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Abstract

In this paper, we continue our study in combining the matched-field method with the bound-
ary integral equation method from inverse scattering theory to study a sound source localization
problem in a shallow ocean with an unknown large inclusion. We assume that there is an un-
known inclusion embedded in a shallow water waveguide. The existence of the unknown inclusion
changes the propagating field greatly. Therefore, neglecting the existence of the unknown inclu-
sion will lead to substantial mismatching in the matched-field signal processing. To compensate
for environmental unknown, we send in a number of acoustic waves emitted from known loca-
tions, which scatter off the unidentified inclusion and are received by a hydrophone array. We
discuss the CW mode structure in such a waveguide, then present a method to generate ap-
proximately the replica field from an acoustic source using the previously recorded information.
Combining the information of these scattered waves and the signal from the target, we present
an optimum beamforming algorithm to estimate the location of the CW source. A numerical
simulation using this method is presented.

1 Introduction

Matched-field processing has been studied extensively in recent years as a method for localization
of underwater sound sources [1] [2] [9] [11] [12]. In matched-field processing, a model is used to
simulate the acoustic field propagating from an object to a receiver array. Using this model, one
generate replica fields corresponding to object locations, and estimate the location of the object by
observing which of these replica fields best matches the received data. This requires that we have
a good model which truly reflects the ocean environment. However, there are unknown structures
and uncertainties in the medium which affect the accuracy of the model. In fact, as an example,

if we consider a shallow ocean with an unknown large inclusion, we find that the existence of the
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unknown inclusion changes the propagating field greatly. (The propagating fields from a point source
in a waveguide with and without the inclusion are plotted in figures 4 and 5 respectively.) Therefore,
neglecting the existence of the unknown inclusion will lead to substantial mismatching in the matched-
field signal processing.

In our recent papers, we combine the matched-field method with the boundary integral equation
method from inverse scattering theory to study a sound source localization problem in a shallow
ocean with an unknown large inclusion [14], [17]. To compensate for environmental unknown, one
straightforward method of avoiding mismatch is to use the inverse scattering method (ref. [6] [7] [15])
to reconstruct the shape of the unknown inclusion and then use the BIEM method in [16] to estimate
the location of the source. However, sometimes one is only interested in locating the sound source. In
that case, the method above is not a wise choice because the reconstruction of the unknown inclusion
requires a large amount of information and very heavy computation. Moreover, the ill-posedness of
the reconstruction problem will cause unnecessary error. In [14], [17], we present a method which
uses the idea of inverse scattering without actually computing the shape of the unknown inclusion.
To localize a continuous wave source we send in a number of “mode waves” which scatter off the
unidentified inclusion and are received by a hydrophone array. By combining the information from
these scattered waves with the signal from the point source we present an algorithm to estimate the
location of the CW source. A numerical simulation shows that this algorithm works well when the
signal-to-noise ratio is not too small. However, there are some concerns to this method. First, it is
not easy to generate the single mode wave in practice. Secondly, the estimator used there is sensitive
to noise.

In this paper, we extend our study in combining the matched-field method with the inverse
scattering method to study a sound source localization problem in a shallow ocean with an unknown
large inclusion from three aspects. First, we present the method for more general type of acoustic
sources. Second, instead of using “mode waves” as incident wave to compensate for environmental
unknown, we send in a number of point source acoustic waves emitted from known locations,
which scatter off the unidentified inclusion and are received by a hydrophone array. Third, we use a
constraint beamformer as estimator instead of the simple least squares estimator in [16]. In section 2,

we discuss the CW mode structure in such a waveguide, which provides a theoretical foundation for



our method. In section 3, we present a method to generate approximately the replica field from an
acoustic source using the previously recorded information. In section 4, combining the information
of these scattered waves and the signal from the target, we present an constraint beamforming
algorithm to estimate the location of the CW source. In section 5, a numerical simulation using this

method is presented.

2 CW mode structure in a waveguide with inclusions

We denote the waveguide with depth d as R2 = {(z1,23)] — 00 < 21 < 00,0 < x5 < d}. An
inclusion which is a bounded region located in the waveguide is denoted as 2. This inclusion can
be a part of the ocean bottom (see figure 1 and figure 2). Based on the linear theory of acoustics
[13], the acoustic field generated by a transmitter is characterized by a real-values acoustic potential

function
u=u(t,x), t € R, x = (z1,22) € R5\ O, (2.1)
which satisfies the inhomogeneous wave equation
Py

@u—czAu:f(t,X) forte R, x e R;\ Q. (2.2)

Here ¢ is the sound velocity, A is the Laplacian and f(¢,x) is a known function characteristic of the

transmitter. CW mode fields are generated by source functions of the form
f(t,x) = g1(x) coswt + go(x) sinwt = Re{g(x)e ™"}, (2.3)

where w > 0 is a fixed frequency and g = g1 4+ tg>. If the wave is emitted from a point source located
at x = x* = (af, 23),

g(x) = 6(x — x°). (2.4)
The corresponding CW mode field has the same time dependence:
u(t,x) = p1(x) cos wt + pa(x)sinwt = Re{p(x)e ™"}, (2.5)

where p = p; + ip2. u(t,x) satisfies the wave equation with f(¢,x) defined by (2.3). It follows that

the complex-valued wave function p(x) satisfies
A p(x) + kp(x) = g(x), x = (21,22) € Rg\ O, (2.6)
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where k = w/c is called the wave number.
For the sake of exposition, we assume that the water waveguide has an acoustic free surface at

o = 0 and the flat part of the bottom is acoustic rigid. Then, p(x) satisfies also the following

condition:
0
p(z1,0) =0, a—p(x) =0, forxel;\Q, (2.7)
Z2
Bp(x) =0 for x € 90N R}, (2.8)

Here I'y = {x|z; = d} and Bp is a symbolic notation corresponding to the property of the boundary
of the inclusion. For example, Bp = p for sound soft object; Bp = 3—5 for rigid object, and so on.

Moreover, p(x) satisfies an outgoing radiating condition, i.e., for |z1] — oo, p(x) has an expansion
p(x1,22) = Z angbn(wz)eik"'“', (2.9)
n=1

where k,, = [k* — (n — %)22—;]1/2 is the horizontal wavenumber, and the coefficients «,, depend on ¢(x)

and the sign of z;, and
1.7

$n(w2) = sin[(n — E)Efz] (2.10)

The primary CW mode field is the CW mode field po(x) generated by ¢g(x) when no scattering

object is present. It is given by

mixig) = [ Golxiv)g(y)dy, for x € R}, (2.11)

where D = supp(g) = {x|g(x) # 0} and
oo 1 ' .
Golxix") = 3 { g7 dnloa)n(ap)elo e (2.12)

Here we denote py = po(x; ¢) to emphasize the dependence of py upon the source g. We may omit ¢

if there is no confuse caused. If it is a point source at x°, then ¢g(x) = §(x — x°*) and
po(x;9) = Go(x;x%), for x € R2. (2.13)

The CW mode field which is produced when py is scattered by the inclusion € is denoted by ps..
The total CW mode field

P(x) = po(X) + pac(x) (2.14)
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satisfies (2.6)-(2.9) implies that p,. = p — po is a solution of the problem

A pye(x) + kpo(x) = 0, x € R3\ Q, (2.15)
Opse

pse(z1,0) =0, 5 (x) =0, forxe'y\Q, (2.16)
)

Bp,.(x) = —Bpo(x) for x € 9Q N RS2, (2.17)

and ps.(x) is out-going as |z1| — oo.

By Green’s formula, the CW scattered field p,. has an integral representation

) == [ e " Gy 2 i, o xemR (213)

v, Vy

Using the boundary condition (2.17), we can obtain a representation

pse(x59) = TB {po} (x;9), (2.19)

where Tp is a linear integral operator depending on boundary condition Bpy. Readers who are
interested in the forms of Tp could refer to the Appendix of this paper. Again we use py.(x;g) to
emphasize that ps. depends on source g. We will use the same notation for total field p when this
dependence is to be emphasized.

If x is in the far-field where |z,| is large, say, |z1] > supyepuailyil}, then po(x; g) represented by

(2.11) has asymptotic representation

Po(X;9) = g:l{

1 S |
ok i} [, dnlya)e B g )y, ()=

= 3" Valg)onan)elo i, (2:20

where

1 —sign{zi }1 1 ¢ o ¢
V) = {555} [ dalumdemmedbon gly)dy, (n= 1,2, ) (221)

depend on the source function g.

Similarly, ps. represented by (2.19) has asymptotic representation

pae(Xi9) = > Valg) T {6 ()1} (), (2.22)
n=1
where Ty depends on the boundary condition on 0f2.
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Hence, we can represent the CW mode fields in the far-field by

Zv ) [6a(z2)e =+ T {8, ()™ 1} (x)] . (2.23)

For point source CW field, (2,23) becomes
o 1 . o . -
p(xix') = 3 { i | enlan)e bt [, (a4 T {n (e} (0] (220
n=1 n
Formula (2.23) (or (2.24) for point source) is a basic formula for constructing replica fields for the

purpose of matched-field processing.

3 Construction of replica fields

To simplity our discussion, from now on we assume that the location of a receiver, x, is fixed and far
away from the inclusion and the source. More specifically, we assume that z; > max{0, supyepua{y1}}-
If we truncate (2.23) at the order of N, then the CW mode field is approximated by the sum of a

finite number of modes. Each mode is consist of two factors V,,(¢) and p,(x), where

Vi) = {5} [ nture o gto)dy (3.)

and
Pa(X) = du(22)e™ ™ + T {6, (e} (x). (3.2)
Physically, V,,(g) stands for the amplitude of the n'* mode generated by the source g. p,(x) stands

for the CW mode total field generated by an incident “mode wave”

(%) = Gala)etoer,

That is, the incident “mode wave” u’ (x) scatters off the inclusion and produces the scattered wave

us = Tpg {u;} (x)

The sum of the incident and scattered waves is the total CW field p, = v’ + u®. Clearly, V,(g)
depends on the sound source and does not depend on the inclusion and the locations of receivers.
On the other hand, p,(x) depends on the inclusion and the locations of the receivers, but does not
depend on the sound source. The above observation implies that we can construct the replica field

by constructing V,,(¢) and p,(x) separately.



3.1 Construction of p,(x)

If we know the environment perfectly, that is, we know the inclusion €2, then we can compute
pn(X) by solving an integral equation to obtain Ty (ref. Appendix and [15]). Hence, p,(x) is given
by (3.2).

The more interesting case is that € is unknown. From the physical sense of p,(x), we send in a

number of incident waves

W (%) = n(2)e™ ™, n=1,2,- -, N,

and detect the produced field. These fields are approximations to p,(x),(n =1,2,---, N).

However, it is not easy to produce a single mode wave u!(x) in practise. Therefore, it will be
helpful if we can approximate p,(x) using point source wave as incident wave. We can reach this goal
in the following way. ;From (2.24), we know that the CW fields produced by acoustic point sources

at x3,(j =1,2,3, -+, N) are approximately

al 1 —thknzs .
p(X;Xj) B Z {Qk ‘i} ¢”(x;,j)e o 17Jpn(X), (] =1,2,3,-- '7N)' (33)
n=1 n
Let
P*(x) = [p(x;x3), p(x;x3), - - -, (s X3 (3.4)
P(x) = [p1(x), pa(x), - - -, pn (%)), (3.5)
¢1($§,1)€_2:21$§1 ¢1(I§,2)€_Z:zw§2 e ¢1($§7N)e_f’;”iw
Al L | Gald)e ™ et g |
i | - . .
o (a3,)e L Gy )em e L gy(ag y)eT VLY
We have
AP (x) = P*(x). (3.7)

We can choose x?, j =1,2,3,-- -, N properly so that A is regular, hence

P(x) = A7'P*(x). (3.8)



3.2 Construction of V,(g)

We discuss two simple types of acoustic sources here as examples. However, the method used
here can be applied to more general source determination problems.

1. Point acoustic source:

Va(x*) = gn(ay)e” . (3.9)

There are two real parameters x7, x5 to be determined.

2. Uniformly distributed circular source: Let ¢ > 0 be a constant,

Liflx — x| < ,
g(x)={ = | <e (3.10)

0 otherwise.

Then
1

2k, 71

1 2m . o
Va(x®,e) = { }/ / bn(ay + er sin(@))e_lk"(zi"'“Cos(e))rder (3.11)
o Jo

There are three parameters z7, 25 and € to be determined.

4 A linear constraint beamformer

In the literature of matched-field processing, many methods have been discussed. Here a linear
constraint beamformer is adapted for our processing. In this section we only apply the method to
our application. For more discussion, the reader could refer [1] [8] and the papers referred there.

Let {p;} be the detected data set consisting of the acoustic pressure field p; sampled at the
hydrophones located at x',1 = 1,2,- - -, L. For statistic purpose, each data is sampled m times (so
p; may be thought of a m dimensional vector). We use superscripts 7', H to indicates the matrix

transposition and matrix Hermitian transposition. Denote
X = [pf. 05, pp) (4.1)
An L-element filter vector to be applied to the beam steered array data is defined as
W = [Wy, Wy, - -, W)L, (4.2)
The beamformer output for this vector filter is

Y = WAX, (4.3)



The power output of the beamformer is
E[|Y]Y] = WHEXX" W =: WIRW,

where E[-] denotes the expectation operator and R = E[XXH].

Let E be the “probe” replica. If the receivers are located in the far-field at x;,1 =1, 2,
E = [P(x1), P(xz), -+, P(xz)]" V(9),

where
Vig) = Vilg). Valg), -+ Vn(9)]"-
We wish to minimize the beamformer output power E[|Y|*] under the constraint

EfW = 1.

The solution to this problem is

W, = R'E[E'R'E] ™,

and the power output of the optimal beamformer is

Uyt := WE RW,, = [EFR'E] .

opt

(4.7)

(4.8)

(4.9)

Clearly U,,; depends on the source g. If ¢ can be characterized by a few parameters, we can

represent U,, as a function of a few veriables. For example, for the case of acoustic point source,

Uopt = Uppe(x®). For the case of distributed source in section 3.2.2, U,,: = Uype(X®,€). Scanning the

power output (4.9) in a searching area, we obtain a peak output when the replica field matchs the

detected field.

Two factors may affect the accuracy of the resolution; the noise of detected field, which is contained

in R, and the unknown of environment, which is contained in the replica E. Our method compensates

for the noise by large number of sampling and for the environment unknown by inverse scattering of

incident waves from given point sources.



5 Numerical simulations

Computer simulations using the method above were carried out on the Cray2 at the Minnesota
Supercomputer Center. We used our approximate boundary integral equation method described in
[15] to compute the propagating fields. A subroutine using transformation method presented in [10]
(p. 203) was modified to produce random numbers as Gaussian noise.

The configuration for the computer simulations is depicted in figure 3.

We assume the waveguide has a depth of 100 meters. The sound speed is assumed to be 1500m/s.
An acoustic point source S located at (—350/7,100/7) emits a CW field at the frequency f = 30H z.
The hydrophone array is arranged vertically at (700/%,2.55),7 = 0,1,---,40. There is an inclusion
Q0 with a rigid surface which occupies the region {(z1,x2) |27 + 4(z2 — 50)* < (120/7)%}. If the
waveguide is normalized to a depth of =, then the normalized wave number is £ = 4, which means

there are four propagating modes for the acoustic wave at the given frequency.

5.1 Generating the CW mode propagating field from the source

Using the boundary integral equation method, we compute the propagating field p(x;x*) where
x® = (—350/7,100/x). The primary field is given by (2.12) with truncation at n = 30. A contour plot
of the propagating wave with source at x* = (—350/7,100/7) is plotted in figure 4. For comparison,
a contour plot of the propagating wave with a source at x* = (—350/7,100/7) in an unperturbed
waveguide is plotted in figure 5. The scattered field ps. is plotted in figure 6.

In particular, we obtain pX = p(700/7,2.5m;x*),m = 0,1,---,40. To make the data more
realistic, for each receiver we generated 200 random numbers 62 (j=1,2,---,200;1=0,1,---,40) as
Gaussian noise which is added to the computed field. That is,

]T

* * I * l * !
P = [pl +617pl +627"'7pl +6200 J 120717' 740

Using these data as the repeatly detected data, we calculate

1 . I
= m [PS;PT; e '7p20]7 (51)

R = E[XX]




where p7 is the complex conjugate of py, [ =0,1,---,40.

5.2 Construct the ‘probe’ replica E

We construct the ‘probe’ replica E using (4.5). For each given search location x*, V(x*) is calculate
by (4.6) and (3.9). However, since we assume the inclusion is unknown, the data [P(xo), P(x1),- -
-, P(x40)]? cannot be calculated directly from integral equation (3.2). They are indeed computed by
(3.8) using detected data [P*(xo), P*(x1),- - -, P*(x40)]%. Therefore, E must contain some noise. In
our numerical experiment, we generate the detected data [P*(xq), P*(x1), - -, P*(x40)]* by adding
Gaussian noise in the same way as we do to p;. Then we compute their mathematical expectations
EP*(x))],({=0,1,---,40) and P(x;) = A~ E[P*(x;)], (I = 0,1, - -,40). The replica E is calculated
by (4.5):

B = [B[P*(xo)], B[P (1), B[P (o) [TA TV ().

5.3 Numerical examples

Obtaining R and E, we search the area of [—650/%,—50/x] x [0,100], and plot the optimal
beamformer power output (4.9). Following are three sets of graphs from our numerical experiment.

Remark: In the graphs, the waveguide is scaled by a factor 100/#. For example, the search area
is scaled as [—6.5,—0.5] x [0,7]. The source is at the coordinate (—3.5,1). We label the receivers
from 0 to 40 in the context. However, they are labeled from 1 to 41 in some graphs.

Example 1. Mismatching caused by unknown inclusion.

The purpose of this group of graphs is to show that the existence of unknown inclusion changes
the propagating wave and causes mismatching. We can compensate for this unknown by our inverse
scattering method. These simple results show the necessary and advantage of the method in the
discussed situation.

Figure 7. Detected CW field |[p(700/7,z5)|, (I = 0,1,---,40) in a waveguide with inclusion,
simulated by BIEM.

Figure 8. Detected CW field |p(700/7,})|, (I = 0,1,---,40) in a waveguide without inclusion,

simulated by the method of separation of variables.
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Figure 9. Power output of constraint beamformer, 20log|U,,:(x)|, x € [—6.5, —0.5] x [0, 7], with
compensation for the unknown inclusion.

Figure 10. Power output of constraint beamformer, 20log|U,,:(x)|, x € [—6.5,—0.5] x [0, 7],
without compensation for the unknown inclusion. Mismatching is observed.

Example 2. This group of graphs compares the constraint beamformer method and the simple
least squares method in high signal-to-noise ratio situation. The signal-to-noise ratio is 10.05dB.
The unknown inclusion is compensated by inverse scattering. The results show that both estimators
give good resolution in this high signal-to-noise ratio case.

Figure 11. CW field Re{p(700/7,2})},(I = 0,1, - -,40), calculated by BIEM without adding
Gaussian noise.

Figure 12. A sample of Gaussian noise Re{¢}, ({ =0,1,- -, 40).

Figure 13. A sample of detected CW field, the sum of the CW signal in Figure 11 and Gaussian
noise in Figure 12. S/N = 10.05dB.

Figure 14. Power output of constraint beamformer, 20log|U,,:(x|, x € [—6.5, —0.5] x [0, x].

Figure 15. Power output of constraint beamformer, filter threshold set at F[p] +0.9(pmaz — E[p]),
where E[p] is the average of the power output and p,,,, is the maximum power output.

For comparison, we plot the estimator output using a simple least squares estimator (see [16])
I -1
Fy(x*) = 12; p(x;x) = pi1*| (5.2)

Figure 16. Power output of the estimator (5.2), |F,(x*)|, x* € [-6.5,—0.5] x [0, 7].

Figure 17. Power output of the estimator (5.2) with filter threshold set at E[p]+ 0.9(pmaz — E[p])-

Figure 14 and figure 17 show that for large signal-to-noise ratio, both estimators give good reso-
lutions.

Example 3. This group of graphs is to serve the same purpose as that in example 2 for a lower
signal-to-noise ratio case. The graphs in this group are parallel to that in example 2. The signal-to-
noise ratio is —6.85dB. In this case, the combination of inverse scattering and constraint beamformer
can still give a reasonable estimate for the source location. However, the LS estimator is no longer

giving a reliable estimate.

Figure 18. CW field calculated by BIEM, without adding Gaussian noise.
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Figure 19. A sample of Gaussian noise.

Figure 20. A sample of detected CW field, S/N = —6.85dB.

Figure 21. Power output of constraint beamformer.

Figure 22. Power output of constraint beamformer, filter threshold set at E[p] +0.9(pmaz — E[p])-

Figure 23. Power output of the estimator (5.2).

Figure 24. Power output of the estimator (5.2) with filter threshold set at E[p]+ 0.9(pmaz — E[p])-

It is also interesting to compare the corresponding graphs in example 2 and 3. ;From figure 21
and figure 14, we see that the basic structure of the power output from the constraint beamformer is
similar. However, the outputs from the LS-estimator (5.2) (figure 16 and figure 23) are completely
different. These may be seen more clearly in the filtered output. While figure 17 shows that the

resolution is close to the true location, figure 24 gives a complete wrong resolution.

6 Conclusions

1. A technique for compensating for environmental unknowns in matched field processing has
been described. The method combines inverse scattering method with matched field processing.
By illuminating the search space with incident waves from known locations, the effect of unknown
inhomogeneities in the environment on matched field processing can be compensated. The advantages
of this compensation on matched field processing gain and localization can be clearly seen by the
numerical simulations.

2. A constraint beamforming method is used to compensate the random noise. The method makes
use of the BIEM to separate the unknown source location and the known locations of receivers.
This reduces greatly the computation of replica in a perturbed waveguide. From our numerical
experiment, we found that the constraint beamformer method has better robust property than the
Least squares estimator method. We anticipate that any good processing methods such as Multiple
Constraint Method (MCM), Maximum Likelihood Method (MLM) can be used for combining with
inverse scattering method and further improve the results.

3. BIEM is essential in the numerical simulation of the method presented in this paper. Our
numerical results provide a very positive conclusion to the method. It is interesting to evaluate the

method in laboratory experiment or sea experiment.
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7 Appendix: Construction of scattered fields by BIEM

In this section, we give an outline of the BIEM for constructing scattered field in a waveguide

with large inclusions. As described in Section 2, the scattered field p,. satisfies a boundary value

problem
A poe(X) + K pse(x) = 0, x € R2\ Q, (7.1)
Opse
pse(21,0) =0, 5 (x)=0, forxel'y\Q, (7.2)
T2
Bp,.(x) = —Bpy(x) for x € 902 N RS2, (7.3)

and ps.(x) is out-going as |z1| — oo.

Here the condition on the boundary of the inclusion 9Q N R2 may be different depending upon
the acoustic property of the boundary. In general, three kinds of conditions are often used. That is,
Dirichlet condition, Neumann condition and Robin condition (the impedance condition). In either
case, we can construct the operator Tg by BIEM.

We will need the following integral operators.

Ky (x):=2 - g—i?(x;y)@/)(y)day, for x € 09. (7.4)
, 0Gy

K ¥(x):=2 . E(X; y)¥(y)doy, for x € 0. (7.5)
S(x) =2 . Go(x;y)¢(y)doy, for x € 0Q. (7.6)

7.1 Dirichlet problem

If the inclusion has an acoustic soft boundary, the boundary condition (7.3) becomes (see also

[16])

pse(X;9) = —po(x;g) for x € 90 N RE. (7.7)

We represent p;. by a double layer potential

Psc(X;9) = —/ 0Golx;y)

0 Oy ¥(x;g)doy, for x € RZ\ Q, (7.8)
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where % is the solution of the boundary integral equation

JG
D(x59)+2 | 2 (x;y)0(x; 9)do, = —2po(x; g), for x € IQ. (7.9)
a0 Ovy

If k is not an eigenvalue of the interior Neumann problem in €, then (7.9) has a unique solution.

Using the notation in (7.4), we denote the boundary integral equation (7.9) as
b+ Kib = —2po. (7.10)

It k£ is not an eigenvalue of the interior Neumann problem in €2, then I + K is invertible. We can

write
P(x;9) = —2(T+ K)™ {po} (x;9), (7.11)
and
T{po}(x;9) =2 o %:”(I +K) " {po} (y;9)doy, for x € R2\ Q0. (7.12)

7.2 Neumann problem

If the inclusion has an acoustic rigid boundary, the boundary condition (7.3) becomes

apsc . _ aPO(Xa g) 2 ‘
ayz (X, ) = _Tyr for x € 89 N Rd' (713)
We represent p;. by a single layer potential
pee(xi9) = = [ Golxiy)i(yig)doy, for x € BRI\ T (7.14)

where 1 is the solution of the boundary integral equation

; aPo

b - Ky =2_", (7.15)

where K' is the integral operator defined by (7.5). By the theory of Fredholm integral equations, if

k is not an eigenvalue of the interior Dirichlet problem in Q , then I — K’ is invertible. We can write

Y(x;g9) =2(I-K)™ {%} (x;9), (7.16)
and
Tpipo}(x;9) = —2/89 Go(x;y)(I— K/)_l {g—f;} (y;9)day, for x € R?z \ Q. (7.17)
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7.3 Robin problem

If the inclusion has an acoustic impedance boundary, the boundary condition (7.3) becomes

Opse
v,

Ipo(x; 9)
v,

(x;9) + Apse(x;9) = — — Apo(x;9) for x € IQNRE, (7.18)

where A is a given positive function. We represent ps. by a single layer potential
pue(xig) = = | Golxiy)e(yig)doy, forx € R\ T, (7.19)
where 1 is the solution of the boundary integral equation
’ . apo . .
v — K — AStp = 2—— 4 2)\py, (7.20)
vy

By the theory of Fredholm integral equations, if £ is not an eigenvalue of the interior Dirichlet problem

in Q, then T —K' — AS is invertible. We can write

1 a
i) = 20K 28 {2 1| i), (121
and
! a —
Tr{po}(x;9) = _2/39 Go(x;y)(I-K —AS)™ {% + Apo} (x;9)doy, forx € RG\ Q. (7.22)
y

The essential part in computation of the wave field involves the numerical solution of the boundary
integral equation (7.10), (7.15) or (7.20). For the closed curve case, a numerical method is presented
in [15] [16] for Dirichlet problem, and in [17] for Neumann problem. The method can be also used

for other cases with some modification.
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