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1. 1Introduction.

The pr;ncipal result of this paper, stated in Theorem 3, is a form of
the Bayes Theorem which is required for the solution of many problems in the
control and estimation of stochastic systems. Although the original motivation
for the problem treated here is in the field of control, it is more convenient
to formulate it in terms of estimation., Its application to control will be
discussed in a later paper.

We shall be:concerned with the estimation of a "system process" x(t),
0< t<T which we assume to be defined as a stochastic process x(t, M)
on a known probability space (QX,(BX, Px), (ﬂeQX). It is further assumed that
the system process cannot be observed directly. Instead we have available

an "observation process" z(T) which is given by

T
(1.1) z(T) = g x(u)du + w(T) 0<T<T

where w(T) is a standard Wiener process independent of the system process. Our
available data is z(T), 0< 7 < t, for t fixed in the interval 0< t < T,

and using this data we wish to estimate some functional of the system process

x(71), O <T<T

(1.2) Glx(7, M); 0< T < TI.

It will be assumed that the resulting function g(7) defined on (QX’EBX’ PX)

by

(1.3) g(m) = Glx(M, 7); 0<7<T]

is integrable.

The system process, or more precisely, the space QX on which it is defined
corresponds to the parameter space in the usual Bayes approach to the theory of
estimation, Thus the probability PX is the a priori distribution for the
unknown parameter; the process z{(T), O <T<t is the observed random variable

and we wish to estimate the function g(1]) defined on the parameter space.
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We shall assume a squared error loss function., Hence we wish to find an

estimate 68(z(t), 0 < T < t) which minimizes

(1.4) E(g - 8)2.

It is well known that this is accomplished by letting
(1.5) 6 = E[g|z(7), 0 < T< t].

Our task then is to compute this conditional expectation. In Theorem 3 a
formula is given for (1.5) where, in addition to the usual measurability and
integrability assumptions, it is assumed only that the system process is square

integrabl e almost surely

T
(1.6) f [x(t, N)]%dt < e a.s. P

5 X
It should be noted that by the proper selection of the function g, this

result can be used to solve the smoothing problem, the filtering problem and

the estimation problem in addition to many others. For smoothing let

i

(1.7) g(M) = x(s, M)

where 0 < s < t, for filtering

(1.8) g(n) = x(t, M)

and for prediction

(1.9) g(M) = x(s, M)

where t <s < T. It may be noted that by letting

(1.10)  g,(M) =1(N, a)

the conditional expectation (1.5) becomes the a posteriori Bayes risk for the
loss function L(T, a) where a belongs to an action space. Thus the con-
ditional expectations of the form (1.5) are those required to solve the general
Bayes decision problem.

The formula provided for the conditional expectation (4,32) of Theorem 3
is useful in applicationsonly in the case that t is fixed. If the data is

-2 .



coming in continuously and we require an estimate whiqh is.being continuously
revised to take into account the new data, then this formula, while valid, is
not practical since the estimate at time ¢t + A must be completely recomputed
using all the psst datez. The value of the estimate at time t is of no use
in computing the estimate zt time t + A. The practical method of computing
an estimate which depends continuously on time is by the use of a stochatic
differential equation. Under additional assumptions on the system process,
the formula presented in this paper (4.32) can be used to obtain such a
differentisl equation. This work will be given in a later paper.

Certain generalizstions of this problem considered here can easily be
hzndled by the methods of this paper. For example, both the system and the
observation processes may be vector-valued. The observation equation (1.1)

may be replaced by

t
(1,11 z{t) = f hiz, x(7}))dr + w(T) 0<T<T
0

where h satisfies appropriate regularity conditions. However, as each of
these generalizations introduces complications in notation and technique, it was
deemed best st this stage of the investigation to treat the simplest case
which includes what we consider to be the essential difficulties inherent in
the problem.

Further generalizations of the observation equation have been considered

znd will be presented later. For example, the case
(1.12) dz(t) = hi7, x{+}); d7 + o7, x{7))dw(T)

can be solved by these methods. The success of generalization in this direction
depends on the existence of results of the Cameron and Graves type quoted in
Lemma 2,

Ore essentisl property of the estimation problem that is omitted here is
the possibility of control in the distribution of the system process. This
property is difficult to formulate rigorously and since it is not considered here,

no attempt at such a formulation will be made. However, since the motivation
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for the work is the desire to obtain results valid for a "controlled" process,

some comment is essential. Heuristically, in a '"controlled" system at any given

time t the distribution of the future of the system process (x(T) for T > t)

is permitted to depend on the past of the observation process (z(7) for 0 < T < t).
The formula in.Theorem 3 was obtained earlier under the assumption that

system process is constant in time

(1.13) x(t) = x

and x 1is a random variable with a finite number of states, It is presented
‘along with the stochastic differential equation satisfied by (1.5) in an
interesting and fundamental paper by W.M. Worham [5]. This paper is,to the
knowlege of the authors, the only rigorous work on this aspect of the estimation
problem. 1In fact, the generally heuristic nature of the literature in this area
justifies in our opinion what might appear to be an excessive attention to
technical detail in the following treatment.

Theorem 1 in section 1 states a general form of the Bayes Theorem. 1In
Theorem 2 the result is extended to the case in which conditional densities exist.
In section 3 the probability structure of the problem defined by (1.1) and (1.5)
is presented in detzil, and some lemmas which will be required later are proved.
In section L, the main result of the paper {Theorem 3), is stated and proved.
Theorem 3 is cast in z form which is convenient in the derivation of the
stochastic differentizl equation to be presented in a later paper. Another form
of Theorem 3, given as a Corollary in section 5, is more appropriate for the
estimation problem. Its use in a Monte Carlo computation procedure is also

discussed in the last section.
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2. General Bayes Theorems,

In Theorem 1 we consider an arbitrary random variable g, measurable with
respect to a sub g-field 6RX’ and compute its conditional expectation with
respect to another sub c-field(ﬂ 7" In Theorem 2, the same conditional

expectation is computed under the further assumption of existence of conditional

densities,

Theorem 1: On the probability space

(2.1) (Q,&,P)

let g(w) be an integrable random variable measurable with respect to a sub

og-field CRX and let Q(A,w) be a version of the conditional probability

(2.2) Q(A,w) = E(IAIQX) a.s.
for ael ,CA . Ihen ¢, defined by

(2.3) 9,(8) = [ glw)e(a,w)p(dw)

for AsCQZ is a finite signed measure on (99412)3 it is absolutely continuous

with respect to Pzﬂ the restriction of P to CQZ; and its Radon-Nikodym

derivative satisfies

de
) / - 8
(2.4) ELgICQZ) " W@, a.s. P,

Proof: From the integrability of g and the properties of conditional probabilities
it is easily verified that ¢g is a finite signed measure.

Since the conditional expectation E(g](ﬂz) is an-measurable, in order

to verify that E(g‘CQZ) is a.s. the Radon-Nikodym derivative in (2.4) it

suffices to show that
(25)  ElLE(E|0,)] = 9, aell,.
For AGCQZ’ IA(m) is CQz-measurable, so that

(2.6) 1,Es|A,) - Eer, IQL,) a.s.

Taking expectations, we have



o

(2.7) Bl1,E(el,) 7 = Ela(er, |A,)T = E(e1,).

Since g isa\x-measurable

(2.8)  E(er,ld,) - ex(r, | a.s.

Thus from (2.2), (2.3) and (2.8), we have

(2.9) (g1, = Els(e1, | )] = [ gwla(aw)p(aw) = g (4).

The result (2.5) then follows from (2.7) and (2.9).

Theorem 2: Let the following conditions be satisfied:

(i) the conditional probabilities Q(A,w) in (2.2) are regular,

(ii) the o-field (IZ is generated by s countable family of sets; and

(iii)there exists a measure \ defined on (Q’an) such that Q(A,w) is

absolutely continuous with respect to A for weR' where P(Q') = 1.

Then, it follows that

(iv) P, 1is absolutely continuous with respect to X,

(v) there exists a function q(f,w) which is measurable on (Q)(Q,C?zxéﬂx)

and satisfies

(2.10)  a(gu) = - owi(e) ae. AXP,
(vi)
(2.11) 0< [ q(&,0)P(dw) <= a.s. P, and

(vii) for g integrable and éQX-measurable

(2.12) E(g‘&z) _ .Jllg(w)q(é,w)P(‘dw) a.s. P
Ja(g,w)p(dw)

Zo

Proof: 1In Doob [2] (Example 2.7 of the Supplement, p. 616) the existence of
a jointly measurable density q{&,w) is shown in the case t:‘natdX = & is
generated by a countable family of sets. A very slight modification of the
argument given there establishes the existence of the function q(&,w)
satisfying (2.10) for our case. The details of this argument will be omitted.

From the definition of Q(A,w) in (2.2), for Aeézz
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(2.13) P (A) = E([ ) = E[E(L |5fX;J = Q{A,w)P(dw).

Thus, from the absolute continuity of Q{A,w) with respect to A assumed in
condition (iii), it follows from (2.13) that PZ(A) and from (2.3) that Py

are absolutely continuous with respect to A . From Loeve [4] (p. 141, Example 21)
dp.  dp  dP

8 _ g Z
(2-1’4’) dX = sz e d)\. a:e, )\c
Let
dp

(2.15) Ay = {w] 52 (@) = 0.

Then
_ p,
(2.16) I {wih(dw) = AO, = C
and hence °
dp,
(2.17) 0< g7~ <w a.s. P,.

Finiteness focllows from the finiteness of P,. From (2.14)
dep do dp

_ 8 g 7.\ Z/,'-»‘
dP (6) = 5x2 (W) / 3= {w} for wéAoL)BO

(2.18)

where B, 1is set on which (2.1%) does not hold so that X(BO) = 0. Since

0
PZ is absolutely continuous with respect to A PZQB ) = 0 and hence
dep deo dP
\ g _ _ 8 Z
(2.19) dPZ =TI / I a.s. on
It remains to show that
dwg .
(2.20) g2 (&) = [ glw)a(t,e)p(dw) a.s. P,
and
dPZ
(2.21) I (&) = f q{t,w)P(dw) a.s. P,

From (2.3) and (2.10) of the theorem, for Ae(22

(2.22) g (a) = [ gl=)e{a,wip{de) = [ g(w) [ IA q{g,w)A{de) P (dw).
Applying the Fubini Theorem {see, for example, Loeve [4] p. 136) on the
product space (2 x a, R, % (x> * X 2y) to (2.22), it follows that
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(2.23) 9, (4) = IA[ [ #(wale,w)p(dw) n(de)

and that [ ] in (2.23) is anCl_Z-measurable function of ¢. Thus the expression
[ ] in(2.23) is the Radon-Nikodym derivative of ¢g with respect to \ and
(2.20) follows. The result (2.21) follows by the same argument for g(w)=1.
Conclusion (vi) of the theorem follows from (2.17) and (2.21), and (vii) follows

from (2.19), (2.20) and (2.21).

3. Function Space Formulation,
[0,t]

Let R be the space of all real-valued functions z(7) for O <t<t,

[0,¢] defined in the usual manner, and

let BIEO’t] be the product o-field in R
let C[O,t] be the space of real-valued continuous functions on [O,t].

Define measurable spaces (W,de) and (Zt,igz ) as follows
t

w = c[o,T],
0b {o,T]
=W ?
(3.1) Bu R
z, = clo,t],
0,
$Zt - ZtnBI[{ t]’

where 0< t < T,
It will be assumed that a Wiener measure P, is defined on (W,t}w)
and that a probability space (QX’GSX’ PX) is also given. Elements of

QX and W will be denoted by T and w respectively. The probability space to

which Theorem 2 will be applied is the product space defined by

(3.2) (QA, P) = (a4 X w,&x XGSW, Py X Po).

The g-field Ckx is induced by the projection transformation
(3.3 @) - @y

defined by

(3'h) §(nsw) = T.

Thus



35 A=ty -0, «w

consists of the cylinder sets in X W with bases in bBX

QX
It will be assumed that a real-valued stochastic process x(u,Tn)
0<u<T, NeQy, called the system process, is defined on (.Qx’dsx’ PX). The
g-field C[z is induced by the transformation H to be defined in (3.8) and
(3.9). The measursbility of H is demonstrated in Lemma 1.
Since t will remain fixed throughout this section,we shall drop the sub-
script t, following the convention 2 = Z, and BZ =@Z . It may be noted
that in Lemma 1 the tremsformations h, H &and j all depe::ld on t, but that this

is not reflected in the motztion at this point,

Lemma 1: If x(u,N) is a (jointly) measurable process, then the transformations

(3.6) b (2.0 - (2,0,

and

.1 o @0 - 28y

defined l)_}_r

T t
[ x{u,Mdu for 0< < if [ [x(u,M)]Pdu<e
0 0
(3.8) [h(M} il =
t
0 for 0< <t if [ [x(4,M)]Pdu = »
0
and \
(3.9) HM,w (=) = h(M){T} + wlw), <<t

are measurable and

(3.10) H(Q) = Z.

Procf: The process x(w,1]) is assumed to be jointly measurable on

. r .~ . ’, 3
({0,T] % “&’Qo,r] »\@, bio,T] N PX) where @ 0,r] is the Borel

is Lebesgue meassure on the interval [O,T!. Thus x+(u,'l'])

o-field and Wio,T]
’ o

and x (u,T) are also jointly measursble and by the Fubini Theorem for
T

’T
positive functions, J‘x+(u,'r]}du and f x (u,N)du axe 6x-measurab1e in
0 0
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t
N for 7 fixed. Similarily, J‘[x(u,'ﬂ)]edu is Bx-measurable and hence
0

t
(3.11) c=1{: ‘fo[x(u,'n)]zdu <ol GBX.

Define
.
. [ x"(u,M)du if " TeC
h'(T,1M) = 0
0 if Tméc
(3.12) T
[ x"(w,M)du if TeC
h-(T"n) = 0
o if méc.

These functions are @X-measurable and finite for T fixed (0 < t<t) and

hence h(T,TN) defined by

(3.13) h(7,M) = & (7,M) - h7(T,7)

is finite and B X-measurable for T fixed (O <rT< t). It follows from

(3.12) and (3.13) that
(3.14) h: (QX,@X) - (R[O,t]’ﬁgéo,t])

given by

(3.15) (h(M)1(7) = (M, )

satisfies (3.8) of the theorem. Since h is Bx-measurable coordinate-wise,

[0,¢t]
R .

it is measurable with respect to the product o-field & From (3.8)

h(M,T) is clearly a continuous function of T for 'ﬂeQ,x fixed. Thus

(3.16) h(QX)C:c{O,t} = 7

and h in (3.6) is measurable with respect to (BZ = C[O,t]nnlgo’t]. The

transformation
311§ w8 - (2B
which restricts functions w(t) for O < 7<T to the range 0< T<t,

(3.18) [G(w)1{7) = wiT) o< <,

1A

is clearly measurable,

- 10 -



Finally, defining

(3.19) H(M,w) = h(M) + §(w),

it is easily seen that H 1is a measurable transformation from

(QX X W, BX XBW) to (Z,&Z). Let 2z be an arbitrary element in Z and
let ﬂeQX be fixed. Then

(3.20) h(M)ez

and

(3.21) 2, =z - h(1) ¢ Z

since both are continuous functions on [O,t]. Define
zo('r) o< T<t

(3.22) WO(’T) =

z(t) t< t<T.

Then from (3.18)

(3.23)  §lwg) = 2,

and

(3.24)  H(Mwg) = (M) + F(wg) = B(N) + 2, = =.

Thus
{3.25) zeH{D)

and (3.10) follows. This concludes the proof of Lemma 1.
We shall write w = (7,w) and H(w) for H(T,w). If the system process

x 1is jointly measurable, it follows from the preceding lemma that

(3.26) Qg =B,

is a sub o-field of én, We recall from the definition of P and v (3.18)

that Pﬁﬁ-l defined by

(321 BRI THB) = (TR, B,

is a standard Wiener measure on (Z,(%Z). Let 2z, be a fixed element of Z

0
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and let Pz be the probability on 532 given by
0]

(3.28) P, (B) = Py [w: §(w) + z,eB] for Bed?z.
0

We shall require the following result due to Cameron and Graves [l] (Theorem 1, p.162)

Lemma 2: Eﬁ zoez ii differentiable and its derivative
dZO(T)

(3.29) T = xo("r), o< <t

is square integrable

t
(3.30) [ [x5(1)1%d7 < =,

0

then P  is aheolutely continuous with respect to Pﬁi-l and
25— £ T —_— ==
1
t—\'- - 2

de_ foxo(i/da(T) 5 IO[XC(T)] dr .
(z.31) =1 (z) = e a.s. Pwi- .

dp_§ =

It is understood that the first integral in the exponential in (3.31) is
to be replaced by zero for those values of 2z for which the integral does
not exist and hence that the Radon-Nikodym derivative is defined for all
values of zeZ.

Lemmz 3: For Aecxz and wef2, define

3.3 (A,w) = (HA)
(.a 32) Q\A'U) Ph[@(m)]‘H‘A"
\
where P_ (B) is defined by (3.28), h and H by (3.6)-(3.9), and & is the
0
projection (3.4). Then Q{4,s) is a regular conditional probability measure

for PZ givenax,,

Proof: From the definitions of Pz , H and E
0

(3.33)  Py(py(HA) = Pulw: §(w) + n(M)eHa]

Pw[w: H(7,w)eHA].

Since from Lemma 1 (3.10) H 1is onto,

(3.3%) P lw: H{M,w)eHA] = P [w: (M,w)eA] (a

T]>
where A,n is the section of A at 1. Thus from (3.32), (3.33) and (3.34),

(3.35) QA,w) = PW(AQ(w))'

Py

It follows that Q(A,w) is a measure in A for w and hence 1 fixed. By
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the Fubini Thecrem, for Aeg BX X&w

(3.36)  P(a) = IQ By, (g )2y (am)
X

where PW(A,n)is a ‘}X-measurable function of 1. Since & is a -measurable,

X
it follows from (3.35) that Q(A,w) is ax-measurable for Aeaz fixed. For

Ce&x, since C 1is a cylinder set, there exists Be:65x such that
(3.37) C =R XW.
Then for Ae&z from (3.36)

(3.38) jczAcw)P<dw) = p(aDe) = jg pw[(Af]c)n]pX(dn).
X

From (3.37)

(3.39)  pltalledp] = Bylag)zy(m,

and hence (3.38) may be written as

(3.40) ICIA(w)P(dw> = IBPW(An)Px(d“) = fwaPw<An)Px(d“)Pw(dW)

= P_(A P(dw) = | Q(A,w)P(dw).
IWJ‘B W (w) J‘C
From (3.40) it follows that

(3.41) QlA,w) = E[l‘A(Lx)}I&X]fw} a.s.

4, Main Theorem,

Under the assumption that the system process x(T,7) is jointly measurable
2nd square integrable a.s., Theorem 2 will be applied to the probability space
defined by (3.2) with&x given by (3.5) and dz by (3.26). 1In order to
do this the conditions (i)-(iii) of Theorem 2 must be verified. First,
according to Lemma 3 Q(A,w) given by (3.32) is a regular conditional probability

measure for P, given ax, and hence (i) is satisfied. Condition (ii) is
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checked by noting that the o-field (ﬂz is generated by the countable class

of sets
-1 )
(%.1) {n (Bto,a,b)lto’a’b rationall}
where
(k.2) B = {z|zez, a < z(to) <bl.

to,a,b

In condition (iii), the measure )\ will be defined by

(4.3) AMA) = P#E-I(HA) Ae[&z

where Pwﬁ-l is defined by (3.27). Then, according to Lemma 2 P is
0

sbsolutely continuous with respect to Pﬁi_l provided z. satisfies (3.29)

0
and (3.30). For Aeékz such that \(A) = 0, from (4.3) clearly Pﬁﬁ-l(B) =0
where B = HA and hence PZO(B) = PZO(HA) = 0. Thus from the definiciqn of
Q(A,s) given by (3.32) it is clear that Q(A,w) 1is absolutely continuous with
respect to A for all w such that h{§(w)) satisfies (3.29) and (3.30).

Referring to the definiticns of h and & given by (3.8) and (3.4) we see that

t
ITx(u,ﬂ)du for 0 < 1<t if I [x(u,n)12du < &
0 0
(L.h) h(g(Nw)](1) =

t
0 for 0 <7<t if [ [x(u,N)]%du = .
0
Thus, since =x(u,T) is assumed to be square integrable a.s., it follows that

T
(&.5) h[8(N,w) (1) = jox(u,n)du a.s. (Py X P.).

Hence h[&(w)] is differentiable a.s. and
(%.6) L= hE(MwW (T = x(,1)
(+.95) P Now,; I(T) = 2x{71,7M a.8.,
where, by assumption
t
(%.7) [ [x(u,m)1Pdu < a.s.
0]

Thus (3.29) and (3.30) zre satisfied a.s., and condition (iii) of Theorem 2 is

seen to hold.
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A formula for the Radon-Nikodym derivative on the right side of (2.10) of
Theorem 2 can also be deduced from Lemma 2. For w = (7,w) fixed and such
that (4.6) and (4.7) are satisfied, by Lemma 2

dp
1.8) 2 ;) _ ¢ (2) as. B
de][' L

where

t 1 t -
on(u,n)dz(u) -3 fO[x(u,n)] du
(4.9) fn(z) =e

Define

(4.10) q,(€)

fé(w)(Hg) for ¢teQ.

The function f@(w)(z) is measurable on (Z,[}z) for w fixed as above
since it is a R-N derivative. Thus qw(g) is measurable on (Q,Clz) since

by Lemma 1 H is a measurable transformation from (Qgﬁtz) to (Z,K}z).

For Ae(iz

(1) [ a(ene) - jAfw(Hmwi'lu(dg) - jHAfw(zwwﬁ'l(dz),
(see, for example, Lehmann [3], Lemma 2 p. 38). From (4.8)

(k.12) IHAfQ(w)PWE'l(dz) = Pyra(w) ] (HA)s

and thus by definition of Q(A,w) (3.32),

(k.13) quw(e)x(dé) = Q(A,w).
It follows that
(18) S Q(e,w)(E) = g (6) a.s. A

for weQ', where Q' 1is the set on which (4.6) and (4.7) hold and hence P(Q') = 1.
Now from Theorem 2 there exists a function q(¢,w) measurable on

(@ xe, 4, x&() which satisfies

(k.15) q(&,w) = qm(ﬁ) a.e. AX P.

The conditional expectation given.éﬂz of every'cmx-measurable and integrable

random variable g is given by (2.12) of Theorem 2.
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To facilitate interpretation and application it is desirable to recast the
right hand side of (2.12) in a more convenient form. For this purpose we intro-
duce the probability space
~ ~

) x (W, },2.)
& o~

P
where the spaces (Q ,K}X,P ) and (@ ,ESX,PX) are identical. On the space

a6y @GP = (alhyery) x @b,

(a, Cl), define the projections

Gan 3G - @Ry

and
(4.18) 3'2 :(Q 0{) - (g,d) (sz X W, 03 x )
by
~ V
(%.19) (N, M, w) =1
and
~ ~ ~
(4.20) &, (M, M, w) = (M, w).

From (4.18) letting
L4

) —

(%.21) P =P XP,

it is easily seen that

v

P(@ A) = PX(A) if Ae(BX
(4.22) v

P(§ A) = P(A) for Aed.

Let g(TM) be an integrable random variable on (QX?mX’PX)' Then
~
58(w) = g(8(1,w)] = g(1) and ghy(a) = g[8, (M7,)] = g(1) are integravle
random variables on (Q,CQ}P) and (5: ,;) respectively. The conditional
expectation E(g@léxz) is an.ClZ measurable function on (Q,CQ). Since CQZ
is induced by the transformation H (3.26), there exists a x;z-measurable

function F(z) on Z such that
(.23 E(se|R,)(w) = FI(w)]

(see Lehmann [3], Lemma 1, p. 37). To denote this function F(z), we will
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use the more suggestive notation.

(h2h)  E(gt|u,dh,)(z) = F(z)

where F(z) satisfies (4.23) and hence

(4.25)  Ef g@|(92><»> = (g8 |7 13,) (0) = E(e2 (8, ) (H(w)).

The o-field dz in (Q 6\) is defined by
d ~
(1.26) A, = i)y = XA,

Following the notation outlined above

~ ~ v ~ ~ ~ A o~
en) Rl ) = Elol o) ((5)1(w) = 5clud,, B, (s, ()

At P

where G 1is an arbitrary integrable (or non-negative) random variable on (Q, ClLP .

On the space (Z,{Zz) denote by PZH'1 the probability measure

(4.28) (B V)(B) = B,(u7'B) where Beff,.
Since the following theorem is to be applied in other connections, the

dependence on t will be explicitly displayed.

Theorem 3: Let x(7,T), O <7<Lt, ﬂeﬂx be a jointly measurable process such that

t \
(k.29) J‘O[x(u,n)lgduw I

o

-~

~
Then there exists a function v, (w) measurable on (Q AL) such that

U?@mﬁﬂ®+fxwmkmeu-—jkwmn%ﬂ

(u.30) Yt(ﬂ3ﬂaw) = € a.s. P,
N~ ~ _1
(5.31) 0 <E(y,|ug,,[h,)(2) < a.s. PH T,
and v ~
E(gd, -v, |ue,,[3,)(2) )
h32)  melnfy(e) - A2 as. !

By, 88,.03,) (=)

for all integrable random variables g on (Q ’sz’PX)°

Proof: Consider the projection

w3 el x 00y - b x el

defined by

- 17 -
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(4.34) 6(¢,w) = (8(w),€).

A
Observe that the range space of § 1is QX X0 =0 where § 1is taken to be

n ~
QX X W, and OX X &ZC&' Further, 8 1is a measurable transformation with

(435 oM (Py x ) =ay <.

~
Since q(&,w) 1is &Z XCQ( measurable, there exists Yt(w) measurable on

(QX xn,ﬁx X&Z) such that
(5.36)  a(e.w) = v, (0(E,0))

(Lehmann [3], Lemma 1, p. 37).

It is easily seen that

Y% 1 ﬁ
(%.37) P=P XP,= (P, XP)§"" on ﬁx x(/.~.z

where it will be remembered that PZ is the restriction of P to &Z'

It suffices to take g non-negative and P_-integrable on QX. Since

X
q(t,w) is az X&X measurable, by the Fubini Theorem

(4.38) j‘ggé(w)q(é,w)f’(dw)

~
is &Z measurable in ¢. From (4.26) §2 is a measurable transformation from
™ ~
(Q,CQZ) to (Q,&Z) and hence

(4.39) [ g8(w)a(8,(w),0)P(dw)

”~ ") B
is an QZ measurable function on Q. TIf Aeaz , then there exists BGCQZ
such that A =, X B. Thus, again from the Fubini Theorem and (4.37) (remembering

n .
that O\ZC&( x@z)

~ N Ve v N

(.40) [ [fe2(@)q(8,,(w),w)(dw)Ie(dw) = [ [ (] gd(w)a(g,w)P(dw)Ip, (an)p, (dE)

A Q B ’ B QX Q

= [ [ g¥(w)q(t,w)P(dw)Ip,(dE).
B Q

a7 o~
From the definitions of the transformations 3, &, @2 and 6,

(b41)  g8(0) = gby(w) = 88,(8(£,0) = 8(M)

- 18 -
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where

v W)
w = (T], M W)
(h42)  w= (N, W)
N N N~
£ =8 (0) = (1, w.

Thus from (4.36) and (4.37), the right hand side of (4.40) can be written as

N~ N N AN

v
(4.43) IBIQgélte(g,w)]vt[e(g,w)]P(dw)PZ(dg) = IAgél(w)vt(w)P(dw)

since 8(B x Q) = 0y X B =A. It follows from (4.40) and (4.43) that

N N ”~ ~ ~N N N
(k.1k) E(g2, -y, |0 )(w) = [ g¥(w)ql,(w),w]P(dw) a.s. P,
1 'tz Q 2 Z
' ~ "
Here PZ denotes the restriction of P to sz. In Theorem 2, if ¢ is

~N N NMN
replaced by §2(w), the equations (2.11) and (2.12) hold a.s. on (Q,Cﬂz,rz).

Thus from (k4.Lkh4) we have

7 N ~
(k.45) 0< E}yt|61%](w) <e a.s. P,
and o~ ~
N E(gd, v, [(,)(w) ~
(n16)  E(el0)(3,() = —— EJQZ . a.s. P,.
E(v, |, (@

From the notational convention defined in (4.25) and (4.27), we can write

(4.45) and (4.46) as

N N, Y] N
(h7) 0 < E(y,|H,,f),) (8, (0) <w a.s. P,
and ~ N ~ N N
Moo E(gd. -y, |H8,.(),) (B, (w)) ~
(L.48) E(g|H,Q)Z)(H§2(w)) = 4g 1 YSI 2 Kb%~ A? a.s. P,
E(y, |H8,,¥h ) (HE,(w))

These equations will be used to show that (4.31) and (4.32) of the theorem

hold a.s. PZH-l. Let N be the set on which (4.31) or (4.32) does not hold.
] ) v o~
Since the functions involved are all {32 measurable, NeK}z. For we(H§2) 1N,

(4.47) or (4.48) is violated, and hence from (4.47) and (4.L48)

~ N-l
(4.49) PZ[(H§2) N] = O.
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From (4.22) and (4.28)

P I | -1 -1
(4.50) 0= PZ(§2 H N) = PZ(H N) = PH (n).

Thus (4.31) and (4.32) hold a.s. PZH‘I.

. It remains to show that (4.30) holds. From (4.15) and (4.10)
(4.51) q(t,w) = fﬁ(w)(}!ﬁ) ~ a.e. A X P.
Thus from (4.36) and 7k, 3L}

(4.52) Yt(é(m),g) = f@(w)(Hg) a.e. AX P

~; N
where fn(z) satisfies (4.9). Let Q' be the subset of Q on which

t
I [%x(u,n)]%du < =,
0
t
(4.53) ' [x(u,M)]2du < @, and
0

t
f x(u,ﬂ)dw(u)
0
~
exists and is finite. From the form of the probability space Q (4.16) and
»~ ~

assumption (4.29), it follows that P(Q') = 1. For W' it is easily seen
from the definition of H (3.8) and (3.9) that

~N N

t t o 1 t
[ x(u,Mdw(a) + [ x(u,M)x(u,)du - z [ Ix(u,m)12du]

~N ~
Let N be the set in § on which

~
(h55)  vo(n B w) 4 £ (001,

»
Since (4.52) is violated for (g,w)ee-l(N), there must exist a set Medzz XC@K

such that

(5.56) e t(NCu

and
(4.57) (A xP)(M) = 0.
~
From (4.35), there must be a set Mg‘}x Xeﬁz such that
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-1,Y
(4.58) M=0 "(M).
Since @ 1is onto, it follows from (L4.56) and (4.58) that
(4.59)  NCH.

It was shown earlier that PZ is absolutely continuous with respect to X\. Thus

from (4.57) it can be shown that
-17
(4.60) (PZ XP)(& M) =0
and hence from (4.37)
~ N
(4.61) P(M) = O.

From (4.54), (4.55),(4.59).and (4.61) it fellows that (4%.30). of the Theorem holds

a.s. P.

5. Discussion,
A more explicit form of Theorem 3 is given in the following corollary.

Corollary: Let x(T,1), O <7<t ﬂéﬂx be a jointly measurable process such that

(5.1) It[x(u,ﬂ)]zdu <® a.s. Py,
Then ° t 1 t
[ x(@,n)dz(w) - 5 [ [x(e,1)]%du
(5.2) 0 < J‘[e © 0 ]Px(d'n) <em a.s. Pzn'l
and t 1 t
-_— ,J‘OX(‘-‘,TI)dZ(U)- 3 J‘O[x(u,,'ﬂ)]edu
e P (d
(5.3) E(g@lH,&%z)(z) = I[g(g) T : X( " a.s. PZH'1
[ x@,Mdz@) - 3 [ [x(u,1)1Pdu
fre® ° ] 2, (an)

The integrals in (5.3), taken over QX are well defined since the

expressions [ ] are {}X measurable a.s. PX for zeQé where PZH-I(Q'Z) =1,

~ ~ ~
Proof: From (4.36) yt(w) is measurable on (Qx X Q,GSX XC@Z) where w = (7,7,w),

NeQ, and (MN,w)eQ. From (4.37) and the Fubini Theorem, it can easily be shown

X
that
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ry o e ed ~
(5.4) Elgd; v, |, I(M, M. w) = [ g(My (N, M, w)r, (an) a.s. P

From (4.55), (4.59) and (L4.61)
~ ~; ~
(5'5) Yt(n’ M W) = fn(H(n’ W)) a,s. P
where fn(z) is given by (4.9). Again by the Fubini Theorem and (k4.37) for

(ﬁi w)eQ' where PZ(Q') =1

N ~
(506) Yc(nn ﬂ,-W) = fn(H(ﬂa W) a.s. PX.

The exceptional set here may depend on (ﬁ: w).
From (5.4) and (5.6)
N~ PAd I's ~ N
(5.7) Blgd) v, A, 1(=) = [ s(M) £, (88, (w))2y (an) a.s. P,

where integration on the right side of (5.7) is understood to be with respect
~
to the completion of the measure PX. That is, the right side of (5.7) is 627

N~

measurable in (7,w) a.s. P By definition (4.27)

Z°
. ~N N ~ ~ LA 4 ~ _1‘3 o~
(5.8) E(gd, v, |18, [},) (BE, () = E(gd, v | (18,)7"15,) (w).
” o1 y , «
Since (HQe) 632 =612, from (5.7), using.an argument similar to .that:in .the proof

of Theorém 3 it can be shown that
. N
(5.9) [ (M) £4(2) B,lam) = E(gd, -v, B8, (3,)(2) a.s. PH .

The Corollary then follows from Theorem 3, (5.9) and (4.9). From (5.6) the
'y _ At
function fn(z) is 63X measurable a.s. P, for zeH(Q') = Q ;, Where
=1, _ 'y
P H (@ z) = Pz(sz Y =1,

Formula (5.3) of the corollary can be used to find Monte Carlo approximations

to the desired estimates. Suppose we wish to estimate a functional
(5.10) Gx(T); 0< < T)

defined on the system process. For example, the form of this functional required
for the smoothing; filtering, and prediction problems .are given'by (1.7);u(1:8) .
and (1.9). We will assume that a_sample of system processes is available. . Thus
the functions
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(5.11) Xn('l') 0<r<T

are independent for n = 1,2,..., N and as random variables with values in

function space,they have the distribution induced by PX' Let

(5.12) g, = 6(x (1), 0< T<T).

It will be assumed that the process

(5.13) z(7) o< <t
has been observed. Then we can approximate the "best'" estimate of G by
1
‘ N -ﬁnglgnfn
(5.1k4) 6(z(7), 0 < 1< t) =E[G|z(1), 0< v< ] = —
¥ I
h ¢ 1 6
here [ % (@)daiu) - 5 [ [x (u)]Pdu
0 -0
(5.15) fn = e .
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