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ON THE ISSUES OF FIXED EFFECTS VS. RANDOM EFFECTS

ECONOMETRIC MODELS WITH PANEL DATA

by Lung-Fei Lee

1. Introduction

The analysis of cross-section and time-series data has had
a long history. The traditional model for pooling has been based

on the equation

(1.1) =q, + Y + xitB + v, i=1,...,N; t=1,...,T.

Yie T % t

Assuming a's and Y's are fixed parameters, it is the covariance
model (CV) or least squares with dummy variables (LSDV) model.
Assuming a's and vY's to be random, it is the variance components
model (VC). The latter model has been discussed at length by
Balestra and Nerlowve (1966), Nerlove (1971), Wallace and Hussain
(1969), Maddala (1971), etc. These two different points of view
lead to two different estimators, the CV model has resulted in the
"within" (or covariance) estimator whereas the VC model has lead
to a generalized least squares estimator (GLS).

Mundlak (1978) objecfs to the distinction between fixed effects
and random effects models on the ground that the rules for deciding
whether an effect is fixed or random are arbitrary. He argued that
the whole literature which has been based on an imaginary difference

between the two estimators is based on an incorrect specification
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which ignores the correlation between the effects a's and y's
and the explanatory variables. He argued also that when the model
is properly specified, the GLS is identical to the "within" esti-
mator and therefore there is only one estimator.

While Mundlak is correct in arguing that the distinction between
the two models are arbitrary, there are still many problems remain-
ing. One common problem is that some of the explanatory variables
are individual-specific and do not vary over time, or time specific
and do not vary across individuals. This has been a common experience
with the estimation of earnings functions from panel data (see, e.g.
Weiss and Lillard (1977)). Another example is in the estimation
of production functions with data from individual firms in Lee and
Pitt [1978]. 1In such cases if one uses the covariance method all
these variables have to be ignored since they are collinear with the
dummy variables for the different units. This problem does not arise
in the variance components framework so long as there is some between
group variation among these variables;l/ Another problem is that
if there were no correlation between the effects and the explanatory
variables, as contrary to the extreme assumptions made in Mundlak,
the GLS and "within" estimators would not be identical. In this
case, the question why there are two competing estimators raised
by Mundlak [1978] has not been answered at all. Thus the issues

of fixed effects vs. random effects models are far from resolved.

1I am indebted to Professor G. S. Maddala for raising this
question.
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In the paper, we are trying to investigate the above problems.
The paper is organized as follows. In section 2, we begin with the
estimation problems of the coefficients of individual specific
factors which are invariant over time in both the VC model and CV
model. In section 3, the models are generalized to include both
time invariant individual specific factors and individual invariant
time specific factors. In section 4, we will discuss the issue of
fixed effects vs. random effects models. In the final section, we

draw our conclusions.
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2. Estimation and Analysis of Models with Specific Variables

2.1 GLS and Extend Covariance Estimation Procedures

Let us consider the linear equation

(2.1.1) Yyp = O + ziG + xitB + u, + Ve i=1,...,N
t=1,...,T
where x is a 1 x k vector of explanatory variables which vary

it

over time, z; is a 1 x p vector of individual specific variables
which vary across individual units but do not vary over time. We

assume that LA are i.i.d.,

(2.1.2) E(w e all j, t') =0,

itlzj’ Xy

2 1y = o2
E(witlzj’ X, ., all j, t') o,

jt

in the above equation represents the specific
h

for all i and t. u,

effect associated with the it unit in the underlying population.

Following Mundlak [1978], the effects u, can be assumed to be
random from the outset and one views the LSDV inference as a con-

ditional inference conditional on the effects that are in the sample.

We assume that ui are 1.1.d.,

(2.1.3) E(uilzj, x all j, t") =0,

jt!
2 . ' 2
E(ui|zj, xj all j, t'") 9,
and uy and W, are independent for all i and t. To simplify
1 N T _ 1N _
notations, we assume further that NT Zi=l t=1 ¥q¢ T 0 and N zi=lzi = 0.
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Unconditional on the effects ug s the model is similar to the
traditional variance components (TVC) model investigated in Balestra
and Nerlove (1966), Nerlove (1971), Wallace and Hussain (1969) and
Maddala (1971), etc., with the exception that time invariant variables
zi are introduced. In this VC framework, all the coefficients in

the model can be estimated by GLS procedure. In matrix notations,

equation (2.1.1) is

(2.1.4) y = lN,G IT a + ZGRT § + X8 + uGlT +w

where @ denotes the Kronecker product, zN, ZT are N x 1 and

T x 1 vectors with all elements unity, y dis an NT x 1 vector,

X 1is an NT x k matrix of variables x

se? Z dis an N x p matrix

of zy etc. The covariance matrix of the disturbances in (2.1.4) 1is

2 2 '
f GWINSIT + cuINGZTlT and its inverse is (see Graybill [1961],

Wallace and Hussain [1969], Nerlove [1971]) @ ' = iy (181, -
2 w
011
—_— I 9% 2') where I_. and I, are N XN and T x T
°w2 r1o? NI N T

identity matrices. The GLS estimate of the coefficients in (2.1.4)

if 02 and 02 are known, is
u w

, | -1 .
a NTO 0 0 \ " Cenry
- 3 | - P - \
(2.1.5) s = 0 erz'z erz'¥”® | orz'yi® !
: : —in! P /
‘8 G 0 e¥z w_ +eB ! \W__ + @B
cw2 1" _ _
where 0 = ——5————, Xt - (xi.....x&.) an k x N matrix with
ag + To
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= 1T cin' _ = - ‘

X, =7 zt=l Xipo ¥ (yl,,...,yN_) an 1 x N wvector with

- 1.T - 1 N T N = -

Vio =7 o=y Yaer Y TAT FimrBeen Tier Bax TT Ziep X%yl 0
W_=X'X-B B =TI . % 'y and W__ =X'y-B__ . Thus
xx xx’ Txy i=1 1 ‘i XX Xy

the matrix Bxx contains the sum of squares and sums of products

between groups and Wxx is the corresponding matrix within groups.
Conditional on the effects u in the sample, u is a vector

of unknown parameters. It is more convenient in this case to write

equation (2.1.4) as

(2.1.6) y = lNelTa + INel u+ ZGRTG + X8 + w

T

Equation (2.1.6) is the CV model and the coefficient vector B can
be estimated by the covariance method. However when one uses the
covariance method, the variables Z have to be ignored since they

are collinear with INGLT’ i.e., ziG and u; can not be identified

in (2.1.6). The equation that can be estimated is

(2.1.6)" y = zNez v+ X8 +w

T

where v 1is a N X 1 vector of unknown parameters. The covariance

estimates of B and v are

2.1.7) ﬁc = Wxiwxy and
(2.1.8) Ve =Y. ” xi.Sc i=1,...,N
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While it is true that & can not be estimated from equation (2.1.6),
it can be estimated from the given sample in this approach. What

one needs to utilize is the relation,

(2.1.9) v, = a + ziS + u i=1,...,N

i i
from (2.1.6) and (2.1.6)"'.

From (2.1.8) E(§|X, Z, u) = v and since E(u|X,Z) = 0,
it follows from (2.1.9) that

E(v|X, 2)

E E(V[X,Z,u)

(2.1.10) E (v|X,2)

2N-a+ Z8

where Eu is the expectation operator of u conditional on X and

Z. Equation (2.1.10) can be written as a regesssion equation
(2.1.11) v = oo+ 28+ T

where E(CIZ,X) = 0, Ordinary least squares can then be applied to

(2.1.11) which gives

(2.1.12) a, =3V,

(2.1.13) gc = KZ'Z)-lZ'; or equivalently
(2.1.12)" a, =¥

(2.1.13)" .= @'l G - iin§c>

Let us call this estimation procedure an extended covariance procedure

~

and the estimates O and Gc of o and ¢ extended covariance
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esfimators. In other econometric models, this kind of two steps
procedures has been proposed in Wachter [1970] and analyzed in °
Amemiya [1976].

Thus all the parameters in equation (2.1.1l) can be estimated
in both the random and fixed effects models. It is interesting to
compare these two estimation procedures. The VC model in (2.1.4)
differs from the TVC model of Balestra and Nerlove (1966) in that
invariant variables 2Z are included. In the TVC model, GLS estimate
is a weighted average of "within" and "between'" estimates as argued
in Maddala [1971], and for fixed N, as T goés to infinite, GLS
estimate will tend to the "within'" estimate. However in our model,
the "within" estimator for & does not exist. One may wonder what
will happen to our GLS estimates in (2.1.5) when T goes to infinite.

From (2.1.5), it is obvious that

(2.1.14) a =y
and
/8, f‘eﬁ-z'z c—%z')'(in \-1/6%2"“‘ \
(2.1.15) o= b i
\g'  \glzin', 1 1 j k 1 1
8 G N 2 Nxx T NTPxx ﬁfwxy * eﬁfoy /

Assuming that the inverse matrix in (2.1.15) does exist, (2.1.15)

implies with the well-known formulae for inversion of a partitioned

matrix
~ _ 1 Iyin' ror=1 4y zing-1 1 l-in'
(2.1.16) Bo = Gii¥ T OF (I-2(2'2) "ZHXT) 5y * O

(1-z(z'z) 127

~ ~

(2.1.17) ¢ = @'tz G - ii“BG)



The GLS estimate BG in (2.1.16) is a weighted average of the
"within" estimate and a "between" estimate of B. As 0 = 0, the

GLS BG and GG correspond to the extended covariance estimates

B, and 6c in (2.1.7) and (2.1.13)'. The ordinary least squares

(OLS) estimates of (2.1.4) are

PR 1= in =in,-1,1 1=in' -1_,.-in
BL NT W + = N (I-2(2' Z) Z X (ﬁEny+§X (1-2(2'2) Z')y )
2 tovx—1,y ,~in =in’ ~ o

and GL = (2'2) “2'(y X BL). Thus BG and GG would be the OLS

estimates corresponding to © =1, As T » «» (and hence © - 0),

1f ;wax and ; zin' (1-2(2'2) " 12)F" have well-defined probability

limits, plim /—_(B -8 Q) =0 and plim (8, -8 ) =0 for fixed N,
T-o0 T ¢

or plim/ NT (B - B ) = (0 and plim/—_ (6 - 6 ) =0, i.e., the GLS
N-reo N-
Toreo : T

procedure and the extended covariance procedure are asymptotically
equivalent.

~

The covariance matrices of BG and GG are

(2.1.18) E((éG - B)zlz,x) = oé(W + o™ (1-z2(z'2) "1z ¥ and

(2.1.19)  E((5, - 6)%|z,%) = oX(orz'z - o12'F (W + 08 )" lorgin'zy™t .
- 2 - 2
As u and w are independent, E((Bc - 8) |X,Z,u) = E((Bc - B) IX,Z);
the covariance matrices of Bh and Gc are
~ 2 2 -1
(2.1.20) E((B_ - B) |2,X) = o W and
5 2
(2.1.21) E((GC-G)ZIZ,X) - —é‘,‘r-’—(z'z)'l + o2z R IR e T N



-10-

It follows that E((BC—B)ZIZ,X) - E((BG—B)ZIZ,X) ig positive semi~

A

definite, i.e., B is more efficient than éc’ whenever

G
(I—Z(Z'Z)_lZ')f(in # 0. To compare (2.1.19) with (2.1.21), one notes

that

— -— - 1 ' -—
(2.1.22) (6TZ'Z - 6TZ'XT"w _ + 0B ) lerxi® z)~!
XX XX

- - - —-— ' -— -
= rz'2) "t + (2'2) lz"xin(wxx+eTxin(I-Z(z'z) 1z0yxiny

-in! -
¥zt
It follows from (2.1.19), (2.1.21) and (2.1.22) that whenever

(I—Z(Z'Z)_IZ')iin = 0, GG is more efficient than Gc.

-~

- '-l'-in— =A A‘=
When (I-2(z2'2) "z")X =0, BG Bc and GG Gc i.e., GLS

estimates are the same as the extended covariance estimates. This

~

result generalizes the result obtained in Mundlak [1978]. However
Mundlak's motivation is quite different from ours. Mundlak argued,
in the TCV model, the GLS approach has completely neglected the
consequences of thé correlation which might exist between the effects
and the included explanatory variables. He introduced an auxiliary
regression

(2.1.23) a, = %8 +u

in addition to equation (1.1). This, in turn, implies equation (2.1.1)

when time effects are ignored with 2z In this approach, from

g = K.
practical point of view, the auxiliary regression introduced in
(2.1.23) is not necessarily a proper procedure to correct specifi-~

cation errors since it ignores completely the degree of correlation

between ay and xit' If the correlation between ai and Xy,

-1
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occurs, it is basically an omitted variables problem. This can be
correlated if appropriately omitted variables z; are included in

(2.1.1). However the omitted variables 2, need not be Ei' at
all. Such an example can be found in Lee and Pitt [1978]. Also if

a, 1s only correlated with some but not all the included explanatory

i
variables, (2.1.23) is again not appropriate. Whenever Z in
(2.1.1) does not contain a submatrix which spans the column space
of iin in RN, GLS estimates of B will not be the same as the
covariance estimate.

The GLS estimate is prefered to the covariance estimate when
the model is properly specified since it utilizes certain "between"
group information in iin. However the extended covariance approach
may be prefered if the correlation between effects and explanatory

variables persists.2 In this case, between group estimates and hence

GLS estimates are biased but not the covariance estimates.

2.2 More Complicated Covariance Estimator

Instead of estimating equation (2.1.11) by simple OLS procedure,
it can be estimated by the more complicated GLS procedure which takes

account the non~diagonal covariance matrix of [.

From (2.1.6)', (2.1.7) and (2.1.8),

= .]: ' - zin -1,
(2.2.1) L= u+ GLen' - X nwxxx Qw

where Q = INT - %INeszT' is the covariance transformation matrix.

It follows that the covariance matrix of % is

2
E.g. the omitted variables are unobservable. Recently Hausman

[1977] has proposed an interesting specification error test in a wide
class of -econometric models. His test can be used to test such pos-
sible correlation in the pooled model (see Hausman [1977], section 3).
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(2.2.2) V = E(5z'[X,2)
5 2
_ W 2zin ~1lzin'
= T6 IN + ow Xinwxxxl

Equation (2.1.11) can be estimated by GLS procedure which gives,

if o 2 and ¢ 2 are known,
w u

o o -1/48! .
={( N) v'l(zN 2)} ( N) viy
'z' L

a
wan ()
§ G Z

It is easy to check that

2.2
-1 T® T°0° =in -1=in
(2.2.4) v > I, > % ™ + 6B )X
w w
With (2.2.4) we have
R,N'V-]'Z =0,
-1 _TO 120% _,=in -1cin'
2'v iz = & 7y L O pixny 4o )RR
2 2 XX XX
g [e}
w w
1vll _T0 Ly _mein -1zin', =in zin -1
and Z'V v =<5 2'[L-TOX (W _+6B ) X " 1 -X r‘wxxwxy)
w
_T0 _,=in zin -1
i e (W, 0B, )T +oB )]
w
Hence
P Vo_maly1ein =lzin,.,-1 ., (zin_gin
(2.2.5) 8, = [02'2-Te"2'X (W _+eB ) X "zl ez'[y =X (W +
o ) tw _ + 6B )]
xx Xy xy

which is exactly GG in (2.1.17) written in an equivalent form from

(2.1.15). Similarly one can check that @ in (2.2.3) 1is equal to

A

e Hence we conclude that the BLUE estimate of § can be derived

from the CV approach. From this, it implies also that even if X

-~

and u were correlated, GG would be unbiased.



3. Analysis of models including time effects and time specific variables

3.1 GLS and Extended Covariance Estimation Procedures

In this section, we would like to generalize our model to include
time effects and time specific explanatory variables which vary over

time but do not vary across individual units. We consider the following

model
(3.1.1) Vig = © + zid + Ty + xitB + u + v, + L
We assume that u,, v, and w are mutually independent, u is

i t it i

i.i.d. for different 1, E(u|z,,r all 3, t) =0,

£’ %5

E(uilzj,rt,x , all j, t) = ci for all 1, and similar conditions

it
hold for v, and Wit Furthermore, to simplify notations, we assume
N T N T -
Zi=1 Zt=lxit 0, Zi=1 2y 0 and Zt=_1rt =0 .

Unconditional on the effects u and vt, it is a VC model and

i
it can be estimated by GLS procedure.

The covariance matrix of the errors in (3.1.1) 1is

2 2 ' 2 ! .
X cwINT + GuINegTzT + ovazN GIT and as derived in Wallace and

Hussain (1969) and Nerlove (1971) its inverse is

_l 1 ' ' ] ] ]
(3.1.2) z = 02 (INT - YlINGR,TlT - Y2£N£N GIT + 'Y32N2N GZTZT )
w
where
0'2 0'2
u v
Yl = , ‘Y2 = and



Yy =

The GLS estimates, 1f ci, oi

=14~

2
gag
v

2 2

207 + No + To
w

e Na N

(02 + To
w

and 02
w

2)

)(c + No ) c + No + Tc

are known, are

- 1 N T
(3.1.3) % = 3T F1=1% =171t
and S sin
B ' S ]
8" '0,12'2 0 0,12'X
(3.1.4) Yy = 0 O,NR'R  ONR'E’C
s ~in', Sbt' sin'sin Sbt'sbt ‘
B g el'rx e,NX"" R W _ + ol'.rx + 0,NX
esz'yin
eZNR'§bt
| |
- '—
X'y - flTZXin =in _ Y2NZth ybt‘
where = - = - = -
Gl 1 TYl, 62 1 NYZ, 93 NTY3 1,
' - ' ' sbt! = (! - <! = 1 N
R (rl,...,rT), X (x.l,...,x.T), E zi=lxit’
-bt' - - _ 1N
y (y.l:-0"y.T)’ }',t - N zi=l Yit’ and
— '—
W= X% oL I L G

Other notations in (3.1.4) are the same as defined in previous sections.

in the sample, u and

Conditional on the effects uy and vt

v are constant vectors of unknown parameters. It is convenient to

rewrite (3.1.1) as
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(3.1.5) =0 + u, + v, + ziG + rtY + xitB + w

Vit 1 it

However in this fixed effects framework, the invariant factors ziS
and rtY cannot be identified in (3.1.5) with u, and v, Further-
more, the dummy variables for the effects are multicollinear. The

function that can be estimated is

1l T
= * R - = d
(3.1.6) Yie =Yy + v, T zt=lvt + xitB + LA
with
1 .T
* = L
(3.1.7) u a + 216 + T Et=l v, + vy and

* = - -
A (rt rl)Y A

The covariance estimates of the coefficients in (3.1.6) are

(3.1.8) B, = Wmclwxy
- 1 - ]

where W =X'y - TXin y - Nth vs3

Xy

o ® = p - o 2 i=l s e N
(3.1.9) uy 4. xi°6c s ’
and

v k= -y X - x 3 =
(3.1.10) \A Y.oe . + (x_t x_l)Bc t=2,...,T

The coefficients of the specific variables can be estimated as follows.

From equations (3.1.7), (3.1.9) and (3.1.10),

el x = =
(3.1.11) u, a + 2[6 + T z v. + u, + El. i

il
—

e N

and
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ok = - -
(3.1.12) v, (rt rl)y 4+ v -v

£Vt 8y,

where E(v + u, + ElilZ,X) =0 and E(vt-v

i 1

+ EZtlz,X)

t=2,...,T

0 with v=—2

1.T
t=

Equation (3.1.11) can be estimated by OLS procedure which neglects

the complicated covariance structure introduced by El

estimates of o and ¢ in (3.1.11) are

o =1g
(3.1.13) a, =F Lia1 0y = %8,).

(3.1.14) Sc = @'z Gin - iinéc)

While equation (3.1.12) can be estimated by OLS, it 1s more interesting

The OLS

to estimate (3.1.12) by GLS procedure with matrix IT—l + LT-lzT-l”

which is proportional to the covariance matrix of Ve

v

l,

as the covariance matrix for the disturbances in (3.1.12).

1
matrix of IT—l + 2T-12T—1 is
-l 1 '
(3.1.15) Tpoy * fpogfpy) * = Tpp ~ Tt

With this procedure, Y will be estimated by

>

(3.1.16) Y, = ®'R)"R' GOF - ibt3c>

These two estimation procedures can be compared.

in (3.1.4) can be written explicitly as

The inverse

- 1 l=in' _ 4 \-1l,,\3in 1zbt'
(3.1.17) B = G + 9 in (1-22'2) 72X " + 0, X
(I-R@R'R) TRHT )T
Lgin' -in 1cbt'
{NT Vo T O -z 2) "2y + o, TX

(I—R(R'R)'lR')§bt}

1Vt

t=2,...,T,

The GLS estimates



-17-

(3.1.18) = @z'zy 1z G - ii“sc)

(3.1.19) Yo = ®RBRTRGPE - 2% )

As N +>®, T +eo, plim/ NT (B, - 8) =0, plim/ N (8- 8,) =0 and
N-veo ¢ Noo ¢
T Toroo

plim/__ (yG - y ) = 0, so the two estimation procedures are asymptotically
Noroo
T

equivalent. For a given finite sample, GLS estimates which utilize the
"within" sample variation, a modified "between' groups variation and a
modified "between" time sample variation, are more efficient than the
extended covariance estimates éc, gc and ;c with an exception.
When the column space of iin is a subspace of the column space of

Z and the column space of ibt is a subspace of the column space of

R, the two procedures are identical. This characterizes Mundlak's

result [1978] with time effects.

3.2 More Complicated Covariance Estimation Procedures

Instead of estimating (3.1.11) by simple OLS procedure, it can be
estimated by more complicated GLS procedure.

Let us denote the vector of disturbances in (3.1.11) by

(3.2.1) el = VJI.N + u + El
- -in =in 2
va +u+w -X (BC-B) .
The covariance matrix of el is
(3.2.2) v, = E(elel'IX,Z,R)
c2 2
-V ' O 2-in_-1=in'
= Ly * T6; I, + o X nwxxxi
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2 2
g (o]
S N ..
Let us denote A T Wit Ter Iy The inverses of A and V, are
2
TO o
-1 1 v v
(3.2-3) A = e———— (I - )
cé N 02 + ozT + ch N N
and
(3.2.4) V-l = A-l - A-l}_{in(_l__w xi A lxin)-l—in A l
1 o2 xx
w

With the covariance matrix in (3.2.2), (3.1.11) can be estimated by

GLS procedure. The GLS estimate is, 1if 05, oi and 03 are known,

A

/0 ' '
[ @ A -
(3.2.5) \ ) {( N)vll(zN 2yt K
5 Jcc A z!
' -
It is easy to check that lNA lXin = and 2NA lZ = 0. After
simplification,
2.2
~ T "0
- 1., _ 1l y3in -1= in -1 .
(3.2.6) ‘Scc {-——c,2 2'z ——02 Z'X (w + 0B ) z}
w w
2.2
TO, . T7 '
{—%- Z'u* - —E':L z'xi“(w + 0B ) “lxin i)
o o}
w w
The covariance matrix of GCG is
2.2
- TO T0 -1
(3.2.7) Var(s ) = { =+ 2'z - = 2’2 _+1e B E Y I )
o] g 1
w w
U2
2, 10\~1_,=in =in'
T@ — (2! Z) + GW(Z Z2) "z2'X (WXX+T01X

1

(1-z(z'2) Lz xiy ~15in' 5 (grgyL
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Equation (3.1.12) can also be estimated with more complicated GLS

procedure. Let us denote the vector of disturbances in (3.1.12) by

(V2 7 "1>

(3.2.8) e =l + g,
Vp~ V1
- * - *%*
/Y27 V1 V2t T V2T
\ - 5 * - *
\VT Vl VT VT
V2 T V1 Mo Ta) DR -1
=+ /+ (X'Qx)”"X'Qw.
* / - ° - - -
- / - -
\VT Vl W'T W.l X T X 1
where Q = IGRZ'—-]-',?,Z GI +12.2,'82,2.'isthe
vt - ¥ 4% TN Ay NT “N'N ““T°T

covariance transformation. The covariance matrix of e2 is

(3.2.9) V, = E(e,e;|X,2,R)
037 zs'f‘x'z NS
= = ! . L (x!
No, Tpoy T o qfpy) Yo, 1L (XOD)
2 X - X .
oT '1
- = - =
(x X, 100Xy x.l)
1 '
Since (I _; + &p_; T-l) ooy = T Ypoq¥q_; » the inverse matrix

of V2 is, after simplification,

No No, . -2
(3.2.10) Y2 73 Ty =7 *p-1tp-1) 2
W w 'x‘T
N© NG
1 2 sbt'=bt,-1 72 ,=! =
ZxE+— X x] 2 (Xgoeeoo¥eg)
g g g
W w w
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With the covariance matrix V_, (3.1.12) can be estimated by GLS

2
procedure,
- EJE -1
(3.2.11) Yeg = {(ré— ,...,r rl)V .. } (ré-ri,...,rT—r W vk,
‘T
The covariance matrix of Yo is
2.2
. N© N“e e
(3.2.12) var(yy) = {— R'R - —2 R'E°C(X'oX + N@szt 3Pty Igbt eyt
O O
°2 2 bt
L
N@z (rR' R) + OW(R R) R X (W +N@2X
(I-r@R'R)"RHTEH IR R R) T

It is interesting to compare the estimates in (3.2.6) and (3.2.11)
with the GLS estimates in (3.1.4). The covariance matrix of (Gé, yé)

in (3.1.4) is

] ’;L'(z Z) 0 j
H : 2 f 1T |
(3.2.13) var\ : = g % 1 -1
—t ipt
YGJ \ 0 ezN(R R)
Y27y et
3 R . ! - -
+ g 3 f o+ 0, TR (1-z(2'z) 2R
. W bt XX 1
L R'R) IR’
- ' -
+ esz "a-r@'R) RO E 2z 7T, B Re'R)TY
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Comparing (3.2.7), (3.2.12) with (3.2.13), it follows that var(GCG) -
var(GG) is positive semi-definite unless (I-R(R'R)-lR')f(.bt = 0,
and var (YCG) - var(YG) is positive semi-definite unless (I—Z(Z'Z)—lz')iin=0.

When (I-R(R'R) TRNHXC = 0 and (1-2(2'z) tz")X"® =

0, the estimates
derived from the two approaches are the same. In general, the GLS estimates
of § and vy derived from CV model will be more efficient.

The estimates in (3.2.5) and (3.2.11) are single equation estimates.
As e
is possible to derive more efficient estimates by seemingly unrelated

in (3.2.1) and e, in (3.2.8) have nonzero correlation, it

regression approach (Zellner [1962]), applied to (3.1.11) and (3.1.12).

The covariance matrix of e and e is

1 2
22in-1,-, _ = - =
1Y = - I | |
(3.2.14) E(elez) OwX nwxx(x,2 X150 sX p x.l)
Hence the covariance matrix of (ei, eé) is
R \
1 A T T, 0 »f
(3.2.15) V= /
5 2
\ % ' /
0 No, (Tp_qg g bpog)
\
}-(in

] ?

-1 ! - -

2 [ = ~1,=in' -
+ 0 X, .1 Wxx(xi X,y x,l,...,x.T—x.l)

"l

'l

el
1
3
I e
R

The inverse matrix of V in (3.2.15) is
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/ %
T6. (L., - 2t 0
! Iy 2, 2.7 ‘NN
-1 1 | v u
(3.2.16) v == \
Uw 0 NOZ(I
=1in
Telxi |
- —tn'e he' b -
1 NO%., | (W _+T0 0 3l %hye 3PF xPEH7L
-3 . XX 1 2
9, | P
\NGZX'T/
a' - '
(T, X" NO%!, ,...,NO,%. )

The seeming unrelated regression estimate derived from (3.1.11) and

(3.1.12) is

£ o - iz! 0 }
xR 2 00 ) o (-1
(3.2.17) Lo =< V=i 0 LT
' Ly ;0 rl-r!,. .,r'-r'} . i
cs ¢ 2 1 T "1 . /
0 rTfrl
’ \ [
A 0 0o { u*
' byl :
\0 ré—ri,...,r%—r'/ R

After simplification with V © 4in (3.2.16), it is

1 '
r-1" Tp-1*r-1)

/

{



8 [10,2'2 0 1,2 xin)
(3.2.18) Lo s bt/

\y / F o.R' L NO t/
Wi 100 NOR'R | | NOR'E™

-~
r=1

~in'=in =bt' bt =in' =bt'_.:

W +TG)1X X +N92X ) (Telx A NOZX RB

1

ij{ bt bt ) ( b }
t

: \\NGZR (y Bc) NGZR

AN

Jirezt G\ /1o z'®)
\ 1

=in'= =bf=bt. -1 —=in' ~in =in?
(wxx+relxi X+ “e R RG T re X GH-x1T8 )

+ N B PR )

It is of interest to compare (3.2.18) with the GLS estimates from

~

VC model in (3.1.4). The estimates GG- and Yo in (3.1.18) and

(3.1.19) can be written in an alternative form from (3.1.4)

07>

"'relz'z 0 \\ /102" e
(3.2.19) =~ .

£
. . 'R/
Y ¢ .0 NoR'R INOR'X

,—!

J

l ] -l
*_+T0 ¥ ginyge 3P 30T (T@lX 'z No.X°tR)

1 2 2

W

.-bt/ | b
0,NR'y \e NR'X

o

( 0,T2'y i“\ {e 72" xin\(w o Txin “in
<

2

=bt'=bt,. -1 =in'-in =bt'-bt
oN%" X°F) (wxy+elTxi y o NRC Y }
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It is not difficult to check that expressions in (3.2.18) and (3.2.19)
are identical. Hence the seemingly unrelated estimates of § and vy
in the CV approach give the same estimates from GLS procedure in the
VC approach. This implies also that even if the effects u and v

A

were correlated with X variables, the GLS estimate GG and Ye would

be unbiased.
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4, The fixed effects model vs. the random effects model.

In the previous sections, we have demonstrated that it is feasible
to estimate the coefficients of specific invariant explanatory variables
not only in the VC models but also in the CV models. While accepting
the view that fixed effects inference as a conditional inference
conditional on the effects in the sample and hence unified the random
and fixed effects approaches in a well defined framework, there still
lead to two different estimators. Mundlak [1978] argued in the traditional
models that the difference was due to specification error and derived
his unique estimator results by introducing equation (2.1.23). As
argued in section 2, this is rather an extreme point of view. When
the specification errors are properly corrected, the two estimators
may still be different.

The answer to this question is in fact quite simple as demonstrated
below. It lies in the specification and estimation of the fixed effects
in the CV models, i.e., the estimates in (2.1.8) or (3.1.9) and (3.1.10).
To simplify expressions, consider the traditipnal CV model without time

effects, under similar assumptions as in (2.1.1)

(4.1) Vip = © + u, + xitB + Ve
Let

e. _ _z
(4.2) Xy Xy X, .

be the explanatory variables deviated from their group means. In terms

of variables in (4.2), (4.1) becomes



' = e
(4.1) Vip =@ + u, + X, B + X/, B + L7
=ut+x B +w
i it it
where
(4.3) uk* =g+x, 84+ u

With this transformation, Ei is introduced explicitly as a vector

of specific variables in our model. Instead of estimating o + uy

in (4.1) as in the traditional procedure, we estimate u; in (4.1)'

by the covariance method which gives

(4‘4) u; = yi' i=l,.oo’N
and
(4.5) B, = wxx]'wxy

Comparing (4.4) and (4.5) with (2.1.7) and (2.1.8), one notes that

the covariance estimates of B are the same, but the estimates of

specific effects are different. Let G*' = (G;,...,Gﬁ). It can be
easily shown that
02

(4.6) E((u* - uk) (u* - w®)'[X, u) = 2 I,

) ~ - - - 1 - " - - - 1 = 2 -1
(4.7) E((B,~B) (B -8)'[X, u) = E((B-B)(B-B)'[|X) = o W __
and
(4.8) E((ut-u%) (8 _-8)" [X, w) = o.

While B can be estimated from (4.1)' as in (4.5), it can also be

Yy

information in (4.3) which has not been taken into account in the

estimated from (4.3) with estimates * in (4.4). Thus there is

estimation of equation (4.1)'. To properly utilizé this information
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the mixed estimation procedure introduced in Theil and Goldberger
[1960] and Theil [1963] can be used. It follows from equations

(4.3), (4.4) and (4.5),

A

(4.9) Bc =B + &1

(4.10) ;* = R,Na + f(inB + u + Ez

~

where El = 8 -8 and 52 = u*-u*, Under the assumptions, i.e., u and
c

w are independent, and the covariance structures in (4.6) - (4.8),

(4.11) E(§ %) = 0, E(u+g,|X) =0
(4.12) E(E |0 = oW L

c2
4.13)  E(a+ £?0) = (o2 + D1
and
(4.14) E((u+g,)E, [X) = 0 .

By the mixed estimation procedure, coefficients o and B can be

estimated as follows,

2
PN . 2 Gw _l
' {a }/-ZN 0 (cu +'T_)IN 0
(4.15) . = - ] -
8 1 nog 0 o
M K W XX
N o | TN
o |
/ i '
0 I, J | [T I
- k P —
A
2 O'T‘Z' \ "l ;,’/ h* "\
(c” +— IN 0 u
'-1 / “ ~
0 Uv?rwxx / \ B
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After simplification,

(4.16) o = v
and 02 02
> —in'=in,-1 W =in'-in
(4.17) B = (W _ +——u XN W+ —E—e X" 7Y
M xx 2 + TGZ ¥ 42 4 TOZ
w u w u

which are exactly the GLS estimates as derived from the VC model.

Let us now consider the traditional covariance model with both

individual and time effects, under similar assumptions in section 3,

(4.18) =a+u, +v, + xitB + w i=1,...,N; t=1,...,T.

Vit 17V it
Let
(4.19) xd =x,_-x, -x
it it i- ot

be the explanatory variables deviated from their group and time means.

In terms of (4.19), (4.18) can be rewritten as

1T d
= X x - = *
(4.20) Vi = 9§ + vE - T zt=l v + xitB + Ve
with
- 1 T
* = 3
(4.21) uf = a + xi.6+ uy + T z =1 v,
* = (x -~ % -
(4.22) vy (x_t x_l)e + V.Y

The covariance estimates ‘of (4.20) are

(4.23) 8, = wx}];wxy

A* i =
(4.24) uf =y, i=1l,...,N
(4.25) vg =Y. "V t=2,...,T

and the covariance matrices of these estimates are
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(4.27)

(4.28)
and

(4.29)
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2

E((uk-u®) (ak-ub)'|X,u,v) = —2

- 1 = - — '
E ((vk—v¥) (vk —v*) |X,u,v) OW(IT_1 T R ¥ l)
W XX

E((B,-8) (8-8)" [X,u,v) = E((8_-8)(B.-8)'[X) = o2

E((ut-u*) (7% ~v#)|X,u,v) = 0 E((ut-u%) (B_-8) " X, u,v) = 0

E((4-v*) (B_-8)"| X,u,v) = 0

It follows from the above relations (4.21) - (4.29),

(4.30)

(4.30)

(4.32)
with

(4.33)

(4.34)

(4.35)
and

(4.36)

~

Bc =g + El

u; = q + xi_B + v + uy + EZi =1l,...,N
A*=— - x - =

vE (x_t x_l)B + V.- v, + E3t t=2,...,T

E(gilx) = aéw-;
2

E((V8, + u+ & )zlx) = (o +&)1 + 2% a0
oy 2 u TN TOVN'N
~ 2 2 031
= — 1
E((v-vy by g + E71R) = (00 + gD (Tp g + 2p 20 )

5, (Wi + u + £’ %) = o, E(gl(?r—vlzT_l + £y %) = o,

E((vay + u + £)(vv 8 + £)'[0) =0 .

where v'= (VZ""’VT)° The mixed estimation of (4.30) - (4.32) with

covariance matrices (4.33) - (4.36) gives
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-~ ,"f-—-' 0 .. O 0‘
(a\’s ,f.:’R'N
Do
}'! ,?é- n' -t -t ! -t
B/M ‘\Xi X pmX,1seeesX 07X g I
/ 2 °v27 1 2
A - ]
(0, + Ty * T 9™y 0
%
0 (o~ + —N) (IT_1+£T_12,T_1)
1\ 0 0
*N o V-1
0 P -; ‘ (/ ! 0 s e 0w 0
PNt T S lN
(4.37) 2 >
X _~% o 3 3 et R
0 X %, Xi X,y x.l,...,x’,T X\
0 1
L kA
-(02 + Sé) +152p 0
u T LN T vN'Q‘N
2
2 o'W '
0 (o 7)) (Tpy*hp 1 %py)
0 0
a%
V3
v
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2 °fz 1 2 -1
oA —_— ] =
(4.37) can be simplified with the relations [(cu + T)IN + 3 olezN]
T °3, -1
(I, - ©) , and (I, + & & ) =
0% + To? E 02+T02+Ngng'Q'N T-1 = “T-1"T-1
W u W u v
I ) ' . It follows
7-1 = Thr-1'7-1
" = —l- N A* = v
(4.38) % =N I Y TV
~ - 1_ _ ' _
(4.39) By = R s b SR BN Lo L
o x=x o + To o + No
w w u w v
-in'- ~ht'o
(__;_.wxy + = T > Xin yin + = N 5 th ybt)
o ¢° + Ta a° + No .
w w W w v

which are the same as the GLS estimates derived from the VC model.

The analysis above can be generalized to include specific invariant
explanatory variables as in (2.1.4) or (3.1.5). With the similar argu-
ments, the mixed estimation procedure for the CV model g_ves the GLS
estimates as derived from the VC models in (2.1.16) - (2.1.17) or
(3.1.17) - (3.1.19).

Thus we can conclude that the fixed effects and the random effects

approaches are no different.
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5. Conmclusions

In this paper, we have discussed some problems related to
the fixed effects and random effects linear models with panel data.
We have suggested some estimation methods to estimate models with
specific explanatory variables which do not vary over time or cross
individual units in both fixed effects and random effects models.
The extended covariance estimation procedure introduced in the fixed
effects model is well justified under the view that effects are random
from the outset and the covariance inference as a conditional inference
conditional on the effects that are in the sample as introduced in
Mundlak [1978]). Once the effects in the sampl' have been estimated
by the covariance procedure, unconditional on the effects the coef-
ficients of the invariant variables can then be estimated. Asymptoti-
cally, these two approaches are the same. For finite samples, if the
variances of the disturbances are known, the GLS estimates have smaller
variances than the extended covariance estimates with one exception.
This exception characterizes and generalizes Mundlak's specification
error approach [1978] in which the GLS estimates and covariance estimates
are identical. However, the extended covariance approach may be pre-
ferred when the omitted variables problem which gives correlation
between the effects and the included explanatory variables persists.
In this case, GLS estimates are biased but not the extended covariance
estimates. More efficient estimation procedures to estimate the
coefficients of the specific variables in the CV models are also

discussed and compare with the GLS estimates in the VC models. It
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turns out that some of these estimation procedures give the same
estimates as the GLS for those variables.

On the presumptions that there were specification errors and a
particular pattern of correlation between the effects and the explana-
tory variables, namely the within group means of all the explanatory
variables in the model, Mundlak pointed out there would be no difference
between the fixed effects and the random effects approaches. While he
is correct, his approach is rather an extreme case. No matter whether
there are specification errors or not, in this paper, we have shown
that the two approaches are indeed no different. The covariance and
GLS estimates are different because the traditional covariance esti-
mation technique does ngt properly utilize available sample information
and there is one step beyond which has been neglected. With the
extended covariance estimation procedure which utilizes the within
group means as specific invariant variables, and the mixed estimation
techniques, the two approaches are shown to be no different at all.

In this paper, we have only considered the linear models. Whether
the two approaches are the same for nonlinear models is still an open
question. In some nonlinear models, such as the probit model, the
variance components specification may impose very difficult estimation
problems but the covariance specification may not be so (see Hall
[1977]). For those models, the several extended covariance estimation
techniques proposed can be extended and more efficient estimates can
be derived. The detail investigation is beyond the scope of this

paper and will be reported elsewhere.
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