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THE COUPLING METHOD OF FINITE ELEMENTS

AND BOUNDARY ELEMENTS FOR RADIATION PROBLEMS
He Yinnian™ and Li Kaitai*
Abstract The paper presents the variational formulation and well posedness
of the coupling method of finite elemenis and boundary elements for radiation

problem. The convergence and optimal error estimates for the approximation

solution and numerical experimeni are provided.

1. Introduction

Many scattering and radiation problems in mathematical physics are reduced

to the problem of Helmholtz equation

2

Mmoo+ K= f x ¢ R® (or R3)

It is important in many areas of applications e.g. the design of waveguide,
exploring for mineral material and the study of the biological effects of
microwave radiation, and so on. The difficulty is that the domain is whole
space. Many people present various method which are used for this problem, e.g.
FEM. BE and infinite element ([2]-[5], 291, [10]). Each method is of its
characterization. However, the coupling method of FE and BE most attracts one'

attention.

2. Variational Formulation

Let us consider the following radiation problem.

K+ K= f in R?
(2.1) u = O(r'l) r=|x| »1°%
%% + iKu = O(r'xq) r++ o
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where f(x) is a function on R? with supp f C 9, 91(:|22 is a bounded domain

with smooth boundary T and Qy = Rz\zﬂ. is the exterior domain (see Figure

1‘).
The complex function k is defined by
kq(x) X e @ , Q
(2.2) k(x) = [ ! ! 2

Ko X e,

Figure 1.

where kg is a constant, kq(x)| = kg, k2] <M,

-C1 < Im k2 < -C2 , M,Cl,C2 are positive constant.
Let

(2.3) HY(R2Z) = (u : u e HIR2), u =o(r-D),
. -1
-~ *t 1k0u = o(r /2), r + o}
with the norm tely g2 of Hl(Rz), which 1is also a Hilbert space.
In fact, let {Vk} Hi(Rz) which converge to an element v ¢ Hi(RZ), that is

. 2 2
lim (f2|VVn - w|® dx + levn -v|%dx) =0
n+o R R

Recalling F. Riesz theorem, {vn} contains a subsequence v} such that
Tim v, (x) =v(x) a.e. x eR

k+oo

Since v ¢ Hl(RZ) and v ¢ Hl(RZ), thus

This implies



by

Hence v ¢ Hj(Rz)

Then, variation problem associated with (2.1) is

find u e H:(RZ) such that
(2.4) L»
A(u,v) = (f,v) Yv e H*(R ).
by means of Green's formula, where
(2.5) Alusv) = -fpz W W dx + fo2 k% Uy dx

(2.6) (fov) = fRz f v dx.
v denotes complex conjugate function of v.

Theorem 2.1. Let f ¢ H'l(Rz) with suppf C ;. Then, variational problem

(2.4) has a unique solution u e Hi(Rz) and

(2.7) iy g < Cufn_l’Rz ,

2

where C > 0 is constant.

Proof. Ii is obvious that A(.,,) :Hl(Rz)le(Rz) + C 1is conlinuous

* *
sesquilinear form. I{ is sufficieni to prove that A(.,s) is Hl(Rz) - coercive by
*
Lax-Milgram theorem.
In fact
(2.8) Av,v) = (=|v|? 5+ [ k2 IvIZdx + k2 i )
1,R 91 1 0 0,92

SO



-

Alv,v) |2 = (-|v|2 20002 2 2,12
[A(v,v) | ( |V|1,R2 + Rekouvuo,gz + é Rek1 |v]“dx)

+(Imkg uvug Q2+ [ Imk% |v|2dx)?2.
i Q
1

Set 0 < ¢ < 1, using young inequality, we obtain

|A(v,v)|2 > (1-e)|v|; R 2t (l-e‘l)(Rekzuvu2

0", 0,
+ [ R K2 Iv]? dx)? + (Imk 2 w2 + Imk 2 v | %dx)?
A el 0 0,92 1
1 &
> (1-e)|v|¥ o2 + ((1 - M2+ c2)v|d 2
1,R 2/ 1V1o,R

Taking ¢ > O such that S, 1 C%/Mz), then, there exists C3 >0, C4 > 0
such that

. 1

1+c§/r42-_g_>c3, -1y .

Therefore, we have

2

4
(2.9) |A(v,v) |2 > Che |v|?’R2+ CqM Wiy g2 2 Cg nun?’Rz

where C5 depends on C5 and C4. Hence, it is proved that A(.,.) is Hi(Rz) -
coercive.

However, the problem (2.1) can alternatively be formulated as follows:

(2.10a) iy + kU = f in 9.

(2.10b) My + Kaup = 0 in 9,

(2.10c) Uy = Uy on T,



3u1 8u2
(2.10d) il on T,
au
. - . -1
(2.108) U2 = O(I" l)s 3[‘2 + 1k0U2 = 0([‘ /2)9 r> o

where up = ulni , i =1,2, and 5/9n denotes ithe outward normal derivative to T.
The equations (2.10a) and (2.10b) signify a decomposition into iwo problems in
the separate domains @, and @, , while (2.10c) and (2.10d) reflect the
appropriate coupling of these iwo problems.

Let us now give a variational formulation of (2.10). Since au + k% u="*

in @), we find, using Green's formula, that

(2.11) alu,v) + <ygv,d = (Fv)  Yvoe Hl(nl)

where vg 1is 0O-order trace operator on T and

AE T |r > <YpsVs A = { Vads,

o
—
o

-
<
~
]

- f wﬁhx+—fk§umn.
Y gl

Moreover, since Au + kgu =0 1in 92, we find, using Green's formula and

(2.10e), that (cf[8]),

(2.12) %-U(X) = { u(y)G, (x,y)dsy - [ Aly)G(x,y)dSy xeT
(2.13) u(x) = { u(y)G,(x,y)dsy - [ A(y)G(x,y)dSy x e 9,.
where

(2.14) GY) = -~ HOP (kg xey ) xey

is the fundamental solution associated with the two-dimensional Helmholiz

equation and
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(2.15) Ba(xsy) = o= Glx,y) x #y, yer
y

with ny being the outward unit normal to T at y e TI. Héz)(z) is ithe second

kind and 0O-order Hankel function.
Now, taking complex conjugate for (2.12) and formally muliiplying (2.12) by

. -1 . .
the function pu (x) e H /z(r) and integrating over T, we obtiain

(2.16) 2b(A,n) - <ygusw> + 2<Gu, > =0 ¥ oyoe H'l/z(r).
where
(2.17) b(,u) = - [ [ Xy)G(xsy) ulx)ds, ds,,
'r
(2.18) Gnu = f Gn(x,y)u(y)dsy X € T.
T

Combining (2.11) and (2.16), variational formulation for the couling method
of FE and BE can be rewriiten as following: Find (u,)) € Hl(Ql) X H'yz(r) such

that
(2.19) a(u,v) + <ygVsA> = (f,v) Yve Hl(Ql),

-1
2b(a,u) = <ygU,w> + 2B u,w> = 0 ¥y e H/2(r).

3. The Well-Posedness of (2.19)

First of all, we prove ihat sesquilinear form b(.,<) is continuous and coercive on
H'DQ(T) x H-VZ(F), and <yqu,p> - 2<G u,p> 1is a continuous linear functional on

H-y?(r) for u ¢ Hl(Ql). Hence the variational problem:

1
2b(Asu) - <ygu,w> + 26 u,w> = 0 ¥y e H (1),

has a unique solution X = A(ygu).

Next, we consider problem : Find u ¢ Hl(Ql) such that
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(3.1) alu,v) + <vgv, Alvgu)> = (Fv) T v e H(9)).
Let
(3~2) B(U,V) = a(u,v) + <V0V, )\(\)0U)>

Fortunately, sesquilinear form B(.,v) on Hl(nl) X Hl(Ql) is continuous and
Hl(Ql) - coercive. Therefore, the coupling variational problem (2.19) is
well-posedness.

1° The Properties of b(e, o)

First, we consider an auxiliary problem:

A+ kzu =0 in R? T,
u=u on T.
(3.3) -
u=0(r ") r o+ o,
S gy =0 (r 72 F oo
or oY *

where ug ¢ H%Q(F).

From section 2 and reference [12]. We can prove

Lemma 3.1. Let Uy e Hb?(r), then there exists a unique solution u e Hj(RZ)

of (3.3) and
(3.4) Cpiungy g2 < Wolly,, ¢ € Cp MUy g2

where C1 and C, are positive constants.

Assume

(3.5) K={v;ve Hi (R?), supp (av + k%V) T}.

1
Thus, (3.3) defines a extensional operator E of H/Z(F) onto K such that
(3.6) u = Eu0

Obviously, E : Hy?(r) + K 1is an isomorphism and
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(3.7) up = BTN = v

Next, we define an operator L on H"U?(r) by
(3.8) L(a) = [ G(x,y)g(y)dsy.  x eR?
T
We have the following result for the operator L.

Lemma 3.2. The operator L is an isomorphism from H'L?(r) onto K

-1 . .
Lthe correspondence of q ¢ H /Z(F) and u e K is defined by

(309) u = L(q))
= o 7 - _d8u _ 3u
q = [—m‘ ] ;r:_ W s
and
(3.10) Cinung g2 < Qo .p € Co nuiy p2s

where [ %% ] denotes the jump crossing T and

A= (g ) =2 (]|
on~ an yor ant an for

Proof For any q € H'yQ(r), we consider the variational problem

- <ygv,q> Vv e H1 (Rz).

(3.11) Aglu,v)

- fg2 W W odx + [p2 kg uv dx.

(3.12) Ag(u,v)

So, Ao(o,-) has the properties as A(.,+) and -<ygv,q> is linear bounded

and

functional on H1 (RZ) by trace theorem. Thus (3.11) has a unique solutiion

u e Hl(Rz) such that

*

(3.13) C1“”“1,R2 <INy, p < Cy i g2-
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However, using abstraci Green's formula, we have

(3.14) Aglusv) = - [ wwdx + [ k& wvdx - [ w Wdx + [ kgqux

Q1 2 2 Y

- f[.éﬁ vdx + [ (au + kzu)de + [ (A + k2u)Vax.
T an 0 : 0

2 2
From (3.11), we obtain
(3.15) n o+ kGu = 0 in RAT.
and
(3.16) q=[3 1.
So, u ¢ K.

Since A + k2 u=20 in Rz\r, we have

(3.17) [ 2 (y) Glx,y) dsy - [ 6 (x,y)uly) dsy
ran r
u (x) X e ,
= { ‘—%— u(x) X eTl,
0 X € 92 s
and
(3.18) < [ ar O) 606y)dsy ¥ [ (x,yJuly)dsy
0 X € Ql,
s %- u(x) X €T,

U(X) X € QZ .
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Combining (3.17) and (3.18) we have
(3.19) u(x) = [ [ (y)16(x,y) dsy = L(q).

T an

Conversely, let u(x) e K, using the discussion as above, we have

(3.20) u(x) = L(q),
and
(3.21) q = [%J.

Hence L is an isomorphism of H'y2(r) onto K and the proof is complete.

Theorem 3.1. The sesquilinear form b(ql,qz) is continuous on

H'y2(r) x H'y?(r) and H'yz(r) - coercive, i.e.

-1
(3.22) bldy, a2) < C 1qyi_yy pldpl 1, ¢ > Va1,qp € H (),

-1
(3.23) b(ql,qz) > qulufyz,p Vq; e H /Z(T)-

-1
Proof Let dy, dp € H /z(r), recalling (2.17) and (3.8), we obtain

(3.24) b(d1,9,) = - <ygl(aq), dp> = -<ygui,9p> = Ag(u,v)
Hence
|b(q1,q2)| = |<yOu1,q2>| < "Youl"yz,r"QZ"-LQ,r < Cuqln_LQ,rnqzu_y?’r

Notlice

(3.25) b(ay,qq) = - <yguy, dp?

and

b

3.2 = - 1(r2
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It is easy to get

- - 2 2
Ibay,a) | = I<ygupsap>| = [Ag(upsup)| > C"“l"l,R2 > C"ql"-L@,r

by (3.9). Thus, theorem 3.1 is proved.

2° The well-posedness of (2.19)
Let u ¢ Hl(ﬂl), we prove that 2 < Gnu,u> - <ygu,w> is a bounded linear

functional on H'y?(r). To this end, we first prove the following lemma.
Lemma 3.3. Let wuj e Hb?(r), then Gou, e HLQ(P) and

(3.7) "GnUO"LQ,r < C“UU“VZ,r'
Proof. We consider an auxiliary problem

(3.28) Mo+ koW

0 in )
W= ug on T
1
where u, e H/z(r).

Recalling lemma 3.1, (3.28) has a unique solution w e Hl(Ql). Using

Green's theorem, we obtain

(3.29) Fuglx) = - Gug + yL( M) x e

- 1
Since w e Hl(Ql), then %ﬁ e H 1/Z(I‘). We know L( g%“) € H/Z(r) by Lemma 3.2

1
and the trace theorem. From (3.29), Guge H/Z(P) and

LI
"GnUO"LQ,r < VZ"“o"y@,r + 1yglL( ﬁr‘)"yz,r

AW
< D?uuoqu,r t o oy, ¢ < Cluglyy pe

On the other hand, we find, applying Lemma 3.3, that
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|2<Gnu,u> - <ygusu>| < |2<6u, >+ |<ygu, |

< Z"Gn”"bq,r"““—yz,r tovguilyy plul g, oS C“You"yg,r“u“_y?,r < C"U"1,g’“U"-LQ,r~

-1 .
Thus, 2 < Gnu,u> - <ygu, w> is a linear bounded functional on H /2(F). By virtue

of properties of b(.,.), we have

Theorem 3.2. Let u ¢ Hl(ﬂl), then, the variational problem: Find

A€ H'Vz(r) such that

-1
(3.30) b(Aw) = & <Ygu,w - <Gu,w>, ¥ ou e H2(T)

has a unique solution i = x(you) and

(3.31) "*"-yg.r <C YUy p < C"u"l,gl
Moreover, we need consider the variation problem:
Find u ¢ Hl(Ql) such that
(3.32) B(u,v) = (f,v) +v e H(a)).

To this end, we introduce an auxiliary exterior problem:

Aw + kgw =0 in 2
(3.33) w =49 on T
w = O(r'l) r + o
. -1
‘g% + ikgu = O(r 2y p s e
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It is well-known (see [1]) that (3.33) has a unique solution and the normal

derivative-%% is well defined. If g ¢ Hb?(r), then-%$ € H'LQ(P), we let

oW

F be the mapping defined by Fg = =2 . Then, F is a bounded mapping

1 -
from H/Z(I‘) into H 1/2(1‘).
Recalling the equation (2.10) of section 2, u, satisfies problem (3.33)

when g = You1- Set up =u in 25 then, we have

3u,
(3.34) K(YOU) il F(YOU)-
Thus
(3.35) B(u,v) = a(u,v) + <ygv, F(ygqu)>.

A

Set u,v ¢ Cw(ﬂl), extend u,v to U, V ¢ C”(Rz) which are defined by

and Jlﬂz, €|92 satisfy problem (3.33) when g = yqu, ypv. Using Green's for-

mula in 92, we have

(3.36) <rgvsF(yg)> = = [+ Wax + [ K5V dx.
2 %

By (3.35) and (3.36), it is easy Lo see
(3.37) B(u,v) = a(u,v) + <ygv, F(ygu)> = A(d,V).

Since Cm(Ql) and C“(Rz) are dense in Hl(nl) and Hl(Rz) respecltively,

thus, we obtlain

(3.38) Bu,v) = A(d,V) tu, v e Hl(Qp).

Therefore,

_ A A A2 2
IB(v,v)| = |A(v,V)]| > CIVIy p2 > C"V"l,nl
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IB(v,v)| = fa (u,v) + <ygv, F(yqu) > |

< C"“"l,al"v"l,gl + "YOV“LQ,T"F(YOU)"—MQ,r < C"“"l,gl"v"l,gl'
Hence the sesquilinear form B (+,+) is continuous on Hl(Ql) x Hl(nl) and
H

H Ql) - coercive. Thus, we have

Theorem 3.3. If f ¢ H'l(Rz) and supp f = ;. Then, problem (3.32) has a
unique solution u ¢ Hl(Ql) and

(3.39) uuul,91 < cnfn_l’Rz.

Further, problem (2.19) has a unique solution (u,A) € Hl(ﬂl) x H'b?(r) and

(3.40) "(U’A)"Hl(gl)xH'UQ(r) = "“"1,91 ALEURPI C"u"l,ﬂl < cufu_l’Rz.

4. The Error Estimate of the Approximation Solution

We let V ClHl(Ql) and H C H'y?(r) be finite elemeni subspaces depending
on parameter h>0. We also assume that Vh and Hh satisfy the following
approximate hypothesis:

(Hl) For any v ¢ Hm(Ql), there exists a constant C and a funcition

™Y o€ Vh such that

(4.1) W=V o < chSuvi (0 <s <m-1)
>

s+1,91

(H For any u e ym-3/2 (r), there exists a constant c¢; and a function
2 Y 1

Phu e Hy such that

s
(4.2) "“'Ph“"—LQ,p < ¢qh "“"s-b@,r (0 <s <m-1)

where T: H'(Q) »V, and P, : r) » H, are projectors.
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The approximate space Vh and Hh can be consiructed by classical method.
Let Th = {T} be a regular tiriangulation of Y with maximal diameter al most
h and Sh = {s} be the sides of T with maximal side length at most h. Vh
is the set of all continuous functions which are the polynomials in each T, the
order of which is less than m-1 and H, is the set of all continuous func-
tions which are the polynomials in each s, +ihe order of which is less than
m-2. So, Vh and H,~satisfy hypothesis (Hl) and (Hz) (see reference [12]).

Now, let us consider the approximate problem of (2.19):

Find (uh, Ap) €V x H such that

a(uh, v) + <ygvs Ap> = (f,v) YvoeV,
(4.3)

2b(>‘h’ p) + 2<Gnuh’ w> - <ygup, w> =0 ¥V op e Hp.

v
Due to V, c;f11(91) and H, CH /Z(P), the approximate problem (4.3) also
has a unique solution (uh, M) eV x H, by the discussion of section 3.

Subtracting (4.3) from (2.19), we have

(4.4) a(u-hh,v) T <ygvsA-a> = 0 Y v e Vh’

2b(A-Apsm) * 2<G, (u-up),u> - <yglu-up),u> =0 ¥ ueH.
Let Wy € Hy, from (4.4), we have
(4.5) Zb(uh - )\hsl-') = <Y0(u'uh)9 u> - 2<Gn(U'Uh),u>
=2b (X=X 5 ) Y ouoeH.

Taking yu = Wy = A € Hh in (4.5), in view of coerciveness of b(«,s), we

obtain

2
C1lup = Ay p<ICup=dns uy - )|

Calivg(u-up)ny, o+ 1A-unt 1y p)lug-Apl_1yp e
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Hence

(4.6) Ty = Mgl i, p < C("“'uh"l,gl A up Ny )

By triangle inequality, final result is obtained

(4.7) =20y, p < clu - Un'1, g A iy, o)
On the other hand, from (4.4) and (3.34), we have

(4.8) B(u-uh, v) = a(u-uh,v) + <ygv, F(Yu(u-uh))> = 0.

Taking v = v, - up, (4.8) tends to that

(4.9) B(Vh"uh, Vh—uh) = - B(U"Vh, Vh - Uh).

Using the properties of B(.,s), there exist C; >0 and Cy > 0 such that

(4.10) Cynvy - U“"12’91 < IB(vy = ups vy - up)]

Then = [B(u-up, vy, - up)| < CZ"U'”h"l,Ql"Vh'“h"l,gl'
(4.11) vy, - “h"l,gl < C"“'Vh"l,ﬂl'

Thus

(4.12) ““'uh"l,gl < "U'Vh"l,gl + "Vh'“h"l,gl < C"U"Vh“l,al'

Since (4.7) and (4.12) hold for any wp € Hy, and Vi, € Vp» we have

(4.13)

"u-uh"l,g + ux-xhu_yZ’r < C( inf "U'Vh"l,gl + inf "K'“h"—bq,r)’

1 Vh €Vh uhE h

By the regularity properties of elliptic equation in subdomain o, of @ (see
18), then, u € Hm(ﬂl) if f ¢ Hm'z(Rz). Hence, recalling the hypothesis (Hl)
and (HZ) and (4.13), we have

Theorem 4.1. lLet f ¢ Hm'Z(RZ) with supp f e @, V, and H_  are
consiructed as above, (u,2) and (uh, Ah) are solutions of (2.19) and (4.3)

respectively. Then, the error estimate (up, A,) and (u,2) is that
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m-1
(4.14) -y g + "A'Ah"-yz,r <ch 7

flut + Al
1 m

o b Mgz, )

5. The Example of Numerical Computation

The numerical example is given for testing the correctness of theoretical
analysis. Let f(x,y) = 6(x) 6&(y), k? = 1-9, k = ZL@exp(-in/8), thus, the solu-

tion of (2.1) is

-1 H(z)(k = (x2 + y2)1/2.

1 g Mo ker)s T
In Lhis section, we find the approximate solution 'uh by means of the coupling
method and compute the error of up and uy in 9.
1
Let 0 = {(x.y) e R (x*+y*)72 <Ry} with Ry =5 and T, = {e} be a
regular triangulation of @ and sy = {s;} be the sides of Ty, = 39,, where

%, 1is a approximate domain of @, see Figure 2.

Figure 2.
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The approximale space Vh and Hh are
Qh); v|e is a linear function, ¥ e ¢ Thts
Hy, = {ueLz(Fh) ; u|S is a constant, Vs eS}.
So, V, and H, satisfy the hypothesis (Hl) and (Hp) with m =2, Thus, the

convergence order of ithe approximate solution is 0(h). The base functions

$pseees by of Vh are linear continuous functions which satlisfy
¢1(pJ) = 613’ ],\] = 15"0’N

where pj is the nodes in Q- The base functlions ¥ seeesty, oOf Hh satisfy

Hankel function can be compuied by summing a series. That is

NO

(6.1) Jo(z) = T (-D¥(z/2)%/(k1)2,
k=0
NO k 2k+1
(6.2) 0,(2) = 7 (-1 (/2% (ki (ke1)1),
k=0
(6.3) V(2 =2 (3 ) + ayg) -2 T (0K GZ )% 5 L
0 ™ 2 0 1|’._k___:1 2 m=1 m
(6.4) N(2) =2 (n(Z) + v)9)(2) 2
NO k
2 k 2k -1 1 1
+ _Tl’- kzl(_l) ( % ) (mz]_a "z'k)/(k!(k+1)l)a
(6.5) 12 (2) = 95(2) - 1 W5(2),

where N, is a integer number and Jj(z), Nj(z), H(Z)(z) are Bessel function,

Neumann function, Hankel function of j-order, j = 0,1, where the Euler's
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constant v is thatl

v = 0.5772156649

Further, the normal derivative of Hankel function is

9 x(2) - (2) 3p
m m
In the approximate problem (4.3), let uy = Ju; ¢; and 2y = T Aj¥4
i=1 i=1
U I, = T useilT, and v o= b and u = y; . Thus, we have
N M
(607) 1ZIU1A (4’]9 ¢J) +1Zl>‘1 <¢J’ 1111) = (fa¢J) .] = 190--9N-
N M M
(6.8) z xizb(wi,wj) +_X1Ui 2 <G, dis e -iylui <hia s> = 0.

i=1 i= =

Fe e Vs Wdas b ()

B = (Zb(¢1a wj))mxm, C = (<¢i’wj>)mxm’

o
1]

(2 <Gn¢j’w1> - <¢js ¢1>)mxm,
A = (a(¢]a ¢J))NXN'

From (6.7) and (6.8), we obtain algebraic equation system:

(6.9) AU + C*L = F,

D*U + BL

0,

T

where C* = (C,0)' is Nxm matrix and D* is mxN matrix.

and

The equation system (6.9) can be solved by elimination method. Recalling

the define of A, we know that A is a matrix of symmelry, band iype, positive-

defined. From the first equation system of (6.9), we obtain

(6.10) u =AY - ATl
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From (6.10) and
D*U + BL = 0,
we obtain
(6.11) (0*A~1c* - B) L = p*a-lF.

Then L can be solved by (6.11) when D*A™IC* and D*A~YF are computed.
To this end, we compute D*A"1c* and D*A"IF as follows.

Assume Xl seaes X Xn+1 be n+l N-dimension column vector, we solve the

n’

equalion system:

(6.12) A(Xpsenvs Xps Xogp) = (C*, F)
Hence, we have

(6.13) D*ATIC = DM Xy, LluX)),

(6.14) *A~LF = 0*x 44

Next, computing the matrix

(6.22) B1 = p*A~lc* - B,

We can obtain L by means of the subroutine GS1 of the reference [21] for

(6.11). From (6.10), we obtain
(6.23) U= X4 = (XgaeensX) Lo

Below we shall describe ithe approximate solution and the analylic solution

by FIGl, FIGZ2, FIG3 and FIGA4.
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The coupling method presented in this paper is correction in theoretical and

can be computed in practice. The advaniages of this method are little work

amount and optimal error estimal and general application. The method can be

generalized in the case of three-dimension.
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