¸

p

¸

ϕ1 is left invariant by Pn´1pkq and cuspidal on Pn´1pAq, then apply the inductive assump-

tion:

ϕ1pp1q “
ÿ

γ1PNn´2pkqzGLn´2pkq

Wϕ1

˜˜

γ1 0

0 1

¸

p1

¸

“
ÿ

δPNn´1pkqzPn´1pkq

Wϕ1pδ
1p1q

Therefore

ϕppq “
ÿ

δPP̃n´1pkqzPnpkq

ϕten´1
pδpq

“
ÿ

δPP̃n´1pkqzPnpkq

ϕ1δP p1q

“
ÿ

δPP̃n´1pkqzPnpkq

ÿ

δ1PNn´1zPn´1

Wϕ1δP
pδ1q

Then

Wϕ1δP
pδ1q “

ż

Nn´1pkqzNn´1pAq
ϕ1δP pn

1δ1qψ´1pn1qdn1

“

ż

Nn´1pkqzNn´1pAq

ż

YnpkqzYnpAq
ϕ1pyn1δ1δpqψ´1pyn´1qψ

´1pn1qdydn1

“

ż

NnpkqzNnpAq
ϕpnδ1δpqψ´1pnqdn

“Wϕpδ
1δpq

so

ϕppq “
ÿ

δPP̃n´1pkqzPnpkq

ÿ

δ1PNn´1zP̃n´1

Wϕpδ
1δpq

“
ÿ

δPNnpkqzPnpkq

Wϕpδpq

“
ÿ

γPNn´1pkqzGLn´1pkq

Wϕ

˜˜

γ 0

0 1

¸

p

¸
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If ϕ is a cusp form on GLnpAq, then for g in a compact subset Ω, ϕgppq “ ϕppgq form a

compact family of cuspidal functions on PnpAq under the weak operator topology, so

ϕgp1q “
ÿ

γPNn´1pkqzGLn´1pkq

Wϕg

˜˜

γ 0

0 1

¸¸

converges absolutely and uniformly, hence ϕpgq “
ř

γPNn´1pkqzGLn´1pkq
Wϕ

˜˜

γ 0

0 1

¸

g

¸

converges absolutely and uniformly for g P Ω.



Chapter 5

The Global Construction for GL6

Let F be a global field, and A its ring of adeles. Let

J “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

´1

´1

´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

Define

GSp6 “ tg P Gl6 :t gJg “ µpgqJ, µpgq a scalaru

where tg denotes the transpose of g. Let Q denote the Siegel parabolic of GSp6, i.e.,

Q “ pGL1 ˆGL3qR

We can identify GL1 ˆGL3 with

m : pα, gq ÞÑ

˜

αg

g˚

¸

, α P GL1, g P GL3

where g˚ “

¨

˚

˚

˝

1

1

1

˛

‹

‹

‚

tg´1

¨

˚

˚

˝

1

1

1

˛

‹

‹

‚

.

R can be identified with

S “ tY PM3,3 :t Y

¨

˚

˚

˝

1

1

1

˛

‹

‹

‚

“

¨

˚

˚

˝

1

1

1

˛

‹

‹

‚

Y u

22
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by the inverse of

Y ÞÑ upY q “

˜

I Y

I

¸

, Y P S

Let ϕ be a nontrivial additive character of F zA, let N be the maximal standard unipotent

subgroup of GL6, thus N consists of all upper unipotent matrices. Given n “ pnijq P N ,

we define

ψN pnq “ ψpn12 ` n23 ` n34 ´ n45 ` n56q

Let π be an irreducible cuspidal representation on GL6pAq, with a central character ωπ,

we shall denote its space as Vπ in L2
0pZpAqGL6pF qzGL6pAq, ωπq, where Z is the center of

GL6. We assume that π is generic, which means that the space of the functions generated

by

Wϕpgq “

ż

NpF qzNpAq
ϕpngqψN pnqdn, ϕ P Vπ, g P GL6pAq

is not identically zero. We call the space of functions above form the Whittaker model of π

and denote it by Wpπ, ψq.
To construct the Eisenstein seires, we define a character χπ of QpAq as follows. Let

χ be a unitary character of F ˚zA˚. Define χπ on the embedding of GL1pAq ˆ GL3pAq in

GSp6pAq as

χπpmpα, gqq “ pωπχ
3qpαqpωπχ

2qpdet gq

where α P GL1pAq and g P GL3pAq. We can extend χπ to QpAq by letting it act trivially

on RpAq.
Given s P C, set

Ips, χq “ Ind
GSp6pAq
QpAq δsQχπ

where δQ is the modular function on Q. Given fs P Ips, χπq, then it satisfies

fspmpα, gqrhq “ pωπχ
3qpαqpωπχ

2qpdet gq

Define the Siegel Eisenstein series as (for <psq large)

Epg, fs, χ, sq “
ÿ

γPQpF qzGSp6pF q

fspγgq g P GSp6pAq

The theory of Langlands on Eisenstein series shows that the above series converges abso-

lutely for <s large enough, has a meromorphic continuation to the whole complex plane,

and satisfies a certain functional equation.
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Let

w “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

0 1

1 0

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P GL6

and set jpgq “ wgw´1 for g P GSp6. Our global integral is

Ipϕ, fs, χ, sq “

ż

ZpAqGSp6pF qzGSppAq
ϕpjpgqqEpg, fs, χ, sqdg

Here Z is the center of GSp6, which is also the center of GL6. We have

Theorem 5.0.1. The integral Ipϕ, fs, χ, sq converges absolutely for all s P C except where

the Eisenstsin series has a pole.

Proof. Given an integer N , we have

|ϕpjpgqωq| ď CN,ϕ|g|
N

where CN,ϕ is a constant depending on N and ϕ, and ω is in any given compact set. From

reduction theory, we can write GSp6pAq “ ZpAqGSp6pF qTεΩ, where Ω is a compact set

and

Tε “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ab

a

1

b´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

: |a|, |b|, |c| ą ε

,

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

-

We may assume that every t P Tε has entry 1 at all the finite places, and some fixed positive

real number at the infinite places. Then we can write our integral as

I “

ż

Ω

ż

Tε

ϕpjptqqEptω, fs, χ, sqdtdω

Since |ωπ| “ 1, we may pull out the center, and using the fact that Eptw, fs, χ, sq is a slowly

increasing function, we finished the proof of the absolute convergence of I for s P C which

is not a pole of the Eisenstein series.

The next step is to prove I is Eulerian:
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Theorem 5.0.2. For <psq large we have

Ipϕ, fs, χ, sq “

ż

ZpAqV pAqzGSp6pAq

ż

A
WϕpXprqjpgqqfspgqdrdg

where V is the maximal unipotent of GSp6 such that V Ă N .

Proof. We will use these notations for the rest of this proof:

R3 “R

R2 “tr2py1, y2q P V : r2py1, y2q “ I6 ` y1pe12 ´ e56q ` y2pe13 ´ e46qu

R1 “tr1pyq P V : r1pyq “ I6 ` ype23 ´ e45qu

R3
c “tr

c
3py1, y2, y3q P V : rcepy1, y2, y3q “ I6 ` y1e26 ` y2e35 ` y3e46u

R2
c “tr

c
2py1, y2q P V : rcepy1, y2q “ I6 ` y1e12 ` y2e13u

R1
c “tr

c
1py1q P V : rcepy1q “ I6 ` y1e23u

V 3 “R3R3
c

V 2 “R2R2
cV

3

V 1 “R1R1
cV

2 “ V

We first carry out the standard unfolding process of the Eisenstein series.

Ipϕ, fs, χ, sq “

ż

ZGSp6pF qzGSp6pAq
ϕpjpgqqEpg, fs, χ, sqdg

“

ż

ZGSp6pF qzGSp6pAq
ϕpjpgqq

¨

˝

ÿ

γPQpF qzGSp6pF q

fspγgq

˛

‚dg

“

ż

ZpAqQpF qzGSppAq
ϕpjpgqqfspgqdg

“

ż

ZpAqGL3pF qR3pAqzGSppAq

ż

R3pF qzR3pAq
ϕpjprgqqfspgqdr3dg

Consider the Fourier expansion with respect to jpR3
cqpF zAq, then

Ipϕ, fs, χ, sq “

ż

ÿ

α,β,γ

ż

ϕ rj pprc3py1, y2, y3qq r3gqsψpαy1 ` βy2 ` γy3qfspgqdyidr3dg

“

ż

ÿ

α,β,γ

ż

ϕ

»

—

—

—

—

—

—

—

—

—

—

–

j

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0

1 0 0 y1

1 0 y2 y3

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

r3g

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

ψpαy1 ` βy2 ` γy3qfspgq

dyidr3dg
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where yi are integrated on F zA, r3 is integrated on R3pF qzR3pAq, and g is integrated on

ZpAqGSp6pF qzGSp6pAq.
Since ϕ is invariant under GL6pF q, we have

ϕpx3pα, β, γqhq “ ϕphq, h P GL6pAq, α, β, γ P F

Denote v3 “ rc3r3, then

Ipϕ, fs, χ, sq “

ż

ÿ

α,β,γ

ż

ϕ rj pprc3py1, y2, y3qq r3gqsψpαy1 ` βy2 ` γy3qfspgqdyidr3dg

“

ż

ÿ

θ

ż

ϕrjpvqrgsθpvqfspgqdvdg

“

ż

ÿ

θ

ż

M3,3pF qzM3,3pAq
ϕ

˜

j

˜˜

I X

I

¸¸

g

¸

fspgqdX

here θ is summed up for all characters on R3
c , hence can be considered on all X P M3,3, g

is integrated on ZpAqGSp6pF qzGSp6pAq.
The group GL1 ˆ GL3, the Levi part of QpF q, acts on the group of characters of R3

c

modulo R3 with two orbits, one is the trivial orbit, and we can choose a representative of

the open orbit ψ1 as ψ1pXq “ ψpx4 ´ x8q.

For the orbit with respect to the trivial character, we get

ż ż

M3,3pF qzM3,3pAq
ϕ

˜

j

˜˜

I X

I

¸¸

g

¸

fspgqdXdg

where the inner integral
ş

M3,3pF qzM3,3pAq ϕ

˜

j

˜˜

I X

I

¸¸

g

¸

dX “ 0 since ϕ is cusp-

idal.

As for the other orbit, the representative ψ1 as ψ1pXq “ ψpx4 ´ x8q has stabilizer in

GL1 ˆGL3 as GL2pF qR
2pF q GL2pF qR

2pF q, embedded in GSp6 as

¨

˚

˚

˚

˚

˚

˝

|g|

g

g˚

1

˛

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 y1 y2

1 0

1

1 0 ´y2

1 ´y1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

where g P GL2 and y1, y2 P F .

Ipϕ, fs, χ, sq “

ż

ZpAqGL2pF qR2pF qR3pAqzGSp6pAq

ż

M3,3pF qzM3,3pAq
ϕ

˜

j

˜˜

I X

I

¸

g

¸¸

ψ1pXq

fspgqdXdg
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Now consider the Fourier expansion with respect to jpR2
cqpF zAq. GL2pF q act on the

character group of jpR2
cqpF qzjpR

2
cqpAq with two orbits: one is the trivial orbit, and we can

choose a representative of the open orbit as ψ2pnq “ ψpn12`n24´n35`n56q, since GL1 ¨R1

is the stabilizer of ψ2 in GL2R
2, where GL1 ¨R1 is embedded in GSp6 as

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

α

α

1

α

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1 β

1

1 ´β

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

α P GL1, β P F.

The trivial orbit contributes
ż ż

ϕpjpngqqfspgqdndg

which will be zero since ϕ is cuspidal.

So we have

Ipϕ, fs, χ, sq “

ż

ZpAqGL1pF qR1pF qV 3pAqzGSp6pAq

ż

V 2pF qzV 2pAq
ϕpjpngqqψ2pnqfspgqdndg.

where V 2 “ R2R2
cV

3. Consider the Fourier expansion with respect to the unipotent group

R1
c “ tjpI ` ye23qu, then
ż

V 2pF qzV 2pAq
ϕpjpngqqψV 2pnqdn “

ż

V 2pF qzV 2pAq

ÿ

αPF

ż

F zA
ϕpjpX1pmqngqqψ2pnqψpαmqdmdn

where X1pmq “ I`me23. Let N3 be the unipotent subgroup of N2 for which n34 “ 0. Thus

N2 “ N3

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1 r

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Notice that

Xprq “ j

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1 r

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚
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Since ϕ is invariant under rational points, it equals to
ż

N3pF qzN3pAq

ÿ

αPF

ż

pF zAq2
ϕrXpαqjpX1pmqnqXprqjpgqsψN3pnqψpαmqdrdmdn

then by conjugating XpαqjpX1pmqnqXprq, it equals to
ż

N3pF qzN3pAq

ÿ

αPF

ż

pF zAq2
ϕrjpX1pmqnqXpα` rqXpα` rq

´1jpX1pmqnq
´1XpαqjpX1pmqnqXprqjpgqs

ψN3
pnqdrdmdn

and by changing the variavle for g, it is
ż

N3pF qzN3pAq

ÿ

αPF

ż

pF zAq2
ϕrjpX1pmqnqXpα` rqjpgqsψN3pnqdrdmdn

Collapsing the summation and integration over α and r, we have
ż

A

ż

N4pF qzN4pAq
ϕpjpnqXprqjpgqqψN4pnqdndr

where N4 is the unipotent subgroup of N given by all matrices of the form
¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1 ˚

1 0

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Also ψN4 is extended trivially from ψN3 . Consider the Fourier expansion with respect to

jpI `me43q with m P F zA, the trivial orbit is 0 by cuspidality as before, and by taking the

representative ψ4pI ` ym34q “ ψpyq, then

Ipϕ, fs, χ, sq “

ż ż

A

ÿ

αPF

ż

F zA

ż

N4pF qzN4pAq
ϕpjppI `me43qnqXprqjpgqq ˆ ψN4pnq

ψpαmqfspgqdndmdrdg

“

ż

ZpAqV pAqzGSp6pAq

ż

A

ż

NpF qzNpAq
ϕpnXprqjpgqψN pnqfspgqdndg

“

ż

ZpAqV pAqzGSp6pAq

ż

A
WϕpXprqjpgqqfspgqdrdg

which is the identity we need to prove.

Now we need to justify the unfolding process by showing the absolute convergence of

the above integrals for <s large.

We started by showing the integral
ż

|WϕrjpXprqqgsfspgq|drdg
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converges for <s large. Here g is integrated over ZpAqV pAqzGSp6pAq, r over A. From the

Iwasawa decomposition of GSp6pAq, it is enough to show the convergence of

ż

|WϕrjpXprqqt
1ks|a2b4c8|sδ´1

B0
pt1q|drdt1dk

Here r is integrated over A, k over the maximal standard compact subgroup of GSp6pAq,
t1 over the maximal torus of GSp6pAq modulo ZpAq parametrized by

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

a

1

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P GSp6

We denote by δB0 the modular function of the Borel subgroup of GSp6 such that Q Ą B0.

Conjugate t1 to the left, changing variables we obtain jpX̄prt1kqq “ jpt1t1´1X̄prqt1kq “

jpt1X̄qpa´1rqkq, hence
ż

|WϕptjpXprqqjpkqq||t|
µs |dtdrdk

where t “ jpt1q and

|t|µs “ |a|2s´4|b|4s´6|c|8s´10

The integration in t is on pA˚q3. For this proof only, we denote R “ Xprq. Write the

Iwasawa decomposition of r P R as r “ uRtRkR, where uR is the unipotent part, tR the

toral part, and kR is in the maximal standard compact subgroup of GSp6pAq. Thus we

need to prove the convergence of

ż

|WϕpttRkRjpkqq||t|
µsdtdrdk

where the integration over r is on RpAq. Let f be a smooth function with compact support

on GSp6pAq. It follows from [4] that every Wϕ is a finite sum of convolutions of the type

ż

W0pghqfphqdh

the integration over GSp6pAq Thus, it is enough to prove the convergence for these functions.

For such functions

|WϕpttRkRjpkqq| “ |

ż

W0pttRhqfpjpkq
´1k´1

R hqdh|.

Write
ż

GSp6pAq
“

ż

V pAqzGSp6pAq

ż

V pAq
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where V denotes the maximal unipotent of GSp6. Thus, the right-hand side is equal to the

absolute value of

ż

W0pttRhqp

ż

fpjpkq´1k´1
R uhqψ̄pttRut

´1
R t´1qduqdh

where u is integrated over V pAq and h over V pAqzGSp6pAq. Since W0 is a Fourier coefficient

of a cusp form, it is bounded uniformly, and hence the above integral is bounded by the

absolute value of
ż

fpjpkq´1k´1
R uhqψ̄pttRut

´1
R t´1qdudh

Following the same reasoning as in [8], we deduce that it is bounded by

ż

RpA

ż

pA˚q3
Φp
bt1
t2
,
ct2
t3
,
at3
t4
,
ct4
t5
,
bt5
t6
q|t|µsd˚tdr (5.1)

Here ti are the torus elements of tR, and Φ is a fixed positive-valued Schwartz Bruhat

function. Thus we may assume that Φ is factorizable and, we are reduced to studying the

local version. A change of variables in a, b, c shows that the local integrals equals

ż

RpF q

ż

pF˚q3
ϕp
t1
t2
,
t3
t4
,
t5
t6
, a, b, cq|a2b4c8|s|a4b6c10|´1αspt1, ..., t6qd

˚ad˚bd˚cdr

where ϕ ě 0 a local Schwartz-Bruhat function, and αs depends on the absolute value of

ti of 1 ď i ď 6. Here F stands for an arbitrary local field. This integral is convergent by

Iwasawa-Tate thesis, and we will prove it later in details in local theory.



Chapter 6

Unramified Computation

Let F be a nonarchimedean field. We will assume all data to be unramified in this section.

Let π “ πv be an unramified admissible generic irreducible representation of GL6, let

KpGL6q be the standard maximal compact subgroup. By this assumption, there exists a

vector ξ P Vπ, such that πpkqξ “ ξ. The vector ξ is unique up to a scalar. Since we assumed

that π is generic, there exists a unique vector Wv PWpπv, ψvq such that Wvpkq “Wvpeq “ 1

for all k P KpGL6q. Let fs denote the unramified vector in Ips, χπq with fspeq “ 1. Thus

the central character ωπ and χ are unramified characters.

Since π is unramified, we may assume π “ IndGL6
B δ

1{2
B µ where B is the standard Borel

subgroup of GL6, δ
1{2
B is the modular function of B and µ is an unramified character. Let

T be the maximal torus of GL6, and we may identify t P T as t “ diagpt1, t2, ..., t6q, so we

can write µ as

µpdiagpt1, t2, ..., t6qnq “
6
ź

i“1

µiptiq, ti P F
˚, n P N

From the general theory, LGL6 “ Λ3, where Λ3 is the exterior cube representation of

GL6pCq, and this representation has dimension 20. So to each π, we may attach a semi-

simple conjugacy class tπ inGL6pCq whose representative is chosen to be diagpµ1ppq, µ2ppq, ...,

µ6ppqq. Define the local twisted exterior cube L-function by

Lpπ b χ,Λ3, sq “ detrI ´ Λ3ptπqχppqq
´ss´1,

where I is the 20ˆ 20 identity matrix. In terms of coordinates, we have

Lpπ b χ,Λ3, sq “
ź

1ďiăjăkď6

p1´ pµiµjµkqppqχppqq
´sq´1

For a given character ω of F ˚, denote

Lpω, sq “ p1´ ωppqq´sq´1.

Then we have

31
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Theorem 6.0.1. For all unramified data and for <s large,

IpW, fs, χ, sq “
Lpπ b χ,Λ3, 2s´ 1{2q

Lpωπχ2, 4sqLpω2
πχ

4, 8s´ 2q

Proof. The Iwasawa decomposition of GSp6 is GSp6 “ ZV T 1K, where K is the maximal

compact subgroup of GSp6, ZT 1 is the maximal torus of GSp6. Let B1 denote the Borel

subgroup of GSp6, so that B1 “ ZT 1V . We can parametrize an element t1 P T as

t1 “ diagpabc, ac, 1, a, c´1, b´1c´1q a, b, c P F ˚

We have

δB1pt
1q “ |a4b6c10|, δP pt

1q “ |a2b4c8|

Thus

IpW, fs, χ, sq “

ż

pF˚q3

ż

F

W

»

—

—

—

—

—

—

—

—

—

–

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

x 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

jpt1q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

|a2b4c8|sχpab2c4qωπpbc
2q|a4b6c10|´1

dxd˚ad˚bd˚c

Here the measure on K is chosen so that
ş

K dk “ 1. Conjugating the torus to the left we

obtain
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IpW, fs, χ, sq “

ż

pF˚q3

ż

F

W

»

—

—

—

—

—

—

—

—

—

–

jpt1q

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

ax 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

|a2b4c8|sχpab2c4qωπpbc
2q|a4b6c10|´1

dxd˚ad˚bd˚c

“

ż

pF˚q3

ż

F

W

»

—

—

—

—

—

—

—

—

—

–

jpt1q

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

y 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

|a2b4c8|sχpab2c4qωπpbc
2q|a4b6c10|´1

d
y

a
d˚ad˚bd˚c

“

ż

pF˚q3

ż

F

W

»

—

—

—

—

—

—

—

—

—

–

jpt1q

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

y 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

|a2b4c8|sχpab2c4qωπpbc
2q|a5b6c10|´1

dyd˚ad˚bd˚c

We have, for |x| ą 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

x 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

x´1

x

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1 x

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

0 ´1

1 x´1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚
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with

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

0 ´1

1 x´1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P K. And since

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

x 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P K when |x| ď 1,

we have

IpW, fs, χ, sq “

ż

pF˚q3
W pjpt1qq|a2b4c8|s|a5b6c10|´1χpab2c4qωπpbc

2qd˚ad˚bd˚c`

`

ż

pF˚q3

ż

|x|ą1
W

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

jpt1q

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

x´1

x

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1 x

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

ˆ |a2b4c8|s|a5b6c10|´1χpab2c4qωπpbc
2qdxd˚ad˚bd˚c

Here the measure on F is chosen so that
ş

|x|ď1 dx “ 1. Denote

t “ jpt1q “ diagpabc, ac, a, 1, c´1, b´1c´1q

Changing variables aÑ ax2, cÑ cx´1 we obtain

ż

pF˚q3
W

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abcx

acx

ax ax2

x

c´1x

b´1c´1x

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

|a2b4c8x´4|s|a5b6c10|´1χpab2c4x´2q

ωπpbc
2x´4qd˚ad˚bd˚c

“

ż

pF˚q3
W

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

x

x

x ax

x

x

x

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

t

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

|a2b4c8x´4|s|a5b6c10|´1χpab2c4x´2qωπpbc
2x´2qd˚ad˚bd˚c

“

ż

pF˚q3
W ptqωπpxqψpaxq|a

2b4c8|s|x|´4s|a5b6c10|´1χpab2c4qχpxq´2ωπpbc
2q

ωπpxq
´2d˚ad˚bd˚c

“|x|´4sχpxq´2ωπpxq
´1

ż

pF˚q3
W ptqψpaxq|a2b4c8|s|a5b6c10|´1χpab2c4qχpxq´2ωπpbc

2qd˚ad˚bd˚c
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Therefore,

IpW, fs, χ, sq “

ż

pF˚q3
W ptqωπpbc

2qχpab2c4q|a2b4c8|s|a5b6c10|´1Hpaqd˚ad˚bd˚c

where

Hpaq “ 1`

ż

|x|ą1
ω´1
π χ´2pxq|x|´4sψpaxqdx

For |ε| “ 1, we have Hpaεq “ Hpaq, so we only need to compute Hppmq, m ě 0, where p is

the generator of the maximal ideal in the ring of integer of F , q´1 “ |p|, since

ż

|x|“qk
ψpxq “

$

’

’

&

’

’

%

p1´ qqqk k ď 0

´1 k “ 1

0 k ě 2

we have

Hppmq “1`

ż

|x|ą1
ω´1
π χ´2pxq|x|´4sψppmxqdx

“1`
8
ÿ

k“1

q´4k

ż

|x|“qk
pω´1
π χ´2qpxqψppmxqdx

“1`
8
ÿ

k“1

q´4k`m

ż

|x|“qk´m
pω´1
π χ´2qpp´mxqψpxqdx

“
1´ ωπχ

2ppqq´4s

1´ ωπχ2ppqq´4s`1
p1´ ωπχ

2ppqqp´4s`1qpm`1qq

hence,

Hpaq “
1´ ωπχ

2ppqq´4s

1´ ωπχ2ppqq´4s`1
p1´ ωπχ

2paq|a|4s´1ωπχ
2ppqqp´4s`1qq

and

IpW, fs, χ, sq “
Lpωπχ

2, 4s´ 1q

Lpωπχ2, 4sq

ż

|a|,|b|,|c|ď1
W ptqωπpbc

2qχpab2c4q|a2b4c8|s|a5b6c10|´1

p1´ ωπχ
2paq|a|4s´1ωπχ

2ppqqp´4s`1qqd˚ad˚bd˚c

Let Kptq “ δ
´1{2
B W ptq where B is the standard Borel subgroup of GL6 Thus δBptq “

|a9b10c16|. Write a “ pn1ε1, b “ pn2ε2, c “ pn3ε3, where ni are nonnegative integers and

|εi| “ 1, 1 ď i ď 3, write

dpn1, n2, n3q “ diagppn1`n2`n3 , pn1`n3 , pn1 , 1, p´n3 , p´n2´n3q.

Since W ptq “ 0 if |a| ą 1 or |b| ą 1 or |c| ą 1 we obtain

IpW, fs, χ, sq “
Lpωπχ

2, 4s´ 1q

Lpωπχ2, 4sq

8
ÿ

n1,n2,n3“0

Kpdpn1, n2, n3qqχppq
n1`2n2`4n3ˆ

ˆ ωπppq
n2`2n3qp´2s`1{2qn1`p´4s`1qn2`p´8s`2qn3p1´ pωπχ

2qppqn1`1

qp´4s`1qpn1`1qq
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Here we choose the measure on a, b, c such that
ş

|ε|“1 dε “ 1. Let x “ χppqq´2s`1{2q. Thus

IpW, fs, χ, sq “
Lpωπχ

2, 4s´ 1q

Lpωπχ2, 4sq

8
ÿ

n1,n2,n3“0

Kpdpn1, n2, n3qqˆ

ˆ ωπppq
n2`2n3xn1`2n2`4n3p1´ ωπppq

n1`1x2pn1`1qq

Now consider the right-hand-side. By the Poincare identity, we have

Lpπ b χ,Λ3, 2s´ 1{2q “detpI ´ Λ3ptπqχppqq
2s´1{2

“

8
ÿ

n“0

trSnptπqχppq
nqp´2s`1{2qn

where Sn denotes the symmetric nth power operation. Thus we need to prove the identity

p1´ ωπppqx
2qp1´ ω2

πppqx
4q

8
ÿ

n“0

trSnptπqx
n “

8
ÿ

n1,n2,n3“0

Kpdpn1, n2, n3qqωπppq
n2`2n3

xn1`2n2`4n3p1´ ωπppq
n1`1x2pn1`1qq

Let rωi 1 ď i ď 5 denote the ith fundamental representation ofGL6pCq. Let p0, ..., 1, ..., 0q,

one in the ith position and zero elsewhere, denote the character of the representation rωi

evaluated at tπ. By the Casselman-Shalika formula[9],

Kpdpn1, n2, n3qq “ pn2, n3, n1, n3, n2q

Thus we need to prove

8
ÿ

n“0

trSnptπqx
n “p1´ ωπppqx

2q´1p1´ ω2
πppqx

4q´1
8
ÿ

n1,n2,n3“0

pn2, n3, n1, n3, n2qωπppq
n2`2n3

xn1`2n2`4n3p1´ ωπppq
n1`1x2pn1`1qq

Let V denote the 20-dimensional complex vector space that GSp6 acts via the exterior cube

representation. Let CrV s denote the symmetric algebra, by Brion[10], CrV sN is a polynomial

algebra generated by 1, where N is the maximal unipotent of GSp6pCq It follows from Brion

[10] that

trSrptπq “
ÿ

pn2, n3, n1 ` n4, n3, n2qωπppq
n2`2n3`n4`2n5

where the sum is over all ni P N , 1 ď i ď 5 satisfying n1` 2n2` 4n3` 3n4` 4n5 “ r. Thus
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8
ÿ

r“0

trSrptπqx
r “

8
ÿ

ni“0,1ďiď5

pn2, n3, n1 ` n4, n3, n2qωπppq
n2`2n3`n4`2n5

xn1`2m2`4n3`3n4``4n5

“p1´ ω2
πppqx

4q´1
8
ÿ

ni“0,1ďiď4

pn2, n3, n1 ` n4, n3, n2qωπppq
n2`2n3`n4

xn1`2m2`4n3`3n4

“p1´ ω2
πppqx

4q´1
8
ÿ

n4“0

8
ÿ

r“n4

8
ÿ

n2“0,n3“0

pn2, n3, r, n3, n2qωπppq
n2`2n3`n4

xr`2m2`4n3`2n4

(6.1)

The right-hand-side of (6.1) is

p1´ ωπppqx
2q´1p1´ ω2

πppqx
4q´1

8
ÿ

n1,n2,n3“0

pn2, n3, n1, n3, n2qωπppq
n2`2n3xn1`2n2`4n3

p1´ ωπppq
n1`1x2pn1`1qq

“p1´ ω2
πppqx

4q´1
8
ÿ

n1,n2,n3“0

pn2, n3, n1, n3, n2qωπppq
n2`2n3xn1`2n2`4n3

1´ ωπppq
n1`1x2pn1`1q

1´ ωπppqx2

“p1´ ω2
πppqx

4q´1
8
ÿ

n1,n2,n3“0

pn2, n3, n1, n3, n2qωπppq
n2`2n3xn1`2n2`4n3

n1
ÿ

r“0

p1` ωπx
2 ` ...` ωn1

π x
2n1q

“p1´ ω2
πppqx

4q´1
8
ÿ

n1,n2,n3“0

n1
ÿ

r“0

pn2, n3, n1, n3, n2qωπppq
n2`2n3xn1`2n2`4n3ωrπx

2r

“p1´ ω2
πppqx

4q´1
8
ÿ

n1,n2,n3“0

n1
ÿ

r“0

pn2, n3, n1, n3, n2qωπppq
n2`2n3`rxn1`2n2`4n3`2r

which is the exactly (2) after exchanging the position of r and x1. Therefore, we proved (1)

and hence the theorem.



Chapter 7

Local Theory

In this section, we will study the local integrals which come from our global constructions.

Let F be a nonarchimedean local field, O will denote the ring of integers in F , p a

generator of the maximal ideal in O, with q “ |p|´1.

Let π be an admissible generic representation of GL6pF q with central character ωπ. Let

χ be a unitary character of F ˚. Let Ips, χπq “ Ind
GSp6
Q δsQχπ. Thus fs P Ips, χπq is a smooth

function which satisfies

fsppα, gqrhq “ pωπχ
3qpαqpωπχ

2qpdetgqδsQppα, gqqfsphq

for all pα, gq P GL1 ˆ GL3, r P R, h P GSp6. Let K be the standard maximal compact

subgroup of GSp6. If µ is an unramified character of F ˚, let Lpµ, sq “ p1´ µppqq´sq´1.

We are studying the local integral

IpW, fs, χ, sq “

ż

ZV zGSp6

ż

F
W pXprqjpgqqfspgqdrdg

where W P Wpπ, ψq,fs P Ips, χq, Xprq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

r 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

, Z is the center of GSp6,

V is the maximal unipotent of GSp6 such that the maximal standard unipotent subgroup of

GL6 N(all upper unipotent matrices) and V Ă N , which is the center of GL6, jpgq “ wgw´1,
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where w “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

0 1

1 0

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P GSp6

7.1 Convergence, Meromorphic Continuation

Definition 7.1.1. A gauge ξ on GL6 is defined as a positive function, invariant on the left

under N , on the right under K, given on A, which is the maximal torus, by

ξpaq “ φpα1paq, α2paq, ..., α5paqq|α1paqα2paq...α5paq|
´k.

With the Iwasawa decomposition of GSp6, let T 1 be the maximal torus in GSp6, the

parametrization of t1 P T 1 is t1 “ diagpabc, ac, 1, a, c´1, b´1c´1q, a, b, c P F ˚,

GSp6 “ ZV T 1K

Let B1 denote the Borel subgroup of GSp6, P be the parabolic group, then

δB1pt
1q “ |a4b6c10|, δP pt

1q “ |a2b4c8|

Take K˝ as an open compact subgroup of K which stablizes W and fs. Then we can write

K as a finite union
Ť

iK
˝ki, let Wi “ ρpjpkiqqW , fs,i “ Rpkiqfs. We have

IpW, fs, χ, sq “

ż

T 1

ż

K

ż

F
W pXprqjpt1kqqfspt

1kqdrdkdt1

“
ÿ

i

ż

T 1

ż

K˝

ż

F
W pXprqjpt1k˝qjpkiqqfspt

1k˝kiqdrdk
˝dt1

“c ¨
ÿ

i

ż

T 1

ż

F
WipXprqjpt

1qqfs,ipt
1qdrdt1

where c is the volume of K˝. By proposition 2.2 in [11], for any generic representation

of GpF q, there exists a finite set X of finite functions tλu defined on the torus and a

corresponding set of Schwartz functions tφλu Ă S pF r´1q with the following property: for

any W in Wpπ;ψq,

W paq “
ÿ

λPX

λpa1, a2, ..., ar´1qφλpa1, a2, ..., ar´1q (7.1)

for

a “ diagpa1a2...ar´1, a2...ar´1, ..., ar´1, 1q,

which means W can be considered to be the finite combination of the gauges.
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Theorem 7.1.1. For ξ a gauge on GL6,

ξ

»

—

—

—

—

—

—

—

—

—

—

–

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

x 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

jpt1q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

‰ 0, x P F, t1 P T 1

implies that x belongs to a compact set independent of t1 P T 1

Proof. Write t1 P T 1 as

t1 “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

1

a

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

then,

ξ

»

—

—

—

—

—

—

—

—

—

—

–

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1

x 1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

jpt1q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ ξ

»

—

—

—

—

—

—

—

—

—

—

–

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

a

ax 1

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

If we rewrite ax as λx1, which gives a change of variable x1 “ ax{λ, and the Iwasawa

decomposition of

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

a

λx1 1

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

is

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

´ a
λx1 ´a

´λx1

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

0 1

1 0

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1

1

1 1
λx1

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚
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Then ξ

»

—

—

—

—

—

—

—

—

—

—

–

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

a

λx1 1

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

is nonzero implies

ξ

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

´ a
λx1

´λx1

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

is nonzero, hence |
ac

´ a
λx1
| “ |cλx1| and |

´ a
λx1

den
|

is bounded. Since our choice for λ is any nonzero number, we can let λ “ 1{c P Fˆ, we

have |x1| is bounded, so x1 must land in a compact set independent of t1 P T 1.

Theorem 7.1.2. Let π be a generic representation, let W P Wpπ, ψq, then the integral

IpW, fs, χ, sq is absolutely convergent for <s large, and it has a meromorphic continuation

to the complex plane.

Proof. Since

IpW, fs, χ, sq “ volpK˝q ¨
ÿ

i

ż

T 1

ż

F
WipXprqjpt

1qqfs,ipt
1qdrdt1,

we only need to prove for each of the Wi and fs,i that
ş

T 1

ş

F WipXprqjpt
1qfs,ipt

1qdrdt1 is

absolutely convergent for <s large and admit a meromorphic continuation to the complex

plane. By (3), we can reduce the problem to the case when W is a gauge function. By Now

back to IpW, fs, χ, sq, By Theorem 1, W pXprqjpt1q ‰ 0 implies that r belongs to a compact

set independent of t1. Thus the integral IpW, fs, χ, sq is a finite sum of integrals of the form

ż

T 1
W pjptqqfspt

1qdt1

with W PWpπ, ψq, fs P Ips, χπq. In fact, this integral is computed as

ż

pF˚q3
W

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

a

1

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fs

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

1

a

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

d˚ad˚bd˚c
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Since fs P Ips, χπq,

fs

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

1

a

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“pωπχ
3qpαqpωπχ

2qpdetgqδsQppα, gqqfspI6q “ µ2pa, b, cqνpa, b, cq
s

where µ2pa, b, cq “ |a
5b6c10|´1χpab2c4qωπpbc

2q, νpa, b, cq “ |a2b4c8|. Since here W is a

gauge, we have for diagpabc, ac, a, 1, c´1, b´1c´1q P T 1

W

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

abc

ac

a

1

c´1

b´1c´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“ φpa, b, cqµ3pa, b, cq

where φ is a Schwartz function of a, b, c, µ3pa, b, cq is a finite function. Let µ “ µ2 ¨µ3, then

the integral is in the form of

ż

pF˚q3
φpa, b, cqµpa, b, cqνpa, b, cqsd˚ad˚bd˚c

which according to Tate’s one dimensional case [as in the lemma below], the integral above

converges and admits meromorphic continuation, and is a rational function of q´s.

7.2 Nonvanishing result

Theorem 7.2.1. Let fs be a K standard section, i.e. its restriction to the standard maximal

compact group K is independent of s Let W be a smooth vector in the Whittaker space of π.

Then given s0 P C, there is a choice of W and a K finite section fs such that IpW, fs, χ, sq

is nonzero at s “ s0.

Proof. Assume that IpW, fs, χ, sq is zero at s “ s0 at all choice of data, then

IpW, fs0 , χ, s0q “

ż

ZV zGSp6

ż

F
W pXprqjpgqqfs0pgqdrdg “ 0
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By Iwasawa Decomposition, g “ mpα, g1qk for k P K, then

fspmpα, gqkq “ ωπχ
3pαqωπχ

2pdet gq|α|6s´6| det g|4s´4fspkq.

We have

IpW, fs, χ, sq “

ż

ZV zGSp6

ż

F
W pXprqjpgqqfspgqdrdg

“

ż

ZpVXGL3qzGL1ˆGL3

ż

F

ż

K
W pXprqjpmpα, gqkqωπχ

3pαqωπχ
2pdet gq|α|6s´6

|det g|4s´4fspkqdkdrd
˚αdg

Define for <s large,

I1pW,χ, s, kq “

ż

ZpVXGL3qzGL1ˆGL3

ż

F
W pXprqjppα, gqqkqωπχ

3pαqωπχ
2pdet gq|α|6s´6

| det g|4s´4dtd˚αdg

Here k P KpGq and pα, gq P GL1 ˆGL3. Then for <s large,

IpW, fs, χ, sq “

ż

GL3XKzK
I1pW,χ, s, kqfspkqdk

So I1 admits a continuation in s and such continuation in s as a function in k is locally

constant.

Therefore, for all K-finite function σ, we have

ż

I1pW,χ, s, kqσpkqdk

is zero at s “ s0 for all smooth functions σ on pGL3 XKqzK Thus I1pW,χ, s, kq is zero at

s “ s0 for all W . In particular, it is true for k “ e, then

I1pW,χ, s, eq “

ż

ZVXGL3zGL1ˆGL3

ż

F
W pXprqjppα, gqqωπχ

3pαqωπχ
2pdet gq|α|6s´6|

det g|4s´4drd˚αdg

is zero at s “ s0 for all W . Define a Whittaker function W1 by

W1pgq “

ż

F 3

W

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

gj

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0

1 0 0 r1

1 0 r2 r3

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpr1, r2, r3qdr1dr2dr3
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where φ is a smooth function with compact support on F 3. Then

I1pW1, χ, s, eq “

ż

ZpVXGL3qzGL1ˆGL3

ż

F

ż

F 3

W pXprqj

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

pα, gq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0

1 0 0 r1

1 0 r2 r3

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpr1, r2, r3qµ1pα, g, sqdrf
˚αdg

where µ1pα, g, sq “ ωπχ
3pαqωπχ

2pdet gq|α|6s´6| det g|4s´4drd˚αdg. Now conjugating
¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0

1 0 0 r1

1 0 r2 r3

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

to the left, we obtain for <s large,
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I1pW1, χ, s, eq “

ż

ZpVXGL3qzGL1ˆGL3

ż

F

ż

F 3

W pXprqj

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

mpα, gq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0

1 0 0 r1

1 0 r2 r3

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpr1, r2, r3qµ1pα, g, sqdrf
˚αdg

“

ż

ZpVXGL3qzGL1ˆGL3

ż

F

ż

F 3

W pXprqjppmpα, gq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0

1 0 0 r1

1 0 r2 r3

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

pXprqjpmpα, gqq´1prqjpmpα, gqqφpr1, r2, r3qµ1pα, g, sqdrf
˚αdg

“

ż

ZpVXGL3qzGL1ˆGL3

ż

F

ż

F 3

W pXprqjpmpα, gqq

ψ

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Xprqjpmpα, gq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0

1 0 0 r1

1 0 r2 r3

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

pXprqjpmpα, gqq´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpr1, r2, r3q

µ1pα, g, sqdrf
˚αdg

“

ż

ZpVXGL3qzGL1ˆGL3

ż

F

ż

F 3

W pXprqjpmpα, gqqψpαg11r1 ` αg12r2 ` αg13r3q

φpr1, r2, r3qµ1pα, g, sqdrf
˚αdg

Let µ2 be the restriction of µ1 to GL2, since

ż

F 3

ψpαg11r1 ` αg12r2 ` αg13r3qφpr1, r2, r3qµ1pα, g, sqdr1dr2dr3
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is an arbitrary smooth function on GL2R
2zGL1 ˆGL3 (GL2R

2 is embedded in GL6 as

¨

˚

˚

˚

˚

˚

˝

|g|

g

g˚

1

˛

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 y1 y2

1

1

1 ´y2

1 ´y1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

so let

I2pW,χ, sq “

ż

pVXGL2qzGL2

ż

F
pW pXprqjpgqqµ2pg, sqdrdg

we have the meromorphic continuation of I2pW,χ, s0q “ 0 for all data.

Let

W2pgq “

ż

F 2

W

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

gj

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 y1 y2

1

1

1 ´y2

1 ´y1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpy1, y2qdyi

Then we have

I2pW2, χ, sq “

ż

F 2

ż

pVXGL2qzGL2

ż

F
W pXprqj

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

g

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 y1 y2

1

1

1 ´y2

1 ´y1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpy1, y2qµ2pg, sqdrdgdy1dy2
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We can write g P GL2 as g “

˜

a

1

¸

g0 by conjugating to the left,

I2pW2, χ, sq “

ż

F 2

ż

pVXGL2qzGL2

ż

F

W pXprqj

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

g

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 y1 y2

1

1

1 ´y2

1 ´y1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpy1, y2q

µ2pg, sqdrdgdy1dy2

“

ż

F 2

ż

pVXGL2qzGL2

ż

F

W pXprqj

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a

a

1

a

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

g0

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 y1 y2

1

1

1 ´y2

1 ´y1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpy1, y2qµ2pg, sqdrdgdy1dy2

“

ż

F 2

ż

pVXGL2qzGL2

ż

F

W pXprqj

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a

a

1

a

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

g0

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 y1 y2

1

1

1 ´y2

1 ´y1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Xprq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a

a

1

a

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

´1

Xprq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a

a

1

a

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

φpy1, y2qµ2pg, sqdrdgdy1dy2

“

ż ˚

F

ż

F

W

»

—

—

—

—

—

—

—

—

—

–

Xprq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a

a

a

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

µ3pa, sqdrd
˚a
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where µ3 is the restriction of µ2 to ZpGL3q. Therefore, the meromorphic continuation of

I3pW,χ, sq “

ż

F˚

ż

F
W

»

—

—

—

—

—

—

—

—

—

—

–

Xprq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a

a

a

1

1

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

µ3pa, sqdrd
˚a

is zero for all W , so W peq “ 0 for all W . This is a contradiction.



Chapter 8

The Analytic Properties of the

Partial L-function

Let π “ bvπv and Ips, χπq “ bvIvps, χπq. Let S be a finite set including the Archimedean

places such that outside of S all data is unramified. Given a character µ “ bvµv of F ˚zA˚,
we denote LSpµ, sq “

ś

vRS Lvpµvq, s where Lvpµv, sq is the local degree one L-function of

µv. Set

E˚pg, fs, χ, sq “ LSpωπχ
2, 4sqLSpω

2
πχ

4, 8s´ 2qEpg, fs, χ, sq

and

I˚pϕ, fs, χ, sq “ LSpωπχ
2, 4sqLSpω

2
πχ

4, 8s´ 2qIpϕ, fs, χ, sq

Lemma 8.0.1. Let ϕ be a cusp form on GSp6pAq, then
ż

GSppF qzGSp6pAq
ϕpjpgqqEpg, f, sqdg “ 0

Proof. Let Q denote the parabolic subgroup of GSp6 whose Levi part is GL1 ˆGSp4. Let

Ipsq “ Ind
GSp6pAq
QpAq δsQ, and for every f P Ipsq, define for <psq large

Epg, f, sq “
ÿ

γPQpF qzGSp6pF q

fpγg, sq

For <psq large, by unfolding the Eisenstein series, we have
ż

GL1pF qGSp4pF qR3pF qzGSp6pAq
ϕpgqfspgqdg

where R3 is the unipotent radical subgroup of Q, and the embedding of GL1 ˆ GSp4 in

GSp6 is as

pα, hq Ñ

¨

˚

˚

˝

α

h

α´1

˛

‹

‹

‚

α P GL1, h P GSp4.

49
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Define

V 2 “ tv P V : v “ I6 ` r1e12 ` r2e13 ` r3e14 ` r4e15u

Take the Fourier expansion with respect to V 2pF qzV 2pAq, then the integral becomes (the

last step is by cuspidality)

ż

GL1pF qGSp4pF qRpF qzGSp6pAq

ż

V 2pF qzV 2pAq
ϕpv2jpgqqϕp

4
ÿ

i“1

αiriqfspgqdvdg

ż

GL1pF qGSp2pF qR2pF qR3pAqzGSp6pAq

ż

V6pF qzV6pAq
ϕpvjpgqqfspgqdvdg “ 0.

Theorem 8.0.2. Let fs be a standard K finite section which is an unramified outside of

S, then

(a) If ωπχ
2 “ 1 or ω2

πχ
4 ‰ 1, then I˚pϕ, fs, χ, sq is entire.

(b) If ω2
πχ

4 “ 1 but ωπχ
2 ‰ 1, then I˚pϕ, fs, χ, sq can have at most a simple pole at

s “ 1{4 or s “ 3{4.

Proof. We first state the result from Ikeda [12]:

Lemma 8.0.3 (Ikeda). Suppose that k is a number field. If f psq is a good section of Ipω, sq,

then the pole of Eph, f psqq are at most simple. The set of possible poles is as follows:

(a) If ω is principal, say ω “ 1:

tpn` 1q{2´m|m P Z, 0 ď m ď n` 1,m ‰ pn` 1q{2u

(b) If ω is not principal, but ω2 is principal, say ω2 “ 1:

tpn´ 1q{2´m|m P Z, 0 ď m ď n´ 1,m ‰ pn´ 1q{2u

(c) If ω2 is not principal, then Eph, f psqq is entire.

We need to study the poles of E˚ and its residue. By the functional equation of E˚

and the fact that if f psq is a good section of Ipω, sq, then Mw0f
psq is a good section of

Ipω´1,´sq (where Mw0 is the intertwining operator), it is enough to prove for the case

when <psq ě 1{2. By lemma above, the poles are as following: E˚pg, f, χ, sq has at most

simple poles, and for <psq ě 1{2, we have

(a) If ω2
πχ

4 ‰ 1, E˚pg, f, χ, sq is entire.

(b) If ω2
πχ

4 “ 1, but ωπχ
2 ‰ 1, E˚pg, f, χ, sq has a simple pole at s “ 3{4.
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(c) If ωπχ
2 “ 1, E˚pg, f, χ, sq has simple poles at s “ 1 and s “ 3{4.

Theorem 8.0.4. Let π be a cusp form on GL6pAq. Let S be as above. Then

LSpπ,Λ3 b χ, sq “
ź

vRS

Lvpπv,Λ
3 b χv, sq

is entire unless ω2
πχ

4 “ 1 and ωπχ
2 ‰ 1. In this case, the L-function can have at most a

simple pole at s “ 0 or s “ 1.

Proof. By theorem 6.1, we can write

I˚pϕ, f, χ, sq “
ź

vPS

ΦvpWv, f
pvq, χv, sqLSpπ ˆ χ,Λ

3, 2s´
1

2
q

For v P S, by theorem 7.4, we can choose data so that ΦvpWv, f
pvq, χv, sq is nonzero, together

with theorem 8.2, we proved this theorem.
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