MODELS OF ¢-ALGEBRA REPRESENTATIONS
1. TENSOR PRODUCTS OF SPECIAL UNITARY
AND OSCILLATOR ALGEBRAS

By

E.G. Kalnins
H.L. Manocha

and

Willard Miller, Jr.

IMA Preprint Series # 837
August 1991



MODELS OF ¢-ALGEBRA REPRESENTATIONS
I. TENSOR PRODUCTS OF SPECIAL UNITARY
AND OSCILLATOR ALGEBRAS

E.G. KALNINSt, H. L. MANOCHA* AND WILLARD MILLER, JR.}

Abstract. This paper begins a study of one and two variable function space models of irreducuble
representations of g-analogs of Lie enveloping algebras, motivated by recurrence relations satisfied by ¢-
hypergeometric functions. The algebras considered are the quantum algebra U, (suz) and a g-analog of
the oscillator algebra (not a quantum algebra). In each case we use a simple one variable model of the
positive discrete series of finite and infinite dimensional irreducible representations to compute the Clebsch-
Gordan coefficients. We show that various g-analogs of the exponential function can be used to mimic the
exponential mapping from a Lie algebra to its Lie group and we compute the corresponding matrix elements
of the “group operators” on these representation spaces. We show that the matrix elements are polynomials
satisfying orthogonality relations analogous to those holding for true irreducible group representations.
We also demonstrate that general ¢g-hypergeometric functions can occur as basis functions in two variable
models, in contrast with the very restricted parameter values for the g-hypergeometric functions arising
as matrix elements in the theory of quantum groups.
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1. Introduction. In this paper we begin a study of function space models of ir-
reducible representations of g-algebras. The algebras and models that we consider are
motivated by recurrence relations satisfied by g-Jacobi, ¢-Laguerre and ¢g-Hermite polyno-
mials. The point of view is that espoused in [22]. Simple one varible models of irreducible
representations of the ¢g-algebras are used to compute model-independent properties of the
representations and these results are then applied to the more complicated two variable
models. In this approach ¢-hypergeometric functions depending on arbitrary complex pa-
rameters arise as basis functions in two variable models. This contrasts with the results of
the elegant theory of quantum groups where special functions usually arise as matrix ele-
ments of quantum group operators. In the quantum group theory these spherical functions
are very restricted classes of ¢-hypergeometric functions, [7,16,17,20,21].

In §1 we review the basic facts about the finite dimensional irreducible representations

of the quantum algebra U,(sus), [11,12,13,17,29], and examine a model of these represen-
tations in which the representation space consists of polynomials in the complex variable
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z. We use this model and a g-analog of the exponential function to give an alternate
derivation of the Clebsch-Gordan coefficients for the tensor product of two irreducible
representations, [12,13,15].

In §2 we review the basic facts about the positive discrete series of unitary irreducible
representations of the quantum algebra analog of su(1,1), [18,20,21]. We study a one
variable model of these representations in which the Hilbert space consists of analytic
functions on the unit disk. Again we use the model to give an alternate derivation of the
Clebsch-Gordan decomposition.

In §4 we introduce a g-analog of the four dimensional oscillator Lie algebra. This
g-analog is motivated by the recurrence relations for 1¢; basis hypergeometric functions
and is not a quantum algebra. Nevertheless the model techniques still prove effective. We
study a family of irreducible infinite dimensional representations of this g-analog and find
two distinct one variable models, the first defined on a Hilbert space of functions analytic
in the unit disk and the second on a Hilbert space of entire functions. In §5 we use the
disk model to work out the Clebsch-Gordan coefficients for the tensor product of two of
these representations.

In §6 we examine briefly the quantum algebra W,(1). We show that a particular
representation of W,(1) can be identified with a particular representation of the algebra
in §4, corresponding to a model of bosons, but in general these algebras are distinct. (On
the other hand, if U,(suz) and Wy(1) are considered as complex algebras with identities
then Upjz. (sug) = Wp(1).)

In §7 we give some examples showing how the various models of g-algebra representa-
tions can be used to derive identities obeyed by ¢-series associated with the models. We
draw our examples from the oscillator algebra of §4, though the ideas apply generally.
Using two more g-analogs of the exponential function we mimic the exponential mapping
from a Lie algebra to its Lie group and compute the matrix elements of “group opera-
tors” with respect to a standard basis in the representation space. Depending on which
g-analog of the exponential we employ we obtain varous g-analogs of the associated La-
guerre polynomials Lﬁ,’”‘")(m) for m,n nonnegative integers. We demonstrate that these
matrix elements themselves form bases for two variable models of irreducible representa-
tions of the oscillator algebra and that indeed they are special cases of models involving
g-analogs of the Laguerre polynomials Lg_")(x) for general real v. We show that the
polynomials in each example satisfy orthogonality relations which are g-analogs of the

orthogonality relations for matrix elements of irreducible representations of the oscillator
group.
In a second paper we will extend the ideas in §7 and explore the discrete orthogonality

and biorthogonality relations for ¢g-analogs of Laguerre and other polynomials obtained by

multiplying the matrix of a “group operator” by its inverse matrix.

For the most part, the notation used for g-series in this paper follows that of Gasper
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and Rahman [§].

2. Models of finite dimensional U,(sus) representations. The quantum algebra
Uy(suz) is the associative algebra generated by the elements H, E,, E_ which obey the
commutation relations

[H,E;]=E,, [H,E_]=-E_,
g" — ¢ H
(2.1) [E+,E_] = m.

Here we take ¢ to be a real parameter such that 0 < ¢ < 1. In the limit as ¢ — 1
relations (2.1) go to the usual commutation relations for the complexification of the Lie
algebra suy. Finite dimensional irreducible representations of Uy(sus) are determined by
the integral or half-integral number u: 2u = 0,1,2,---. The corresponding representation
D(2u) is defined on the (2u + 1)-dimensional Hilbert space Hj, with orthonormal basis
{em :m = —u,—u+1,---  u} such that

Eyem = ([u—mlg[u+m+1]g)? emys
(2.2) E_em = ([u+mlglu—m+1]))% ems

Hem = mem

where
g% —q~%F _ _moa (1-g7
(2.3) mly="5——7=0"7 (3 :
q2 —q 2 —4q
A second convenient basis for Hy, is the set {f, : n =0,1,---,2u} such that

Eifa=—q""2u —nlgfatr
(2.4) E_fn= —‘Z[n]qfn—l
Hfn,=(—u+n)fn.

Here

1
DB (g3 ) |
(72 9)n

(2.5) fn

€C_u+tn-

Since the element
H-} 4 o—H+}

_‘L _ .
(¢7 —q72)?

(2.6) C=EE_+1
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commutes with each generator of U(suz) it corresponds to a multiple of the identity
operator I on H,,. Indeed,

utd —u—i
(2.7) c=4 79 °

(q7 —q~3)2

g7 —q7?)
on H,,.

Given the irreducible representations D(2u;) and D(2u;) on the spaces H,,, and H. 2us,
respectively, we define the tensor product representation D(2u;) ®, D(2us) of U,(suz) on
the space Hyy, ® Hay, by the operators

Fy =A,(Ey) =E; @¢*" + ¢ VEQE,
(2'8) F_ :Aa(E__) = E_ ®q(1_a)H + q—aH ® E_
L=AH)=HQI+I®H

where a is a real number. The operators Fy, L satisfy the same commutation relations as
the operators Fy, H:

—L
(2.9) [L,Fi]=+Fy, [Fy,F.]= ﬂ—ll.
qz —q 2
(If we require that F is the adjoint of F_ and L is self-adjoint then we must have a =
3, which is the usual definition of the tensor product, see [11,12]. Thus the interest of
representatlons with general a relates primarily to non-unitary representations, particularly
the non-unitary infinite dimensional representations to be considered in the next section.
However, we will work out the details of the Clebsch-Gordan decomposition of a also in
the finite dimensional case.) It is straightforward to show that

(210) q_aH®HAa an@H = Aa—av

SO
q(b— )H®HA q _WHOH _ = Ay,

and the operators A are equivalent to the operators A 1.

In order to decompose D(2u;) ®, D(2u;) into irreducible subspaces we introduce a
convenient one variable model of D(2u). Here the vector space Hy, consists of polynomials
f(z) of maximum order 2u in the complex variable z. The action of Uy(suz) is defined by

the operators

q_%z u -1 —u 1
(2.11) E+=1_q(q T, —q¢ “T?)
qg 1
F_ = T2 —
d
Hz—u—I—za
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where T, f(z) = f(gqz). The basis functions {f, = 2" :n = 0,1--- ,2u} satisfy relations
(2.4). We define a bilinear form < -,- > on Hs, such that

<fo>= [ f@a@0) dedy
where z = z + 1y and dzdy = —% dzdz. Further, we require that

<Eif,g>=<f,E_g> <Hf,g>=<fHg>

for all f, g € Hay. A straightforward computation gives p(z,%z) = p(2Z) = p(w) where

+q " rw)
plaw) = e
or
(—wq"~ ,q)oo K
2.12 p(w) =K = — .
212) (—we™ %)  (—wgT""E; @)2ut
Since
dw B ¢*t%lng!
(—wg ¥ q)uqr (1 —g*F1)
we choose
1 — g2ut!
' K=—7""7+
(2.12) pos S

so that < 1,1 > = < fo, fo > = 1. The functions

1
(4;9)3, 2™
em(z) = 1

(q(u-i-%)(u+m)q—(u+m)(u+m—4)/2(q; Ousm(g: q)u_m> 2

u+m ’Q)“+m — g — 1..--
(2.13) \/( i T — m u,—u+1,---u

form an orthonormal basis for Hs, in this model. This Hilbert space has the kernel function

u

(2.14) S(,2)= Y em(Z)em(z) = (—¢7" 77272 q)2u,

m=—u

so that .
<g,5(2,-) >=g(2")
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for 2! € ¢ and g € Ho,.

It follows from (2.8), (2.10) that the operators corresponding to the tensor product
D(2u1) ®q D(2uz) take the form

1 _— u —u 1 a — n
Fy :————1 — {q 2T (g T, P ¢ M T2)To + q( a+1)ul—%w(qu2Tw% - q_u2T1112;)Tz_l+a}
(2.15)

q% q(—l+a)u2 1 1 ¢ 1 _1
Fo=1— — (T2 = T2 )T,* " + —— (T — T 2>Tz‘“}

_ w

d
L=—u —uz-l—za—i—w%.

The functions
Pre(z,w) = ZFwt, k= 0,1,---2uy; £=0,1,---,2u,

form a basis for Hyy, ® Hyy,. We use the method of highest weights to decompose Hs,, ®
H,,, into irreducible subspaces. The eigenvectors of L such that F_ f = 0 are given by

(q Q)r _(2 nr2/2 si® —(1- _ 1
2.16 . a—1)r?/2 ;% —(1—a)us—aui+(a+3)s T
(2.16) Z (@ a)r <17 )

Note that in the case a = %, expression (2.16) can be summed explicitly:

(qél 1Q)oo

W _1,. 1,
(217) fs,o = (-'—”— _%u1"51L2+8.q)oo N 23(;q e Z;Q)s
z )

Lfso=(s—u; — uz)fs0, =0,1,--+ ,min(2uy,2u,).

We introduce a bilinear form < -, >, on Hy,, ® Hy,, such that

(L _ _ _ I
< Dk, oty Pk by Sa :6k1k2681Z2(_‘1)k1+elq2(k1+£1) uirky u2f1q(2a 1)(urlr+ugki—k141)
CHAINCEA

(¢72"1; q)k, (g72%259)e,

(2.18) x

By construction
(2.19) < Fypi,p2 >0 = <p1,F_p2 >4, < Lp1,p2 >0 = < p1,Lp2 >4

for all py,ps € Hoy, ® Hau,. (For a = %, this agrees with the inner product on Hyy, @ Hoy,
induced by (2.12), (2.13).) A straightforward computation yields

(2.20) < o flo >a= (—1)g et @a-tyusstds (G @)s(gTE TN gy,
) 8,07/ s a— .

(g72u159)s(q72%2; q)s




Now we define vectors f i, recursively, by

—q
Fyifs
[2u1 + 2ug — 25 — k], +Jok
(2.21) k=01, 2 + 2uy — 25 — 1

s =0,1,-- ,min(2uy, 2us).

fs k41 =

Using the recurrence relations (2.9) and the Casimir operator

R

C' = F+F_ + T
(¢7 —q72)?

we can verify the following.

LEMMA 1.

(1) Fyfor = =g [2u1 + 2up — 25 — K]y f k41
(2) F-fokr = —qlklgfs,x—1
(3) Lfsk = (—u1 —ug + s+ k) fs k-
In particular, Fy fs gy, +2u,—2s = 0. For fixed s the {f, } form an orthogonal basis for a

subspace of Hyy, @ Hay, transforming according to the irreducible representation D(2u; +
2up — 2s).

LEMMA 2.
min(2uq,2us)
D(2u;) ® D(2uq) = Z ®D(2uy + 2uy — 2s).
s=0
LEMMA 3.

— — 3 —_y — 3
< fip fop > :533’6kk’(_1)k+sq vrot(Za=Dusstzeth(—ur—urtet)

(¢;9)k(q; q)s (g 2ur—2u2ts—l, gy

(g7%u15q)s(g™22; q)s (g™ 2ur—2u2428, g)

X

Instead of the orthogonal basis {fs r} we can pass to the orthonormal basis {e?,} where

(2.22) em = |Ifokll™ fo

and v = u; +ug — 8, m = —uy; — ug + s + k, so that
v =uy +ug,ur +us— 1, Jur —uy
m=—v,—v+1,--- v,
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To derive a generating function for the Clebsch-Gordan coefficients we apply a g-
analog of the exponential of Fy to f;, and expand the resulting expression in terms of the
monomial p, ,, basis:

o k(k+1)/4

(2.23) (exp, tFy) 20 = Z L tkpkfe,

(6 9)k

To compute the righthand side of (2.23) we need to evaluate the terms Ffp, ,, where
Pn,m = 2"w™ and

(2.24) Fi =Y+X, Y=E;®¢", X=¢"VIQE,.

Note that Y X = ¢XY. Moreover, a straightforward induction argument using this prop-
erty, [8, page 28|,[17], yields

LEMMA 4.
k

k_ (4 Ok Oy k—t
F+ 2= ZO Gowore ©

The righthand side of this expression is easily evaluated on the p, , basis. Then,
making use of (2.16) we obtain the expression
(2.25)

(exp, tF1)f%, :zs: i (9‘3;q)h(q‘”l“_h;‘-’)1(‘1_2"2,+h;‘J)fq(a—%><ej—fh—h2>+(a+%)hj
! ey S CE T CRH G T C R i |

X qﬂ([l—a][ul —3]+u2)+j(u1—auz—%)+h([a—1]u2—au1+[a+%]s)zs—h+jwh+1.’tj+f

where k = j + £. On the other hand, from (2.21),
o k(k+1)/4

a _ q
(226) (equ tF+)fs,O - kZ (q; Q)k

i (q—2u1—2u2+28;q)k (tqu1+u2—s)k .
= (4 0k 1—¢q b

t*Fyflo

Thus,

stk ki—(a us+s —2u —2uqp.
gM et D e+ /20 (g0 ) (g7 25 @) gy k—r(072"25 ¢)r
(g;9)2 (g% 21~ 2u2; ¢ )i (g7 2415 q)s

(2:27) For(z,w) =

r=0
x(q1+k r’q) (ql+r q) qr[(a—%)(k—r)+(a—%)s—a(ul—U2)+u2]
2ui—s+1 ,—7r
X3¢2(q q;gr+l q_27uq2 ;q;q23—2u1—2u2+k)23+k—-rwr'
)



From this result we can easily expand the orthonormal basis {e2,} for Hy,, ® Hay,,

(2.28)

_ e 1
. (D" Dy =007 72 Dy iy —0(%5 Dot (2 Qo= | 2
5 — . —2usy.
(q 2u1’q)u1+uz—v(q 2 27Q)u1+u2—v(q;Q)2'v
Xq-}(v2_m2)+(m+v)—%ul(u1+u2—v)+%(u1+u2—v)+(a—12-)u2(u1+u2—v)ev

m?

where

m=v,v—1,-++ ,—v; v=ug +ug,ur+uz—1,--- |u; —uyl,

in terms of the orthonormal basis, (2.18),

(2.29)

—2usg.,

1
—2uy. 1
( gq ul,(q)ul)+n1 (q( 1)’ qluz—:'n2 + 2 q %_a)[ul(u1+n1)+u2(u2+n2)—(u1+n1)(u2+n2)]
459 )ur+n1\45 Quatna(— Urtru2Tn1Tns

_%(U1+u2+n1+n2)+ﬁ21-(u1+n1)+122(u2+n2)p

uy u2 _
671.1 ®a en2 -

X g u1+ny,uz+nz
n; = Uj,U; — 1,000, —U; ¢
U1 U2 v
(2.30) ey, = E ent ®q €p2.
ny nNg m
ny,n2 a q

This defines the Clebsch-Gordan coefficients for the tensor product D(2u;) ® D(2uz). It
follows from (2.27) that these coefficients vanish unless m = n; + ny. Furthermore, the
orthogonality of the two bases implies the identities

!

Uy Ug v Uy Ug VU *_
(2.31) > a[nl n m]qa[nl o m] = Sy,

ny,n2 q
1 *
Uy Ug v Uy Uy VU
E = 6n n' -
ny ng m ni nhb m 1t
v @ 1 2 q a 1 2 q
(In the second sum we require ny + ny = nj + njy = m, and * is complex conjugation.)

From (2.27)-(2.30) we find
U1 Ug v .
a ny ng m q -

—2us.

(472" Qus4ua—v (07 2% Quytua—0 (02" Qs tni (07225 Qun b (6 QD vtm (4 Dy 40y
(—1)mtee—vg(F-u)(mtua=v)(g: ), 4o (g7 %21 ) s =0 (072%5 ) ot (€5 @ ustmo

—uz—na+1.
(232) x (qm+v v2mne )q)OO qa[ul(ul+n1)+u2(u2+n2)—-(u1+n1)(u2+n2)—u1u2—n§+mn2]

(59)00(q7 2 Q) us 4us—v




Xq%[(ul—}-nl)(u2+n2)—(m+v)(%+u1—uz)+(u2+n2)(2u2—-m+n2—ul)—%(u1+u2+n1+n2)+u2(ul+u2—v)]
o ¢ qv‘—ul_u2’ qul_u2+v+1’ q—'IL2—Tl2. et
392 qv+m—u2—n2+1 q—2u2 » 454 .
)

In the case a = 1 the sum (2.25) can be evaluated explicitly (through use of the
g-Vandermonde identity [8, page ]):

- 3 2L 2 _uy u
(2 33) (exp tF+)f%0 — (lZthq 2 +2’q)00(1L_tqq 2 u2+2’Q)oo(%q —2]" —L,z;q)s
' q s, = — ek
(573 0)o (1250~ F 74 0)eo

Thus, from (2.26), (2.28) and (2.29) we obtain the generating function (after some rescal-
ing)

ug+us—uy L3 —us—ug. ug+ug—uy s L1 —uz—u;.
:1323 2 1(_qu1 Uz ua,Q)u2+U3—u1$33 1 2(_qu2 ug u,laQ)u3+u1—u2x
9 z3
(2.34)
o (B ) = (1) R e
L1

1

—us(,. —uy—uz—ug—1, 3

l:(_l)u1+U2 u3(Q’ Q)u1+u2—u3(q H1muaT s ;Q)u1+u2—u3]2 X
(q—Qul;Q)u1+u2—u3(q_2u2;Q)ul—‘rug—us

Z (_1)U3+m$§3—ml.;l1+nlx;l-z-l-nzq%[m(uz—u1+ua)+n1(u2—u;;+u1)+n2(u3—u1+u2+2)] %

ny,n2

1
[(q_2u33Q)u3+m(q‘2"1;q)u1+n1(Q‘2“2;q)u2+n2(—1)“3_ul_w]2 [UI " us]
(6 Dus+m (6 Durtn (G Duztny 1lm o om )’

where m = nj + ny. The lefthand side of (2.34) admits symmetries which account for the
72 symmetries of the Clebsch-Gordan coefficients [12]. Indeed, any even permutation of the
indices 1, 2, 3 on the lefthand side induces a symmetry. For example, the transformation

T1 = qT2 Uy — U2
Ty ™ T3 Uz — U3

I3 — T us — Uy

induced by the cyclic permutation (123) is a symmetry (it maps the generating function
to gv2t¥s~¥ times itself), as is the transformation
1 — ¢T3 U3 — U3
r3 — T U3 — UL

Tog —m T3 Ug — Uy
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induced by (132), which maps the generating function to ¢*st%1=%2 times itself. The odd
permutation (12)(3) induces the transformation

T, — Ty Uy — Uy q—)q_l

g — T1 U — Uy

T3 — I3 Uz — ug

which maps the generating function to (—1)*1+uztus g2(ui+ui+ui)—$(ui+ustus)’+Jus—$ur —Jus

times itself. The transformation

. -1 . . -1 ;o —
SL']——*)IEj ) Uy — uy, q9—q9 ]_1’213

followed by a multiplication by z2*'z2*?22"* maps the generating function to

(_1)u1+u2+u3q2(u3+u§+u§)—%(u1+u2+u3)2+:—;ua—%ul—%zw

times itself. The remaining symmetries are probably best understood from the examination

of a new generating function. In (2.34) we set z; = 22, &2 = -, T3 = -=, multiply by

(_1)u1+u2+u3(y1y382)u3+u2—u1 (y2y331 )U3+u1 —uz(y2y1 53)u1+u2—uaq4(Uf+u§+u§)—(u1+uz+ua)2

(6 Dustur—us (@5 Duatur—us (g5 Qurtus—us

and sum over all possible values of u;,uz,us to get

(y332zlq; Q)oo(yzslzsq; q)oo(y153z2q; ‘Z)oo _
(y13223; ‘J)oo(y33122; Q)oo(y23321q; ‘])oo

(2.35)

u3+u1 u23u2+u3 uy ,u1tuz—ug
2 3

S
X
Z Z (Q7Q)u3+u1 uz(QvQ)uz-Hta U1(q Q)u1+u2 —usg

urtugstuz=0n;=—u;

us+ny ui+n; ug—m,_ uz—n2
21 ) Z3 Yy yz

q—g-(uf+u2+u3)—2u1u2—u3(u1+u2)q-§[m(u2—u1 4uz)+ng(uz—uztuy)+na(ug—ur+us+2)] >

—n (—yg)“3+m(—1)2("2+"3)q5("1 +uz—us) «

Up—ug2—ug— 1 —2u uq

[(q; Quytus—us(q” s Dustuz—us (72" Qustm (972" Q00 (47225 Dugtns
(q_zul;Q)u1+u2—u3(q 2,Q)u2+u1——u3(q;Q)u3+m(q;Q)u1+n1(q, )u2+n2

Uy Uz Usg
X .
1|ln1 N2 ng q
2

All even permutations of the rows and columns of the matrix

Y1 S 2
(2.36) Y2 82 22
Ys 83 23



induce symmetries of the lefthand side of (2.35). For example, the mapping of (2.36) to

Ys 23 83
Y2 22 $S2
Y1 21 81

1s a symmetry, as is the mapping of (2.36) to

Y3 S3 Z3

n S1 219 ),
-1

Y2  S29 Z2

and to
Yo Sz zpq 7}

Ys 839 Z3
Y1 S 21

(The last two examples correspond to cyclic permutations of (2.34).) Another example is
the mapping of (2.36) to

219 h1 S

22 Y2 S2
-1

<3 Ys3q S3

All of these symmetries together generate the full group of 72 transformations of the
Clebsch-Gordan coefficients, [12]. Through the relation (2.32) the symmetries lead to
transformation formulas for the 342 polynomials, [8].

3. A class of infinite dimensional representations of U,(su;). Now we consider
the discrete series T, of infinite dimensional representations of U,(suz). This is defined on
the Hilbert space Hy with orthonormal basis {e,, : m = —u+n, n=0,1,2,---}, such
that

Eien = (Im—ulgfu+m+1])7 e
(3.1) E_en = —([u—i—m]q[m—u—l]q)% €m—1

He,, = men,.

Here u is a negative real number. A second convenient basis is the set {f, : n=10,1,---}
such that

Eifn= q—l[n = 2u]g fr41
(32) E—fn = _Q[n]qfn—l
an = (—u + n)fn
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On this Hilbert space E4 = —(E_)* and H* = H, i.e.,
(33) <Eif,g>= -<fE_g> <Hfg>=<fHg>
for all f,¢g € Hy in the domains of the appropriate operators E4, H. (In the limit as

g — 1 these representations correspond to the positive discrete series of unitary irreducible
representations of the Lie algebra su(1,1),[20,21].) Here

_ [¢B797(g;9)n
(3:4) Jo= (a7%%9)n

€—u+n, n:0’172)"' .

Note, however, that for each complex number u such that 2u # 0,1,2,--- expressions
(3.1) (with a suitable definition of \/m — u) or (3.2) define an algebraically irreducible
representation T, of Uy(suz) on an infinite dimensional vector space K consisting of all
finite linear combinations of the basis vectors {e,, } or {f,}. In this more general case we
can define a symmetric bilinear form (-,-) such that (€m,€m') = mm:. Then with respect
to this form we have

(35) (E+f>g) = _(f,E—g)’ (Hf)g) = (faHg)

for all f,g € K. Also,

¢2~7(g; ¢)n
(q_2u3Q)n

(36) (.fna fn’) = 6nn’

Given the irreducible representations T,, and T,, we define the tensor product repre-
sentation Ty, ®q Tu, of Ug(suz) on the space K ® K by the usual operators

Fy =0(Ey)=E; @ ¢ + ¢« VR E,
(3.7) Fo—AJE)=E_ @09 g H g E_
L=A,H)=HQRI+I®H

where a is a complex number. Again the operators Fy, L satisfy the same commutation
relations as the operators Ey, H. (If u; and uy are negative real numbers and we require
that F_ = —(Fy)*, L = L* with respect to the inner product induced from the unitary
representations T,,, Ty, then we must have a = % Since the equivalence relations (2.10)
hold, we can relate the tensor product A, for general a to A 1 2

To decompose T,, ®, Tu, into a direct sum of irreducible representations we follow
the procedure of §2 and introduce a convenient one variable model of T,. A basis for the
vector space consists of the functions {f,(z) = 2" : n =0,1,2---} in the complex variable

13



z. The action of Uy(suz) on functions f(z) is defined by expressions (2.11). We define a
bilinear form (-, ) such that

2w k
(3.8) (f,g9) = %/0 /0 f(rew)g(re_w)p(rz) d,r* dé

where z = ret?, Z = re~%% and

k oo
(39) | FeH art=k1-0) Y P

Requiring that
(E+f7g) = -(frE—g)) (Hf»g) = (f7Hg)

for all polynomials f,g we find that the (essentially) unique solution is

_1
(3.10) S ) W il 21 G ST VL
. — : — . v
72 (r?¢™" "7 @)oo
for u # —%, normalized so that ||1]|2 = < 1,1 > = 1. In the special case u = _% we define

the bilinear form through the limit

u——3

(3.11) (f,9)-3 = lim (f,q)u.

If u is real and negative this bilinear form determines an inner product < f,g > = (f,79).
With respect to this inner product we have relations

g3 ~"(g; 9)n
(472 ¢)n

(3.12) (frs frr) = bnns

)

in agreement with (3.6). Completing the vector space K to the Hilbert space K,, the
closure of K with respect to this inner product, we see that K, consists of all functions

f(2) =) caz"
n=0
such that
= (g27*)"(g;9)
3.13 cnl? LR < oo
(3.13) nz_%l | (@72%¢)n

14



These are just the functions f(z) analytic in the disk |z| < q* 1. The Hilbert spaces K,
have corresponding kernel functions

— o _ —u—377 .
(314) S ZI,Z = €_utn z! €—usnl(z) = (q _Z Z)Q)oo,
(<, 2) n;) +n(2)e—un(2) T T

so that
(9,5(z',+)) =g(2")
for |2'| < ¢*~% and g € K,.

Just as in §2, the operators corresponding to the tensor product T4, ®q Tu, take the
form (2.15). The functions

Pre(z,w) = zkwl, k,0=0,1,2,---

form an orthogonal basis for K,, ® K,,. Again we will use the weight vector calculations
to decompose K,, ® K,, into irreducible subspaces. For convenience we will consider only
the case where u; and u, are negative real numbers. (However, it is easy, via the bilinear
form (3.8) to carry out the corresponding computation for all complex uy,us such that
2uy, 2ue and 2(u; + ug) are not positive integers or zero.) The eigenvectors f of L such
that F_f = 0 are given by the expression (2.16), where now s = 0,1,2,---. In the case
where a = % we can sum this series explicitly:

, (Bgmim—iua gy

(Lgm3m—zuats; gy,

Lfs,O :(S_UI—U'2)fs,07 3:0)13"'°

(3.15) fs0 =2

= 2 (ZgTIm I ),
z

Now we introduce a bilinear form < -, >, on K,, ® K,, such that

q%(k1+£1)—u1k1 —u2l1 (2a—l)(u1l1+u2k1 —klél)

< Dky £y s Pk ly >a =0k ky 0010 q
(q; q)kl (q; q)fl

(¢72%;q)k, (72425 q)e,

(3.16)

It is easy to verify that

(3.17) < Fyp1,p2 >a = — <p1,F-p2 >4, < Lp1,p2 >a = <p1,Lpz >

for all p;,p, € Ky, ® K,. (For a = %, this agrees with the inner product induced on
K., ® K,, by (3.10), (3.12).) It follows that

et a-Duzst 2s (60)s(g 2T ),
(a72"159)s(q72"259)s

(3.18) < f:,oa :,0 >a=4q

15



Vectors fs k, can now be defined recursively, by
fs,k+l = 4
[2u1 + 2U2 — 25 — k]q
(3.19) s,k=0,1,---.

F+fs,k

LEMMA 5.

(1) Fyfor = —q ' [2u1 + 2ug — 25 — k]g fo k41
(2) F-fox = —alklgfo, k-1
(3) Lfsk = (—u1 —uz + s+ k) fo
$,k=0,1,---.
For fixed s the {fs 1} form an orthogonal basis for a subspace of K,, ® K,, transforming
according to the irreducible representation Ty, 4u,—s-

LEMMA 6.

Tul ®a T'U,gg 269 Tu1+u2—s .

=0

LEMMA 7.

— — 3 —uq — 3
< forsfoi g > = bssrbrrrgq et @emDuzstyotk(—u —uatots)

(¢; Q)k(g; q)s(g 22— 2u2ts=1. g

(7215 q)s(g™ 2425 q)s(g 21— 20225, g))

X

Passing to the orthonormal basis {e?, } where

em = [ foll ™ for
v=u; +uz—8, m=-—u;—u+s+k,

we see that these basis vectors satisfy relations (3.1).

The derivation of a generating function for the Clebsch-Gordan coefficients is very
similar to the corresponding computation in §2. We apply a g-analog of the exponential
Fy to f¢, exactly as in (2.23). Applying Lemma 4 and using (2.16) we again obtain
(2.25). Similarly, the generating function (2.26) and the explicit expression (2.27) for
f&1(z,w) hold for the discrete series of representations. From this result we can expand
the orthonormal basis {e?, } for I{,, ® K,,,

—uy—ug—v—1

1
3.90 o _ [ (& Durtus—o(g s Duituz (G Dotm |2
( . ) s,k — —2uq . —2usy. —2v.
(¢ 5 @ur+us—v(g 5 Dur+us—v(g 5 Q) m+tv
-%(u1+u2—v)(—u1+[2a—l]u2+%)+%(m+v)(%—v) v
Xq em,
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where
m=s8s+k—u; —uy, v=u;+u;—3s

in terms of the orthonormal basis

(3.21)

1
—2 2us,.,
w1 ®. uy _ ( U11q)u1+n1(q 27Q)u2+n2] : q(-,},—a)[ul(u1+n1)+u2(u2+n2)—(u1+n1)(u2+n2)]
(Qa Q)u1+n1(q, Q)u2+n2

— 2 (urtuztni+na)+ 5 (u1+n1)+ 32 (u2+n2)

X q Pui+ni,us+nas
ng = —uj—ui+1,---:
U1 U2 v
(3.22) e, = E [ ] ent ®q e’
ny nNg mMm
ny,ny a q

This last expression defines the Clebsch-Gordan coefficients for the tensor product T,
® Tu,. Clearly, they vanish unless m = n; 4+ ny. The orthogonality of the two bases
implies the orthogonality relations (2.31), except that the sums are now infinite. We find

[ul Usg v]
o LT Ng Mm q
1

(q‘2“";q)u1+u2—v(q‘2“1;q)u1+n1(q‘2“2;q)u2+n2(q;q)v+m(q;q)u1+n1(q;q)u2+n2] 2
(q_ul_w_v_l ) Q)u1+Uz—v(q_2u1 ; Q)U1+u2—v(q_2v; Q)v-i-m

(3.23)
x(q"““2+"1+1; q)oo(q“2+"2+1; q)ooq—é(u1+uz—v)(—u1+[1—2a]n2+§)+(m+v)(%u1—u2+[a—§]n2-§)
xq(a—%)[ul(u1+n1)+“§—ng—(ul+"1)(“2+n2)]q—%l(ul+n1)+u2(u2+n2)—au1(u2+n2)
V—Uy— Uy qul—u2+v+1

X 2 (u1tuz+ni+na) ¢ q ’ ’ q—u2 " R )
q 3%¥2 qv+m—u2—n2+1 q—2u2 14,9 *
)

Finally, in the case a = % the sum (2.25) can be evaluated explicitly to yield the
generating function

(1507 4 Qou( ¢~ ¥ 0

Lgs +2a9)oo(1th Fourteig)y,

(w —F-F 25 Q) urtus—v

1
(3.24) (equ tF_..)f:,O

4. Models of oscillator algebra representations. We introduce as a g-analog of
the oscillator algebra the associative algebra generated by the four elements H, E;, E_|
€ which obey the commutation relations

[HaE+]:E+a [H,E_]=—-E_,
(4'1) [E+’E—-] = _q—Hev [£7E:I:] = [8’ H] = 0.

17



These relations are motivated by the recurrence relations obeyed by the ¢-Laguerre poly-
nomials, although, as we shall see, this associative algebra is not a quantum algebra. In
the limit as ¢ — 1 expressions (4.1) reduce to the commutation relations of the four dimen-
sional oscillator Lie algebra [22]. The associative algebra admits a class of algebraically
irreducible representations T, where £, A are complex numbers and £ # 0. These are
defined on a vector space with basis {e, : n =0,1,2,---}, such that

—n—1
q -1
E+6n =/ — 0 €n+1
V l—gq

(4.2) E_e,="/¢

He, =(A+n)en, E&ep=~£2¢"e,.

If A and £ are real then Tg ) is defined on the Hilbert space K, with orthonormal basis
{en} and on this space we have E; = (E_)*, H* = H and & = £. A second convenient
basis for Ko is {fn : n=0,1,---} where

E . f,= eq_(n+1)/2fn+1

1—q"
(43) B fo=tg" P fes

Hfn=A+n)fn &fa=0¢""fn.

Here, fr = /(¢;0)a/(1 — q)"€n.

Note that even in the case where £ and A are complex we can define a symmetric

bilinear form (+,-) on the space K of all finite linear combinations of the basis vectors {e, }
such that (en,en/) = 8pn. Then with respect to this bilinear form we have

(E+fag) = (f,E—g), (Hf,g) = (f>Hg)

(4.4) (&f,9) = (f,&9)
for all polynomials f,g € K. Also

o (q;Q)n
(4‘5) (fn, fn) = bnn! (1 _ q)n :

The elements € = q¢ 7€ + (¢ — 1)E;+E_ and € lie in the center of this algebra, and
corresponding to the irreducible representation T, we have € = £21, & = ¢2¢*~'I where
I is the identity operator on Kj.

Given the irreducible representations T, », and Te, », on the Hilbert space K, we
define the tensor product representation T, x, ®4 Te,,, on the space Ky ® Ky by the
operators

18



Fy =A(Ey) =By @ ¢ + ¢ V@ E,
(4.6) Fo=A(BE-)=E_-@¢"" Y9 4 7 HQE_(r1g" + k3)
L=A,(H)=HQI+IQH
F=A(8)=EQI+I®E= (B 1+ 2 N)IRI

where
g Gt + 6
(47) K1 = — Je% 5 Ko = —E%QT
Then we have
(48) [L’F:E]:iF:l:a [F+7F—]: _Erq_L

[?,F:t] :[ng] =0,

in agreement with (4.1). Here a is a complex constant.

A second type of tensor product representation Ty, x, ®) T¢,.a, is defined on Ky ® K,
by the operators

Fi =AL(By) =By ®¢"7 + (V@ By (61477 + &)
(4.9) FL=A(B-)=E-®¢" """ 4 ¢ T @ B_(ry¢* + 1y)
L'=A(H)=HQI+IQH
F=ALE)=EQI+IRE=(BgM 14024

where
A
2 5 2
PN S 3B+ B
N )P

Here, a and 7 are complex constants. Neither of these coproducts leads to a quantum
algebra because, for example, neither satisfies the associative law, [1].

Since relations (2.10) hold, the operators A,, Al are equivalent to the corresponding

operators A 1 A'; . Using this equivalence we shall assume a = % in the computations to
2

follow.
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We introduce two convenient one-variable models of T, . In the first case a basis for
the vector space consists of the functions {fn(z) = 2" : n = 0,1,2---} in the complex
variable z. The action of the oscillator algebra is given by the operators

bz 1 ¢ _1 1
E,=—T,? E_=-—"(T;?-T2
g = )
d
(4.11) H=X\+z1, =02 1T
z

where T f(2) = f(q®z). Thus, relations (4.3) hold. We define a bilinear form (3.8), (3.9)
such that

(E+f7g) = (fvE—g)’ (Hf)g) = (f,Hg)
for all polynomials f,g. The essentially unique solution is

(4.13) k= %_q, p(r®) = (¢(1 = 9)r?; 9)oo,

see [7]. For £ and A real the bilinear form induces an inner product < -,- > such that

<E(f,g> =<f,E_g> < Hfg)>=<f,Hg>
(4.14) <Ef,g> =< f, & >

for all polynomials f and g. The functions

1_ n
en = —( ?) 2", n=0,1,---
(¢ 9)n

form an orthonormal basis for the Hilbert space K, of all functions

n=0
such that -
D G <o
n=0 (1 o q)n

It follows that these functions are analytic in the disk |z| < (1 — ¢)~2. The Hilbert space
K, has the kernel function

oo

(4.15) S@,2) =Y ea(@en(z) = L

n=0 ((1 - q)?z; Q)oo,
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so that
< 9,5(7,' > = g(zl)

for |2'| < (1 —¢)7! and f € K,.

A second model of 1, is determined by the basis functions {f,(z) = ¢"("+t1/4zn .

n=0,1,2,---} and the operators

E+=€ZI, E_Z—ﬁ(l—Tz_l)
(4.16) H = A+zdi, € =02 11
z

Then expressions (4.3) are valid. We define a bilinear form such that

o = [[ Z F(2)9(2)p(z,7) dedy

where z = z + 1y and f, g are polynomials in z. Requiring that conditions (4.12) hold we

obtain the solution
1-¢
1 —q)2Z;q)oomIng=1"

p(z,z) = (—(

For ¢ and A real this bilinear form induces an inner product < -,-
relations (4.14) hold for all polynomials f and g. The functions

1_ n
el = qn(n+1)/4‘ /%zn, n=0,1,---

form an orthonormal basis for the Hilbert space Ky of all functions

fl(z)= Z cp2"
n=0

such that
< 00.
— (1-qr

This is a space of entire functions; it has the kernel function

(o ]

(4.17) S, z) = Y en(@)en(z) = (=(1 — )47'2; ¢)co-

n=0

21
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5. Tensor products of oscillator representations. We will make use of the model
(4.11) of the oscillator algebra to decompose the representation T, 1, ® Te,,n, into irre-
ducible components. Thus we have

LY Ry e P e
q2 q2
(5.1)
LSRR S £ -1 1
F-= (1 _q) L (T7F - TE)FTE 4 T 2W(Tw P — T2 )(k19™ T + K2)
d d
L=/\1+)\2+Z;E+w%

g’ 62 Al 1 equ2—1

where
g _ 8¢ + 0

K1 = — Ko =
@ IZPee

The functions
pkl,kz(z w)—z wk k17k2:0717"'

form a basis for Ky @ Ko. The eigenvectors f of L such that F_ f = 0 are given by

—3 A1+A24338)/2
,q)k wzlq( 1 2 k
5.2 Z,w) =2
5-2) foolzw) = 2:(q Dk ( ghatl Q)k[ 2laky -
Using (2.23) and Lemma 4 we find
(5.3)
—s. hy
 4)ng
(expy tFy)fso =
! > ,;J;O —Lq““ )h(‘b Dr(g50)i(25 2)e
B+ +s
X (q%z-%gl)j(q— 2 "5 4, ) (_—2 _8_1 )hzs—h+jwh+ftj+e
K2
_ al o[ 07 aFTRutr | hwgdHE
- 2¢¥1 P
(q—iz]‘—%égtw;q)oo(qizz—%ﬁltz;q)oo —%q)‘ﬁl bakoz

We introduce a bilinear form < -,- > on Ky ® K, such that

(—22g*t5q);
(5.4) < Ph,j, Phr,j1 >= bpnbjj (12_ PLES (g3 0)n(g; 9)j53.

Then we have
< Fypi,ps > =<p1,F_ps > < Lpi,ps >=<p,Lpy >
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for all py,p2 € Ko ® K.
Defining the functions f, (2, w), recursively, by

Forrr =71 ¢ V2R 0 s k=01,
(5.5) by =\[q*(BBg>2 + Bg=™),

we obtain

LEMMA 8.
(1) F+fs,k = g.9‘]_(,‘:4-1)/2fs,k+l
~ k
(2) F—fa,k = gsq_k/Qll___qq_fs,k—l
(8) Lfske = (M1 + A2 + s+ k) fo k.
For fixed s = 0,1,2,--- the {fs r} form an orthogonal basis for a subspace of Ky ® Ky

transforming according to the irreducible representation 1; y ., 4,

LEMMA 9.

o
Tf1,/\1 ® T(.‘,,)\f‘\—‘l ZEB TZS,,\1+A2+3 :

s=0

LEmMMA 10.

(4;90)s(q; D
(1 —g)tk(—2gretlig),

< fs,k, fs’,k" > = 688'6kk'

From (5.5) we have

L,t)
(exp, tFy)fs0 = kz: ((q,q) fs ks

and, comparing this result with (5.3),

A

fsx(z,w) = g"k(q 2 —%élz)kzsx

(5.6) Z ) fwg F R y
' (- ;;qM“ O)r(g;9)r z
—-r —k __ K2 —T—A2
", g, —%g q
302 | 1, ! i g .
q I 0 I‘égez

We can use this result to expand the orthonormal basis {e?} for Ky ® Ky,

(57) ez = ||f8,k||_lf8,k7 Sak = 03172>' o
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in terms of the orthonormal basis

(5-8) en, @ en, = ||Pn1nz||_1pn1n2a
s __ ela)‘l; 323)‘2; 8
(5.9) ey = Z [ ny: gk qen1 ® €n,-
ni,ne

These Clebsch-Gordan coefficients vanish unless ny +ng = s+ k. Furthermore, they satisfy
the identities

b, Ai; Loy o; s [l A1 Loy he; S|
(5'10) nlz:fz [ n1; n2; k] [ n1; na; k' q = Ok,
L, 15 £y, Ag; s €, 15 Lo, X958
Z ] ] = 6n1n' .
— ni; ng; k L ni no; k . 1

where n; + no =nj +nb = s+ k ="+ k' and we are assuming that £;,4, > 0 and A, Ay
are real. Explicitly, we find

(5.11)

ni; ng; k

[81’/\1; .0 S] :~;k(‘1%2_%El)k(q%-'_%zﬂ“@l)nz><
q

1
(=2 g% 41 9)o(g; @)n, 557 : y
(=22 g2t )0, (45 Dy (459)(g5 Ok

3P2 " q_k’ _%q—n2_)\2‘Q‘ 1 .
ql—ng——s’ 0 ’ ’52262

(€% On, [

6. The quantum algebra W,(1). Another g-analog of the enveloping algebra of the
oscillator algebra is the quantum algebra Wj(1), [5,6,7,10,18,19,28,30], generated by the
three elements H', E!,, E' with the commutation relations

[H',Eﬂr] = Eg_, [H',E'_] =—FE',
p%H, +p"%HI
pi +p1

(6.1) B}, B =

e
where 0 < p < 1. The center of this algebra is generated by
¢ =piptt —pip i¥ 4 (1-p)ELEL.
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Wp(1) admits a class of algebraically irreducible representations 7% where A is a complex

number. These representations are defined on a space with basis {e, : n = 0,1,2,---},
such that
1
3 I 1— p(n-i-l)/? 1 _|_p)\+n/2 2
Ele,=p (Atn—3)/4 [( T —)(p ) €n+1
1
1— n/2 1 A+(n—-1)/2\12
(6.2) B e, = p-Otn=D/4 [( p )(1 j‘IZ; )] e

H'en, = (A +n)en.

If X is real then 7 is defined on the Hilbert space K with orthonormal basis {e, } and we
have E!, = (E.)*, and (H')* = H'. A second convenient basis for K¢ is {f, : n =0,1,---}
where
E\ fn= P(%_)‘)M(P_"/4 +p M) fr
nf/4 _ . nf4
L—"

_ (2-N/aP_
(6.3) | E_fa=p —
Hf,=MA+n)f, n=01,.--.

In this case

(=P} p)a(l - p)"
Corresponding to the irreducible representation T4 we have @' = p(3=2/2(pr=1/2 _ I

In the special case A = 3, expressions (4.2) and (6.2) for the representations 1 1, and
¢4,
', , respectively, of the two g-analogs of the oscillator algebra take on almost the 2same
2

form when ¢ = p. Indeed we have
E\ = EyqHtD/A B = p_gH-3)/4
(6.5) H =H, I=E.
In general, however, these analogs are distinct, the first motivated by the recurrence rela-

tions for the functions ;¢; and 3¢1, the second by the raising and lowering operators for
bosons.

On the other hand, if we consider U,(suz) and Wp(1) to be algebras (with identity)
over the complex numbers then Up']i (sug) = W,(1). Indeed if we set

(6.6) B = q‘:’ By, Bl =c%(¢-1)E.,
T 1
H =H - = p?
2lnq’ q p2’

equations (2.1) and (6.1) are identical. Thus, the basic facts about tensor products of
representations of the form T can be obtained easily from the results of §3.
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7. Generating functions, orthogonality relations and “addition formulas”.
Now we will present some examples to show how the various models of g-algebra represen-
tations can be used to derive identities obeyed by g¢-series associated with the models. We
will select all our examples from models of “oscillator algebra” representations as studied
in §4. Examples associated with Uy(sug) can be produced by a similar procedure.

We will be concerned with the irreducible representation T, defined by expressions
(4.3) with respect to the orthogonal basis {f,} of the Hilbert space Ky. In analogy with
a standard relationship between special functions and the representations of Lie groups
we shall compute the “matrix elements” of g-analogs of the group operators e#E+e®E-
with respect to the {f,} basis. Of course there are many g¢-analogs of the exponential
mapping, none of which have all the properties needed to ensure that there is a true
“group” associated with the g-algebra. Among the g-analogs we shall limit ourselves to
the two that are most important, [8]:

©  k(k— 1)/2

(7.1) eo(4) = Z(q’q) B4 =3 e

(q,q)k

If A is a complex number, the first series converges to 1/(A4;q)e for |A| < 1 and the
second series converges to (—A;q)e for all A. For our first example we consider the
matrix elements Ty, (a, #) of the operator E (BE; )e,(aE_):

(7.2) Ey(BE+)eq(@B-)fm = Y Tam(a,B)fn-

n=0

It is most convenient to evaluate (7.2) in the model (4.16) in which f,(z) = ¢"("t1/4z",
In this case (7.2) becomes the generating function

(7.3) q—m(m+1)/4 (%)m(_ﬂ(’z;(ﬁw(u Dm = ZTnm(a ﬂ)qn(n+1)/4 n

convergent for all o, . Thus

Tnm(a, B) :q(n_m)("_m_l)/“(fi;q)r;(ﬁfq""/z‘”?)"_m [ (n=m) (—aﬂ€2q‘1_m.q)
’ 4 Dn m 1—¢
_ n(n al \™T" mem [~ 2q-1-m

(7.4) =g~ (D /atn(nt1)/a (X2 L= ptq .

1—g¢ 1—¢
where [3,8,25]

" Q)n " .

(7.5) L (21 q) = ﬁm <q7+1 g —2q +7+1)
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is a g-Laguerre polynomial. (Note that Lgf,l_m)(a:;q) =(—z)™" "%’—qq)hL(m n)(:c q)-)

We can obtain the matrix elements of the operator e (8E4)E (aE_) for free since
(E(BEy)e,(aE_))* = e,(QE;+)E,(BE-). Defining matrix elements Sy, (e, 8) by

(7.6) eq(BEL)Eq(aE_)fm = Z Snm(a, B) fr

we find

(7.7) (w.8) = Wildm (g _ gyom, @ B).
nm ( q)n mn 9y

so, if £ is real,

. €2 —1-m
(7.8) Smn(avﬁ) . qn(n+1)/4 m(m+1)/4 \1Hr 4)n ((;I q)) (Iﬁf)m nL(m n) ( aﬁlq_———q §Q> .

From the explicit expression (7.5) we can verify the recurrence relations

1 _
—(1-T; YL (z;9) = "L (259,
(7.9) (1—q"(1+2)T) L (259) = (1 — LY (59),
k=0,1,---

where we adopt the convention that L(_"l) (z;¢) = 0. Thus the operators

=001 —-(1+42)T,'T,), H' =to,

/¢ A
(7.10) E 1

- -t _m-1 I _ 2 A—1
__(1—(]).’1,'t(1 Tz )7 € fq

and the basis functions

Fa(@,t) =(g; Q)ng™ " TI/ALTAT™ (a5 )2
(7.11) n=01,-

define a two-variable model of Ty x, i.e., they satisfy relations (4.3) For fixed m, we see
from (7.8) that the matrix elements Sp,(a, ) are the special case of this model where
A = —m and we have the identifications

1 apl?
(712) t= @, T = —W.
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Using Lemma 4 we find that the action of the operators E,(BE! )es(aE") on the
monomial z™#% (zt # 0) is

g (25 Do 4Bt @)oo (Bt ™ )

. E' E' myé _
(113)  Ey(BE.)e,(aBL)a™t (55 @)oo ~£B1g ™5™ )

for |al,|B| sufficiently small. From this result, (7.2) and (7.11) we obtain the generating
function

gD/ (g7 A 0) (=8Bt q) oo (Bt g™ BTI

E,(BE")ey(aE ) fm(z,t) = (—£Btq™ "™ q) oo

—-m trq — _eﬂtq—)\—m faq)\
7.14 rtm 70 ta > gp — 24
(7.14) 392 (q‘”‘, LBtxg ™ T

= ZTnm(a7 ﬁ)fn(x7 t)’

an

, [eBtg™ ™| < 1.

In the special case where the {f,} basis reduces to the {S,,,} basis we can view (7.14) as
a g-analog of an addition theorem for Laguerre polynomials, [22].

Relations (7.9) can be used to derive orthogonality relations for the ¢g-Laguerre poly-
nomials. Let 57 be the space of all real polynomials in z with inner product

<V¥,0>,= /Ooo U(z)O(z)p(z) dz, ¥,0 € S”
where p.(z) is a weight function to be determined. From (7.9) we define operators
R,: 87 — S L,:S87"— g1
by
(7.15) R, = -91;(1 —-T;1), Ly=1-¢"(142)T,.
Furthermore, we require that

(7.16) <R,¥,0 >,11=<V¥,L,1,0 >,
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for all ¥ € S7, © € §S¥*!. This leads to the conditions

py+1(z) =zpy(2),  pylgz) = ¢7(1 + z)p4().
The solution, unique up to multiplication by a function of v alone, is

x”

(7.17) py(z) = Codm

where we require v > —1 for convergence of the inner product. It follows that the operators
Ty=R,1L,:S" — 57 are self-adjoint and map polynomials of order m to polynomials
of the same order. From (7.9) we see that the polynomials ng)(m;q),k =0,1,--- are
exactly the eigenfunctions of T, and that they correspond to the eigenvalues ¢7(1 — ¢*).
Since eigenfunctions of T, corresponding to distinct eigenvalues must be orthogonal, we
have

(7.18) <L LY > = 6., AL

We can also use the recurrence relations (7.9) to help determine AY. Setting ¥ = AV

. k+1>
0= Lgﬁl) in (7.16) we find q'Y||L§c7+1)||,2y+1 =(1- qk+1)||L§;_’21||?1. Hence,

Yk+k(k—1)/2
7.19 LR = — 2y,
( ) || k ||'y (q,Q)k ” H‘y+k

Furthermore, from the explicit expressions for L(kﬂ’) and p, we can write the identity

< L, L >,= 0 in the form ||1|2}, = —(1 — ¢7""1)||1|2. Tt follows that ||1]|2,, =
+1. -~k ,—k(k+1)/2 2

(q‘y 11Q)kq K q (k+1)/ ”1”7, so

"t @n
(7.20) a1 =S,

A straightforward contour integration argument gives

(¢ ¢) oo

9 9o —k(k+1)/2
- . ) q
sin mY(¢; ¢)oo

1115 = 11llk =Ing™ (¢ 0)

k=0,1,2,---.

(For related works on orthogonality extending that of the classical polynomials see [2,4,9,
14,24,26,27].)

There are also g-analogs of the orthogonality relations for matrix elements of the os-
cillator group. In expressions (7.4) and (7.8) for the matrix elements we can restrict
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the parameters a,f so that a = re?, 8 = re=" where r > 0 and 6 is real. Setting

Smn(a, ) = Smnlr, 0], Tmn(a, B) = Trnlr, 6] it is easy to see that
(7.21) (Smms Smrnt) = (Tonmy Tonrms) = O

unless m = m', n = n/ where (-,-) is the inner product
2w ©  p2a .2
,9) = dG/ ——— f|[r, 8] g][r, 6].
(Fo)= [ a0 [ i AT

We note that there exist many inner products in addition to (7.18) for which the

Laguerre polynomials {Lgca) :k=0,1,---} are orthogonal. Indeed one can use a technique
analogous to the derivation of (3.10) to obtain a family of orthogonality relations with
discrete weight functions, [3,25],(8, page 194].

As a second example of the computation of matrix elements we consider the operator

eq(BEL)eq(aE_):
(7.22) ea(BEL)eg(@B ) fm = " Anm(a, B) fu.

The result is

m(m—1)/4—n(n—1)/4 n—m —-m 2
g (80 < ¢™, 0 apt )
Anm a, = e ; y—
( :6) (q;Q)n—m 2¢1 q +1 q 1— q
(7 23) _ qn(n+3)/4—m(m+3)/4(q;q)m( al )m—n 5 ", O.q _aﬂ€2
° (¢ Dm—-n(g;0)n 1—q¢’ M\ gmmtt DT,

From the power series representation of the ,¢; polynomials we can verify the recur-
rence relations

1 . -
;(Tz ~1DED (2;9) = ¢ KD (a5 ),

(7.24) (—q" + T, = ¢ T DI (259) = (1 — I (259)
where

= (7) ("5 9)k (q"“, 0 )
( ) k ( q) (q; q)k 2¢1 q7+1 q
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Thus the operators

Ey = —tg(—q"'Tt_l + T — ¢ 2T, H =10+ )
q2

1
5 g2t e 2 A—1
=2 (T, -1), E=¢
(7.26) E T (T. ), & q
and the basis functions
(7.27) fa(@:) = (g Q)ng" VALY (25 g)t"

define a two variable model of T, for each fixed complex number 7. Note that the matrix
elements Ann(a,3) are the special case of this model for which v = m and
1 apl?

(728) tZ@, :L'=—(1_q).

We can use relations (7.24) to derive orthogonality relations for the g-analogs f)i”(a:; q)
of the Laguerre polynomials. Let S be the space of all real polynomials in & with discrete
inner product

(7.29) <V,0>,= / U(z)O(z)py(z) dy,
0
see (3.9), where ¢ and p,(z) are to be determined. From (7.24) we define operators
R,:S8"— S L, .87 g1

by

1
(7.30) R, = ;(Tz —1), Ly=-¢"+T,'—q 2T

r

We require that relations (7.16) hold:
for all ¥ € §7, © € S7*1. This leads to the conditions

y+1 q”
c=q, pyt1(z) =" apy(z),  py(az) = T—pa(2).

We choose the solution
(7.31) p4(z) = (75 q) 00 q"TFD/2
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where we require ¥ > —1 for convergence of the inner product. The operators T, =
R, 1L, :SY — S7 are self-adjoint with eigenfunctions f)g’)(:v; q) and eigenvalues ¢7(1 —
¢*),k=0,1,---. Hence, we must have

(7.32) <ILEY > = 6,,,B].
Exactly as in the proof of (7.19), the recurrence relations (7.25) yield the formula

—k(k—1)/2
x q
L2 = v 111244

From the explicit expressions for f/g’) and p, we can write the identity < 1~}§7), 1387) >,=0
in the form [[1|3,, = ¢™*2(1 — ¢"F)[IL|E. Thus [[LIZ,x = (g7 Qg™ HEH/2| 1 2,

and

(@t @ng "
7.33 BY = 12
(1:39 D
It is easy to evaluate the sum |[[1]|? directly:

q )
q(1 — ¢)(¢; Qoo (v+3)/2

7.34 12=/ z)d,r = v(r+3)/2,
( ) || H'y 0 p'Y( ) q (q7+1;q)oo q

In a manner similar to the derivation of (7.21) we can also obtain orthogonality relations
for the matrix elements A,,. (We note that recurrence relations of the type (7.9), (7.24)
are closely related to the factorization method [2,23].)
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