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NON-OVERLAPPING DOMAIN DECOMPOSITION METHOD FOR A
NODAL FINITE ELEMENT METHOD

A. BENDALI* AND Y. BOUBENDIR

Abstract. A new approach is proposed to deal with degrees of freedom shared by more than
two subdomains in the context of a non-overlapping domain decomposition procedure for solving a
system related to a nodal finite element method. The main feature of the method is to preserve the
continuity requirements on the unknowns and the finite element equations at these degrees of freedom.
We prove that the corresponding algorithm can be seen as a converging iterative method to solve the
finite element system and that it cannot break down. Each iteration is obtained by solving uncoupled
finite element systems posed in each subdomain and, in contrast to a strict domain decomposition
method, is completed by solving a linear system whose unknowns are the above special degrees of
freedom.

Key wor ds. Domain decomposition methods, nodal finite element method, cross-points, stability,
convergence.

1. Introduction. A difficulty facing of non-overlapping domain decomposi-
tion methods as those initiated by P.-L. Lions [16] for static problems and adapted
to the time-harmonic case by B. Després [10, 11, 12], is the problem of dealing
with points shared by more than two subdomains. Hereafter such points will be
called “cross-points” for convenience. Indeed, for discretizations based on a typi-
cal nodal finite element method, a cross-point may support one or several degrees
of freedom, each shared by more than two subdomains. The usual equivalent writ-
ing of the continuity conditions, on which the Lions, Després and some discrete
FETI methods [9, 14] are based, does not remain valid at these special points.

Two approaches have been used to overcome this difficulty. The first one was
introduced by Després [10] and used later by Collino, Ghanemi and Joly [8]. The
basic principle is to solve the local problems posed in each subdomain by means
of a mixed finite element method. For such methods, the degrees of freedom
are located at the interior of either the elements or the interfaces separating two of
them. So none of these degrees of freedom is supported by the cross-points, being
thus shared by more than two subdomains. This cleaver approach may however
complicate the solving process. The size of the problem can be increased by a
factor two or three even in the two-dimensional case. One is led to solve saddle
point problems instead of the usual one field equations (see, for instance, [6]).
Another drawback of the mixed finite element approach is that it is not easy to
use in the context of certain systems, such as those in elasticity and electromag-
netism. In the second approach, mainly met in the context of FETI methods (see
e.g., [9, 13, 14]), a cross-point is treated like any other point on the interface,
roughly speaking. As a result, the continuity conditions are written in terms of an
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overdetermined system which is solved using a Krylov method [9, 14]. We shall
give some details on this subject below. The procedure is thus a purely algebraic
process with no a priori guarantee of stability and convergence.

The approach adopted in this paper consists in keeping unchanged each un-
known and each equation in the finite element system corresponding to a cross-
point. Only those degrees of freedom shared by two subdomains, and the match-
ing conditions related to them, are written in the relaxed form, making use of the
algorithm of Lions [16] and Després [11]. The procedure we propose applies ei-
ther to coercive or non coercive formulations, although the respective treatments
are slightly different. Really, the distinction is between static problems describ-
ing the state of a physical system which is not varying with time or obtained by a
discretization process in time in one hand and time-harmonic problems for which
an implicit sinusoidal time dependence is assumed in the other hand. Our domain
decomposition method applies also to systems. However, for the sake of simplic-
ity, we consider scalar second order boundary-value problems only. These two
classes of problems will be enough to get a good insight into the convergence and
the stability properties of the method. Several numerical experiments validating
this approach can be found in [5, 1, 4]. Parts of these results have been announced
without proofs in [3].

The outline of the paper is as follows. In section 2, we introduce the two
types of boundary-value problems to be considered. We recall the main properties
of their variational formulation, as well as their approximation by the lowest order
Lagrange finite method on triangles or tetrahedrons. We next describe the domain
decomposition procedure, which can be interpreted as an iterative procedure for
solving the system obtained by the finite element discretization. In section 3,
we prove some stability and convergence properties of the iterative procedure.
We end this paper by some concluding remarks concerning the scalability of the
algorithm, that is, its convergence at a rate independent of the mesh, and some
issues which are not yet covered by the present theoretical study.

2. The domain decomposition method.

2.1. Two types of boundary-value problems. Let €2 be a bounded domain
of RV (N = 2 or 3). We assume that €2 is a polygonal domain in the two-
dimensional case (see for instance, figure 1), and a polyhedral domain for the
three-dimensional case. We denote by I" the boundary of €2 and by n the unit
normal to I, directed outward from 2.

Let there also be given {ai; }, o, j< x> @0 in L*°(Q2) satisfying

N

Ja>0:R <.21aij(x)§j5

) > aléf,
N Ve e CN, ae forz e Q, (2.1)
) < > a’ij(‘r)gjg> <0

ij=1

where Rz and Sz are respectively the real and the imaginary part of the complex
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FI1G. 1. Example of 2D initial domain.

number z. Standard notation from the theory of partial differential equation will
be used without further comment (see, e.g., [19]). The consideration of function
ao makes it possible to include in this framework problems resulting from a semi-
discretization in time by means of an implicit method. We therefore assume that

R (ao(z)) >0, S(ao(z)) <0, ae. forx e (2.2)

To deal with the two kinds of usual boundary conditions, we furthermore
consider a non-overlapping partition of I into I'p and I'y as well as a function
A € L*°(T'y) satisfying

R(A(z)) >0, (A=) <0, ae forzely. (2.3)

In time-harmonic problems, the hypotheses on the imaginary part of the data cor-
respond to an assumed time dependence on e ~**, where w > 0 is the pulsation
of the wave. For the sake of simplicity, we restrict the discussion to homogeneous
boundary conditions; the extension to more general cases can be dealt with simi-
larly. In the same way, we suppose that the right-hand side of the interior partial
differential equation is a given function f € L?(£), but the consideration of more
general data does not cause any further difficulty.

Coercive problems. The boundary-value problems of coercive type can be
stated in the following common setting:

u€ HY(Q),

N
— 02,040z, u + apu = f in D'(Q),

mz;l J 0 ( ) (2.4)
N

> aijO0yun; +Adu=00nTy, u=0o0nTp.
i,j=1
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To be solved by a finite element method, the above problem must first to be put
into the following variational formulation:

ueX, YveX,
{ a(u,v) = Lo 25
where
X = {ve H(Q); v|r, =0} (2.6)

N
a(u,v) := /Q < Y @ij0rp,udy,v + aouv> dQ + g Auv dI’ 2.7

4,j=1

Lv:= / fo dQ. (2.8)
Q

The conditions (2.1,2.2,2.3) together with the usual Poincaré inequality, im-
ply that problems (2.5), and, consequently, (2.4) admit one and only one solution.
Non coercive problems. Now we turn our attention to the second kind of
boundary-value problem. Additional data and properties are required. To follow
the usual setup of time-harmonic problems, we suppose that by € L () satisfies

R (bo(x)) <0, S (bo(x)) <0, ae. forze, (2.9)
and that, in addition to (2.3), \ verifies the strict dissipative condition
A > 0: =S (A(z)) > Ao, ae. forzely. (2.10)

The statement of the boundary-value problem is obtained by replacing ag by
bo in (2.4). However, since ag = 0 is not an excluded case, we can deal with the
non coercive problem simply by adding to the bilinear form a(-, -) the term

b(u,v):/bouv dQ (2.11)
Q

and by assuming that A satisfies the more restrictive condition (2.10). This makes
it possible to have the same framework for the coercive and the non coercive case.
The variational formulation of the boundary-value problem of time-harmonic type
can thus be written as follows

ue X, YweX,
{ a(u,v) + b(u,v) = Lv. (2.12)
The existence and uniqueness of a solution to (2.12) are more complicated than in
the coercive case. Indeed, the uniqueness now ensures the existence of a solution
through the Fredholm alternative (see for instance, [19]). The uniqueness is a
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consequence of the following fact: by (2.10), any solution u corresponding to L =
0 can be extended by zero across I' y. One then has to resort to a kind of analytic
continuation principle, requiring a bit more smoothness for the coefficients a;;,
ag and by than L>°(Q2). For instance, assuming that these functions are piecewise
smooth is enough (see, [15] for a precise statement and details). Henceforth,
we assume that such regularity conditions hold. Also, additional difficulties of
the non coercive case will be considered when we analyze the stability and the
convergence of the domain decomposition algorithm.

subdomain

interface

cross—point

FI1G. 2. Non-overlapping decomposition of the domain 2 depicted in the figure 1.

2.2. The finite element discretization. We intend to couple a non-
overlapping domain decomposition and a finite element method for solving prob-
lems (2.5) and (2.12). Thus, we start from a non-overlapping decomposition
{Qm}zj\]d of € into polygonal or polyhedral subdomains (figure 2).

We then consider a regular mesh 7" of €, in triangles or tetrahedrons ac-
cording to its dimension, compatible with the decomposition of I' in I' , and I' iy
as usual. We assume that 7" is also compatible with the non-overlapping de-
composition of {2, in the sens that it induces a mesh ’T,Z on each subdomain §2,,
(m = 1,...,Ng). As usual, h stands for the mesh size, that is, h := maxhr,
where T is a generic element of the mesh and Ay is the longest side of 7.

Using the lowest-order Lagrange finite element method (but higher-order
methods can be considered as well), we define

X" = {v" € CO@); v"|7 € Py, VT € T, v"r,, = 0}

where P; is the space of polynomials of degree less or equal to 1 in N independent
variables.
We may now state the discrete versions of problems (2.5) and (2.12) as,
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respectively,
uh e Xh, vl e XN,
{ a(u, v") = Lot 213)
and
uh e Xh, vl e XN,
{ a(uh,v") 4+ b(ul,v") = Lo". (2.14)

Here again, it is precisely the coercivity that implies that problem (2.13) is well-
posed. For problem (2.14), such a conclusion is guaranteed only for 0 < h < hg;
in general, hg is not known explicitly.

2.3. Equivalent writing of the discrete problem. The domain decomposi-
tion procedure we consider can be seen as an efficient iterative method to solve
discrete problem (2.13) or (2.14). It is based on a relaxation process of the con-
tinuity constraints at the interfaces. These interfaces can be defined in a precise
way by considering all the sets

Egzgmtiﬂgmg (fZL...,Nf), (2.15)

whose respective interior X, (relative to the induced topology on the boundary)
are non-empty. The numbers m§ (j =1,2; £ =1,...,Ny) play the role of a
connectivity table for the interfaces. They will be helpful in the description of the
domain decomposition algorithm below. Setting

h—ulg, (m=1,...,Ny), (2.16)

U,

the continuity constraints are either expressed in a strong way on the unknowns
by

dhyls, = gl @)

or in a weak form on the normal derivatives by means of the same conditions on
the testing functions

vr’;,{ s, = v (s, (2.18)

The space spanned by v/, will be called X" .
Let us denote by N, the set of all of the vertices (nodes) lying on the bound-
ary 0% := 3\ X, of some 3. The space

Xp o= {o" € L2(Q); v}, € X1

and v" is continuous at every node in j\/’c} (2.19)

expresses that the continuity constraints at the interfaces are maintained at the
cross-points only. The index B indicates that X} is the “broken” version of the
space X", Strictly speaking, not every point in A/, is a cross-point. A point
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on the boundary of ) and shared by only two subdomains is unduly counted
as a cross-point. However, taking this into account would lead to unnecessarily
complications.

Every function v” in X} can be decomposed in a single way via its nodal
values in the following form:

h_ N n oo h h
V= D v o+ D0 (V1 vg ) + g (2.20)
m=1 =1
where
. vﬁho € X" is equal to 0 outside 2, and hence can be considered to

belong to X/,
° v;? ; €X ", has all its nodal values equal to 0, except for those located
E m]

at the interior 3, of the interface Xp,
e v is a function in X® whose all nodal values are equal to 0, except for
those corresponding to a node in V..

Excluded elements
cross—point /

Complete interface Y,

FIG. 3. Part ©% of a 2D interface $¢.

We now re-express the conditions for a function in X g to be in X”. To this
end, we first remark that the mesh 7" induces a mesh 7 Ehe (in segments for N = 2
and in triangles for NV = 3) on each interface ;. Let us then define EQ to be the
part of ¥, obtained by excluding from ¥, any 7’ € Tzhg having one or more of
its vertices on 0%, (see figure 3). The following bilinear form cg( -, ) yields the
scalar product of L2(X})

cf (u,v) :/ wo dXf,  u,v € L*(Z}). (2.21)
=
Finally, we also need the following space
Y] = {yh € L2(2h); Fo" € X" such that y" = vh|22} . (2.22)

Now, denoting by @, (+, -) the restriction of either the bilinear form a(-, -) or
(a+0b) (") to y,, according to the case being considered, and by L., that of L,
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both problems (2.13) and (2.14) can be written in the same form:

uh e g({;,,h Vol € X%,
am(um,vm)o) = Lmvmo (m =1,..., Nd),

= ko oh = h h
a’mf (um‘{ ) ’Ul,f) + a’mg (u%goa UQ,Z) N

= Lot vy + Lingva,
G (ult 1) = Lok,

m’ Yc

(6=1,...,Ny), (223)

Ng
m=1

where «/ and v" must satisfy the following equivalent matching conditions

cp(upeyr) = ci(upeyp), Yyp €Y/, (0=1,...,Ny),  (224)

)
my

W elsr = vgelsn (C=1,...,Ny). (2.25)

Finally, let us define
Ny
Yh =TIy} x v/
=1

A generic element y" € Y" will be written in the following form, compatible
with notation (2.17):

(=N
v ={Wr s, (2.26)

The domain decomposition procedure is based on the following equivalent
formulation of the finite element systems (2.13) or (2.14), making use of the in-
terface unknowns y" € Y.

PROPOSITION 2.1. Let 3 # 0 be given a complex number. Then, u" € X}

satisfies system (2.23), (2.24) with testing functions v" satisfying (2.25), if and
only if (u, y") € X{ x Y is a solution to the system

uh e X, Vot e XP, 227)
SN Gt 08) + B (uly, o) = SN (B (gl B + LY

h _ . h h
{y1,z— y27é+2ﬁumg|227

(=1,...,N;).(2.28)
yg,z:—yfé+25ufn/{|2;7 ( /)

Here, we have used the convenient abuses of notation

m(Umsvn) = 30 (i V) (229)
ENm

C

in which A,,, stands for the set of indices ¢ such that 3, is an interface separating
Q,,, from another subdomain ©2,,, and the table 5, is defined for ¢ € A,, by
m:mfandj:ifn.
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Proof. First, observe that (2.27) is a just a condensed way to write the fol-
lowing system:

uh € Xk, vl e XL,
am(“ﬁm,v UZL,O) = Lmvr};,o (m =1, 7Nd) )
Ayt (Ufnt{ 5 ”fz) + By (Uzlg 5 ”fz) = C?(?J?m U{l,z) + Lmﬁvfé
Ayt (ufng , vy ) + B¢ (%’;g S0 ) = ¢4 (U3 4,05 ) + Lyl
( =1,. 7Nf)a
Zr]idzl am(uﬁnv ’Ug) = ng.

The proof can then be completed in a straightforward way by noting that condi-
tions (2.28) are precisely equivalent to (2.24) and

yfz + yg,e = 5(“% |z;; + Uzlgbg)-

2.4. The domain decomposition algorithm. The domain decomposition
algorithm is based on the following observation. For a given y* € Y, the sub-
structured problem (2.27) can be solved yielding S(L,y") € Y with

{S(L,yh)}ﬂ =yl + 25ufn§|zz (j=1,20=1,...,Nf). (2.30)

We shall prove below that this system is well-posed always in the coercive
case, and at least if h is sufficiently small in the non coercive one. In addition, its
solution can be obtained by solving a block quasi-diagonal system of the follow-
ing form:

Ap Aic U1 B
: SO I - 2.31)
ANde ANdC UNd BNd
Aci -+ Acn, Acc Uc Bc
h

where U, are the nodal values of u,), omitting those corresponding to cross-
point, and U is a column-vector whose components are the nodal values corre-
sponding to the points belonging to A.. We shall prove below that this system
can be solved through a Schur complement technique reducing the coupling at
cross-points to a simple post-processing of uncoupled finite element solutions in
each subdomain.

As a result, the linear operator (L,y") — S(L,y") is well-defined. The
linear operator IT : Y* — Y, which exchanges data between subdomains at the
interfaces, is defined as follows

(My"), = vse  (My"), = w1y foré=1,...,Ny. (2.32)
The domain decomposition algorithm is just the solution of the fixed point system

y" = (1 =)y +rIIS(L,y") (2.33)
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Q3

Cross-point

F1G. 4. Typical domain decomposition involving a cross-point.

by means of a successive approximations procedure. The parameter » # 0 is
introduced to enhance its rate of convergence. We shall give later the complete
description of the algorithm.

2.5. Main differences with a standard FETI method. Consider the case of
domain decomposition depicted by figure 4. Let us denote the interface unknowns
by yli (i,j = 1,2,3). Each y}; is defined only at the nodes of the interfaces
%7 respectively separating 2; from €2;, including its endpoints. For both FETI
and the new method, instead of solving the actual FE problem satisfied by u",
one solves a system satisfied by an unknown u”,, aimed to be, at least when
convergence is reached, the restriction of « to the domain 2,

In the conventional FETI method, the nodal values at the cross-point (uh)c
are not assumed a priori to be equal. The interface equations are stated as follows
at the cross-point

1,2 B
Interface ¥1:2 { (Eq2 1) (y%)c + (y2:1)c - 26(“2)0(3/127 Y13 2) =0
(qug) (y21)c + (%2)C —26(ub)e(yhy U23, )=0
Interface $1+3 { (Eq3’1) (y{%)c + (y:?l)c — 2B(uf)e(yly, Y2 y13= LY =0
(Eq2’3) gy%gc + Ey1:3§c - 26(“’3}1%(?/317 Y32, z) =0
Eq®®)  (yhs) + (v — 28(ub)e(yhy, yhs, L?) = 0
Interface Y23 { ( 23)¢ 32)¢ 2)ell21, a3
(Eq3’2) (y§2)c + (ygS)c - 2/8(1‘]31)0(7%1, Y32, Lg) 0,

where L™ are in some meaning the restriction of the data of the actual problem
to domain €2,,,, and u”, are obtained as the solution to a system of FE equations
set in domain 2,,, and can be seen as linear function of their arguments.
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Clearly, each group of equations respectively leads to the system

(ug)c(y{}?a y1:3, Li) (ug)c(yélzl, y2:3a Lz)
(U}I)C(y}fa y}ﬁ’ LQ) = (u%)c(y?llay%% Lg)
(Uz)c(yzlay%aL ) (u3)c(y31,y32,L )

which is, in an obvious way, an overdetermined system of equations.
Moreover, every solution to the interface equations necessarily belongs to
the subspace defined through the following linear relationships

((yﬁ)c + (thl) c) - ((y?s)c + (ygl)c) =
((wo0). + (wi2) ) = ((v33), + (o))
(1), + (ls) ) = ((v32), + (3s).)

This clearly indicates that the interface system has fewer independent equations
than unknowns and is thus underdetermined.

By the construction process itself, this system has a solution. This is why
it can be nevertheless solved by a Krylov method at least when using exact pre-
cision computations. For finite precision floating point computations, there is no
theoretical guarantee of convergence of the iterative process.

By contrast, the newly introduced method keeps a strong coupling of the
unknowns at the crosspoint

(u’f)c(yfg,yi‘g,Ll) = (ug)c(ygl,ygg,Lz) = (Ug)c(yglayg2al/3)

This makes it possible to not introduce any interface unknown at the crosspoint. In
this way, we shall be able to prove that the successive approximation process con-
verges. In other words, we shall prove that the eigenvalues of the matrix relative
to the interfaces equations are located in a disk centered at the point 1 and with
aradius < 1. As is well-known, this induces much better convergence properties
than a solution process based on a Krylov method.

>

0
0
0

3. Stability and convergence.

3.1. Analysis of the domain decomposition algorithm. The domain de-
composition algorithm breaks down if, given L and y”, problem (2.27) is not
solvable in ©". Indeed, even when the solution exists, the algorithm is not reliable
if u" does not have some stability properties as h — 0. The main reason that
the algorithm is stable is that the coupling at the cross-points “disappears ” at the
limit » = 0. The main tool to establish this property is provided by the following
lemma.

LEMMA 3.1. Let X, be an interface separating €2,,, from another subdomain
€2,,. Then, the space of functions in H*(£2,,,) thatare equal to 0 in a neighborhood
of 9% is dense in H'(Q,,).

Proof. This is a well-known result, although it seems to be hard to give an
accurate reference for its proof. For example, the statement is claimed without
proof in [19] when 0%, is a smooth submanifold of €2,,, of codimension N — 2.
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Since this property is the cornerstone in the theoretical justification of the method,
and for the sake of completeness, we give its proof here.

First, we prove that the space of functions which vanish in a neighborhood of
apointin ,, is dense in H'(€2,,). Extending any function in H'(£2,,), it suffices
to prove the density result for functions in H!(R”) vanishing in a neighborhood
of 0. Clearly, it is equivalent to prove that a distribution 7" # 0 in H~'(R")
cannot have {0} as support. But, from a classical Schwartz’s theorem [18], such
a distribution 7" is necessarily of the form

T= Y a,0%

jal<n

with § the Dirac mass at 0. Since & cannot belong to H*(RY) for s > —N/2,
this proves the lemma for N = 2 and reduces the proof to the case where 0%,
is a segment of R3. In the same way, it suffices to prove that a distribution T
with the same regularity cannot also have a segment as support. Applying another
Schwartz’s theorem [18], we need only to verify that the distribution v(23)0z, 4.
even if v € D(R) cannot belong to H ! (R3) for v # 0. For this purpose, we
adapt an argument in [7]. The distribution v(x3)dz, ., isin H'(R3) if and only if
the Fourier transform v of v satisfies

/ |a<sg>|2{ / (1+§%+§§+s§>fdsld@}d§3 < fo.
R R2

But the variable change &; = (1 + £2)/21, & = (1 4 €2)'/?1; puts the above
integral into the form

1(t) / B(Es)[2 (1 + ) dey
with
16)= [ (40} ) dme

To complete the proof, we have just to remark that the integral I(¢) is finite if and
onlyift < —1.0

An immediate consequence of this lemma is the following proposition es-
tablishing the above mentioned property.

PROPOSITION 3.1. The finite dimensional space X%, regarded as a sub-
space of the Hilbert space

Xp = {U € L2(9)§ Um = v|Q,, € Hl(Qm)> Um|rpno, =0(m=1,.. "Nd)}7

can be endowed with the natural norm

Nd ) 1/2
oy = { 3 onla, | 62)
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where [l o is the usual norm in H'(Q,,,). Moreover, for every v € Xp,
there exists a sequence {v"}, _ such that v € X7 for each h and

}1111% v" = v strongly in Xp. (3.3)

Proof. The first part of the proposition is obvious. For the second part, it is
sufficient to approximate the restriction v, := v|q,, of v € Xp in each ), by a
sufficiently smooth function w,,, vanishing near the respective boundaries 03, of
the interfaces ;. The function v" can then be obtained by interpolating w,, in
each (2,,, by a function in X" . 0O

REMARK 3.1. The above proposition establishes that { X3}, _  actually
approaches Xpg in the sense of Mosco [17], that is, it satisfies (3.3) and if

[o"[|, <C (3.4)

where C'is a constant independent of ~. Then, possibly passing to a subsequence,
one has

gn% " = v weakly in Xg. (3.5)

By the Rellich compactness theorem, it then follows that
lim o™ = v strongly in L2(Q). (3.6)
This property will be used several times below.
We can now prove the main stability property of the domain decomposition

method. In particular, this ensures that the algorithm does not break down.
THEOREM 3.1. Assume that

RB =0y >0and 36 <0 (3.7
in the coercive case and that
RE>0and I8 = -Gy <0 (3.8)

in the non coercive one. Then there exists Ay > 0 such that the following

property holds. Let there be given {an}Zde such that x", € {H'(Q)}
(m=1,...,Ng). Then the problem

uh € XpB, Yol e X,
Na (@ (ul 0" + Bel (ulh v )) = SNP b oyh (m=1,...,Na)
m=1 mrm miTmi Tm m=1 XmUm

(3.9)

admits a unique solution, with no further condition in the coercive case, and for

0 < h < hg in the non coercive one. Furthermore, in both cases the solution "
satisfies the bound

h Ny W2 1/2
iy = €] 35 Iy } (3.10)
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where C'is a constant independent of A, and, as usual,

HanH{Hl(Qm)}/ = sup ‘anv‘ . 3.11)

olly g, <1

Proof. To shorten the discussion, we focus on the non coercive problem. A
simple adaptation yields the proof in the coercive one.

Clearly, it is sufficient to obtain the estimate. Recall that @, (-,-) = (@, +
bm)(+, ) can be decomposed into an almost coercive part a,, (-, -) and a continuous
bilinear form b,,(-,-) on L?*(Q,). The conditions (2.1,2.2 ,2.3,3.8) lead to the
following left estimate

2

Nd

Z (am(umaﬂm) + 50%(um,ﬂm)) >

m= . 2
Z (%am(umaﬂm))2 + (500?,1(Um,ﬂm)) .

Then the elementary inequality |ab| < (a? + b2)/2 yields

Ng
Z (am(umvﬂm) + Bcfn(umaﬂm)) >
m=1
Ng
<Z (%am(umvﬂm) + 50021(Umﬂm))> /\/5
m=1
Foreach / (¢ =1,..., Ny), let there be given a non-empty open subset w, of X,

such that wy C E?. The usual estimates of Poincaré type give

IV > 0 Ra, (U, Tm) + 5ocﬁl(um,ﬂm) >

Ray, (Wm, Um) + 5026€Am |um|2 dwe > Ym ”umHiQm .

wp
Gathering the above estimates, we immediately obtain the following left bound:

Na
> (U, W) + Bk (i, T )

m=1

> allulk, (3.12)

with a constant & > 0 independent of © € Xy and of h. This coercivity estimate
makes it possible to define the following operator T}, : X — X2 as follows

Tpul € Xt Yol e X,
{h“ By VY B (3.13)

ngzl am((Thuh)m ol ) + ﬂcfn((Thuh)m ol ) = b(uh, o™).
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The estimate is the consequence of the following left bound on T},: there exist
ho > 0and v > Osuch thatif 0 < h < hg

[u" + Thu|| =y |u vu' € X§ (3.14)

h

I,
which is proved by contradiction. Suppose that it is false. Then there exists a
sequence {u"}, _ such that

Ju"] ¢, =1, (3.15)

T [Ju” + T[] = 0. (3.16)

By remark 3.1, lim;_.ou" = u* weakly in Xp and strongly in L2(2). On the
other hand, by the definition of T u”, we can write

Nag

Z (am((uh + Thuh)m 7”1}711) + ﬂcﬁl((uh + Thuh)m 701}711)) =

m=1
Na
S @l 0l) + Bel (ult 01))
m=1

Proposition 3.1, condition (3.16), and the fact that H'/2(92,,) is compactly
imbedded in L?(99),,,) readily gives that

Ng
Z (U}, Um ) + Bem (u),,vm) =0, Vv e Xp 3.17)
m=1

where

em(Uul,vm) = > / U Uy, 2.
éeAwn El

No matching condition is imposed to functions in Xp at the interfaces. Therefore,
the variational equation (3.17) actually consists of N uncoupled problems of the
same type than (2.12)

A (W, V) + Bem(ur,, vm) =0, Yo, € X, (3.18)
where
X i={veH (Q); we X, v=uw,}.

Problem (3.18) has exactly the same properties as (2.12), so its only solution
is uf, = 0. As aresult, lim,_ou" = 0 strongly in L?({2). Therefore, using
the definition of Thu" and estimate (3.12), we readily obtain limj_q Thuh =0
strongly in Xp. In turn, this limit, together with (3.16) gives

lim v = lim (u" + Tpu") — lim Tpu" = 0 strongly in Xg.
Jim u hli%(u + Thu") Lim Thu strongly in Xp
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which contradicts (3.15). This establish (3.14) and completes the proof of the
theorem. [

We next prove that the algorithm is really a domain decomposition algorithm,
that is, the main computation at each iteration consists of solving local problems
posed in each subdomain. In other words, we must prove that system ( 2.31) can
be solved through a Schur’s complement procedure, based on the elimination of
the unknowns corresponding to the blocks diagonal submatrix.

THEOREM 3.2. Define X, . to be the space spanned by v}, € X, vanish-
ing at all nodes belonging to V.. Under the general conditions of Theorem 3.1,
there exist ho and a constant C' independent of 0 < h < hy, such that for every
XP € {H' ()}, the problem

{ U € Xer Yom € Xnier (3.19)
am(um’ vm) + ﬂcm(urrw vm) = vawﬂ
has a unique solution satisfying

<C

H“anLQm = HXZ“LH{Hl(Qm)}" (3.20)

Proof. The proof follows exactly the same lines as the previous one and is
thus omitted. [0

3.2. Convergence of the domain decomposition algorithm. In view of the

stability estimate (3.10), we are left to prove that the mapping y" — (1 —r)y" +
rIIS(L, y") from Y into itself satisfies

(=" 4 rIS(Ley) = (1 =)+ rmS(L, )|, <y = 2|

Yh

for all y" and 2" in Y” with a constant x; < 1. This will imply that the do-
main decomposition algorithm converges. We say in this case that this mapping
is a contraction (see for instance, [19]). Indeed, since II is clearly a linear map-
ping from Y'" into itself which preserves the norm and S is a linear map from
{H'(Q)} x Y", itis sufficient to prove that the linear map from Y into itself
defined by y" — (1 — r)y" + rILS(0,y") has a norm < 1. The key tool to
establish this estimate is provided by the following lemma.

LEMMA 3.2. Let Y be an Hilbert space with norm ||-||,- and scalar product
(-,-)y- Let © be a linear mapping from Y" into itself such that

19ylly < llylly, VyeY. (3.21)
Then, forany 0 < r < 1, © satisfies
11 =r)y+r0yly <llylly —r(=r)lly—0yl5, VyeY. (322
Therefore, if the left bound

Iy >0:lly—0ylly >2vlyly, WYyeY, (3.23)



DDM And Nodal FEM Methods 17

holds, then the mapping y — (1 — r)y + r©y verifies the following bound

(1 =7y +r0yly < V1I=92r(1=7)llylly, VyeY, (3.24)

and hence is a contraction from Y" into itself.

Proof. Actually, this result was established in [8], in an examination of the
convergence of an algorithm of those considered here. We find it convenient to
state and prove it in this general framework which is more adapted to the present
context.

Expanding ||(1 — )y + r@y||§,, we obtain
1L =)y +7Oyl3 = (1= r)? lylly +2r(1 = 1ROy, y)y + r* |Oy]5 -

Since ||y — @yH%, = ||y||§/ + ||®y||§/ —2R(Oy, y)y, the previous expression can
be written as

It =)y +r0ylly = (L =) lyly +70ylly — (1 —r)lly — Oyl

Using (3.21) and (3.23), we obtain(3.24), proving the lemma.
REMARK 3.2. The previous lemma deserves the following comment. If © is
a contraction, that is,

10ylly < Kllylly, Vyey, (3.25)

with K < 1, then the Neumann series expansion of (I — ©)~! implies that con-
dition (3.23) is automatically satisfied with v = (1 — K). Indeed, if Y and ©
depend on some parameter, then the contraction constant

wi=/1—(1—K)2r(l—r)

can be assumed to be independent of this parameter as long as estimate (3.25)
is uniform relatively to this parameter. For the problem under consideration, this
parameter is obviously the mesh size h. Unfortunately, it can be established using
a compactness argument that such a desirable estimate is false in this context (cf.
[1] for a proof for the continuous problem).

Actually, since Y" is finite dimensional, verifying that

|TLS(0,5™)||y» < 1,for all y" such that ||y"||,.. =1, (3.26)

and that the only y" satisfying I15(0, 3") = y" is y" = 0, will suffices to prove
that y" — (1 — r)y" + rILS(0,y") is a contraction with a constant r, < 1.
Now we come to the proof of the convergence of the domain decomposition
algorithm.
THEOREM 3.3. Let (u”) ™) pe recursively defined as the solution of problem
(2.27) with 3" := (y")™), (™) = 0 and (y")**tD = (1 — r)(y")™ +
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rIIS(L, (yh)(")). Then (uh)(") converges to the solution w" of either problem
(2.13) or (2.14) with the following error bound

H(uh)(n) _ uh’ (uh)(o) _ uh’

< Cry
XB

(3.27)
XB
where C'is a constant independent of 4 and «y, is a constant < 1.
Proof. By Theorem 3.1, Lemma 3.2, and the fact that IT is an unitary operator

of Y", we need only prove that the operator A from Y" into itself defined by
Ayh = S(0,y") satisfies

|Ay" ||, <1, Vy" € Y suchthat ||y"||,, <1 (3.28)
and that
Ay" = y" if and only if y" = 0 (3.29)

according to the fact that Y'" is finite dimensional.

To prove (3.29), we have only to remark that for such 3", setting L = 0 in
(2.27) yields a solution u” of (2.27) satisfying (2.28). This solution must equal
zero, by the uniqueness of the solutions of (2.13) or (2.14).

The next part of the proof utilizes the techniques devised by Després [11, 10,
12] in the analysis of a similar algorithm for the Helmholtz equation. To obtain

(3.28), we first expand HAyh ||?/h as

la 5 = 55 5 || -oly o+ 2800
L ot "o,z

where u" is the solution of problem (2.27) with L = 0. Now

h

2
’ yzfn N

H_yih@m,f + 2ﬁU21H

AR (Bl o) )+ 181 [,

0,5 Ho,x;}

and by variational formulation (2.27), we readily obtain
h2 h2 = Ne h T
145" [y = llg"{lyn = 4R (B 3 @, ui) ) -

We now consider separately the two types of boundary-value problems.
Time-harmonic problems: R =0, —36= 0y > 0. Since

N, _ - -
B oy, uly) = — B0 3. (Sl uly) — iR ()
m=1

m=1

By conditions (2.1), (2.2), (2.9) and (2.10 ), we obtain

_ Nag JR— Ng h o—— nl2
R ﬂ Z am(umvu?n) = _ﬂ() Z %am(um,u’;n) > ﬂ())\()/ ‘U ‘ dl'n > 0.
m=1 m=1 'n

(3.30)
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Coercive problems: R5 = Gy > 0 and $3 = 0. Now, we have

_ Nd _ Nd - -
B0 Gl ) = o 3o (R, wly) + iSam (uly )
m=1 m=1

According to (2.1), (2.2) and (2.3), we get
_ Na N Na -
R (ﬂ > am(ufn,uﬁn)) = 6o S Rap(ul,ul) > 0. (3.31)
m=1 m=1

Condition (3.28) thus holds in both cases. This completes the proof of the
theorem. [0

4. Concluding remarks. According to the Remark 3.2, the only way to
ensure that the constant x;, can be bounded by some constant x < 1, independent
of h, is to find a uniform lower bound for the constant ;. Such an estimate is
unattainable with the local operators associated to the bilinear forms cé} used here.
If the domain decomposition does not lead to any cross-point, then > 2‘ coincides
with 3. In this case, taking c}! for scalar product of H 1/2(33,) will ensure this
uniform bound for v, (cf. [1, 8]). However, it appears from several numerical
experiments [5, 1] that using a constant 5 with 5 > 0 heuristically to damp the
evanescent part of the error yields better convergence rates than those provided by
a non-local operator on Xy, at least for meshes having typical density of nodes.

Theorem 3.3 is false in general for 3 such that G > 0 in the case of non
coercive problems (cf. [2, 1]). However, these studies show that even if the simple
algorithm obtained through successive approximations as described above does
not converge, the problem can be efficiently solved by applying a Krylov method
[1] to the fixed point problem ( 2.33). In the case of the continuous problem, this
phenomenon can be explained partially by a spectral decomposition in a spherical
geometry, and in a wave guide case [1, 2], since then only a very few eigenvalues
of the operator in the right-hand side of (2.33) have magnitude > 1. A challenging
issue is to give the same theoretical explanation in the general case and for the
discrete problem.
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