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1 INTRODUCTION

Informally, a multigraph is a graph in which there can be multiple edges between pairs of vertices,
and both endpoints of an edge can be the same. Formally, a multigraph G = (V, E) consists of a
finite set of vertices V and a finite set of edges E. Each edge e has the form (w, W), where w is the
label of edge e, taking values in some arbitrary set, and W C V is the set of endpoints of e. Either
|W| = 1, in which case edge e is called a self loop, or |W| = 2. It is assumed that the labels of
distinct edges are distinct. Vertices u and v are called neighbors, if © and v are distinct and at least
one edge has endpoints u and v. Let n(u,v) denote the number of edges with endpoints u and v. If
two or more edges have the same endpoints, these edges are said to be parallel. In particular, two
self loops with the same endpoint are parallel. A subset F' of F is called an edge cover of G if every
vertex of G is covered by at least one edge in F. Let S; denote the multigraph with two vertices,
no self loops, and ¢ edges, all parallel. Given two graphs G and H, let G« H denote the new graph
formed from the disjoint union of G and H, and for : > 1 let G** denote the disjoint union of ¢
copies of G. Let Ry(G) denote the number of edge covers of G with cardinality k, and write R(G)
to denote the infinite vector (Ro(G), R1(G),...). Writing R(G)* R(H) for the convolution of the
vectors R(G) and R(H ), the following basic convolution relation holds: R(G * H) = R(G)* R(H).

Conjecture Let m > n/2 and r > 0, where n is even. Among multigraphs with n vertices and m
edges, the number of edge covers of cardinality 7 is maximized by a graph in which every component

is isomorphic to S|am/n| OF St2m/n]-

The conjecture is established for r = /2 in Section 2, and for n > m > n/2 in Section 3. The
result in Section 3 also pertains to multigraphs with n odd. It is shown in Section 4 for general
n,m,r, that among multigraphs with n vertices and m edges and the maximum number of edge
coverings of cardinality r, there is a graph with no four cycles. An interpretation of the conjecture

and some related problems are discussed in Section 5.



2 PERFECT MATCHINGS

Let n > 2 be even and m > n/2. Let G° be such that each component is isomorphic to either
S\2m/n| OF Sfam/n]. This determines G°P* up to isomorphism. Note that the set of edge covers of
cardinality n/2 is simply the set of perfect matchings. The following establishes the conjecture for

the case r = n/2.

Proposition 2.1 Let n > 2 be even and m > n/2. If among all multigraphs with n vertices

and m edges, G has the mazimum number of perfect matchings, then G is isomorphic to G°*.

Proof. Let G be an extremal multigraph, by which we mean G has n vertices, m edges, and the
maximum number of perfect matchings among all multigraphs with the same number of vertices
and edges. Perfect matchings do not contain self loops, so clearly G has no self loops. Define a
VEE for G to be given by (u,{v,w}), where u, v, w are distinct vertices such that » and w are both

neighbors of u.

If G has at least one VEE, then we claim that there is an extremal graph G with fewer VEE’s
than G. Indeed, suppose (u,{v,w})is a VEE in G. Let ej,es,...,e; denote the edges with
endpoints « and v, and let fi,..., f; denote the edges with endpoints u and w. Let ny denote
the number of perfect matchings disjoint from {ey,...,e;} U{f1,..., f;}, let n; denote the number
of perfect matchings which contain e; and let n, denote the number of perfect matchings which
contain fi;. Any perfect matching contains at most one edge from {e;,...,e;}U{f1,..., f;}, edges
among {ej,...,e;} are interchangeable, and edges among {fi,..., f;} are interchangeable. Thus,
R,/2(G) = no +iny + jny. The vertices v and w can be exchanged, if necessary, so it is assumed
without loss of generality that n; > n,. Define G to be the graph obtained from G by removing
fi,..., f; from E, and adding j new edges, all with endpoints u aﬁd v. Then Rn/2(G’) =mno+ (1 +
Jj)ni > R,y2(G). Furthermore, G has at least one less VEE than G. The claim is proved.

Therefore, there is an extremal graph G with no self loops and no VEEs. Each component of
such a graph has two nodes. The number of perfect matchings is the product of the numbers of
edges in the n/2 components. The product is maximized if and only if the numbers are as close to

equal as possible. Thus, G°* is an extremal graph.



It remains to show that G°P* is the only extremal graph. By the above proof, given any extremal
graph G, there is a finite sequence of extremal graphs G' = G,...,Gy such that Gy is isomorphic
to G, and such that for each ¢ < N, G, is obtained from G; by one transformation (of the
type described in the second paragraph of the proof.) Suppose for the sake of contradiction that
N > 1. Since Gy is obtained from Gy_; by one transformation, and since R,/o(Gny_1) # 0,
there is a component H of G y_, with four vertices u, v, w,z and n(u,v)+ n(v,w) + n(w, ¢) edges,
where the multiplicities n(w, v), n(v,w), n(w, ) are strictly positive. Furthermore, G'y_, is obtained
from Gy by changing the component H to a subgraph isomorphic to H = Snuv)+n(v,w) * Sn(w,z)-
Since Ry(H) = n(u,v)n(w,z) < Ry(H) = [n(u,v) + n(v, w)]n(w,z), it follows that R,;s(Gy_1) <

R,;>(Gy). This is a contradiction, so N = 0. Thus, G is the only extremal graph. a

3 AVERAGE DEGREE AT MOST TWO

Let n > m > n/2, where n > 1. Throughout this section, the letter G with or without subscripts
or superscripts denotes a multigraph with n vertices and m edges such that each vertex has degree
greater than or equal to one. If m = n/2, then any G is isomorphic to (5;)™?*. If m = (n+1)/2,
then up to isomorphisms there are only two possibilities for G (G either has an isolated vertex or

a single VEE), and both possibilities have the same number of edge covers of a given cardinality.

Suppose (n/2)+1 < m < n, and let A denote a complete simple graph with three vertices and
three edges. Let GP* be such that each component is isomorphic to either S, S5 or A, and such
that at most one component of G°* is isomorphic to A. This determines G°?* up to isomorphism.

A version can be written explicitly as follows:

DN x (8y) M=)y (§)mm o 6dd
Gopt — ( 2) ( 1) (31)
(§y)m=n/2x x (§))r-m) n even
The following proposition is established in this section. It implies the conjecture for m < n. By

R(G) > R(H), we mean that for all » > 0, R.(G) > R.(H).

Proposition 3.1 Let (n/2) +1 < m < n. Then R(G®') > R(G) for all G. If Ry 5 (GP') =
Rin/2(G) then G is isomorphic to G*.



A leaf of a multigraph is a vertex with exactly one neighboring vertex. A two-component of

a multigraph is a component with exactly two vertices. The vertices of a two-component are, of

course, leaves. Let L, denote a multigraph with one edge and a self loops.

We now give nine different conditions on a multigraph G. Under each there is a new graph G

(not necessarily unique) that is obtained from G by a specified transformation.

T

TQ:

T3:

T4:

T5I

: Suppose G has a self loop e at a vertex u that is not isolated. Let v be a neighbor of u. Obtain

G by reassigning one endpoint of e to be v.

Suppose G has no self loops at vertices that are not isolated, and there is a leaf vertex u not
in a two-component of G. Let v denote the neighbor of u. Obtain G from G as follows. For
any edge in G with one endpoint v and some other endpoint w # wu, let both endpoints of the

edge be w in G. (Note that » and v are in a two-component of G.)

Suppose all leaves of G lie in two-components. Suppose there is a component H of G' which is
not isomorphic to Sy and which contains edges e and f parallel to each other. Then there is
an isolated edge g in G (see Lemma 3.3 below). Let G =G —e+ g, where ¢ is a new edge
parallel to g.

Suppose all the self loops in G are at isolated vertices, and all leaves of G lie in two-components.
Suppose there is a component H of GG in which every vertex has degree greater than or equal
to three. There is an isolated edge g of G. Let graph G be obtained by replacing some edge e

of H by a new edge parallel to g, where the edge e is selected according to Lemma 3.4 below.

Suppose all the self loops of G are at isolated vertices, and all leaves and parallel edges of G
lie in two-components. Suppose there is a component H of G, not isomorphic to A, with a
vertex u of degree two and two distinct neighbors v and w. (See Fig. 1.) Let e denote the
edge with endpoints u and v, and let f denote the edge with endpoints v and w. Define the
new graph G by reassigning the endpoints of some of the edges in G as follows. Change e and
f so that they each have endpoints v and w. For any other edge in G that has an endpoint v
or w, change that endpoint to u. (If there is an edge in G with endpoints v and w, that edge

becomes a self edge loop in G).



TGZ

17

Tgi

Suppose G contains two components isomorphic to L,. To obtain G replace both by a new

component isomorphic to 9.

: Suppose G contains a component isomorphic to L; and a component isomorphic to S,. To

obtain G replace both by a new cémponent isomorphic to A.

: Suppose G contains a component isomorphic to L; and a component isomorphic to A. To

obtain G replace both by two new components isomorphic to S5.

Suppose two components of G are isomorphic to the triangle graph A. To obtain G replace

both by three new components isomorphic to 5.

Figure 1: A transformation of type Tj.

Let 7(G) denote the sum: the number of components of G which are isomorphic to either S, or

A, plus the total number of edges of G contained in two-components and in components isomorphic

to A.

Lemma 3.1 Letr > 0. If@' is obtained from G by a transformation of one of the nine types

~ ~

above, then R,.(G) > R,.(G) and 7(G) > 7(G). If the transformation is not of type T, then
(@) > 7(G).



Proof. The statments regarding 7 are easily checked, so it remains to prove that R,«(G) > R,.(G)
if G is obtained from G by a transformation of any one of the nine types. If the transformation is
of type T} or Ty, then any edge cover for G is also an edge cover for G. Therefore, R(G) > R(G)
if the transformation is of type T3 or T,. The following four inequalities and the basic convolution

relation show that if the transformation is of type Tg,T%, Ts,or Ty, then again R(G) > R(G):

R(S2) = (0’231707-") 2 R((Ll)z*) = (0,0,1,0,...)
R(A)=(0,0,3,1,0,...) > R(SyxL;)=1(0,0,2,1,...)
R(S3*) =(0,0,4,4,1,0,...) > R(L;*A)=(0,0,0,3,1,0,...)
R(5%) =(0,0,0,8,12,6,1,0,...) > R(A*)=(0,0,0,0,9,6,1,0,...)
The remainder of the proof of the lemma is given as Lemmata 3.3-3.5 below. a

Suppose H and an isolated edge f are both components of a graph G. The next lemma is
useful in determining whether an edge e can be removed from H and placed parallel to f, without
decreasing the number of edge covers. First some notation is introduced. Given a multigraph H
and an edge e of H, and given k > 0, let R,(H,e) denote the number of edge covers of H of
cardinality k£ that contain e. (Continue to let R(H ) with one argument, R(H ), denote the number
of edge covers of H of cardinality k.) An edge e is called essential for an edge cover F'if e € F
and F — e is not an edge cover. Let Rk(H ,€) denote the number of edge covers of H of cardinality

k for which e is essential.
Lemma 3.2 For any k, Ryy1((H — €)% So) — Ryp1(H % 81) = Ry(H —e) — Ry(H,e).

Proof. By the basic convolution relation,
Rk+1((H — 6) * Sz) = 2Rk_1(I{ - 6) + RL(H - 6). (32)
On the other hand,

Rk+1(H *51) = R].(I{)

Ri(H,e)+ Ry(H — e)

Ri(H,e)+ Ry (H — €) + Ry(H —e). (3.3)

6



Comparing (3.2) and (3.3) proves the lemma. _ a

Lemma 3.3 If G satisfies the conditions for a type T3 transformation, then there is an isolated
edge g in G so that G can be constructed. If G is obtained from G by a transformation of type Ts,
then R(G) > R(G). )

Proof. Suppose G satisfies the conditions for a type T5 transformation. Then some vertex of G
has degree greater than or equal to three (for example, at least one of the endpoints of e has degree
at least three). Since all leaves of G lie in two-components, any vertex not in a two-component has
degree at least two. Thus, there exists a two-component in which the sum of the vertex degrees is
less than or equal to three. Such a two-component must be isomorphic to S, so that there is an

isolated edge in G as claimed.

Corresponding to every edge cover F' of H (consisting of edges from H) for which e is essential,
there is the distinct edge cover F' — e + f of H which does not contain e. Therefore Rk(H ,e) <
Ry(H —e) for k > 0. By lemma 3.2, it follows that R((H —e)*S2) > R(H *5;). Let K denote the
graph formed from the union of all components of G other than H and the component consisting
of g alone. Then R(G) (resp. R(G)) is the convolution of R(K) with R((H — ) * S,) (resp. with
R(H x 5,)). Since convolution with nonnegative vectors is order preserving, the desired inequality

R(G) > R(G) ensues. O

Lemma 3.4 Letr > 0. If G and H satisfy the conditions for a transformation of type Ty, then
there is an edge e of H such that the transformed graph G satisfies R.(G) > R.(G).

Proof. Note that an isolated edge g must exist since some vertex has degree three, hence some
vertex has degree one, and the edge incident to such vertex must be isolated. Given an edge e of
the component H, let GG, denote the graph obtained from G by removing e and adding a new edge
parallel to g. It must be shown that there is a choice of e so that R.(G.) > R,.(G).

Let K denote the graph formed from the union of all components of G' other than H and the



component consisting of g alone. Observe from the convolution relation and Lemma 3.2 , that

r+1

Y R.(Ge) = R(G) = YD Rej1(K) [Rigr((H — €)% S3) — Riya(H + 51)]  (3.4)
r+1
= 2 Resr(K) [Re(H — ) = Re(H, o) (3.5)

where e ranges over all edges of H.

Fix k£ > 0 and suppose F'is an edge cover of H of cardinality £. We claim that the number of
edges in F' that are essential (for covering H) is less than or equal to the number of edges in the
component H that are not in the edge cover F. Indeed, the number of essential edges in F' is less
than the number of vertices of H that are covered by F exactly once. Each vertex that is covered
exactly once by F, having degree at least three, is the endpoint of at least two edges of H that are
not in F. Since an edge of H but not in F' can be selected at most twice in this way, once for each
endpoint, the claim is proved. Using the claim and summing over all edge covers of H containing

k edges implies that
> Ry(H —e) - Ry(H,e) >0 (3.6)

Multiplying each side of (3.6) by R,_;_1(H ), summing over k, interchanging the order of summation,
and comparing the result to (3.5) yields that the lefthand side of (3.4) is nonnegative. There thus
exists an edge e such that R,(G.) > R,(G), as required. O

Lemma 3.5 If G is obtained from G by a transformation of type Ty, then R(G’) > R(G).

Proof. As indicated in Figure 1, let U denote the set of vertices in G that are neighbors of .
Equivalently, U is the set of vertices (other than u,v or w) which are neighbors of either v or w in
G. Let E, denote the set of edges that are not incident to u, v, or w (in either graph). Fix r > 1.
Partition the set C of edge covers of G of cardinality r into 7 + 1 sets, C(0),...,C(r), as follows.
Let F € C(0) if and only if F'N E, does not cover every vertex in U. For k > 1, let F € C(k) if and
only if F'N E, covers every vertex in U and |F'N E,| = r — k. Partition the set C, of edge covers of
G of cardinality r into 7 + 1 sets, C,(0),...,Co(7), in the same fashion. To complete the proof, it is

shown that |C(k)| < |C,(k)| for each k.



To begin with, we claim that C(0) C C,(0). (Recall that G' and G have the same set of edges—the
construction of G only involves reassigning the endpoints of some of the edges.) Indeed, if F' € C(0),
then either e € F or f € F since F covers u in G, and therefore F' covers v and w in G. Also,
F contains at least one edge in E — E, which covers a vertex in U, so that F' also covers u in G.
Finally, F' covers all other vertices in G since it covers them in G. The claim is true so the case

k = 0 is verified.
Observe that C(1) = (), so the case £ = 1 is also verified.

Suppose k£ > 2. Let z(r — k) denote the number of distinct subsets of F, of cardinality r — &
which cover V — {u,v,w}, and let y(k) (resp. y,(k)) denote the number of distinct subsets of
E — E, of cardinality k which cover {u,v,w} in G (resp. in G). Then |C(k)| = z(r — k)y(k) and
|Co(k)| = z(r — k)y,(k), so that it remains to show that y,(k) > y(k) for £ > 2. Let | = 1 if there is
an edge in G with endpoints v and w, and let [ = 0 otherwise. Let j, (resp. j, ) denote the number

of edges in G incident to v (resp. w) and some vertex of U. Then

y(k) = (j“ Fu l) +2(j“ Hu l) - (k{ 1) - (k]i“ 1) (3.7)

Jo+ Juw+1 Jo + Jw +1
yo(k) = I{kzg}( k—9 ) +2( E—1 ) (38)

whereas

Comparison of (3.7) and (3.8) immediately yields that y,(k) > y(k) for £ > 3. Finally, to check the
inequality for k& = 2, notice that y,(2) — y(2) = j, + ju — 1, which is nonnegative by the assumption

that H is not isomorphic to the triangle graph A. a

Proof of Proposition 3.1. Fix r > 0 and let G' be arbitrary. Construct a sequence of graphs
G = Gy,G,...,Gy as follows. Given G, if the conditions for at least one of the nine types of
transformations holds, apply such a transformation to produce G;4;. Let N be such that the graph

Gy obtained in this way does not satisfy the conditions for any of the nine types of transformations.

We argue that N is finite. Since 7(G;41) > 7(G;) for all i < N, and since 7(G,41) > 7(G;) if
the transformation applied to G; is of any type except type Ty, there is a finite N, so that only

transformations of type T are used for ¢+ > N,. Only finitely many transformations of type 737 can



be applied consecutively, since the number of self loops decreases by one for each application. Thus

N is finite.

Next, it is argued that Gy is isomorphic to G?*. Since G'x does not satisfy the conditions for
transformations of type T or Ts, it has no self loops at vertices that are not isolated, and all leaves
of Gy lie in two-components. Since transformations of type T3 can’t be applied, all two-components
of G are isomorphic to S; or 95, and all isolated vertices have exactly one self loop attached. Let
H denote a component of G with three or more nodes. Since H has no leaf vertices, all vertices
of H have at least two neighbors. Not all vertices of H have degree greater than two, since a
transformation of type T, cannot be applied. Thus some vertex of H has degree two and has two
neighbors. Since transformations of type 75 can’t be applied, H must be isomorphic to A. In

summary, every component of Gy is isomorphic to L;, 51, 5,, or A.

Suppose for the sake of contradiction that some component of G is isomorphic to L,. Since
transformations of type T, T7 or Tg can’t be applied, there can be no other component isomorphic
to L;, and no component isomorphic to S, or to A. This implies that m = (n + 1)/2, which is
excluded by the conditions of the proposition. Thus, all components of G are isomorphic to 5y, S,
or A. Finally, since transformations of type Ty can’t be applied, at most one component can be
isomorphic to A. Thus, G is isomorphic to G* as claimed. Since R(Gy) > R(G,) = R(G), it
follows that R(G?*) > R(G) as required.

To complete the proof of the proposition, it remains to show that if G' is not isomorphic to
G°P', then Rpn/51(GP') < Rpn/21(G). (For n even this follows from the last part of Proposition 2.1,
though this fact isn’t used here.) Let G be given such that G is not isomorphic to G°*. By the
proof above, there is a sequence of graphs G = Gy, Gy, ..., Gy such that Gy is isomorphic to Gy,
Rin21(Gjt1) > Riny21(Gj) for each j, and Gjy, is obtained from G; by a transformation of one of

the nine types.

It is argued next that
Rinyn(Gn) > Rinyn(Gn-1) (3.9)
which, since G°?* is isomorphic to Gy and Rpn/21(Gn-1) > Ra21(G), implies the desired re-

sult. The argument is broken into nine cases, according to the type of the transformation used
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to obtain G from Gy_;. In what follows, we use repeatedly the following fact, which follows
from the basic convolution relation and the fact that [n/2] is the minimum number of edges
needed to cover n vertices: if G = H * K then Ry, o(H * K) = Ri(H)Rn2-i(K), where
i = [(number of vertices in H)/2].

(1) Observe that if 5" is the multigraph with two vertices, two edges and exactly one self loop,
then Ry(S5) =2 > 1 = Ry(5’). Thus if T} is the last transformation used, then (3.9) holds. (2)
Transformation T, can’t be the last transformation used, since Gy does not have any self loops. (3)
Suppose T3 is the last transformation used. Then H —e, being a component of G, is isomorphic to
either S; or S5. Therefore H is isomorphic to S, or S3, but it is assumed that H is not isomorphic
to So. Thus H is isomorphic to S;. Since Ry(S2 * S5) > Ry(S5 * 51), it follows that (3.9) holds.
(4) Suppose Ty is the last transformation used. Then H — e is isomorphic to S; or S5, which
since all vertices of H have degree at least three is possible only if H is isomorphic to S3. Since
Ry(Sq x S9) > Ro(S3 % S1), (3.9) holds. (5) Suppose T is the last transformation used. Note that
there is no edge with endpoints v and w in Gy_1, since Gy has no self loops. The component of
Gy containing u is either isomorphic to S; or to S5. Thus the component H of Sy_; contains four
vertices and either three or four edges. Since H contains no leaves, it must be isomorphic to the
simple graph C4 consisting of a single four-edge cycle. Since Ry(S, * 55) = 4 > 2 = Ry(Cy), (3.9)
holds. (6-9) Similarly, if T4, T7, Ts or Ty is the last transformation used, then (3.9) holds since

Ri(S5))=2 > Ry((L1)*)=0

Ry(A)=3 > Ry(SaxL))=2

o Ry(S3)=4 > Ry(Li*xD)=0
Rs(53) =8 > Ry(A>™)=0

Thus, in any case, (3.9) holds as claimed, and the proposition is proved. O.

4 RULING OUT FOUR CYCLES

The result of this section is stated as a lemma, since it is our hope that it will prove useful in

establishing the conjecture in general. Let a four cycle in a multigraph be given by a sequence of

11



four distinct vertices (u,v, w, ) such that the multiplicities n(u,v), n(v,w),n(w,z),and n(z,u) are

all strictly positive.

Lemma 4.1 Let m > n/2 and r > 0. Among multigraphs with n vertices and m edges which

have the mazimum number of edge covers of cardinality r, there is a graph with no four cycles.

Proof. Let the letter G with or without subscripts or superscripts denote a multigraph with n
vertices and m edges. Fix r > 0 and consider a graph G with a four-cycle (u,v,w,z). It suffices
to produce a graph G with strictly fewer four-cycles than G' and with R,(G) > R,(G). Construct
a random sequence of graphs G = Gy, Gy,...,G N as follows. If G; has been constructed and
(u,v,w,x)is not a four-cycle of G;, then let N = i. Otherwise, (u,v,w,z)is a four-cycle of G;, and
the graph G;,; is obtained by moving two edges of G;. Let e, f,g, and h denote four edges in G;
with endpoints {u,v}, {v,w}, {w,z}, and {z,u}, respectively. Move e and g to become parallel
to f and h, respectively, with probability one half. Otherwise move f and h to become parallel to
e and g, respectively. We claim that E[R,(Gi41)|Gi] > R.(G;). Indeed, let S C {u,v,w,z} and
0 < j < 4. Consider the number of ways to select j edges from among {e, f, g, h} in order to cover
S. The mean of this number for G;;, is greater than or equal to the number for G;, as can be
easily checked separately for each possible choice of S and j. On the other hand, the number of
ways to choose r — j edges from F — {e, f,g,h} to cover all vertices except those in S is the same
for G; and G4;. Multiplying the numbers and summing over S and j establishes the claim. Thus,

the sequence {R,(G;)}i>o is a martingale.

Let n;(u,v) denote the number of edges with endpoints w and v in G;. Then given i < N,
niy1(v,v) = ni(u,v)+ 1 or njyq(v,v) = n;(u,v)— 1, each with probability one half. That is, n;(u,v)
corresponds to a fair coin toss process. Since it is bounded, if follows that N has a finite mean.
Thus, the optional sampling theorem of martingale theory implies that E[R,(Gx)] > R,(G). There
are only two possible outcomes for the random graph G . Let G denote the possible outcome with
the greater number of cardinality r edge covers, taking G to be either possibility in case of a tie.

Then G has fewer cycles than G, and R,(C;’) > R,.(G) as desired. O
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5 PURITY OF MISSION

The conjecture in this paper is a strengthening of our earlier conjecture reported by D. West [3].
The conjecture was originally motivated by our desire to obtain an upper bound on the error
probability in a code-division multiple-access optical system with correlation constraint A = 2 (see
[1] for definitions). However, as reported in [3], there is a scenario in which the question might
arise more directly. Suppose there are n targets to be bombed by m bombers, with each bomber
assigned a pair of targets. A “successful” bomber reaches both assigned targets; an “unsuccessful”
one reaches neither target. Suppose it is known that r of the bombers will be successful, all (")
possibilities being equally likely. If r itself is random and binomially distributed with parameters
m and p, then each bomber is successful with probability p, independently of the outcome of other

bombers.

The question is, how should bombers be assigned to targets in order to maximize the probability
that all targets are bombed? The conjecture states that if n is even, then the targets should be
partitioned into pairs, and then bombers should be assigned to the pairs as evenly as possible. In
particular, the missions of any two bombers are either identical or disjoint. Proof of the conjecture
would thus establish an instance of optimality of the “purity of mission” principle of military
doctrine, which states that a mission should be divided into disjoint pieces, with separate pieces

targeted by disjoint sets of resources.

This interpretation of the conjecture suggests other conjectures. For example, we may allow
each bomber to bomb Q targets, where ) may be larger than two. Or we may have the number of
targets successfully reached by a bomber take the values 0,1, or 2 with probabilities pg,2p;, or ps,
respectively. If exactly one target is reached, the two choices are assumed to have equal probability.
We conjecture that if pspy > p? (so the events of a bomber reaching the respective targets are

positively correlated) then the purity of mission assignment again maximizes the probability that

all targets are bombed.

The conjecture has some relation to the well-known theorem of Brégman, which states that
the number of perfect matchings in a bipartite simple graph with two sets of n/2 vertices and

specified degrees dy,...,d, s of the vertices in one set is at most [[;(d;!)/% [2]. In fact, in the
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spirit of Brégman’s theorem, and our main conjecture above, we formulate another conjecture as
follows. Let n be even, and let dy,...,d,/» denote positive integers as before. Set d;y(n/2) = d;
for 1 < 1 < n/2. Then the conjecture is the following: Among all multigraphs with vertex set
{1,...,n} such that vertex i has degree d; for all 7, the number of edge coverings of a specified
cardinality r is maximized by the graph Sy, *...* 54 ,. This conjecture is true under the two
additional assumptions: (1) the multigraph is bipartite with vertices {1,...,n/2} forming one set
and (2) 7 = n/2 (so that perfect matchings are considered). In fact, under these two conditions, the
degree constraint need only be enforced for vertices {1,...,n/2}—as a proof based on transforming
VEEs as in Section 2 shows. The conjecture under (1) and (2) also follows readily from an extension

of Bregman’s result attributed by Schrijver [2] to Brouwer.
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