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ABSTRACT

Video-equipped unmanned aerial vehicles (UAVs) are highly useful in missions of surveil-

lance, monitoring, and sensing. In these flights, the UAVs must maintain the ability to

see the targets as well as to save energy for prolonged endurance. This paper examines

basic patterns of UAV flights that can maximize its ability to “see” targets or seeability

and/or minimize power consumptions to assist UAV mission planning. In this paper, a

point-mass model is used to describe UAV motions. A seeability model is established

that peaks when the UAV is flying at a certain angle from the normal vector perpen-

dicular to the surface of the target. UAV flights are formulated as nonlinear periodic

optimal control problems. The performance indices are selected to maximize the average

seeability, to minimize the average power consumption, or to achieve a balance of the

two. Motion constraints due to UAV performance capabilities and safety are imposed.

The effects of different levels of constant wind velocities are considered. These nonlinear

optimal control problems are converted into parameter optimization for numerical so-

lutions. Extensive numerical solutions are obtained for UAV level flights with constant

airspeeds and variable airspeeds, as well as three-dimensional flights. Clear tradeoffs

between maximum seeability and minimum power are established.
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Chapter 1

Introduction

Unmanned aerial vehicles (UAVs) are highly useful in missions of surveillance, detection,

remote sensing, and monitoring. Often, these UAVs carry video equipment onboard to

provide video information of an area and targets for human observers, and/or to provide

visual clues for remote controls. In these missions, it is necessary that a UAV maintains

or improves its ability to “see” the target while flying, or seeability.

The need to understand the performance of visual devices has long been recognized.

The Johnson criteria1, developed in 1951, describe both image- and frequency-domain

approaches to analyzing the ability of observers to perform visual tasks using image

intensifier technology. In this case, performance is defined in the sense of facilitating

human decisions in the detection, orientation, recognition, and identification of target

objects. Various studies on the subject has been continuing to this day2−4. However,

little work has been found on the design of UAV flight trajectories to enhance their
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ability to sense targets or to balance seeability and endurance.

Indeed, a UAV can position itself relative to a target in ways to achieve a desired

level of seeability. Because air vehicles must keep moving in the air and cannot stay

in one spot indefinitely in order to generate sufficient lift, the proper planning of flight

trajectories for good “seeability” becomes important. In addition, these trajectories

should not consume all the onboard powers of a UAV too rapidly. As a result, balancing

the needs of seeability and energy efficiency in trajectory planning is desirable.

Furthermore, because UAVs are often light and small, they are highly prone to

winds. This is especially true for UAVs employed for sensing missions. As a result,

it is important, almost necessary to study their trajectory designs in the presence of

winds. Example works that study optimal UAV flight patterns in winds for enhanced

endurance can be found in Refs. 5-16. However, these works do not consider the need

of good seeability in UAV flights.

This paper seeks to help lay a foundation in the design of UAV flight trajectories that

balances the needs of seeability and endurance. It does so by studying the fundamental

features of optimal UAV flight trajectories that maximize a measure of seeability, mini-

mize the average power consumption for enhancing endurance, and/or achieve a desired

tradeoff between the two considerations. The effects of different levels of constant winds

on these optimal patterns and tradeoffs are also studied.

The organization of this paper is as follows: in Chapter 2, point-mass equations

of motion are used to represent UAV motions and a seeability model is established
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in Chapter 3. Chapter 4 formulates UAV flights in a specified region as nonlinear

periodic optimal control problems. The performance indices are selected to maximize

the average seeability, to minimize the average power consumption, or to achieve a

balance of the two. Motion constraints are imposed to ensure physically feasible flights.

These nonlinear optimal control problems are converted into parameter optimization

for numerical solutions, and extensive numerical solutions are obtained. Chapter 5

demonstrates constant airspeed circular trajectories as reference trajectories to evaluate

the benefits of optimal trajectories that are to be obtained. In Chapter 6, UAV level

flights with constant airspeeds are first considered, followed by the studies of UAV level

flights with variable airspeeds. Optimal three-dimensional UAV flights are then studied

to examine the benefits of additional degrees of freedom in UAV motions. The effects

of different levels of constant wind speeds on optimal UAV flights are also examined.

Then, tradeoffs between seeability and power consumption are systematically examined.

Main characteristics of these patterns and tradeoffs are summarized in Chapter 7.
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Chapter 2

Equations of Motion for UAV

Flights and Seeability Model

For trajectory optimization studies, UAV motions can be adequately represented by a

point-mass model assuming flat earth17−19. The corresponding general 3-D point-mass

equations of motion with all the wind terms are presented in Ref. 19. In this paper, it

is assumed that the drag coefficient is modeled by the parabolic drag polar20

CD = CD0
+KC2

L (2.1)

in which the induced drag factor K can be determined from the aerodynamic efficiency

Emax and the zero-lift drag coefficient CD0
as

K =
1

4E2
maxCD0

(2.2)

In this paper, it is assumed that the wind velocity is constant and in the horizontal
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plane. For periodic UAV motions, it can be further assumed that the wind field only

has a component in the x-axis.

Wx = βVc, Wy = 0, Wh = 0 (2.3)

To obtain good numerical efficiency in the optimization process, the equations of

motion are normalized. For a given characteristic speed Vc, define

V̄ =
V

Vc

, (x̄, ȳ, h̄) =
x, y, h

V 2
c /g

, τ =
t

Vc/g
, (T̄ , D̄, L̄) =

T,D,L

mg
, P̄ =

P

mgVc

(2.4)

and

( )′ =
d( )

dτ
=

Vc

g

d( )

dt
(2.5)

Also define the normalized air density

ρ̄ =
ρV 2

c

2(mg/S)
(2.6)

where mg/S is wing loading. Thus

D̄ =
1

mg

1

2
ρV 2SCD =

ρSV 2
c

2mg
V̄ 2CD = ρ̄V̄ 2CD = ρ̄V̄ 2(CD0

+KC2
L) (2.7)
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After some derivations, we obtain

V̄ ′ =
P̄

V̄
− ρ̄V̄ 2(CD0

+KC2
L)− sin γ (2.8)

Ψ′ = ρ̄V̄
CL sinµ

cos γ
(2.9)

γ′ = ρ̄V̄ CL cosµ− cos γ

V̄
(2.10)

h̄′ = V̄ sin γ (2.11)

x̄′ = V̄ cos γ sinΨ + β (2.12)

ȳ′ = V̄ cos γ cosΨ (2.13)

In the above equations, trajectory state variables are [V̄ ,Ψ, γ, x̄, ȳ, h̄], and trajectory

control variables are [P̄ , CL, µ]. Vehicle parameters include (CD0
,K), and environmental

parameters in these equations include (ρ̄, β).

2.1 Motion Constraints

UAV motions are subject to constraints due to vehicle performance capabilities and

safety. These constraints can be expressed as bounds on states, controls, and/or their

combinations.

Bounds on state variables include

V̄min ≤ V̄ ≤ V̄max, γmin ≤ γ ≤ γmax, h̄min ≤ h̄ ≤ h̄max (2.14)

The minimum airspeed constraint is related to the stall limit, whereas the maximum

airspeed bound is typically caused by vehicle structural limitations. Bounds on the
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flight path angle reflect limitations on vehicle attitude from both mission requirements

and vehicle performance. The altitude constraints represent terrain limitation, ceiling,

or mission requirements.

In comparison, bounds on control variables include

P̄min ≤ P̄ ≤ P̄max, CLmin
≤ CL ≤ CLmax

,−µmax ≤ µ ≤ µmax (2.15)

where the bound values are discussed together with vehicle performance parameters

below.

Furthermore, path constraints are generally needed due to bound on the load factor

and seeability. The load factor is defined as

n =
L

mg
= ρ̄V̄ 2CL ≤ nmax or V̄ 2CL ≤ nmax

ρ̄
(2.16)

and a minimum requirement on a seeability measure at all times

0 ≤ Smin ≤ S ≤ 1 (2.17)

where a seeability model is discussed below.

Finally, bounds on control rates may also be imposed.

|P̄ ′| ≤ (P̄ ′)max, |C ′

L| ≤ (C ′

L)max, |µ′| ≤ (µ′)max, (2.18)

The above normalized equations and the constraints suggest that fundamental pa-

rameters for UAV flights in winds for seeability and endurance include

P̄min, P̄max, CLmax
, CD0

, Emax, ρ̄, β,Smin, nmax, µmax (2.19)
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2.2 Point-Mass Equations in Level Flight

Level flights for surveillance and monitoring offer operational simplicity. Under the

assumptions of level flight in a constant wind field with zero vertical wind component

γ = 0 ⇒ γ′ = ρ̄V̄ CL cosµ− 1

V̄
= 0 (2.20)

We have

CL =
1

ρ̄V̄ 2 cosµ
≤ CLmax

(2.21)

The simplified equations become

V̄ ′ =
P̄

V̄
− D̄ =

P̄

V̄
− ρ̄V̄ 2(CD0

+KC2
L) (2.22)

Ψ′ =
1

V̄
tan µ (2.23)

x̄′ = V̄ sinΨ + β (2.24)

ȳ′ = V̄ cosΨ (2.25)

In this case,

n = ρ̄V̄ 2CL =
1

cosµ
(2.26)

thus

|µ| ≤ cos−1

(

1

nmax

)

(2.27)

If it is further assumed that the speed is constant, Eq. (2.22) becomes an algebraic

equation

P̄ = D̄V̄ = ρ̄V̄ 3(CD0
+KC2

L) = ρ̄CD0
V̄ 3 +

K

ρ̄

1

V̄ cos2 µ
(2.28)
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2.3 UAV Model Parameters

In the examples presented below, the following UAV parameters are used reflective

of the ScanEagle UAV: Emax = 14,CD0
= 0.04, W

S
= 5 lb/ft2, Pmin

mg
= 0.001 HP/lb,

Pmax

mg
= 0.06 HP/lb, and Smin = 0.05. The characteristic speed for normalization is

selected to be Vc = 200 ft/s. The varying wind magnitudes are assumed to be within

β = 0 ∼ 0.2. The case of strong winds that can upset a UAV is not included in this

paper.

In addition, some generic expressions are used for airspeed bounds as follows.

V̄min =
0.8

√

ρ̄CLmax

, V̄max =
1.5

√

ρ̄CLcr

(2.29)

where CLcr
is a typical cruise lift coefficient, such as corresponding to an angle of at-

tack of 3-5 deg. Allowing for the transient nature of UAV flights, we assume that the

maximum airspeed bound is 50% more than the typical cruise speed. Other parameters

include

CL = 0.0 ∼ 1.2, CLcr
= 2π(3o ∼ 5o) = 0.329 ∼ 0.548

µmax = 45o, γmax = 10o, nmax = 4 g, hmax = 15000 ft

(2.30)

and the control rate bounds are given by

(

C ′

L

)

max
= 0.3 (1.2/4 per second)

(

µ′
)

max
= 0.1745 (10 degrees per second)

(

P̄ ′
)

max
= 1.0 (100% change in 1 seconds for propeller− driven)

(2.31)

9



Chapter 3

A Model of Seeability Measure

In general, seeability refers to the usefulness of information from optical sensors to

human decision making and/or automated vehicle control. In this regard, a precise

measure of seeability can be very complex and depends on a host of factors including

terrain structure, scene illumination, target characteristics, design and operations of

visual equipment, and UAV flight trajectories, as well as human operators’ receptivity.

Everything else being the same, flight trajectories can directly affect a UAV’s ability to

sense a target. To investigate fundamental features of UAV flights for optimal seeability,

a simplified seeability model is developed in this paper that emphasizes the impact of

flight trajectories.

Assuming a direct vertical sunlight, Figure 3.1 illustrates that the seeability depends

on the distance of the UAV from the target point as well as the viewing angle. At a given

altitude, identifying a target from directly above can be more difficult than at an offset

10



Figure 3.1: A seeability model.

angle. Instead, the best seeability is achieved when the vehicle is at a certain angle from

the normal that is perpendicular to the surface. Along a cone of this optimal angle, a

lower altitude improves the seeability and vice versa. On the other hand, it gets more

difficult to view the target as the grazing angle becomes too shallow. In other words,

seeability would be low directly overhead, reaches some maximum at moderate angles,

and then approaches zero as the viewing angle approaches 90 degrees. Accordingly, a

measure of seeability can be defined as

S =
cos(θ − θop)

1 + κ(R/dc)2
(3.1)

where θop is the optimal viewing angle, dc = V 2
c /g is the normalizing quantity for

distance, and κ is a scaling factor. This definition indicates that a minimum distance

(R = 0) from the camera at an optimal angle is chosen to be 100% seeable. The seeability

then approaches zero asymptotically as the distance from the camera increases and as

11



the angle of incidence deviates more and more from the optimal angle. Naturally,

0 ≤ S ≤ 1 (3.2)

Assuming that the target is located at the origin: x = 0, y = 0, h = 0, we have

R̄ =

√

x̄2 + ȳ2 + h̄2, cos θ =
h̄

R̄
, sin θ =

√

x̄2 + ȳ2

R̄
(3.3)

and

S(x̄, ȳ, h̄) =
h̄ cos θop +

√

x̄2 + ȳ2 sin θop
[

1 + κ(x̄2 + ȳ2 + h̄2)
]

√

x̄2 + ȳ2 + h̄2
(3.4)

In the current work, terrain is assumed flat and the effect of sun angle is omitted. In

a more complex seeability model, the level of seeability would depend on the direction of

sunlight. For example, viewing a target from downsun can be more difficult than when

the sun is behind the camera. The seeability would depend on the viewing azimuth

angle such that it is zero if the camera is between the sun and the target, and low when

azimuth angles are around 180 degrees. Furthermore, viewing a target from low on the

horizon in downsun is even more difficult than when higher. These additional factors

can be considered in future work.

In addition, visual equipment such as a camera needs to be properly oriented in order

to maximize exposure in sensing a target. This requires the coordination of trajectory

planning with UAV attitude control so that the camera would face the target to the

extent possible. In this case, a rigid-body model of UAV motions should be used. For

simplicity, it is assumed that the cameras are mounted on a gimballed platform that can

rotate. As a result, a point-mass model can be used to study optimal flight trajectories.

12



Chapter 4

Problem Formulation and

Numerical Solution Methods

UAV flights over a specified target point are now formulated as a nonlinear periodic

optimal control problem that seeks to optimize a certain performance index, subject

to the UAV equations of motion, constraints discussed above, and boundary conditions

for periodic flights. The performance indices are selected to minimize the average fuel

consumption per cycle, to maximize the average seeability per cycle, or to achieve

a certain tradeoff between the two. Fuel consumption for a propeller-driven UAV is

directly related to its power. Since multiple period solutions can also satisfy boundaries

conditions, a penalty on flight time is included. A generic performance index is stated

13



as

min
P̄ ,CL,µ;τf

I = Kf
1

τf

∫ τf

0

P̄ dτ +Ktτf −Ks
1

τf

∫ τf

0

S dτ

= Kf
˜̄P +Ktτf −KsS̃

(4.1)

where the final time τf is in general open. The open initial conditions include some or

all of the initial states

V̄ (τ0) = V̄0,Ψ(τ0) = Ψ0, γ(τ0) = γ0, h̄(τ0) = h̄0, x̄(τ0) = x̄0, ȳ(τ0) = ȳ0 (4.2)

where γ0 = 0 may be assumed for periodic trajectories. For closed periodic flights,

some or all of the following terminal conditions are imposed

V (τf ) = V̄0,Ψ(τf ) = Ψ0 + 2kπ, γ(τf ) = γ0 (4.3)

where k = 1, 0 and

x̄(τf ) = x̄0, ȳ(τf ) = ȳ0, h̄(τf ) = h̄0 (4.4)

In theory, the periodic terminal constraint for the heading angle can be achieved either

with k = 0 or k = 1. Numerically, different choices of k lead to different solution

patterns, as we shall find out. Specifically, k = 0 produces a figure-eight flight pattern

whereas k = 1 produces a nearly circular pattern.

The above optimal control problems are converted into parameter optimizations for

numerical solutions. Over the last several decades, numerous numerical schemes have

been developed to solve nonlinear optimal control problems21−26. Particularly, the con-

version of optimal control problems into parameter optimization through a collocation

14



approach offers flexibility, simplicity, and computational speed, and is used here. In

this approach, both state and control variables are approximately represented by their

values at a series of discrete time nodes.

There are different ways of approximating the differential equations and path con-

straints in the conversion process. In this paper, differential equations are enforced as a

system of nonlinear constraints through a forward difference scheme at the discrete time

nodes22. Boundary conditions in Eqs. (4.2) - (4.4) are enforced as linear constraints,

direct constraints on solution variables are enforced as variable bounds, and the upper

limit on the load factor in Eq. (2.16) is treated as a nonlinear constraint. An example

conversion process can be found in Ref. 11.

Converted parameter optimization problems are solved with the software program

SNOPT27. Analytical gradient expressions are provided for the cost functions, whereas

gradients of the nonlinear constraints are determined numerically. Equally spaced nodes

are used and different numbers of nodes N are experimented. Results presented below

are obtained with N = 41 for a balance among solution accuracy, convergence, and

computational speed. The feasibility and optimality tolerance levels are selected as

ǫf = 10−8 and ǫo = 10−6. A solution in most cases takes about 50 to 100 iterations.

Initial guesses are based on an initial level circular trajectory at a constant speed.
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Chapter 5

Reference Trajectory

Intuitively, circular level flight trajectories around a specified target would provide op-

erational simplicity, and may be adjusted either to minimize the average power required

or to maximize the average seeability. Therefore, constant airspeed circular trajectories

are considered as reference trajectories to evaluate the benefits of optimal trajectories

that are to be obtained.

Figure 5.1: Level circular orbit.
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Zero wind is assumed in establishing circular reference trajectories. As shown in

Figure 5.1, the UAV flies in a circular orbit around the target with some constant

airspeed, where φ = Ψ− 90o. From Eqs. (2.23) and (2.26), we have

Ψ′ = φ′ =
V̄

r̄
=

1

V̄
tanµ (5.1)

or

r̄ =
V̄ 2

tanµ
=

1

ρ̄ sinµCL
(5.2)

One can specify constant µ and CL in order to define a circular orbit. The period

of a circular orbit is given by

τf =
2πr̄

V̄
(5.3)

5.1 Minimum Power Circular Orbit

A constant speed level circular trajectory in zero wind is achieved with a constant bank

angle. The optimal speed for minimum power flights with a constant bank angle can be

determined from minimizing Eq. (2.28)

min
V̄

P̄ = ρ̄CD0
V̄ 3 +

K

ρ̄

1

V̄ cos2 µ
(5.4)

We have

∂P̄

∂V̄
= 3ρ̄CD0

V̄ 2 − K

ρ̄ cos2 µ

1

V̄ 2
= 0

or

V̄ ∗ =

(

K

3CD0

)
1

4 1√
ρ̄ cosµ

(5.5)
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The corresponding minimum average power is given by

P̄ ∗ =
4

3

K√
ρ̄

(

3CD0

K

)
1

4 1

cos1.5 µ
(5.6)

and the corresponding radius is given by

r̄∗ =
1

ρ̄ sinµ

√

K

3CD0

(5.7)

Minimum power circular orbits would prefer the UAV to fly with as a small bank angle

as possible with the corresponding optimal airspeed. A smaller bank angle results in

a larger radius, which would run into constraints imposed on Smin or the geometric

constraints of the mission region.

5.2 Maximum Seeability Circular Orbit

A constant speed level circular trajectory at a specified altitude and radius defines a

view angle. The optimal view angle for maximum seeability flights can be determined

from

max
θ

S̃ =
cos(θ − θop)

1 + κR̄2
=

cos(θ − θop) cos
2 θ

cos2 θ + κh̄2
(5.8)

then mathematically, the optimal θ∗ can simply be a function of the altitude. In this

case, the radius of the orbit is determined accordingly. Constraints on µ and CL in Eq.

(2.21) limits the radius of the circle at the low altitude as follows,

r̄ ≥ 1

ρ̄ sinµmaxCLmax

(5.9)

as will be confirmed below.
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Chapter 6

Simulation

6.1 Optimal Level Flights with Constant Airspeeds

We first consider optimal UAV flights at a constant altitude with constant airspeed in

zero wind conditions. These trajectories provide operational simplicity, and represent

the limiting cases of three-dimensional trajectories under special conditions. In this

case, the trajectory state variables include (Ψ, x̄, ȳ), and the control variable is µ. The

airspeed and period of an orbit trajectory (V̄ , τf ) become control parameters. The

optimization problem seeks to determine (µ(t), V̄ , τf ) to optimize the performance index

in Eq. (4.1), where different choices of the weighting factors (Kf ,Ks,Kt) may be used

to obtain different types of optimal flights.

Figure 6.1 compares two basic patterns in the horizontal plane under zero wind for

both minimum power and maximum seeability trajectories: one is a circular shape and
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Table 6.1: Constant speed/flight time in 2-D level flight at h=1000 ft in zero wind

Case Pattern V ft/sec tf sec

min P Circle 59.221 433.82
min P Figure-8 59.267 388.62
max S Circle 62.176 26.27
max S Figure-8 63.415 54.70
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Figure 6.1: 2-D constant speed level flights at h = 1000 ft in zero wind: (a) minimum
power (b) maximum seeability.

the other a figure-eight shape. For both the circular and the figure-eight patterns, the

geometric dimensions of the maximum seeability trajectories are substantially smaller

than those of the minimum power trajectories. This is to ensure that the vehicle always

has a good view of the target point. For the minimum power flight, the circular pattern

has a larger geometric dimension than the figure-eight pattern, whereas for the maximum

seeability flight, it is the opposite. As shown in Table 6.1, the optimal constant airspeed

is smaller for the minimum power flight, and is larger for the maximum seeability flight.

Figure 6.2 presents other trajectory variables for the minimum power trajectories.
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Figure 6.2: Trajectory variables for 2-D minimum power constant speed level flights in
zero wind.
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Figure 6.3: Trajectory variables for 2-D maximum seeability constant speed level flights
in zero wind.
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Here, the bank angle is very small corresponding to the small airspeed and a large flight

radius. The minimum seeability constraint Smin in Eq. (2.17) limits the maximum

feasible radius in these flights, which in turn affects how small a bank angle is needed.

The circular pattern with a smaller bank angle saves more power than that of the figure-

eight pattern at the expense of reduced seeability. In comparison, Figure 6.3 presents

other trajectory variables for the maximum seeability trajectories. The bank angle

varies over a larger range than that for the minimum power trajectories; corresponding

to the larger airspeed and smaller geometric dimension. Between the two patterns, the

circular pattern achieves a better seeability level, which is the maximum seeability level

of the figure-eight pattern over a trajectory period.

6.2 Optimal Level Flights with Variable Airspeeds

We now examine the effects of varying airspeed in level flights. It is expected that the

additional degree of freedom introduced by varying airspeed may help to increase the

level of optimality. In this case, the trajectory state variables include (V̄ ,Ψ, x̄, ȳ), and

the trajectory control variables are (P̄ , µ). In addition, τf is the control parameter. The

problem is again to optimize the performance index in Eq. (4.1) by varying both the

control variables and the control parameter.

It turns out that in zero wind, optimal trajectories with airspeed as a state are

the same as those with constant airspeed. In this section, further studies are made

to examine effects of different trajectory parameters in level flights. In particular, the
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effect of different altitudes is studied. It is found that the minimum power is almost the

same in minimum power trajectories at different altitudes. In comparison, things are

not so straightforward for the maximum seeability trajectories.
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Figure 6.4: 2-D maximum seeability level flights at different altitudes.

Figure 6.4 demonstrates the seeability of two flight patterns in maximum seeability

flights at different altitudes starting from h = 100 ft, where S̃c and S̃e denote the op-

timal average seeability achieved by the circular and figure-eight patterns, respectively.

It is clear that both S̃c and S̃e change as altitude increases to a certain best level; be-

yond which they continuously decreases as altitude increases further. This is consistent

with the seeability model used in this paper in Eq. (3.1). Below the best altitude, the

numerator dominates the seeability, whereas beyond this altitude, further increase in

altitude directly reduces seeability. Additionally, from Figure 6.4, S̃c and S̃e
max essen-

tially coincide except for those at h ≤ hcr, because S̃c cannot attain its theoretically

optimal value due to the constraints on µ and CL in Eq. (5.9).
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Figure 6.5: 2-D maximum seeability circular orbits at different altitudes.

For the maximum seeability level circular trajectories computed in this paper, hcr =

420 ft. Figure 6.5 illustrates that for h > hcr, the radius of the circular orbit increases

with the altitude. For h ≤ hcr, the radius does not decrease further as altitude decreases.

It is worth noting that a different scaling factor κ in the definition of the seeability

measure in Eq. (5.9) leads to a different hcr, as shown in Figure 6.6. In other words,

different κ represents different seeability measures. The smaller κ is, the more important

the viewing angle to the seeability is; otherwise, the distance of the UAV from the target

becomes more dominant.

Table 6.2: 2-D variable speed flight patterns at h=1000 ft in zero wind

Case Circle/Fig-8 P̃ /mg, 10−3 HP/lb S̃

min P Kf = 1,Ks = 0 7.712/7.726 0.0502/0.1979
combined Kf = 1,Ks = 0.01 8.039/8.056 0.5594/0.4266
combined Kf = 1,Ks = 0.1 8.354/8.605 0.5770/0.5514
combined Kf = 1,Ks = 1 8.553/8.802 0.5790/0.5541
max S Kf = 0,Ks = 1 8.916/8.905 0.5817/0.5581
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Figure 6.6: Effects of scaling factor κ in 2-D maximum seeability circular orbits at
different altitudes.

We now examine the two patterns further. Table 6.2 summarizes the average nor-

malized power and seeability in several typical cases of optimization performance indices

under zero wind. Although the two patterns offer almost the same level of optimality in

the minimum power and the maximum seeability flights, the overall performance of the

figure-eight pattern falls behind those of the circular pattern, especially for the combined

cases. We shall focus on studying the circular pattern and its variations subsequently.

Effects of winds on optimal flights are now studied. Figure 6.7 shows optimal air-

speed profiles in level flights under two wind speeds (β = 0.15 and β = 0.2) for both

the minimum power and the maximum seeability trajectories. In comparison, Figure 10

shows the optimal flight paths in the horizontal plane. The arrows represent the wind

direction. The optimal airspeed basically stays constant for the minimum power flight

in different wind conditions. For the maximum seeability flight, on the other hand, the
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Figure 6.7: Airspeeds of 2-D variable speed flights in winds (a) minimum power (b)
maximum seeability.
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Figure 6.8: 2-D variable speed flight patterns in winds (a) minimum power (b) maximum
seeability.
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optimal airspeed profile varies significantly under different wind conditions in order to

maintain sufficient seeability. As shown in Figure 6.8, shapes of the optimal trajectories

deviate along the direction of the wind from the circular pattern as the wind increases.

Stronger winds result in larger trajectory deviations.

6.3 Optimal 3-D UAV Flights

Finally, let us investigate optimal three-dimensional UAV flights by allowing vertical

motions. It is expected that three-dimensional flights should bring additional benefits

in terms of minimum power and/or maximum seeability than the level flights. Figure

6.9-6.12 illustrate characteristics of the optimal 3-D flights. These trajectories represent

inclined and/or twisted circular patterns, and thus generalizations of the previous level

flight optimal trajectories.
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Figure 6.9: 3-D flights in winds (a) minimum power (b) maximum seeability.

In the minimum power flight under zero wind (Figs. 6.9-6.11), the UAV climbs up
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Figure 6.10: Top view of 3-D flights in winds (a) minimum power (b) maximum see-
ability.

rapidly and glide down over time with essentially constant airspeed. Power consumption

occurs during the climb phase. The lift coefficient stays close to its maximum value

during the entire flight, and the bank angle remains small. As wind increases, the

airspeed still stays constant where the gliding time lasts longer. In comparison, the

maximum seeability flight in zero wind (Figure 6.12) results in the periodic variations in

both airspeed and altitude. A higher airspeed corresponds to a lower altitude; reflecting

the exchange of potential and kinetic energies. The presence of winds increases the

airspeed and prolongs the duration of the flight period. Accordingly, the flight altitude

becomes higher in order to maintain seeability.

Figure 6.13 presents flight trajectories that seek a compromise between minimizing

power and maximizing seeability. The presence of winds raises the altitude again, for

the purpose of maintaining seeability.
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Figure 6.11: Trajectory properties of 3-D minimum power flights.
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Figure 6.12: Trajectory properties of 3-D maximum seeability flights.
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Figure 6.13: 3-D flights for combined power and seeability considerations: Kf = 1 and
Ks = 0.1.

Table 6.3: Power-Seeability tradeoff in 3D fights

Case β = 0/β = 0.15 P̃ /mg, 10−3 HP/lb S̃

min P Kf = 1,Ks = 0 7.672/7.671 0.0545/0.0936
combined Kf = 1,Ks = 0.01 8.094/7.950 0.7968/0.7020
combined Kf = 1,Ks = 0.1 9.600/8.833 0.9040/0.8740
combined Kf = 1,Ks = 1 13.05/8.894 0.9420/0.8746
max S Kf = 0,Ks = 1 13.05/8.902 0.9421/0.8746

The effect of winds on power and seeability is summarized in Table 6.3. The presence

of winds often causes the seeability to deteriorate, but helps to save power, particularly

when the seeability concern is dominant in the optimization performance index for the

combined cases. In particular, the wind field can help to significantly reduce the average

power consumption when the maximum seeability is pursued. The comparison of Tables

6.3 and 6.2 indicate the superiority of 3-D flights over level flights in reducing power

consumption and/or increasing seeability.

Figure 6.14 indicates that level flights are indeed special cases of 3-D flights under
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proper conditions. When a minimum flight altitude constraint hmin is imposed that ex-

ceeds the best flight altitude, optimal trajectories in winds for the seeability-dominated

performance indices become level flights where the altitude stays at the lower bound of

the altitude constraint. This is also true in zero wind conditions.

Finally, Figure 6.15 presents the tradeoff between the least required average power

consumption and the desired average seeability in 3-D UAV flights. As the requirement

on the desired average seeability increases, the least required average power increases.

This increase is very gradually initially. As the desired average seeability exceeds a

certain point, the corresponding required power starts to increase drastically. Clearly,

a good operating point that balances the power consumption and seeability would be

before this drastic increase. The presence of winds modify the exact values a little bit,

but do not alter the trend.
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Chapter 7

Conclusions

This paper examines basic patterns as well as tradeoffs in UAV flights that can maxi-

mize seeability and/or minimize power consumptions. In this paper, point-mass models

are used to describe UAV motions. A seeability model is established that peaks when

the UAV is flying at a certain angle from the normal vector perpendicular to the surface

of the target. UAV flights are formulated as nonlinear periodic optimal control prob-

lems, and various motion constraints due to UAV performance capabilities are imposed.

The effects of constant wind speeds are considered. Extensive numerical solutions are

obtained for UAV level flights with constant airspeeds and variable airspeeds, as well as

three-dimensional flights.

Clear patterns are identified for maximum seeability and minimum power flights. In

constant speed level flights, two optimal flight patterns are possible depending on the

terminal constraints: a circle pattern and a figure-eight pattern. In general, optimal
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trajectories for maximum seeability flights have smaller spatial dimensions than those

for minimum power flights. Further comparisons between the two patterns are made

when airspeeds are allowed to vary in level flights, which show that the figure-eight

pattern is a suboptimal solution in most cases. The circular pattern is then studied

further. Results indicate that altitude is a significant factor to the level of seeability but

not to power consumption. With the presence of winds, optimal trajectories for either

minimizing power or maximizing seeability deviate from the basic circular pattern.

Three-dimensional flights offer additional savings in power consumption or enhance-

ment in seeability compared with level flights. In particular, 3-D flights can utilize

gliding motion to save power and/or search for favorable altitudes for seeability. In

3-D flights, the presence of wind is beneficial to additional power saving while it may

reduce the level of seeability. If a minimum altitude constraint is imposed, 3-D optimal

trajectories become level flights.

Finally, this paper establishes a clear tradeoff between the average power consump-

tion and the average seeability. When the desired average seeability level is low, the

vehicle can perform optimal flights that save the power consumption. As the desired av-

erage seeability increases, the least required power consumption increases, but initially

very slowly. As the desired average seeability level increases beyond a certain point,

the required power consumption starts to increase drastically. The presence of winds

modifies the exact point at which required power starts to diverge, but does not fun-

damentally change this trend. Therefore, a good choice of the vehicle operating point
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would be to impose a seeability requirement before the required average power diverges

drastically.
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