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Chapter 1

Introduction

Cancer is a group of diseases characterized by uncontrolled proliferation of abnormal

cells. It is a leading cause of death worldwide, claiming almost 10 million lives in 2020

[146]. The initiation of cancer usually involves a series of mutations in genes responsible

for regulating the cell cycle [4, 97]. As the cancer-initiating cell expands into a tumor,

the tumor cells continue to accumulate mutations, which induces substantial genetic

heterogeneity within the tumor [25, 40, 111, 154].

In recent years, it has been increasingly recognized that epigenetic mechanisms,

which are chemical changes to DNA or the chromatin structure which houses DNA,

play an equally important role in cancer evolution [12, 21, 22, 62, 84, 136]. Epige-

netic mechanisms can either inhibit or encourage the expression of cancer-related genes,

which can have the same effect as genetic mutations that inactivate or amplify the

genes. The difference is that epigenetic modifications are reversible and they can oc-

cur much faster than genetic mutations [22, 119]. Due to their reversible and rapid

nature, epigenetic mechanisms can enable cancer cells to switch dynamically between

two or more phenotypic states, which commonly show differential responses to drug

treatments [77, 86, 95, 126, 133, 138, 139, 144]. Together, genetic and non-genetic

mechanisms induce significant heterogeneity between tumor cells, which makes the tu-

mor highly adaptable to changing conditions and primed to escape drug treatments.

This dissertation consists of four projects which each involves using a mathematical

model to study the evolutionary dynamics of cancer. The projects range from addressing

the process of cancer initiation to the evolution of drug resistance, and they take both

1
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genetic and non-genetic perspectives. First, in Chapter 2, we study the dynamics of

cancer initiation in multilayered tissue under a two-step mutational model of cancer. In

Chapter 3, we study the accumulation of neutral mutations during tumor progression,

which are mutations that do not affect the division rate of tumor cells. In Chapter 4, we

study the role of phenotypic switching in the evolution of stable drug resistance. Finally,

in Chapter 5, we develop a statistical framework for inferring the rates of cell division,

cell death and phenotypic switching in cancer. For the remainder of this section, we

summarize the contents and contributions of each chapter.

Over 80% of cancers originate from the epithelium, which covers the outer and inner

surfaces of organs and blood vessels. In stratified epithelium, the bottom layers are

occupied by stem and stem-like cells that continually divide and replenish the upper

layers. In Chapter 2, we study the spread of premalignant mutant clones and cancer ini-

tiation in stratified epithelium, using the biased voter model on stacked two-dimensional

lattices [65]. Our main result is an estimate of the propagation speed of a premalignant

mutant clone, which is asymptotically precise in the cancer-relevant weak-selection limit.

We use our main result to study cancer initiation under a two-step mutational model of

cancer, which includes computing the distributions of the time of cancer initiation and

the size of the premalignant clone giving rise to cancer. This work quantifies the effect

of epithelial tissue thickness on the process of carcinogenesis, thereby contributing to

an emerging understanding of the spatial evolutionary dynamics of cancer.

In Chapter 3, we study mutation accumulation in neutrally evolving tumors [76].

More precisely, we study the site frequency spectrum (SFS) of neutral mutations during

tumor progression, which is a popular summary statistic of genomic data. While the

SFS of a constant-sized population undergoing neutral mutations has been extensively

studied in population genetics, the rapidly growing amount of cancer genomic data

has attracted interest in the spectrum of an exponentially growing population. Recent

theoretical results have generally dealt with special or limiting cases, such as considering

only cells with an infinite line of descent, assuming deterministic tumor growth, or taking

large-time or large-population limits. In this work, we derive exact expressions for the

expected SFS of a cell population that evolves according to a stochastic branching

process, first for cells with an infinite line of descent and then for the total population,

evaluated either at a fixed time (fixed-time spectrum) or at the stochastic time at which
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the population reaches a certain size (fixed-size spectrum). We find that while the rate

of mutation scales the SFS of the total population linearly, the rates of cell birth and cell

death change the shape of the spectrum at the small-frequency end, inducing a transition

between a 1/j2 power-law spectrum and a 1/j spectrum as cell viability decreases. We

show that this insight can in principle be used to estimate the ratio between the rate of

cell death and cell birth, as well as the mutation rate, using the site frequency spectrum

alone. Although the discussion is framed in terms of tumor dynamics, our results apply

to any exponentially growing population of individuals undergoing neutral mutations.

In Chapter 4, we develop a mathematical model to study how phenotypic switching

affects the evolution of stable drug resistance in cancer [75]. We highlight unique fea-

tures of non-genetic resistance, probe the evolutionary consequences of epigenetic drugs,

and explore potential therapeutic strategies. We find that even short-term epigenetic

modifications and stochastic fluctuations in gene expression can drive long-term drug

resistance in the absence of any bona fide resistance mechanisms. We also find that an

epigenetic drug that slightly perturbs the average retention of the resistant phenotype

can turn guaranteed treatment failure into guaranteed success. Finally, we find that

combining an epigenetic drug with an anti-cancer agent can significantly outperform

monotherapy, and that treatment outcome is heavily affected by drug sequencing.

Finally, in Chapter 5, we propose a rigorous statistical framework for estimating the

rates of cell proliferation and phenotypic switching in cancer, using data from commonly

performed cell line experiments, where phenotypes are sorted and expanded in culture.

The framework explicitly models the stochastic dynamics of cell division, cell death and

phenotypic switching, and it provides likelihood-based confidence intervals for the model

parameters. The input data can be either the fraction of cells or the number of cells in

each state at one or more time points. Through a combination of theoretical analysis

and numerical simulations, we show that when cell fraction data is used, the rates of

switching may be the only parameters that can be estimated accurately. On the other

hand, using cell number data enables accurate estimation of the net division rate for

each phenotype, and it can even enable estimation of the state-dependent rates of cell

division and cell death. We conclude by applying our framework to a publicly available

dataset and discussing the differences between our approach and existing methods.



Chapter 2

Spread of premalignant mutant

clones and cancer initiation in

multilayered tissue

2.1 Introduction

According to the widely held multi-stage model of carcinogenesis, cancer arises due

to the accumulation of genetic mutations that culminate in malignant cells able to

proliferate uncontrollably [4, 5, 96, 97]. Each mutation in this process can afford a

small selective advantage, which can allow premalignant cells to expand into clones or

“fields” that are further along the evolutionary pathway to cancer than normal cells

and thus predisposed to becoming cancerous [39]. The notion that cancer arises on

the background of premalignant field expansion is referred to as “field cancerization” or

“the cancer field effect”. It has important clinical implications, since tumors surrounded

by premalignant patches are at increased risk of recurrence following cancer treatment

[18, 30]. Premalignant fields often appear histologically normal, making them difficult

to distinguish from healthy tissue. This suggests that a mathematical understanding

of the spatial evolutionary dynamics of cancer initiation can yield valuable insights

into treatment decision-making, including optimal surgical excision margins and post-

treatment surveillance protocols.

4
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Figure 2.1: (a) In stratified squamous epithelium of the esophagus, a basal layer of stem
cells and 2-3 layers of proliferative basaloid cells form the basal zone, which continually
replenishes the upper layers with differentiated cells. (b) Histology of normal stratified
squamous epithelium of the esophagus. Figure 4.6 on page 78 of [32].

Over 80% of human cancers originate from the epithelium, which lines the outer and

inner surfaces of organs and blood vessels [80]. Simple epithelium consists of a single

layer of proliferating cells, whereas in stratified epithelium, stem and stem-like cells

proliferate along the bottom layers and continually replenish the upper layers with dif-

ferentiated cells that lose their ability to proliferate. For example, in stratified squamous

epithelium of the esophagus, a basal layer of stem cells and 2-3 layers of proliferative

basaloid cells form the basal zone, which accounts for less than 30% of total epithelial

thickness. As cells move upward, they become terminally differentiated keratinocytes

with small nuclei that flatten out and eventually get shed at the top layer (Fig. 2.1)

[32, 69].1 Since the accumulation and spread of mutations is driven by the proliferating

basal and basaloid cells, the basal zone is the appropriate setting to study the process

of carcinogenesis in stratified epithelium.

In this work, we study the spread of premalignant mutant fields in epithelial basal

zones, and we examine the effect of basal zone geometry on the process of cancer initia-

tion. Our main result determines the propagation speed of a premalignant mutant clone

as a function of a small mutant selective advantage and the number of layers in the basal

1Figure 1b is reprinted from GERD, Parakrama T. Chandrasoma, Chapter 4 – Histologic Definition
and Diagnosis of Epithelia in the Esophagus and Proximal Stomach, pp. 73-107, Copyright 2018, with
permission from Elsevier.
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zone, which enables comparison of the evolutionary dynamics between different types of

epithelial cancers. We employ a spatially explicit model of cell division and replacement,

where cells live on a set of stacked two-dimensional integer lattices, representing a mul-

tilayered basal zone. The model dynamics are as follows: Cells of two types, normal and

mutant, are arranged on the stacked lattices, with mutant cells dividing more frequently

than normal cells. Upon cell division, one daughter cell stays put, and the other replaces

a neighboring cell chosen uniformly at random. This model was originally proposed by

Williams & Bjerknes [162] in the context of a single two-dimensional epithelial basal

layer, and it arose independently within the field of interacting particle systems as the

biased voter model. Bramson and Griffeath [19, 20] showed in 1980-1981 that under

the biased voter model, an advantageous mutant clone eventually assumes a convex,

symmetric shape whose diameter grows linearly in time. The Bramson-Griffeath shape

theorem extends naturally to our stacked-lattice setting, and it plays a central role in

the derivation of our main result.

Once we have determined the propagation speed of premalignant mutant clones

in epithelial basal zones, we consider the implications of our result for the dynamics of

cancer initiation. The process of carcinogenesis under the multi-step model of cancer has

already been well-studied in the non-spatial, homogeneously mixed setting, see e.g. the

books by Nowak [121] andWodarz and Komarova [164]. In the spatial setting, Komarova

[98] has analyzed the time of cancer initiation on a one-dimensional lattice under a two-

step model of cancer, assuming a neutral or deleterious first-step mutation. Durrett and

Moseley [51] extended Komarova’s work to two and three dimensions assuming a neutral

first step. Durrett, Foo and Leder [46] considered the case of a small selective advantage

(weak selection), and they derived the distribution of the time of cancer initiation under

a two-step model of cancer in certain parameter regimes. Foo, Leder and Schweinsberg

obtained more complete results in [66], where they also studied cancer initiation under

a general k-step model. In [63], Foo, Leder and Ryser studied field cancerization under

a two-step model, which included computing size-distributions of premalignant fields

at the time of cancer initiation. Upon establishing our main result of premalignant

mutant propagation, we will adapt analysis from [46] and [63] to gain insights into how

cancer initiation and field cancerization is affected by the specific geometric setting of

a multilayered basal zone.
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The rest of the chapter is organized as follows. In Section 2.2, we propose a model

of the spread of premalignant mutant fields along epithelial basal zones and state our

main result of their long-run propagation speed. In Section 2.3, we present an outline

of the proof of the main result, in which we exploit a duality between the biased voter

model and a system of branching coalescing random walks. We use coupling to set

up an approximation scheme, based on a pruning procedure of Durrett and Zähle [54],

which culminates in simple, coalescence-free, branching random walks that are more

readily analyzed. We state ten technical lemmas, the most important of which are

Lemmas 2.7 and 2.10 that provide lower and upper bounds for the propagation speed of

a premalignant mutant clone. In Section 2.4, we show how our main result follows from

these two lemmas, and in Section 2.5, we discuss the implications of our main result for

cancer initiation and field cancerization in multilayered epithelial basal zones. In Section

A.1, we present proofs of the ten lemmas, and we discuss how the Bramson-Griffeath

shape theorem in two dimensions can be extended to our stacked-lattice setting.

Notation. In our exposition, we make use of the following asymptotic notation, where

a is taken to be 0 or ∞ depending on the context:

f(x) = o(g(x)) and g(x) = ω(f(x)) as x→ a if f(x)/g(x) → 0 as x→ a.

f(x) = O(g(x)) and g(x) = Ω(f(x)) as x→ a if lim supx→a |f(x)/g(x)| <∞.

f(x) = Θ(g(x)) as x→ a if f(x) = O(g(x)) and f(x) = Ω(g(x)) as x→ a.

f(x) ∼ g(x) as x→ a if f(x)/g(x) → 1 as x→ a.

2.2 Model of spread of premalignant mutant fields and

statement of main result

Let Zw := Z mod w denote the additive group of integers modulo w ≥ 1. We represent

an epithelial basal zone as the set Z2 × Zw of w layers of two-dimensional integer

lattices, with a periodic boundary condition along the third dimension. For each site

x ∈ Z2 × Zw, we define its neighborhood as N (x) := {x ± ei : i = 1, 2} for w = 1 and

N (x) := {x ± ei : i = 1, 2, 3} for w > 1, where ei is the i-th unit vector, and addition

along the third coordinate is carried out modulo w. Note that for w = 1, each site has
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four neighbors, for w = 2, each site has five neighbors, and for w > 2, each site has six

neighbors.

To model the spread of premalignant mutant fields, we define the biased voter model

on Z2×Zw as follows: Each site in Z2×Zw is occupied by either a type-0 cell, representing

a normal cell, or a type-1 cell, representing a premalignant mutant cell. Type-1 cells

have a fitness advantage β > 0 over type-0 cells, meaning that type-1 cells divide at

exponential rate 1+β, while type-0 cells divide at exponential rate 1. Upon cell division

at a site x ∈ Z2×Zw, one daughter cell stays put, while the other daughter cell replaces

a neighboring cell at a site y ∈ N (x) chosen uniformly at random (Fig. 2.2a).

We assume throughout that the fitness advantage β is small. In [14], for example,

Bozic et al. show that data on multiple cancer types (glioblastoma, pancreatic cancer

and colon cancer) is consistent with an average selective advantage of β = 0.004 per

mutational step. They further argue that this estimate should be more broadly rele-

vant across cancer types, given the considerable overlap of pathways through which the

selective mutations act.

A few comments are in order on the biological significance of our modeling assump-

tions. First, we allow cells on the top layer of Z2 × Zw to replace cells on the bottom

layer, and vice versa (Fig. 2.2a). This assumption simplifies the analysis, as it means

that the top and bottom layers have the same neighborhood structure as the interme-

diate layers, but it is not biologically realistic. In Appendix A.2, we use simulation to

show that this assumption does not significantly affect type-1 propagation when β is

small. Secondly, the model dynamics are driven by cell division, with cell division pre-

ceding cell death, and the model assumes that type-0 and type-1 cells are equally likely

to be replaced by a dividing cell. When β is small, we expect that the exact dynamics

of cell division and cell death are not important for long-run type-1 propagation, and

we plan to discuss this in future work. Finally, we assume that cells are arranged on the

lattice Z2×Zw throughout, whereas in real tissue, the spatial structure may be different,

and the structure may change as the premalignancy progresses. As with any model of

biological or physical phenomena, our model is simplified and not intended to capture

the full complexity of the system. Our focus here is on two important parameters of the

process: The fitness advantage β > 0 of mutant cells and the tissue thickness w ≥ 1.

Let ξAt denote the set of sites in Z2 × Zw occupied by type-1 cells at time t, given
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Figure 2.2: (a) Model dynamics for the w = 3 case (basal zone consists of three layers).
When the black cell divides, one daughter cell stays put, and the other replaces one of
six neighboring cells chosen uniformly at random. A cell on the top (resp. bottom) layer
can replace a cell on the same layer, the layer immediately below (resp. above) or on the
bottom (resp. top) layer. (b) Simulation of the model for w = 3 and β = 0.1, stopped
at 50,000 cells. By the Bramson-Griffeath shape theorem (2.4), the premalignant pop-
ulation eventually takes on a convex, symmetric shape, and representative simulations
suggest that this limiting shape is a union of two-dimensional Euclidean disks.

the initial condition ξA0 = A with A ⊆ Z2 × Zw. Our baseline assumption is that the

system starts out with a single type-1 cell at the origin, i.e. A = {0}. Define

τ0∅ = τ0∅(β) := inf{t ≥ 0 : ξ0t = ∅}

as the time of extinction of the process starting from the origin, with inf ∅ = ∞. The

discrete-time jump process embedded in (|ξ0t |)t≥0, with | · | denoting cardinality, is a

simple, biased random walk on the nonnegative integers with absorption at 0. The walk

moves up with probability (1 + β)/(2 + β) and down with probability 1/(2 + β). It

follows by the gambler’s ruin formula that a type-1 mutant expands into a successful

type-1 clone with probability

P(τ0∅ = ∞) = β/(1 + β). (2.1)

If the mutant is successful, the Bramson-Griffeath shape theorem on Z2 [19, 20] can

be extended to show that the mutant clone on Z2 × Zw eventually assumes a convex,

symmetric shape whose diameter grows linearly in time. To carry out the extension, we

need to introduce a notion of spatial scaling and distance in our stacked-lattice setting.
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To that end, we go to the larger space R2 ×Zw. For t ∈ R and A ⊆ R2 ×Zw, we define

the scalar multiplication operation tA as multiplication along the first two coordinates:

tA := {(tx1, tx2, x3) : (x1, x2, x3) ∈ A}. (2.2)

The distance of a point x = (x1, x2, x3) ∈ R2 × Zw from the origin is defined in terms

of its two-dimensional projection as

||x|| = ||(x1, x2, x3)|| :=
√
x21 + x22. (2.3)

Note that R2×Zw is not a vector space since (s+ t)x = sx+ tx does not hold in general

for s, t ∈ R and x ∈ R2 × Zw. However, it does hold up to addition by a vector parallel

to e3 = (0, 0, 1), which is sufficient for establishing a shape theorem (Section A.1.11).

Using the above definitions, we can modify Bramson and Griffeath’s arguments to

show that there exists a set D = D(β) on R2 × Zw so that for any ε > 0,

P
(
∃t∗ <∞ : (1− ε)tD ∩ (Z2 × Zw) ⊆ ξ0t ⊆ (1 + ε)tD, t ≥ t∗

∣∣ τ0∅ = ∞
)
= 1. (2.4)

The set D can be written as D =
⋃

i∈Zw
(X ×{i}), where X ⊆ R2 is convex, and X has

the same symmetries as those of Z2 that leave the origin fixed. For example, (x1, x2) ∈ X

implies (−x1, x2), (x1,−x2) ∈ X (reflection across an axis) and (−x2, x1) ∈ X (rotation

by 90 degrees). The shape theorem does not offer a more explicit description of D,

but representative simulations suggest that it is a union of two-dimensional Euclidean

disks (Fig. 2.2b). In Section A.1.11, we discuss how to adapt Bramson and Griffeath’s

arguments from Z2 to Z2 × Zw, and we provide an implicit definition of the set D in

terms of the process (ξ0t )t≥0.

To determine the rate of expansion of the mutant clone ξ0t , we denote the radius of

D = D(β) by cw(β), and define it in terms of the projection of D onto the x-axis as

{x ∈ R : (x, y, z) ∈ D} =: [−cw(β), cw(β)]. (2.5)
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We furthermore define

pw :=


1, w = 1,

4/5, w = 2,

2/3, w > 2,

(2.6)

as the probability that a cell giving birth on Z2 × Zw replaces a cell occupying the

same layer. Note that each cell has four neighboring cells occupying the same layer,

independently of w. The difference between the w = 1, w = 2 and w > 2 cases lies

in the fact that there are zero, one and two neighboring cells occupying other layers,

respectively.

Our main result determines cw(β) as a function of a small selective advantage β > 0

and tissue thickness w ≥ 1. Intuitively, it is clear that cw(β) → 0 as β → 0. In order to

determine cw(β) for small β, we therefore compute its rate of decrease as β → 0.

Theorem 2.1. For β > 0 and w ≥ 1, let cw(β) be the radius of the asymptotic shape

D = D(β) of the biased voter model (ξ0t )t≥0 on Z2 × Zw, conditioned on the event that

it does not die out, as defined by (2.4) and (2.5). Then, as β → 0,

cw(β) ∼ pw
√
πwβ

/√
log(1/β) = aw

/√
h(β),

where pw is defined as in (2.6), aw := pw
√
πw and h(β) := (1/β) · log(1/β).

Our choice of analyzing type-1 propagation in the direction of the unit vector e1 =

(1, 0, 0) is arbitrary. Our arguments apply to any unit vector of the form (cos θ, sin θ, 0),

so propagation is the same in any direction along the first two coordinates in the β → 0

regime.

In Theorem 1 of [46], Durrett, Foo and Leder compute the propagation speed of the

biased voter model on Z2 as
√
π(β/4)/

√
log(1/β) = (1/2)

√
πβ/

√
log(1/β) in the β → 0

regime. In contrast, our result for the w = 1 case on Z2×Zw is c1(β) ∼
√
πβ/

√
log(1/β)

as β → 0, which is larger by a factor of 2. This discrepancy is due to a scaling error in

the calculations in [46]. On page 1396 of [46], the authors change the time scale of the

process in a way that reduces the fitness advantage of type-1 cells on Zd to β/(2d). If

the result for Z2 in [46] is read with this in mind, it is consistent with the w = 1 case
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Figure 2.3: (a) For sufficiently large t, the population size of ξ0t at time t is approximately
(cw(β))

2t2πw, where cw(β) is the radius of the asymptotic shape D = D(β). (b) The
ratio cw(β)/c1(β) shows how the radius of the asymptotic shape of ξ0t changes with
increasing w, and the ratio t1(N)/tw(N), with tw(N) defined as in (2.7), shows how
quickly the population reaches a given size N as w increases. The latter ratio grows
according to pww.

of our Theorem 2.1.

Note that if ξ0t , conditional on {τ0∅ = ∞}, is a union of two-dimensional disks of

radius cw(β)t at time t, the total area across all w layers is (cw(β))
2t2πw (Fig. 2.3a).

Thus, given N sufficiently large, the time it takes for the type-1 population to reach

size N is approximately

tw(N) = (pwπw)
−1h(β)1/2N1/2. (2.7)

This implies that going from w = 1 layer to w > 1 layers accelerates population growth

by pww. For example, population growth is twice as fast for w = 3 layers as for w = 1

layer, and over three times as fast for w = 5 layers (Fig. 2.3b).

2.3 Outline of proof of main result

2.3.1 Duality

The biased voter model (ξAt )t≥0 admits a simple graphical construction, which allows

us to define the entire system {(ξAt )t≥0 : A ⊆ Z2 ×Zw} on a common probability space,

using a countable family of Poisson processes. For a description of this construction, see

e.g. Section 2 of [52], Section 3 of [48] or Appendix A of [46]. By tracing the ancestry
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of particles in ξAt backwards in time, the biased voter model gives rise to a system of

branching coalescing random walks (ζ̃Bt )t≥0 on Z2×Zw, which satisfy the duality relation

P(ξAt ∩B ̸= ∅) = P(ζ̃Bt ∩A ̸= ∅), A,B ⊆ Z2 × Zw. (2.8)

The process (ζ̃Bt )t≥0 can be described as follows: Each particle performs a simple,

symmetric random walk (SSRW) on Z2 ×Zw with jump rate 1, i.e. each particle jumps

at rate 1 to a randomly chosen neighboring site. Furthermore, each particle gives birth

to a new particle at rate β, with the parent particle staying put and the daughter

particle placed at a randomly chosen neighboring site. Any time two particles meet,

they coalesce into a single particle. The following elementary properties of ξAt and ζ̃Bt

are easily verified:

• Additivity: For each A,B ⊆ Z2 × Zw and t ≥ 0,

ξA∪B
t = ξAt ∪ ξBt and ζ̃A∪B

t = ζ̃At ∪ ζ̃Bt . (2.9)

• Monotonicity: For A ⊆ B and t ≥ 0,

ξAt ⊆ ξBt and ζ̃At ⊆ ζ̃Bt . (2.10)

• Translation invariance: For each A ⊆ Z2 × Zw and x ∈ Z2 × Zw,

(ξAt )t≥0
d
= (x+ ξA−x

t )t≥0 and (ζ̃At )t≥0
d
= (x+ ζ̃A−x

t )t≥0. (2.11)

• Symmetry: For each A,B ⊆ Z2 × Zw:

(ξAt )t≥0
d
= (−ξ−A

t )t≥0 and (ζ̃At )t≥0
d
= (−ζ̃−A

t )t≥0. (2.12)

Due to the duality relation (2.8), we can use the dual process ζ̃t to study the propagation

speed of the biased voter model ξt. Direct analysis of ζ̃t is complicated by its coalescing

nature. However, it turns out that when β is small, most coalescence events in ζ̃t will be

between parent and daughter shortly after the daughter’s birth. Before elucidating this

property further, we need to establish some fundamental properties of the dual process.
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2.3.2 Fundamental properties of dual process

We begin our analysis of the dual process ζ̃t by determining the long-run position of

individual particles. In the following lemma, we extend the local central limit theorem

(LCLT) for the discrete-time SSRW on Z2 to the multilayered setting Z2 × Zw. Since

our arguments apply to Zd × Zw for any d ≥ 1, we state and prove the result for the

general case. The proof is simple and proceeds as follows. First, we decompose the

discrete-time SSRW (Sn)n≥0 on Zd × Zw into walks on Zd and Zw, respectively, and

use a large deviations estimate to bound the number of steps in each direction. We

then apply the LCLT on Zd to the Zd-walk (Theorem 2.1.3 of [102]), and a convergence

theorem for finite Markov chains to the Zw-walk (Theorem 4.9 of [104]). Note that for

w = 1, the SSRW on Zd × Zw is equivalent to the SSRW on Zd, which is periodic. For

w > 1, on the other hand, the SSRW on Zd × Zw is periodic if and only if w is even.

Lemma 2.1 (LCLT on Zd × Zw). Let (Sn)n≥0 be the discrete-time SSRW on Zd × Zw

with S0 = 0. Set b1 := 2, bw := 2 if w > 1 is even and bw := 1 if w > 1 is odd, and

define

pw,d :=


1, w = 1,

2d/(2d+ 1), w = 2,

d/(d+ 1), w > 2,

(2.13)

as the probability that (Sn)n≥0 takes a step in the Zd-direction, with pw,2 = pw as defined

in (2.6). Then, for any n ≥ 1 and x ∈ Zd × Zw so that P(Sn = x) > 0,

nd/2P(Sn = x) = (bw/w)
(
d/(2πpw,d)

)d/2
+ o(1). (2.14)

Proof. Section A.1.1.

Let (Zt)t≥0 be the continuous-time SSRW on Zd×Zw with jump rate α > 0 and Z0 =

0. Since in continuous time, the coordinates move independently, we can decompose

the walk into independent components Zt = (Ẑt, Z
w
t ), where (Ẑt)t≥0 is the SSRW on

Zd with jump rate αpw,d, and (Zw
t )t≥0 is the SSRW on Zw with jump rate α(1− pw,d),
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with pw,d defined as in (2.13). For x̂ ∈ Zd, set

pt(x̂) :=
(
d/(2παpw,dt)

)d/2
exp

(
−d∥x̂∥2/(2αpw,dt)

)
.

By Theorem 2.1.3 of [102], there exists c > 0 so that for all x̂ ∈ Zd and all t > 0,

|P(Ẑt = x̂)− pt(x̂)| ≤ c/(αpw,dt)
(d+2)/2. (2.15)

Expression (2.15) and independence of coordinates imply a continuous-time version of

(2.14),

limt→∞(αt)d/2P(Zt = x) = (1/w)
(
d/(2πpw,d)

)d/2
, x ∈ Zd × Zw,

since (Zw
t )t≥0 converges to the uniform distribution on Zw.

Whenever a new particle is born into the dual process ζ̃t, the parent and daughter

perform independent SSRWs Z1
t and Z2

t on Z2 × Zw with jump rate 1, started at

neighboring sites. We next determine the asymptotic tail of T0, the time at which Z1
t

and Z2
t first meet, which we can equivalently view as the time of the first visit to the

origin of the SSRW Z̄t := Z1
t −Z2

t with jump rate 2. Due to the recurrence of the SSRW

in two dimensions, the two walks Z1
t and Z2

t are guaranteed to meet in finite time. In

the following lemma, we compute the rate of decrease of P(T0 > t) as t → ∞. In the

proof, we generalize an argument given by Dvoretzky and Erdös for the SSRW on Z2

in [55]. The only modification necessary is to substitute the LCLT on Z2 by the LCLT

on Z2 × Zw (Lemma 2.1).

Lemma 2.2 (Asymptotic tail of T0). Let (Zt)t≥0 be the SSRW on Z2 × Zw with jump

rate α > 0, started at a nearest neighbor of the origin. Set T0 := inf{t ≥ 0 : Zt = 0}
and define

µw := pwπw =


π, w = 1,

(4/5)πw, w = 2,

(2/3)πw, w > 2,
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where pw is the probability given by (2.6). Then

P(T0 > t) ∼ µw/ log t, t→ ∞.

Proof. Section A.1.2.

Recall that each particle in ζ̃t gives birth to a new particle at rate β, so the mean

time between births along a particular lineage is 1/β. Set

τ(β) := (1/β)
(
1/
√
log(1/β)

)
. (2.16)

By Lemma 2.2, a new particle avoids coalescence with its parent particle during the

first τ(β) time units of its existence with probability

P(T0 > τ(β)) ∼ µw/ log(1/β), β → 0.

Thus, most new particles coalesce with their parents before time τ(β), and since τ(β) =

o(1/β), they are unlikely to produce their own offspring before coalescing. Ignoring

such particles should simplify the process considerably without affecting its long-run

growth. This is the basic idea of a pruning procedure suggested by Durrett and Zähle

[54], which we use to set up an approximation scheme to prove our main result (see

Sections 2.3.4 and 2.3.5 below). The specific form of τ(β) in (2.16) ensures not only

that inconsequential particles are ignored, but also that new particles that do avoid

coalescence up until time τ(β) are neither too far away from nor too close to their

parent particles at that time.

It turns out that a separate approximation scheme is required for establishing an

upper bound and a lower bound on the propagation speed of ζ̃t. Before describing the

scheme in detail, we discuss it at a high level and provide some intuition for our main

result.

2.3.3 Overview of approximation scheme and intuition for main result

Since particles in ζ̃t branch at rate β, branching events become less and less frequent

as β → 0, and most events produce particles that coalesce with their parents shortly
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after birth. If we “reject” branching events where new particles are lost to coalescence

quickly, the rate of “accepted” events along a particular lineage is of order

β ·
(
µw/ log(1/β)

)
= µw/h(β), β → 0,

where h(β) := (1/β) · log(1/β). Assume for the moment that particles in ζ̃t are suf-

ficiently spread out that we can ignore other coalescence events. We then obtain a

branching random walk with branching rate µw/h(β) and average number of particles

exp
(
(µw/h(β))t

)
alive at time t. If we project onto the x-axis, each particle performs

a SSRW on Z with jump rate pw/2, where pw is defined as in (2.6). For large t, its

position has approximate distribution

(
√
pwπt)

−1 · exp
(
−x2/(pwt)

)
, x ∈ Z,

and the particle intensity (average number of particles) at x ∈ Z is approximately

(
√
pwπt)

−1 · exp
(
(µw/h(β))t− x2/(pwt)

)
.

If we set |x| = ct for c > 0, this quantity is nonzero in the t → ∞ limit as long as

c2 < pwµw/h(β) i.e. c < aw/
√
h(β), since aw = pw

√
πw =

√
pwµw. This suggests a

long-run expansion rate of aw/
√
h(β) per unit time, which is our main result.

To make this argument rigorous, we need to show that for small β, the dual process

ζ̃t sufficiently resembles a branching random walk (BRW) with branching rate µw/h(β).

Since the time between accepted branching events is of order h(β) → ∞ as β → 0, and

in this time, fluctuations in the movement of individual particles are of order
√
h(β),

it makes sense to speed up time by h(β) and reduce space by
√
h(β). We therefore

introduce the scaled dual process

ζ̃βt := h(β)−1/2 · ζ̃h(β)t, (2.17)

and our goal is to show that for small β, this process sufficiently resembles a BRW

with branching rate µw. Recall that by the definition (2.2) of scalar multiplication on

R2 × Zw, the spatial scaling by h(β)−1/2 only affects the first two coordinates.
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ξt
Biased voter

Section 2.2
Type-0 particles divide at rate 1, type-1 at rate 1 + β.

model A neighbor selected uniformly at random is replaced.

ζ̃t Dual process Section 2.3.1
Branching coalescing random walk (BCRW).

Particles jump at rate 1, branch at rate β.

ϕ̄t
Unaltered

Section 2.3.4
Branching random walk (BRW) obtained by

BRW ignoring all coalescence events in dual process ζ̃t.

ϕ̊t
Pruned BRW,

Section 2.3.4
BRW obtained by ignoring new particles in ϕ̄t

upper bound that coincide quickly with their parent particles.

ϕt
Simple BRW,

Section 2.3.4
BRW obtained by modifying particle paths in ϕ̊t

upper bound to uncondition movement at branching events.

ζ̂t
Pruned dual,

Section 2.3.5
BCRW obtained by ignoring new particles

lower bound that coalesce quickly with any particle in ζ̂t.

ψ̊t

Pruned BRW,
Section 2.3.5

BRW obtained by ignoring new particles in ϕ̄t

lower bound that coincide quickly with their parent particles.

ψt
Simple BRW,

Section 2.3.5
BRW obtained by modifying particle paths in ψ̊t

lower bound to uncondition movement at branching events.

Table 2.1: List of the particle processes used in the proofs of Lemmas 2.3 to 2.10.

In the upper bound proof, the main work resides in identifying which branching

events to accept, and in analyzing parent-daughter interactions under the accepted

events. In the lower bound proof, we can only approximate ζ̃βt with a branching ran-

dom walk on finite time intervals. We therefore discretize time and space and apply a

percolation argument to obtain the long-run propagation speed of ζ̃βt .

2.3.4 Upper bound argument

To prove an upper bound, we couple the dual process ζ̃t with a pruned branching

random walk ϕ̊t, which we in turn couple with a simpler BRW ϕt. We then analyze the

propagation speed of ϕt to obtain an upper bound on the propagation speed of ζ̃t. For

reference, we list the processes used in the proof of our main result along with a short

description in Table 2.1.

Definition of pruned BRW ϕ̊t

Consider a branching random walk ϕ̄t obtained by ignoring all coalescence events in

the dual process ζ̃t. In other words, particles in ϕ̄t jump at rate 1 and branch at rate



19

β, and whenever two particles meet, both are retained. One particle follows the path

of the coalesced particle in the dual process, and the other performs a new SSRW on

Z2 × Zw independently of all other particles. By construction, each particle path in ζ̃t

also appears in ϕ̄t, but ϕ̄t contains additional paths. Since ϕ̄t allows multiple particles

to occupy the same site, it should be viewed as a sequence of sites in Z2×Zw, as opposed

to a subset of Z2 × Zw. We will call ϕ̄t the unaltered BRW to distinguish it from the

pruned BRW ϕ̊t, which we define now.

For a given branching event in ϕ̄t, let T0 be the time at which the new particle first

coincides with its parent, and let S be the time at which the new particle first produces

its own offspring. Recall that S is exponentially distributed with mean 1/β, and it is

independent of T0. We categorize the branching events in ϕ̄t as follows:

• Type-0: T0 ≤ min{S, τ(β)}: The new particle quickly coincides with its parent.

• Type-1: S ≤ min{T0, τ(β)}: The new particle quickly produces its own offspring.

• Type-2: τ(β) ≤ min{S, T0}: The new particle neither coincides with its parent

nor produces its own offspring before time τ(β).

We refer to [0, T0], [0, S] and [0, τ(β)], respectively, as the decision period for each type

of event. The pruned BRW ϕ̊t is defined as follows (Fig. 2.4):

• A new particle born through a type-0 branching event in ϕ̄t is ignored in ϕ̊t.

• A new particle born through a type-1 event is introduced to ϕ̊t at time S after

birth in ϕ̄t, at the location it then occupies in ϕ̄t. Its offspring is viewed as a new

branching event in ϕ̄t and is evaluated according to the same rules as outlined

here.

• A new particle born through a type-2 event is introduced to ϕ̊t at time τ(β) after

birth in ϕ̄t, at the location it then occupies.

Once a new particle is introduced to ϕ̊t, it follows the same path as in ϕ̄t. Let ϕ̊
(k)
t

for k = 0, 1, 2 be the subprocess of ϕ̄t containing offsprings of particles in ϕ̊t that have

just been born through a type-k branching event and whose decision period has not yet
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Figure 2.4: Categorization of branching events in the unaltered BRW ϕ̄t and definition
of the pruned process ϕ̊t. (a) If a new particle in ϕ̄t coincides quickly with its parent,
it is not introduced to ϕ̊t. (b) If the new particle produces its own offspring quickly, it
gets introduced to ϕ̊t at the time and location at which it gives birth. (c) If the new
particle neither coincides with its parent nor has its own offspring too quickly, it gets
introduced to ϕ̊t at time τ(β) after birth at the location it then occupies.

passed. Then

ζ̃t ⊆ ϕ̊t ∪ ϕ̊(0)t ∪ ϕ̊(1)t ∪ ϕ̊(2)t , (2.18)

i.e. ϕ̊t upper bounds the dual process ζ̃t if we add newborn particles whose fate has not

been decided yet. Expression (2.18) allows us to relate the propagation speed of ζ̃t to

that of ϕ̊t. Before doing so, we need more information on the branching dynamics of ϕ̄t

and ϕ̊t.

Branching in ϕ̄t and ϕ̊t

In the following lemma, we show that in the β → 0 regime, almost all branching

events of the unaltered BRW ϕ̄t are type-0. In other words, only a small proportion

of branching events is accepted to produce the pruned BRW ϕ̊t. We also show that

type-2 branching events are much more frequent than type-1 events, meaning that most

particles introduced to ϕ̊t neither coincide with their parent nor produce their own

offspring by time τ(β). We finally produce moment bounds on the distance traveled

by a new particle during its decision period, as well the separation between parent and

daughter throughout the decision period.



21

Lemma 2.3. Let (Z1
t )t≥0 and (Z2

t )t≥0 be independent SSRWs on Z2 × Zw with jump

rate 1, started at 0 and a nearest neighbor of 0. Set T0 := inf{t ≥ 0 : Z1
t = Z2

t }, and
let S be an exponential random variable with mean 1/β, independent of (Z1

t )t≥0 and

(Z2
t )t≥0. Then

(1) α0(β) := P(T0 ≤ min{S, τ(β)}) → 1 as β → 0.

(2) α1(β) := P(S ≤ min{T0, τ(β)}) = Θ
(
1/(log(1/β))3/2

)
as β → 0,

(3) α2(β) := P(τ(β) ≤ min{S, T0}) ∼ µw/ log(1/β) as β → 0.

Furthermore, there exists C > 0 so that for sufficiently small β,

(4) E
[
supt≤τ(β) ||Z1

t ||j
∣∣T0 ≤ min{S, τ(β)}

]
≤ Cj!τ(β)j/2, j ≥ 1,

(5) E
[
supt≤τ(β) ||Z1

t ||j
∣∣S ≤ min{T0, τ(β)}

]
≤ Cj!(log(1/β))1/2τ(β)j/2, j ≥ 1,

(6) E
[
supt≤τ(β) ||Z1

t ||j
∣∣ τ(β) ≤ min{S, T0}

]
≤ Cj!(log(1/β))1/2τ(β)j/2, j ≥ 1.

Each of (4)-(6) continues to hold if Z1
t is replaced by Z2

t or Z̄t = Z1
t − Z2

t .

Proof. Section A.1.3.

From dual ζ̃t to pruned BRW ϕ̊t

Using (2.18) and Lemma 2.3, we can obtain the following relationship between the

propagation speed of the dual process ζ̃t and the pruned BRW ϕ̊t (Lemma 2.4). By

(2.18), ϕ̊t upper bounds ζ̃t if we add newborn particles whose fate has not been decided

yet. By (4)-(6) in Lemma 2.3, these newborn particles will not be too far from their

parent particles in ϕ̊t, so adding them should not materially affect the propagation speed

of ϕ̊t. As motivated by the discussion in Section 2.3.3, we perform our analysis using the

scaled processes ζ̃β,0t := h(β)−1/2ζ̃0h(β)t and ϕ̊
β,0
t := h(β)−1/2ϕ̊0h(β)t, where the 0 means

that the processes are started with a single particle at the origin.

Lemma 2.4. Fix a > 0 and 0 < ρ < 1, and define Ar := [r,∞) × R × Zw. For each

δ > 0, there exist M > 0 and β0 > 0 so that

P
(
ζ̃β,0t ∩Ab+at ̸= ∅

)
≤ 4P

(
ϕ̊β,0t ∩Ab+ρat ̸= ∅

)
+Me−δt, β ≤ β0, t > 0, b ∈ R.

Proof. Section A.1.4.
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Definition of simple BRW ϕt

At each accepted branching event of the pruned BRW ϕ̊t (type-1 or type-2), the new

particle is introduced with a time delay, and the location at which it is introduced is

conditioned on it not coinciding too quickly with its parent. The parent’s path during

the decision period is likewise influenced by this conditioning. We next couple ϕ̊t with

a simpler BRW ϕt where we modify particle paths as follows:

• At each accepted branching event of ϕ̊t, the paths of parent and daughter during

the decision period are replaced by two independent SSRWs started at the parent’s

location. From the end of the decision period onward, the two new walks make

the same transitions as parent and daughter make in ϕ̊t. An illustration of this

procedure is shown in Figure 2.5, and a more formal mathematical description is

given in the proof of Lemma 2.5 (Section A.1.5).

With these modifications, both parent and daughter follow independent, unconditioned

paths at each branching event of ϕt. We must make further modifications, however, since

the path followed by the parent at a type-0 branching event in ϕ̊t, in which case the

daughter is not introduced to ϕ̊t, is conditioned on coinciding quickly with the daughter.

This conditioning will affect particle paths in ϕt if not addressed. We therefore make

the following modifications:

• At a type-0 branching event in ϕ̊t, the parent follows a path (Z1
t )t≥0 conditioned

on {T0 ≤ min{S, τ(β)}} during [0, τ(β)], in the notation of Lemma 2.3.

– With probability α0(β), with α0(β) defined as in Lemma 2.3, we make no

modification to the parent’s path.

– With probability α1(β), we replace the parent’s path on [0, τ(β)] with a path

(Z1
t )t≥0 conditioned on {S ≤ min{T0, τ(β)}}. From time τ(β) onward, the

new path makes the same transitions as the parent in ϕ̊t.

– With probability α2(β), we replace the parent’s path on [0, τ(β)] with a path

(Z1
t )t≥0 conditioned on {τ(β) ≤ min{S, T0}}. From time τ(β) onward, the

new path makes the same transitions as the parent in ϕ̊t.

With these modifications, we remove any effect of daughter particles not introduced to
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Figure 2.5: The simple BRW ϕt is obtained from the pruned BRW ϕ̊t by making modi-
fications to the paths followed by parent and daughter at each branching event of ϕ̊t. In
the figure, we show the procedure for a type-1 branching event. Two new independent
SSRWs are started at the parent’s location at the beginning of the decision period,
which replace the paths of parent and daughter during the decision period. From the
end of the decision period onward, the paths followed by parent and daughter in ϕ̊t are
shifted to meet the two new walks in ϕt.

ϕ̊t on the paths followed by their parent particles in ϕt. By the above construction, ϕt

has the following three simplifying properties:

• Particles follow independent, unconditioned SSRWs at all times.

• Time between branching events is exponentially distributed.

• New particles are born to their parents’ locations.

From pruned BRW ϕ̊t to simple BRW ϕt

Working with the scaled versions ϕ̊βt := h(β)−1/2ϕ̊h(β)t and ϕβt := h(β)−1/2ϕh(β)t, we

show in the following lemma that the path followed by an arbitrary particle in ϕβt is

never too far away from the corresponding path in ϕ̊βt when β is small. Since ϕβt is

defined by perturbing particle paths in ϕ̊βt at branching events, we need to show that

the accumulated perturbation up until time t is not too large. To do so, we first establish

an upper bound on the number of perturbations by time t, and we then use the moment

bounds established in (4)-(6) of Lemma 2.3 to bound the accumulated perturbation.
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Lemma 2.5. For a particle chosen uniformly at random from ϕβ,0t , let (Y β
s )s≤t be the

path followed by this particle and its ancestors, and let (Y̊ β
s )s≤t be the corresponding

path in ϕ̊β,0t . Then, for any r > 0 and δ > 0, there exist M > 0 and β0 > 0 so that

P
(
sups≤t ||Y

β
s − Y̊ β

s || > rt
)
≤Me−δt, β ≤ β0, t > 0.

Proof. Section A.1.5.

Using Lemma 2.5, we can obtain the following relationship between the propagation

speed of ϕ̊βt and ϕβt (Lemma 2.6). In the proof, we use the fact that the mean number of

particles alive at time t in ϕβt is exp((µw + o(1))t), and that the error in approximating

ϕ̊βt with ϕβt on a particle-by-particle basis is sufficiently small by Lemma 2.5 to ensure

a small total error.

Lemma 2.6. Fix a > 0 and 0 < ρ < 1, and define Ar := [r,∞) × R × Zw. For each

δ > 0, there exist M > 0 and β0 > 0 so that

P
(
ϕ̊β,0t ∩Ab+at ̸= ∅

)
≤ P

(
ϕβ,0t ∩Ab+ρat ̸= ∅

)
+Me−δt, β ≤ β0, t > 0, b ∈ R.

Proof. Section A.1.6.

Upper bound result for ξt

With the above ingredients, we can establish the following upper bound result on the

propagation speed of the biased voter model (ξ0t )t≥0 on Z2 ×Zw conditioned on nonex-

tinction (Lemma 2.7). The proof is split into three key steps. First, we remove the

conditioning on nonextinction by waiting until ξ0t has covered a sufficiently large box.

We then introduce duality using (2.8) and use Lemmas 2.4 and 2.6 to pass from the

dual process ζ̃t to the simple BRW ϕt. We finally obtain the desired result by analyzing

the tail of ϕt.

Lemma 2.7. Define τA∅ := min{t ≥ 0 : ξAt = ∅} for A ⊆ Z2 × Zw. For each κ > 1,

there exists a family of random variables (Sβ)β>0, with P(Sβ < ∞|τ0∅ = ∞) = 1 for
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each β > 0, so that

limβ→0 lim inft→∞ P
(
⌈κawh(β)1/2t⌉e1 /∈ ξ0Sβ+h(β)t

∣∣ τ0∅ = ∞
)
= 1,

where aw := pw
√
πw.

Proof. Section A.1.7.

2.3.5 Lower bound argument

To prove a lower bound, we couple the dual process ζ̃t with a pruned dual process ζ̂t

and a pruned BRW ψ̊t, which we in turn couple with a simpler BRW ψt. Unfortunately,

as mentioned previously, the scaled versions of these processes only behave similarly on

finite time intervals. We therefore discretize time and space and apply a percolation

argument to determine the propagation speed of ψt in the discretized spacetime.

Definition of pruned dual ζ̂t

To define the pruned dual process ζ̂t, we start with the dual process ζ̃t. For a given

branching event in ζ̂t, let T
′
0 be the time at which the new particle coalesces with any

other particle in ζ̂t, and let S be the time at which the new particle first produces its

own offspring. We categorize the branching events in ζ̂t as follows:

• Type-0: T ′
0 ≤ min{S, τ(β)}: The new particle quickly coalesces with another

particle.

• Type-1: S ≤ min{T ′
0, τ(β)}: The new particle quickly produces its own offspring.

• Type-2: τ(β) ≤ min{T ′
0, S}: The new particle neither coalesces with another

particle nor produces its own offspring before time τ(β).

The pruned process ζ̂t is obtained by only accepting type-2 branching events. In case

of acceptance, the new particle is introduced to ζ̂t at time τ(β) after birth in ζ̃t, at the

location it then occupies. From the time of introduction to ζ̂t, the new particle follows

the same path as in the dual process ζ̃t, and it coalesces with other particles in ζ̂t. By
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construction, the pruned process ζ̂t lower bounds ζ̃t in the following sense:

ζ̃t ⊇ ζ̂t, t ≥ 0. (2.19)

From pruned dual ζ̂t to pruned BRW ψ̊t

As in the proof of the upper bound, we consider an unaltered BRW ϕ̄t obtained from

ignoring all coalescence events in the dual process ζ̃t. We classify its branching events

into type-0, type-1 and type-2 as in Section 2.3.4, using T0, the time at which a new

particle first coincides with its parent particle. We then define the pruned BRW ψ̊t by

only accepting type-2 branching events. Note that the difference between ζ̂t and ψ̊t is

that the latter process accepts a new particle that coincides with a particle other than

its parent before time τ(β), and it ignores any coalescence (whether with the parent or

another particle) that occurs after the new particle has been introduced.

The pruned BRW ψ̊t may not appear useful for determining a lower bound on the

propagation of ζ̂t, as its growth is not checked to the same degree by coalescence. How-

ever, working with the scaled versions ζ̂βt := h(β)−1/2ζ̂h(β)t and ψ̊
β
t := h(β)−1/2ψ̊h(β)t,

we can show that if ζ̂βt is started with sufficient spacing between the initial particles,

then as β → 0, the only coalescence that occurs during a finite time interval will be be-

tween parent and daughter during a decision period. In other words, ζ̂βt behaves like ψ̊β
t

on finite time intervals (in the scaled spacetime). We obtain the following lemma, whose

proof follows from an induction argument similar to the one given on pages 1758-1759

of Durrett and Zähle [54].

Lemma 2.8. Set d(β) := β−1/2(log(1/β))−1. Let A = A(β) denote the collection of

finite subsets of Z2 × Zw in which points are pairwise separated by at least d(β). Set

Aβ := h(β)−1/2A for A ∈ A and Aβ := h(β)−1/2A. Then, for any K > 0 and T > 0,

supA∈A, |A|≤K P
(
{(ζ̂β,A

β

t )t≤T ̸= (ψ̊β,Aβ

t )t≤T } ∪ {ψ̊β,Aβ

T /∈ Aβ}
)
→ 0, β → 0.

Proof. Section A.1.8.
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Propagation of pruned dual ζ̂t

In the following lemma (Lemma 2.9), we show that for any 2/3 < θ < 1, we can find

L and K so that if ζ̂βt is started with K particles in a box of diameter θawL, then

L time units later, there will be at least K particles in an adjacent box of diameter

θawL, with high probability. This suggests that during [0, L], the propagation speed

of ζ̂βt is at least θaw, which translates into the desired lower bound of θaw/
√
h(β) in

the unscaled spacetime. The specific form of the result (2.20) of Lemma 2.9 enables us

to define a lower-bounding percolation process (Fig. 2.6a) using a comparison theorem

from Section 4 of [52], in which we discretize time into blocks of length L and space

into boxes of diameter θawL. A similar construction is carried out in Durrett and Zähle

[54], except we must shorten their time blocks from length L2 to length L to obtain a

tight lower bound on the propagation speed of ζ̂βt . To prove Lemma 2.9, we use Lemma

2.8 to approximate ζ̂βt with ψ̊β
t , and we then approximate ψ̊β

t with a simpler BRW ψβ
t

as in the proof of the upper bound. We finally analyze ψβ
t to obtain the result.

Lemma 2.9. For 0 < θ < 1 and L > 0, define (Fig. 2.6b)

Iθ0 := [−(1/2)θawL, (1/2)θawL]
2 × Zw,

Iθk := Iθ0 + k · θawLe1, k ∈ Z,

and

Aβ,θ,K,k := {Aβ ∈ Aβ : |Aβ ∩ Iθk | ≥ K},

with Aβ defined as in Lemma 2.8. Let (ζ̂β,A
β ,θ

t )t≥0 denote a pruning of (ζ̂β,A
β

t )t≥0 with

particles killed as soon as they exit the box Iθ∆ with Iθ∆ := [−2θawL, 2θawL]
2 × Zw.

Then, for any 2/3 < θ < 1 and ε > 0, there exist L = L(θ) > 0, K = K(θ, ε) > 0 and

β0 = β0(θ, ε) > 0 such that for any Aβ ∈ Aβ,θ,K,0 with |Aβ| = K, and any β ≤ β0,

P(ζ̂β,A
β ,θ

L ∈ Aβ,θ,K,k) ≥ 1− ε, k ∈ {−1, 1}. (2.20)

Proof. Section A.1.9.
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Figure 2.6: (a) Graphical depiction of the percolation construction embedded in Lemma
2.9. (b) Illustration of the two-dimensional projection of the sets Iθk for k ∈ {−1, 0, 1}
and the set Iθ∆ defined in Lemma 2.9.

Lower bound result for ξt

With the above ingredients, we can establish the following lower bound on the propaga-

tion speed of the biased voter model (ξ0t )t≥0 on Z2 × Zw conditioned on nonextinction

(Lemma 2.10). The proof is split into three key steps. In the first two steps, we re-

move the conditioning on nonextinction and introduce duality. In the final step, we use

Lemma 2.9 to define a lower-bounding percolation process, which we then analyze using

results from [47] and [107].

Lemma 2.10. Define τA∅ := min{t ≥ 0 : ξAt = ∅} for A ⊆ Z2 × Zw. For each

2/3 < ρ < 1, there exists a constant L > 0 and a family of random variables (Sβ)β>0,

with P(Sβ <∞|τ0∅ = ∞) = 1 for each β > 0, so that

limβ→0 lim infn→∞ P
(
ξ0Sβ+2nLh(β) ∩

[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅

∣∣ τ0∅ = ∞
)
= 1,

where aw := pw
√
πw.

Proof. Section A.1.10.

Note that due to the discretization involved in the proof, Lemma 2.10 only addresses

the propagation of (ξt)t≥0 along a subsequence of timepoints. This turns out to be

sufficient when combined with the Bramson-Griffeath shape theorem (2.4), as we show

next.
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2.4 Proof of main result

In this section, we complete the proof of our main theorem (Theorem 2.1) by showing

how it follows from the lower and upper bound results of Lemmas 2.7 and 2.10, together

with the shape theorem (2.4).

Proof of Theorem 2.1. Fix 0 < δ < 1 and let (βi)i≥1 be a sequence of real numbers

converging to 0. Apply Lemma 2.7 with κ := 1 + δ to obtain finite random variables

(Sβi
)i and an integer i0 so that for i ≥ i0,

lim infn→∞ P
(
⌈(1 + δ)awh(βi)

1/2n⌉e1 /∈ ξ0Sβi
+h(βi)n

∣∣ τ0∅ = ∞
)
≥ 1/2.

It follows that for i ≥ i0,

P
(
⌈(1 + δ)awh(βi)

1/2n⌉e1 /∈ ξ0Sβi
+h(βi)n

for infinitely many n
∣∣ τ0∅ = ∞

)
≥ 1/2. (2.21)

Fix i ≥ i0. By the shape theorem (2.4),

P
(
∃t∗ <∞ :

q
−⌊(1− δ)cw(βi)t⌋, ⌊(1− δ)cw(βi)t⌋

y
e1 ⊆ ξ0t , t ≥ t∗

∣∣ τ0∅ = ∞
)
= 1,

(2.22)

where cw(βi) is the radius of the asymptotic shape D = D(βi) as defined in (2.5), and

Jm,nK = {m,m + 1, . . . , n} for integers m < n. Assume now, by way of contradiction,

that

cw(βi) ≥
(
(1 + 2δ)/(1− 2δ)

)
· awh(βi)−1/2.

For sufficiently large n (which depends on the outcome ω),

⌈(1 + δ)awh(βi)
1/2n⌉/(Sβi

+ h(βi)n) ≤ (1 + 2δ)awh(βi)
−1/2,

⌊(1− δ)cw(βi)(Sβi
+ h(βi)n)⌋/(Sβi

+ h(βi)n) ≥ (1− 2δ)cw(βi),

which implies

⌈(1 + δ)awh(βi)
1/2n⌉ ≤ ⌊(1− δ)cw(βi)(Sβi

+ h(βi)n)⌋.
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Figure 2.7: In the two-step mutational model of cancer (Section 2.5), the mutation
rates are u1 and u2 for type-0 and type-1 cells, respectively. Type-1 cells have fitness
advantage β1 over type-0 cells, and type-2 cells have fitness advantage β2 over type-1
cells.

Conditional on {τ0∅ = ∞}, we must then have ⌈(1 + δ)awh(βi)
1/2n⌉e1 ∈ ξ0Sβi

+h(βi)n
for

all but finitely many n with probability 1 by (2.22), which contradicts (2.21). We can

therefore conclude that

cw(βi) ≤
(
(1 + 2δ)/(1− 2δ)

)
· awh(βi)−1/2, i ≥ i0.

Sending i→ ∞, and noting that the subsequence {βi}i≥1 is arbitrary, we obtain

lim supβ→0 cw(β)
/(
awh(β)

−1/2
)
≤ (1 + 2δ)/(1− 2δ).

Sending δ → 0 then yields lim supβ→0 cw(β)/(awh(β)
−1/2) ≤ 1. Applying a similar

argument to the lower bound result of Lemma 2.10 will show that

lim infβ→0 cw(β)
/(
awh(β)

−1/2
)
≥ 1,

and we can conclude that cw(β) ∼ awh(β)
−1/2 as desired. 2

2.5 Application to cancer initiation and field cancerization

We now use our main result to explore the dynamics of cancer initiation and field

cancerization under a two-step mutational model of cancer. In this section, as in [51],

[46] and [63], we assume finite tissue of the form Z2
L×Zw, where L is chosen so that the

total number of cells in the tissue is N , with N typically of order at least 106. We now

impose the same periodic boundary condition along the first two dimensions as along

the third dimension.

Suppose each site in Z2
L × Zw is initially occupied by a normal cell (type-0). Each
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type-0 cell mutates to a premalignant type-1 cell, with fitness advantage β1 > 0 over

normal cells, at exponential rate u1. A type-1 cell gives rise to a successful type-1 clone

(one that does not go extinct) with probability β1/(1 + β1) by (B.12), in which case

its long-run expansion rate cw(β1) is given by our main theorem (Theorem 2.1). Each

type-1 cell mutates to a cancer cell (type-2), with fitness advantage β2 > 0 over type-1

cells, at rate u2 (Fig. 2.7). As before, a type-2 cell gives rise to a successful clone with

probability β2/(1 + β2). We let σ2 denote the time at which the first successful type-2

cell arises in the population, which we consider the time of cancer initiation. To simplify

the following discussion, we assume that β1 = β2 =: β.

In [63], Foo, Leder and Ryser analyze an approximated version of the above model

for the w = 1 case. They assume that cells occupy a spatial continuum, and that type-1

clones grow deterministically with radial growth rate c1(β). Under this simplified model,

the dynamics of cancer initiation are governed by the value of the metaparameter

Γ := N3(u1β)
3cw(β)

−2(u2β)
−1. (2.23)

When Γ is small, the first successful cancer cell (type-2) typically arises within the first

successful type-1 clone. As Γ increases, it becomes possible for cancer to initiate from

one of several successful type-1 clones, and when Γ is large, it may even arise from an

unsuccessful type-1 clone before it goes extinct (Fig. 2.8). A more detailed discussion

of these regimes can be found in [46], [63] and [66].

Fortunately, the analysis in [63] carries over to the more general w > 1 case, with

the assumption that type-1 clones grow deterministically as a union of two-dimensional

Figure 2.8: The dynamics of cancer initiation on Z2
L×Zw under the two-step mutational

model of Section 2.5 are determined by the metaparameter Γ as defined in (2.23).
For small Γ, the first successful cancer cell (type-2) arises from the first successful
premalignant clone (type-1), but as Γ increases, cancer can originate from one of several
successful type-1 clones (intermediate Γ), or even an unsuccessful type-1 clone before it
goes extinct (large Γ).
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Figure 2.9: The density of the cancer initiation time σ2 for a few values of the tissue
thickness w. Other parameter values are N = 106, u1 = 10−6, u2 = 10−5 and β = 0.01.

disks (Fig. 2.2b) with radial growth rate cw(β) = pw
√
πwβ

/√
log(1/β). We begin by

considering the metaparameter Γ. Note first the asymmetric role of the mutation rates

u1 and u2: Increasing u1 increases the likelihood that multiple successful type-1 clones

arise prior to cancer initiation (large-Γ regime), whereas increasing u2 has the reverse

effect (small-Γ regime). Note also the asymmetric role of β and w: As β increases, Γ

increases according to β log(1/β) for small β, while as w increases, Γ decreases according

to 1/(p2ww). Both parameters affect how quickly type-1 clones expand, but β also affects

the success probability of type-1 clones by (B.12). Thus, whereas a larger w means faster

type-1 clonal expansion and a greater chance that cancer initiates within the early clones

(small-Γ regime), for larger β, faster type-1 expansion is counterbalanced by the fact

that more successful type-1 clones arise, which turns out to push the dynamics toward

several successful type-1 clones (large-Γ regime).

We next consider the distribution of σ2, the time of cancer initiation. Its density

is given by (4) in [63], with the substitution γ2 := πw (area of stacked unit disks in

Z2 × Zw) and cw(β) = pw
√
πwβ

/√
log(1/β). Predictably, as the tissue thickness w

increases, faster type-1 expansion translates into earlier cancer initiation (Fig. 2.9). In

Figure 2.3b of Section 2.2, we noted that premalignant population growth is over three

times as fast on w = 5 layers as on w = 1 layer, whereas cancer initiation speeds
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Figure 2.10: Distribution of the local field size Xl, conditioned on {σ2 ∈ dt} with
t = E[σ2], for (a) β = 0.01 and (b) β = 0.05. Other parameters are N = 106,
u1 = 10−6 and u2 = 10−5.

up around twofold over this range according to Figure 2.9. To see why, note that the

probability of the event {σ2 ∈ dt} depends on the “total mass” or “spacetime volume” of

type-1 particles up until time t, i.e. the time-integral of the size of the type-1 population.

Under our deterministic growth assumption, a successful type-1 clone that originates

at time 0 grows to size (cw(β))
2s2πw by time s, and it reaches spacetime volume V by

time

tw(V ) = 31/3(pwπw)
−2/3h(β)1/3V 1/3.

Thus, going from w = 1 to w > 1 layers should accelerate cancer initiation by around

(pww)
2/3, which is consistent with a twofold increase from w = 1 to w = 5. Of course,

while these calculations give us some idea of what to expect, the dynamics are more

complex in general. For small u1 or small β, for example, it may take a long time for the

first successful type-1 clone to arise, and for larger values, cancer may originate from

one of several successful type-1 clones originating at distinct times.

We finally consider the size Xl of the local field, i.e. the premalignant clone from

which the first successful cancer cell arises, at the time of cancer initiation. The density

of Xl, conditioned on the event {σ2 ∈ dt}, is given by (8) in [63]. We focus here on

the case t = E[σ2] when cancer initiates at its expected time. In Figure 2.10, we show
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how the conditional distribution of Xl changes with tissue thickness w, given fitness

advantage β = 0.01 (Fig. 2.10a) and β = 0.05 (Fig. 2.10b). Since we condition on

{σ2 ∈ dt}, and type-1 clones are assumed to grow deterministically, the support of Xl

is finite and reflects the maximum possible size of a type-1 clone at time t, which is

(cw(β))
2t2πw.

In Figure 2.10, we see that as w increases, the local field size Xl increases and varies

across a wider range. This reflects the fact that increasing w pushes the dynamics

toward the small-Γ regime, in which cancer initiates within one or a few large clones.

When Figures 2.10a and 2.10b are compared, we see that increasing β results in a

smaller local field, and the local field size appears less sensitive to β than to w. As

noted above, increasing β both leads to faster expansion of type-1 clones and improved

viability of these clones, with counteracting effects on the metaparameter Γ. The fact

that Xl decreases with increasing β is consistent with Γ increasing, moving the dynamics

toward a greater number of smaller premalignant fields.

The above discussion reveals how our main result enables prediction of how prema-

lignant fields evolve and how they give rise to cancer, given information on the tissue

thickness w and the fitness advantage β. We have seen how the number of premalignant

patches, the time of cancer initiation σ2 and the local field sizeXl is significantly affected

by w, and how w and β affect the dynamics in distinct ways that would be difficult to

anticipate without the aid of a mathematical model. These insights are furthermore

clinically relevant, since premalignant fields often appear histologically normal, making

them difficult to distinguish from normal tissue. Thus, the capability to make quanti-

tative predictions on the spatial evolutionary history of the tumor can yield valuable

insights into e.g. optimal excision margins under surgery, and into when and where

recurrence can be expected to occur following treatment.



Chapter 3

Exact site frequency spectra of

neutrally evolving tumors: A

transition between power laws

reveals a signature of cell viability

3.1 Introduction

The study of genetic variation driven by neutral mutations has a long history in popu-

lation genetics [91]. Usually, the population is assumed to be of a large constant size N ,

and reproduction follows either the Wright-Fisher model (nonoverlapping generations)

or the Moran model (overlapping generations) [49]. Neutral mutations occur at rate

u per individual per time unit, and each new mutation is assumed to be unique (the

infinite-sites model of Kimura [92]). This framework gives rise to a sample-based theory

of tracing genealogies of extant individuals backwards in time via the coalescent [93, 94].

A popular summary statistic of genomic data is the site frequency spectrum (SFS), which

records the frequencies of mutations in a population or population sample. Under the

Moran model with neutral mutations, the expected number of mutations found in j

cells of a sample of size n is E[ξj ] = (Nu)(1/j) [49], and any linear combination of the

35
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form
∑n−1

j=1 jcjξj with
∑n−1

j=1 cj = 1 is an unbiased estimator of θ := Nu, the population-

scaled mutation rate [1, 170].1 Prominent estimators of this form include Watterson’s

θW [157], Tajima’s θπ [147], Fu and Li’s ξ1 [67] and Fay and Wu’s θH [58], and these

estimators form the basis of several statistical tests of neutral evolution vs. evolution

under selection [1, 170]. In this way, the site frequency spectrum has provided a simple

means of understanding the evolutionary history of populations from genomic data.

Cancer can be viewed as its own evolutionary process, operating at the somatic

level. Cancer initiation is usually understood to be a series of mutational events that

culminates in malignant cells able to proliferate uncontrollably [4, 5, 97, 122]. Such

“driver” mutations are complemented by more frequent neutral or “passenger” muta-

tions [14, 149], that have no functional role in the evolution to malignancy, but con-

tribute to the genetic diversity characteristic of cancer [25, 111, 154]. The dominant

paradigm of tumor progression has been that of sequential clonal expansion of driver

mutations. However, several recent works suggest that a neutral evolution model, under

which all driver mutations are already present in the tumor-initiating cell, is sufficient

to explain the intratumoral heterogeneity in many cancers, see e.g. Sottoriva et al.

[142], Ling et al. [108] and Williams et al. [160], and the reviews by Venkatesan and

Swanton [151] and [40]. A simple test of neutral tumor evolution based on the site

frequency spectrum was proposed in Williams et al. [160], which has since generated

debate e.g. surrounding its significance level and statistical power (see e.g. Bozic et al.

[17], McDonald et al. [110], Tarabichi et al. [148], with author responses in Heide et al.

[79], Werner et al. [158]). The authors of Williams et al. [160] subsequently suggested a

Bayesian framework for detecting tumor subclones evolving under selection [161], and

more recent approaches to that problem include Dinh et al. [44] and Caravagna et al.

[27]. These works and the surrounding debate are indicative both of the fact that in-

creased attention is being paid to the role of neutral evolution in cancer, and that efforts

are just underway to develop robust methods of inferring the evolutionary history of

tumors [150].

While the constant-sized models of population genetics are appropriate for under-

standing early cancer development in small tissue compartments, exponential growth

1In Theorem 1.33 of Durrett [49], the result is given as E[ξj ] = (2Nu)(1/j) for a population of size
2N .
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models are more relevant for understanding long-run tumor progression [50, 124]. In

this work, we will employ a stochastic branching process model in which tumor cells

divide at rate r0 and die at rate d0, with net birth rate λ0 := r0−d0 > 0, and w neutral

mutations accumulate on average per cell division. Let p0 := d0/r0 be the extinction

probability of the tumor, and let q0 := 1− p0 = λ0/r0 be its survival probability (Section

3.2.1). We will show in (3.14) of Section 3.3.2 that if we only consider cells with an

infinite line of descent, then at the time the number of cells becomes N , the expected

number of mutations found in j cells is ξj = (w/q0)N · 1/(j(j + 1)) for 2 ≤ j ≤ N − 1.

This SFS differs from the SFS of the constant-sized Moran model of population genetics

in two important ways: The spectrum now follows a 1/j2 power law as opposed to a 1/j

law, and it now depends on the growth parameters r0 and d0 via the survival probabil-

ity q0. Cumulative versions of the 1/j2 spectrum have previously been established by

Durrett [50, 53], Bozic et al. [16] and Williams et al. [160], as we outline in more detail

in Section 5.9. In addition, Williams et al. [160], Bozic et al. [16] and Ling et al. [108]

have used the 1/j2 spectrum to infer the ratio w/q0 from tumor data, but extracting

information about the mutation parameter w and the growth parameter q0 separately

seemingly requires different tools. In a recent work by Werner et al. [159], the authors

measured pairwise mutational differences between the ancestors of spatially separated

tumor bulk samples, and they developed a coalescent-based approach for estimating w

and a function of p0 given by (3.5) below.

Tumor evolution is commonly characterized by low cell viability, i.e. a large extinc-

tion probability p0. For example, in a modeling study of cancer recurrence, Avanzini

and Antal [7] collected clinical estimates of the tumor volume doubling time and the

time between cell divisions in metastatic breast cancer, colorectal cancer, head & neck

cancer, lung cancer and prostate cancer. Based on the collected data, they computed a

typical net growth rate (λ0) and division rate (r0) for metastases of each cancer type,

which lead them to estimate p0 = 1 − λ0/r0 as 0.90, 0.97, 0.95, 0.97 and 0.76, respec-

tively. Similarly, in an investigation of targeted combination therapy, Bozic et al. [15]

estimated an average net growth rate of λ0 = 0.01 per day for 21 melanoma lesions,

which they combined with a typical division rate of r0 = 0.14 per day [130] to compute

a typical death rate of d0 = 0.13 per day. These estimates suggest a typical extinction

probability of p0 = 0.93 for the melanoma lesions. Finally, Bozic et al. [16] used their
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cumulative version of the 1/j2 spectrum to estimate w/q0 from the SFS of mutations at

cell frequency 24%− 50% in colorectal cancer.2 For microsatellite stable (MSS) tumor

samples, they combined their median estimate of w/q0 with an independent estimate of

the mutation rate [85] to obtain p0 as 0.997. It should be emphasized that even for a

given cancer type, there is substantial heterogeneity between individual tumors (as the

clinical data collected in Table 1 of Avanzini and Antal [7] indicate), so these values

should only be taken as rough estimates. However, these simple estimates do suggest

that low cell viability is broadly relevant to tumor evolution. Low cell viability, and the

corresponding high cell turnover, induces a large mutational burden and high genetic

diversity, which enhances the adaptability of the tumor under treatment. It is therefore

important to understand how low-viability tumors behave, and to explore how they can

potentially be identified from genomic data.

Prior theoretical works on the expected SFS of an exponentially growing tumor

population offer only a limited understanding of how p0 affects the spectrum, as these

works generally consider only cells with an infinite line of descent, or they consider

special cases such as deterministic growth of the tumor bulk or no cell death, which is

reasonable when p0 is small. Moreover, many prior results are given in the large-time

or large-population limit, and for practical reasons, the focus is often on mutations of

frequency 10% and higher. These results are discussed in more detail in Section 5.9

below. Our goal in this work is to gain a more complete understanding of the SFS of

an exponentially growing tumor with neutral mutations. We seek to understand how

the spectrum behaves both at small and large frequencies, for all values of p0, and

for any population size N . We obtain separate results for cells with an infinite line of

descent and for the total population, evaluated either at a fixed time or at the stochastic

time at which the population reaches a certain size, each of which is relevant to tumor

data analysis depending on the context. We observe that while the SFS of cells with an

infinite line of descent depends on the mutation rate w and the extinction probability p0

only via the ratio w/q0, the two parameters decouple in the SFS of the total population.

2Bozic et al. [16] estimated w/q0 from the variant allele frequency (VAF) spectrum, which records
the proportion of chromosomes carrying the mutations, as opposed to the proportion of cells carrying
the mutations. They considered allele frequencies 12% − 25%, which translates to cell frequencies
24% − 50% in the simplified setting where all cells are diploid and no cell is mutated at the same site
on both chromosomes.
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Description

r0 Division rate of tumor cells (per unit time)

d0 Death rate of tumor cells (per unit time)

p0 Extinction probability of the tumor (and of a single-cell derived clone)

q0 Survival probability of the tumor (and of a single-cell derived clone)

w Mutation rate (expected number of mutations per cell division)

t̃N Fixed time at which the skeleton subpopulation has expected size N

τ̃N Stochastic time at which the skeleton subpopulation first reaches size N

tN Fixed time at which a surviving tumor cell population has expected size N

τN Stochastic time at which the tumor cell population first reaches size N

Table 3.1: Notation used in the chapter.

In fact, as p0 increases from 0 to 1, the small-frequency end of the spectrum transitions

from the 1/j2 power law characteristic of pure-birth exponential growth to the 1/j

power law characteristic of a constant-sized population. We investigate simple metrics

that quantify this transition, and use one of them to propose a simple estimator for p0,

which we subsequently evaluate using idealized synthetic single-cell sequencing data.

The rest of the chapter is organized as follows. In Section 3.2, we formulate our

branching process model with neutral mutations, define the skeleton subpopulation of

cells with an infinite line of descent, and establish relevant notation. In Section 3.3, we

analyze the SFS of skeleton cells, and in Section 4.4, we analyze the SFS of the total

cell population. In Section 3.5, we use our theoretical results to propose and evaluate a

simple estimator for p0. In Section 5.9, we summarize our results, and discuss in detail

how they relate to the existing literature. The proofs of all of our theoretical results are

found in appendices at the end of the dissertation.

3.2 Model description

3.2.1 Branching process dynamics

We assume that the tumor evolution follows a branching process model in continuous

time. Cells divide into two cells at rate r0 > 0 per unit time and die at rate d0 ≥ 0

per unit time, which means that in a small time interval of length ∆t, a cell divides
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with probability r0∆t and dies with probability d0∆t. Assume r0 > d0 and define

λ0 := r0 − d0 > 0 as the net growth rate. Let Z0(t) denote the size of the tumor

population at time t and assume Z0(0) = 1, i.e. the tumor expands from a single tumor-

initiating cell. Define

Ω∞ := {Z0(t) > 0 for all t > 0}

as the event that the tumor does not go extinct, and

p0 := P(Ωc
∞) = P(Z0(t) = 0 for some t > 0) (3.1)

as the extinction probability of the tumor. This probability can be computed as p0 =

d0/r0 with 0 ≤ p0 < 1, see e.g. Section 3 of Durrett [50]. Note that any clone derived

from a single tumor cell gives rise to its own branching process with the same growth

parameters r0 and d0 and the same extinction probability. We also define

q0 := 1− p0 = λ0/r0 (3.2)

as the survival probability of the tumor or of a single-cell derived clone.

3.2.2 Decomposition into skeleton cells and finite-family cells

On the nonextinction event Ω∞, the cells alive at time t > 0 can be split into two

categories, one consisting of cells with an infinite line of descent, i.e. cells that start clones

that do not go extinct, and the other consisting of cells whose descendants eventually

go extinct. We refer to the former cells as skeleton cells and the latter as finite-family

cells. An arbitrary tumor cell is a skeleton cell with probability q0, so in the long run,

the proportion of skeleton cells in the population is q0. We can think of skeleton cells

as forming the trunk and scaffold branches of the genealogical branching tree, with

finite-family clones growing out from the skeleton as lateral branches, see Figure 3.1a.

3.2.3 Mutation accumulation

We next add neutral mutations under the infinite-sites model. Prior to a cell division,

each parental DNA molecule is unwound and separated into two complementary strands.
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Each parental strand serves as a template for the construction of a new complementary

daughter strand. The end result is two copies of the DNA molecule, each consisting of

one parental and one daughter strand. Errors in nucleotide pairing during this process

can result in one or more point mutations per daughter strand. We assume that these

errors amount to w/2 mutations on average per daughter strand, for a total of w mu-

tations on average per cell division. Note that the only assumptions we make on the

distribution of the number of mutations is that it is nonnegative and integer-valued with

a finite mean. The point mutation rate has been estimated as 5 ·10−10 per base pair per

cell division [85], and it is commonly higher in cancer due to genomic instability [25].

Since the number of base pairs is of order 107 in the exome and 109 in the genome, it

makes sense to allow w to be any positive number, i.e. w ∈ (0,∞). In many works, the

convention is to allow at most one mutation per cell division, introducing a probability

u ∈ (0, 1) of a new mutation. Since our analysis only depends on the mean number of

mutations w per cell division, it includes this case with w := u. We assume that the

mutation rate is constant throughout tumor evolution, which ignores e.g. the possibility

of an elevated mutation rate over time due to genomic instability.

While our focus in this work is on discrete mutation accumulation, we will also

present all of our results in terms of continuous mutation accumulation, another common

and biologically relevant assumption. In the continuous model, neutral mutations occur

at rate ν > 0 per cell per unit time, at any time throughout the lifetime of the cell. In

other words, each cell undergoes a neutral mutation in a small time interval of length ∆t

with probability ν∆t. The continuous model differs from the discrete model in that at

most one mutation occurs at a time, and this mutation occurs in between cell divisions

with probability 1. However, as we will show, the mean behavior of the two models

is similar when ν = wr0, since in the discrete model, each cell accumulates wr0∆t

mutations on average in a small time interval of length ∆t.

3.2.4 Clonal and subclonal mutations

Before proceeding, we need to make a distinction between clonal and subclonal muta-

tions. A mutation is clonal if it is shared by all tumor cells, while it is subclonal if

there is at least one tumor cell without it. As an example, say the tumor-initiating cell

divides into two cells, A and B, and that cell A acquires a new mutation. This mutation
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Figure 3.1: Categorization of cells into skeleton cells and finite-family cells, and muta-
tion accumulation on the skeleton. (a) The skeleton subpopulation, which consists of
cells with an infinite line of descent, can be thought of as forming the trunk and scaffold
branches of the genealogical branching tree (bold branches). Each skeleton cell divides
into one skeleton cell and one finite-family cell at rate 2r0p0 = 2d0 (type-1 skeleton
division, see (3.3) in Section 3.3.1), in which case a finite-family clone grows out from
the skeleton as a lateral branch (light gray branches). A skeleton cell divides into two
skeleton cells at rate r0q0 = λ0 (type-2 skeleton division, see (3.4) in Section 3.3.1),
in which case another scaffold branch is added. (b) In between two type-2 skeleton
divisions, the expected number of mutations that accumulate due to type-1 divisions is
wp0/q0 by (3.8). Each type-2 division adds w mutations on average and starts a new
skeleton population size level. Thus, the expected number of mutations that accumulate
on the skeleton per size level is w + wp0/q0 = w/q0.

is initially subclonal. However, if the clone started by cell B dies out, the mutation in

cell A becomes clonal from that point onward. While this example demonstrates how

clonal mutations can arise post-tumor-initiation, all mutations that accumulate prior

to initiation, as the cancer precursor cell evolves to malignancy, also become clonal.

For this reason, the clonal mutations usually tell us more about the events preceding

cancer than the dynamics post-initiation, and they can in fact outnumber the subclonal

mutations [149]. Nevertheless, clonal mutations do appear in the SFS of mutations

post-initiation, and they play distinct roles in the fixed-time and fixed-size spectrum,

which is why we pay them special attention below.
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3.3 Site frequency spectrum of skeleton cells

In this section, we establish the expected fixed-time and fixed-size spectrum of skeleton

cells. The reason we are interested in analyzing skeleton cells separately is twofold:

• When p0 = 0 (no cell death), all cells are skeleton cells, and the SFS of the total

population is the SFS of the skeleton. More generally, when p0 is small, the total

population spectrum is well-approximated by the simpler skeleton spectrum.

• When the extinction probability p0 is large, finite-family cells affect the SFS of

the total population at the small-frequency end. However, the large-frequency end

is still characterized by the skeleton spectrum, as we demonstrate in Section 4.4

below.

3.3.1 Effective rates of cell division and mutation

When the tumor is conditioned on nonextinction, the probability that the tumor-

initiating cell divides during the first ∆t units of time, and that exactly one of the

two daughter cells survives, i.e. starts a clone that does not go extinct, is

P(division in [0,∆t], one offspring survives)

P(Ω∞)
=
r0∆t · 2p0(1− p0)

1− p0
= 2r0p0∆t, (3.3)

and the probability of a division in [0,∆t] where both daughter cells survive is

P(division in [0,∆t], both offspring survive)

P(Ω∞)
=
r0∆t · (1− p0)

2

1− p0
= r0q0∆t. (3.4)

Since each skeleton cell starts a clone that does not go extinct, we can conclude that a

skeleton cell divides into one skeleton cell and one finite-family cell at rate 2r0p0 = 2d0

per unit time (type-1 skeleton division), and it divides into two skeleton cells at rate

r0q0 = λ0 per unit time (type-2 skeleton division). The probability that a skeleton

division is type-2 is

κ0 :=
r0q0

r0q0 + 2r0p0
=

1− p0
1 + p0

. (3.5)
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This probability can also be computed directly as follows: (1 − p0)
2 is the probability

that both daughter cells survive, and 1− p20 is the probability that at least one of them

does, so (1− p0)
2/(1− p20) = (1− p0)/(1+ p0) is the probability that a skeleton division

is type-2.

Let Z̃0(t) denote the number of skeleton cells at time t, conditional on the nonex-

tinction event Ω∞. Since type-1 divisions do not affect the size of the skeleton, we can

think of the type-2 divisions as the “effective” divisions. More precisely, (Z̃0(t))t≥0 is a

pure-birth exponential growth process, known as a Yule process, with birth rate λ0 and

mean size E[Z̃0(t)] = eλ0t at time t [50, 123]. Type-1 divisions do contribute to neutral

mutation accumulation however. Indeed, each type-1 division adds w/2 mutations on

average to the skeleton, and each type-2 division adds w mutations on average. The

rate at which mutations accumulate on the skeleton is then

(w/2) · 2r0p0 + w · r0(1− p0) = wr0 (3.6)

per skeleton cell per unit time, which equals the mutation rate for the original, un-

conditioned process (Z0(t))t≥0. The mutation rate per type-2 division, or the effective

mutation rate, is on the other hand

wr0/λ0 = w/q0 (3.7)

per unit time. We can also think of mutations as accumulating across skeleton popula-

tion size levels as follows. A type-2 division increases the size of the skeleton population

by one, and it adds w mutations on average. Upon the type-2 division, the number

of type-1 divisions before the next type-2 division has the geometric distribution with

support {0, 1, 2 . . .} and success probability κ0 given by (3.5). It follows that in between

the two type-2 divisions, the expected number of mutations that accumulate on the

skeleton is

(w/2) · (1/κ0 − 1) = (w/2) · 2p0/q0 = wp0/q0. (3.8)

At each population size level, the skeleton therefore accumulates w mutations on average

due to the type-2 division that starts the level, and wp0/q0 mutations on average due
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to type-1 divisions that occur before the next type-2 division that changes levels. We

thus obtain

w + wp0/q0 = w/q0 (3.9)

mutations per level (Figure 3.1b). The effective mutation rate w/q0 plays a key role in

the SFS of the skeleton, with the continuous-time viewpoint in (3.7) applying to the

fixed-time spectrum, and the population-size-level viewpoint in (3.9) applying to the

fixed-size spectrum.

3.3.2 Expected fixed-time and fixed-size skeleton spectrum

Let S̃j(t) denote the number of mutations that are found in j ≥ 1 skeleton cells at time

t, conditional on the nonextinction event Ω∞. This is the site frequency spectrum of

skeleton cells. For any integer N ≥ 1, define

t̃N := log(N)/λ0 (3.10)

as the (fixed) time at which the skeleton has expected size N , i.e. eλ0 t̃N = N , and define

τ̃N := inf{t ≥ 0 : Z̃0(t) = N} (3.11)

as the (stochastic) time at which the skeleton reaches size N . In Proposition 3.1 below,

we provide the expected SFS of the skeleton evaluated both at time t̃N (fixed-time

spectrum) and at time τ̃N (fixed-size spectrum). Both the fixed-time and fixed-size

spectrum can be relevant to tumor data analysis depending on the context. For example,

in vitro cell culture experiments and in vivo mouse experiments are often conducted over

a fixed time period, in which case the fixed-time spectrum would apply. In the clinic,

however, the size of a tumor sample is more readily estimated than its age, in which

case the fixed-size spectrum is more relevant [99]. It is therefore useful to understand

both spectra and to what extent they differ.
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Proposition 3.1. (1) Define t̃N as in (3.10). Then, for any N ≥ 1 and any j ≥ 1,

E[S̃j(t̃N )] = (w/q0)N ·
∫ 1−1/N
0 (1− y)yj−1dy

= (w/q0)N ·
(
1− 1

N )j
(

1
j(j+1) +

1
N

1
j+1

)
.

(3.12)

For fixed j ≥ 1, then as N → ∞,

E[S̃j(t̃N )] ∼ (w/q0)N · 1/(j(j + 1)), (3.13)

where f(y) ∼ g(y) as y → ∞ means limy→∞ f(y)/g(y) = 1.

(2) Define τ̃N as in (3.11). Then, for any N ≥ 2,

E[S̃j(τ̃N )] =

(w/q0)N · 1/(j(j + 1))− (wp0/q0)δ1,j , 1 ≤ j ≤ N − 1,

wp0/q0 = w/q0 − w, j = N,
(3.14)

where δℓ,m = 1 if ℓ = m and δℓ,m = 0 otherwise.

Proof. Appendix B.1.

Analogous results for continuous mutation accumulation are presented in Appendix

B.3. In Figure 3.2, we compare our fixed-time (3.12) and fixed-size (3.14) results with

simulation results for w = 1, p0 = 0 and N = 100. In this example, there are no clonal

mutations, since p0 = 0. The fundamental difference between the fixed-time and fixed-

size spectrum is that the skeleton size at time t̃N is variable, while it is always N at time

τ̃N . The fixed-time spectrum therefore has nonzero mass at j > N , due to instances in

which the skeleton is larger than N at time t̃N . It is however natural to ask how the

fixed-time spectrum restricted to j = 1, . . . , N relates to the fixed-size spectrum. By

(3.14), the fixed-size spectrum follows the power law (w/q0)N · 1/(j(j + 1)) exactly on

j = 2, . . . , N − 1, and asymptotically as N → ∞ for j = 1. By (3.13), the fixed-time

spectrum converges to the same power law for fixed j ≥ 1 as N → ∞, which means

that it follows this power law when N is large and j ≪ N . In Figure 3.3, we compare

the fixed-time (3.12) and fixed-size (3.14) spectrum for N = 103 and p0 = 0.9. As

expected, the two spectra agree on j ≪ N , while the fixed-time spectrum deviates from

the fixed-size spectrum at the very largest frequencies (for j of order N). In Figure 3.3b,
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Figure 3.2: Comparison between the expected SFS of the skeleton, as derived in
Proposition 3.1, and simulation results. (a) The expected fixed-time spectrum (3.12)
of Proposition 3.1 (solid blue line) shows good agreement with the average spectrum
of simulated tumors (grey dots). In this example, the extinction probability is p0 = 0,
the mutation rate is w = 1, and the expected size of the skeleton is N = 100, which is
also the expected size of the tumor since p0 = 0. We generated 105 tumors with p0 = 0
and w = 1 and stopped each simulation at the fixed time t̃N with N = 100 as defined
by (3.10). At each cell division, the number of mutations acquired by each daughter
cell was generated as a Poisson random variable with mean w/2. (b) The expected
fixed-size spectrum (3.14) of Proposition 3.1 (solid red line) shows good agreement with
the average spectrum of simulated tumors (grey dots). We again generated 105 tumors
with p0 = 0 and w = 1, but this time, we stopped each simulation when the tumor
reached size N = 100, i.e. at the stochastic time τ̃N defined by (3.11). The fundamental
difference between the fixed-time and fixed-size spectrum is that the skeleton size at
time t̃N is variable, while it is always N at time τ̃N . As a result, the fixed-size spectrum
is restricted to j = 1, . . . , N , while the fixed-time spectrum has nonzero mass at values
j > N .

we show that almost all mutations are found on j ≪ N . In this example, the difference

between the two spectra is within 1% on the range j = 1, . . . , 150, on which 99.3% of

mutations are found.

We next note the sharp discontinuity at j = N in the fixed-size spectrum of Figure

3.3a, which does not appear in the fixed-time spectrum. This is due to the distinct

ways in which clonal mutations manifest in the two spectra. In the fixed-time spectrum,

clonal mutations can appear at any value of j, depending on the skeleton size at time

t̃N . In the fixed-size spectrum, all these mutations are concentrated at j = N , which

creates a significant point mass at j = N . Note that by (3.14), the expected number
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Figure 3.3: Comparison between the expected fixed-time spectrum (3.12) and fixed-
size spectrum (3.14) of the skeleton as derived in Proposition 3.1. (a) The fixed-time
spectrum (3.12) of the skeleton (blue curve) is a good approximation of the fixed-size
spectrum (3.14) (red crosses) for mutations at frequencies j ≪ N , given parameters
N = 103, p0 = 0.9 and w = 1. The two spectra diverge at the very largest frequencies,
and the difference is substantial at j = N , since clonal mutations are concentrated at
j = N in the fixed-size spectrum, while they are scattered in the fixed-time spectrum.
(b) Here, we show the ratio of the fixed-time spectrum to the fixed-size spectrum (purple
crosses), and the proportion of mutations found in ≤ j skeleton cells in the fixed-size
spectrum (green curve). The fixed-time and fixed-size spectrum are virtually the same
on j ≪ N , where almost all mutations are found.

of mutations found in j = N − 1 skeleton cells is given by (w/q0)(1/(N − 1)) in the

fixed-size spectrum, which is of order 1/N as N → ∞, while clonal mutations are given

by the constant wp0/q0, independently of N .

The observed difference between the fixed-time and fixed-size spectrum at the very

largest frequencies reflects the unbounded range of the fixed-time spectrum. When N

is large, this difference can be alleviated by computing the SFS of mutations found in

a given proportion of cells (as opposed to a given number of cells), as this normalizes

both spectra to the frequency range [0, 1]. To justify this claim, we need to combine our

results with results previously obtained by Durrett [50, 53] and Bozic et al. [16], as we

discuss in detail in Section 5.9 below.
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3.3.3 Proportion of mutations found in one cell

We conclude this section by computing two simple and important metrics derived from

the site frequency spectrum of the skeleton. Note first that by Proposition 3.1, the

expected number of mutations found in a single skeleton cell is

E[S̃1(t̃N )] = (1/2)(w/q0)(N
2 − 1)/N ∼ (1/2)(w/q0)N,

E[S̃1(τ̃N )] = (1/2)(w/q0)N − wp0/q0 ∼ (1/2)(w/q0)N,
(3.15)

as N → ∞. Next, let M̃j(t) :=
∑

k≥j S̃k(t) denote the number of mutations found in

≥ j skeleton cells at time t. Again, by Proposition 3.1, the expected total number of

mutations on the skeleton is

E[M̃1(t̃N )] = (w/q0)(N − 1) ∼ (w/q0)N,

E[M̃1(τ̃N )] = (w/q0)(N − 1) ∼ (w/q0)N,
(3.16)

as N → ∞. Expressions (3.15) and (3.16) suggest that for large N , half the mutations

discovered at time t̃N or τ̃N are found in only one cell. This is a consequence of the

pure-birth exponential growth of the skeleton. Indeed, note that if we only consider

the effective type-2 skeleton divisions, the total number of divisions required to reach

generation k is
∑k−1

j=0 2
j = 2k−1. The expected total number of mutations in generation

k is then (w/q0)(2
k − 1), which is (3.16) with N = 2k the number of cells in generation

k. An additional 2k divisions are required to reach generation k+1, so each generation

roughly doubles the total number of mutations. Of course, our model is stochastic,

it operates in continuous time, and generations may overlap, but this simple discrete

argument gives intuition as to why half the mutations are found in one cell, and more

generally why most mutations are found at the smallest frequencies.
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3.4 Site frequency spectrum of total population and tran-

sition between power laws

When the extinction probability p0 is small, the SFS of the total population (Z0(t))t≥0

is well-approximated by the SFS of the skeleton (Z̃0(t))t≥0. However, tumor evolu-

tion is commonly characterized by a large extinction probability, as was discussed in

the introduction. In this section, we investigate the expected fixed-time and fixed-size

spectrum of the total population (Z0(t))t≥0 for all values of p0. We show that as p0

increases, the small-frequency end of the spectrum starts to deviate from the skeleton

spectrum of Section 3.3, and that as p0 approaches 1, it transitions to the spectrum of

a constant-sized population.

3.4.1 Expected fixed-time and fixed-size total population spectrum

Let Sj(t) denote the number of mutations found in j ≥ 1 cells at time t, the site

frequency spectrum of the total cell population. We wish to compute the mean of Sj(t)

conditioned on the tumor surviving to time t. We can compute the probability of this

survival event as

P(Z0(t) > 0) = q0e
λ0t/(eλ0t − p0), t ≥ 0,

see (B.6) of Appendix B.2, and the expected size of a tumor that survives to time t as

E[Z0(t)|Z0(t) > 0] = (eλ0t − p0)/q0, t ≥ 0. (3.17)

Note that E[Z0(t)|Z0(t) > 0] ∼ eλ0t/q0 as t → ∞, which means that the long-run

expected growth of a tumor conditioned on survival is exponential, and the initial value

of the exponential growth function is given by 1/q0. An interesting consequence of the

conditioning on survival is that if r0 and d0 are increased by the same amount (so that

λ0 = r0 − d0 stays fixed), the survival probability q0 = λ0/r0 will decrease, while the

size of a tumor conditioned on survival will increase. Now, for any integer N ≥ 1, define

tN := log(q0N + p0)/λ0 (3.18)
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as the (fixed) time at which a surviving tumor has expected size N , i.e. (eλ0tN −p0)/q0 =
N , and define

τN := inf{t ≥ 0 : Z0(t) = N} (3.19)

as the (stochastic) time at which the tumor reaches size N , with inf ∅ = ∞. In Propo-

sition 3.2, we provide the expected SFS of (Z0(t))t≥0 at time tN and τN , conditioned

on the survival events {Z0(tN ) > 0} and {τN < ∞}, respectively. In this case, we

cannot obtain an explicit expression for the fixed-size spectrum, and provide instead a

computational expression. Note however that for the case p0 = 0 of no cell death, the

fixed-size spectrum follows the power law wN · 1/(j(j+1)) exactly on j = 2, . . . , N − 1,

by (3.14) of Proposition 3.1.

Proposition 3.2. (1) Define tN as in (3.18). Then, for any N ≥ 1 and any j ≥ 1,

E[Sj(tN )|Z0(tN ) > 0] = wN
∫ 1−1/N
0 (1− p0y)

−1(1− y)yj−1dy. (3.20)

For fixed j ≥ 1, then as N → ∞,

E[Sj(tN )|Z0(tN ) > 0] ∼ wN ·
∫ 1
0 (1− p0y)

−1(1− y)yj−1dy

= wN ·
∑∞

k=0
pk0

(j+k)(j+k+1) ,
(3.21)

where f(y) ∼ g(y) as y → ∞ means limy→∞ f(y)/g(y) = 1.

(2) Define τN as in (3.19), let S := {(ℓ,m) : ℓ,m ≥ 0 and ℓ + m ≤ N} and A :=

{(0, 0)}∪{(r, s) : r, s ≥ 0 and r+s = N}. Then, for any N ≥ 2 and any 1 ≤ j ≤ N ,

E[Sj(τN )|τN <∞] = (w/q0) ·
∑N−1

k=1 (1− pN−k
0 ) · h(j,N−j)

(1,k) , (3.22)

where for each (r, s) ∈ A, the vector
(
h
(r,s)
(ℓ,m)

)
(ℓ,m)∈S solves the system

(ℓ+m)(1 + p0)h
(r,s)
(ℓ,m) = ℓh

(r,s)
(ℓ+1,m) + ℓp0h

(r,s)
(ℓ−1,m) +mh

(r,s)
(ℓ,m+1) +mp0h

(r,s)
(ℓ,m−1)

(3.23)

for ℓ,m ≥ 1 and ℓ+m < N , with boundary conditions given by (B.14) in Appendix

B.2.
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Figure 3.4: Comparison between the expected SFS of the total population, as derived
in Proposition 3.2, and simulation results. (a) The expected fixed-time spectrum (3.20)
of Proposition 3.2 (solid blue line) shows good agreement with the average spectrum of
simulated tumors (grey dots). In this example, the extinction probability is p0 = 0.9,
the mutation rate is w = 1, and the expected tumor size is N = 100. We generated
105 tumors with p0 = 0.9 and w = 1 and stopped each simulation at the fixed time
tN with N = 100 as defined by (3.18). At each cell division, the number of mutations
acquired by each daughter cell was generated as a Poisson random variable with mean
w/2. (b) The expected fixed-size spectrum (3.22) of Proposition 3.2 (solid red line)
shows good agreement with the average spectrum of simulated tumors (grey dots). We
again generated 105 tumors with p0 = 0.9 and w = 1, but this time, we stopped each
simulation when the tumor reached size N = 100, i.e. at the stochastic time τN defined
by (3.19). Note the discontinuity in the fixed-size spectrum at j = N , which is due to
clonal mutations.

Proof. Appendix B.2.

Analogous results for continuous mutation accumulation are presented in Appendix

B.3. In Figure 3.4, we compare our fixed-time (3.20) and fixed-size (3.22) results with

simulation results for w = 1, p0 = 0.9 and N = 100. The fundamental difference

between the fixed-time and fixed-size spectrum is the same as we observed in Section

3.3.2. In Figure 3.5a, we compare the two spectra in more detail for N = 100 and

p0 ∈ {0, 0.5, 0.7, 0.9}. The fixed-time spectrum is a good approximation of the fixed-size

spectrum on j ≪ N for all but p0 = 0.9, in which case there is a significant difference

even on j ≪ N . In Figure 3.5b, we show that this difference reduces as N increases,

with the expected number of mutations found in one cell being 1.46% off for p = 0.9 and

N = 1000. The number of cells in 1 cm3 of tumor tissue is around 107−109 [41], in which
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Figure 3.5: Comparison between the expected fixed-time spectrum (3.20) and fixed-
size spectrum (3.22) of the total population as derived in Proposition 3.2. (a) Here,
we show the ratio between the fixed-time spectrum (3.20) and the fixed-size spectrum
(3.22) for N = 100, p0 ∈ {0, 0.5, 0.7, 0.9} and w = 1. The fixed-time spectrum is a
good approximation of the fixed-size spectrum on j ≪ N for smaller values of p0, but
the two spectra start to diverge as p0 increases. (b) Here, we show the ratio between
the expected number of mutations found in one cell for the fixed-time spectrum and
the fixed-size spectrum, as a function of the population size N , for p0 ∈ {0.7, 0.9} and
w = 1. As N increases, the difference between the two spectra reduces both for p0 = 0.7
and p0 = 0.9.

case the fixed-time spectrum can generally be expected to be a good approximation of

the fixed-size spectrum on j ≪ N . The two spectra may diverge, however, when applied

to smaller tumor samples (e.g. 1 mm3 or smaller) or when p0 is very close to 1.

In Appendix B.5, we present heuristic calculations that indicate how the fixed-size

spectrum can be approximated by the fixed-time spectrum on j ≪ N as N → ∞.

The key insight is that once the tumor has reached a large size, its growth becomes

essentially deterministic with exponential rate λ0, which allows us to approximate the

probabilities h
(j,N−j)
(1,k) in (3.22) by continuous-time probabilities following Iwasa et al.

[81]. For added intuition, we refer to our discussion in Section 3.4.5 below and accompa-

nying calculations in Appendix B.8, where we conjecture a law of large numbers for the

fixed-time and fixed-size spectrum, whose limits agree in the mean with the asymptotic

expected fixed-time spectrum (3.21).

For each j = 1, . . . , N , computing E[Sj(τN )|τN < ∞] according to (3.22) requires

solving a linear system of the form (3.23), which has order N2/2 equations. A more
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general version of this system arises in the study of the number of wild-type and mutant

cells under a two-type (Luria-Delbrück) population model stopped at a certain size, see

e.g. Komarova et al. [99]. The coefficient matrix of the system is sparse and banded, and

it has a certain structure which allows one to solve it in O(N3) arithmetic operations

[71], compared to O
(
(N2)3

)
= O(N6) for Gaussian elimination. Solving the system

directly is still not computationally feasible for the largest values of N , in which case

one must develop an approximate solution. See Komarova et al. [99] for a partial

differential equations approach. Our observations suggest another simple approach:

For N sufficiently large, one can approximate the fixed-size spectrum by the fixed-

time spectrum on j ≪ N . For j of order N , one can apply the 1/j2 skeleton law of

(3.14), since as we discuss next, the skeleton will be responsible for the large-frequency

mutations.

3.4.2 Transition between power laws

By Proposition 3.1 of Section 3.3.2, the SFS of the skeleton depends on the mutation

rate w and the extinction probability p0 only through the effective mutation rate w/q0.

By Proposition 3.2, however, the two parameters decouple in the SFS of the total

population. The mutation rate w scales the total population spectrum linearly, and the

same is true of a large population size N , but the dependence on p0 is more complex. To

better understand how p0 affects the spectrum, recall first that by (3.21), the asymptotic

expected fixed-time spectrum is given by

E[Sj(tN )|Z0(tN ) > 0] ∼ wN ·
∑∞

k=0
pk0

(j+k)(j+k+1) , N → ∞.

In Appendix B.6, we show that for fixed 0 < p0 < 1, sending j → ∞ in this expression

yields

wN ·
∑∞

k=0
pk0

(j+k)(j+k+1) ∼ (w/q0)N · 1/(j(j + 1)), j → ∞, (3.24)
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Figure 3.6: The small-frequency end of the total population spectrum transitions
between two power laws as p0 increases from 0 to 1. When p0 is small, the expected
fixed-time spectrum (3.20) of Proposition 3.2 (solid blue line) approximately follows the
the 1/j2 law of (3.24) (dotted red line). As p0 increases to 1, the small-frequency end of
the spectrum transitions to the 1/j law of (3.25) (dotted green line), while the 1/j2 law
increases according to (w/q0)N · 1/(j(j + 1)). Note that the y-axis is on a linear scale,
and that the scale of the rightmost panel is ten times larger than the scale of the other
two. Also note that the 1/j law of (3.25) is fixed as a function of p0 and is therefore
the same curve in all panels. Parameters are N = 104 and w = 1, and the spectrum is
shown only at the smallest frequencies j = 1, . . . , 100.

which is the 1/j2 power law given in (3.13)-(3.14) of Proposition 3.1. We also show that

for fixed j ≥ 1, sending p0 → 1 in the same expression yields

wN ·
∑∞

k=0
pk0

(j+k)(j+k+1) ∼ wN · 1/j, p0 → 1, (3.25)

which is the 1/j power law of the constant-sized Moran model of population genetics,

see Theorem 1.33 of Durrett [49]. When referring to results from Durrett [49], note

that there, the population is assumed to have size 2N , which is a common convention

in population genetics.

Recall that when p0 = 0, the SFS of the total population (Z0(t))t≥0 is the SFS of

the skeleton (Z̃0(t))t≥0. Expressions (3.24) and (3.25) suggest that when p0 > 0, the

SFS of (Z0(t))t≥0 continues to follow the 1/j2 skeleton law at the large-frequency end,

while a deviation starts to occur at the small-frequency end. In fact, as p0 approaches 1,

the small-frequency end transitions to the 1/j law of the constant-sized Moran model.

This is illustrated in Figure 3.6 for p0 ∈ {0.1, 0.5, 0.95} and N = 104. Note that the

y-axis is on a linear scale, and that the scale of the rightmost panel is ten times larger
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Figure 3.7: For a fixed, large value of the extinction probability p0, the expected
fixed-time spectrum (3.20) of Proposition 3.2 (solid blue line) transitions from the 1/j2

power law of (3.24) (dotted red line) at the large-frequency end to the 1/j power law
of (3.25) (dotted green line) at the small-frequency end. The dotted vertical line shows
the intersecting point j = 1/q0 − 1 of the two power laws in (3.24) and (3.25). In (a),
the parameters are N = 104, p0 = 0.99 and w = 1, and in (b), we increase the expected
tumor size to N = 105. Note that the transition between power laws occurs around the
same value of j in both cases, j = 1/q0 − 1.

than the scale of the other two. Also note that the 1/j law in (3.25) is independent of

p0, so it is the same curve in all panels. For small p0, the fixed-time spectrum (3.20) is

well-approximated by the 1/j2 law (3.24), and each lies below the 1/j law (3.25). To

see why, note that the 1/j law gives wN as the number of mutations found in one cell,

while the 1/j2 law gives (1/2)(w/q0)N , which is (1/2)wN for p0 = 0. As p0 increases to

1, the fixed-time spectrum (3.20) transitions to the 1/j law, while the 1/j2 law increases

according to (w/q0)N · 1/(j(j + 1)), diverging further and further from the fixed-time

spectrum. In Figure 3.7a, we show how for a fixed, large value of p0 (p0 = 0.99), the

fixed-time spectrum (3.20) transitions from the 1/j2 law at the large-frequency end to

the 1/j law at the small-frequency end. Note that the power laws of (3.24) and (3.25)

intersect at

j = 1/q0 − 1,

which gives an indication of the frequency at which the transition occurs. This in-

tersecting point is independent of N , as is illustrated in Figure 3.7b (dotted vertical

line).

To understand this transition between power laws, note that mutations that occur
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early in the evolution of a large tumor are only detected if they occur on the skeleton,

which is why mutations at large frequencies in a large tumor follow the 1/j2 skeleton

spectrum. For mutations that occur late, we need to consider both skeleton cells and

finite-family cells. When p0 is large, most cells are finite-family cells (their long-run

proportion is p0), and as p0 approaches 1, finite-family clones start to behave like a

critical branching process with net growth rate 0. This is why late mutations follow

the 1/j law of a constant-sized population. Thus, even though the branching process

dynamics of cell division and cell death are the same throughout the evolution of the

tumor, from the perspective of mutation accumulation, the tumor effectively behaves

like a pure-birth exponential growth process initially, and more like a constant-sized

process at the end, assuming a large extinction probability p0. The transition between

power laws is the transition between these two growth regimes.

Note finally that as we observed for the skeleton spectrum in Section 3.3.2, the fixed-

time spectrum (3.20) deviates from the 1/j2 law at the very largest frequencies (for j

of order N) in Figure 3.7, due to the variability in tumor size at time tN . It is therefore

more correct to say that for fixed large p0, the fixed-time spectrum transitions from

the skeleton spectrum at the large-frequency end to the constant-sized spectrum at the

small-frequency end, without reference to the power laws. It remains true, however,

that as p0 increases from 0 to 1, the small-frequency end of the spectrum transitions

between the two power laws.

3.4.3 Total mutational burden of the tumor

We next wish to quantify how p0 affects overall mutation accumulation. To this end, we

derive in Proposition 3.3 the expected total mutational burden of the tumor, both under

the fixed-time and fixed-size spectrum. This quantity indicates the genetic diversity

of the tumor, which has implications e.g. for its adaptability under treatment. It also

enables us to compute a normalized version of the SFS, which can be useful for parameter

estimation, as is discussed further in Section 3.5 below. Before stating the proposition,

we define Mj(t) :=
∑

k≥j Sk(t) as the number of mutations found in ≥ j cells at time t.

Proposition 3.3. (1) For 0 < p0 < 1, the expected total number of mutations in the
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fixed-time spectrum is given by

E[M1(tN )|Z0(tN ) > 0] = −wN · (1/p0) log(q0 + p0/N)

∼ −wN · log(q0)/p0, N → ∞.
(3.26)

For p0 = 0, E[M1(tN )] = w(N − 1) ∼ wN as N → ∞ by (3.16).

(2) Define S and A as in Proposition 3.2. The expected total number of mutations in

the fixed-size spectrum is given by

E[M1(τN )|τN <∞] = (w/q0) ·
∑N−1

k=1 (1− pN−k
0 )

(
1− h

(0,N)
(1,k) − h

(0,0)
(1,k)

)
, (3.27)

where for each (r, s) ∈ A, the vector
(
h
(r,s)
(ℓ,m)

)
(ℓ,m)∈S solves the linear system (3.23)

of Proposition 3.2. For p0 = 0, E[M1(τN )] = w(N −1) ∼ wN as N → ∞ by (3.16).

Proof. Appendix B.4.

Now, for ease of notation, write M1 := E[M1(tN )|Z0(tN ) > 0] for the expected total

mutational burden under the fixed-time spectrum. We are interested in comparing M1

with the expected number of mutations under the 1/j2 skeleton law of (3.24). To this

end, define

M̂1 := (w/q0)N, (3.28)

following (3.16). This simple estimate has been used e.g. in Ling et al. [108], where the

authors estimate the total number of mutations in a hepatocellular carcinoma (HCC)

tumor under a few different assumptions on tumor evolution. The ratio between M1

and M̂1 is, for 0 < p0 < 1,

M1/M̂1 = −(q0/p0) · log(q0 + p0/N)

∼ −(q0/p0) · log(q0), N → ∞.
(3.29)

In Figure 3.8a, we show this ratio as a function of p0 for N = 1000. The ratio is

decreasing in p0, it converges to 1 as p0 → 0, and it converges to 0 as p0 → 1. To give

some examples, in the N → ∞ limit, M1/M̂1 = 0.46 for p0 = 0.75 and M1/M̂1 = 0.047

for p0 = 0.99. Thus, if one is interested in estimating the total number of mutations
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Figure 3.8: Graphs of the metrics M1/M̂1 and S1/M1 given by (3.29) and (3.31),
as a function of p0. (a) Ratio between the expected total number of mutations in the
fixed-time spectrum, M1 := E[M1(tN )|Z0(tN ) > 0] given by (3.26), and the simple

estimate M̂1 of (3.28), derived from the 1/j2 skeleton law of (3.24), as a function of

p0 for N = 103. The two estimates M1 and M̂1 agree for p0 = 0, but M̂1 becomes a
significant overestimate of M1 as p0 increases. (b) The proportion of mutations found
in one cell, S1/M1 = φN (p0) as given by (3.31), quantifies the transition between the
1/j2 and 1/j power laws at the small-frequency end of the spectrum. Note that the
transition between power laws accelerates as p0 increases.

in an exponentially growing tumor, using the simple expression (3.28) implied by the

skeleton spectrum will result in a significant overestimate when p0 is large. Indeed, as

p0 increases, finite-family cells start to dominate the population, and they accumulate

mutations less efficiently than skeleton cells.

3.4.4 Proportion of mutations found in one cell

At the extremes p0 = 0 and p0 = 1, the small-frequency end of the SFS is character-

ized by the 1/j2 skeleton law and the 1/j constant-sized law, respectively. To better

understand how the small-frequency end behaves for intermediate values of p0, we next

determine the relative proportion of mutations found at the very smallest frequency,

i.e. in one cell. This metric quantifies the transition between the 1/j2 and 1/j power

laws at the small-frequency end, and it enables us to propose a simple estimator for p0

in Section 3.5 below.

In Appendix B.7, we show that in the fixed-time spectrum, the expected number of
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mutations found in one cell is given by, for 0 < p0 < 1,

E[S1(tN )|Z0(tN ) > 0] = wN · (1/p0)
(
1− 1/N + (q0/p0) log(q0 + p0/N)

)
∼ wN · (1/p0)(1 + (q0/p0) log(q0)), N → ∞.

(3.30)

As in Section 3.4.3, we write S1 := E[S1(tN )|Z0(tN ) > 0] for ease of notation. We then

define φN (p0) := S1/M1 as the proportion of mutations found in one cell. By (3.26)

and (3.30),

φN (p0) = −
(
1− 1/N + (q0/p0) log(q0 + p0/N)

) /
log(q0 + p0/N)

∼ −(1 + (q0/p0) log(q0))/ log(q0), N → ∞.
(3.31)

In Figure 3.8b, we show φN = S1/M1 as a function of p0 for N = 1000. The function

is strictly decreasing in p0, it converges to 0.50 as p0 → 0, and it converges to (1 −
1/N)/ log(N) as p0 → 1, which is of order 1/ log(N) for N large. In the p0 → 0 regime,

the SFS of the total population (Z0(t))t≥0 is the SFS of the skeleton (Z̃0(t))t≥0, in which

case half the mutations are found in one cell by Section 3.3.3. In the p0 → 1 regime,

the SFS of (Z0(t))t≥0 is the SFS of the constant-sized Moran model, in which case the

expected number of mutations is of order wN
∑N

j=1 1/j ∼ wN log(N) for N large, and

the proportion of mutations found in one cell is of order 1/ log(N). Note that the rate of

change of φN (p0) increases as p0 increases (Figure 3.8b). This implies that the deviation

from the 1/j2 skeleton law at the small-frequency end is initially slow for small values

of p0, but it accelerates as p0 increases and transitions quickly to the 1/j law for large

values of p0. It also implies that S1/M1 is more useful for distinguishing larger values

of p0 than smaller values, as will become more apparent in Section 3.5 below.

3.4.5 Spectra of individual large tumors (laws of large numbers)

The results of Proposition 3.2 hold in expectation, meaning that they apply to an

average SFS computed over a large number of tumors. If we want to use these results to

understand the evolutionary history of individual tumors, we need to know more about

how well they apply on a tumor-by-tumor basis. It is well-known that conditional on

the nonextinction event Ω∞, Z0(t) ∼ Y eλ0t as t→ ∞ almost surely, where Y follows the

exponential distribution with mean 1/q0 (Theorem 1 of Durrett [50]). In other words,
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Figure 3.9: Simulation results support the conjectured laws of large numbers (3.32)
and (3.33) for the fixed-time and fixed-size spectrum respectively. (a) Histogram of
S1(tN )

/
S1 over 104 simulation runs with N = 100, p = 0.7 and w = 1, where tN is

defined by (3.18), and S1 := E[S1(tN )|Z0(tN ) > 0] as given by (3.30). The y-axis is
normalized so as to approximate the density of the underlying probability distribution.
By comparison with x 7→ e−x, we see that S1(tN )

/
S1 appears to be a mean-1 exponential

random variable, which is consistent with the conjectured law of large numbers (3.32).
(b) When the population size is increased to N = 1000, S1(tN )

/
S1 retains the mean-1

exponential distribution, consistent with (3.32). (c) Histogram of S1(τN )/S1 over 104

simulation runs with N = 100, p = 0.7 and w = 1, where τN is defined by (3.19).
(d) Same as in (c), except now N = 1000. Together, (c) and (d) indicate that the
ratio S1(τN )

/
S1 concentrates around 1 as N increases, which is consistent with the

conjectured law of large numbers (3.33).
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Figure 3.10: Simulation results indicate that if the SFS is normalized by the total
number of mutations, the fixed-time and fixed-size spectrum obey the same law of
large numbers. (a) Histogram of (S1(tN )/M1(tN ))

/
(S1/M1) over 104 simulation runs

with N = 100, p = 0.7 and w = 1, where tN is defined by (3.18), and the expected
ratio S1/M1 is given by (3.31). Note the point masses at 0 and 2.44, which represent
simulation runs where S1(tN )/M1(tN ) = 0 and S1(tN )/M1(tN ) = 1, respectively. (b)
Same as in (a), except now, N = 1000. Together, (a) and (b) indicate that as N
increases, S1(tN )/M1(tN ) concentrates around S1/M1. This in turn suggests that if the
fixed-time spectrum is normalized by the total number of mutations M1(tN ), it obeys
the same law of large numbers as the normalized version of the fixed-size spectrum.

the tumor population Z0(t) eventually grows at exponential rate λ0, but the initial value

of the exponential growth function is random and depends on the individual tumor. We

can use this fact to formulate laws of large numbers for the fixed-time and fixed-size

spectrum, which we state formally as conjectures. In Appendix B.8, we present simple

calculations in support of these conjectures, and we also prove an analogous result (B.19)

for a simplified, semideterministic version of our model.

Conjecture. (1) Define tN as in (3.18). Then, there exists an exponential random vari-

able X with mean 1 so that for fixed j ≥ 1, conditional on Ω∞,

Sj(tN ) ∼ X · wN ·
∫ 1
0 (1− p0y)

−1(1− y)yj−1dy (3.32)

as N → ∞ almost surely.
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(2) Define τN as in (3.19). Then, for fixed j ≥ 1, conditional on Ω∞,

Sj(τN ) ∼ wN ·
∫ 1
0 (1− p0y)

−1(1− y)yj−1dy (3.33)

as N → ∞ almost surely.

Both the fixed-time conjecture (3.32) and the fixed-size conjecture (3.33) agree with

simulation results, see Figures 3.9 and 3.10. The main difference between (3.32) and

(3.33) is that the right-hand-side of (3.32) is stochastic, while the right-hand side of

(3.33) is a constant. The former expression has a random scaling factor X, which

captures the variability in tumor size at time tN , whereas the fact that the tumor size is

always N at time τN eliminates this variability in the latter expression. Note that since

E[X] = 1, the right-hand sides of (3.32) and (3.33) agree in the mean, and this mean

agrees with the right-hand side of the asymptotic spectrum (3.21) of Proposition 3.2.

Importantly, the scaling factor X in (3.32) is independent of j, which indicates that the

proportion of mutations found in j cells is the same in (3.21), (3.32) and (3.33). In other

words, according to these conjectures, if we normalize the SFS with the total number

of mutations, Sj(t)/M1(t), the fixed-time and fixed-size spectrum of an individual large

tumor will be completely characterized by the asymptotic expected spectrum (3.21)

of Proposition 3.2 (Figure 3.10). This can be useful for parameter estimation, as we

discuss next.

3.5 Signatures of cell viability

In this section, we use our theoretical results to propose a simple estimator for the

extinction probability p0, based on extracting one or more spatially separated subclones

from a tumor. By a subclone, we mean all currently living descendants of a given

common ancestor, i.e. all leaves of the branching tree started by a given tumor cell.

Since every clone or subclone derived from a single tumor cell obeys the same branching

process dynamics as the overall tumor, all of our previous results can be applied to

individual subclones.

We make the strong assumption that each cell in each sampled subclone can be
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single-cell sequenced so that all its mutations are captured, even at the smallest fre-

quencies, which is beyond current sequencing technology. Our main purpose with this

section is to show how the information contained in the small-frequency end of the SFS

can in principle be used to decouple the mutation rate w and the extinction probability

p0. We discuss practical considerations and potential alternative approaches in Section

5.9 below.

Say that we sample a subclone of size n. For 1 ≤ j ≤ n− 1, let sj be the number of

mutations found in j cells of the subclone, and let m1 :=
∑n−1

j=1 sj be the total number

of mutations. Here, we ignore mutations found in all cells of the subclone, since they

include (i) mutations that accumulate prior to tumor initiation, (ii) mutations that

occur post-tumor-initiation but prior to initiation of the subclone, and (iii) mutations

that occur post-subclone-initiation but still end up in all subclone cells. Let s1 be the

expected number of mutations found in one subclone cell under the fixed-time spectrum,

and let m1 be the expected total number of mutations under the fixed-time spectrum.

By (3.31), we can write

s1/m1 = φn(p0),

where φn(p0) is continuous and strictly decreasing in p0. In particular, φn(p0) is in-

vertible. This implies that given s1 and m1, p0 can be recovered from this expression

via

p0 = φ−1
n (s1/m1).

For the sampled values s1 and m1, this suggests the following estimator for p0:

p̂0(n) := φ−1
n (s1/m1). (3.34)

Of course, if the subclone is sampled at a certain size, it makes more sense to use the

fixed-size spectrum than the fixed-time spectrum. In addition, m1 excludes mutations

found in all subclone cells, while m1 includes some of these mutations. These potential

sources of error are minor and can easily be resolved if necessary, as we discuss in more

detail below.

Note that the ratio of expected values s1/m1 takes values in [(1− 1/n)/ log(n), 1/2]

by Section 3.4.4, whereas due to stochasticity, the sampled ratio s1/m1 can take any
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Figure 3.11: Histogram of the estimator p̂0(n) defined in (3.34) computed across 105

synthetic subclone samples of size n, given true values p0 ∈ {0.5, 0.7, 0.9} and w = 1.
In (a), the subclone size is n = 200, and in (b), the size is n = 1000. Together,
(a) and (b) indicate that as the size of the subclone increases, the estimator p̂0(n)
concentrates around the true value of p0, which in turn indicates statistical consistency
of the estimator.

value in [0, 1]. To complete the estimator in (3.34), we therefore extend the definition

of φ−1
n by setting

φ−1
n (x) :=

0, 1/2 ≤ x ≤ 1,

1, 0 ≤ x ≤ (1− 1/n)/ log(n).
(3.35)

For example, if we observe a ratio s1/m1 larger than 1/2, we default to the estimate

p̂0(n) = 0, since the expected ratio s1/m1 is largest (and equal to 1/2) for p0 = 0. Once

p0 has been estimated, an estimate for the mutation rate w can be obtained from (3.30)

or (3.26).
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n p0 mean median st. dev. defaults to 0 (%) defaults to 1 (%)

200 0.5 0.4694 0.5041 0.2099 0.0459 0

0.7 0.6755 0.7045 0.1505 0.0026 0

0.9 0.8839 0.9001 0.0725 0 0.00002

1000 0.5 0.4921 0.5000 0.0948 0.00002 0

0.7 0.6957 0.7010 0.0603 0 0

0.9 0.8979 0.9009 0.0266 0 0

Table 3.2: Performance metrics for the estimator p̂0(n) computed from the data that
underlies Figure 3.11. Both for n = 200 and n = 1000, the median of p̂0(n) accurately
recovers the true value of p0. In addition, the estimator improves in terms of standard
deviation both as n increases and as p0 increases.

The estimator p̂0(n) has the benefit of being simple to define and to compute. How-

ever, as was mentioned above, it may make more sense to use the fixed-size spec-

trum than the fixed-time spectrum, and m1 includes clonal mutations that arise post-

subclone-initiation, whereas m1 excludes these mutations. The second potential source

of error is minor, and it can easily be removed simply by subtracting from m1 the

contribution from mutations shared by all subclone cells. The first potential source of

error is also likely to be insignificant when n is large, since by the conjectured laws of

large numbers in Section 3.4.5, the normalized spectrum of an individual large subclone

is robust to whether it is observed at a fixed time or a fixed size. For smaller values

of n, one can replace s1 and m1 by the corresponding quantities (3.22) and (3.27) for

the fixed-size spectrum, which we denote here by s1 and m1. It remains true that we

can write s1/m1 = ψn(p0) for some function ψn of p0, which allows us to define an

estimator for p0 as before. However, the fixed-size estimator has to be obtained numeri-

cally, e.g. by precomputing ψn(p0) over a grid of values for p0, and minimizing the error

between the observed ratio s1/m1 and the expected ratio s1/m1 over the grid.

To evaluate p̂0(n), we use computer simulations to generate multiple independent

subclones of size n with true extinction probability p0, and for each generated subclone,

we compute the estimate p̂0(n). In Figure 3.11a, we show a histogram for p̂0(n) across

105 synthetic subclone samples of size n = 200 with true extinction probabilities p0 ∈
{0.5, 0.7, 0.9}. In Table 3.2, we show performance metrics for p̂0(n) computed across the

105 samples. For p0 = 0.5, the estimator defaults to p̂0(n) = 0 for 4.6% of the subclone
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samples, for p0 = 0.7, it defaults to 0 in 0.3% of cases, and for p0 = 0.9, it never defaults

to 0. For all values of p0, the median estimate of p̂0(n) accurately recovers the true

value, and as p0 increases, the quality of the estimate improves in terms of standard

deviation. In Figure 3.11b, we increase the subclone size to n = 1000 and observe a

marked improvement in the quality of p̂0(n). This indicates statistical consistency of

the estimator, meaning that p̂0(n) → p0 in probability as n → ∞, which would also

be a direct consequence of the conjectured laws of large numbers (3.32)-(3.33) and the

continuous mapping theorem. In other words, the estimator appears to recover the

true value of p0 with arbitrarily high precision given a sufficiently large subclone. Note

that the size of n required to return a high-precision estimate becomes smaller as p0

increases, making p̂0(n) especially useful when p0 is large. Indeed, as we remarked in

Section 3.4.4, the rate of change of the expected ratio s1/m1 increases as p0 increases,

making it more useful for distinguishing between larger values of p0 than smaller values.

Whenever it is possible to do multi-region sampling, there may be benefits to ex-

tracting multiple small, spatially separated subclones over a single large one. In this

more general setting, we sample K ≥ 1 subclones of size n. For 1 ≤ j ≤ n− 1, let skj be

the number of mutations found in j cells of subclone number k, and let mk
1 :=

∑n−1
j=1 s

k
j

be the total number of mutations in subclone k. We replace s1 and m1 in the definition

of p̂0(n) in (3.34) by the sums
∑K

k=1 s
k
1 and

∑K
k=1m

k
1 to obtain the estimator

p̂0(n,K) := φ−1
n

(∑K
k=1 s

k
1

/∑K
k=1m

k
1

)
. (3.36)

Of course, p̂0(n, 1) = p̂0(n). In Figure 3.12, we show a histogram for p̂0(n,K) evaluated

across 105 synthetic samples, each sample consisting of K = 5 independent subclones

of size n = 200. In Table 3.3, we show performance metrics computed across the 105

samples. Qualitatively, the histograms in Figure 3.12 are very similar to the histograms

of Figure 3.11b, and quantitatively, the performance metrics in Table 3.3 mimic those

for the n = 1000 case in Table 3.2. In other words, the quality of the estimate of p0

obtained from sampling one subclone of size 1000 is comparable to the one obtained

from sampling five subclones of size 200. In this scenario, it may make more sense to

extract multiple small subclones than one large one, since it is impossible to tell from a

single subclone sample alone whether the tumor as a whole can be considered as evolving
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Figure 3.12: Histogram of the estimator p̂0(n,K) of (3.36) computed across 105 syn-
thetic samples of K = 5 subclones of size n = 200, given true values p0 ∈ {0.5, 0.7, 0.9}
and w = 1. Note the similarity between these histograms and the histograms in (b) of
Figure 3.11, which indicates that sampling five subclones of size 200 gives a comparable
estimate of p0 to sampling a single subclone of size 1000 in these examples.

neutrally. Should there be differences in the subclone dynamics, a multiregion sample

may tease this out, and should the dynamics be the same, the estimate one obtains for

p0 will be of comparable quality to the single large subclone case.

3.6 Discussion

In this work, we have established exact expressions for the expected site frequency

spectrum of a tumor, or more generally any population, that evolves according to a

branching process with neutral mutations under the infinite-sites assumption of popu-

lation genetics. We first considered the skeleton subpopulation, consisting of cells with

an infinite line of descent, and obtained explicit expressions for the SFS of the skeleton

evaluated both at a fixed time and a fixed size. We then examined the total popula-

tion, deriving an explicit expression for the fixed-time spectrum and a computational

K n p0 mean median st. dev. defaults to 0 (%) defaults to 1 (%)

5 200 0.5 0.4965 0.5050 0.0957 0.00013 0

0.7 0.7000 0.7055 0.0612 0 0

0.9 0.8983 0.9014 0.0279 0 0

Table 3.3: Performance metrics for the the estimator p̂0(n,K) computed from the data
that underlies Figure 3.12. Note the similarity between these metrics and the lower half
of Table 3.2.
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expression for the fixed-size spectrum. Our results apply to mutations at small and

large frequencies, to tumor tissue samples and tumor subclones of any size, and to all

values of the extinction probability p0, even values as large as p0 = 0.90 and above,

which are broadly relevant for cancer. We now discuss in detail how our results relate

to results previously obtained in the literature.

We begin by stating skeleton results established by Durrett [50, 53], Bozic et al. [16]

and Williams et al. [160]. The result in Bozic et al. [16] says that for fixed 0 < f < 1,

the expected number of subclonal mutations found in a proportion ≥ f of cells at time

t is, as t→ ∞,

(w/q0)(1/f − 1). (3.37)

Note that this is a cumulative spectrum of mutations with frequency at least f . A simi-

lar result appears in Williams et al. [160] under a deterministic growth model. Durrett’s

result [50, 53], which preceded the other two, is given under continuous mutation accu-

mulation, and it includes clonal mutations, which by (B.15) of Appendix B.3 requires

adding ν/λ0 (= w/q0) mutations to (3.37). This yields (ν/λ0)(1/f) as the cumulative

spectrum, see Theorem 1 of Durrett [53] and Theorem 2 of Durrett [50].3 Under dis-

crete mutation accumulation, the number of clonal mutations is wp0/q0 by (3.14) of

Proposition 3.1, which yields the result (w/q0)(1/f) − w including clonal mutations.

The difference of w reflects the difference in the number of clonal mutations between

the discrete and continuous model, see Appendix B.3.

To compare the 1/f law in (3.37) with our results of Proposition 3.1, recall that by

(3.14), the fixed-size skeleton spectrum can be written as E[S̃j(τ̃N )] = (w/q0)N ·1/(j(j+
1))− (wp0/q0)δ1,j for j = 1, . . . , N − 1. Under this spectrum, it is easy to compute the

expected number of subclonal mutations found in a proportion ≥ f of skeleton cells as

E
[∑N−1

j=⌈Nf⌉ S̃j(τ̃N )
]
= (w/q0)N ·

(∑N−1
j=⌈Nf⌉ 1/(j(j + 1))

)
− (wp0/q0)δ1,⌈Nf⌉

= (w/q0)N ·
(
1/⌈Nf⌉ − 1/N

)
− (wp0/q0)δ1,⌈Nf⌉

∼ (w/q0)(1/f − 1), N → ∞. (3.38)

3There is an apparent typo in Theorem 1 of Durrett [53]. The result is written as (ν/q0)(1/f) in our
notation, but should be (ν/λ0)(1/f). This is corrected in Theorem 2 of the later notes Durrett [50] by
the same author.
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The 1/f law in (3.37) can therefore be viewed as a cumulative version of our 1/j2 law.

Note that (3.37) is established in the fixed-time regime in the above cited works, while

the calculations in (3.38) show that the 1/f law also holds in the fixed-size regime.

To summarize, in the fixed-size regime, we have established exact adherence to the

1/j2 law on j = 2, . . . , N − 1 for any skeleton size N ≥ 2, and our result implies the

cumulative 1/f law as N → ∞. In the fixed-time regime, we have established the exact

expression (3.12), which converges to the 1/j2 law for j ≪ N as N → ∞. The 1/f

result in (3.37) complements our fixed-time result, since it confirms that if we compute

the spectrum of mutations found in a certain proportion of cells, rather than in a certain

number of cells, the fixed-time spectrum converges to the same 1/f law as the fixed-size

spectrum as N → ∞, including at the very largest frequencies. It should be emphasized

that the 1/f law, which has been extensively cited in the literature, is an asymptotic

result established for the skeleton. For the total population, including finite-family cells,

the 1/f law is applicable only to mutations at large frequencies in a large tumor. This

is particularly the case for low-viability tumors.

The expressions (3.20) and (3.21) for the expected fixed-time spectrum of Proposi-

tion 3.2 have been previously obtained by Ohtsuki and Innan [124] under the assumption

of deterministic growth of the tumor bulk and stochastic growth of mutant subclones,

which is a reasonable approximation when p0 is small. We have established these expres-

sions for the fully stochastic model and for all values of p0, by evaluating the spectrum

at the fixed time tN at which a surviving tumor has expected size N , defined in (3.18),

and conditioning on the survival event {Z0(tN ) > 0}. We have also conjectured the laws

of large numbers (3.32) and (3.33) for the fixed-time and fixed-size spectrum, supported

by heuristic calculations and simulations. We have proved a law of large numbers (B.19)

for the semideterministic model of Ohtsuki and Innan [124], see Appendix B.8, and we

plan to prove the fully stochastic results (3.32) and (3.33) in a future work. Lambert

[101] has proved a similar result in the context of a coalescent point process (CPP), a

framework under which an extant population is endowed with a coalescent structure

that specifies how lineages coalesce when traced backwards in time. Lambert’s result,

see his Theorem 2.3, deals with a ranked sample of individuals from a CPP in the

large-sample limit, and it has the same form as our conjectured fixed-size law of large

numbers (3.33), the latter applying to our forwards-in-time branching process stopped
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at a certain size. The expected fixed-size spectrum (3.22) of Proposition 3.2 is new

as far as we know, as well as expressions (3.26) and (3.27) of Proposition 3.3 for the

expected total mutational burden of the tumor.

All of the above results hold under the infinite-sites model of population genetics.

Cheek and Antal [35] have recently examined the SFS of an exponentially growing

population without this assumption, citing single-cell sequencing results of Kuipers et al.

[100] as motivation. They observe that if recurrent mutations are allowed (but no back

mutations), and there are S sites in the genome, the expected SFS at time t can be

computed as S ·P(Y (t) = j), where Y (t) is the number of mutants at time t in a two-type

model of wild-type and mutant cells, each growing at the same rate. Then, to compute

the SFS, one needs the distribution of Y (t), which has been obtained under various

assumptions e.g. by Antal and Krapivsky [3], Kessler and Levine [89, 90], and Keller

and Antal [88]. Cheek and Antal obtain SFS results under limits of large time/size

and small mutation rate, and their results obey 1/j2 power laws at large frequencies.

However, when the mutation rate is sufficiently large compared to the population size,

their small-frequency behavior diverges from ours, see e.g. their Figure 1. Yet other

authors have substituted the infinite-sites model with the infinite-alleles model, under

which each new mutation creates a new type of individual, see e.g. Champagnat et al.

[31], Griffiths and Pakes [74], Pakes [125], Wu and Kimmel [166]. Under this model,

the site frequency spectrum is usually replaced by an allele frequency spectrum, which

tracks frequencies of genetically distinct individuals, known as haplotypes [101].

Our complete theoretical results give rise to several important insights. First of

all, whereas the fixed-time and fixed-size skeleton spectrum depends on the mutation

rate w and the extinction probability p0 only through the effective mutation rate w/q0,

the two parameters decouple in the total population spectrum. The mutation rate w

scales the spectrum linearly, whereas the extinction probability p0 changes its shape

at the small-frequency end. In fact, as p0 increases from 0 to 1, the small-frequency

end of the spectrum transitions from the 1/j2 power law characteristic of pure-birth

exponential growth to the 1/j law characteristic of constant-sized populations. We

examined the simple metrics M1/M̂1 and S1/M1 that quantify this transition, where

M̂1 is the expected total mutational burden under the 1/j2 power law spectrum. We

saw that M1/M̂1 → 0 as p0 → 1, which suggests that the simple estimate M̂1 of the
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total number of mutations, applied e.g. in Ling et al. [108], is a significant overestimate

of the actual expected number of mutations M1 when p0 is large. We finally used the

metric S1/M1 to propose a simple estimator for p0, based on sampling one or more

spatially separated subclones from a tumor. This estimator accurately recovers the true

value of p0 from synthetic single-cell sequencing data, and it is most accurate when p0

is large.

Our proposed estimator is currently of more theoretical than practical significance.

It assumes that complete subclones of a given size can be reliably extracted from a

tumor sample, and that each cell in each subclone can be single-cell sequenced so that

all of its mutations are captured. We have proposed the estimator mainly to emphasize

the information contained in the small-frequency end of the spectrum, and to show

how it can in principle be used to decouple w and p0 using the SFS alone. Whether

and how this decoupling can be achieved under current and foreseeable limitations of

genomic data warrants further investigation. For example, one can derive an estimator

based on sj/mj for j > 1, where mj :=
∑n−1

k=j sk, which excludes mutations found at

the smallest frequencies. One can also design a more elaborate estimating procedure,

which retains some of the smallest frequencies, but explicitly models the sequencing

error. As it becomes easier to distinguish small-frequency mutations from sequencing

errors, our simple estimator may at the very least provide quick and easy identification

of low-viability tumors, and complement other more involved techniques.

We finally note that the estimation of w and p0 relies on several assumptions on

tumor evolution. First of all, our model assumes that all mutations are selectively

neutral. While this assumption is likely reasonable for smaller tumor subclones, it may

be hard to verify that a subclone estimate is representative for the tumor as a whole. Our

model also assumes exponential growth throughout tumor evolution, whereas e.g. due

to spatial constraints and nutrient availability, the growth may be subexponential both

during the early and late stages. Finally, our model assumes that the mutation rate is

constant over time, and that the infinite-sites assumption holds for the tumor sample

being analyzed. We note that the SFS-based estimates of w/q0 obtained by Williams

et al. [160] and Bozic et al. [16] are derived from the large-frequency end of the SFS,

which reflects early tumor dynamics. The same is true of the Werner et al. [158] method

of decoupling w and p0 by tracing genealogies of spatially separated bulk samples,
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since the common ancestors of these samples are likely to have existed early in tumor

evolution. Conversely, our suggested approach of utilizing the small-frequency end of the

SFS will more reflect late tumor evolution. On the one hand, in the evolving discussion

of tumor evolutionary history inference, it is important to acknowledge that any given

estimation procedure may only give a temporally or spatially constrained picture of the

dynamics. On the other hand, utilizing different parts of the SFS, or combining SFS

estimates with other estimates, may allow one to glean insights into the dynamics at

different stages of tumor evolution, and to possibly assess the validity of any modeling

assumptions.



Chapter 4

Understanding the role of

phenotypic switching in cancer

drug resistance

4.1 Introduction

While cancer has traditionally been considered a genetic disease driven by Darwinian

evolution at the somatic level, it is now increasingly recognized that non-genetic sources

of phenotypic variation may play an important role in tumor initiation, tumor progres-

sion and the evolution of drug resistance [21, 22, 56, 62, 84, 109, 112, 163]. Common

sources of non-genetic heterogeneity include DNA methylation, histone modifications

and other epigenetic mechanisms that alter gene expression, without changing the ge-

netic code, by controlling DNA accessibility during transcription, replication and repair

[165]. Since these mechanisms frequently operate at a significantly faster rate than ge-

netic mutations, they can serve as a substrate for natural selection and permanently

influence tumor evolution in the absence of any genetic events [21, 22, 84]. Another

common source of variation in gene expression is the inherent stochasticity of intracel-

lular biochemical reactions, which includes transcriptional noise. This stochasticity may

give rise to heritable expression levels, albeit on the short time scale of one to a few cell

divisions, whereas retention of epigenetic modifications has been estimated on the order

74
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of 10-105 cell divisions [37, 119, 140]. As we will find, even such short-term phenotypic

states can dramatically impact the course of tumor evolution.

Here, we are primarily interested in the role of non-genetic mechanisms in con-

ferring acquired resistance to anti-cancer treatment, as has been explored in several

recent experimental works. In Sharma et al. [139], for example, the authors investi-

gate the acute response of several cancer cell lines1 to targeted anti-cancer agents, and

they consistently observe the emergence of a drug-tolerant phenotype (DTP) that is

‘transiently acquired and relinquished by individual cells within the population at a

low frequency’. The authors draw an analogy between DTP’s and slowly-proliferating

antibiotic-tolerant ‘persisters’ commonly observed in microbial populations [8, 43, 139],

whose survival within a more rapidly proliferating population represents an evolution-

ary means of ’bet-hedging’ against potential environmental stresses [68, 83, 115, 118].

Liau et al. [106] and Roesch et al. [133, 134] similarly describe slow-cycling DTP’s in

glioblastoma and melanoma, respectively, and Knoechel et al. [95] identify a reversible

drug-tolerant state in leukemia which appears to be epigenetically mediated. For even

further examples of experimental studies describing (often stem-like) non-genetic phe-

notypces associated with tumorigenic potential or drug resistance in cancer, we refer to

e.g. [29, 33, 127, 137, 145], as well as recent reviews by Reyes and Lahav [131] and Salgia

and Kulkarni [136]. We now turn our attention to such studies that also incorporate a

modeling component.

In Gupta et al. [77], the authors employ a mathematical model of stochastic switching

between three cell types to infer the rates at which breast cancer cells transition be-

tween a selectively resistant stem-like state and two non-stem-like states. Su et al. [144]

show that phenotypic switching between a drug-sensitive and drug-resistant state in

melanoma is well-captured by a similar model, and their study reveals the critical role

played by drug-induced adoption of the resistant state, relative to selection of preexisting

cells in this state. Goldman et al. [72] further provide evidence of chemotherapy-induced

switching to a resistant CD44HiCD24Hi expression status in breast cancer, and Pisco

et al. [126] show that vincristine resistance in leukemia, mediated by overexpression

of the multidrug resistance protein 1 (MDR1), is primarily due to therapy-accelerated

adoption of the overexpressed state. Thus, while reversible drug-tolerant cells may

1Non-small cell lung cancer, melanoma, colorectal cancer, breast cancer and gastric cancer.
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arise naturally in drug-näıve cell populations, their emergence can also be directly in-

fluenced by anti-cancer treatment. Further complicating the picture, Craig et al. [38]

have hypothesized that genotypically and phenotypically distinct cells can cooperate to

induce the adoption of drug tolerance, although the potential mechanism behind such

cooperation remains unclear.

Whereas transiently resistant cells serve the immediate function of protecting the

tumor population from extinction, their ultimate role appears to be to set the stage

for the evolution of more permanent resistance mechanisms, both of the genetic and

epigenetic kind. In Sharma et al. [139], for example, the authors report that during

prolonged exposure of EGFR-mutant non-small cell lung cancer (PC9) to erlotinib, a

fraction of drug-tolerant cells become capable of proliferating normally in drug, and

that this more aggressive phenotype reverts less readily to sensitivity once removed

from drug. During even more prolonged exposure, Ramirez et al. [128] find that PC9

persister cells give rise to diverse genetic resistance mechanisms, including de novo

adoption of the EGFRT790M gatekeeper mutation commonly observed in the clinic

(see also Hata et al. [78]). Shaffer et al. [138] report findings conceptually similar to

Sharma et al. for melanoma cells treated with vemurafenib, and they further report that

prolonged drug exposure induces epigenetic reprogramming of the drug-tolerant state,

ultimately leading to a stable drug-resistant phenotype.

The above studies indicate that tumor cells in a wide variety of cancer types have

the ability to adopt reversible drug-resistant phenotypes, which can in turn facilitate

the eventual acquisition of bona fide resistance mechanisms. Such phenotypes can both

preexist anti-cancer treatment and be specifically induced or accelerated by therapy.

The relatively fast rate at which non-genetic phenotypes can be adopted, as compared

to resistance-conferring mutations, poses a major challenge for clinical strategies. A

deeper understanding of these dynamics is crucial to furthering our understanding of

cancer and to informing novel therapeutic efforts. Here, we develop a mathematical

model to investigate the evolutionary dynamics of a cell population that is able to em-

ploy transiently resistant states as a survival strategy. Our goal is to gain quantitative

insights into resistance evolution in this setting, to highlight some of its unique charac-

teristics, and to discuss how an understanding of these dynamics can inform the design

of treatment strategies.
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Figure 4.1: Graphical representation of the model. Type-0 (drug-sensitive) cells tran-
sition to type-1 (transiently resistant) cells at rate µ and type-1 cells transition back at
rate ν. Each phenotype has distinct growth characteristics, with r0 and r1 denoting the
rates of cell division and d0 and d1 denoting the rates of cell death. In the presence of
an anti-cancer agent, the transiently resistant type-1 phenotype undergoes epigenetic
reprogramming to stable drug resistance at rate η. Additionally, each cell type can
acquire a resistance-conferring mutation at rate ξ0 and ξ1 per cell division, respectively,
on and off drug. Stably resistant (type-2) cells divide at rate r2 and die at rate d2.

4.2 Model description

We consider a multi-type branching process model [6], in which cells switch stochas-

tically between two distinct phenotypes, the drug-sensitive type-0 phenotype and the

drug-resistant type-1 phenotype. A type-0 cell divides into two type-0 cells at (Pois-

son) rate r0, it dies at rate d0 and adopts the type-1 phenotype at rate µ > 0, with

λ0 := r0 − d0 the net birth rate2. A type-1 cell divides at rate r1, dies at rate d1 and

reverts to type-0 at rate ν > 0, with λ1 := r1 − d1 the net birth rate (Fig 4.1). To cap-

ture the drug-sensitivity of type-0 cells and drug-resistance of type-1 cells, we assume

that λ0 < 0 and λ1 > 0 in the presence of an anti-cancer agent. Although this model

assumes that switching between phenotypes can occur at any time during the cell cycle,

it can easily be adjusted to allow switching to only occur at cell divisions (Appendix

C.5).

These general two-type switching dynamics enable description of a variety of sources

of phenotypic heterogeneity; for example, short-term drug-tolerant states conferred by

transcriptional noise can be captured by a large reversion rate ν, while longer-term

states induced by epigenetic phenomena are captured by a smaller ν. We also note that

2This means that each type-0 cell waits an exponential amount of time with rate a0 := r0 + d0 +
µ (i.e. the waiting time is exponentially distributed with mean 1/a0) before it either divides with
probability r0/a0, dies with probability d0/a0, or adopts the type-1 phenotype with probability µ/a0.



78

the switching rates µ and ν are in general distinct, since the mechanism underlying

phenotypic switching is in general asymmetric. A simple example is DNA methyla-

tion/demethylation, where de novo methylation is carried out by the DNA methyltrans-

ferases DNMT3a and DNMT3b, while demethylation usually occurs due to a failure of

the maintenance methyltransferase DNMT1 to faithfully preserve methylation patterns

during cell division [57]. In what follows, we will usually refer to the transition from

type-0 to type-1 as an epimutation and the transition back as a reversion, while keeping

more general sources of non-genetic variation (e.g. transcriptional noise) in mind.

To capture the evolution of more permanent resistance mechanisms, we assume that

under anti-cancer treatment, the type-1 phenotype undergoes epigenetic reprogramming

to a stably resistant phenotype at rate η. Alternatively, type-0 and type-1 cells can

acquire a resistance-conferring mutation at rate ξ0 and ξ1 per cell division, respectively

(i.e. the mutation rate per time unit is r0ξ0 for type-0 cells and r1ξ1 for type-1 cells),

both in the presence and absence of the anti-cancer agent (Fig 4.1). Stably resistant

(type-2) cells divide at rate r2 and die at rate d2, with λ2 := r2 − d2 > 0 the net birth

rate. We assume throughout that no type-2 cell is present at detection, focusing on how

acquired resistance develops during anti-cancer treatment.

We note that the model outlined above assumes that epigenetic reprogramming

from type-1 to type-2 occurs in a single stochastic event. Single-stage reprogramming is

consistent e.g. with a model of epigenetic gene silencing under recruitment of chromatin

regulators suggested in a recent paper by Bintu et al. [11], and with Brown et al.’s [22]

notion of ’epigenetically poised’ states that evolve to fixed acquired-resistant states via

DNA methylation. Conversely, a multi-stage (or more continuous) model appears more

consistent e.g. with the findings of Sharma et al. [139] and Shaffer et al. [138] described

above, although the data in these works are insufficient to infer an exact model. The

distinction between single-stage and multi-stage reprogramming will not be important

to much of our investigation, since in Sections 4.4.1-4.4.2, we focus on behavior in the

absence of permanent resistance mechanisms (η = 0 and ξ0 = ξ1 = 0). In Sections

4.4.3-4.4.4, we work with the minimal single-stage model, as this allows us to gain

theoretical insights into the role played by transiently resistant phenotypes in facilitating

the evolution of more permanent resistance mechanisms in the simplest possible setting,

in terms of a single reprogramming parameter η. Our results in these sections will
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still be meaningful for the multi-stage case if we interpret the type-2 phenotype more

generally as a stabler and more aggressive form of epigenetic resistance, not necessarily

representing a permanent acquired-resistant state. Moreover, once multi-stage models

are better understood mechanistically and quantitatively, our analysis can be easily

extended to capture these more complex dynamics, using the same multi-type branching

process framework as employed below.

4.2.1 Parametrization

For demonstration purposes, we adopt a baseline parameter regime chosen to mimic in

vitro behavior of EGFR-mutant non-small cell lung cancer (PC9) reported by Sharma

et al. [139] and Hata et al. [78]. We estimate the birth and death rates of all phenotypes

and the epimutation rate µ using these works, but refer to other works for estimation of

the reversion rate ν and the rates η, ξ0 and ξ1 of stable resistance acquisition. Details

are provided in Appendix C.1. The exact parameter values are not important to our

investigation, but rather the qualitative setting encoded in the regime: Type-0 cells

proliferate rapidly in the absence of an anti-cancer agent and die rapidly in its presence,

while type-1 cells are able to maintain slow net proliferation under the anti-cancer agent.

Epigenetic reprogramming is further assumed to occur at a faster rate than resistance-

conferring mutations. To ensure that our main insights are not particular to our chosen

regime, but that they apply more generally across cancer cell populations capable of

adopting slow-cycling, transiently resistant phenotypes, we will usually examine a range

of possible switching dynamics. We furthermore discuss the sensitivity of our results to

main model parameters, and perform robustness analysis where appropriate. We finally

note that the rapid in vitro dynamics that underlie Figures 4.2 can be translated into

slower in vivo dynamics through appropriate rescaling of time, as is discussed in Section

4.4.

4.3 Mean behavior and survival probability

We begin by deriving expressions for the average number of type-0 and type-1 cells alive

at any time t, assuming the absence of permanent resistance mechanisms (i.e. η = 0

and ξ0 = ξ1 = 0). These expressions will be useful both for analyzing long-term tumor
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evolution and for estimating the time at which permanent resistance first arises (Section

4.4.4).

Assume that the tumor consists of n type-0 cells and m type-1 cells at the start of

anti-cancer treatment. We will both be interested in the case m = 0, where resistance

is mediated by drug-induced adoption of the type-1 phenotype, and m ≫ 0, where

transiently resistant cells preexist treatment (in significant numbers). The switching

dynamics of tumor cells are encoded in the infinitesimal generator for the process,

A =

λ0 − µ µ

ν λ1 − ν

 , (4.1)

where λ0 − µ (resp. λ1 − ν) is the net rate at which a type-0 (type-1) cell produces

another type-0 cell, and µ (resp. ν) is the transition rate from type-0 to type-1 (type-1

to type-0). If we let ϕ0(t) (resp. ϕ1(t)) denote the mean number of type-0 (type-1) cells

alive at time t, we can calculate these means as

[ϕ0(t) ϕ1(t)] = [n m] exp(At), (4.2)

which allows use to derive the following expressions:

ϕ0(t) =
nδ +m

δ + γ
eσt +

nγ −m

δ + γ
eρt,

ϕ1(t) =
γ(nδ +m)

δ + γ
eσt − δ(nγ −m)

δ + γ
eρt.

(4.3)

Details of the derivation are provided in Appendix C.2. The rate constants σ and ρ,

with σ > ρ, are the (real) eigenvalues of the infinitesimal generator A, given by

(λ0 − µ) + (λ1 − ν)±
√
((λ0 − µ)− (λ1 − ν))2 + 4µν

2
. (4.4)

In addition,

γ := (σ − (λ0 − µ))/ν > 0 (4.5)
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is the long-run ratio between type-1 and type-0 cells in the tumor population, and

δ := ((λ0 − µ)− ρ)/ν > 0 (4.6)

is the long-run ratio between the size of a clone derived from a single type-0 vs. a single

type-1 cell. Note that the mean behavior of the process can either be expressed as a

function of the fundamental constants λ0, λ1, µ and ν, which capture single-cell level

dynamics, or as a function of the derived quantities γ, δ, σ and ρ, which capture long-

run population-level behavior and may be more easily observable in an experimental

setting. Also note that the above expressions only depend on the birth and death rates

of each cell type through their net birth rates λ0 = r0 − d0 and λ1 = r1 − d1.

As expression (4.3) indicates, the long-run behavior of the tumor population is de-

termined by the sign of the rate constant σ. The population survives with positive

probability if and only if σ > 0, in which case it is said to be supercritical, while ex-

tinction is guaranteed for σ < 0, in which case it is subcritical (see e.g. [6] for further

information). For a supercritical population, the survival probability can be computed

by solving a system of two nonlinear equations, as is outlined in Appendix C.3.

4.4 Results

4.4.1 Resistance driven solely by phenotypic switching

We begin by investigating whether phenotypic switching can drive long-term resistance

to continuous anti-cancer treatment, even in the absence of permanent resistance mech-

anisms (i.e. η = 0 and ξ0 = ξ1 = 0). By examining when σ > 0, we can show that tumor

survival is possible (i.e. the tumor cell population is supercritical) if and only if

νλ0 + µλ1 > λ0λ1 (4.7)

(see Appendix C.4 for details). By rewriting this condition as (recall that λ0 < 0 under

anti-cancer therapy)

ν/λ1 − µ/|λ0| < 1, (4.8)
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we see that the rates ν/λ1 and µ/|λ0| of phenotypic switching, relative to net growth (or

net decay) of each phenotype, determine whether the tumor can persist under therapy.

It is furthermore easy to see that a sufficient condition for (4.8) is

ν/λ1 ≤ 1 or 1/ν ≥ 1/λ1, (4.9)

which can be interpreted as a simple condition on the time scale of ’phenotypic mem-

ory’: The tumor population has a chance of surviving treatment whenever the average

memory 1/ν of the resistant state equals or exceeds 1/λ1.

If we assume that the growth characteristics of type-0 and type-1 cells (λ0 and λ1)

are fixed, the condition (4.8) for supercriticality can be viewed as describing the region

in the (µ, ν) plane that lies below the ’critical line’

ν = λ1/|λ0| · µ+ λ1. (4.10)

Since µ and ν are small, and they may differ by orders of magnitude, it is more instructive

to visualize their relationship on a logarithmic scale. In Figure 4.2a, we show this log-

scale ’critical curve’ for two cases: (i) λ1 ≪ |λ0|, i.e. type-0 cells die rapidly and type-1

cells proliferate slowly under anti-cancer treatment, as in our baseline parameter regime,

and (ii) λ1 ∼ |λ0|, i.e. the type-1 net birth rate is of the same order as the type-0 net

death rate. In both cases, the tumor population is supercritical for ν ≤ λ1 (region A),

which is our sufficient condition from (4.9), but the population can still be supercritical

for ν > λ1 (region B for λ1 ≪ |λ0| and regions B+C for λ1 ∼ |λ0|), the degree to which

is controlled by the slope λ1/|λ0| in (4.10).

We conclude from the above that phenotypic switching can in fact drive long-term

drug resistance in the absence of more permanent resistance mechanisms, and we identify

two qualitatively distinct evolutionary pathways to such resistance:

1. ν ≤ λ1: Population survival is driven by sufficiently long retention of the resistant

phenotype, independently of the rate of epimutation (µ) and type-0 sensitivity to

the anti-cancer agent (λ0).

2. ν > λ1 and µ > λ0(1−ν/λ1): Type-1 cells lose the resistant phenotype too quickly

to sustain the tumor by themselves, but this loss is compensated by sufficiently
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Figure 4.2: (a) Graphical depiction of the region in the (µ, ν) plane where the tumor
cell population is supercritical (the region below the line in (4.10)), displayed here on
a logarithmic scale for two cases (λ1 ≪ |λ0| and λ1 ∼ |λ0|). The two curves are drawn
assuming r1 = 0.0162 (per hour) and d1 = 0.015, and r0 = 0.04 and d0 = 0.08 for
the λ1 ≪ |λ0| case (baseline parameter regime), and r0 = 0.004 and d0 = 0.008 for
the λ1 ∼ |λ0| case. Since the slope of (4.10) is λ1/|λ0| > 0, and it intercepts the ν-
axis at ν = λ1, the population is supercritical whenever ν ≤ λ1, independently of the
relationship between λ0 and λ1 (region A). When phenotypic memory is short (ν > λ1),
the population can still be supercritical, the degree to which depends on the slope
λ1/|λ0| (region B for λ1 ≪ |λ0| and regions B+C for λ1 ∼ |λ0|). (b) Time-evolution
of the expected number (log-scale) of type-0 cells (dark curve) and type-1 cells (light
curve) during continuous anti-cancer treatment, assuming no transiently resistant cell
is present at detection (m = 0), calculated using (4.3). Parameter values are r0 = 0.04
(per hour), d0 = 0.08, r1 = 0.0162, d1 = 0.015, µ = 4 · 10−5, ν = 4 · 10−4, η = 0,
ξ0 = ξ1 = 0, n = 106 and m = 0. (c) Same as (b), except now r0 = 0.004 (per hour)
and d0 = 0.008.

fast adoption of the resistant state.

If we assume d1 = 0, i.e. type-1 cells have a stem-like ability to proliferate indefi-

nitely, the first condition implies that even single-generation phenotypic memory may

be sufficient to confer long-term resistance, while the second condition implies that even

non-heritable traits, e.g. stochastic variation in gene transcription, may be able to save

the tumor from extinction.

To further elucidate the coevolutionary dynamics between type-0 and type-1 cells,

we show in Figure 4.2b the long-term expected behavior of the population in the baseline

parameter regime, assuming no transiently resistant cell is present at detection (m = 0).

When the anti-cancer agent is applied, sensitive type-0 cells initially die at a fast rate,

while a small fraction of them adopts the resistant type-1 phenotype. Eventually, the

population settles into an equilibrium where back-and-forth epimutations of type-0 cells
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and reversions of type-1 cells drive an expansion of both subpopulations, albeit at a

slow rate. Once the type-1 population has reached a sufficient size, we can expect it to

develop more permanent resistance mechanisms, as is discussed further in subsequent

sections. In Figure 4.2c, we show long-term expected behavior under an alternative

parameter regime, where |λ0| is reduced so that it is of the same order as λ1 (λ1 ∼ |λ0|).
In this regime, type-0 decay is less rapid under anti-cancer treatment, which implies

both that the type-1 population builds up more quickly, and that more type-0 cells

remain at equilibrium. Note that the equilibrium proportion between type-1 and type-0

cells can in general be computed using expression (4.5) above.

By examining cell behavior at the individual level, we observe that each type-0 cell

is almost guaranteed to go extinct in the baseline regime (it survives with probability

0.005%), while each type-1 cell survives with 4.9% probability (Equation C.9). Despite

these odds, the anti-cancer agent is unsuccessful in eradicating the drug-sensitive pop-

ulation due to the dynamic switching between phenotypes. In fact, the population as

a whole is guaranteed to survive treatment (Equation C.10), which is due to the sub-

stantial buffer of type-1 cells that accumulates through type-0 epimutations at the start

of treatment and protects the somewhat fragile type-1 population against extinction.

These survival probabilities are generally robust to significant variation in r0, d0, r1 and

d1, as we display in Table C.3 in Appendix C.8. The main exception occurs when r1

and d1 are changed so that the population becomes subcritical, in which case there is no

chance of tumor survival. This transition from guaranteed tumor survival to guaranteed

extinction can be quite abrupt, as we explore further in Section 4.4.2.

The above example allows us to glean two important insights: First of all, the

relatively rapid adoption of an epigenetically-mediated resistant phenotype places less

restrictions on the robustness of such a phenotype than what is the case for a rare genetic

variant arising through mutation. Thus, even a barely viable non-genetic phenotype may

allow the tumor population to escape anti-cancer therapy with 100% probability, in the

absence of any more permanent resistance mechanisms. Secondly, a tumor population

that appears to be static or slow-growing at the population level may in fact be driven

be rapid switching dynamics at the single cell level, and uncovering the exact dynamics

may be crucial to understanding how the population responds to treatment, which is

the subject of our next section.
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4.4.2 Tumor survival when switching dynamics are perturbed

Targeted epigenetic agents, e.g. inhibitors of DNA methylation and histone deacetyla-

tion, have been considered both as a means of reversing the tumorigenic potential of

cancer cells and of resensitizing resistant cells to anti-cancer therapy (see e.g. [10, 61,

73, 87, 114]). In this section, we examine how the probability of tumor survival under

continuous anti-cancer treatment depends on the rate of epimutation (µ) and reversion

(ν). We then extract insights into the potential benefits of a joint application of an

anti-cancer agent, aimed at killing the tumor bulk, and an epigenetic drug, aimed at

disrupting the phenotypic switching dynamics.

The probability of survival of the tumor cell population, derived in Appendix C.3,

is shown in Figure 4.3a as a function of µ and ν. We consider first the case where

no transiently resistant cell preexists treatment (m = 0) and permanent resistance

mechanisms are absent (η = 0 and ξ0 = ξ1 = 0). We observe transitions in the dynamics

around threshold values of µ′ ∼ 10−6 and ν ′ ∼ 10−3 per hour. The latter threshold

reflects a regime change from supercriticality to subcriticality, since the baseline value

for the net birth rate λ1 is of order 10−3 per hour (the population is supercritical below

the ’critical curve’ in Fig 4.3a; see Section 4.4.1). When the population is subcritical, the

tumor goes extinct with 100% probability, since the high reversion rate ν to sensitivity

makes it impossible for type-1 cells to expand under treatment. In the supercritical

regime, there is always some positive probability that the tumor survives, although

this probability will be small for low epimutation rates (µ ≪ 10−6). For example,

the tumor survival probability corresponding to µ = 10−10 and ν = 10−4 in Figure

4.3a is 0.017%, since in this case, epimutations are so infrequent that the type-1 state

is unlikely to be adopted by any type-0 cell before the population goes extinct. For

high epimutation rates (µ≫ 10−6), however, the type-1 buffer that accumulates at the

start of treatment becomes so large that tumor survival is guaranteed whenever the

population is supercritical, while extinction is guaranteed whenever the population is

subcritical.

The threshold value µ′ ∼ 10−6 per hour represents the minimal epimutation rate

at which tumor survival is certain, given a supercritical population. In Appendix C.6,

we show that the epimutation rate at which the survival probability is at least 1 − u
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(u≪ 1) is

µ′ ≈ |λ0| log u
n log(d1/r1)

. (4.11)

The threshold value µ′ thus depends on the drug-sensitivity λ0 of type-0 cells, the

robustness of the resistant phenotype (d1/r1 is the extinction probability of a type-1

clone, assuming no epimutations or reversions, see e.g. [50]), and the initial population

size n. An order of magnitude change in λ0 or n will result in an order of magnitude

change in µ′, and in Table C.4 in Appendix C.8, we show some examples of sensitivity

to r1 and d1. For the baseline parameter regime and u = 0.001, expression (4.11) yields

µ′ ≈ 3.59 · 10−6 per hour, compared to a type-0 birth rate of r0 = 0.04 per hour. This

implies that if the resistant phenotype is adopted once in every 10,000 cell divisions

during treatment, the tumor is guaranteed to survive, even if no resistant cell preexists

in the population. For larger tumor sizes, e.g. n = 108 or n = 1010 cells, the required

adoption rate lowers to once every 106 and once every 108 cell divisions, respectively,

which are frequencies typical of resistance-conferring mutations (Appendix C.1). Since

epigenetic modifications and other non-genetic mechanisms can operate much faster, the

above discussion implies that the mere possibility of non-genetically conferred resistance

can all but guarantee its emergence, especially when the tumor is large at detection.

It is worth noting that the transition from guaranteed tumor survival to guaranteed

extinction in Figure 4.3a is much more gradual around the threshold value µ′ ∼ 10−6 per

hour on the µ-axis than around the critical value ν ′ ∼ 10−3 on the ν-axis. This reflects

the asymmetric role of type-0 and type-1 cells, and of epimutations and reversions,

in the evolutionary dynamics. Lowering the epimutation rate µ will reduce the type-1

buffer that accumulates at the start of treatment, which gradually impairs the collective

survival prospects of type-1 cells. On the other hand, since any reversion from type-1

to type-0 effectively amounts to cell death in our setting, increasing the reversion rate

ν will directly affect the survival prospects of individual type-1 cells. As long as ν is

smaller than the critical value, each type-1 cell has some positive probability of persisting

therapy, and given a sufficiently large type-1 buffer (i.e. sufficiently high epimutation

rate µ), the tumor as a whole can be guaranteed to survive. Once ν increases above the

critical value, however, each individual type-1 cell becomes certain to go extinct, and



87

10-1

10-7

10-5

0.2

0.4

0.6

0.8

1

10-6 10-4 10-210-810-10

10-3

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

110-1

10-7

10-5

10-6 10-4 10-210-810-10

10-3

10-1

10-7

10-5

10-6 10-4 10-210-810-10

10-3

Figure 4.3: (a) Probability that the tumor survives continuous anti-cancer therapy, as
a function of µ and ν, assuming n = 106 and m = 0 and the absence of permanent resis-
tance mechanisms (η = 0 and ξ0 = ξ1 = 0), calculated using (C.10). The black dotted
curve (’critical curve’) separates the regions in the (µ, ν) plane where the population is
subcritical (top) and supercritical (bottom). This curve can be extracted from expres-
sion (4.10) upon logarithmic scaling (see Fig 4.2a). Region (I) in the figure indicates a
parameter regime where inhibiting epimutations (decreasing µ) with an epigenetic drug
can be an effective treatment strategy, whereas inducing reversions (increasing ν) does
little. The reverse is true in the parameter regime of region (II), where a slight pertur-
bation to the reversion rate ν can guarantee eradication of the tumor cell population.
(b) Same as (a), now assuming η = 4 · 10−7 (per hour) and ξ0 = ξ1 = 10−7 (per cell
division), calculated using (C.18). (c) Same as (a), now assuming n = 106 · 0.999 and
m = 106 · 0.001, calculated using (C.10). Other parameter values are r0 = 0.04 (per
hour), d0 = 0.08, r1 = 0.0162, d1 = 0.015, µ = 4 · 10−5 and ν = 4 · 10−4.

the same goes for the tumor as a whole, no matter how large the buffer is. This explains

why for high epimutation rates (µ≫ 10−6), we observe such a sharp transition between

guaranteed tumor survival and guaranteed extinction across the critical curve for ν.

Identifying where a particular cancer cell population falls within the (µ, ν) parameter

space can yield important insights into the relative attractiveness of targeting µ and ν

with an epigenetic drug, and the degree to which these parameters should be perturbed.

When µ ∼ 10−6 and ν ≪ 10−3 per hour, for example (region (I) in Fig 4.3a), inhibiting

epimutations (reducing µ) may significantly reduce the tumor survival probability, while

inducing reversions (increasing ν) may accomplish little. When µ≫ 10−6 and ν ∼ 10−3

per hour, however (region (II) in Fig 4.3a), a slight perturbation to the reversion rate

may be the difference between certain tumor survival and certain extinction. This

suggests that even if no resistant cell preexists treatment, it may be more effective to

revert resistant cells created during the initial stages of therapy than to prevent their
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emergence. We also note the importance of identifying the relationship between ν and

λ1 for therapeutic considerations. Indeed, recognizing that a small perturbation to the

average retention of the resistant phenotype may yield significant treatment benefits

can help minimize the risk of any unwanted side effects of the epigenetic treatment.

For the case where permanent resistance mechanisms are assumed (η > 0 and ξ0, ξ1 >

0), the probability of tumor survival can be derived by solving a system of nonlinear

equations as shown in Appendix C.7. Figure 4.3b shows that in this case, the tumor

can survive even if the population of type-0 and type-1 cells is subcritical. Indeed, if

the epimutation rate µ is sufficiently high, the large type-1 buffer created at the start

of treatment may allow even a subcritical type-1 phenotype to hold off extinction long

enough for bona fide resistance to develop.

If we assume that a significant number of resistant cells preexists therapy (m≫ 0),

the survival probability becomes insensitive to changes in µ under treatment, since the

type-1 buffer needed to save the tumor from extinction will already be present at the

onset (Fig 4.3c). It remains true, however, that a small perturbation to the reversion

rate can turn certain therapy failure into certain success.

4.4.3 Pathway to stable resistance and rate of acquisition

We now examine the mode and speed of stable resistance acquisition (η > 0 and ξ0, ξ1 >

0) during continuous anti-cancer treatment. In Figure 4.4a, we show the average time

at which the first stably resistant (type-2) cell arises in the population, as a function

of the epimutation rate µ, given that a type-2 cell emerges before extinction of the

population. In Figure 4.4b, we show the probability of the conditioning event, and the

probability that stable resistance is conferred through mutation as opposed to epigenetic

reprogramming.

We first assume that no transiently resistant (type-1) cell is present at the onset

(m = 0; solid curves). We again note a transition in the dynamics around a threshold

value of µ ∼ 10−6 per hour, and interestingly, the average time to resistance is both non-

monotonic and highly variable in µ (Fig 4.4a; solid curve). When µ is small (µ≪ 10−6),

epimutations are so infrequent that the tumor can only survive via mutation in the type-

0 population. Since type-0 cells decay at a fast rate, any such mutation has to occur

early if it is to occur at all. As µ increases, the burden of saving the tumor from
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Figure 4.4: (a) Expected time at which the first type-2 cell emerges in the population
as a function of the epimutation rate µ, conditioned on the event that a type-2 cell
emerges before extinction, first assuming n = 106 and m = 0 (solid curve), and then
n = 106 ·0.999 and m = 106 ·0.001 (dashed curve). Produced via simulation by running
the process until a type-2 cell emerged on 1000 different occasions and calculating an
average. (b) Probability of type-2 emergence (dark curves) and probability that the
first type-2 cell arises through mutation (light curves). Other parameter values are
r0 = 0.04 (per hour), d0 = 0.08, r1 = 0.0162, d1 = 0.015, ν = 4 · 10−4, η = 4 · 10−8 and
ξ0 = ξ1 = 10−7 (per cell division).

extinction moves increasingly from type-0 to type-1 cells (Fig 4.4b; light solid curve),

which creates a new pathway for resistance acquisition at a later time. Once the role of

type-0 and type-1 cells in conferring resistance becomes stabilized, however, the mean

acquisition time starts to decrease as µ increases, since the type-1 population is created

earlier and in greater numbers. If a significant number of type-1 cells is present at the

onset (m≫ 0), resistance will be guaranteed to form independently of the epimutation

rate under treatment (Fig 4.4b; dark dashed curve), and the expected acquisition rate

will be insensitive to µ for small µ (Fig 4.4a; dashed curve), since resistance will most

likely develop through the type-1 population that preexists treatment (Fig 4.4b; light

dashed curve).

In Figure 4.5a, we consider time to resistance as a function of the reversion rate ν

instead. We again observe non-monotonicity and significant variability, with resistance

development being slowest around the critical value ν ∼ 10−3 per hour. In this case,

however, the rate of resistance acquisition is generally insensitive to changes in ν for

small ν, and the transition around the critical value ν ′ ∼ 10−3 is much sharper than
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around the threshold value µ′ ∼ 10−6 in Figures 4.4a and 4.4b. For small ν, stable

resistance is mediated primarily through epigenetic reprogramming (Fig 4.5b; light solid

curve), so time to resistance is governed by the size of the type-1 population. Since the

net proliferation rate λ1−ν determines net growth of type-1 cells, the rate of resistance

acquisition is not affected by ν as long as ν ≪ λ1. As ν approaches λ1, however, the

net proliferation rate λ1−ν approaches zero, and epigenetic reprogramming slows down

considerably. As ν increases above λ1, the population becomes subcritical, and the

probability of tumor survival decreases abruptly (Fig 4.5b; dark solid curve), similarly

to what we observed in Section 4.4.2. During this sharp transition, the burden of

saving the tumor from extinction moves from the type-1 to the type-0 population (Fig

4.5b; light solid curve), and since any mutation in the type-0 population must occur

early if it is to occur at all, the time to resistance also decreases abruptly as ν enters

the subcritical regime. Contrary to Figures 4.4a and 4.4b, we now observe the same

qualitative behavior for the m = 0 (solid curves) and m ≫ 0 (dashed curves) cases,

which mirrors our discussion from Section 4.4.2.

The above observations add an interesting layer to our earlier discussion on the effect

of manipulating µ and ν on treatment outcome. As an example, when µ ≫ 10−6 per

hour, inhibiting epimutations (reducing µ) may not do much to prevent acquired resis-

tance, but it can slow it down considerably. Moreover, any perturbation to the reversion

rate ν when it is around its critical value may dramatically affect the rate of resistance

acquisition. Note that when µ is around its threshold value of µ ∼ 10−6, resistance will

be expected to arise extremely late, while still being guaranteed to develop. The former

is a consequence of the slow-cycling nature of the resistant phenotype, while the latter

is a consequence of its rapid adoption under treatment. This is an important feature of

epigenetically-mediated resistance, and this behavior stands in stark contrast to more

robust genetically-resistant phenotypes that are adopted less frequently.

4.4.4 Evaluation of combination treatment strategies

To further illustrate how our model can aid medical decision-making, we now examine a

combination treatment of an anti-cancer agent and a hypothetical epigenetic drug that

directly targets the rates of epimutation (µ) and reversion (ν). Our main questions are

whether such a combination is likely to be effective, and whether the epigenetic drug
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Figure 4.5: (a) Expected time at which the first type-2 cell emerges in the population
as a function of the reversion rate ν, conditioned on the event that a type-2 cell emerges
before extinction, first assuming n = 106 and m = 0 (solid curve), and then n =
106 · 0.999 and m = 106 · 0.001 (dashed curve). Produced via simulation by running
the process until a type-2 cell emerged on 1000 different occasions and calculating an
average. (b) Probability of type-2 emergence (dark curves) and probability that the
first type-2 cell arises through mutation (light curves). Other parameter values are
r0 = 0.04 (per hour), d0 = 0.08, r1 = 0.0162, d1 = 0.015, µ = 4 · 10−5, η = 4 · 10−8 and
ξ0 = ξ1 = 10−7 (per cell division).

should be applied as pretreatment, posttreatment, or simultaneously with the anti-

cancer agent. To evaluate treatment outcome, we use the following expression for the

probability that a successful type-2 cell (i.e. a type-2 cell that gives rise to a clone that

does not go extinct) has emerged by time t,

1− exp

(
−λ2
r2

∫ t

0
(ξ0r0ϕ0(s) + ξ1r1ϕ1(s) + ηϕ1(s))ds

)
(4.12)

derived in Appendix C.7. Using (4.3), we can derive explicit expressions for the integrals

in (4.12) as follows: ∫ t

0
ϕ0(s)ds = −β

σ
(1− eσt)− α

ρ
(1− eρt),∫ t

0
ϕ1(s)ds = −γβ

σ
(1− eσt) +

δα

ρ
(1− eρt),

(4.13)
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assuming σ ̸= 0 and ρ ̸= 0. These two integrals can be interpreted as the average ’total

mass’ of type-0 and type-1 cells, respectively, up until time t.

We assume that each treatment cycle consists of three two-day blocks and we exam-

ine four schedules. In Schedule A, the epigenetic drug is applied as pretreatment to the

anti-cancer agent, whereas in Schedules B, C and D, the anti-cancer agent is applied

during the first two blocks of each cycle, and the epigenetic drug is applied during the

first, second or third block, respectively (Fig 4.6a). We show results assuming that the

epigenetic drug increases the reversion rate ν by two orders of magnitude and decreases

the epimutation rate µ to the same extent, while noting that our insights are robust to

significant variation in this assumption (Appendix C.8). We also note that the relatively

short duration of each treatment cycle is a function of the rapid in vitro dynamics of

our baseline parameter regime. If each rate constant in the baseline regime is reduced

by an order of magnitude, which may more accurately represent in vivo dynamics, the

results shown below will continue to hold unchanged if we use 60-day treatment cycles

instead of 6-day cycles.

Figure 4.6b indicates that whereas the anti-cancer agent alone is guaranteed to

fail, combining it with a drug that disturbs the epigenetic switching dynamics has the

potential to eradicate the tumor with high probability. Pretreatment with the epigenetic

drug performs the worst by far (Schedule A; red solid curve), which is due to the fast

proliferation of type-0 cells in the absence of the anti-cancer agent, and the relatively

fast acquisition of the resistant phenotype in its presence. This both increases the risk of

a resistance-conferring mutation during the initial pretreatment phase, and ensures that

type-1 cells killed during this phase are rapidly replenished once the anti-cancer agent

is applied (Fig 4.6c). Schedule A continues to perform the worst even if we assume that

the tumor population cannot expand beyond its initial size due to spatial constraints,

which we model by setting r0 = d0 = 0.04 per hour during the initial pretreatment phase

(red dashed curves). This implies that pretreatment with an epigenetic drug may not

be judicious when drug-sensitive type-0 cells proliferate too rapidly in the absence of the

anti-cancer agent and/or when the resistant type-1 phenotype is adopted too quickly

under treatment. This insight is consistent with experimental findings by Sharma et

al. [139], where the authors observe that simultaneous application of erlotinib and the

histone deacetylase inhibitor TSA to PC9 cells eliminates the emergence of resistant
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Figure 4.6: (a) Schematic representation of one treatment cycle in the schedules
considered. Each schedule is identified by a distinct color which is also applied in (b)
and (c). (b) Time-evolution of the probability of successful type-2 emergence, first
when the anti-cancer agent is applied alone during the first two blocks of each cycle
(blue curve), and then for the four schedules depicted in (a), calculated using (4.12).
Under the anti-cancer agent, r0 = 0.04 (per hour) and d0 = 0.08, while off it, r0 = 0.04
and d0 = 0.0015. Under the epigenetic drug, µ = 4 · 10−7 and ν = 4 · 10−2, while off it,
µ = 4 · 10−5 and ν = 4 · 10−4. The dashed red line shows a modification of Schedule A
where r0 = d0 = 0.04 during the first 2-day block of the first treatment cycle. (c) Time-
evolution of the expected number of type-1 cells for the same schedules as considered
in (b), calculated using (4.3). Parameters not mentioned above are fixed at r1 = 0.0162
(per hour), d1 = 0.015, η = 4 · 10−7, ξ0 = ξ1 = 10−7 (per cell division), n = 106 · 0.999
and m = 106 · 0.001. The vertical broken lines in (b) and (c) signify treatment cycles.

clones, whereas a substantial number of such clones arises when extended pretreatment

with TSA is followed by exposure to erlotinib.

Focusing now on the other three schedules (B, C and D), we note that the number of

type-1 cells remaining at the end of each treatment cycle is similar for each of them (Fig

4.6c). Schedule B performs the best, however, since it contains the type-1 population

as early as possible in each cycle, which reduces the ’total mass’ of type-1 cells in

the presence of the anti-cancer agent and slows down epigenetic reprogramming by

(4.12). This finding is robust to significant perturbation of main model parameters,

and the relative attractiveness of Schedule B over the other schedules can be much

more pronounced than shown here, e.g. when the rate of epimutation (µ) or epigenetic

reprogramming (η) is higher, or the initial tumor size (n+m) is larger (Appendix C.8).

As an example, when n = 108 · 0.999 and m = 108 · 0.001, with other parameters

unchanged, resistance will be all but guaranteed to form in Schedules A, C and D, while

Schedule B is capable of preventing resistance via epigenetic reprogrammming with high
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probability (Fig C.2d).

Our results indicate both that combining an epigenetic drug with an anti-cancer

agent can vastly outperform anti-cancer only treatment, and that the epigenetic drug

should be applied simultaneously with the anti-cancer agent. These insights are consis-

tent with experimental findings e.g. by Su et al. [144], who find that simultaneous in

vitro inhibition of the NfκB p65 and MEK/ERK signaling axes in melanoma, in combi-

nation with the anti-cancer agent vemurafenib, significantly outperforms monotherapy,

by arresting cell-state transitions to a drug-tolerant state. In Goldman et al. [72], the

authors find that applying the SFK inhibitor dasatinib in vivo on days 8-11 of breast

cancer treatment, following two maximum tolerated doses of the anti-cancer agent doc-

etaxal (DTX) on days 2 and 5, is much more effective than DTX-alone treatment. They

further show that this treatment is preferable to applying dasatinib on days 2-5 (Sched-

ule I), which shows modest improvement over stand-alone DTX treatment, and applying

dasatinib on days 14-17 (Schedule II), which shows no improvement over stand-alone

treatment. Although the authors in [72] refer to Schedule I as a ’simultaneous schedule’,

the application of dasatinib on days 2-5 should not necessarily be expected to inhibit

epimutations following the large DTX dose on day 5. Application on days 8-11 may

be better timed both to revert already drug-tolerant cells to sensitivity and to ”target

the induction phase of DTX-induced cell state transition” as the authors put it. Never-

theless, this example serves as an important reminder that actual in vivo dynamics are

likely to be more complex than captured by our simple abstraction. As an example, if

the epimutation rate µ is influenced by anti-cancer treatment, but this effect is delayed,

there may be reason to delay application of the epigenetic drug. Any substantial pres-

ence of drug-tolerant cells that preexist treatment will then create a trade-off between

attacking these two temporally distinct sources of resistance. Indeed, a more complete

mechanistic and quantitative understanding of the dynamics of phenotypic switching at

the single-cell-level, and how these dynamics are influenced by anti-cancer treatment,

will give rise to more complex mathematical questions, as we address further in the

discussion section.
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4.5 Discussion

The pervasiveness of acquired drug resistance remains one of the major challenges during

clinical management of cancer patients. We have established through our evolutionary

modeling that non-heritable stochastic fluctuations in gene expression and short-term

epigenetic modifications can ’save’ a tumor from extinction in the absence of any more

permanent resistance mechanisms. We have also seen that the potential for rapid adop-

tion of non-genetic resistance implies that such resistance can be all but guaranteed

to develop, even if no resistant cell preexists treatment and the resistant phenotype is

barely viable. This suggests ample opportunity for non-genetic mechanisms to induce

failure of conventional anti-cancer therapy, and it may help explain why so many tumors

develop resistance without acquiring mutations in drug targets or activated pathways

[163].

Throughout, we have highlighted how thinking in terms of our mathematical model

can aid medical decision-making. In Section 4.4.2, we saw how a quantitative under-

standing of the dynamics of epimutation and reversion at the single-cell level can yield

important insights into which parameter to attack with an epigenetic drug and the ex-

tent to which it needs to be perturbed. As an example, when the average retention

1/ν of the resistant phenotype is near a critical value of 1/λ1, a slight perturbation to

ν can turn guaranteed treatment failure into guaranteed success. In Section 4.4.3, we

further saw how a quantitative understanding of the underlying switching dynamics,

and the rate at which any permanent resistance mechanisms are adopted, can allow

us to predict the mode and time scale of resistance acquisition. We noted that when

the resistant type-1 phenotype is slow-cycling, the expected time at which permanent

resistance arises in the population can vary greatly depending on the epimutation rate

µ, and that when µ is near a certain threshold value, resistance can be expected to

develop extremely late while still being guaranteed to emerge.

In Section 4.4.4, we finally observed that combining an epigenetic drug with an

anti-cancer agent can significantly outperform anti-cancer only treatment, and that the

epigenetic drug should be applied simultaneously with the anti-cancer agent rather than

as pretreatment or posttreatment. We also noted that pretreatment with the epigenetic

drug is not advisable especially when drug-sensitive cells proliferate too rapidly in the
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absence of the anti-cancer agent, or the resistant phenotype is adopted too quickly in

its presence. It should of course be stressed that our model is highly simplified. As an

example, we have not assumed any delay in the potential drug-induced adoption of tran-

sient resistance under anti-cancer treatment, and we have not assumed any interaction

between the anti-cancer agent and the epigenetic drug. Also, whereas we have assumed

that the drug-resistant phenotype is continuously slow-cycling, it may respond to drug

pressure by entering a quiescent state before resuming proliferation. Finally, our model

does not incorporate spatial effects or toxicity constraints, all of which may call for

modifications or extensions to the model as our biological understanding accumulates.

Our analysis represents, as far as we know, a first attempt toward a deeper under-

standing of the evolutionary dynamics of a population that is able to employ transiently

resistant cell states to escape anti-cancer therapy. The model presented is flexible in that

it enables description of a variety of sources of phenotypic heterogeneity, and the analyt-

ical expressions we have derived allow for easy estimation and comparison of treatment

outcomes under different regimens. Our investigation is theoretical in nature, however,

and the true power of our mathematical model will only be realized through a more

complete mechanistic understanding of the dynamics of phenotypic switching at the

single-cell-level, and through new methods to infer these dynamics quantitatively. Our

hope is that a combined biological and mathematical effort will pave the way toward the

design of novel therapeutic strategies, as well as mathematical optimization of already

available drug combinations and treatment schedules [36, 103].



Chapter 5

Statistical inference of the rates

of cell proliferation and

phenotypic switching in cancer

5.1 Introduction

Cancer evolution has long been understood to be a genetic process. However, recent

evidence suggests an equally important role for non-genetic forces, including epigenetic

mechanisms and the inherent stochasticity in gene transcription and translation [12, 21,

22, 62, 84, 136]. These mechanisms are heritable and reversible, and they can enable

cells to dynamically switch between two or more phenotypic states. Such switching

dynamics have been observed e.g. in lung cancer [78, 128, 139], melanoma [133, 138, 144],

glioblastoma [106, 117], leukemia [95, 126], colon cancer [59, 70, 156, 168] and breast

cancer [9, 72, 77, 86]. The different phenotypes commonly show differential responses

to drug treatments, which enhances the adaptability of the cancer under treatment and

significantly increases the probability of treatment resistance [75].

Unraveling how the cancer-specific rates of cell division, cell death and phenotypic

switching shape tumor evolution over time is crucial to furthering our understanding of

the disease and to informing new treatment strategies. For example, in a two-phenotype

cancer where one type is drug-sensitive and the other is drug-tolerant, the change in

97
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phenotypic proportions during the initial stages of treatment can be explained by a

combination of sensitive cells dying, drug tolerant cells proliferating, and cells switching

between sensitivity and tolerance. Disentangling the relative rates at which these events

occur can help us to better understand how resistance arises, how it evolves over time,

and how best to combat it [75].

Our current quantitative understanding of the rates of cell proliferation and phe-

notypic switching in cancer is largely derived from cell line experiments. In these ex-

periments, live cells are commonly sorted into phenotypes, e.g. based on their gene

expression profiles or morphologies, isolated subpopulations are expanded in culture,

and phenotypic proportions are tracked over time (Fig. 5.1). These isolated subpopu-

lations have often been observed to give rise to all other phenotypes over time, and to

eventually reconstitute a stable distribution of phenotypes that is characteristic of the

parental population [9, 70, 77, 86, 117, 156, 168].

To explain this behavior, simple mathematical models of phenotypic switching have

been proposed, and these models have been used to estimate the rates at which cells

switch between states [24, 42, 72, 77, 82, 105, 144, 171]. These works are reviewed in

Appendix D.1. Previous estimation methods have been deterministic in nature, and

they have generally derived their estimates from data on the fraction of cells in each

state at each time point. If the total size of the cell population is measured at the same

time points, as e.g. in [42], one obtains data on the number of cells in each state at each

time point. We will show that when cell fraction data is used, the rates of phenotypic

switching may be the only parameters that can be estimated accurately. In contrast,

using cell number data enables accurate estimation of the net cell division rate for each

phenotype, and it can even enable estimation of the state-dependent rates of cell division

and cell death. Understanding how growth rates vary between types is as important as

understanding the rates of phenotypic switching, especially in the context of treatment

response. Not only do the growth rates influence the phenotypic composition of the

population, they also control the evolution of the tumor burden over time.

Our goal in this work is to develop a statistically rigorous framework for estimating

the rates of cell proliferation and phenotypic switching in cancer. In contrast to previous

approaches, our framework explicitly models the stochastic dynamics of cell division,

cell death and phenotypic switching, it provides likelihood-based confidence intervals for
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Figure 5.1: The population-level dynamics of phenotypic switching are commonly
interrogated by sorting live cells into isolated phenotypic subpopulations and expanding
these subpopulations in culture [9, 70, 77, 86, 117, 156, 168]. By tracking the evolution
of phenotypic proportions over time and applying mathematical models of phenotypic
switching, it becomes possible to estimate the quantitative parameters of phenotypic
switching [24, 42, 72, 77, 82, 105, 144, 171].

the model parameters, and it enables estimation both from cell fraction and cell number

data. We also use our framework to analyze the identifiability of model parameters and

how it depends on the input data. This important topic has not been addressed by

previous works.

The rest of the chapter is organized as follows. In Section 5.2, we introduce our

stochastic model of cell division, cell death and phenotypic switching. In Section 5.3,

we state our assumptions on the cell line experiments conducted and the data collected.

In Sections 5.4 and 5.5, we propose statistical models for cell number and cell frac-

tion data, respectively, and discuss how parameter estimates and confidence intervals

are computed. In Section 5.6, we present theoretical analysis of the identifiability of

parameters under each model. In Section 5.7, we conduct numerical experiments, and
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Figure 5.2: The multitype branching process model captures a variety of switching dy-
namics. (a) A two-type model captures e.g. the dynamics between HER2+ and HER2−
cell states in Brx-82 and Brx-142 breast cancer cells [86]. (b) A three-type model cap-
tures e.g. the dynamics between stem-like, basal and luminal cell states in SUM149
and SUM159 breast cancer cells [77]. (c) A four-type model captures e.g. the dy-
namics between CD24Low/ALDHHigh, CD24Low/ALDHLow, CD24High/ALDHHigh and
CD24Hich/ALDHLow cell states in GBC02, SCC029B, SCC070, GBC035 and SCC032
oral cancer cells [153].

in Section 5.8, we apply our framework to a published dataset. We conclude with a

discussion section (Section 5.9).

5.2 Multitype branching process model

5.2.1 Model definition and model parameters

To model the cell population dynamics, we employ a multitype branching process model

in continuous time, with K ≥ 2 types [6]. In the model, a type-j cell divides into two

cells at rate bj ≥ 0, it dies at rate dj ≥ 0, and it switches to type-k at rate νjk ≥ 0

for k ̸= j, independently of all other cells. This means that in an infinitesimally short

time interval of length ∆t > 0, a type-j cell divides with probability bj∆t, it dies with

probability dj∆t, and it switches to type k with probability νjk∆t. The multitype

branching process model captures a variety of switching dynamics previously observed

in the literature (Fig. 5.2).

We allow νjk = 0 for some j and k, which means that a type-j cell is not able to

switch directly to type-k. However, in our exposition, we assume that the model is
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irreducible, in that each cell type is accessible from any other cell type, possibly through

intermediate types. In other words, for each j, k = 1, . . . ,K with k ̸= j, we assume that

there exist r ≥ 0 integers m1, . . . ,mr ∈ {1, . . . ,K} so that νjm1νm1m2 · · · νmrk > 0. Our

estimation framework also applies to the reducible case, which is discussed in Appendix

D.2 below.

For j = 1, . . . ,K, we define λj := bj − dj as the net birth rate of a type-j cell. We

collect the growth parameters into 1×K vectors b = (b1, . . . , bK), d = (d1, . . . , dK) and

λ = (λ1, . . . , λK). We collect the switching rates into a K × (K − 1) matrix ν, where

the j-th row vector is (νjk)k ̸=j . We finally define λ[−j] := λ − λj1 as the vector of net

birth rates relative to λj , with λ
[−j]
k = λk − λj for k ̸= j and λ

[−j]
j = 0.

5.2.2 Stochastic processes

Let n = (n1, . . . , nK) be the 1 × K vector of starting cell numbers of each type. The

state of the model at time t ≥ 0 is encoded in the 1 × K vector of cell numbers

Zn(t) =
(
Zn
1 (t), . . . , Z

n
K(t)

)
, where Zn

k (t) is the number of type-k cells at time t. We

will commonly deal with the case n = ej for some j = 1, . . . ,K, where ej is the j-

th unit vector, meaning that the process is started by a single type-j cell. We write

Z(j)(t) := Zej (t) for that case, and we let m(j)(t) and Σ(j)(t) denote the mean vector

and covariance matrix for Z(j)(t):

m(j)(t) := E
[
Z(j)(t)

]
,

Σ(j)(t) := E
[(
Z(j)(t)−m(j)(t)

)T (
Z(j)(t)−m(j)(t)

)]
, t ≥ 0.

On the event
{∑K

k=1 Z
n
k (t) ̸= 0

}
, we let ∆n(t) denote the vector of cell fractions, i.e.

∆n
j (t) := Zn

j (t)/
(∑K

k=1 Z
n
k (t)

)
, j = 1, . . . ,K.

As above, we write ∆(j)(t) := ∆ej (t) for j = 1, . . . ,K.

5.2.3 Infinitesimal generator and mean matrix

We define the K×K matrix A with ajj := λj−
∑

k ̸=j νjk for j = 1, . . . ,K and ajk := νjk

for k ̸= j as the infinitesimal generator of the model, where ajk is the net rate at which



102

Symbol Dimension Description

K 1 Number of types

bj 1 Division rate of type-j cells

dj 1 Death rate of type-j cells

νjk 1 Rate of switching from type-j to type-k

λj 1 Net birth rate of type-j cells, λj = bj − dj

λ
[−j]
k 1 Net birth rate relative to λj , λ

[−j]
k = λk − λj

A K ×K Infinitesimal generator of the branching process model

M(t) K ×K Mean matrix at time t, M(t) = exp(tA)

γ 1×K equilibrium proportions between cell types

Zn(t) 1×K Vector of cell numbers at time t, initial condition n

Z(j)(t) 1×K Vector of cell numbers at time t, initial condition ej
mα(t) 1×K mα(t) = αM(t) =

∑K
j=1 αjm

(j)(t)

m(j)(t) 1×K m(j)(t) = E
[
Z(j)(t)

]
= ejM(t)

Σα(t) K ×K Σα(t) =
∑K

j=1 αjΣ
(j)(t)

Σ(j)(t) K ×K Σ(j)(t) = E
[(
Z(j)(t)−m(j)(t)

)T (
Z(j)(t)−m(j)(t)

)]
∆n(t) 1×K Vector of cell fractions at time t, initial condition n

pα(t) 1×K pα(t) =
(
αM(t)1T

)−1
αM(t)

Qα(t) K ×K Qα(t) = I− 1Tpα(t)

Sα(t) K ×K Sα(t) =
(
mα(t)1T

)−2(
Qα(t)

)T
Σα(t)Qα(t)

Table 5.1: Notation for the stochastic model of Section 2.

a cell of type j produces a cell of type k. We next define the matrix exponential

M(t) = exp(tA) =
∑∞

k=0(t
k/k!)Ak,

which is referred to as the mean matrix. It can be shown that the j-th row vector of

M(t) is m(j)(t) = E
[
Z(j)(t)

]
, i.e. the mean vector for the process started by a single

type-j cell [6]. Note that A and M(t) depend only on the switching rates ν and the net

birth rates λ.

5.2.4 Long-run behavior

In the absence of phenotypic switching, the subpopulation of type-j cells grows at

exponential rate λj on average. However, in the presence of phenotypic switching, and

under the assumption of irreducible switching dynamics, all subpopulations eventually
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grow at the same rate σ. More precisely, there exists a real number σ and positive 1×K
vectors β = (β1, . . . , βK) and γ = (γ1, . . . , γK) so that

limt→∞ e−σtM(t) = βTγ. (5.1)

This means that if the process is started by a single type-j cell, the mean number of

type-k cells at time t is approximately βjγke
σt when t is large. It follows that if we

define

γk := γk/
(∑K

m=1 γm
)
, k = 1, . . . ,K, (5.2)

then γk is the long-run proportion of type-k cells in the population, independently of the

initial condition. Thus, in the long run, cell proportions tend towards an equilibrium

distribution given by γ, which is consistent with the experimental observations discussed

in the introduction. For the mathematical details, including how to compute β and γ,

see e.g. Section V.7 of [6].

5.3 Experiments and data

We assume that each experiment is started with a known initial condition, encoded by

the 1×K vector n = (n1, . . . , nK) of starting cell numbers for each type. We let I ≥ 1

denote the number of distinct initial conditions and ni = (ni1, . . . , niK) denote the i-th

initial condition. We assume that for each i = 1, . . . , I and j = 1, . . . ,K, either nij = 0

or nij is large, which is generally the case for the cell line experiments discussed in the

introduction.

We define Ni :=
∑K

k=1 nik as the total number of starting cells in the i-th condition

and fi = (fi1, . . . , fiK) as the vector of starting cell fractions, with fij := nij/Ni. We let

L ≥ 1 be the number of time points at which data is collected and we let 0 < t1 < t2 <

· · · < tL denote the time points. Finally, we let R ≥ 1 be the number of experimental

replicates performed.

In the development of our estimation framework, we assume that each experiment

returns measurements from a single time point only, meaning that the sample is dis-

carded once measurements are taken (endpoint data). This is usually the case when
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FACS or flow cytometry is used to identify phenotypes. Sometimes, the data collected

is sequential, meaning that a single experiment returns measurements from multiple

time points. This is e.g. the case when live cell imaging is used to identify phenotypes.

While our framework is developed for endpoint data, we show in Section 5.7 that it

yields reasonable estimates for sequential data.

The data collected in each experiment is either a vector ni,ℓ,r = (ni,ℓ,r,1, . . . , ni,ℓ,r,K)

of cell numbers or fi,ℓ,r = (fi,ℓ,r,1, . . . , fi,ℓ,r,K) of cell fractions. Here, ni,ℓ,r,j is the number

of type-j cells in the r-th replicate of the experiment started by the i-th initial condition

and ended at the ℓ-th timepoint, and fi,ℓ,r,j is the corresponding cell fraction.

5.4 Estimation for cell number data

In this section, we propose a maximum likelihood estimation framework for cell number

data. Our framework is rooted in a central limit theorem for the vector Zn(t) of cell

numbers at time t, which approximates the distribution of Zn(t) by a normal distribution

for a large starting population. Using the central limit theorem, we propose a statistical

model and derive a likelihood function for cell number data, which we then use to

compute maximum likelihood estimates and confidence intervals for all parameters.

5.4.1 Central limit theorem

We begin by establishing a central limit theorem (CLT) for the vector Zn(t) of cell

numbers, which involves decomposing the branching process into i.i.d. processes started

by single cells. By fixing the vector of starting cell proportions, and sending the starting

population size to infinity, we can apply the standard (multivariate) CLT to obtain the

following result.

Proposition 5.1. Let α be 1×K with αi ≥ 0 for i = 1, . . . ,K and
∑K

i=1 αi = 1. Define

mα(t) := αM(t) =
∑K

j=1 αjm
(j)(t),

Σα(t) :=
∑K

j=1 αjΣ
(j)(t).

(5.3)
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Let J ≥ 1 be any integer. For any K × J matrix C, then as N → ∞,

N−1/2
(
Z⌊Nα⌋(t)C−Nmα(t)C

) d→ N
(
0,CTΣα(t)C

)
.

Here, the covariance matrix Σ(j)(t) is given by

Σ(j)(t) = 2
∫ t
0 (M(t− τ))Tdiag

(
b⊙m(j)(τ)

)
(M(t− τ))dτ

+ diag
(
m(j)(t)

)
− (m(j)(t))Tm(j)(t).

(5.4)

Proof. Appendix D.6.

Note that in Proposition 5.1, some coordinates of the vector α of starting cell pro-

portions are allowed to be 0. In the N → ∞ regime, the starting condition ⌊Nα⌋
will therefore either include no cell or a large number of cells of any given type. This

is consistent with our assumptions on the vectors n1, . . . ,nI of experimental starting

conditions (Section 5.3).

Also note that Proposition 5.1 is established for linear transformations Z⌊Nα⌋(t)C

of Z⌊Nα⌋(t). This allows us to obtain a CLT for cases where we do not observe the full

vector Z⌊Nα⌋(t). For example, if we set C := 1T , then Z⌊Nα⌋(t)C =
∑K

i=1 Z
⌊Nα⌋
i (t) is

the total number of cells at time t. This more general CLT also becomes useful when

estimating from models with reducible switching dynamics, as we discuss in Appendix

D.2.

5.4.2 Statistical model

Based on Proposition 5.1, we propose the following statistical model for the data ni,ℓ,r:

ni,ℓ,r ∼ Nim
fi(tℓ)︸ ︷︷ ︸

mean
behavior

+ N
(
0, NiΣ

fi(tℓ)
)︸ ︷︷ ︸

variability in
population dynamics

+ N
(
0,Enum

i,ℓ

)︸ ︷︷ ︸
measurement

error

. (5.5)

The first two terms capture the mean and variance of the population dynamics, in ac-

cordance with Proposition 5.1, while the final term captures experimental measurement

error.

The vectors ni,ℓ,r and nj,m,s are assumed independent for (i, ℓ, r) ̸= (j,m, s), and
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they are assumed i.i.d. for (i, ℓ) = (j,m) and r ̸= s. This assumes that data from

distinct time points come from distinct experiments (endpoint data). We make this

assumption since the CLT of Proposition 5.1 holds for the distribution of Z⌊Nα⌋(t) at a

fixed time point t. Developing an analogous statistical model for sequential data requires

extending the CLT in Proposition 5.1 to a process-level or functional CLT. As stated

above, we will show in Section 5.7 that the statistical model in (5.5) yields reasonable

estimates for sequential data.

Note that the mean behavior Nim
fi(tℓ) of the model depends only on ν and λ, while

the variance term NiΣ
fi(tℓ) depends on ν, λ and b by Proposition 5.1. It is therefore

natural to parametrize the first two terms in (5.5) by b,λ,ν instead of the primary

parameters b,d,ν. We assume that the K × K covariance matrix Enum
i,ℓ associated

with measurement error can be written as a function of b,λ,ν and additional error

parameters ωnum = (ω1, . . . , ωMnum) for some Mnum ≥ 0. A simple example is Enum
i,ℓ =

ω2
(
diag

(
Nim

fi(tℓ)
))2

for some ω > 0, where the measurement error is assumed to be

uncorrelated between types, and to scale with the mean experimental outcomes. We

let θnum =
[
b,λ,ν,ωnum

]
be the complete 1 ×

(
K(K + 1) +Mnum

)
vector of model

parameters including the error parameters.

5.4.3 Maximum likelihood estimates and confidence intervals

From the statistical model (5.5), it is straightforward to derive a likelihood function,

i.e. the probability of observing the experimental data as a function of the model pa-

rameters:

Lnum

(
θnum

∣∣(ni,ℓ,r)
)

=
∏I

i=1

∏L
ℓ=1

∏R
r=1

(
(2π)Kdet

(
NiΣ

fi(tℓ) +Enum
i,ℓ

))−1/2

· exp
(
− 1

2

(
ni,ℓ,r −Nim

fi(tℓ)
)(
NiΣ

fi(tℓ) +Enum
i,ℓ

)−1(
ni,ℓ,r −Nim

fi(tℓ)
)T )

. (5.6)

We next define the negative double log-likelihood,

lnum
(
θnum

)
:= −2 logLnum

(
θnum

∣∣(ni,ℓ,r)
)
. (5.7)
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The maximum likelihood estimate θ̂num for the parameter vector θnum is obtained by

minimizing lnum
(
θnum

)
over a set of feasible parameters Θnum:

θ̂num := argminθnum∈Θnum
lnum(θnum). (5.8)

In the feasible set Θnum, we restrict the parameter values so that ν ≥ 0, b ≥ 0 and

λ ≤ b. Further restrictions can be made depending on the context, see e.g. Section

5.8 and Appendix D.2. A 1− α likelihood-based confidence interval
[
θ−num,i, θ

+
num,i

]
for

the i-th model parameter can be obtained by solving the following two constrained

optimization problems:

θ−num,i = minθnum∈Θnum

{
θnum,i : lnum

(
θnum

)
≤ lnum

(
θ̂num

)
+ χ2

1,1−α

}
,

θ+num,i = maxθnum∈Θnum

{
θnum,i : lnum

(
θnum

)
≤ lnum

(
θ̂num

)
+ χ2

1,1−α

}
,

(5.9)

where θ̂num is the MLE estimator defined by (5.8) and χ2
1,1−α is the (1−α)-th quantile

of the χ2-distribution, see e.g. [13, 60, 116, 129, 152]. Our estimation framework is

based on solving the optimization problems in (5.8) and (5.9) using the sqp solver in

MATLAB.

5.5 Estimation for cell fraction data

In this section, we propose a maximum likelihood estimation framework for cell fraction

data. As for cell number data, the framework is rooted in a central limit theorem for

the vector of cell fractions ∆n(t), which we use to propose a statistical model and derive

a likelihood function for cell fraction data.

5.5.1 Central limit theorem

We begin by establishing a central limit theorem for the vector of cell fractions ∆n(t).

This CLT has already been established for the case of an isolated large starting popula-

tion by Yakovlev and Yanev [167]. We extend their argument to more general starting

conditions by fixing the vector α of starting cell proportions and sending the total pop-

ulation size N to infinity. We provide a simplified expression for the covariance matrix

Sα(t) and show that the mean function pα(t) can be written solely in terms of ν and
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λ[−j] for any j = 1, . . . ,K.

Proposition 5.2. Let α be 1×K with αi ≥ 0 for i = 1, . . . ,K and
∑K

i=1 αi = 1. Define

pα(t) :=
(
mα(t)1T

)−1
mα(t),

Qα(t) := I− 1Tpα(t),

Sα(t) :=
(
mα(t)1T

)−2(
Qα(t)

)T
Σα(t)Qα(t),

(5.10)

p(j)(t) := pej (t) and S(j)(t) := Sej (t), where mα(t) and Σα(t) are defined as in (5.3).

Let J ≥ 1 be any integer. For any K × J matrix C, then as N → ∞,

N1/2
(
∆⌊Nα⌋(t)C− pα(t)C

) d→ N
(
0,CTSα(t)C

)
.

Here, the mean function pα(t) can be written solely as a function of the switching rates

ν and the relative net birth rates λ[−j] for any j = 1, . . . ,K.

Proof. Appendix D.7.

5.5.2 Statistical model and maximum likelihood estimates

Based on Proposition 5.2, we propose the following statistical model for the data fi,ℓ,r:

fi,ℓ,r ∼ pfi(tℓ) +N
(
0, N−1

i Sfi(tℓ)
)
+N

(
0,Efrac

i,ℓ

)
. (5.11)

Note that the mean behavior pfi(tℓ) depends only on ν and λ[−1], while the variance

term N−1
i Sfi(tℓ) depends on all model parameters ν,λ[−1], λ1,d. The choice of type-1 as

a reference phenotype is arbitrary, and we use d as opposed to b as we have found it to

perform well numerically. We assume that the K×K covariance matrix Efrac
i,ℓ associated

with measurement error can be written as a function of d, λ1,λ
[−1],ν and added error

parameters ωfrac = (ω1, . . . , ωMfrac
) for someMfrac ≥ 0. A simple example is Efrac

i,ℓ = ω2I

for some ω > 0, where the measurement error is assumed uncorrelated between cell

types, and of the same magnitude for all initial conditions and all time points. We let

θfrac =
[
d, λ1,λ

[−1],ν,ωfrac

]
denote the complete vector of model parameters including

the error parameters.

When deriving a likelihood function for the statistical model (5.11), we note that
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the last coordinate of fi,ℓ,r provides no new information over the first K−1 coordinates,

since the coordinates always sum to one. In the likelihood function, we therefore only

consider the first K − 1 coordinates, which we can accomplish by multiplying fi,ℓ,r by

the K × (K − 1) matrix B with 1 on the diagonal and 0 off it. In this way, we obtain

the following likelihood:

Lfrac

(
θfrac

∣∣(fi,ℓ,r))
=

∏I
i=1

∏L
ℓ=1

∏R
r=1

(
(2π)K−1det

(
BT

(
N−1

i Sfi(tℓ) +Efrac
i,ℓ

)
B
))−1/2

· exp
(
− 1

2

(
fi,ℓ,r − pfi(tℓ)

)
B
(
BT

(
N−1

i Sfi(tℓ) +Efrac
i,ℓ

)
B
)−1

BT
(
fi,ℓ,r − pfi(tℓ)

)T)
.

(5.12)

As for cell number data, we define the negative double log-likelihood,

lfrac
(
θfrac

)
:= −2 logLfrac

(
θfrac

∣∣(fi,ℓ,r)), (5.13)

and obtain the maximum likelihood estimate for θfrac by solving

θ̂frac := argminθfrac∈Θfrac
lfrac(θfrac). (5.14)

The computation of confidence intervals proceeds as described in Section 5.4.3.

5.5.3 Comparison with least squares estimation

It is instructive to compare our statistical model (5.11) with the following simpler model,

where the data is assumed to follow the mean behavior of (5.11) with an i.i.d. Gaussian

error:

fi,ℓ,r ∼ pfi(tℓ) +N
(
0, ω2I

)
. (5.15)

In this case, the model only involves the parameters λ[−1] and ν in addition to ω, and

the maximum likelihood estimates of λ[−1] and ν can be computed independently of ω



110

0

0.2

0.4

0.6

0.8

1

0 5 10 15 20 25 30

0 5 10 15 20 25 30

0

0.02

0.04

0.06

0.08

0.1

0

0.02

0.04

0.06

0.08

0.1

0 5 10 15 20 25 30

0 5 10 15 20 25 30

0

0.2

0.4

0.6

0.8

1

Figure 5.3: Behavior of the model fi,ℓ,r ∼ p(i)(tℓ) +N
(
0, N−1

i S(i)(tℓ)
)
+N

(
0, ω2I

)
for

K = 2, b1 = 0.6, d1 = 0.3, b2 = 1.0, d2 = 0.5, ν12 = 0.02, ν21 = 0.04 and ω = 0.02. The
top left panel shows the time-evolution of the fraction of type-1 cells in the population,
starting from N1 = 100 type-1 cells. The solid line indicates the mean cell fraction,
while the shaded regions indicate 95% confidence intervals. The top right panel shows
the time-evolution of the standard deviation of the type-1 fraction. The bottom panels
show the same quantities, starting from N2 = 100 type-2 cells.

as

{
λ̂[−1], ν̂} = argminλ[−1],ν

∑I
i=1

∑L
ℓ=1

∑R
r=1

∥∥fi,ℓ,r − pfi(tℓ)
∥∥2. (5.16)

Note that (5.16) simply minimizes the sum of squared errors between the mean predic-

tion of our stochastic model and the data. This is a common approach to parameter

estimation in systems biology, and it can be viewed as the continuous-time version of

the TRANSCOMPP estimation problem [82], which is stated as expression (D.2) in

Appendix D.1.
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To illustrate the difference between our statistical model (5.11) and the simple model

(5.15), we show in Figure 5.3 an example of how the error terms in (5.11) evolve over

time. Note that for both initial conditions, the error increases during the initial mo-

ments, as the population moves from known initial conditions towards more uncertainty.

Then, as cell fractions approach their steady state, the error decreases again. Also note

that the maximum error is significantly different depending on the initial condition.

In contrast, in the simple model (5.15), the statistical noise is the same for all initial

conditions and all time points. In addition, the simple model does not account for cor-

relations between cell types, which (5.11) does. When encountering real data, one can

evaluate whether the data displays these properties by comparing the likelihoods of the

two models, as we show in Section 5.8 below.

5.6 Structural identifiability

In this section, we analyze the structural identifiability of the statistical models of Sec-

tions 5.4 and 5.5. For a stochastic model, a parameter is structurally identifiable if

complete knowledge of the data distribution uniquely determines the value of the pa-

rameter, in the absence of any measurement noise [23, 135]. Here, we will assume that

we know the behavior of the mean functions m(j)(t) and p(j)(t) and the covariance func-

tions Σ(j)(t) and S(j)(t) close to time 0, and we will analyze to what extent the model

parameters can be extracted from this information. In other words, we are interested in

the following question: If we conduct experiments started from isolated subpopulations,

and perfect observations are obtained for the first two statistical moments of the data

close to time 0, is it possible to learn the model parameters?

The analysis in this section serves two purposes. First of all, it ascertains whether

in this idealized setting, the model parameters can be extracted uniquely from short-

term observations of the population dynamics. Second, the analysis indicates how much

information is required to estimate each model parameter accurately, which yields valu-

able insights into how comparatively difficult it is to estimate the parameters from more

limited data.
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5.6.1 Cell number data

In the following proposition, we show that for cell number data, the switching rates

ν and the net birth rates λ can be recovered uniquely from knowledge of the mean

functions m(j)(t) close to time 0, while the birth rates b can be recovered from the

covariance matrices Σ(j)(t).

Proposition 5.3. (1) For each j = 1, . . . ,K, the switching rates νjk, k ̸= j, and the

net birth rate λj are uniquely determined by d
dtm

(j)(t)
∣∣
t=0

.

(2) For each j = 1, . . . ,K, if the switching rates νjk, k ̸= j, and the net birth rate λj

are known, the birth rate bj is uniquely determined by
(
d
dtΣ

(j)(t)
∣∣
t=0

)
jj
.

Proof. Appendix D.8.

Proposition 5.3 establishes the structural identifiability of all model parameters for

cell number data. The process of extracting the parameters as suggested by Proposition

5.3 can be thought of as follows: If we want to know νjk for some k ̸= j, we can simply

plot the mean function Mjk(t) = E
[
Z

(j)
k (t)

]
and compute its slope at 0. If we want to

know the birth rate bj , we can plot the variance function
(
Σ(j)(t)

)
jj

= Var
[
Z

(j)
j (t)

]
and

compute its slope at 0.

It is important to note that we are not suggesting to use this approach to esti-

mate parameters from real data. Instead, we are establishing theoretically that there

is sufficient information in the distribution of the data close to time 0 to determine all

model parameters uniquely. In particular, we can in theory predict the entire evolution-

ary trajectory of the population from short-term observations of the initial population

dynamics.

5.6.2 Cell fraction data

In the following proposition, we show that for cell fraction data, only the switching rates

ν can be recovered from the slopes of the mean functions p(j)(t) at time 0. The net

birth rate differences λ[−1] can be recovered from the curvatures of the mean functions

at time 0 or from the equilibrium proportions γ between cell types if they are known.

We are not able to learn any more parameters from the mean functions, since p(j)(t)

can be written solely as a function of ν and λ[−1] by Proposition 5.2. The slopes of
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Moment Derivative Cell number data Cell fraction data

1
1 ν,λ ν

2 – λ[−1]

2 1 b ν

Table 5.2: Summary of the structural identifiability analysis of Propositions 5.3 and
5.4. For cell number data, the switching rates ν and the net birth rates λ are identifiable
from the slopes (first derivatives) of the mean functions m(j)(t) (first moments) at time
0. The birth rates b are identifiable from the slopes of the covariance functions Σ(j)(t)
(second moments). For cell fraction data, only the switching rates ν are identifiable
from the slopes of the mean functions p(j)(t), while the net birth rate differences λ[−1]

can be determined from their curvatures (second derivatives). In contrast to cell number
data, the slopes of the covariance functions S(j)(t) for cell fraction data provide no extra
information on the model parameters.

the covariance functions S(j)(t) depend only on ν, meaning that they provide no extra

information on the model parameters.

Proposition 5.4. (1) For j = 1, . . . ,K, the switching rates νjk, k ̸= j, are uniquely

determined by d
dtp

(j)(t)
∣∣
t=0

.

(2) If the switching rates ν are known, the net birth rate differences λ[−1] are uniquely

determined by (i) d2

dt2
p(j)(t)

∣∣
t=0

for j = 1, . . . ,K or (ii) the equilibrium proportions

γ.

(3) For j = 1, . . . ,K, d
dtS

(j)(t)
∣∣
t=0

only depends on the switching rates νjk for k ̸= j.

Proof. Appendix D.9.

As for the remaining model parameters, the net birth rate λ1 and the birth rates b,

they require information on the curvatures of the covariance functions S(j)(t) at time

0 at the least. We will not analyze the structural identifiability of these parameters

further. Proposition 5.4 indicates that one should not expect to be able to estimate

these parameters accurately from cell fraction data, which is confirmed by numerical

experiments in Section 5.7.3.
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5.6.3 Comparison

The results of our identifiability analysis are summarized in Table 5.2. The birth rates

b are harder to estimate, since they require second moment information, but they may

still be obtainable with sufficient data, as we discuss further in Section 5.7. For cell

fraction data, the switching rates ν are easy to estimate using the mean behavior of the

population. The net birth rate differences λ[−1] can also be estimated from the mean,

but they require more information. The remaining model parameters are unlikely to be

obtainable for cell fraction data.

5.7 Numerical experiments

In this section, we apply our maximum likelihood framework to computer-generated

data, and we explore how well the model parameters can be estimated depending on

what data is collected. In all cases, we assume that experiments are conducted from

isolated initial conditions, and we assume no measurement noise, i.e. Enum
i,ℓ = 0 and

Efrac
i,ℓ = 0.

5.7.1 Implementation in MATLAB

Our estimation framework is implemented in MATLAB. The framework returns (i) a

maximum likelihood estimate and (ii) a likelihood-based confidence interval for each

parameter, using the sequential quadratic programming (sqp) solver in MATLAB. Be-

fore solving the maximum likelihood problem, we compute initial parameter estimates

from a simpler model, which we use to initialize the optimization and to rescale the

model parameters so that they are of similar magnitude. In most cases, we have found

it sufficient to solve the maximum likelihood problem once, starting from the simple es-

timates. However, our MATLAB codes provide the option to solve the problem several

times starting using different initial guesses. Details of the implementation are provided

in Appendix D.3.
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Figure 5.4: Graphical depiction of the output of our estimation framework. We first gen-
erated artificial cell-number and cell-fraction data by simulating the branching process
model of Section 5.2 for b1 = 0.6, d1 = 0.3, b2 = 1.0, d2 = 0.5, ν12 = 0.02, ν21 = 0.04,
f1 = [1, 0], f2 = [0, 1] and N1 = N2 = 1, 000. Using this data, we computed maximum
likelihood estimates and likelihood-based 95% confidence intervals (CIs) for the model
parameters. For each parameter, the shaded region indicates the CI, the vertical bar
inside the interval indicates the MLE estimate, and the arrow points to the true value
of the parameter.

5.7.2 Illustrative example

For illustrative purposes, we first show a graphical depiction of the output of our es-

timation framework for a single dataset. We generated artificial cell number and cell

fraction data by performing a stochastic simulation of the branching process model from

Section 5.2. We then used the data to compute MLE estimates and confidence intervals

for the model parameters. The data was generated assuming K = 2 cell types, I = 2

isolated initial conditions, L = 6 time points, and R = 3 replicates. Estimation results

are shown in Figure 5.4.

Note first the difference in scale between the switching rates and the rates involving

cell division and death. This is typically the case, since epigenetic modifications can

generally be retained for 10–105 cell divisions [22, 119]. Also note that all model param-

eters are estimated more accurately for cell number data than cell fraction data, in that

their confidence intervals are narrower for cell number data. Otherwise, the relative

accuracy with which different model parameters can be estimated is in line with our

identifiability analysis in Section 5.6.



116

10-4

10-2

100

102

0.25

Figure 5.5: Assessment of estimation error across a wide range of biologically realistic
parameter regimes. We first generated 100 different parameter regimes, then generated
100 artifical datasets for each regime, and finally computed parameter estimates for
each dataset. To generate the parameter regimes, we sampled birth and death rates
uniformly between 0 and 1, and sampled switching rates log-uniformly between 10−1

and 10−3 (Appendix D.4). For each parameter and each parameter regime, we used
the 100 estimates to compute the coefficient of variation (CV) for the estimates, which
measures the error in the estimation. Each dot in the figure represents the CV for a
single parameter under a single regime, with the blue dots (resp. red dots) representing
estimates from cell number data (resp. cell fraction data). Collectively, the dots enable
comparison of estimation error between different model parameters and between cell
number and cell fraction data. The horizontal bars represent the 10th percentile, median
and 90th percentile of the CVs, bottom to top.

5.7.3 Estimation across a wide range of biologically realistic regimes

For a more thorough evaluation of estimation accuracy, we generated 10,000 artificial

datasets for K = 2 cell types. We first generated 100 biologically realistic parameter

regimes and then generated 100 datasets for each regime. To generate the parameter

regimes, we sampled birth and death rates uniformly between 0 and 1, and sampled

switching rates log-uniformly between 10−1 and 10−3. We considered both regimes

where the two phenotypes have positive net birth rates (λ1, λ2 > 0) and regimes where
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one phenotype has a negative net birth rate (λ1 < 0, λ2 > 0). The latter regimes are

relevant to the dynamics of anti-cancer treatment response, where one phenotype is

drug-sensitive and the other is drug-tolerant. As in Section 5.7.2, we assumed I = 2

isolated initial conditions, L = 6 time points and R = 3 replicates. Further details of

the data generation are provided in Appendix D.4.

For each dataset, we used our framework to compute MLE estimates for all model

parameters. In this way, we obtained 100 estimates of each parameter under each

parameter regime, which we used to compute the coefficient of variation (CV) for the

MLE estimator of the parameter. The CV is the sample standard deviation of the MLE

estimator as a proportion of its sample mean, and it measures the percentage error in

the estimation.

The results are shown in Figure 5.5. A horizontal line is drawn at 25% CV to

indicate whether parameters can be estimated with reasonable accuracy. Note that

for the switching rates ν, the median CV for cell fraction data is about twice as large

as for cell number data. The median CV for the net birth rate difference λ2 − λ1 is

an order of magnitude larger for cell fraction data than cell number data, and it is

two orders of magnitude larger for the net birth rate λ1. The birth rates b can in

many cases be estimated reasonably well for cell number data, whereas they are never

estimated accurately for cell fraction data. These results are very much in line with our

identifiability analysis in Section 5.6.

Note that for cell fraction data, the estimation error for the net birth rate difference

λ2−λ1 exceeds the 25% threshold CV for several parameter regimes. This occurs when

λ2−λ1 is small in magnitude, i.e. when it is smaller than 0.1 in regimes where the birth

rates lie between 0.1 and 1. Note in contrast that for cell number data, the estimation

error for λ2 − λ1 never exceeds the 25% threshold. This indicates that for cell fraction

data, it may be difficult to distinguish the net birth rate difference λ2−λ1 from 0 unless

it is relatively pronounced. We discuss this point further in Section 5.8 below.

5.7.4 Experimental design: Adding replicates vs. adding time points

Our framework can be used to evaluate to what extent additional data can improve

parameter estimates and to identify experimental designs that best accomplish this

goal. To illustrate this point, we compared the effect of (i) doubling the number of
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Figure 5.6: Comparison of estimation error for different experimental designs when
the number of data points is doubled. We generated 10 parameter regimes and 100
datasets for each regime. The blue dots represent estimation from datasets with L = 6
time points and R = 3 replicates. The red dots represent estimation from L = 6 time
points and R = 6 replicates. The green and grey dots represent estimation from L = 12
time points and R = 3 replicates, where the extra time points are added in between
and after the previous time points, respectively. Panel (a) shows estimation from cell
number data and panel (b) shows estimation from cell fraction data.

replicates from R = 3 to R = 6 (design 1), (ii) doubling the number of time points

from T = 6 to T = 12, adding time points in between the previous time points (design

2), and (iii) doubling the number of time points, adding time points after the previous

points (design 3) (Appendix D.4). Here, we generated 10 parameter regimes and 100

datasets for each regime. The results are shown in Figure 5.6.

For cell number data, the median CV for the switching rate ν21 and the net birth

rate λ2 reduces by 26% and 27%, respectively, when the number of replicates is doubled

(design 1) (Fig. 5.6a). This is consistent with the fact that the standard deviation of

an MLE estimator can be expected to decrease with 1/
√
n, where n is the number
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of datapoints (1 − 1/
√
2 = 0.29) [28]. Adding data from time points in between the

previous time points (design 2) has a similar effect on the median CV. However, adding

time points after the previous points (design 3) reduces the median CV of ν21 and λ2

by 23% and 16%, respectively, over adding replicates (design 1). We also note that the

10th percentile of the CV for ν21 and λ2 reduces by 26% and 42%, respectively, between

design 1 and design 3, which indicates that the degree of improvement between design

1 and design 3 depends very much on the parameter regime.

For cell fraction data, the relative attractiveness of the three experimental designs is

similar (Fig. 5.6b). However, in this case, the estimate for the net birth rate difference

λ2−λ1 benefits significantly more from using design 3 than the estimate for the switching

rate ν21. For example, the median CV for ν21 reduces by 16% and the 10th percentile

by 30% between design 1 and design 3, while the analogous reduction for λ2−λ1 is 59%

and 53%, respectively.

In our structural identifiability analysis for cell fraction data (Section 5.6.2), we

observed that it is more difficult to estimate λ2−λ1 than ν21 from the initial population

dynamics, and that λ2 − λ1 can be identified from the equilibrium proportions γ if the

switching rates ν are known. The fact that adding more information on the long-run

behavior of the population benefits the estimation of λ2−λ1 more than ν21 is consistent

with these insights. Of course, the results of the previous Section 5.7.3 indicate that

the estimation of λ2 − λ1 can be improved even further by using cell number data

as opposed to cell fraction data. In general, Sections 5.7.3 and 5.7.4 show how our

framework can be used to evaluate the estimation accuracy that can be achieved by

different experimental designs, depending e.g. on what data is collected, when it is

collected, how many replicates are performed, etc.

5.7.5 Improving identifiability of the rates of cell division and cell

death

For cell number data, even though the birth rates b can be estimated reasonably well

in many cases by Section 5.7.3, they are estimated much less accurately than the net

birth rates λ and the switching rates ν. In Figure 5.8a, we show that as the number of

replicates is increased from 3 to 20 or above, the accuracy in the estimation becomes

more acceptable. However, even with 100 replicates, the birth rates b are still estimated
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Figure 5.7: Augmentation of the mathematical model when data is available on the
number of dead cells at each time point. In that case, in stead of cells being lost from
the model upon dying (left panel), they transition into a new state (right panel).

less accurately than the net birth rates λ with 3 replicates, see Figure 5.5. As we

mentioned in the introduction (Section 5.1), data on the number of cells in each state

at each time point can be obtained by separately measuring the fraction of cells in each

state and the total number of cells. In addition, it is often possible to estimate the

number of dead cells at each time point, see e.g. [42]. If this data is obtained, we can

augment our mathematical model by introducing a new cell state, which cells transition

into upon death. In Figure 5.8b, we show that if we apply our estimation framework to

this model, the birth rates b become as easy to estimate as the net birth rates λ. Thus,

if data is collected on the number of live and dead cells at each time point, it becomes

possible to estimate all model parameters accurately using our framework. It should be

noted that data collection on the number of dead cells is confounded by the fact that

dead cells will eventually dissolve and be cleared from the system. This can potentially

be addressed by introducing a clearance rate for cells in the dead cell state.

5.7.6 Estimation using endpoint data vs. sequential data

We conclude by examining how well our estimation framework applies to sequential data,

when data is collected at multiple time points in the same experiment (Section 5.3). In

Figure 5.9, we see that for cell number data, the CV for each parameter approximately

doubles when applying our framework to sequential data vs. endpoint data. However, it

remains true that the switching rates ν and net birth rates λ can be estimated with good

accuracy. For cell fraction data, the difference in the estimation error for ν and λ2−λ1 is
even smaller. Together, these results indicate that our framework can yield reasonable

estimates for sequential data. At the same time, for cell number data in particular,
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Figure 5.8: Two ways of improving the estimation accuracy for the birth rates b when
cell number data is used. In (a), we show how the estimation accuracy for the birth rate
b2 improves as the number of experimental replicates is increased. In (b), we compare
the estimation accuracy for the birth rate b2 and the net birth rate λ2 depending on
whether data on the number of dead cells at each time point is included in the estimation
or not.

there can be a significant benefit to developing a method tailored to sequential data.

5.8 Application: Transition between stem and non-stem

cell states in SW620 colon cancer

To demonstrate the applicability of our framework, we next use it to analyze a publicly

available cell fraction dataset. We use data collected by Yang et al. [168] on the dynamics

between stem-like (type-1) and non-stem (type-2) cells (type-2) in SW620 colon cancer.

In Yang et al. [168], the two cell types were sorted based on expression of the CD133

cell-surface antigen marker. Isolated subpopulations were expanded and phenotypic

proportions were tracked for 24 days, with data collected every other day. This dataset

has previously been analyzed using the CellTrans estimation method [24], which we use

as a basis for comparison.
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Figure 5.9: Comparison of estimation error depending on whether our framework is
applied to endpoint data or sequential data. The blue dots show the estimation er-
ror when endpoint data is used, i.e. when experiments from different time points are
independent, and the red dots show the error when sequential data is used, i.e. when
data is collected at multiple time points in the same experiment. Panel (a) shows the
comparison for cell number data and panel (b) for cell fraction data. Even though our
framework is derived for endpoint data, it provides reasonable estimation accuracy for
sequential data.

Since data on individual experimental replicates is not available, we use data on the

mean cell fraction across replicates as input to our estimation framework. We begin our

analysis by considering the following two statistical models:

• Model I: fi,ℓ ∼ pfi(tℓ) +N
(
0, ω2I

)
,

• Model II: fi,ℓ ∼ pfi(tℓ) +N
(
0, N−1

i Sfi(tℓ)
)
+N

(
0, ω2I

)
.

Model I is the simple model from (5.15), which has four parameters. As discussed in

Section 5.5.3, the MLE problem for this model is a least squares problem, which can be

viewed as the continuous-time version of the TRANSCOMPP estimation problem [82]
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Model w(AIC) w(BIC) ν21 ν12 λ2−λ1
I 0.005 0.027 0.1567 0.0573 0.0841

II 0.995 0.973 0.1540 0.0570 0.0804

Table 5.3: Comparison of point estimates and model fit quality for the statistical models
fi,ℓ ∼ pfi(tℓ) +N

(
0, ω2I

)
(Model I) and fi,ℓ ∼ pfi(tℓ) +N

(
0, N−1

i Sfi(tℓ)
)
+N

(
0, ω2I

)
(Model II) applied to publicly available cell fraction data from Yang et al. [168].

(Appendix D.1). Model II is our statistical model (5.11) with Efrac
i,ℓ = ω2I for all i, ℓ,

which has seven parameters. We note that in the implementation of our framework, the

estimates for Model I are always computed as part of the estimation for Model II, since

they are used both as initial guesses and for parameter scaling when solving the MLE

problem (5.14) (Appendix D.3).

In Table 5.3, we show the results of the parameter estimation for the two models.

To assess the quality of model fit relative to model complexity, we compute model

weights based on the Akaike Information Criterion (AIC) and the Bayesian Information

Criterion (BIC) [155]. The weights are normalized to take values between 0 and 1, and

they indicate the strength of evidence for each model relative to the other (Appendix

D.5). We observe that whereas the point estimates for ν21, ν12 and λ2 − λ1 are very

similar for the two models, both the AIC and BIC weights indicate that Model II

explains the data significantly better than Model I.

In Figure 5.10, we show 95% confidence intervals (CIs) for ν21, ν12 and λ2 − λ1

under Model II. The CIs show that while the point estimates for ν21 and ν12 are 0.1540

and 0.0570, the true value of ν21 may range between 0.1110 and 0.2119, and the true

value of ν12 may range between 0.0361 and 0.0872. Since the two CIs do not overlap,

we can be confident that ν21 > ν12, but there is significant uncertainty as to the true

values of these parameters. The CI for λ2 − λ1 is even wider, which is in line with our

earlier observations that this parameter is more difficult to estimate from cell fraction

data than the switching rates, especially when λ2 − λ1 is relatively small in magnitude

(Sections 5.6.2 and 5.7.3). In fact, the CI for λ2 − λ1 includes zero, meaning that it is

plausible that λ1 = λ2.

According to Wang et al. [156], the cell cycles of the two phenotypes in the SW620

cell line are both approximately one day. As a result, the CellTrans paper [24] assumes
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that the two phenotypes have the same growth rate, which is a prerequisite for using the

method (Appendix D.1). We can build this assumption into our estimation by solving

the MLE problem for Model II under the constraint λ2 − λ1 = 0. We refer to this as

Model IIa:

• Model IIa: fi,ℓ ∼ pfi(tℓ) +N
(
0, N−1

i Sfi(tℓ)
)
+N

(
0, ω2I

)
, λ2 − λ1 = 0.

Estimation results for Model IIa are shown in Figure 5.10. The assumption λ1 = λ2

has a noticeable effect on both the point estimates of ν21 and ν12 and their confidence

intervals. For example, the ratio ν21/ν12 is 2.70 under Model II, while it is 1.85 under

Model IIa. In other words, switching from type-2 to type-1 happens about three times

as often as switching from type-1 to type-2 under Model II, while it happens about

two times as often under Model IIa. Furthermore, under Model IIa, the CI for ν21 is

reduced by a half compared to Model II, meaning that Model IIa significantly restricts

the plausible values of ν21.

In the CellTrans paper [24], the same dataset is used to estimate switching prob-

abilities of p21 = 0.1030 and p12 = 0.0545, based on a discrete-time Markov model

with a time step of ∆t = one day. In the CellTrans model, type switches are synchro-

nized between all cells in the population, and they occur at discrete time steps. In our

continuous-time model, the time steps are infinitesimally small, and each cell has a cer-

tain probability of switching, proliferating and dying during each step, independently

of other cells (Section 5.2.1). The CellTrans estimates become more comparable to our

estimates if we shorten the time step e.g. to ∆t = 1/10 day. In that case, the switching

probabilities become 0.01111 and 0.00588, which translate to continuous-time rates of

p̃21 = 0.1111 and p̃12 = 0.0588. These estimates fall at the lower limits of our CIs for

ν21 and ν12 under Model IIa (Figure 5.10).

According to our estimation framework, the CellTrans method yields plausible point

estimates for the switching rates, in that they fall within our 95% confidence intervals

when the time step is taken to be sufficiently small. The same can be said about

the estimates from Model I, which can be viewed as the continuous-time version of

TRANSCOMPP. However, the preceding analysis highlights several advantages of using

our framework. First of all, estimates from discrete-time models are sensitive to the

length of the time step chosen, which makes their interpretation less clear. Second,
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Figure 5.10: Comparison of point estimates and 95% confidence intervals for the
statistical model fi,ℓ ∼ pfi(tℓ)+N

(
0, N−1

i Sfi(tℓ)
)
+N

(
0, ω2I

)
(Model II) and the same

model with λ2−λ1 = 0 (Model IIa) applied to publicly available cell fraction data from
Yang et al. [168].

our framework provides likelihood-based confidence intervals, which encompass all of

the plausible values for the parameters. For example, the CIs for Model II reveal how

uncertain the value of λ2−λ1 is compared to ν21 and ν12. Furthermore, the CIs for Model

IIa show that even under the assumption λ1 = λ2, the true values of ν21 and ν12 may be

around 50% larger than what is predicted by CellTrans. Third, our framework clearly

shows the effect of simplifying assumptions such as λ1 = λ2 on the estimates of ν21 and

ν12 and their CIs. As we have observed, making this assumption significantly restricts

the plausible values of ν21 and ν12, which may underestimate the true uncertainty in the

estimation depending on the certainty of the claim λ1 = λ2. Finally, if data is collected

on the total size of the population at each time point, our framework can easily make

use of this data to produce improved parameter estimates.
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5.9 Discussion

In this work, we have proposed a maximum likelihood framework for estimating the rates

of cell proliferation and phenotypic switching in cancer. Our framework is novel in that

it explicitly models the stochastic dynamics of cell division, cell death and phenotypic

switching, it provides likelihood-based confidence intervals for the model parameters,

and it enables estimation from data on the fraction of cells or the number of cells in

each state.

Through a combination of theoretical and numerical investigation and application

to real data, we have seen that when cell fraction data is used, the switching rates

ν may be the only parameters that can be estimated accurately, while the net birth

rate differences λ[−1] can also be obtained when they are sufficiently large. Including

information on the total size of the population at each time point yields significantly

better estimates of λ[−1], and it also enables accurate estimation of the net birth rates

λ. Finally, if enough experimental replicates are performed or if data is collected on

the number of dead cells at each time point, it even becomes possible to estimates the

birth rates b and death rates d accurately.

In a previous work, we discussed how knowledge of the model parameters ν, λ, b

can enhance our understanding of resistance evolution in cancer and inform the design

of combination treatments of anti-cancer agents and epigenetic drugs [75]. Together,

these parameters shape the evolution of phenotypic proportions and the tumor burden

over time, each of which is relevant to the dynamics of tumor recurrence. Our current

work shows that it is not possible to estimate the net birth rates λ or the birth rates

b accurately from cell fraction data, it indicates what data is required to obtain these

parameters, and it offers a rigorous approach to parameter estimation and uncertainty

quantification once the data has been acquired.

There are several avenues for future development of the framework. First, our mul-

titype branching process model assumes that cells are allowed to grow uninterrupted

for the duration of the experiments. This does not address the effect of passaging in

longer-duration experiments. One possible solution is to keep track of cell proportions

and seeding densities for each passage, and treat each new passage as a new experi-

ment. However, our framework currently assumes that initial conditions are completely
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known, while uncertainty is assigned to all subsequent time points. In reality, the initial

conditions are subject to measurement error, and it may become important to model

this error for the case of repeated passaging.

Second, our framework currently models measurement error as an additive Gaussian

noise with a general covariance matrix. We have suggested simple ways of choosing the

covariance matrix both for cell number and cell fraction data, but further exploration of

appropriate choices is warranted. Depending on the application, it may also be necessary

to develop a more sophisticated model for the measurement error. For example, for cell

number data, if the measurement error is proportional to the population size, it may

be necessary to model it as a multiplicative term rather than an additive term, or to

build the experimental cell counting procedure more explicitly into the model. We plan

to address this in future work.

Third, we have focused on estimation from experiments started with isolated sub-

populations of each phenotype, as this is a common experimental design, and we have

analyzed parameter identifiability in this setting. Understanding to what extent the

model parameters, or some combinations of the parameters, can be estimated from

more limited data is an interesting avenue for future investigation. For example, if we

are interested in estimating parameters from clinical data, the data will likely contain

much less information than we have assumed here, and it will become necessary to an-

alyze what parameters are identifiable and how identifiability can be improved, e.g. by

combining data from similar patients.

Finally, we believe our framework can be useful for the design of cell line experiments

aimed at deciphering the dynamics of phenotypic switching. The experimental design

process includes deciding on what data to collect, when to collect it, and how many

experimental replicates to perform. For example, preliminary experiments can first

be conducted, from which initial parameter estimates and confidence intervals can be

derived. Based on the confidence intervals, one can construct a set of likely values for

the parameters, which can be used to evaluate the expected improvement in estimation

accuracy depending on the experimental design, see e.g. [143]. Once good experimental

designs have been identified, one can evaluate whether the expected improvement in

estimation accuracy justifies the additional experimental resources. If this is the case,

additional experiments can be performed and the process can be repeated. In a future
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work, we plan to develop a tool for the optimal selection of experimental designs, to

facilitate more efficient utilization of experimental resources.
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Appendix A

Appendix to Chapter 2

A.1 Proofs of lemmas

A.1.1 Proof of Lemma 2.1

Lemma A.1 (LCLT on Zd ×Zw). Let (Sn)n≥0 be the discrete-time SSRW on Zd ×Zw

with S0 = 0. Set b1 := 2, bw := 2 if w > 1 is even and bw := 1 if w > 1 is odd, and

define

pw,d :=


1, w = 1,

2d/(2d+ 1), w = 2,

d/(d+ 1), w > 2,

as the probability that (Sn)n≥0 takes a step in the Zd-direction, with pw,2 = pw as defined

in (2.6). Then, for any n ≥ 1 and x ∈ Zd × Zw so that P(Sn = x) > 0,

nd/2P(Sn = x) = (bw/w)
(
d/(2πpw,d)

)d/2
+ o(1).

Proof. For w = 1, the SSRW on Zd×Zw is equivalent to the SSRW on Zd, and it suffices

to refer to the LCLT on Zd, given by (A.2) below. We can therefore assume that w > 1.

Let N̂(n) denote the number of steps taken along the first d dimensions of Zd × Zw

by time n. Conditional on N̂(n) = k, we can decompose Sn as Sn = (Ŝk, S
w
n−k), where

(Ŝj)j≥0 and (Sw
j )j≥0 are independent SSRWs on Zd and Zw, respectively. In other
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words, for any x ∈ Zd × Zw with x = (x̂, xd+1),

P(Sn = x|N̂(n) = k) = P(Ŝk = x̂)P(Sw
n−k = xd+1).

Thus, by conditioning on the value of N̂(n), we can analyze the large-n asymptotics of

Sn by analyzing the two random walks (Ŝj)j≥0 and (Sw
j )j≥0 separately.

We start with the latter walk (Sw
j )j≥0 on Zw. Note first that (Sw

j )j≥0 is aperiodic

if w > 1 is odd, while it is periodic with period 2 if w > 1 is even. For the w odd

case, the transition matrix Pw for (Sw
j )j≥0 is irreducible and aperiodic, and the uniform

distribution on Zw is stationary for Pw, so by Theorem 4.9 of [104], there exist constants

γ1 = γ1(w) ∈ (0, 1) and C1 = C1(w) > 0 so that

|P(Sw
j = xd+1)− 1/w| ≤ C1γ

j
1, xd+1 ∈ Zw.

For the w even case, by rearranging the state space into odds and evens, we can write

P 2
w as a block diagonal matrix consisting of two identical irreducible, aperiodic blocks

Qw of dimension (w/2) × (w/2). If Sw
0 = 0 and xd+1 is even, we can apply the same

theorem as above to get constants γ2 = γ2(w) ∈ (0, 1) and C2 = C2(w) > 0 so that

|P(Sw
2j = xd+1)− 2/w| ≤ C2γ

j
2 = C2

(
γ
1/2
2

)2j
.

If xd+1 is odd, we condition on the first step and obtain as before

|P(Sw
2j+1 = xd+1)− 2/w| ≤ C2γ

j
2 =

(
C2γ

−1/2
2

)(
γ
1/2
2

)2j+1
.

Recall that bw = 1 for w > 1 odd and bw = 2 for w > 1 even. Combining the above

observations, we see that for the SSRW (Sw
j )j≥0 on Zw, there exist γ = γ(w) ∈ (0, 1)

and C = C(w) > 0 so that for each xd+1 ∈ Zw with P(Sw
j = xd+1) > 0,

|P(Sw
j = xd+1)− (bw/w)| ≤ Cγj . (A.1)

We next turn to the random walk (Ŝj)j≥0 on Zd. For x̂ ∈ Zd and j ≥ 1, set

pj(x̂) :=
(
d/(2πj)

)d/2
exp

(
−d∥x̂∥2/(2j)

)
,
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where ∥ · ∥ is the Euclidean norm on Zd. By Theorem 2.1.3 of [102], there exists c > 0

so that for all x̂ ∈ Zd,

|P(Ŝj = x̂) + P(Ŝj+1 = x̂)− 2pj(x̂)| ≤ c/j(d+2)/2.

Since (Ŝj)j≥0 is periodic with period 2, we obtain for j and x̂ such that P(Ŝj = x̂) > 0,

jd/2P(Ŝj = x̂) = 2
(
d/(2π)

)d/2
+O(1/j). (A.2)

We finally establish bounds on N̂(n), the number of steps the SSRW on Zd × Zw

takes along the first d dimensions by time n. Since N̂(n) is binomially distributed with

success probability pw,d, we obtain by Hoeffding’s inequality for any ν > 0,

P(|N̂(n)− npw,d| > n1/2+ν) ≤ 2 exp(−2n2ν). (A.3)

For each n and each ν ∈ (0, 1/2), define the neighborhoods

An(ν) := {1 ≤ k ≤ n : |k − npw,d| ≤ n1/2+ν},

and note that by (A.3), N̂(n) takes values in An(ν) with high probability for n large.

We are now ready to carry out the main calculations. Fix ν ∈ (0, 1/2) and note first

that

nd/2P(Sn = x) = nd/2P(Sn = x|N̂(n) ∈ An(ν))P(N̂(n) ∈ An(ν))

+ nd/2P(Sn = x|N̂(n) /∈ An(ν))P(N̂(n) /∈ An(ν)).

Write x = (x̂, xd+1). Since P(N̂(n) /∈ An(ν)) ≤ 2 exp(−2n2ν) by (A.3), and nd/2 =

o(exp(2n2ν)), it suffices to study the large-n asymptotics of

nd/2P(Sn = x|N̂(n) ∈ An(ν))

= nd/2
∑

k∈An(ν)
P(Ŝk = x̂)P(Sw

n−k = xd+1)P(N̂(n) = k|N̂(n) ∈ An(ν)).

For n and x so that P(Sn = x) > 0, we can assume without loss of generality that

P(Ŝk = x̂) > 0 and P(Sw
n−k = xd+1) > 0 for k ∈ An(ν) even and n sufficiently large.
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Define

A2
n(ν) := {k ∈ An(ν) : k even}.

For k ∈ A2
n(ν), we can write kd/2P(Ŝk = x̂) = 2(d/(2π))d/2 + O(1/k) by (A.2). By the

definition of An(ν), we furthermore have

(1/pw,d) ·
(
1/(1 + p−1

w,dn
ν−1/2)

)
≤ n/k ≤ (1/pw,d) ·

(
1/(1− p−1

w,dn
ν−1/2)

)
,

which implies that n/k = 1/pw,d +O(nν−1/2). Therefore,

nd/2P(Sn = x|N̂(n) ∈ An(ν))

=
∑

k∈A2
n(ν)

(n/k)d/2 · kd/2P(Ŝk = x̂) · P(Sw
n−k = xd+1)P(N̂(n) = k|N̂(n) ∈ An(ν))

= 2(d/(2πpw,d))
d/2∑

k∈A2
n(ν)

P(Sw
n−k = xd+1)P(N̂(n) = k|N̂(n) ∈ An(ν)) + o(1).

By (A.1), there exist constants γ = γ(w) ∈ (0, 1) and C = C(w) > 0 so that for

k ∈ A2
n(ν),

|P(Sw
n−k = xd+1)− (bw/w)| ≤ Cγn(1−pw,d)−n1/2+ν

,

which implies that P(Sw
n−k = xd+1) = bw/w +O(γn(1−pw,d)−n1/2+ν

). We thus obtain

nd/2P(Sn = x|N̂(n) ∈ An(ν))

= 2(bw/w)(d/(2πpw,d))
d/2

∑
k∈A2

n(ν)
P(N̂(n) = k|N̂(n) ∈ An(ν)) + o(1).

The remaining sum is the probability that N̂(n) is even given that N̂(n) ∈ An(ν).

Since for X ∼ Bin(n, p), P(X is even) = 1/2 + (1/2)(1− 2p)n, and the probability that

N̂(n) ∈ An(ν) converges to 1 as n → ∞, the sum converges to 1/2 as n → ∞. The

result follows.

A.1.2 Proof of Lemma 2.2

Lemma A.2 (Asymptotic tail of T0). Let (Zt)t≥0 be the SSRW on Z2 × Zw with jump

rate α > 0, started at a nearest neighbor of the origin. Set T0 := inf{t ≥ 0 : Zt = 0}
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and define

µw := pwπw =


π, w = 1,

(4/5)πw, w = 2,

(2/3)πw, w > 2,

where pw is the probability given by (2.6). Then

P(T0 > t) ∼ µw/ log t, t→ ∞.

Proof. We begin by proving the result for the embedded discrete-time SSRW (Sn)n≥0

on Z2 × Zw, defined by Sn := Zσn , where σn is the time of the n-th jump of (Zt)t≥0.

Set τ0 := min{n > 0 : Sn = 0}. We want to show that

P(τ0 > n) ∼ µw/ log n, n→ ∞.

The w = 1 case has already been established by Dvoretzky and Erdös in [55]. We can

easily extend their argument to the w > 1 case by substituting the LCLT on Z2 by our

LCLT on Z2 × Zw. We sketch the argument briefly below.

Note first that instead of assuming that (Sn)n≥0 is started at a nearest neighbor of

the origin, we can assume that (Sn)n≥0 is started at the origin itself, since for n ≥ 1,

P(τ0 > n|S0 = 0) = P(τ0 > n− 1|S0 = e1).

Define γ2(n) := P(τ0 > n − 1|S0 = 0) and u2(n) := P(Sn = 0|S0 = 0) using the

notation of [55]. Clearly, γ2(n) in decreasing in n with γ2(1) = 1 and γ2(n) > 0 for all

n ≥ 1. Assume that w is even, in which case (Sn)n≥0 is periodic with period 2. Then

u2(2n− 1) = 0 for n ≥ 1, and by the discrete-time LCLT of Lemma 2.1,

u2(2n) = P(S2n = 0|S0 = 0) = (1/µw)(1/n) + o(1/n), n ≥ 1. (A.4)

If S0 = 0, then for any n ≥ 1, the walk visits the origin at least once by time n− 1 with

probability 1. Decomposing this event in terms of the last return to the origin by time
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n− 1, and setting m := n/2− 1 for even n and m := (n− 1)/2 for odd n, we can write

u2(0)γ2(n) + u2(2)γ2(n− 2) + · · ·+ u2(2m)γ2(n− 2m) = 1.

It follows from (A.4) that
∑k

i=0 u2(2i) = (1/µw)(log k)(1+o(1)). Using the monotonicity

of γ2, one can now show that γ2(n) = (µw + o(1))/ log n, see page 356 of [55]. The

argument for odd w, in which case the walk is aperiodic, follows along similar lines.

It remains to translate the above discrete-time result into continuous time. Fix

ε > 0. Let T0 = inf{t ≥ 0 : Zt = 0} be the time of first visit of (Zt)t≥0 to the origin,

and let N(t) denote the number of jumps Zt makes by time t. Then

P(T0 > t) = P(τ0 > N(t)) ≤ P (τ0 > αt(1− ε)) + P (N(t) < αt(1− ε)) ,

and

P(T0 > t) = P(τ0 > N(t)) ≥ P (τ0 > αt(1 + ε))− P (N(t) > αt(1 + ε)) .

Since (N(t))t≥0 is a Poisson process with rate α, we have N(t)/(αt) → 1 almost surely

as t→ ∞. The result follows.

A.1.3 Proof of Lemma 2.3

Lemma A.3. Let (Z1
t )t≥0 and (Z2

t )t≥0 be independent SSRWs on Z2 × Zw with jump

rate 1, started at 0 and a nearest neighbor of 0. Set T0 := inf{t ≥ 0 : Z1
t = Z2

t }, and
let S be an exponential random variable with mean 1/β, independent of (Z1

t )t≥0 and

(Z2
t )t≥0. Then

(1) α0(β) := P(T0 ≤ min{S, τ(β)}) → 1 as β → 0.

(2) α1(β) := P(S ≤ min{T0, τ(β)}) = Θ
(
1/(log(1/β))3/2

)
as β → 0,

(3) α2(β) := P(τ(β) ≤ min{S, T0}) ∼ µw/ log(1/β) as β → 0.

Furthermore, there exists C > 0 so that for sufficiently small β,

(4) E
[
supt≤τ(β) ||Z1

t ||j
∣∣T0 ≤ min{S, τ(β)}

]
≤ Cj!τ(β)j/2, j ≥ 1,
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(5) E
[
supt≤τ(β) ||Z1

t ||j
∣∣S ≤ min{T0, τ(β)}

]
≤ Cj!(log(1/β))1/2τ(β)j/2, j ≥ 1,

(6) E
[
supt≤τ(β) ||Z1

t ||j
∣∣ τ(β) ≤ min{S, T0}

]
≤ Cj!(log(1/β))1/2τ(β)j/2, j ≥ 1.

Each of (4)-(6) continues to hold if Z1
t is replaced by Z2

t or Z̄t = Z1
t − Z2

t .

Proof. Recall that τ(β) = (1/β)
(
1/

√
log(1/β)

)
, and define

a(β) := (1/β)
(
1/(log(1/β))3/2

)
= o(τ(β)).

(1) Follows from (2) and (3).

(2) Since S is independent of T0, we can write

P(S ≤ min{T0, τ(β)}) =
∫ τ(β)
0 P(s ≤ T0) · βe−βsds

=
∫ a(β)
0 P(s ≤ T0) · βe−βsds+

∫ τ(β)
a(β) P(s ≤ T0) · βe−βsds.

For the former integral, it is easy to see that

∫ a(β)
0 P(s ≤ T0) · βe−βsds ≤

∫ a(β)
0 βe−βsds

= 1− e−βa(β) ∼ 1/(log(1/β))3/2, β → 0.

For the latter integral, we can write

∫ τ(β)
a(β) P(s ≤ T0) · βe−βsds ≤ (τ(β)− a(β)) · βe−βa(β) · P(a(β) ≤ T0). (A.5)

Now, (τ(β)−a(β)) ∼ τ(β) = (1/β)
(
1/

√
log(1/β)

)
as β → 0, e−βa(β) → 1 as β → 0,

and by Lemma 2.2, P(a(β) ≤ T0) ∼ µw/ log(1/β) as β → 0. The right-hand side of

(A.5) is therefore of order 1/(log(1/β))3/2 as β → 0. Thus,

P
(
S ≤ min{T0, τ(β)}

)
= O

(
1/(log(1/β))3/2

)
.



155

On the other hand, by independence,

P(S ≤ min{T0, τ(β)}) ≥ P(S ≤ τ(β) ≤ T0)

= P(S ≤ τ(β)) · P(τ(β) ≤ T0)

∼ µw/(log(1/β))
3/2, β → 0,

since P(S ≤ τ(β)) = 1 − e−βτ(β) ∼ 1/
√
log(1/β) as β → 0, and P(τ(β) ≤ T0) ∼

µw/ log(1/β) as β → 0 by Lemma 2.2. Therefore,

P(S ≤ min{T0, τ(β)}) = Ω
(
1/(log(1/β))3/2

)
.

Since P(S ≤ min{T0, τ(β)}) is both O
(
1/(log(1/β))3/2

)
and Ω

(
1/(log(1/β))3/2

)
as

β → 0, we have established part (2).

(3) By independence,

P(τ(β) ≤ min{S, T0}) = P(τ(β) ≤ S) · P(τ(β) ≤ T0)

= e−βτ(β) · P(τ(β) ≤ T0)

∼ µw/ log(1/β), β → 0,

which follows from the fact that exp(−βτ(β)) → 1 as β → 0, and that P(τ(β) ≤
T0) ∼ µw/ log(1/β) as β → 0 by Lemma 2.2.

(4) Note that we can write Z1
t = (Z1

1,t, Z
1
2,t, Z

1
3,t), where Z

1
1,t and Z1

2,t are SSRWs on

Z with jump rate pw/2 each, and Z1
3,t is the SSRW on Zw with jump rate 1 − pw,

where pw is defined as in (2.6). All walks are started at 0. By part (1) above, we

have P(T0 ≤ min{S, τ(β)}) ≥ 1/2 for sufficiently small β, which implies that for

any x > 0,

P
(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x
∣∣T0 ≤ min{S, τ(β)}

)
≤ 2P

(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x
)
. (A.6)
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Then note that for any x > 0,

P
(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x
)
≤ 4P

(
τ(β)−1/2 supt≤τ(β) Z

1
1,t > x/2

)
, (A.7)

since Z1
1,t and Z

1
2,t have the same distribution. Now, Z1

1,t takes steps ±1 with equal

probability at rate pw/2. The steps have moment generating function

ϕ(θ) = (eθ + e−θ)/2,

so Z1
1,t has moment generating function

ψt(θ) = E
[
exp(θZ1

1,t)
]

=
∑∞

n=0 e
−(pw/2)t

(
((pw/2)t)

n/n!
)
· ϕ(θ)n

= exp
(
(pw/2)t · (ϕ(θ)− 1)

)
. (A.8)

For any x > 0 and θ > 0, we thus obtain by Doob’s inequality,

P(τ(β)−1/2 supt≤τ(β) Z
1
1,t > x/2)

= P
(
supt≤τ(β) exp(θτ(β)

−1/2Z1
1,t) > exp(θx/2)

)
≤ exp

(
(pw/2)τ(β) · (ϕ(θτ(β)−1/2)− 1)

)
· exp(−θx/2).

Since ϕ(θτ(β)−1/2) = 1 + (1/2)θ2τ(β)−1 + · · · , we can find C1 = C1(θ) > 0 so that

for sufficiently small β,

(pw/2)τ(β) · (ϕ(θτ(β)−1/2)− 1) ≤ logC1.

If we take θ = 2, we then obtain for sufficiently small β,

P(τ(β)−1/2 supt≤τ(β) Z
1
1,t > x/2) ≤ C1 exp(−x). (A.9)
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Now fix j ≥ 1 and write, by (A.6), (A.7) and (A.9),

τ(β)−j/2E
[
supt≤τ(β) ||Z1

t ||j
∣∣T0 ≤ min{S, τ(β)}

]
=

∫∞
0 P

(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x1/j
∣∣T0 ≤ min{S, τ(β)}

)
dx

≤ C2

∫∞
0 exp

(
− x1/j

)
dx,

where C2 := 8C1 > 0. Using the substitution u = x1/j , x = uj , dx = juj−1du, we

obtain

τ(β)−j/2E
[
supt≤τ(β) ||Z1

t ||j
∣∣T0 ≤ min{S, τ(β)}

]
≤ C2j

∫∞
0 e−uuj−1du = C2j!,

since
∫∞
0 e−uuj−1du = (j − 1)!. The result follows.

(5) We begin by noting that for any x > 0, by independence and Cauchy-Schwarz,

P
(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x, S ≤ min{T0, τ(β)}
)

=
∫ τ(β)
0 P

(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x, s ≤ T0
)
· βe−βsds

≤
√

P
(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x
)
·
∫ τ(β)
0

√
P(s ≤ T0) · βe−βsds.

By the same analysis as in part (2) above, the integral is O
(
1/ log(1/β)

)
. Since

P(S ≤ min{T0, τ(β)}) = Θ
(
1/(log(1/β))3/2

)
by part (2), we obtain for some C3 > 0 and sufficiently small β,

P
(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x
∣∣S ≤ min{T0, τ(β)}

)
≤ C3(log(1/β))

1/2
√

P
(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x
)
.

The same argument as in part (4) above now yields the desired result. The only

modification is that we take θ = 4 instead of θ = 2 in the calculations due to the

square root.
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(6) We begin by writing for any x > 0, by Cauchy-Schwarz,

P
(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x, τ(β) ≤ min{S, T0}
)

≤
√
P
(
τ(β)−1/2 supt≤τ(β) ||Z1

t || > x
)
·
√

P(τ(β) ≤ min{S, T0}),

and the same argument as in part (5) yields the desired result, the only difference

being that we appeal to the result of part (3) instead of part (2).

A.1.4 Proof of Lemma 2.4

Lemma A.4. Fix a > 0 and 0 < ρ < 1, and define Ar := [r,∞) × R × Zw. For each

δ > 0, there exist M > 0 and β0 > 0 so that

P
(
ζ̃β,0t ∩Ab+at ̸= ∅

)
≤ 4P

(
ϕ̊β,0t ∩Ab+ρat ̸= ∅

)
+Me−δt, β ≤ β0, t > 0, b ∈ R.

Proof. To avoid notational overload, we suppress the initial conditions of the processes

used in the proof, and assume that each is started with a single particle at the origin.

As in Section 2.3.4, let ϕ̊
(k)
t for k = 0, 1, 2 be the subprocess of the unaltered BRW ϕ̄t

obtained by gathering offsprings of particles in the pruned BRW ϕ̊t that have just been

born through a type-k branching event and whose decision period has not yet passed.

Recall that by (2.18),

ζ̃t ⊆ ϕ̊t ∪ ϕ̊(0)t ∪ ϕ̊(1)t ∪ ϕ̊(2)t .

Since 0 < ρ < 1, it follows that

P
(
ζ̃βt ∩Ab+at ̸= ∅

)
≤ P

(
ϕ̊βt ∩Ab+ρat ̸= ∅

)
+
∑2

k=0 P
(
ϕ̊
(k),β
t ∩Ab+at ̸= ∅

)
. (A.10)

To analyze the terms in the sum, consider P
(
ϕ̊
(k),β
t ∩ Ab+at ̸= ∅

)
for k = 1. We begin

by writing

P
(
ϕ̊
(1),β
t ∩Ab+at ̸= ∅

)
≤ P

(
ϕ̊βt ∩Ab+ρat ̸= ∅

)
+ P

(
ϕ̊
(1),β
t ∩Ab+at ̸= ∅, ϕ̊βt ∩Ab+ρat = ∅

)
. (A.11)
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Enumerate the particles in ϕ̊
(1),β
t asXβ,1

t , Xβ,2
t , . . . , X

β,N
(1),β
t

t , whereN
(1),β
t is the number

of particles in ϕ̊
(1),β
t . For each Xβ,i

t , let Y β,i
t denote the position of its parent particle in

ϕ̊βt . Then

P
(
ϕ̊
(1),β
t ∩Ab+at ̸= ∅, ϕ̊βt ∩Ab+ρat = ∅

)
≤ P

(⋃N
(1),β
t

i=1 {||Xβ,i
t − Y β,i

t || > (1− ρ)at}
)

≤
∑∞

i=1 P
(
||Xβ,i

t − Y β,i
t || > (1− ρ)at

∣∣ i ≤ N
(1),β
t

)
P
(
i ≤ N

(1),β
t

)
. (A.12)

Let (Z1
s )s≥0 and (Z2

s )s≥0 be independent SSRWs on Z2 × Zw, started at 0 and a ran-

domly chosen neighbor of 0, let T0 be the time at which they first meet, and let S be

an exponential random variable with mean 1/β, independent of (Z1
s )s≥0 and (Z2

s )s≥0.

Since each particle in ϕ̊
(1)
t has existed for at most τ(β) time units, and each particle is

conditioned on producing its own offspring quickly, we can write for any i ≥ 1,

P
(
||Xβ,i

t − Y β,i
t || > (1− ρ)at

∣∣ i ≤ N
(1),β
t

)
≤ P

(
h(β)−1/2 sups≤τ(β) ∥Z1

s − Z2
s∥ > (1− ρ)at

∣∣S ≤ min{T0, τ(β)}
)
. (A.13)

For ease of notation, let (Z̃s)s≥0 denote a walk on Z2 × Zw with the distribution of

(Z1
s − Z2

s )s≥0 conditional on {S ≤ min{T0, τ(β)}}. Write Z̃s = (Z̃1,s, Z̃2,s, Z̃3,s), and

note that

P
(
h(β)−1/2 sups≤τ(β) ∥Z̃s∥ > (1− ρ)at

)
≤ 4P

(
h(β)−1/2 sups≤τ(β) Z̃1,s > (1/2)(1− ρ)at

)
. (A.14)

We now consider the moment generating function

E
[
exp

(
νh(β)−1/2Z̃1,τ(β)

)]
.

By part (5) in Lemma 2.3, there exists C > 0 so that for sufficiently small β,

E|Z̃1,τ(β)|j ≤ Cj!(log(1/β))1/2τ(β)j/2, j ≥ 1.
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We therefore obtain, with τ(β) = (1/β)
(
1/
√
log(1/β)

)
and h(β) = (1/β) · log(1/β),

h(β)−jE|Z̃1,τ(β)|2j ≤ C(2j)!(log(1/β))(1−3j)/2 ≤ C(2j)!(log(1/β))−j , j ≥ 1,

where we use that (1 − 3j)/2 ≤ −j whenever j ≥ 1. Using that Z̃1,τ(β)
d
= −Z̃1,τ(β) by

symmetry, we obtain for sufficiently small β,

E
[
exp

(
νh(β)−1/2Z̃1,τ(β)

)]
=

∑∞
j=0

(
1/(2j)!

)
· ν2jh(β)−jE|Z̃1,τ(β)|2j

≤ 1 + C
∑∞

j=1

(
1/(2j)!

)
· ν2j(2j)!(log(1/β))−j

= 1 +OC,ν

(
(log(1/β))−1

)
, (A.15)

where OC,ν signifies that the error term depends on C and ν. By Doob’s inequality,

P
(
h(β)−1/2 sups≤τ(β) Z̃1,s > (1/2)(1− ρ)at

)
≤ exp

(
−(1/2)(1− ρ)νat

)
· E

[
exp

(
νh(β)−1/2Z̃1,τ(β)

)]
, t > 0.

By first choosing ν sufficiently large and then β sufficiently small, we can for any δ > 0

find a constant M1 > 0 so that for sufficiently small β,

P
(
h(β)−1/2 sups≤τ(β) Z̃1,s > (1/2)(1− ρ)at

)
≤M1e

−(δ+2µw)t, t > 0.

It then follows from (A.12), (A.13) and (A.14) that forM2 := 4M1 and sufficiently small

β,

P
(
ϕ̊
(1),β
t ∩Ab+at ̸= ∅, ϕ̊βt ∩Ab+ρat = ∅

)
≤M2e

−(δ+2µw)t ·
∑∞

i=1 P
(
i ≤ N

(1),β
t

)
=M2e

−(δ+2µw)t · E
[
N

(1),β
t

]
, t > 0.

Now, E
[
N

(1),β
t

]
= E

∣∣ϕ̊(1),βt

∣∣ ≤ E
∣∣ϕ̊βt ∣∣ ≤ E

∣∣ϕβt ∣∣, where ϕβt denotes the simple BRW defined

in Section 2.3.4. By Lemma 2.3, ϕβt branches at exponential rate γ(β) = µw+o(1), with

mean number of new particles ℓ(β) = 1 + o(1) introduced per branching event. Since

γ(β) · ℓ(β) ≤ 2µw for sufficiently small β, we can write

E
[
N

(1),β
t

]
≤ E

∣∣ϕβt ∣∣ ≤ exp(2µwt)
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for sufficiently small β and any t > 0. We thus obtain for sufficiently small β,

P
(
ϕ̊
(1),β
t ∩Ab+at ̸= ∅, ϕ̊βt ∩Ab+ρat = ∅

)
≤M2e

−δt, t > 0.

The same bound holds for k = 0 and k = 2 by parts (4) and (6) of Lemma 2.3. By

setting M := 3M2, the desired result then follows from (A.10) and (A.11).

A.1.5 Proof of Lemma 2.5

Lemma A.5. For a particle chosen uniformly at random from ϕβ,0t , let (Y β
s )s≤t be the

path followed by this particle and its ancestors, and let (Y̊ β
s )s≤t be the corresponding

path in ϕ̊β,0t . Then, for any r > 0 and δ > 0, there exist M > 0 and β0 > 0 so that

P
(
sups≤t ||Y

β
s − Y̊ β

s || > rt
)
≤Me−δt, β ≤ β0, t > 0.

Proof. As in the proof of Lemma 2.4, we suppress the initial conditions of the processes

from the notation, and assume that each is started with a single particle at the origin.

Consider the pruned BRW (ϕ̊s)s≥0 (in the unscaled spacetime). Type-1 and type-2

branching events occur at total rate ∼ µw/h(β) as β → 0 by Lemma 2.3, where we

recall that h(β) = (1/β) · log(1/β). In the simple BRW (ϕs)s≥0, we modify the path

of parent and daughter at each type-1 and type-2 event as outlined in Section 2.3.4.

Type-0 branching events, where the daughter is not introduced to (ϕ̊s)s≥0, occur at rate

∼ β as β → 0 by Lemma 2.3. In the simple BRW (ϕs)s≥0, we modify the parent’s

path at a type-0 event with probability 1 − α0(β) ∼ µw/ log(1/β) as β → 0, so the

modification rate for type-0 events is ∼ µw/h(β). The total rate of modifications for

type-0, type-1 and type-2 events is therefore ∼ 2µw/h(β) as β → 0, which translates

into ∼ 2µw in the scaled spacetime.

Consider now a type-1 branching event in (ϕ̊s)s≥0. Assume for simplicity that the

parent is at the origin at the time of branching. Let (Z1
t )t≥0 and (Z2

t )t≥0 be the SSRWs

followed by parent and daughter from the time of branching, let T0 be the time at which

they first meet, and let S be the time at which the daughter first branches. Note that

the two paths are conditioned on {S ≤ min{T0, τ(β)}}. Next, let (Z3
t )t≥0 and (Z4

t )t≥0

be independent SSRWs with jump rate 1 that are independent of (Z1
t )t≥0, (Z

2
t )t≥0 and
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S, both started at the origin. Define

Ẑ1
t :=

Z3
t , t ≤ S,

Z3
S + (Z1

t − Z1
S), t ≥ S,

and

Ẑ2
t :=

Z4
t , t ≤ S,

Z4
S + (Z2

t − Z2
S), t ≥ S.

In the simple BRW (ϕs)s≥0, we replace (Z1
t )t≥0 and (Z2

t )t≥0 by (Ẑ1
t )t≥0 and (Ẑ2

t )t≥0,

respectively. Note that in the definition of (Ẑ1
t )t≥0, we connect the paths (Z3

t )t≤S and

(Z1
t )t≥S at time S (see Figure 2.5 in the main text), which requires perturbing (Z1

t )t≥S

by Z3
S − Z1

S conditional on {S ≤ min{T0, τ(β)}}. Call this perturbation X. By the

same argument as used to establish part (5) in Lemma 2.3, there exists C > 0 so that

for sufficiently small β,

E||X||j = E
[
||Z3

S − Z1
S ||j

∣∣S ≤ min{T0, τ(β)}
]
≤ Cj!(log(1/β))1/2τ(β)j/2, j ≥ 1.

The perturbation of (Z2
t )t≥S in the definition of (Ẑ2

t )t≥0 has the same upper bound by

Lemma 2.3. Furthermore, the same argument, using part (6) of Lemma 2.3 instead

of part (5), will show that this upper bound also applies to perturbations on type-2

branching events.

On type-0 branching events, (Z1
t )t≥0 and (Z2

t )t≥0 will be conditioned on {T0 ≤
min{S, τ(β)}}. Here, (Z3

t )t≥0 and (Z4
t )t≥0 will be conditioned on {S′ ≤ min{T ′

0, τ(β)}}
or {τ(β) ≤ min{S′, T ′

0}}, with S′ and T ′
0 defined in terms of (Z3

t )t≥0 and (Z4
t )t≥0. Let X

be the perturbation required to connect (Z3
t )t≤τ(β) and (Z1

t )t≥τ(β) at time τ(β) (recall

that we only modify the parent’s path on a type-0 branching event). By the same

argument as used to establish parts (4)-(6) in Lemma 2.3, we can show that

E||X||j ≤ Cj!(log(1/β))1/2τ(β)j/2, j ≥ 1, (A.16)

the same as for the type-1 and type-2 branching events.

Consider next the scaled processes (ϕ̊βs )s≥0 and (ϕβs )s≥0. We have already observed
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that each particle path in (ϕ̊βs )s≥0 is perturbed at total rate ∼ 2µw as β → 0 to produce

the corresponding path in (ϕβs )s≥0. Some of the perturbations occur on type-0 branching

events, in which case no new particle is introduced, while the remaining perturbations

occur on type-1 and type-2 branching events, in which case one new particle is intro-

duced. To keep track of the perturbations, we define a branching process embedded in

(ϕ̊βs )s≥0 as follows:

• Each individual in the branching process is associated with a particle in (ϕ̊βs )s≥0.

• At each type-0 perturbation in (ϕ̊βs )s≥0, the corresponding individual in the branch-

ing process is killed and replaced by another individual.

• At each type-1 or type-2 perturbation in (ϕ̊βs )s≥0, the corresponding individual in

the branching process is killed and replaced by two individuals.

For a given particle path in (ϕ̊βs )s≥0, the number of perturbations up until time t is the

generation number at time t of the corresponding individual in the branching process.

The branching process has branching rate ∼ 2µw and mean number of offspring ∼ 3/2

per branching event as β → 0. To obtain an upper bound on the number of perturbations

by time t, it therefore suffices to establish the following lemma.

Lemma A.5.1. Let (φs)s≥0 be a continuous-time branching process with exponential

branching rate α > 0 and offspring distribution (pj)
∞
j=0 with p0 = 0, started with a

single individual. Let Gt be the generation number of an individual selected uniformly

at random from φt. Set m :=
∑

j jpj and assume 1 < m ≤ m0. Then, for any c > m0,

P(Gt > cαt) ≤ exp
(
αt · (2c(m0 − 1)− (c−m0)

2)/(2c)
)
, t > 0.

Proof. Let φj,t be the number of individuals at time t that are in generation j. Then

P(Gt > cαt) = E
[
(1/φt) ·

∑
j>cαt φj,t

]
≤

∑
j>cαt E

[
φj,t

]
,

where we use that φt ≥ 1 since p0 = 0. Note that E
[
φj,t

]
= mjP(Rt = j), where Rt

is Poisson distributed with mean αt. Let R̂t be Poisson distributed with mean m0αt.



164

Then

P(Gt > cαt) ≤
∑

j>cαtm
j
0 P(Rt = j) = exp

(
αt(m0 − 1)

)
· P(R̂t > cαt), t > 0.

(A.17)

Note next that by Theorem 1 of [26], for c > m0,

P(R̂t > cαt) ≤ exp
(
−αt · (c−m0)

2/(2c)
)
, t > 0.

The result then follows from (A.17).

We are now ready to begin the main calculations. First, select a particle uniformly at

random from ϕβt . Let (Y
β
s )s≤t be the path followed by this particle and its ancestors, and

let (Y̊ β
s )s≤t be the corresponding path in ϕ̊βt . The number of perturbations Gβ

t between

the two paths by time t is the generation number of a particle selected uniformly at

random from the embedded branching process. By the previous lemma, for a given

δ > 0, we can select c > 0 sufficiently large so that for sufficiently small β,

P(Gβ
t > ct) ≤ exp(−δt), t > 0.

This implies

P
(
sups≤t ||Y

β
s − Y̊ β

s || > rt
)

≤ P
(
sups≤t ||Y

β
s − Y̊ β

s || > rt,Gβ
t ≤ ct

)
+ e−δt, t > 0. (A.18)

To analyze the probability in (A.18), note that by the above observations, we can write

Y β
t = Y̊ β

t +
∑Gβ

t
k=1X

β
k ,

where Xβ
1 , X

β
2 , . . . is the (independent) sequence of scaled perturbations, and we assume

for simplicity that the time point t does not occur during a decision period. It follows

that

P
(
sups≤t ||Y

β
s − Y̊ β

s || > rt,Gβ
t ≤ ct

)
≤ P

(
supm≤ct

∥∥∑m
k=1X

β
k

∥∥ > rt
)
. (A.19)
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To estimate this probability, we begin by noting that

P
(
supm≤ct

∥∥∑m
k=1X

β
k

∥∥ > rt
)

= P
(
supm≤ct h(β)

−1/2
∥∥∑m

k=1Xk

∥∥ > rt
)

≤ 4P
(
supm≤ct h(β)

−1/2
∑m

k=1X1,k > (1/2)rt
)
, (A.20)

where we write Xk = (X1,k, X2,k, X3,k). We next consider the moment generating

function

E
[
exp

(
νh(β)−1/2

∑⌊ct⌋
k=1X1,k

)]
=

∏⌊ct⌋
k=1 E

[
exp(νh(β)−1/2X1,k)

]
.

Using the moment bound (A.16), we can show that

E
[
exp(νh(β)−1/2X1,k)

]
= 1 +OC,ν

(
(log(1/β))−1

)
, k ≥ 1,

using the same argument we used to establish (A.15) in the proof of Lemma 2.4. For a

given ν > 0, take β0 = β0(ν) > 0 so that for β ≤ β0,

E
[
exp(νh(β)−1/2X1,k)

]
≤ exp

(
(1/4)(rν/c)

)
, k ≥ 1,

which implies that for β ≤ β0,

∏⌊ct⌋
k=1 E

[
exp(νh(β)−1/2X1,k)

]
≤ exp

(
(1/4)rνt

)
, t > 0.

We then obtain by Doob’s inequality for β ≤ β0,

P
(
supm≤ct h(β)

−1/2
∑m

k=1X1,k > (1/2)rt
)
≤ exp

(
−(1/4)rνt

)
, t > 0.

Choosing ν appropriately, we obtain by (A.20) for sufficiently small β,

P
(
supm≤ct

∥∥∑m
k=1X

β
k

∥∥ > rt
)
≤ 4 e−δt, t > 0.

Finally, combining with (A.18) and (A.19), we obtain the desired result.
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A.1.6 Proof of Lemma 2.6

Lemma A.6. Fix a > 0 and 0 < ρ < 1, and define Ar := [r,∞) × R × Zw. For each

δ > 0, there exist M > 0 and β0 > 0 so that

P
(
ϕ̊β,0t ∩Ab+at ̸= ∅

)
≤ P

(
ϕβ,0t ∩Ab+ρat ̸= ∅

)
+Me−δt, β ≤ β0, t > 0, b ∈ R.

Proof. As in the proofs of Lemmas 2.4 and 2.5, we suppress the initial conditions of the

processes from the notation, and assume that each is started with a single particle at

the origin. Since 0 < ρ < 1, we can begin by writing

P
(
ϕ̊βt ∩Ab+at ̸= ∅

)
≤ P

(
ϕβt ∩Ab+ρat ̸= ∅

)
+ P

(
ϕ̊βt ∩Ab+at ̸= ∅, ϕβt ∩Ab+ρat = ∅

)
.

Enumerate the particles in ϕβt as Y β,1
t , Y β,2

t , . . . , Y
β,Nβ

t
t , where Nβ

t is the number of

particles in ϕβt . For each Y
β,i
t , let Y̊ β,i

t denote the position of the corresponding particle

in ϕ̊βt . Then

P
(
ϕ̊βt ∩Ab+at ̸= ∅, ϕβt ∩Ab+ρat = ∅

)
≤ P

(⋃Nβ
t

i=1{||Y̊
β,i
t − Y β,i

t || > (1− ρ)at}
)
,

and by Markov’s inequality,

P
(⋃Nβ

t
i=1{||Y̊

β,i
t − Y β,i

t || > (1− ρ)at}
)
≤ E

[∑Nβ
t

i=1 1{||Y̊ β,i
t −Y β,i

t ||>(1−ρ)at}

]
.

Let I be the index of a particle chosen uniformly at random from Y β,1
t , Y β,2

t , . . . , Y
β,Nβ

t
t ,

i.e. P
(
I = j

∣∣Nβ
t

)
= 1/Nβ

t for j = 1, . . . , Nβ
t . Then

E
[∑Nβ

t
i=1 1{||Y̊ β,i

t −Y β,i
t ||>(1−ρ)at}

]
= E

[
Nβ

t · 1{||Y̊ β,I
t −Y β,I

t ||>(1−ρ)at}

]
,

and by Cauchy-Schwarz,

E
[
Nβ

t · 1{||Y̊ β,I
t −Y β,I

t ||>(1−ρ)at}

]
≤

√
E
[
(Nβ

t )
2
]
·
√
P
(
||Y̊ β,I

t − Y β,I
t || > (1− ρ)at

)
.

Now, ϕβt branches at exponential rate γ(β) = µw + o(1), with mean number of new
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particles ℓ(β) = 1 + o(1) introduced per branching event. Since γ(β) · ℓ(β) ≤ 2µw for

sufficiently small β, by Lemma 5 in [64], there exists M1 > 0 so that for sufficiently

small β,

E
[
(Nβ

t )
2
]
≤M1(e

2µwt)2, t > 0.

Furthermore, for any δ > 0, by Lemma 2.5 above, there exists M2 > 0 so that for

sufficiently small β,

P
(
||Y̊ β,I

t − Y β,I
t || > (1− ρ)at

)
≤M2 e

−2(δ+2µw)t, t > 0.

Combining the above, there exists M > 0 so that for sufficiently small β,

P
(
ϕ̊βt ∩Ab+at ̸= ∅, ϕβt ∩Ab+ρat = ∅

)
≤Me−δt, t > 0,

and the result follows.

A.1.7 Proof of Lemma 2.7

Lemma A.7. Define τA∅ := min{t ≥ 0 : ξAt = ∅} for A ⊆ Z2 × Zw. For each κ > 1,

there exists a family of random variables (Sβ)β>0, with P(Sβ < ∞|τ0∅ = ∞) = 1 for

each β > 0, so that

limβ→0 lim inft→∞ P
(
⌈κawh(β)1/2t⌉e1 /∈ ξ0Sβ+h(β)t

∣∣ τ0∅ = ∞
)
= 1,

where aw := pw
√
πw.

Proof. Take ε > 0. We segment the proof into three main steps.

Step 1: Remove conditioning on nonextinction. Let Br denote a box in Z2 ×Zw

centered at 0 with radius r, i.e.

Br := {(x1, x2, x3) ∈ Z2 × Zw : max{|x1|, |x2|} ≤ r}.
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If we set r = r(β) = h(β)1/2, then by the gambler’s ruin formula,

P(τBr
∅ <∞) = (1 + β)−(2⌊r⌋+1)2w = exp

(
−Θ(h(β)) · log(1 + β)

)
= o(1), β → 0,

since h(β) = (1/β) · log(1/β) and log(1 + β) = β + o(β). Define σr,R = σr,R(β) as

σr,R := inf{t ≥ 0 : Br ⊆ ξ0t ⊆ BRt}.

By (3) and (7) in Bramson & Griffeath [19] (i.e. the corresponding results for Z2×Zw),

there exists a constant R > 0 so that

P(σr,R <∞| τ0∅ = ∞) = 1,

which implies P(τ0∅ = ∞) ≤ P(σr,R < ∞). We then get by the strong Markov property

and the monotonicity property (2.10) of ξt, for any t > 0, m ≥ 1 and sufficiently small

β,

P
(
⌈κawh(β)1/2t⌉e1 /∈ ξ0σr,R+h(β)t, τ

0
∅ = ∞

)
≥ P

(
⌈κawh(β)1/2t⌉e1 /∈ ξ0σr,R+h(β)t, τ

0
∅ = ∞, σr,R ≤ m

)
=

∑
Br⊆Λ⊆BmR

P
(
⌈κawh(β)1/2t⌉e1 /∈ ξΛh(β)t, τ

Λ
∅ = ∞

)
P(σr,R ≤ m, ξ0σr,R

= Λ)

≥ P
(
⌈κawh(β)1/2t⌉e1 /∈ ξBmR

h(β)t, τ
Br
∅ = ∞

)
P(σr,R ≤ m)

≥
(
P
(
⌈κawh(β)1/2t⌉e1 /∈ ξBmR

h(β)t

)
− P

(
τBr
∅ <∞

))
P(σr,R ≤ m)

≥
(
P
(
⌈κawh(β)1/2t⌉e1 /∈ ξBmR

h(β)t

)
− ε

)
P(σr,R ≤ m).

If we can establish that for sufficiently small β,

limt→∞ P
(
⌈κawh(β)1/2t⌉e1 /∈ ξBmR

h(β)t

)
= 1, m ≥ 1,

then sending m→ ∞ will yield for sufficiently small β,

lim inft→∞ P
(
⌈κawh(β)1/2t⌉e1 /∈ ξ0σr,R+h(β)t, τ

0
∅ = ∞

)
≥ (1− ε)P(σr,R <∞),

and the desired result will follow from P(σr,R < ∞) ≥ P(τ0∅ = ∞). Equivalently, it is
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sufficient to show that for sufficiently small β,

limt→∞ P
(
⌈κawh(β)1/2t⌉e1 ∈ ξBmR

h(β)t

)
= 0, m ≥ 1. (A.21)

Step 2: Introduce duality and apply approximation scheme. Note first that

by the duality relation (2.8) between ξt and ζ̃t, the translation invariance (2.11) and

symmetry property (2.12) of the dual process ζ̃t, and the definition (2.17) of the scaled

dual process ζ̃βt ,

P
(
⌈κawh(β)1/2t⌉e1 ∈ ξBmR

h(β)t

)
= P

(
ζ̃
⌈κawh(β)1/2t⌉e1
h(β)t ∩BmR ̸= ∅

)
= P

(
ζ̃0h(β)t ∩ (BmR + ⌈κawh(β)1/2t⌉e1) ̸= ∅

)
= P

(
ζ̃β,0t ∩ h(β)−1/2(BmR + ⌈κawh(β)1/2t⌉e1) ̸= ∅

)
.

(A.22)

Set Ar := [r,∞) × R × Zw and take κ1 and κ2 so that 1 < κ2 < κ1 < κ. For any

x = (x1, x2, x3) ∈ BmR, we have |x1| ≤ mR where R > 0 is a constant. We can

therefore choose β sufficiently small that |xβ1 | = h(β)−1/2|x1| ≤ m for all x ∈ BmR.

Using the approximation Lemmas 2.4 and 2.6, we then obtain for sufficiently small β,

lim supt→∞ P
(
ζ̃β,0t ∩ h(β)−1/2(BmR + ⌈κawh(β)1/2t⌉e1) ̸= ∅

)
≤ lim supt→∞ P(ζ̃β,0t ∩A−m+κawt ̸= ∅)

≤ 4 lim supt→∞ P
(
ϕ̊β,0t ∩A−m+κ1awt ̸= ∅

)
≤ 4 lim supt→∞ P

(
ϕβ,0t ∩A−m+κ2awt ̸= ∅

)
. (A.23)

We have now reduced the problem to analyzing the tail of ϕβ,0t , which is straightforward.

Step 3: Analyze simple BRW. We begin by using Markov’s inequality to write

P
(
ϕβ,0t ∩A−m+κ2awt ̸= ∅

)
≤ E

∣∣ϕβ,0t ∩A−m+κ2awt

∣∣. (A.24)

Recall that ϕβ,0t has branching rate µw + o(1), and on average, 1 + o(1) new particles
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are added per branching event. Therefore,

E
∣∣ϕβ,0t ∩A−m+κ2awt

∣∣ = exp
(
(µw + o(1))t

)
· P(h(β)−1/2Sh(β)t ≥ −m+ κ2awt), (A.25)

where (Ss)s≥0 is the path of the SSRW on Z started at 0 with jump rate pw/2, where

pw is defined as in (2.6). By (A.8), its moment generating function is

ψs(θ) = exp
(
(pw/2)s · (ϕ(θ)− 1)

)
,

where ϕ(θ) = (eθ + e−θ)/2. Set θ0 := 2
√
πwκ2, and note that

ψh(β)t(θ0h(β)
−1/2) = exp

(
(pw/2)h(β)t · (ϕ(θ0h(β)−1/2)− 1)

)
.

Since ϕ(θ0h(β)
−1/2) = 1 + (1/2)θ20h(β)

−1 + o(h(β)−1), and µw = pwπw, we get

ψh(β)t(θ0h(β)
−1/2) = exp

(
(pwπwκ

2
2 + o(1))t

)
= exp

(
(µwκ

2
2 + o(1))t

)
.

Now, since aw = pw
√
πw, θ0 = 2

√
πwκ2 and µw = pwπw, we have κ2awθ0 = 2µwκ

2
2. We

therefore obtain by Markov’s inequality:

P(h(β)−1/2Sh(β)t ≥ −m+ κ2awt)

= P
(
exp(θ0h(β)

−1/2Sh(β)t) ≥ exp(−mθ0 + κ2awθ0t)
)

≤ exp
(
(µwκ

2
2 + o(1))t

)
· exp

(
− 2µwκ

2
2t
)
· eθ0m

= exp
(
(−κ22µw + o(1))t

)
· eθ0m.

Combining with (A.25), we obtain

E
∣∣ϕβ,0t ∩A−m+κ2awt

∣∣ ≤ exp
(
((1− κ22)µw + o(1))t

)
· eθ0m.

Take κ3 such that 1 < κ3 < κ22. Then for sufficiently small β,

E
∣∣ϕβ,0t ∩A−m+κ2awt

∣∣ ≤ exp
(
(1− κ3)µwt

)
· eθ0m.

Combining this with (A.22), (A.23) and (A.24), we obtain for sufficiently small β and
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any m ≥ 1,

lim supt→∞ P
(
⌈κawh(β)1/2t⌉e1 ∈ ξBmR

h(β)t

)
= 0,

which yields (A.21), as desired.

A.1.8 Proof of Lemma 2.8

Lemma A.8. Set d(β) := β−1/2(log(1/β))−1. Let A = A(β) denote the collection of

finite subsets of Z2 × Zw in which points are pairwise separated by at least d(β). Set

Aβ := h(β)−1/2A for A ∈ A and Aβ := h(β)−1/2A. Then, for any K > 0 and T > 0,

supA∈A, |A|≤K P
(
{(ζ̂β,A

β

t )t≤T ̸= (ψ̊β,Aβ

t )t≤T } ∪ {ψ̊β,Aβ

T /∈ Aβ}
)
→ 0, β → 0.

Proof. Recall that the pruned dual process ζ̂t includes any particle from the dual process

ζ̃t that has not coalesced with any other particle in the process by time τ(β). To show

that

(ζ̂β,A
β

t )t≤T = (ψ̊β,Aβ

t )t≤T

with high probability for sufficiently small β, we need to show that any particle in the

dual process ζ̃t that does not coalesce with its parent by time τ(β) will, with high

probability, (i) not coalesce with any other particle in the process before time τ(β), and

(ii) neither coalesce with its parent nor another particle in the process after time τ(β).

Assume that the starting set A has at most K particles, i.e. |A| ≤ K. On pages

1758-1759 of [54], Durrett and Zähle establish the following for the w = 1 case, i.e. for

Z2:

• For any ε > 0, there exists M =M(ε,K, T ) and β0 > 0 such that

P(|ζ̂β,A
β

T | > M) ≤ ε, β ≤ β0, (A.26)

i.e. with high probability, the total number of particles in the scaled, pruned dual

process at time T is finite.

• If Z1
t and Z2

t are independent SSRWs on Z2 with jump rate 1, Z̄t := Z1
t −Z2

t , and
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x = x(β) ∈ Z2 with ||x|| > d(β), then for any R > 0,

P(||Z̄t|| ≤ R for some t ≤ h(β)T | Z̄0 = x) → 0, β → 0. (A.27)

• If Z1
t and Z2

t are started at nearest neighbors, and T0 denotes the time at which

they first meet, then by the local central limit theorem on Z2,

P(||Z̄τ(β)|| ≤ d(β) |T0 > τ(β)) = O
(
(log(1/β))−1/2

)
= o(1), β → 0. (A.28)

All statements continue to be true on Z2×Zw for w > 1. In addition, following the same

argument as used to establish (A.28), we note that if Z1
t and Z2

t are independent SSRWs

on Z2 × Zw with jump rate 1, Z̄t = Z1
t − Z2

t , and g(β) = ω
(
d(β)2

)
, i.e. d(β)2/g(β) → 0

as β → 0, then by the local central limit theorem (2.15) on Z2,

P
(
||Z̄g(β)|| ≤ d(β) | Z̄0 = x) =

∑
y:||y||≤d(β) P(Z̄g(β) = y | Z̄0 = x)

= w(2d(β) + 1)2 ·O
(
g(β)−1

)
= o(1) (A.29)

for all x ∈ Z2 × Zw. The fact that (ζ̂β,A
β

t )t≤T = (ψ̊β,Aβ

t )t≤T with high probability

(w.h.p.) will now follow from an induction argument similar to the one presented on

pages 1758-1759 of [54]. To see that ψ̊β,Aβ

T ∈ Aβ w.h.p., we first takeM so that there are

at most M particles w.h.p., by the same argument as in (A.26). In the unscaled process

(ψ̊A
t )t≤h(β)T , the probability that at least one particle gives birth in the last 2τ(β) time

units is at most M
(
1− exp(−2βτ(β))

)
= o(1), since τ(β) = (1/β)

(
1/
√

log(1/β)
)
. If at

time h(β)T − 2τ(β), there exists a parent-daughter pair whose decision period has not

yet passed, the daughter will be introduced to the pruned process by time h(β)T −τ(β),
given that it does not coalesce with its parent. Then, applying (A.29) to each pair of

particles alive at time h(β)T − τ(β), and using the fact that τ(β) = ω
(
d(β)2

)
, we see

that the particles in (ψ̊A
t )t≤h(β)T will be pairwise separated by at least d(β) at time

h(β)T w.h.p. It follows that ψ̊β,Aβ

T ∈ Aβ w.h.p.
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A.1.9 Proof of Lemma 2.9

Lemma A.9. For 0 < θ < 1 and L > 0, define (Fig. 2.6b)

Iθ0 := [−(1/2)θawL, (1/2)θawL]
2 × Zw,

Iθk := Iθ0 + k · θawLe1, k ∈ Z,

and

Aβ,θ,K,k := {Aβ ∈ Aβ : |Aβ ∩ Iθk | ≥ K},

with Aβ defined as in Lemma 2.8. Let (ζ̂β,A
β ,θ

t )t≥0 denote a pruning of (ζ̂β,A
β

t )t≥0 with

particles killed as soon as they exit the box Iθ∆ with Iθ∆ := [−2θawL, 2θawL]
2 × Zw.

Then, for any 2/3 < θ < 1 and ε > 0, there exist L = L(θ) > 0, K = K(θ, ε) > 0 and

β0 = β0(θ, ε) > 0 such that for any Aβ ∈ Aβ,θ,K,0 with |Aβ| = K, and any β ≤ β0,

P(ζ̂β,A
β ,θ

L ∈ Aβ,θ,K,k) ≥ 1− ε, k ∈ {−1, 1}.

Proof. Let L > 0 and K > 0 be constants to be selected later. Furthermore, let

(ψ̊β,Aβ ,θ
t )t≥0 denote a pruning of (ψ̊β,Aβ

t )t≥0 with particles killed as soon as they exit Iθ∆.

By Lemma 2.8, we have for all Aβ ∈ Aβ,θ,K,0 with |Aβ| = K and sufficiently small β,

P(ζ̂β,A
β ,θ

L ∈ Aβ,θ,K,k)

≥ P
(
|ψ̊β,Aβ ,θ

L ∩ Iθk | ≥ K, (ζ̂β,A
β

t )t≤L = (ψ̊β,Aβ

t )t≤L, ψ̊
β,Aβ

T ∈ Aβ
)

≥ P
(
|ψ̊β,Aβ ,θ

L ∩ Iθk | ≥ K
)
− P

(
{(ζ̂β,A

β

t )t≤L ̸= (ψ̊β,Aβ

t )t≤L} ∪ {ψ̊β,Aβ

T /∈ Aβ}
)

≥ P
(
|ψ̊β,Aβ ,θ

L ∩ Iθk | ≥ K
)
− ε/4, k ∈ {−1, 1}. (A.30)

Define a simple BRW (ψβ
t )t≥0 in terms of (ψ̊β

t )t≥0 analogously to how (ϕβt )t≥0 is defined

in terms of (ϕ̊βt )t≥0 in Section 2.3.4. Take θ1 so that 2/3 < θ1 < θ, and let (ψβ,Aβ ,θ1
t )t≥0

denote a pruning of (ψβ,Aβ

t )t≥0 with particles killed as soon as they exit Iθ1∆ . Now,

consider the event

{|ψβ,Aβ ,θ1
L ∩ Iθ1k | ≥ K}, k ∈ {−1, 1}.

On the above event, pick K particles from ψβ,Aβ ,θ1
L ∩ Iθ1k , and consider one such particle

Y β
L . Lemma 2.5 implies that the distance between the path of this particle (and its
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ancestors) and the corresponding particle Y̊ β
L in ψ̊β

L (and its ancestors) up until time

L is upper bounded by (1/2)(θ − θ1)awL with high probability given sufficiently small

β. This implies that w.h.p., Y̊ β
L and its ancestors stay within Iθ∆ during [0, L], and Y̊ β

L

ends up in Iθk . Thus, for sufficiently small β,

P
(
|ψβ,Aβ ,θ1

L ∩ Iθ1k | ≥ K
)
≤ P(|ψ̊β,Aβ ,θ

L ∩ Iθk | ≥ K) + ε/4, k ∈ {−1, 1},

which yields by (A.30) for sufficiently small β,

P(ζ̂β,A
β ,θ

L ∈ Aβ,θ,K,k) ≥ P
(
|ψβ,Aβ ,θ1

L ∩ Iθ1k | ≥ K
)
− ε/2, k ∈ {−1, 1}. (A.31)

We now wish to estimate the probability on the right-hand side of (A.31). Recall

that the branching rate of ψβ
t is µw + o(1) by Lemma 2.3. Then, for any zβ ∈ Iθ10 ∩

h(β)−1/2(Z2 × Zw),

E
∣∣ψβ,zβ ,θ1

L ∩ Iθ1k
∣∣ = exp

(
(µw + o(1))L

)
· P

(
Zβ,zβ ,θ1
L ∈ Iθ1k

)
, k ∈ {−1, 1}, (A.32)

where (Zβ,zβ

t )t≥0 is the scaled version of the SSRW (Zz
t )t≥0 on Z2×Zw with jump rate 1,

and (Zβ,zβ ,θ1
t )t≥0 is a pruned version where the walk is killed if it exits Iθ1∆ (see e.g. (7.5)

of [52] for why (A.32) is true). For the probability on the right-hand side, note that

P
(
Zβ,zβ ,θ1
L ∈ Iθ1k

)
= P

(
Zβ,zβ

L ∈ Iθ1k , Z
β,zβ

t ∈ Iθ1∆ for all t ≤ L
)
, k ∈ {−1, 1}.

Without loss of generality, set k := 1. Take δ > 0 so that for any zβ = (zβ1 , z
β
2 , z

β
3 ) ∈

Iθ10 ∩ h(β)−1/2(Z2 × Zw) with z
β
1 ≥ 0 and zβ2 ≥ 0,

(zβ + ([−δ, 0]2 × Zw)) ⊆ Iθ10 .
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For such zβ and δ > 0, and Jθ1
∆ := [−(3/2)θ1awL, (3/2)θ1awL]

2 × Zw,

P
(
Zβ,zβ ,θ1
L ∈ Iθ11

)
= P

(
Zβ,zβ

L ∈ Iθ11 , Z
β,zβ

t ∈ Iθ1∆ for all t ≤ L
)

≥ P
(
Zβ,0
L ∈ ([−δ, 0]2 × Zw) + θ1awLe1, Z

β,0
t ∈ Jθ1

∆ for all t ≤ L
)

≥ P
(
Zβ,0
L ∈ ([−δ, 0]2 × Zw) + θ1awLe1

)
− P(Zβ,0

t /∈ Jθ1
∆ for some t ≤ L), (A.33)

where we use the translation invariance of (Zβ
t )t≥0. To analyze the latter term in (A.33),

write Zt = (Z1,t, Z2,t, Z3,t), where Z1,t and Z2,t are i.i.d. copies of the SSRW on Z with

jump rate pw/2 each, and Z3,t is the SSRW on Zw with jump rate 1− pw, where pw is

defined as in (2.6). Then note that

P(Zβ,0
t /∈ Jθ1

∆ for some t ≤ L)

≤ 2P(Zβ,0
1,t /∈ [−(3/2)θ1awL, (3/2)θ1awL] for some t ≤ L)

≤ 4P
(
h(β)−1/2 supt≤h(β)L Z

0
1,t > (3/2)θ1awL

)
.

By assumption, (3/2)θ1 > 1. The same argument we used to analyze (A.25) in the proof

of Lemma 2.7 (take κ2 := (3/2)θ1 > 1 and m := 0, and use Doob’s inequality to handle

the supremum) will show that we can take γ2 > 0 so that for sufficiently small β,

exp
(
(µw + o(1))L

)
· P

(
h(β)−1/2 supt≤h(β)L Z

0
1,t > (3/2)θ1awL

)
≤ exp(−γ2µwL).

(A.34)

To analyze the former term in (A.33), note that the local central limit theorem (2.15)

on Z2 implies that for all y ∈ Z2,

P
(
(Z0

1,h(β)L, Z
0
2,h(β)L) = y

)
=

(
pwπh(β)L

)−1
exp

(
−||y||2/(pwh(β)L)

)
+ oL

(
h(β)−1

)
,
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where oL signifies that the error term depends on L. Since

P
(
Zβ,0
L ∈ ([−δ, 0]2 × Zw) + θ1awLe1

)
= P

(
(Z0

1,h(β)L, Z
0
2,h(β)L) ∈ ([−δh(β)1/2, 0]2 + θ1awh(β)

1/2Le1)
)

=
∑

y∈([−δh(β)1/2,0]2+θ1awh(β)1/2Le1)
P
(
(Z0

1,h(β)L, Z
0
2,h(β)L) = y

)
,

and the number of terms in the sum is of order h(β), we obtain for some C > 0,

P
(
Zβ,0
L ∈ ([−δ, 0]2 × Zw) + θ1awLe1

)
≥ (C/L) · exp(−θ21µwL) + oL(1),

where we use that a2w/pw = µw since aw = pw
√
πw and µw = pwπw. Since θ1 < 1, we

can then find γ1 > 0 so that for sufficiently small β,

exp
(
(µw + o(1))L

)
· P

(
Zβ,0
L ∈ ([−δ, 0]2 × Zw) + θ1awLe1

)
≥ (C/L) · exp(γ1µwL). (A.35)

Combining (A.34) and (A.35) with (A.32) and (A.33), we obtain for sufficiently small

β,

E|ψβ,zβ ,θ1
L ∩ Iθ11 | ≥ (C/L) · exp

(
γ1µwL

)
− 4 exp

(
− γ2µwL

)
,

where γ1, γ2 > 0. Since the former term tends to ∞ as L → ∞ and the latter term

tends to 0 as L→ ∞, we can select L = L(θ1) large enough so that

E|ψβ,zβ ,θ1
L ∩ Iθ11 | ≥ 2, zβ ∈ Iθ10 ∩ h(β)−1/2(Z2 × Zw), z

β
1 ≥ 0, zβ2 ≥ 0.

The same is true for k = −1, as well as zβ in the second, third and fourth quadrant of

Iθ10 ∩ h(β)−1/2(Z2 × Zw). Now, using the same argument as in Durrett and Zähle ([54],

p. 1760), for the given L and any ε > 0, we can select K = K(θ1, ε) > 0 large enough

so that for all Aβ ∈ Aβ,θ,K,0 with |Aβ| = K and sufficiently small β,

P(|ψβ,Aβ ,θ1
L ∩ Iθ1k | < K) ≤ ε/2, k ∈ {−1, 1}.

Combining with (A.31), which holds for sufficiently small β given fixed K and L, we



177

obtain the desired result.

A.1.10 Proof of Lemma 2.10

Lemma A.10. Define τA∅ := min{t ≥ 0 : ξAt = ∅} for A ⊆ Z2 × Zw. For each

2/3 < ρ < 1, there exists a constant L > 0 and a family of random variables (Sβ)β>0,

with P(Sβ <∞|τ0∅ = ∞) = 1 for each β > 0, so that

limβ→0 lim infn→∞ P
(
ξ0Sβ+2nLh(β) ∩

[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅

∣∣ τ0∅ = ∞
)
= 1,

where aw := pw
√
πw.

Proof. Take ε > 0. We segment the proof into three main steps.

Step 1: Remove conditioning on nonextinction. Let Cr denote a box in Z2×Zw,

centered at 0 with side lengths 10r and 2r, i.e.

Cr := {(x1, x2, x3) ∈ Z2 × Zw : |x1| ≤ 5r, |x2| ≤ r},

and set σr := inf{t ≥ 0 : Cr ⊆ ξ0t }. As in the proof of Lemma 2.7, we note that if

r = r(β) = M · h(β)1/2 for some M > 0, then P(τCr
∅ < ∞) = o(1) as β → 0, and

P(σr < ∞| τ0∅ = ∞) = 1, so P(σr < ∞) ≥ P(τ0∅ = ∞). Let L > 0 and ρ < ρ1 < 1, and

set

γ := (1/2)ρ1awL and r := γh(β)1/2.

We then get by the strong Markov property and the monotonicity property (2.10) of ξt,

for any n ≥ 1 and sufficiently small β,

P
(
ξ0σr+2nLh(β) ∩

[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅, τ0∅ = ∞

)
=
∑

Cr⊆Λ

∫
s P

(
ξΛ2nLh(β) ∩

[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅, τΛ∅ = ∞

)
P
(
σr ∈ ds, ξ0σr

= Λ
)

≥ P
(
ξCr

2nLh(β) ∩
[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅, τCr

∅ = ∞
)
P(σr <∞)

≥
(
P
(
ξCr

2nLh(β) ∩
[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅

)
− P

(
τCr
∅ <∞

))
P(σr <∞)

≥
(
P
(
ξCr

2nLh(β)) ∩
[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅

)
− ε

)
P(τ0∅ = ∞),
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from which it follows that

P
(
ξ0σr+2nLh(β) ∩

[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅

∣∣ τ0∅ = ∞
)

≥ P
(
ξCr

2nLh(β) ∩
[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅

)
− ε. (A.36)

Step 2: Introduce duality. Let K > 0 be a constant to be selected later, and set

d(β) := β−1/2(log(1/β))−1 as in Lemma 2.8. Define

A0 = A0(β) := ⌈d(β)⌉ · J−K + 1, 0K · e1,

Aβ
0 := h(β)−1/2A0,

with Jm,nK = {m,m+ 1, . . . , n} for integers m < n (with possibly n = ∞). Note that

A0 has K points which are pairwise separated by at least d(β). Since d(β) = o
(√

h(β)
)
,

it follows that Aβ
0 ∈ Aβ,ρ1,K,0 for sufficiently small β, where Aβ,ρ1,K,0 is defined as in

Lemma 2.9. Next define

g(n) = g(n, β) := (2ρ1awLh(β)
1/2)−1⌈2nρawLh(β)1/2⌉,

and note that for fixed β, g(n)/n → ρ/ρ1 < 1 as n → ∞. Continuing on from (A.36),

we obtain using the duality relation (2.8) between ξt and ζ̃t, the monotonicity property

(2.10) of ζ̃t, the translation invariance (2.11) and symmetry property (2.12) of ζ̃t, and

the definition (2.17) of the scaled dual process ζ̃βt ,

P
(
ξCr

2nLh(β) ∩
[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅

)
= P

(
ζ̃

J⌈2nρawLh(β)1/2⌉,∞Ke1
2nLh(β) ∩ Cr ̸= ∅

)
≥ P

(
ζ̃
−A0+⌈2nρawLh(β)1/2⌉e1
2nLh(β) ∩ Cr ̸= ∅

)
= P

(
ζ̃A0

2nLh(β) ∩ (Cr + ⌈2nρawLh(β)1/2⌉e1) ̸= ∅
)

= P
(
ζ̃
β,Aβ

0
2nL ∩

(
([−5γ, 5γ]× [−γ, γ]× Zw) + 2g(n) · ρ1awLe1

)
̸= ∅

)
. (A.37)

Recall that γ = (1/2)ρ1awL, and define Iρ10 := [−γ, γ]2 × Zw and Iρ1k := Iρ10 + k · 2γe1
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for k ∈ Z as in Lemma 2.9. Then

P
(
ζ̃
β,Aβ

0
2nL ∩

(
([−5γ, 5γ]× [−γ, γ]× Zw) + 2g(n) · ρ1awLe1

)
̸= ∅

)
≥ P

(
ζ̃
β,Aβ

0
2nL ∩

(
Iρ10 + 2⌈g(n)⌉ · ρ1awLe1

)
̸= ∅

)
≥ P

(
ζ̂
β,Aβ

0
2nL ∩ Iρ12⌈g(n)⌉ ̸= ∅

)
, (A.38)

where in the last step, we use the lower-bounding property (2.19) of the pruned dual

process ζ̂t. We are now ready to apply the percolation construction of Lemma 2.9.

Step 3: Compare with oriented percolation. Let (ζ̂
β,Aβ

0 ,ρ1
t )t≥0 be a pruning of

(ζ̂β,A
β

t )t≥0 with particles killed as soon as they exit the box Iρ1∆ with Iρ1∆ := [−2ρ1awL, 2ρ1awL]
2×

Zw. Note first that for any K > 0,

P
(
ζ̂
β,Aβ

0
2nL ∩ Iρ12⌈g(n)⌉ ̸= ∅

)
≥ P

(
ζ̂
β,Aβ

0 ,ρ1
2nL ∈ Aβ,ρ1,K,2⌈g(n)⌉). (A.39)

By assumption, 2/3 < ρ1 < 1, so by Lemma 2.9, we can choose K and L so that for

any Aβ ∈ Aβ,ρ1,K,0 with |Aβ| = K and sufficiently small β,

P(ζ̂β,A
β ,ρ1

L ∈ Aβ,ρ1,K,k) ≥ 1− ε/2, k ∈ {−1, 1}.

Now set

Xn := {k ∈ Z : k + n even and ζ̂
β,Aβ

0 ,ρ1
nL ∈ Aβ,ρ1,K,k}, n ≥ 0.

By Theorem 4.3 of [52], Xn dominates a one-dependent oriented percolation process

{ω0
n}n≥0 with density ≥ 1 − ε and ω0

0 = {0}, i.e. ω0
n ⊆ Xn for all n. Let Ω0

∞ denote

the event {|
⋃

n ω
0
n| = ∞}, i.e. the event that percolation occurs, and let l0n = minω0

n

(resp. r0n = maxω0
n) denote the left (resp. right) edge of the process. Take ρ2 so that

ρ/ρ1 < ρ2 < 1. By Theorem 4.1 of [52], we have for sufficiently small ε,

P(Ω0
∞) ≥ 1− 55ε1/9, (A.40)
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and by Theorem 3.21 on page 300 of [107], we have for sufficiently small ε,

P(r0n/n ≥ ρ2 |Ω0
∞) ≥ 1− 3−n+1. (A.41)

Since for fixed β, g(n)/n→ ρ/ρ1 as n→ ∞, we further have for sufficiently large n,

⌈g(n)⌉/n ≤ ρ2. (A.42)

Continuing on from (A.39), we obtain for sufficiently small β and sufficiently large n,

P
(
ζ̂
β,Aβ

0 ,ρ1
2nL ∈ Aβ,ρ1,K,2⌈g(n)⌉) ≥ P(2⌈g(n)⌉ ∈ ω0

2n)

≥ P(2⌈g(n)⌉ ∈ ω0
2n, r

0
2n ≥ 2ρ2n,Ω

0
∞).

On Ω0
∞, we have ω0

n = ω2Z
n ∩ Jl0n, r0nK (see Section 8 of [47]). By (A.42), we can therefore

write for sufficiently large n,

P(2⌈g(n)⌉ ∈ ω0
2n, r

0
2n ≥ 2ρ2n,Ω

0
∞) = P(2⌈g(n)⌉ ∈ ω2Z

2n , r
0
2n ≥ 2ρ2n,Ω

0
∞)

≥ P(2⌈g(n)⌉ ∈ ω2Z
2n) + P(r02n ≥ 2ρ2n,Ω

0
∞)− 1

= P(2⌈g(n)⌉ ∈ ω2Z
2n) + P(r02n ≥ 2ρ2n |Ω0

∞)P(Ω0
∞)− 1.

Furthermore, ω0
n is self-dual (see Section 8 of [47]), so

P(2⌈g(n)⌉ ∈ ω2Z
2n) = P(ω2⌈g(n)⌉

2n ̸= ∅) = P(ω0
2n ̸= ∅) ≥ P(Ω0

∞).

By (A.40) and (A.41), we therefore obtain for sufficiently small β and sufficiently large

n,

P
(
ζ̂
β,Aβ

0 ,ρ1
2nL ∈ Aβ,ρ1,K,2⌈g(n)⌉) ≥ (2− 3−2n+1)(1− 55ε1/9)− 1.

Combining this with (A.36), (A.37), (A.38) and (A.39), we finally obtain for sufficiently
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small β and sufficiently large n,

P
(
ξ0σr+2nLh(β) ∩

[
2nρawLh(β)

1/2,∞
)
e1 ̸= ∅

∣∣ τ0∅ = ∞
)

≥
(
(2− 3−2n+1)(1− 55ε1/9)− 1

)
− ε,

and the result follows.

A.1.11 Extension of Bramson-Griffeath shape theorem

In this section, we discuss how the Bramson-Griffeath shape theorem on Z2 can be

extended to Z2 × Zw. Bramson and Griffeath’s proof is split across two papers. In

[20], they show that with probability 1, the biased voter model on Zd, conditioned

on nonextinction, eventually contains a ball which expands linearly in time. Then, in

[19], they use results from [20] to show that the biased voter model on Zd satisfies five

conditions formulated by Richardson [132], which together guarantee the existence of a

linearly-expanding asymptotic shape.

The key to extending the BG shape theorem to Z2×Zw is to interpret Richardson’s

conditions with the appropriate notion of spatial scaling and distance. Richardson’s

conditions deal with the “first infection times” of distant points of the form x/∆ for

small ∆ > 0, i.e. the times at which the process first reaches these points. For long-

run growth to be linear, the infection time of x/∆ should be of order 1/∆ as ∆ → 0,

i.e. the infection time of x/∆ scaled by ∆ should be finite. In [132], Richardson proposes

five conditions on these scaled infection times, which together imply the existence of a

linearly-expanding asymptotic shape. On Z2×Zw, the mutant clone will expand without

bound along the first two coordinates, while the third coordinate remains bounded

throughout. As a result, we have defined the scalar multiplication (2.2) and the distance

from the origin (2.3) in the main text as only applying to the first two coordinates, and

we view the scaled points x/∆ as living on R2 × Zw.

Once Richardson’s conditions have been interpreted appropriately, Bramson and

Griffeath’s arguments on Z2 extend naturally to Z2 × Zw for the most part, since they

largely rely on fundamental properties of the biased voter model, such as the ones pre-

sented in (2.9)-(2.12) of Section 2.3.1 and the strong Markov property. Where modifica-

tions are necessary, one can generally focus on movement along the first two coordinates
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and use the same arguments as on Z2, taking into account that the SSRW on Z2 × Zw

takes a step in the Z2-direction with probability pw given by (2.6). To avoid repeating

the arguments, we will focus our discussion on how to interpret Richardson’s conditions

on Z2×Zw, and on how Richardson’s conditions give rise to an asymptotic shape of the

form D =
⋃

i∈Zw
(X × {i}) given in the main text.

Richardson’s conditions for the existence of an asymptotic shape

We begin by stating a slightly stronger version of Richardson’s conditions on Zd, as

presented by Bramson and Griffeath in [19]. First, let (ξ
0
t )t≥0 be the biased voter

model on Zd started at the origin and conditioned on nonextinction, i.e. the process

(ξ0t |τ0∅ = ∞)t≥0. For x ∈ Zd, define the first infection time of x as

t(x) := inf{t : x ∈ ξ
0
t },

with inf ∅ = ∞. Then introduce the scaled infection time

t∆(x) := ∆ · t(x/∆),

where ∆ > 0. Note that x/∆ is in general not in Zd. We therefore extend the definition

of t(y) so that for y ∈ Rd, it takes the same value as the nearest lattice location in Zd.

When stating Richardson’s conditions, we use the same symbol ∥·∥ for the Euclidean

norm on Rd as for the distance from the origin (2.3) on R2×Zw, since they coincide for

d = 2 and w = 1. Let V (x, y) denote a random function of x, y ∈ Rd which satisfies

E[V 2(x, y)] = O(||x+ y||),

and define

V∆(x, y) := ∆ · V (x/∆, y/∆).

Let εi(∆) denote an O(∆) function, and εi(∆, x) denote an O(∆) function that de-

pends on x. Let x, y ∈ Rd. Richardson’s conditions are, in Bramson and Griffeath’s

formulation:
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(A1) (Scaled infection times are essentially subadditive.) For all α ∈ R:

P(t∆(x+ y) ≤ α) ≥ P(t∆(x) + s∆(y) + V∆(x, y) ≤ α),

where s∆(y) is a copy of t∆(y) which is independent of t∆(x).

(A2) (Long-run growth is at most linear.) For some L > 0,

E[t∆(x)] ≥ ||x||/L+ ε1(∆, x).

(A3) (Nearby sites tend to be infected at similar times.) For some r′ > 0,

P({y : ||x− y|| ≤ r′δ} ⊆ {y : |t∆(x)− t∆(y)| ≤ δ}) ≥ 1− ε2(∆, δ).

(A4) (Moment bound on scaled infection times.) E[t2∆(x)] exists, and for some r > 0,

E[t2∆(x)] ≤ ∥x/r∥2 + ε3(∆).

(A5) (Symmetry condition.)

E[t∆(x)] ≤ E[t∆(−x)] + ε4(∆, x).

Under slightly weaker conditions, Richardson shows in [132] that if (A1)-(A5) hold for

a given growth process on Rd, then lim∆→0 E[t∆(x)] exists. He defines

N(x) := lim∆→0 E[t∆(x)], (A.43)

and shows that N is a norm on Rd. He also shows that Var[t∆(x)] = ε5(∆, x), which

implies that lim∆→0 t∆(x) = N(x) in probability. Let D′
R := {x ∈ Rd : N(x) ≤ R} be

the ball of radius R under N . Richardson’s main result is that if (A1)-(A5) hold for a

given growth process, then for any ε > 0, there exists t∗ <∞ so that

P
(
D′

(1−ε)t ∩ Zd ⊆ {x : t(x) ≤ t} ⊆ D′
(1+ε)t

)
≥ 1− ε, t ≥ t∗. (A.44)
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On R2×Zw, we reinterpret Richardson’s conditions (A1)-(A5) in terms of the scalar

multiplication in (2.2) and the distance function in (2.3). Set e3 = (0, 0, 1). By defini-

tion, E[t∆(e3)] = ∆E[t(e3)] = O(∆), and by condition (A4), E[t2∆(e3)] = O(∆). Thus,

the effect of jumping between layers is insignificant under the scaling by ∆. In partic-

ular, N(e3) = 0, so N does not separate points on R2 × Zw, which is a consequence of

the fact that ∥ ·∥ on R2×Zw does not separate points. However, N satisfies the triangle

inequality and N(tx) = |t|N(x) for t ∈ R and x ∈ R2 × Zw, i.e. N has the properties

of a seminorm. (We do not explicitly refer to N as a seminorm since R2 × Zw is not

a vector space.) From the triangle inequality, it follows that N(x + e3) = N(x) for all

x ∈ R2 × Zw.

Apart from the above, Richardson’s proof that (A.44) follows from (A1)-(A5) ex-

tends to R2 × Zw for the most part. A slight modification is needed in his Lemma 5,

where he makes use of the topology on Rd. The lemma states that the convergence

lim∆→0 E[t∆(x)] = N(x) is uniform in x on any bounded set around the origin. On

R2 × Zw, we can use Richardson’s argument to establish uniform convergence layer by

layer. Then, since there are only finitely many layers, we still get the desired conclusion

that for any R > 0, |N(x)−E[t∆(x)]| = O(∆) for all x with ∥x∥ ≤ R. In his Lemma 7,

Richardson shows that

Var[t∆(x)] ≤ Var
[
t∆(

1
2x) + s∆(

1
2x)

]
+ ε6(∆, x),

where s∆(
1
2x) is an independent copy of t∆(

1
2x). The proof uses that x = 1

2x+
1
2x, which

is not true in general on R2×Zw. It is true, however, up to addition by a vector parallel

to e3, whose scaled infection time has negligible variance by the above. In his Lemma

10, Richardson uses the fact that if a site x/∆ is first infected at some time ≤ 1 in the

scaled spacetime, there must be a path from the origin to x/∆ on which first infection

times are ≤ 1, and along which N(y) varies continuously. Since N(y + e3) = N(y),

adding jumps across layers will not disrupt this continuity property.

Note that (A.44) is a weaker statement than the Bramson-Griffeath shape theorem,

both because it does not hold almost surely, and because {x : t(x) ≤ t} describes the

set of points that have been infected at some point before time t, whereas the shape

theorem (2.4) makes a claim on the state of the process at time t. This is the reason
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that Bramson and Griffeath use slightly stronger conditions than Richardson’s original

conditions to prove their result.

Final result on Z2 × Zw

As previously mentioned, Bramson and Griffeath’s proof that (A1)-(A5) hold for the

biased voter model on Z2, conditioned on nonextinction, will carry over to Z2×Zw with

minor modifications. To state the final result on Z2 × Zw, let N be defined by (A.43)

and set D′
R := {x ∈ R2 × Zw : N(x) ≤ R}. Then, for all ε > 0,

P
(
∃ t∗ <∞ : D′

(1−ε)t ∩ (Z2 × Zw) ⊆ ξ0t ⊆ D′
(1+ε)t ∀t ≥ t∗

∣∣ τ0∅ = ∞
)
= 1,

which is the stronger version of (A.44). In the statement (2.4) of the shape theorem in

the main text, the set D is the unit ball on R2 × Zw under N , i.e. D := D′
1. Define

X := {(x1, x2) ∈ R2 : (x1, x2, 0) ∈ D} = {(x1, x2) ∈ R2 : N((x1, x2, 0)) ≤ 1}.

Since N(x+ e3) = N(x) for all x ∈ R2 × Zw, we must have D = ∪i∈Zw(X × {i}). Since
N satisfies the triangle inequality and N(tx) = |t|N(x) for t ∈ R and x ∈ R2 × Zw, the

set X is convex on R2. Finally, X inherits all symmetries of the biased voter model.

A.2 Boundary condition comparison

Here, we use simulation to compare the propagation speed of the biased voter model on

w layers of two-dimensional integer lattices for two different boundary conditions along

the third dimension. On the one hand, we consider Z2 × Zw with a periodic boundary

condition, and on the other hand, we consider Z2×J0, w−1K with a reflecting boundary

condition, i.e. cells on the top (resp. bottom) layer can only replace cells on the same

layer and the layer immediately below (resp. above). In Figure A.1, we show results

of simulations of these two processes given tissue thickness w = 2, 3, 4, 5 and fitness

advantage β = 0.01, 0.05, 0.1. We ran at least 30 simulations for each set of parameters

and stopped each simulation when the process reached (100, 0, 0) or (−100, 0, 0). We

then used this data to determine an average speed and a 95% confidence interval for

each set of parameters.
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Figure A.1: Simulation comparison of the propagation speed on Z2×Zw, with the third
dimension equipped with a periodic boundary condition, and on Z2 × J0, w − 1K, with
the third dimension equipped with a reflecting boundary condition. In (a), we show
the propagation speed as a function of β for w = 2 to w = 5. In (b), we show the
propagation speed as a function of w for β = 0.01, 0.05, 0.1. Error bars indicate 95%
confidence intervals.

Note first that the two boundary conditions are equivalent for w = 2 two layers.

When w > 2, equipping the model with a reflecting boundary condition along the third

dimension will result in a smaller propagation speed than for the periodic case, due to the

decreased ability of type-1 cells on the top and bottom layers to spread out. However,

the difference is small, especially for smaller values of the fitness advantage β, which

indicates that our modeling decision to equip the third layer with a periodic boundary

condition is a reasonable approximation for small β (recall that in [14], β = 0.004 is

estimated to be a typical value).



Appendix B

Appendix to Chapter 3

B.1 Proof of Proposition 3.1

In this section, we prove Proposition 3.1 on the expected SFS of the skeleton. We first

present a brief outline of the proof.

In part (1), the SFS is observed at the fixed time t̃N . To compute the expected

number of mutations that end up in j ≥ 1 skeleton cells at time t̃N , we decompose the

time interval [0, t̃N ] into infinitesimal intervals [t, t + ∆t]. We can compute how many

mutations occur during each small interval using the expected mutation rate (3.6) in

the main text. Then, to only count the mutations that end up in j skeleton cells at time

t̃N , we multiply this number by the probability that a single-cell derived skeleton clone

has size j at time t̃N , which has a known expression. We finally integrate over time to

add up the contributions of the infinitesimal intervals.

In part (2), the SFS is observed at the stochastic time τ̃N , at which the skeleton

reaches size N . In this case, we decompose into population size levels instead of into

small time intervals. We know how many mutations accumulate on population size

level k by (3.9) in the main text. Then, to get the expected number of mutations that

accumulate on level k and end up in j ≥ 1 skeleton cells at time τ̃N , we need to compute

the probability that starting from one skeleton cell carrying a particular mutation and

k − 1 cells without it, j cells carry the mutation when the skeleton reaches size N . To

that end, we define a Markov chain that keeps track of how many skeleton cells carry

the mutation as the skeleton increases in size, and we compute its hitting probabilities.
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We finally sum over k to add up the contributions of each population size level.

Proof of Proposition 3.1. (1) By (3.6) in the main text, the expected mutation rate per

skeleton cell per unit time is wr0. To stratify mutations based on their frequencies

at time t̃N , we define

p̃j(s) := P(Z̃0(s) = j|Z̃0(0) = 1), j ≥ 1, s ≥ 0,

as the size-distribution at time s of a single-cell derived skeleton clone. Since

(Z̃0(t))t≥0 is a Yule process with birth rate λ0, this distribution has an explicit

expression,

p̃j(s) = (1/eλ0s)(1− 1/eλ0s)j−1, j ≥ 1,

which is the geometric distribution with support {1, 2, . . .} and success probability

1/eλ0s, see e.g. Section 3 of Durrett [50] (the support does not include 0 since

skeleton clones do not go extinct). For 0 ≤ t ≤ t̃N , let S̃j,t̃N (t) denote the number

of mutations that accumulate in the time interval [0, t] and are found in j ≥ 1

skeleton cells at time t̃N . We write S̃j(t̃N ) := S̃j,t̃N (t̃N ) for the site frequency

spectrum of the skeleton at time t̃N . If a mutation occurs during an infinitesimal

time interval [t, t+∆t], the clone started by the cell carrying the mutation has size

j at time t̃N with probability p̃j(t̃N − t) + O(∆t), where f(x) = O(x) means that

there exists C > 0 so that |f(x)| ≤ Cx for sufficiently small x > 0. The expected

number of mutations that accumulate in [t, t+∆t] and are present in j ≥ 1 skeleton

cells at time t̃N is therefore

E[S̃j,t̃N (t+∆t)]− E[S̃j,t̃N (t)] = wr0∆t · eλ0t · p̃j(t̃N − t) + o(∆t),

where we use that E[Z̃0(t)] = eλ0t is the mean skeleton size at time t, and f(x) = o(x)

means that f(x)/x → 0 as x → 0. This calculation is somewhat heuristic in that

we have simply multiplied an expected mutation rate by an expected population

size, which is in turn multiplied by the probability that a particular mutation ends

up in j cells at time t̃N . In our proof of part (1) of Proposition 3.2 for the total

population, we present a more detailed argument which can be used to obtain this

expression more rigorously.
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Integrating over time, and using that q0 = λ0/r0 by expression (E.3) and N = eλ0 t̃N

by expression (3.10), we obtain

E[S̃j(t̃N )] =
∫ t̃N
0 wr0p̃j(t̃N − t)eλ0tdt

= (w/q0)N ·
∫ t̃N
0 (eλ0t/N)(1− eλ0t/N)j−1 · λ0(eλ0t/N)dt.

Substituting y := 1− eλ0t/N , dy = −λ0(eλ0t/N)dt, this implies

E[S̃j(t̃N )] = (w/q0)N ·
∫ 1−1/N
0 (1− y)yj−1dy

= (w/q0)N ·
(
1− 1

N )j
(

1
j(j+1) +

1
N

1
j+1

)
,

the desired result. Clearly, for fixed j ≥ 1, then as N → ∞,

E[S̃j(t̃N )] ∼ (w/q0)N · 1/(j(j + 1)). (B.1)

The asymptotic expression (B.1) can also be derived more heuristically as follows,

which gives another way of interpreting the expression. If the skeleton is observed at

a large time t, the age s of an arbitrary mutation has approximate density λ0e
−λ0s.

A mutation with age s at time t is found in j ≥ 1 skeleton cells at time t with

probability p̃j(s). The probability that an arbitrary mutation is found in j ≥ 1

skeleton cells at time t is therefore, as t→ ∞,

∫∞
0 p̃j(s) · λ0e−λ0sds =

∫ 1
0 (1− y)yj−1dy = 1/(j(j + 1)),

using the substitution y := 1 − e−λ0s, dy = λ0e
−λ0sds. Next, we can compute the

expected total number of mutations up until time t̃N via

∫ t̃N
0 wr0e

λ0sds = (w/q0)(N − 1) ∼ (w/q0)N,

which is given as (3.16) in the main text. Finally, we can obtain (B.1) as the

expected total number of mutations up until time t̃N multiplied by the probability

1/(j(j+1)) of finding an arbitrary mutation in j skeleton cells at time t̃N asN → ∞.

The distribution j 7→ 1/(j(j + 1)) is a special case of the Yule-Simon distribution,

which was originally computed by Yule [169] as the distribution of the number of
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species within a genus, where a species mutates to a new species within the same

genus at some rate s, and a genus mutates to a new genus at some rate g. In the

previous paragraph, we have adapted Yule’s basic argument to our setting with

g = s = λ0. We refer to Simkin and Roychowdhury [141] for a comprehensive

discussion of how the Yule-Simon distribution and variants thereof have appeared

in a wide variety of scientific contexts since its original conception.

(2) In (3.8) of Section 3.3.1, we showed that on average, wp0/q0 mutations accumulate

on type-1 divisions in between two type-2 divisions, while type-2 divisions add w

mutations and change the skeleton population size level. Since the type-1 mutations

on level k = 1 are the clonal mutations, the expected number of clonal mutations

is wp0/q0, which is the j = N case of the desired result. For k = 2, . . . , N − 1, the

expected number of mutations on level k is w+wp0/q0 = w/q0, which includes the

type-2 division that starts the level.

For 1 ≤ j ≤ N−1, let h̃j(1,k−1) be the probability that starting with one skeleton cell

carrying a particular mutation and k− 1 cells without it, j cells carry the mutation

when the skeleton reaches size N . Since for levels k = 2, . . . , N − 1, there are w/q0

mutations on average per level, and each mutation on level k contributes h̃j(1,k−1)

to the expected number of mutations found in j skeleton cells at level N , we obtain

for 1 ≤ j ≤ N − 1,

E[S̃j(τ̃N )] = (w/q0)
∑N−1

k=2 h̃
j
(1,k−1) + wδ1,j

= (w/q0)
∑N−2

k=1 h̃
j
(1,k) + wδ1,j ,

where the extra wδ1,j term is due to mutations that occur on the final type-2 division

that changes levels from N − 1 to N , each of which is found in one skeleton cell.

As was the case for the proof of part (1), the fact that for each level k, we can

simply multiply the expected number of mutations with the probability that each

particular mutation ends up in j cells when the skeleton reaches size N can be

justified more rigorously using an argument similar to the one we present in part

(2) of Proposition 3.2 in Appendix B.2.

It remains to compute the probabilities h̃j(1,k). To this end, define a two-dimensional
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discrete-time Markov chain on the state space {(ℓ,m) : ℓ,m ≥ 1, ℓ+m ≤ N}, where
ℓ is the number of skeleton cells carrying a particular mutation and m is the number

of cells without it. Since each skeleton cell, with or without the mutation, divides

into two cells at rate λ0, the transition probabilities for this chain are given by

(ℓ,m) → (ℓ+ 1,m) w.p. ℓ/(ℓ+m),

(ℓ,m) → (ℓ,m+ 1) w.p. m/(ℓ+m),

for ℓ,m ≥ 1 and ℓ+m < N . The states (ℓ,N − ℓ) for 1 ≤ ℓ ≤ N − 1 are absorbing.

A diagram for this Markov chain is shown in Figure B.1.

Let h̃r(ℓ,m) denote the probability that the above chain is absorbed in state (r,N−r)
when started from state (ℓ,m). It is immediate that h̃r(ℓ,m) = 0 if ℓ > r orm > N−r.
For (ℓ,m) with ℓ ≤ r, m ≤ N − r and ℓ + m < N , by conditioning on whether

the first transition out of state (ℓ,m) is to (ℓ + 1,m) or (ℓ,m + 1), we obtain the

following recursion for h̃r(ℓ,m):

(ℓ+m)h̃r(ℓ,m) = ℓh̃r(ℓ+1,m) +mh̃r(ℓ,m+1). (B.2)

The boundary conditions are h̃r(ℓ,N−ℓ) = δℓ,r for 1 ≤ ℓ ≤ N − 1. It is actually

possible to compute h̃r(ℓ,m) directly as the sum of probabilities of all possible paths

from (ℓ,m) to (r,N − r) without using the above recursion. By noting that there

are
(N−(ℓ+m)

r−ℓ

)
possible paths, and that each path has the same probability, we can

obtain

h̃r(ℓ,m) =
(N−(ℓ+m)

r−ℓ

)
·
∏r−ℓ−1

n=0
ℓ+n

ℓ+m+n ·
∏N−m−r−1

n=0
m+n

r+m+n , (B.3)

with
∏

∅ := 1. As verification, it is straightforward to check that (B.3) solves (B.2).

To obtain h̃j(1,k) for 1 ≤ k ≤ N − 2 and 1 ≤ j ≤ N − 1, note first that h̃j(1,k) = 0 for
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Figure B.1: A diagram of the discrete-time Markov chain on {(ℓ,m) : ℓ,m ≥ 1, ℓ+m ≤
N}, where ℓ is the number of skeleton cells carrying a particular mutation and m is the
number of cells without it. Each type-2 division increases the skeleton population size
level by one, and since skeleton cells do not die, the chain never returns to the lower
levels. The states (ℓ,N − ℓ) with 1 ≤ ℓ ≤ N − 1 are absorbing (dashed box), since we
are only interested in the evolution up until level N .

k > N − j. For 1 ≤ k ≤ min(N − j,N − 2), we can simplify (B.3) as follows:

h̃j(1,k) =
(
N−(k+1)

j−1

)
·
∏j−2

n=0
1+n

k+1+n ·
∏N−k−j−1

n=0
k+n

k+j+n

= (N−k−1)!
(j−1)!(N−k−j)! ·

(j−1)!
(k+1)···(k+j−1) ·

k···(N−j−1)
(k+j)···(N−1)

= k · (N−k−1)!
(N−k−j)! ·

(N−j−1)!
(N−1)!

=
(
N−j−1
k−1

)(
N−1
k

)−1
.

Thus, for 1 ≤ j ≤ N − 1,

E[S̃j(τ̃N )] = (w/q0)
∑N−2

k=1 h̃
j
(1,k) + wδ1,j

= (w/q0)
∑min(N−j,N−2)

k=1

(
N−j−1
k−1

)(
N−1
k

)−1
+ wδ1,j . (B.4)
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For j = 1, it is easy to compute

E[S̃1(τ̃N )] = (w/q0)(1/(N − 1))
(∑N−2

k=1 k
)
+ w

= (1/2)(w/q0)(N − 2) + w

= (1/2)(w/q0)N − wp0/q0.

To simplify (B.4) for 2 ≤ j ≤ N − 1, we first note that for any positive integers a

and b,

∫ 1
0 t

a−1(1− t)b−1dt = (a−1)!(b−1)!
(a+b−1)! ,

see e.g. Theorem 1.1.4 of Andrews et al. [2]. By observing that

N
∫ 1
0 t

k(1− t)N−1−kdt =
(
N−1
k

)−1
,

we can rewrite (B.4) as follows:

E[S̃j(τ̃N )] = (w/q0)N ·
∫ 1
0

(∑N−j
k=1

(
N−j−1
k−1

)
tk(1− t)N−1−k

)
dt

= (w/q0)N ·
∫ 1
0 t(1− t)j−1

(∑N−j
k=1

(
N−j−1
k−1

)
tk−1(1− t)(N−j−1)−(k−1)

)
dt.

The sum inside the integral is the total probability mass (= 1) of the binomial

distribution with number of trials N − j − 1 and success probability t. Therefore,

for 2 ≤ j ≤ N − 1,

E[S̃j(τ̃N )] = (w/q0)N ·
∫ 1
0 t(1− t)j−1dt

= (w/q0)N · 1/(j(j + 1)).

This concludes the proof.

B.2 Proof of Proposition 3.2

In this section, we prove Proposition 3.2 on the expected SFS of the total population.

The proof strategy is the same as in the proof of Proposition 3.1 for the skeleton. There
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are some added complications, however, since the tumor as a whole follows a birth-death

process, whereas the skeleton subpopulation follows a pure-birth process.

In part (1), we wish to compute the expected number of mutations that accumulate

in an infinitesimal time interval and end up in j ≥ 1 tumor cells at the fixed time

tN . In this case, we need to condition on survival up until time tN , which was not

necessary in the same computation for the skeleton. In the proof below, we first give

an informal argument for how to handle the conditioning on survival, and then present

detailed calculations at the end of the proof. Another complication is that the size

distribution of a single-cell derived clone now has a more complex form than for the

skeleton, which translates into more work simplifying the integral that results from

adding up the infinitesimal interval contributions.

In part (2), we decompose into population size levels. To compute how many mu-

tations accumulate on population size level k, we first compute how many times the

population hits this level. This computation was not necessary for the skeleton, since

the skeleton only increases in size. We then need to compute the probability that start-

ing from one cell carrying a particular mutation and k− 1 cells without it, j cells carry

the mutation when the population reaches size N . This probability can be computed

as a hitting probability of a Markov chain, as in the proof of Proposition 3.1, but the

Markov chain now has a more complicated structure. This time, we are not able to com-

pute the hitting probabilities explicitly, and we instead provide a linear system which

determines them.

Proof of Proposition 3.2. (1) We begin by defining

pj(s) := P(Z0(s) = j|Z0(0) = 1), j ≥ 0, s ≥ 0,

as the size-distribution at time s of a single-cell derived clone. This distribution has

an explicit expression: Setting

g(t) := p0(eλ0t−1)

eλ0t−p0
and h(t) := eλ0t−1

eλ0t−p0
,
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we can write

p0(t) = P(Z0(t) = 0|Z0(0) = 1) = g(t),

and for j ≥ 1,

pj(t) = P(Z0(t) = j|Z0(0) = 1)

= (1− g(t))(1− h(t))(h(t))j−1,

see e.g. (8) of Durrett [50]. Simplifying, we obtain

p0(t) =
p0(eλ0t−1)

eλ0t−p0
,

pj(t) =
q20e

λ0t

(eλ0t−p0)2
·
(

eλ0t−1
eλ0t−p0

)j−1
, j ≥ 1.

(B.5)

The probability that a single-cell derived clone is still alive at time t is then given

by

P(Z0(t) > 0|Z0(0) = 1) = 1− p0(t) = q0e
λ0t/(eλ0t − p0). (B.6)

For 0 ≤ t ≤ tN , let Sj,tN (t) denote the number of mutations that accumulate in [0, t]

and are found in j ≥ 1 cells at time tN . We write Sj(tN ) := Sj,tN (tN ) for the site

frequency spectrum at time tN . Say a cell division occurs in an infinitesimal time

interval [t, t+∆t]. The division results in w mutations on average, each assigned to

one of the two daughter cells, and the clone started by this cell has size j ≥ 1 cells

at time tN with probability pj(tN − t)+O(∆t). We wish to show that on the event

{Z0(tN ) > 0} of survival of the population up until time tN , the expected number

of mutations that accumulate in [t, t+∆t] and are found in j ≥ 1 cells at time tN is

E
[(
Sj,tN (t+∆t)− Sj,tN (t)

)
1{Z0(tN )>0}

]
= wr0∆t · eλ0t · pj(tN − t) + o(∆t), (B.7)
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where we use that E[Z0(t)] = eλ0t. It will then follow from (B.7) that

E
[
Sj,tN (t+∆t)− Sj,tN (t)

∣∣Z0(tN ) > 0
]

= wr0e
λ0t∆t · pj(tN − t)/(1− p0(tN )) + o(∆t). (B.8)

Note that (B.7) clearly holds for the semideterministic model in which the tumor

bulk grows deterministically at rate λ0, mutant clones arise at stochastic rate wr0,

and mutant clones grow stochastically. It is not obvious that (B.7) also holds for

our fully stochastic model, since including the event {Z0(tN ) > 0} of survival up

until time tN should presumably affect the expected population size at time t ≤ tN .

The key is to observe that if a mutation occurs on a cell division at time t ≤ tN

and ends up in j ≥ 1 cells at time tN , the population is automatically alive at time

tN . The relevant survival event in (B.7) is therefore {Z0(t) > 0}, and the relevant

population size factor is E[Z0(t)1{Z0(t)>0}] = E[Z0(t)] = eλ0t. Another potential

concern in establishing (B.7) for our model is that we allow multiple mutations

to occur per cell division. To not distract further from the main calculations, we

assume that the reader is willing to accept (B.7) as true for the moment, and we

provide a detailed mathematical argument for this expression at the end of the

proof.

Using (B.8), we can integrate over time to obtain

E
[
Sj(tN )|Z0(tN ) > 0

]
= (1− p0(tN ))−1 ·

∫ tN
0 wr0e

λ0tpj(tN − t)dt. (B.9)

Focusing on the integral, we write

∫ tN
0 wr0e

λ0tpj(tN − t)dt

= (w/q0) ·
∫ tN
0

q20e
λ0tN eλ0t

(eλ0tN−p0eλ0t)2
·
(

eλ0tN−eλ0t

eλ0tN−p0eλ0t

)j−1 · λ0eλ0tdt

= wq0e
λ0tN ·

∫ tN
0

eλ0t

(eλ0tN−p0eλ0t)2
·
(

eλ0tN−eλ0t

eλ0tN−p0eλ0t

)j−1 · λ0eλ0tdt.

Set L := eλ0tN . Using the substitution x := eλ0t, dx = λ0e
λ0t, we obtain

∫ tN
0 wr0e

λ0tpj(tN − t)dt = wq0L ·
∫ L
1

x
(L−p0x)2

·
(

L−x
L−p0x

)j−1
dx.
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We again change variables, this time y := (L− x)/(L− p0x), in which case

x = L(1− y)/(1− p0y),

dx = −
(
q0L/(1− p0y)

2
)
dy,

L− p0x = q0L/(1− p0y),

and y = (L − 1)/(L − p0) = 1 − q0/(L − p0) for x = 1 and y = 0 for x = L, which

implies

∫ tN
0 wr0e

λ0tpj(tN − t)dt = wL ·
∫ 1−q0/(L−p0)
0 (1− p0y)

−1(1− y)yj−1dy. (B.10)

We now apply (B.9) and (B.6) to see that

E
[
Sj(tN )|Z0(tN ) > 0

]
= w · eλ0tN−p0

q0
·
∫ 1−q0/(e

λ0tN−p0)
0 (1− p0y)

−1(1− y)yj−1dy,

and the desired result (3.20) follows from the fact that (eλ0tN − p0)/q0 = N by the

definition of tN in (3.18). It also follows that for fixed j ≥ 1,

E
[
Sj(tN )|Z0(tN ) > 0

]
∼ wN ·

∫ 1
0 (1− p0y)

−1(1− y)yj−1dy

as N → ∞. To write the last expression as a sum, note that

(1− p0y)
−1 =

∑∞
k=0 p

k
0y

k,

which is valid for all 0 ≤ p0 < 1 and 0 ≤ y ≤ 1. It follows that

∫ 1
0 (1− p0y)

−1(1− y)yj−1dy =
∑∞

k=0 p
k
0

( ∫ 1
0 (1− y)yj+k−1dy

)
=

∑∞
k=0

pk0
(j+k)(j+k+1) .

We conclude by establishing (B.7) above, which was

E
[
(Sj,tN (t+∆t)− Sj,tN (t))1{Z0(tN )>0}

]
= wr0∆t · eλ0t · pj(tN − t) + o(∆t).

We decompose according to population size at time t. Assume that Z0(t) = k with
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k ≥ 1, i.e. there are k cells at time t. Let Dt,∆t denote the event that exactly one

of the k cells divides in the infinitesimal time interval [t, t+∆t], and enumerate the

k+1 cells after the cell division as Y 1
t , . . . , Y

k+1
t , where Y 1

t and Y 2
t are the two new

cells. Let W denote the number of mutations that occur on the cell division, where

W is a nonnegative integer-valued random variable with E[W ] = w, independent

of (Z0(t))t≥0. For ℓ ≥ 1, let Bℓ be i.i.d. with P(Bℓ = 1) = P(Bℓ = 2) = 1/2,

independent of (Z0(t))t≥0 and W , and assign mutation number ℓ to cell number Bℓ

for 1 ≤ ℓ ≤W . Finally, let Y m
t (s) be the number of descendants of cell Y m

t at time

t+ s, with Y m
t (0) = 1. With this notation, define

Aj,k,ℓ(t) := {Z0(t) = k} ∩Dt,∆t ∩ {ℓ ≤W} ∩ {Y Bℓ
t (tN − t) = j} ∩ {Z0(tN ) > 0}.

This is the event that the tumor survives to time tN , that it consists of k cells at

time t, that exactly one of the k cells divides in [t, t+∆t], that at least ℓ mutations

occur on this division, and that mutation number ℓ is found in j cells at time tN .

The reason we are interested in this event is that we can write

E
[
(Sj,tN

(
t+∆t)− Sj,tN (t)

)
1{Z0(tN )>0}

]
=

∑∞
k=1

∑∞
ℓ=1 P

(
Aj,k,ℓ(t)

)
+ o(∆t),

where the o(∆t) term captures the possibility of more than one cell division in

[t, t+∆t].

To compute P
(
Aj,k,ℓ(t)

)
, note first that

P
(
Aj,k,ℓ(t)

)
= P

(
{Z0(t) = k} ∩Dt,∆t ∩ {ℓ ≤W} ∩ {Y Bℓ

t (tN − t) = j}
)
,

since the survival event {Z0(tN ) > 0} is implied by the other events. By indepen-

dence,

P
(
Aj,k,ℓ(t)

)
= P(ℓ ≤W ) · P

(
{Z0(t) = k} ∩Dt,∆t ∩ {Y Bℓ

t (tN − t) = j}
)
.

To analyze the latter probability, note that since Bℓ is independent of (Z0(t))t≥0,
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and
(
(Z0(s))s≤t, (Y

1
t (s))s≥0

) d
=

(
(Z0(s))s≤t, (Y

2
t (s))s≥0

)
, we can write

P
(
{Z0(t) = k} ∩Dt,∆t ∩ {Y Bℓ

t (tN − t) = j}
)

= P
(
{Z0(t) = k} ∩Dt,∆t ∩ {Y 1

t (tN − t) = j}
)
.

Using the Markov property, we can calculate the latter probability as

P
(
{Z0(t) = k} ∩Dt,∆t ∩ {Y 1

t (tN − t) = j}
)

= P(Z0(t) = k) · P(Dt,∆t|Z0(t) = k) · P
(
Y 1
t (tN − t) = j

∣∣Z0(t) = k,Dt,∆t

)
= P(Z0(t) = k) · e−kr0∆tkr0∆t · (pj(tN − t) +O(∆t)).

Combining the above, we obtain

E
[(
Sj,tN (t+∆t)− Sj,tN (t)

)
1{Z0(tN )>0}

]
=

∑∞
k=1

∑∞
ℓ=1 P

(
Aj,k,ℓ(t)

)
+ o(∆t)

= r0pj(tN − t)∆t ·
(∑∞

ℓ=1 P(W ≥ ℓ)
)
·
(∑∞

k=1 kP(Z0(t) = k)
)
+ o(∆t)

= wr0∆t · eλ0t · pj(tN − t) + o(∆t),

where we use
∑∞

ℓ=1 P(W ≥ ℓ) = E[W ] = w and
∑∞

k=1 kP(Z0(t) = k) = E[Z0(t)] =

eλ0t. This concludes the proof.

(2) Let (Xn)n≥0 denote the discrete-time jump process embedded in (Z0(t))t≥0 that

only keeps track of changes in population size. More precisely, if σn is the time of

the n-th jump of (Z0(t))t≥0 for n ≥ 1, then X0 = 1 and Xn = Z0(σn) for n ≥ 1.

Since cells divide at rate r0 and die at rate d0, (Xn)n≥0 is a simple random walk,

absorbed at 0, which moves up with probability a := r0/(r0 + d0) = 1/(1 + p0) and

down with probability b = 1−a = p0/(1+p0). Since we are only interested in what

happens until the population either goes extinct or reaches level N , we treat N as

an absorbing state. Define

Tk := inf{n ≥ 0 : Xn = k}, 0 ≤ k ≤ N, (B.11)

as the (discrete) time at which the random walk first hits level k, with inf ∅ = ∞.
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Let Pj denote the probability measure of (Xn)n≥0 when started at X0 = j. By the

gambler’s ruin formula,

Pj(Tk < T0) = (1− pj0)/(1− pk0), 0 ≤ j ≤ k. (B.12)

For 1 ≤ k ≤ N − 1, let Λk,k+1 denote the number of transitions from k to k + 1,

Λk,k+1 :=
∑∞

j=0 1{Zj=k,Zj+1=k+1},

and let Λk denote the number of visits to k,

Λk :=
∑∞

j=0 1{Zj=k}.

By the strong Markov property and (B.12), we can write

E1[Λk] = P1(Tk < T0) · Ek[Λk] =
q0

1−pk0
· Ek[Λk].

When the chain leaves state k, it moves up with probability 1/(1 + p0) and down

with probability p0/(1 + p0). Starting from k + 1, the probability that the chain

does not return to k (probability it is absorbed at N) is q0/(1 − pN−k
0 ) by (B.12),

and starting from k − 1, the probability it does not return to k (probability it is

absorbed at 0) is 1 − (1 − pk−1
0 )/(1 − pk0) again by (B.12). Thus, starting from k,

Λk has the geometric distribution with support {1, 2, . . .} and success probability

1
1+p0

· q0
1−pN−k

0

+ p0
1+p0

·
(
1− 1−pk−1

0

1−pk0

)
=

q0(1−pN0 )

(1+p0)(1−pk0)(1−pN−k
0 )

.

It follows that

E1[Λk] =
(1+p0)(1−pN−k

0 )

1−pN0
,

E1[Λk,k+1] =
1

1+p0
· E1[Λk] =

1−pN−k
0

1−pN0
.

(B.13)

For 1 ≤ k ≤ N − 1, define T i
k,k+1 as the (discrete) time of the i-th transition from
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k to k + 1 inductively by

T i
k,k+1 := inf{n > T i−1

k,k+1 : Xn−1 = k,Xn = k + 1}, i ≥ 1,

with T 0
k,k+1 := 0 and inf ∅ = ∞. A transition from k to k + 1 in (Xn)n≥0 oc-

curs due to one of the k cells in the original process (Z0(t))t≥0 dividing. Assume

Wi,k mutations occur on the i-th such transition, where Wi,k are i.i.d. nonnegative

integer-valued random variables with E[Wi,k] = w, independent of (Xn)n≥0. Enu-

merate the cells at time T i
k,k+1 as Y 1

i,k, . . . , Y
k+1
i,k . By the same argument as laid out

in part (1) above, we can assume that each mutation is assigned to the first cell.

Let Y m
i,k(n) be the number of descendants of cell Y m

i,k at time step T i
k,k+1 + n, with

Y m
i,k(0) = 1. Then define the event

Aj,k,i,ℓ :=
{
TN < T0, T

i
k,k+1 <∞, ℓ ≤Wi,k, Y

1
i,k(TN − T i

k,k+1) = j
}
.

This is the event that the random walk eventually hits level N , that it transitions

at least i times from k to k + 1 before doing so, that at least ℓ mutations occur on

the i-th such transition, and that the ℓ-th mutation is found in j cells at level N .

We can then write

E[Sj(τN )|τN <∞] =
(
P1(TN < T0)

)−1 ·
∑N−1

k=1

∑∞
i=1

∑∞
ℓ=1 P1

(
Aj,k,i,ℓ

)
=

1−pN0
q0

·
∑N−1

k=1

∑∞
i=1

∑∞
ℓ=1 P1

(
Aj,k,i,ℓ

)
.

To compute P1

(
Aj,k,i,ℓ

)
, note first that by independence,

P1

(
TN < T0, T

i
k,k+1 <∞, ℓ ≤Wi,k, Y

1
i,k(TN − T i

k,k+1) = j
)

= P
(
ℓ ≤Wi,k) · P1(TN < T0, T

i
k,k+1 <∞, Y 1

i,k(TN − T i
k,k+1) = j

)
.

By the strong Markov property,

P1(TN < T0, T
i
k,k+1 <∞, Y 1

i,k(TN − T i
k,k+1) = j

)
= P1(TN < T0, Y

1
i,k(TN − T i

k,k+1) = j|T i
k,k+1 <∞

)
· P1(T

i
k,k+1 <∞)

= Pk+1

(
TN < T0, Y

1(TN ) = j
)
· P1(T

i
k,k+1 <∞),
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where we restart the chain at the stopping time T i
k,k+1 with k+ 1 cells enumerated

as Y 1, . . . , Y k+1. Define h
(j,N−j)
(1,k) := Pk+1(TN < T0, Y

1(TN ) = j) for the moment,

i.e. the probability that starting with one cell carrying a particular mutation and k

cells without it, j cells carry the mutation when the population reaches size N . We

can then write

P1

(
TN < T0, T

i
k,k+1 <∞, Y 1

i,k(TN − T i
k,k+1) = j

)
= h

(j,N−j)
(1,k) · P1(T

i
k,k+1 <∞).

Combining the above, and using E1[Λk,k+1] = (1− pN−k
0 )/(1− pN0 ) by (B.13), we

obtain

E[Sj(τN )|τN <∞]

=
1−pN0
q0

·
∑N−1

k=1

(∑∞
i=1

(∑∞
ℓ=1 P(Wi,k ≥ ℓ)

)
P1(T

i
k,k+1 <∞)

)
h
(j,N−j)
(1,k)

=
1−pN0
q0

·
∑N−1

k=1 w · E1[Λk,k+1] · h
(j,N−j)
(1,k)

= (w/q0) ·
∑N−1

k=1 (1− pN−k
0 ) · h(j,N−j)

(1,k) ,

which is the desired result.

It remains to determine how the probabilities h
(j,N−j)
(1,k) for 1 ≤ j ≤ N can be

computed. As in the proof of (1) of Proposition 3.1, one can view h
(r,N−r)
(ℓ,m) as the

probability of absorption in state (r,N−r), starting from state (ℓ,m), for a Markov

chain on the state space S := {(ℓ,m) : ℓ,m ≥ 0 and ℓ +m ≤ N}, where ℓ is the

number of cells carrying a particular mutation and m is the number of cells without

it. The difference is that now, cells can die, so population level changes can be both

up and down. The transition probabilities are therefore more complex in this case,
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and given by

(ℓ,m) → (ℓ+ 1,m) w.p. ℓr0/((ℓ+m)(r0 + d0))

= ℓ/((ℓ+m)(1 + p0)),

(ℓ,m) → (ℓ− 1,m) w.p. ℓd0/((ℓ+m)(r0 + d0))

= ℓp0/((ℓ+m)(1 + p0)),

(ℓ,m) → (ℓ,m+ 1) w.p. mr0/((ℓ+m)(r0 + d0))

= m/((ℓ+m)(1 + p0)),

(ℓ,m) → (ℓ,m− 1) w.p. md0/((ℓ+m)(r0 + d0))

= mp0/((ℓ+m)(1 + p0)),

for (ℓ,m) with ℓ,m ≥ 0 and 0 < ℓ +m < N . The states (0, 0) and (ℓ,N − ℓ) with

0 ≤ ℓ ≤ N are absorbing. A diagram of the Markov chain is shown in Figure B.2.

For given (r, s) ∈ A := {(0, 0)} ∪ {(r, s) : r, s ≥ 0 and r + s = N} and (ℓ,m) with

ℓ,m ≥ 0 and 0 < ℓ +m < N , by conditioning on the first transition out of state

(ℓ,m), we can derive the following recursion for h
(r,s)
(ℓ,m):

(ℓ+m)(1 + p0)h
(r,s)
(ℓ,m) = ℓh

(r,s)
(ℓ+1,m) + ℓp0h

(r,s)
(ℓ−1,m) +mh

(r,s)
(ℓ,m+1) +mp0h

(r,s)
(ℓ,m−1).

By the gambler’s ruin formula (B.12), the boundary conditions are

h
(N,0)
(ℓ,0) = 1− h

(0,0)
(ℓ,0) = (1− pℓ0)/(1− pN0 ), 0 ≤ ℓ ≤ N,

h
(r,s)
(ℓ,0) = 0, 0 ≤ ℓ ≤ N, (r, s) /∈ {(0, 0), (N, 0)},

h
(0,N)
(0,m) = 1− h

(0,0)
(0,m) = (1− pm0 )/(1− pN0 ), 0 ≤ m ≤ N,

h
(r,s)
(0,m) = 0, 0 ≤ m ≤ N, (r, s) /∈ {(0, 0), (0, N)},

h
(r,N−r)
(ℓ,N−ℓ) = δr,ℓ, 1 ≤ ℓ ≤ N − 1,

h
(r,s)
(ℓ,N−ℓ) = 0, 1 ≤ ℓ ≤ N − 1, (r, s) ∈ {(0, 0), (N, 0), (0, N)}.

(B.14)

This is the desired linear system.
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Figure B.2: A diagram of the discrete-time Markov chain on S := {(ℓ,m) : ℓ,m ≥
0, ℓ + m ≤ N}, where ℓ is the number of cells carrying a particular mutation and m
is the number of cells without it. Contrary to the chain for the skeleton process of
Proposition 3.1 (Figure B.1), we now incorporate cell death, which means both that
population level changes can be up and down, and that we add states of the form
(ℓ,m) with ℓ = 0 or m = 0. The states (0, 0) and {(ℓ,N − ℓ)}0≤ℓ≤N are absorbing
(dashed boxes), and the states {(ℓ,m) : ℓ,m ≥ 1, ℓ + m < N}, {(ℓ, 0)}1≤ℓ≤N−1 and
{(0,m)}1≤m≤N−1 form their respective communicating classes. Colored arrows indicate
transitions out of communicating classes.

B.3 Results for continuous mutation accumulation

In this section, we discuss how to derive the expected SFS of the skeleton and the total

population under the continuous model of mutation accumulation (see Section 3.2.3).

This requires minor modifications to the proofs of Propositions 3.1 and 3.2.

B.3.1 Skeleton spectrum

Under continuous mutation accumulation, the expected fixed-time spectrum of the skele-

ton is given by

E[S̃j(t̃N )] = (ν/λ0)N ·
∫ 1−1/N
0 (1− y)yj−1dy,



205

which is the same as (3.12) of Proposition 3.1 with w/q0 replaced by ν/λ0, the effective

mutation rate in the continuous-time model. We can use the same proof as in part (1) of

Appendix B.1, simply replacing the mutation rate wr0 by ν and noting that q0 = λ0/r0.

However, the expected fixed-size spectrum of the skeleton becomes

E[S̃j(τ̃N )] =

(ν/λ0)N · 1/(j(j + 1))− (ν/λ0)δ1,j , 1 ≤ j ≤ N − 1,

ν/λ0, j = N.
(B.15)

In the continuous model, mutations occur at rate ν per unit time, and the effective

type-2 cell divisions occur at rate λ0 per unit time. Thus, for 1 ≤ k ≤ N − 1, the

number of mutations that accumulate on skeleton population size level k, prior to the

type-2 division that changes levels to k+1, has the geometric distribution with support

{0, 1, 2, . . .} and success probability

kλ0/(kλ0 + kν) = λ0/(λ0 + ν).

The expected number of mutations per level is therefore

(λ0 + ν)/λ0 − 1 = ν/λ0,

which applies to all levels k with 1 ≤ k ≤ N − 1. In particular, there are ν/λ0 (= w/q0)

clonal mutations in the continuous model, as opposed to wp0/q0 = w/q0 − w clonal

mutations in the discrete model. Recall that in the latter model, mutations coincide

with cell divisions, and clonal mutations come from the type-1 divisions that occur before

the first type-2 division in the process. The first type-2 division adds w mutations, but

it also changes levels, so mutations occurring on this division are not clonal. In the

continuous model, all mutations occur in between cell divisions, which is why there is

no such boundary effect. Similarly, in the discrete model, the very last type-2 division

that changes the skeleton size toN adds w mutations on average that each ends up in one

cell. Since this does not occur in the continuous model, the extra term −ν/λ0 (= −w/q0)
that appears for j = 1 in (B.15) differs from the extra term −wp0/q0 = −w/q0 + w in

the discrete model by w. These key differences between mutation accumulation in the

two models are diagramed in Figure B.3.
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Figure B.3: Mutation accumulation on the skeleton in the discrete vs. continuous
model of mutation. (a) In the discrete model, mutations coincide with cell divisions.
On average, wp0/q0 mutations accumulate on type-1 divisions in between two type-2
divisions, and w mutations are added on each type-2 division. This results in wp0/q0 +
w = w/q0 mutations on average per skeleton population size level, for all but the first
level. (b) In the continuous model, all ν/λ0 (= w/q0) mutations per level accumulate in
between cell divisions. The differences between the discrete and continuous model result
in slightly different behavior at the boundary values j = 1 and j = N in the fixed-size
spectrum (3.14) of Proposition 3.1 and fixed-size result (B.15) for the continuous model.

B.3.2 Total population spectrum

Under continuous mutation accumulation, the expected fixed-time spectrum of the total

population is given by

E[Sj(tN )|Z0(tN ) > 0] = (ν/r0)N ·
∫ 1−1/N
0 (1− p0y)

−1(1− y)yj−1dy,

which is the same as (3.20) of Proposition 3.2 with w replaced by ν/r0. We can use

the same proof as in part (1) of Appendix B.2, replacing the mutation rate wr0 by

ν. However, the expected fixed-size spectrum of the total population becomes, for

1 ≤ j ≤ N ,

E[Sj(τN )|τN <∞] = (ν/λ0) ·
∑N−1

k=1 (1− pN−k
0 ) · h(j,N−j)

(1,k−1) .



207

In the continuous model, mutations no longer coincide with changes in population level,

so instead of counting level changes Λk,k+1 as we did in the proof of part (2) of Propo-

sition 3.2, we need to compute the expected time spent at level k. We already know

from (B.13) that the number of visits to level k in the embedded discrete-time chain

(Xn)n≥0 has expected value

E1[Λk] =
(1+p0)(1−pN−k

0 )

1−pN0
.

During each visit to state k in the discrete-time chain, the time spent at population

level k in the continuous-time process (Z0(t))t≥0 is exponentially distributed with rate

k(r0+d0) = kr0(1+p0). It follows that the mean time spent on level k for 1 ≤ k ≤ N−1

is
1

kr0(1+p0)
· (1+p0)(1−pN−k

0 )

1−pN0
=

1−pN−k
0

kr0(1−pN0 )
.

Since mutations occur at rate kν per unit time on level k, we obtain

E[Sj(τN )|τN <∞] =
1−pN0
q0

·
∑N−1

k=1 kν ·
1−pN−k

0

kr0(1−pN0 )
· h(j,N−j)

(1,k−1)

= (ν/λ0) ·
∑N−1

k=1 (1− pN−k
0 ) · h(j,N−j)

(1,k−1) , (B.16)

where we use that q0 = λ0/r0. We now have h
(j,N−j)
(1,k−1) in the sum instead of h

(j,N−j)
(1,k)

in (3.22) of Proposition 3.2 since mutations no longer coincide with population level

changes. The first equality in (B.16) can be obtained rigorously following the same line

of reasoning as in the proof of part (2) of Proposition 3.2.

B.4 Proof of Proposition 3.3

In this section, we prove Proposition 3.3 on the total mutational burden of the tumor,

both under the fixed-time and fixed-size spectrum. The result follows from Proposition

3.2 using simple calculations.

Proof of Proposition 3.3. (1) Define Mj(t) :=
∑

k≥j Sk(t) as the cumulative number of

mutations found in ≥ j cells at time t. For fixed j ≥ 1, by (3.20) of Proposition 3.2

and Fubini’s theorem, the expected cumulative fixed-time spectrum can be written
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as

E[Mj(tN )|Z0(tN ) > 0] = wN ·
∑∞

k=j

( ∫ 1−1/N
0 (1− p0y)

−1(1− y)yk−1dy
)

= wN ·
∫ 1−1/N
0 (1− p0y)

−1(1− y)
(∑∞

k=j y
k−1

)
dy

= wN ·
∫ 1−1/N
0 (1− p0y)

−1yj−1dy

= wN ·
∑∞

k=0 p
k
0

( ∫ 1−1/N
0 yj+k−1dy

)
= wN ·

∑∞
k=0

pk0
j+k (1−

1
N )j+k. (B.17)

To obtain the desired result, set j = 1 in (B.17) and use that
∑∞

k=1 x
k/k = − log(1−

x).

(2) By (3.22) of Proposition 3.2,

E[M1(τN )|τN <∞] =
∑N

j=1

(
(w/q0) ·

∑N−1
k=1 (1− pN−k

0 ) · h(j,N−j)
(1,k)

)
= (w/q0) ·

∑N−1
k=1 (1− pN−k

0 ) ·
(∑N

j=1 h
(j,N−j)
(1,k)

)
,

and the result follows from the fact that
∑

(r,s)∈A h
(r,s)
(1,k) = 1.

B.5 Fixed-time vs. fixed-size total population spectrum

Here, we present a simple heuristic argument for why the fixed-size spectrum of the

total population can be approximated by the fixed-time spectrum on j ≪ N when

N is sufficiently large. As we discussed in Section 3.4.5 of the main text, conditional

on the nonextinction event Ω∞, the tumor eventually grows at exponential rate λ0.

If s is the time it takes to go from population level k to population level N , and we

assume that s can be treated as deterministic, we can write keλ0s = N i.e. eλ0s = N/k,

following e.g. Iwasa et al. [81]. We can then make the approximation h
(j,N−j)
(1,k) ≈ pj(s),

where h
(j,N−j)
(1,k) is defined as in the proof of part (2) of Proposition 3.2, and (pj(s))j≥0

is the size-distribution at time s for a single-cell derived clone. Applying (B.5) with

eλ0s = N/k, we obtain

h
(j,N−j)
(1,k) ≈ pj(s) =

q20Nk
(N−p0k)2

·
(

N−k
N−p0k

)j−1
.
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Then, observing that 1− pN−k
0 ≈ 1 when k ≪ N , we can write

(w/q0) ·
∑N−1

k=1 (1− pN−k
0 ) · h(j,N−j)

(1,k) ≈ (w/q0) ·
∫ N
1

q20Nk
(N−p0k)2

·
(

N−k
N−p0k

)j−1
dk.

Using the substitution y := (N − k)/(N − p0k) and writing N − p0 ≈ N , this becomes

the fixed-time spectrum (3.20) of Proposition 3.2.

B.6 Derivation of expressions (3.24) and (3.25)

Here, we establish the asymptotic expressions (3.24) and (3.25) in the main text. To

establish (3.24), fix 0 < p0 < 1 and set

fj(k) := pk0 ·
j(j+1)

(j+k)(j+k+1) , j ≥ 1, k ≥ 0.

Clearly, fj(k) ≤ pk0 for all j ≥ 1 and k ≥ 0. Since
∑∞

k=0 p
k
0 = 1/q0 <∞, it follows from

the dominated convergence theorem that

limj→∞
∑∞

k=0 fj(k) = 1/q0,

from which it follows that

wN ·
∑∞

k=0
pk0

(j+k)(j+k+1) ∼ (w/q0)N · 1/(j(j + 1)), j → ∞.

To establish (3.25), fix j ≥ 1 and set

fp0(k) :=
pk0

(j+k)(j+k+1) , 0 < p0 < 1, k ≥ 0.

Clearly, fp0(k) ≤ 1/((j + k)(j + k + 1)) for all 0 < p0 < 1 and k ≥ 0. Since

∑∞
k=0

1
(j+k)(j+k+1) =

∑∞
k=0

(
1

j+k − 1
j+k+1

)
= 1/j <∞,

it follows from the dominated convergence theorem that

limp0→1
∑∞

k=0 fp0(k) = 1/j,
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from which it follows that

wN ·
∑∞

k=0
pk0

(j+k)(j+k+1) ∼ wN · 1/j, p0 → 1.

B.7 Derivation of expression (3.30)

Here, we establish expression (3.30) in the main text. By (3.20) of Proposition 3.2 and

Fubini’s theorem, we can write

E[S1(tN )|Z0(tN ) > 0]

= wN ·
∫ 1−1/N
0 (1− p0y)

−1(1− y)dy

= wN ·
∑∞

k=0 p
k
0

( ∫ 1−1/N
0 yk(1− y)dy

)
= wN ·

∑∞
k=0 p

k
0

(
1

k+1(1−
1
N )k+1 − 1

k+2(1−
1
N )k+2

)
= wN ·

∑∞
k=0

pk0
k+1(1−

1
N )k+1 − wN ·

∑∞
k=0

pk0
k+2(1−

1
N )k+2. (B.18)

Using that
∑∞

k=1 x
k/k = − log(1− x), the former term can be computed as

wN ·
∑∞

k=0
pk0
k+1(1−

1
N )k+1 = −wN · (1/p0) log(q0 + p0/N),

and the latter term can be computed as

wN ·
∑∞

k=0
pk0
k+2(1−

1
N )k+2 = wN · (1/p20)

∑∞
k=0

pk+2
0
k+2 (1−

1
N )k+2

= wN · (1/p20)
(
− log(q0 + p0/N)− p0(1− 1/N)

)
.

Combining with (B.18), we obtain

E[S1(tN )|Z0(tN ) > 0] = wN · (1/p0)(1− 1/N + (q0/p0) log(q0 + p0/N)),

the desired result.
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B.8 Laws of large numbers

Here, we present simple calculations in support of the conjectured laws of large numbers

(3.32) and (3.33) of the main text. As stated in the main text, conditional on the

nonextinction event Ω∞, we have Z0(t) ∼ Y eλ0t as t → ∞ almost surely, where Y

follows the exponential distribution with mean 1/q0 (Theorem 1 of Durrett [50]). For

the fixed-time spectrum, the number of mutations that accumulate in [0, tN ] and are

found in j ≥ 1 cells at time tN is then approximately

Sj(tN ) ≈
∫ tN
0 wr0 · Y eλ0t · pj(tN − t)dt.

From (B.10) in the proof of Proposition 3.2, we know that

∫ tN
0 wr0e

λ0tpj(tN − t)dt

= weλ0tN ·
∫ 1−q0/(e

λ0tN−p0)
0 (1− p0y)

−1(1− y)yj−1dy

∼ wq0N ·
∫ 1
0 (1− p0y)

−1(1− y)yj−1dy, N → ∞,

where we use that eλ0tN = q0N + p0 by the definition of tN in (3.18). This implies that

Sj(tN ) ≈ q0Y · wN ·
∫ 1
0 (1− p0y)

−1(1− y)yj−1dy

for large N . Since Y has the exponential distribution with mean 1/q0, q0Y has the

exponential distribution with mean 1. This suggests (3.32) in the main text.

For the fixed-size spectrum, note that if N is large, then at time τN − t, we can

write Z0(τN − t) ≈ Ne−λ0t. The number of mutations that accumulate in [0, τN ] and

are found in j ≥ 1 cells at time τN is then approximately

Sj(τN ) ≈
∫ τN
0 wr0 ·Ne−λ0t · pj(t)dt

= Ne−λ0τN ·
∫ τN
0 wr0e

λ0tpj(τN − t)dt.

Again using (B.10) from the proof of Proposition 3.2, we can write

∫ τN
0 wr0e

λ0tpj(τN − t)dt = weλ0τN ·
∫ 1−q0/(e

λ0τN−p0)
0 (1− p0y)

−1(1− y)yj−1dy,
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from which it follows that

Sj(τN ) ≈ wN ·
∫ 1−q0/(e

λ0τN−p0)
0 (1− p0y)

−1(1− y)yj−1dy

≈ wN ·
∫ 1
0 (1− p0y)

−1(1− y)yj−1

for N large. This suggests (3.33) in the main text.

We finally mention that it is straightforward to prove a law of large numbers for a

simplified version of our model, where the tumor bulk grows deterministically (Z0(t) =

eλ0t), mutant clones arise at stochastic rate wr0, and mutant clones grow stochastically.

To state the result, let Ŝj(t̃N ) denote the number of mutations found in j ≥ 1 cells at

time t̃N under the simplified model, where t̃N is given by (3.10), i.e. eλ0 t̃N = N . We

want to show that

Ŝj(t̃N ) ∼ wN ·
∫ 1
0 (1− p0y)

−1(1− y)yj−1dy (B.19)

as N → ∞ almost surely. Note that the limit is a constant since we assume deterministic

growth of the tumor bulk. For 0 ≤ t ≤ t̃N , let N̂j,t̃N
(t) denote the number of mutant

clones created in [0, t] that have size j ≥ 1 at time t̃N . Then (N̂j,t̃N
(t))0≤t≤t̃N

is an

inhomogeneous Poisson process with rate function λ̂(t) = wr0e
λ0tpj(t̃N − t) and mean

function

m̂(t) =
∫ t
0 λ̂(s)ds, 0 ≤ t ≤ t̃N .

Set N̂j(t̃N ) := N̂j,t̃N
(t̃N ). By (B.10) in the proof of Proposition 3.2, and the fact that

eλ0 t̃N = N ,

m̂(t̃N ) = wN ·
∫ 1−q0/(N−p0)
0 (1− p0y)

−1(1− y)yj−1dy

∼ wN ·
∫ 1
0 (1− p0y)

−1(1− y)yj−1dy, N → ∞.

Then, by a simple Poisson concentration inequality, see Theorem 1 of Cannone [26],

P
(
|N̂j(t̃N )/m̂(t̃N )− 1| > (m̂(t̃N ))−1/3

)
= P

(
|N̂j(t̃N )− m̂(t̃N )| > (m̂(t̃N ))2/3

)
≤ 2 exp

(
−(m̂(t̃N ))1/3

/(
2(1 + (m̂(t̃N ))−1/3)

))
.

Since m̂(t̃N ) is of order N as N → ∞, it follows from the Borel-Cantelli lemma that
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N̂j(t̃N )/m̂(t̃N ) → 1 as N → ∞ almost surely. Since Ŝj(t̃N ) = N̂j(t̃N ), we have the

result.



Appendix C

Appendix to Chapter 4

C.1 Parametrization

To parametrize the model, we rely on Sharma et al.’s [139] investigation of an EGFR-

mutant non-small-cell lung cancer (NSCLC) population (PC9) treated with 2 µM er-

lotinib, with fresh drug added every 3 days, and Hata et al.’s [78] study of the evolution

of resistance conferred by the EGFRT790M gatekeeper mutation in PC9 cells.

Most of the discussion in the main text concerns behavior in the presence of an anti-

cancer agent, so we start with those dynamics. Following Hata et al. [78], we assume

that drug-tolerant type-1 cells give birth at rate r1 = 0.0162 per hour and die at rate

d1 = 0.015 per hour, and that stably resistant type-2 cells give birth at rate r2 = 0.04

and die at rate d2 = 0.0015. Although these rates apply to treatment with 300 nM

gefitinib as opposed to 2 µM erlotinib, viability curves presented in [139] indicate that

it is reasonable to assume similar rates for the case of 2 µM erlotinib treatment.

In Sharma et al. [139], the authors report that under 9 days of continuous anti-cancer

treatment, almost all cells in the population die, while persister cells corresponding to

around 0.27%± 0.21% of the original population survive. Assuming exponential decay

of the drug-sensitive type-0 population, we estimate a net birth rate of λ0 = −0.04 per

hour for type-0 cells and set r0 = 0.04 and d0 = 0.08, where we assume without loss

of generality that the anti-cancer agent increases the death rate of type-0 cells without

affecting their birth rate (the birth rate of type-0 cells in the absence of the anti-cancer

agent is r0 = 0.04 as is discussed below). Note that if we assume instead that the drug

214
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decreases the birth rate of type-0 cells, with the net birth rate λ0 = −0.04 unchanged,

the type-0 population will decay at the same net rate as before, but the mutation rate

r0ξ0 of type-0 cells will decrease proportionally to the decrease in r0. We can therefore

view variation in the effect of the drug on the birth rate r0 as equivalent to variation in

the mutation rate ξ0.

The rates µ of epimutation and ν of reversion are more difficult to estimate, since it

is not clear in [139] how many of the type-1 persister cells that survive the first 9 days of

treatment are present at the onset. However, the authors do conclude from experiments

applying the histone deacetylase inhibitor TSA as pretreatment to erlotinib that type-1

cells do emerge de novo during treatment. For our baseline parameter regime, we will

assume that around half the cells that survive the first 9 days of treatment are present

at the onset and set µ = 4·10−5 per hour accordingly, which implies that an epimutation

occurs once in every 1,000 divisions of a type-0 cell. In determining ν, we assume that

cells transition more freely out of the resistant state than into it and set ν = 4 · 10−4,

which is consistent with observed phenotypic switching dynamics between persister cells

and normal cells in Escherichia coli bacterial populations [120], and between stem-like

and non-stem-like cells in breast cancer [77].

The point mutation rate per nucleotide per cell division has been estimated as

5 ·10−10 [50]. To obtain the rate of mutations that confer resistance to anti-cancer ther-

apy, this number needs to be multiplied by the number of resistance-conferring point

mutations. Following e.g. [78] and [15], we assume a baseline rate of ξ0 = ξ1 = 10−7 per

cell division, although a reasonable range can be anywhere from 10−9 to 10−5, which

is the range suggested by [50] for mutations leading to cancer. This assumption on ξ0

and ξ1 translates into a mutation rate of r0ξ0 = 4 · 10−9 per hour for type-0 cells and

r1ξ1 = 1.62 · 10−9 per hour for type-1 cells.

As for the rate η of epigenetic reprogramming, we note that measurements provided

by Bintu et al. [11] of the dynamics of epigenetic silencing under recruitment of chro-

matin regulators suggest that it may be natural to assume that η is around 1-2 orders

of magnitude lower than µ. We will apply η = 4 · 10−7 or η = 4 · 10−8 as our baseline

rate depending on the context, which is 2-3 orders of magnitude smaller than µ, and

1-2 orders of magnitude larger than the mutation rates r0ξ0 and r1ξ1. As is the case for

the mutation rate, one can expect significant variation in the epigenetic reprogramming
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Presence of drug

r0 0.04

d0 0.08

r1 0.0162

d1 0.015

µ 4 · 10−5

ν 4 · 10−4

η 4 · 10−7 or 4 · 10−8

ξ0 = ξ1 10−7

r2 0.04

d2 0.0015

Table C.1: Baseline parameter regime in the presence of an anti-cancer agent. All rates
are measured per hour, except the mutation rates ξ0 and ξ1, which are measured per
cell division.

rate depending on the cancer type, the anti-cancer agent being applied and the concen-

tration of this agent. We also note that ‘stable epigenetic resistance’ may not even be a

well-defined concept if epigenetic reprogramming occurs in a multi-stage or continuous

fashion, with each stage leading to an increasingly stable phenotype, which is either less

likely to revert back to sensitivity once removed from drug or does so on a longer time

scale.

In the main text, we show all results assuming an initial population size of 106 cells,

following the in vitro experiments conducted by Sharma et al. We note that 106 refers

to the effective population size, i.e. those tumor cells that are capable of undergoing

phenotypic switching, which may only apply to a subset of tumor cells [113]. We also

note that the initial population size should be viewed in context of the mutation rates

r0ξ0 = 4 · 10−9 and r1ξ1 = 1.62 · 10−9 and the reprogramming rates η = 4 · 10−7 or

η = 4 · 10−8, since the relationship between these three parameters largely determines

the dynamics of resistance acquisition.

The only section in the main text where tumor dynamics in the absence of an anti-

cancer agent are considered is Section 4.4.4. Since most of the data referenced above

concerns behavior in the presence of drug, we will mostly assume that the dynamics on

and off drug are identical, with the important exception of the birth and death rate of
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type-0 cells, which we assume to be r0 = 0.04 and d0 = 0.0015 off drug, following Hata

et al. [78]. The resulting parameter values (Table C.2) therefore reflect the qualitative

setting where type-0 cells proliferate rapidly in the absence of drug but die rapidly in

its presence, and type-1 cells proliferate slowly both on and off drug. The assumption

that type-1 cells are at a selective disadvantage off drug is not essential to our results,

as is discussed in Appendix C.8 below.

Absence of drug

r0 0.04

d0 0.0015

r1 0.0162

d1 0.015

µ 4 · 10−5

ν 4 · 10−4

η 0

ξ0 = ξ1 10−7

r2 0.04

d2 0.0015

Table C.2: Baseline parameter regime in the absence of an anti-cancer agent. All rates
are measured per hour, except the mutation rates ξ0 and ξ1, which are measured per
cell division.

We finally note that according to the above dynamics, type-1 cells will constitute

around 0.11% of the population during long-term expansion in the absence of drug and

at the start of treatment. In the main text, we generally consider both the case where

no type-1 cell is present at the start of anti-cancer treatment (m = 0), and the case

where type-1 cells constitute 0.1% of the population at the onset (m≫ 0).

C.2 Two-type Markovian branching processes

Here, we derive expression (4.3) in the main text and describe some of its properties.

For the case η = 0 and ξ0 = ξ1 = 0, our model reduces to a two-type continuous-time

Markovian branching process [6]. Let X(t) = (X0(t), X1(t)) denote such a process,

where the two types are designated as type-0 and type-1. Associated with X(t) is the
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mean matrix M(t) = {mij(t) : (i, j) ∈ {0, 1}2}, defined by

mij(t) = E[Xj(t)|X(0) = ei], (i, j) ∈ {0, 1}2,

where ei denotes the unit vector with 1 in the i-th coordinate, and the infinitesimal

generator A = {aij : (i, j) ∈ {0, 1}2}, which satisfies

M(t) = exp(At), t ≥ 0.

We can interpret mij(t) as the mean number of type-j particles alive at time t, given

that the process is started by a single type-i cell, and aij as the infinitesimal rate at

which a type-i cell produces a type-j cell. We assume that a12, a21 > 0, i.e. the rates

of switching between types are strictly positive. For further discussion on the above

matrices, see [6].

Let ϕ
(n,m)
0 (t) and ϕ

(n,m)
1 (t) denote the mean number of type-0’s and type-1’s alive

at time t, assuming initial conditions (X0(0), X1(0)) = (n,m), where n and m are

nonnegative integers with n +m > 0. Using the mean matrix, we can easily compute

these means as

[ϕ
(n,m)
0 (t) ϕ

(n,m)
1 (t)] = [n m] M(t). (C.1)

Note that the infinitesimal generator A possesses distinct real eigenvalues ρ < σ given

by

a11 + a22 ±
√

(a11 − a22)2 + 4a12a21
2

, (C.2)

which follows from our assumption that a12 > 0 and a21 > 0. The eigenvalues of

M(t) = exp(At) are then easily obtained as eρt and eσt. If we define δ := (a11 − ρ)/a21

and γ := (σ − a11)/a21, it is easily established that v = [1 δ] and w = [1 γ] are left

eigenvectors of A with respect to ρ and σ, respectively. Decomposing [n m] in terms of
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v and w, we can then compute the means in (C.1) explicitly as

ϕ
(n,m)
0 (t) =

nδ +m

δ + γ
eσt +

nγ −m

δ + γ
eρt,

ϕ
(n,m)
1 (t) =

γ(nδ +m)

δ + γ
eσt − δ(nγ −m)

δ + γ
eρt.

(C.3)

If we define α := (nγ −m)/(δ + γ) and β := (nδ +m)/(δ + γ), we can simplify these

expressions further to

ϕ
(n,m)
0 (t) = βeσt + αeρt,

ϕ
(n,m)
1 (t) = γβeσt − δαeρt.

(C.4)

Note that although we do not show it explicitly, the constants α and β depend on

the initial conditions (n,m), whereas γ, δ, σ and ρ are completely determined by the

infinitesimal generator A.

We next establish that that a11 − ρ > 0 and σ − a11 > 0, which will imply that

γ > 0, δ > 0 and β > 0 in (C.3) and (C.4). By rewriting (C.3) as

ϕ
(n,m)
0 (t) =

n

δ + γ
(δeσt + γeρt) +

m

δ + γ
(eσt − eρt),

ϕ
(n,m)
1 (t) =

nδγ

δ + γ
(eσt − eρt) +

m

δ + γ
(γeσt + δeρt),

and noting that ρ < σ, it will also follow that the expected number of type-0’s and

type-1’s is strictly positive for all t > 0, i.e. X(t) is a positive-regular process [6].

To show that a11− ρ > 0 and σ− a11 > 0, we first note that since ρ is an eigenvalue

for A, we have (a11 − ρ)(a22 − ρ) = a12a21. By our assumption that a12, a21 > 0, the

terms a11 − ρ and a22 − ρ must then be nonzero and have the same sign. Using (E.5),
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we get since a12, a21 > 0:

ρ =
a11 + a22 −

√
(a11 − a22)2 + 4a12a21

2

<
a11 + a22 − |a11 − a22|

2

=

a11 if a11 ≤ a22

a22 if a11 > a22.

This implies that a11 − ρ > 0 or a22 − ρ > 0 depending on the relationship between a11

and a22. Since a11 − ρ and a22 − ρ have the same sign, one being positive implies that

the other one is as well, so in both cases, we have a11−ρ > 0 and a22−ρ > 0. A similar

argument confirms that σ − a11 > 0.

Now let

ϕ(n,m)(t) := ϕ
(n,m)
0 (t) + ϕ

(n,m)
1 (t)

denote the expected total number of cells (type-0 and type-1) alive at time t, starting

from n type-0 cells and m type-1 cells. By (C.4), we can write

ϕ(n,m)(t) = β(1 + γ)eσt + α(1− δ)eρt. (C.5)

We then obtain the following expressions for the expected size of a clone, at time t,

started by a single cell of each type:

ϕ(1,0)(t) =
δ(1 + γ)

δ + γ
eσt +

γ(1− δ)

δ + γ
eρt,

ϕ(0,1)(t) =
1 + γ

δ + γ
eσt − 1− δ

δ + γ
eρt.

(C.6)

We conclude by discussing large-t asymptotics. Since σ > ρ, the long-run behavior will

be dominated by the former term in (C.3), (C.4), (C.5) and (C.6). In particular, we
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can write

ϕ
(n,m)
0 (t) = βeσt + o(eσt),

ϕ
(n,m)
1 (t) = γβeσt + o(eσt),

(C.7)

and

ϕ(1,0)(t) =
δ(1 + γ)

δ + γ
eσt + o(eσt),

ϕ(0,1)(t) =
1 + γ

δ + γ
eσt + o(eσt),

(C.8)

where o(eσt) denotes a function that satisifies o(eσt)/eσt → 0 as t → ∞. Note that

from (C.7), it is clear that γ is the long-run ratio between type-1’s and type-0’s in the

population, and from (C.8), we see that δ is the long-run ratio between mean clone

size started by a single type-0 cell vs. a single type-1 cell. This gives an intuitive

interpretation of δ and γ in (C.3), (C.4), (C.5) and (C.6), while α and β depend on n,

m, δ and γ through α = (nγ −m)/(δ + γ) and β = (nδ +m)/(δ + γ).

C.3 Extinction probabilities

We continue to assume the absence of permanent resistance mechanisms (η = 0 and

ξ0 = ξ1 = 0), which implies that our model still reduces to a two-type branching process

(X0(t), X1(t)). Define

p0 := P (X0(t) +X1(t) = 0 for some t|X0(0) = 1, X1(0) = 0),

p1 := P (X0(t) +X1(t) = 0 for some t|X0(0) = 0, X1(0) = 1),

as the extinction probabilities of clones started by a single cell of each type. Note that

if we start the process with a single type-0 cell, the initial event in the process will

be a (i) cell division with probability r0/(r0 + d0 + µ), (ii) cell death with probability

d0/(r0 + d0 + µ), and a switch to type-1 with probability µ/(r0 + d0 + µ). If the initial

event is a cell division, an additional type-0 cell will be created and the process goes

extinct if and only if both cells go extinct, which occurs with probability p20. If the initial
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event is a switch between types, the new type-1 cell will go extinct with probability p1.

Therefore, by conditioning on whether the initial event is a division, death or switch

between types, we can derive the following conditions for p0 and p1:

p0 =
r0

r0 + d0 + µ
· p20 +

d0
r0 + d0 + µ

· 1 + µ

r0 + d0 + µ
· p1,

which yields

(r0 + d0 + µ) · p0 = r0p
2
0 + d0 + µp1.

By the same argument for a process started with a single type-1 cell, we obtain the

following nonlinear system for p0 and p1:

(r0 + d0 + µ) · p0 = r0p
2
0 + d0 + µp1,

(r1 + d1 + ν) · p1 = r1p
2
1 + d1 + νp0.

(C.9)

When σ > 0 and the process is supercritical, we have p0 < 1 and p1 < 1 which are

uniquely determined by these two equations, while when σ < 0, we have p0 = 1 and

p1 = 1 [6].

Note that the classification into supercritical and subcritical is independent of the

initial conditions (X0(0), X1(0)) = (n,m) (a change in initial conditions does not affect

the extinction probability of a single-cell derived clone). The initial conditions do how-

ever affect the survival probability of the population as a whole. Indeed, the survival

probability for a population starting with n type-0 cells and m type-1 cells is

1− pn0p
m
1 , (C.10)

since the population goes extinct if and only if each individual type-0 cell and each

individual type-1 cell goes extinct, which occurs with probability pn0p
m
1 by independence.
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C.4 Conditions for supercriticality

Here, we derive condition (4.7) in the main text. We again let (X0(t), X1(t)) denote the

stochastic process corresponding to the model in the absence of permanent resistance

mechanisms (η = 0 and ξ0 = ξ1 = 0).

Lemma C.1. Assume λ0 < 0, λ1 > 0, µ > 0 and ν > 0.

(1) (X0(t), X1(t)) is subcritical if νλ0 + µλ1 < λ0λ1, critical if νλ0 + µλ1 = λ0λ1 and

supercritical if νλ0 + µλ1 > λ0λ1.

(2) A sufficient condition for supercriticality is λ1 ≥ ν.

Proof. It is trivial to check, by determining the sign of the larger eigenvalue σ in (4.4)

in the main text, that

(i) (X0(t), X1(t)) is subcritical if λ0 + λ1 < µ+ ν and νλ0 + µλ1 < λ0λ1.

(ii) (X0(t), X1(t)) is critical if λ0 + λ1 < µ+ ν and νλ0 + µλ1 = λ0λ1.

(iii) (X0(t), X1(t)) is supercritical if λ0 + λ1 ≥ µ+ ν or νλ0 + µλ1 > λ0λ1.

What remains to show is that the first condition is redundant in each case, and that

(iii) is satisfied when λ1 ≥ ν.

Note first that if λ1 ≥ ν, we have

νλ0 + µλ1 − λ0λ1 = λ0(ν − λ1) + µλ1 ≥ µλ1 > 0.

since λ0 < 0, µ > 0 and λ1 > 0, from which supercriticality follows. This establishes

(2). Then note that since λ1 ≥ ν implies νλ0 + µλ1 > λ0λ1, and we have ν − λ0 > 0,

we get

νλ0 + µλ1 ≤ λ0λ1 ⇒ λ1 < ν ⇒ λ1 < µ+ ν − λ0,

which shows that the first condition in (i) and (ii) above is implied by the second

condition. Using what we have proven, we additionally have

λ0 + λ1 ≥ µ+ ν ⇒ λ1 ≥ ν ⇒ νλ0 + µλ1 − λ0λ1 > 0,

showing that the second condition in (iii) above contains the first one.
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C.5 Alternate version of the model

In our baseline model, we assume that epimutations and reversions can occur at any

time during the cell cycle. If we instead want a model where these events only occur at

cell divisions, we proceed as follows, assuming again the absence of permanent resistance

mechanisms (η = 0 and ξ0 = ξ1 = 0).

Let u denote the probability of epimutation at each division of a type-0 cell and v

denote the probability of reversion at each division of a type-1 cell. A type-0 cell then

divides into two type-0 cells at rate r0(1−u) and it produces one type-0 and one type-1

cell at rate r0u. Similarly, a type-1 cell divides into two type-1 cells at rate r1(1−v) and
it produces one type-0 and one type-1 cell at rate r1v. These dynamics can be captured

by the infinitesimal generator

A =

r0(1− u)− d0 r0u

r1v r1(1− v)− d1

 =

λ0 − r0u r0u

r1v λ1 − r1v

 .
Note that this infinitesimal generator has the same form as the generator (E.4) for our

baseline model if we define µ := r0u and ν := r1v. This implies that the mean behavior

of this new model is identical to the mean behavior of our original model, and all

expressions of Appendix C.2 apply by making the above substitution. The models are

distinct, however, on a sample-path basis, which is reflected e.g. in distinct extinction

probabiltities. These probabilities are now determined by the equations

(r0 + d0) · p0 = r0(1− u)p20 + d0 + r0up0p1,

(r1 + d1) · p1 = r1(1− v)p21 + d1 + r1vp0p1,

which in general yield different solutions to (C.9).

C.6 Threshold value for µ

In the main text, we examine the survival probability of a tumor under continuous anti-

cancer therapy, assuming no transiently resistant cell is present at the start of treatment

(m = 0). We observe a threshold value µ′ which is the minimal epimutation rate that
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guarantees long-term survival of the resistant population. Here, we are interested in

deriving an expression for this threshold value.

Let Y0(t) denote the number of type-0 cells still alive t time units into anti-cancer

treatment, and let Y1(t) denote the number of type-1 cells that have been produced

through type-0 epimutations up until time t. Since we are only interested in what

happens during the initial stages of treatment, and the type-1 population is assumed to

be small compared to the initial type-0 population, we ignore reversions from type-1 to

type-0 and thus assume that the type-0 population decays at an exponential rate |λ0|,
with initial population size Y0(0) = n.

Note that given Y0(s) for 0 ≤ s ≤ t, the type-0 population produces a type-1 cell at

rate µY0(s) at time s. Therefore,

E[Y1(t)|Y0(s), s ≤ t] =

∫ t

0
µY0(s)ds,

from which we conclude

E[Y1(t)] =

∫ t

0
µne−|λ0|sds =

nµ

|λ0|
(1− e−|λ0|t).

Note that E[Y1(t)] → nµ/|λ0| as t→ ∞, so approximately

nµ/|λ0| (C.11)

type-1 cells are created during the initial stages of treatment, during which most of the

type-0 population is eradicated.

Now let u ≪ 1. The number of type-1 cells, N1, needed to guarantee that the

resistant population survives with probability 1− u satisfies

1− (d1/r1)
N1 ≥ 1− u,

where we use that d1/r1 is the extinction probability of a type-1 clone, assuming no
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reversions to type-0 [50]. We therefore conclude that

N1 ≥
log u

log(d1/r1)
(C.12)

(recall that r1 > d1 by assumption). To determine the threshold epimutation rate µ′

that guarantees survival probability of at least 1−u under treatment, we combine (C.11)

and (C.12) to get

µ′ ≈ |λ0| log u
n log(d1/r1)

. (C.13)

C.7 Time to stable resistance

We are now interested in analyzing the time at which the first successful type-2 cell

emerges in the population during continuous anti-cancer therapy. Let Z0(s) and Z1(s)

denote the number of type-0 and type-1 cells alive at time s, now assuming the presence

of permanent resistance mechanisms (η > 0 and ξ0, ξ1 > 0). Assume the initial condi-

tions (Z0(0), Z1(0)) = (n,m) and that no permanently resistant (type-2) cell is present

at the onset. Let ηeff be the ‘effective’ reprogramming rate, i.e. the rate at which epi-

genetic reprogramming produces a successful type-2 cell (a type-2 cell that gives rise

to a clone that does not go extinct), and let ξeff0 and ξeff1 be the ‘effective’ mutation

rates. Then ηeff = ηλ2/r2, ξ
eff
0 = ξ0λ2/r2 and ξeff1 = ξ1λ2/r2, since type-2 cells form a

single-type binary branching process with extinction probability d2/r2 = 1−λ2/r2 [50].

Let τ denote the time of first occurrence of a successful type-2 cell. Note that at

any time s, the total rate at which cells acquire a resistance-conferring mutation is

r0ξ
eff
0 Z0(s) + r1ξ

eff
1 Z1(s), and the total rate of epigenetic reprogramming is ηeffZ1(s). If

we condition on the history of the type-0 and type-1 population up until some time t,

the number of type-2 cells that have emerged by time t is then Poisson distributed with

mean

∫ t

0
(ξeff0 r0Z0(s) + ξeff1 r1Z1(s) + ηeffZ1(s))ds,
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which implies that

P (τ > t | (Z0(s), Z1(s))s≤t)

= exp

(
−
∫ t

0
(ξeff0 r0Z0(s) + ξeff1 r1Z1(s) + ηeffZ1(s))ds

)
,

since {τ > t} is the event that no type-2 cell has emerged by time t. Taking expectations,

we arrive at

P (τ > t)

= E

[
exp

(
−
∫ t

0
(ξeff0 r0Z0(s) + ξeff1 r1Z1(s) + ηeffZ1(s))ds

)]
.

We now argue that Z0(s) and Z1(s) in the exponent can be well-approximated by their

means. Assuming the initial condition (Z0(0), Z1(0)) = (n,m), we can write

(Z0(s), Z1(s)) =
n∑

j=1

(
Z

(0)
0,j (s), Z

(0)
1,j (s)

)
+

m∑
j=1

(
Z

(1)
0,j (s), Z

(1)
1,j (s)

)
,

where Z
(k)
i,j (t) represents the number of type-i cells present at time t descended from

a single type-k cell and {Z(k)
i,j (t) : j ∈ {1, 2, . . .}} is an i.i.d. sequence of such random

variables. Given sufficiently large n and m, we know by the law of large numbers

that the approximation (Z0(s), Z1(s)) ≈ (ϕ0(s), ϕ1(s)) should be justified. To examine

fluctuations around the mean, we note that by the central limit theorem,

n∑
j=1

(
Z

(0)
0,j (s), Z

(0)
1,j (s)

)
≈ n

(
E[Z

(0)
0,1 (s)], E[Z

(0)
1,1 (s)]

)
+
√
n

(
W1

√
Var

(
Z

(0)
0,1 (s)

)
,W2

√
Var

(
Z

(0)
1,1 (s)

))
,

where (W1,W2) is a mean-zero bivariate Gaussian. By equation (21) of Section V.7 of

[6] we know that there exists a C > 0 such that

√
Var

(
Z

(0)
i,1 (s)

)
≤ CE[Z

(0)
i,1 (s)], s > 0.
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We can therefore write

n∑
j=1

(
Z

(0)
0,j (s), Z

(0)
1,j (s)

)
≈ n

(
E[Z

(0)
0,1 (s)], E[Z

(0)
1,1 (s)]

)
(1 + C/

√
n).

A similar result holds for the descendants of the type-1 cells. Ignoring the second-order

term, we arrive at

P (τ > t)

≈ exp

(
−
∫ t

0
(ξeff0 r0ϕ0(s) + ξeff1 r1ϕ1(s) + ηeffϕ1(s))ds

)
. (C.14)

To test the quality of this approximation, we show in Figure C.1 a comparison between

(C.14) and simulation results for as few as n = 104 starting cells. To calculate the mean

number of type-0 and type-1 cells alive at time s, ϕ0(s) and ϕ1(s) in (C.14), we can

apply (4.3) in the main text. Technically, the birth rates r0 and r1 should be replaced

by r0(1− ξeff0 ) and r1(1− ξeff1 ), and the death rate d1 should be replaced by d1 + ηeff , to

reflect the introduction of permanent resistance mechanisms, but assuming ξ ≪ 1 and

η ≪ d1, we can safely ignore this minor complication. Using (4.3), we can therefore

calculate

∫ t

0
ϕ0(s)ds = −β

σ
(1− eσt)− α

ρ
(1− eρt),∫ t

0
ϕ1(s)ds = −γβ

σ
(1− eσt) +

δα

ρ
(1− eρt),

(C.15)

which gives an explicit expression for (C.14) assuming σ ̸= 0 and ρ ̸= 0. Note that the

expressions in (C.15) can be interpreted as the ‘total mass’ of type-0 and type-1 cells,

respectively, up until time t.

In the main text, we apply (C.14) and (C.15) to evaluate interval treatment strate-

gies, where the anti-cancer agent is intermittently applied and removed. This can create

a problem, since our calculations of ηeff , ξeff0 and ξeff1 assume that the rates r2 and d2

of birth and death of type-2 cells do not change over time. However, since we make

the assumption in our baseline parameter regime that r2 and d2 are identical on and
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Figure C.1: Comparison of expression (C.14) (whole curves) with simulation results
(dotted curves) in the baseline parameter regime, assuming a starting population of
n = 104 (bottom curve; left axis), n = 105 (middle curve; left axis) or n = 106 cells
(top curve; right axis). Simulation results are based on 2000 runs of the process. Other
parameter values are r0 = 0.04 (per hour), d0 = 0.08, r1 = 0.0162, d1 = 0.015, µ =
4 · 10−5, ν = 4 · 10−4, η = 4 · 10−7, ξ0 = ξ1 = 10−7 (per cell division), and m = 0.

off the anti-cancer agent, we do not have to make any adjustments to (C.14) to use

it to evaluate interval treatment strategies. In fact, since we assume r2 = 0.04 and

d2 = 0.0015 with λ2/d2 ≈ 1, we can effectively take ηeff = η, ξeff0 = ξ0 and ξeff1 = ξ1.

To determine whether stable resistance develops at all during continuous anti-cancer

therapy, we consider the event {τ = ∞}. It is possible to estimate its probability by

taking t → ∞ in (C.14), but then we first have to condition on whether the overall

population of type-0 and type-1 cells goes extinct or not, since ϕ0(s) and ϕ1(s) blow

up as s → ∞ for any supercritical process, irrespective of the likelihood that the pop-

ulation survives. However, it is more straightforward to proceed as follows. Let p0,

p1 and p2 denote the extinction probabilities of clones started by a single cell of each

type. By conditioning on the initial event, we derive the following conditions for these

probabilities:

(r0 + d0 + µ) · p0 = r0(1− ξ0)p
2
0 + d0 + µp1 + r0ξ0p0p2,

(r1 + d1 + ν + η) · p1 = r1(1− ξ1)p
2
1 + d1 + νp0 + r1ξ1p1p2 + ηp2,

p2 = d2/r2,

(C.16)

where we use that fact that type-2 cells form a single-type binary branching process
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with extinction probability d2/r2. Note that these equations reduce to (C.9) if we set

ξ0 = ξ1 = 0 and η = 0. We can then calculate

P (τ = ∞) = pn0p
m
1 , (C.17)

which gives the probability that stable resistance does not develop at all during con-

tinuous administration of anti-cancer treatment. The probability that stable resistance

does develop is then

P (τ <∞) = 1− pn0p
m
1 . (C.18)

C.8 Robustness analysis

Survival probability

Table C.3 shows how survival probability, both at the indidividual cell level and for the

tumor population as a whole, responds to changes in r0, d0, r1 and d1, pertinent to the

discussion of Section 4.4.1.

Threshold value for µ

Table C.4 shows how the threshold value for µ, denoted as µ′ and given by (4.11),

responds to to changes in r1 and d1, pertinent to the discussion of Section 4.4.2.

Evaluation of combination treatment strategies

We now discuss various possible changes to the assumptions underlying Figure 4.6 in

the main text. In this section, we let µd and νd denote the rates of epimutation and

reversion when the epigenetic drug is being applied to distinguish them from the rates

µ and ν off the epigenetic drug.

Tumor size and rates of mutation and reprogramming

In the main text, we assume an initial population size of n = 106 · 0.999 and m =

106 · 0.001 cells, an epigenetic reprogramming rate of η = 4 · 10−7 per hour, and a
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r0 d0 r1 d1 1− p0 1− p1 1− pn0p
m
1

0.04 0.08 0.01620.015 0.0049% 4.94% 100%

+10% 0.0055% 4.94% 100%

+10% 0.0041% 4.94% 100%

+10%+10% 0.0045% 4.94% 100%

+10% 0.0136% 13.58% 100%

+10% 0% 0% 0%

+10% +10% 0.0052% 5.16% 100%

+50% 0.0099% 4.94% 100%

+50% 0.0025% 4.94% 100%

+50%+50% 0.0033% 4.94% 100%

+50% 0.0366% 36.63% 100%

+50% 0% 0% 0%

+50% +50% 0.0058% 5.76% 100%

Table C.3: Response of the survival probability of (i) a clone started by a single type-0
cell (1 − p0), (ii) a clone started by a single type-1 cell (1 − p1), and (iii) the overall
population of n = 106 type-0 and m = 0 type-1 cells (1−pn0pm1 ), to changes in r0, r1, d0
and d1. The probabilities p0 and p1 can be calculated using (C.9). In the top row, we
show the baseline parameter values for r0, d0, r1 and d1, and the survival probabilities
given these values. In the remaining lines, we adjust one or two parameters at a time as
indicated and display survival probabilities given these changes. All rates are measured
per hour.

mutation rate of ξ0 = ξ1 = 10−7 per cell division. If we assume that the rate of epigenetic

reprogramming is increased by an order of magnitude to η = 4 · 10−6, the relative

attractiveness of Schedule B over the other schedules becomes even more pronounced

than in the baseline case (Fig C.2a). If we also increase the mutation rate an order of

magnitude to ξ0 = ξ1 = 10−6, it becomes more difficult to eradicate the tumor, but the

relative attractiveness of the schedules remains unchanged (Fig C.2b).

If we increase the population size one order of magnitude to n = 107 · 0.999 and

m = 107 · 0.001, assuming the baseline values η = 4 · 10−7 and ξ0 = ξ1 = 10−7 for the

rates of reprogramming and mutation (figure not shown), the effects will be similar to

those shown in Figure C.2b, where the population size is as in the baseline case but both

rate parameters are increased an order of magnitude. Thus, the relationship between
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r1 d1 µ′

0.0162 0.015 3.59 · 10−6

+10% 1.60 · 10−6

+10% +∞
+10% +10% 3.59 · 10−6

+50% 0.57 · 10−6

+50% +∞
+50% +50% 3.59 · 10−6

Table C.4: Response of the threshold value µ′, as given by (4.11), to changes in r1
and d1. We use +∞ to indicate that there is no value for µ for which tumor survival is
guaranteed, which is the case when the population is subcritical. All rates are measured
per hour.

initial population size and the rate of mutation and epigenetic reprogramming is more

important than the absolute value of each in isolation, and any effect of increasing the

population size can be negated by a proportional decrease in the these rates. We also

note that if the anti-cancer agent being applied reduces the birth rate r0 of type-0

cells, this will have the same effect as reducing the mutation rate ξ0 (see discussion in

Appendix C.1 above).

For an even larger initial tumor size of n = 108·0.999 andm = 108·0.001, a resistance-
conferring mutation will be guaranteed to arise no matter which schedule is applied

(figure not shown), although we recover the same behavior as for the n = 107 ·0.999 and

m = 107 · 0.001 case if the change in size is accompanied by a smaller reprogramming

rate, η = 4 · 10−8, and a smaller mutation rate, ξ0 = ξ1 = 10−8. However, even if the

initial population size is n = 108 · 0.999 and m = 108 · 0.001, with unchanged rates of

mutation and reprogramming, there can still be benefits to applying a combination of

an anti-cancer agent and an epigenetic drug, since Schedule B can prevent resistance

conferred through epigenetic reprogramming (Fig C.2c). In fact, if we assume that the

epigenetic drug is stronger than in the main text, so that it increases the reversion rate

ν by three orders of magnitude and decreases the epimutation rate to the same extent,

then Schedule B is able to prevent resistance through epigenetic reprogramming with

high probability, whereas resistance is effectively guaranteed under any other schedule

(Fig C.2d).
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Different epigenetic drug action

In the main text, we assume that the epigenetic drug increases the reversion rate ν by

two orders of magnitude, and decreases the epimutation rate µ to the same extent. In

Figures C.2e and C.2f, we show results first assuming that the change in each is one

order of magnitude (Fig C.2e), and then three orders of magnitude (Fig C.2f). We note

that Schedule B continues to be the most attractive schedule, and in Figure C.2e, the

difference between Schedule B and Schedules C,D becomes more pronounced than for

the case shown in the main text.

Faster or slower switching dynamics

In the main text, we assume an epimutation rate of µ = 4 · 10−5 in the absence of the

epigenetic drug, in accordance with our baseline parameter regime. In Figures C.3a

and C.3b, we show results assuming µ = 4 · 10−4 (Fig C.3a) and µ = 4 · 10−6 (Fig

C.3b), with the epimutation rate µd in the presence of the epigenetic drug obtained by

reducing µ by two orders of magnitude in each case. As before, the qualitative dynamics

remain similar, with the difference between Schedule B and the other schedules even

more pronounced in Figure C.3a than for the baseline case.

Different treatment block sizes

In the main text, we assume that each treatment block is 2 days. In Figures C.3c and

C.3d, we show results assuming that each block is 1 day (Fig C.3c) or 3 days (Fig C.3d),

and observe similar results as before.

Resistant phenotype is not at a selective disadvantage off drug

In our baseline regime, we assume that the resistant type-1 phenotype is at a selective

disadvantage to drug-sensitive type-0 cells in the absence of the anti-cancer agent. Fig-

ure C.3e reveals that our results do not depend on this assumption, as if we assume

r1 = r0 = 0.04 and d1 = d0 = 0.0015 off the anti-cancer agent, Schedule B continues to

perform the best.
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Figure C.2: Time-evolution of the probability of successful type-2 emergence for the
treatment schedules examined in Figure 4.6 in the main text. Parameters behave as in
Figure 4.6 except in (a), η = 4 · 10−6 (per hour), in (b), η = 4 · 10−6 and ξ0 = ξ1 = 10−6

(per cell division), in (c), n = 108 · 0.999, m = 108 · 0.001 and ξ0 = ξ1 = 0, in (d),
n = 108 · 0.999, m = 108 · 0.001, ξ0 = ξ1 = 0, µd = µ · 10−3 and νd = ν · 103, in (e),
µd = µ · 10−1 and νd = ν · 101, and in (f), µd = µ · 10−3 and νd = ν · 103.
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Figure C.3: Time-evolution of the probability of successful type-2 emergence for the
treatment schedules examined in Figure 4.6 in the main text. Parameters behave as in
Figure 4.6 except in (a), µ = 4·10−4 in the absence of epigenetic drug, in (b), µ = 4·10−6

in the absence of epigenetic drug, in (c), the size of each treatment block is 1 day as
opposed to 2 days, in (d), the size of each block is 3 days, and in (e), r1 = 0.04 (per
hour) and d1 = 0.0015 in the absence of the anti-cancer agent.



Appendix D

Appendix to Chapter 5

D.1 Review of existing methods

At the single-cell-level, phenotypic switching has commonly been modeled by a discrete-

time Markov chain with K ≥ 2 states, where K is the number of phenotypes. In each

time step, a cell in state j transitions to state k ̸= j with probability pjk, and it

remains in state j with probability pjj = 1−
∑

k ̸=j pjk. The transition probabilities are

collected into the K × K transition matrix P = (pjk). The evolution of the Markov

chain is determined by P and the initial distribution q = (q1, . . . , qK), where qj is the

probability that a cell starts in state j. If we let q(ℓ) denote the cell state distribution

after ℓ ≥ 1 time steps, then q(ℓ) = qPℓ.

Say we conduct K cell line experiments starting with N cells in each experiment and

known initial cell state distributions q1, . . . ,qK . The initial distributions are collected

into a K × K matrix Q, where qi is the i-th row vector. Each experiment is run for

ℓ ≥ 1 time steps, at which point the fraction of cells in each state is recorded. Let

f
(ℓ)
ij be the observed fraction of cells in state j under the i-th initial condition. The

observations at the ℓ-th time step under the i-th initial condition are collected into a

vector f
(ℓ)
i =

(
f
(ℓ)
i1 , . . . , f

(ℓ)
iK

)
, and the observations at the ℓ-th time step are collected

into a K ×K matrix F(ℓ) =
(
f
(ℓ)
ij

)
. If there are multiple replicates r = 1, . . . , R, we let

F(ℓ),r denote the data from the r-th replicate.

Now, assume that the starting population N is large, that there is no cell division

or cell death, and that each cell switches between states according to the above Markov
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model. In this case, by the law of large numbers, the model-predicted distribution

between cell states QPℓ after ℓ time steps can be approximated by the experimentally

observed cell-state fractions F(ℓ). If we equate these two matrices, we can obtain an

estimate Pℓ of the transition matrix P by inverting the matrix Q of initial distributions

and taking an ℓ-th matrix root, Pℓ =
(
Q−1F(ℓ)

)1/ℓ
. Here, we assume thatQ is invertible,

which is e.g. the case when experiments are started with isolated subpopulations.

This simple estimation idea was applied by Gupta et al. [77] to investigate phenotypic

switching between stem-like, basal and luminal cell states in breast cancer, using data

from a single time point. A multiple-time-point version has since been implemented in

the R package CellTrans [24]. Say that cell state fractions are experimentally observed

at time steps m1, . . . ,mL for L ≥ 1. CellTrans first computes an estimate Pmℓ
of the

transition matrix for each time step as above, and then returns a final estimate as the

average across time steps:

P̂ := (1/L)
∑L

ℓ=1Pmℓ
. (D.1)

CellTrans also involves a regularization step to ensure that P̂ is stochastic. CellTrans

is used on publicly available datasets in [24] and it has been applied more recently in

[34, 45, 153].

Cell populations in culture typically change in size over time. CellTrans is applied

under the assumption that all phenotypes grow at the same rate, and that the evolution

of cell state fractions can be captured by a constant-sized population model for that case.

Both Gupta et al. [77] and Su et al. [144] have applied an augmented version of the above

model, which is intended to capture proliferation differences between the phenotypes,

specifically in the context of anti-cancer treatment response. In the augmented model,

a type-j cell first grows deterministically to a population of size Λjj , and a fraction pjk

of the population then switches to type-k. The growth factors Λjj are collected into a

diagonal proliferation matrix Λ, and the multiple ΛP is used to predict the distribution

between cell states as opposed to P. In Gupta et al. [77] and Su et al. [144], the matrix

Λ is found by randomly sampling candidate parameter values and selecting the values

that best fit the experimental data.

TRANSCOMPP [82] is a more systematic version of the estimation method from
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Gupta et al. [77] and Su et al. [144]. In TRANSCOMPP, the diagonal proliferation

matrix Λ and the transition matrix P are estimated by minimizing the sum of squared

errors between the model prediction and the data,

minΛ,P
∑I

i=1

∑L
ℓ=1

∑R
r=1

∥∥∥f (mℓ),r
i − diag

(
qi

(
ΛP

)mℓ1T
)−1

qi

(
ΛP

)mℓ

∥∥∥2. (D.2)

In the TRANSCOMPP paper [82], the normalizing factor diag
(
qi

(
ΛP

)mℓ1T
)−1

is not

shown in the statement (4) of their optimization problem, but it is indicated in the sur-

rounding text. TRANSCOMPP is implemented in MATLAB, and it includes a stochas-

tic resampling procedure for estimating the distributions of the transition probability

estimates.

All of the above estimation methods are based on discrete-time models. In modeling

switching between HER2+ and HER2− states in breast cancer, Li and Thirumalai [105]

employ a deterministic model in continuous time. Their model assumes symmetric and

asymmetric cell divisions, which is mathematically equivalent to assuming symmetric

cell divisions and switching between types. Li and Thirumalai assume equal rates of

asymmetric division for the two cell types, and they show that if experiments are started

with isolated subpopulations, the slopes of the cell fraction trajectories at time 0 can be

used to estimate these rates. They also show that the equilibrium proportion between

types can be used to extract the symmetric division rate difference between types. Li and

Thirumalai use the proportion between cells in the parental population as an estimate

of the equilibrium proportion. We have made use of these insights in our identifiability

analysis in Section 5.6.2 in the main text.

Finally, in their investigation of epithelial to mesenchymal transition in breast can-

cer, Devaraj and Bose [42] employ a similar model to [105] with two important dif-

ferences. First of all, they assume that the rates of switching and growth are time-

dependent. Second, they include a separate state for dead cells and estimate a death

rate for each cell type. In their experiments, Devaraj and Bose measure both the phe-

notypic proportions and the number of alive and dead cells in the population at each

time point. On the modeling side, they derive difference equations for the change in

the number of cells in each state between time points. They then propose a multi-

objective optimization problem to estimate their model parameters, which minimizes
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Figure D.1: To demonstrate that our estimation framework is applicable to reducible
switching models, we consider a three-type model with a reversible transition between
type-1 and type-2, and an irreversible transition from type-2 to type-3. This model is
applicable e.g. to epigenetic gene silencing under the recruitment of chromatin regulators
[11] and to epigenetically-driven drug resistance in cancer [75].

the least squares error between the model predictions and the data, while ensuring that

parameters do not vary too drastically between time periods.

D.2 Estimation for reducible switching dynamics

In the main text, we have assumed that the switching dynamics are irreducible, meaning

that it is possible to switch between any pair of phenotypes, possibly through a finite

number of intermediate types. In this section, we show how our framework can be

applied to the case of reducible switching dynamics. For simplicity, we will consider

one particular model shown in Figure D.1. This model has been applied e.g. to the

dynamics of epigenetic gene silencing under recruitment of chromatin regulators [11]

and the evolution of epigenetically-driven drug resistance in cancer, where drug-sensitive

cells (type-1) first acquire a transiently resistant phenotype (type-2) and then evolve to

stable epigenetic resistance (type-3) [75].

Say that experiments are conducted from isolated initial conditions, and say first

that cell number data is collected. For the model in Figure D.1, the distribution of the

data vector n3,ℓ,r is degenerate, since n3,ℓ,r,j = 0 for j = 1, 2. As a result, the covariance

matrix Σ(3)(tℓ) is singular for all ℓ = 1, . . . , L, and the likelihood function in (5.6) is not

defined. To resolve this issue, we set C1 = C2 = I and C3 = eT3 , where e3 is the 1×K

third unit vector. By Proposition 5.1, n3,ℓ,rC3 = n3,ℓ,r,3 has a normal distribution,
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which is nondegenerate. We therefore modify the likelihood function in (5.6) to

Lnum

(
θnum

∣∣(ni,ℓ,r)i,ℓ,r
)

=
∏3

i=1

∏L
ℓ=1

∏R
r=1

(
(2π)Kdet

(
CT

i

(
NiΣ

(i)(tℓ) +Enum
i,ℓ

)
Ci

))−1/2

· exp
(
− 1

2

(
ni,ℓ,r −Nim

(i)(tℓ)
)
Ci

(
CT

i

(
NiΣ

(i)(tℓ) +Enum
i,ℓ

)
Ci

)−1

CT
i

(
ni,ℓ,r −Nim

(i)(tℓ)
)T )

.

From this likelihood function, MLE estimates and confidence intervals can be computed

as described in Section 5.4.3, where we restrict the set of feasible parameters Θnum so

that ν13 = ν31 = ν32 = 0. By our analysis in Section 5.6.1, all model parameters are

structurally identifiable for this example. To accommodate model structures such as

the one discussed here, the above modified likelihood function is implemented in our

MATLAB codes (Appendix D.3). By taking Ci = I for each i = 1, . . . , I, we recover

the original likelihood function in (5.6).

If cell fraction data is collected, there is no value in conducting experiments starting

only from type-3 cells. We therefore use the likelihood function

Lfrac

(
θfrac

∣∣(fi,ℓ,r)i,ℓ,r)
=

∏2
i=1

∏L
ℓ=1

∏R
r=1

(
(2π)K−1det

(
BT

(
N−1

i S(i)(tℓ) +Efrac
i,ℓ

)
B
))−1/2

· exp
(
− 1

2

(
fi,ℓ,r − p(i)(tℓ)

)
B
(
BT

(
N−1

i S(i)(tℓ) +Efrac
i,ℓ

)
B
)−1

BT
(
fi,ℓ,r − p(i)(tℓ)

)T)
,

where we only include experiments started by type-1 and type-2 cells, respectively. By

our analysis in Section 5.6.2, the switching rates ν12, ν21 and ν23, and the net birth rate

differences λ2−λ1 and λ3−λ2, are structurally identifiable in this case. An example of

a model structure where it becomes necessary to modify the above likelihood function

is given in Appendix D.3.

D.3 Implementation in MATLAB

In this section, we discuss how our estimation framework is implemented in MATLAB.
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D.3.1 Cell number data

The first step in the implementation for cell number data is to compute simple parameter

estimates for the switching rates ν and the net birth rates λ based on a deterministic

population model. This model is obtained by ignoring the stochastic terms in the

statistical model (5.5), i.e. by equating the data vector ni,ℓ,r with the mean prediction

of (5.5):

ni,ℓ,r = Nim
fi(tℓ) = niM(tℓ). (D.3)

Let N be the I×K matrix with the initial conditions ni as row vectors, and let Nℓ,r be

the I ×K matrix with the data vectors ni,ℓ,r as row vectors. We can then write (D.3)

in matrix form as

Nℓ,r = NM(tℓ) = N exp(tℓA). (D.4)

Assuming N has rank K, we can solve for A in (D.4) by first multiplying both sides

by NT , then multiplying both sides by the inverse of NTN, and finally taking a matrix

logarithm. We can thus obtain an estimate for the infinitesimal generator A,

A∗
ℓ,r := (1/tℓ) log

((
NTN

)−1
NT Nℓ,r

)
.

We then compute a final estimate A∗ by averaging across time points and replicates:

A∗ := (1/(LR))
∑L

ℓ=1

∑R
r=1A

∗
ℓ,r. (D.5)

From A∗, we can obtain estimates of the switching rates ν and the net birth rates λ.

As indicated in Appendix D.2, we implement the following likelihood function in our
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codes:

Lnum

(
θnum

∣∣(ni,ℓ,r)i,ℓ,r
)

=
∏I

i=1

∏L
ℓ=1

∏R
r=1

(
(2π)Kdet

(
CT

i

(
NiΣ

fi(tℓ) +Enum
i,ℓ

)
Ci

))−1/2

· exp
(
− 1

2

(
ni,ℓ,r −Nim

fi(tℓ)
)
Ci

(
CT

i

(
NiΣ

fi(tℓ) +Enum
i,ℓ

)
Ci

)−1

CT
i

(
ni,ℓ,r −Nim

fi(tℓ)
)T )

.

For each i = 1, . . . , I, Ci is a K × Ji matrix for some 1 ≤ Ji ≤ K, which can be used to

reduce the dimension of the data vector ni,ℓ,r when necessary. This option can e.g. be

useful for models with reducible switching dynamics, see Appendix D.2.

From the above likelihood function, we compute a negative double log-likelihood as

in (5.7), and solve the MLE problem (5.8) using the sequential quadratic programming

(sqp) solver in MATLAB. For the optimization, one must supply an initial guess θ
(0)
num

for the parameter vector θnum, and a set of feasible parameters Θnum of the form

Θnum = {θnum : l ≤ θnum ≤ u,Gθnum ≤ h,Geq θnum = heq}.

By default, we assume lower bounds of 0 for the switching rates ν and the birth rates

b, and we impose the inequality constraint λ ≤ b. The user is expected to provide

lower bounds for the net birth rates λ and upper bounds for all parameters, and they

have the option to provide further inequality or equality constraints as necessary. This

provides the opportunity to impose constraints such as λ1 = λ2 (Section 5.8) or ν13 =

ν31 = ν32 = 0 (Appendix D.2).

For the initial guess θ
(0)
num, we use the simple estimates for ν and λ computed from

(D.5). An initial guess for the birth rate bi is generated as |λi|/U , where U is uniformly

distributed between 0 and 1. The idea is that if λi > 0, then in the absence of phenotypic

switching, the survival probability of a single-cell derived clone of type i is qi = λi/bi

[50]. Since we do not assume any information on qi, we sample it uniformly between 0

and 1, and then use the initial guess for λi to compute an initial guess for bi. If |λi|/U
falls outside the lower or upper bound provided for bi, the initial guess is moved to one

of the bounds.

In addition to being used to initialize the optimization, the initial guess θ
(0)
num is used
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to estimate the relative scales of the parameters ν, λ and b. In particular, for the i-th

coordinate of the initial guess, we define the corresponding scale variable

s
(0)
i := 10⌊log10 |θ

(0)
num,i|⌋,

with s
(0)
i := 1 if θ

(0)
num,i = 0. For example, if the initial guesses are b(0) = (1.5, 1.2) for

the birth rates, λ(0) = (0.3, 0.4) for the net birth rates, and ν(0) = (0.05, 0.002) for the

switching rates, the corresponding scale variables are (1, 1), (0.1, 0.1) and (0.01, 0.001),

respectively. For a given parameter vector θnum, we define the transformed vector

θ̃num := θnum ⊘ s(0),

where ⊘ denotes elementwise division. For the initial guesses b(0) = (1.5, 1.2), λ(0) =

(0.3, 0.4) and ν(0) = (0.05, 0.002), the corresponding transformed values are b̃(0) =

(1.5, 1.2), λ̃(0) = (3, 4) and λ̃(0) = (5, 2). With this transformation, all nonzero parame-

ters take values in [1, 10]. When we solve the MLE problem (5.8), we treat θ̃num as the

parameter vector instead of θnum, and solve

min
θ̃num∈Θ̃num

lnum
(
θ̃num ⊙ s(0)

)
, (D.6)

where Θ̃num is the transformed set of feasible parameters. The parameter scaling is

applied to ensure that all model parameters are of a similar magnitude in the optimiza-

tion.

In most cases, we have found it sufficient to solve the optimization problem (D.6)

once. However, in our codes, we provide an option to solve the problem multiple times,

using (i) user-supplied initial guesses, (ii) initial guesses based on the simple estimates

from (D.5), with new birth rates selected randomly each time, or (iii) randomly sampled

initial guesses, using the parameter generation procedure described in Section D.4 below.

The optimization problems (5.9) for the endpoints of the confidence intervals are

solved in a similar way, except the initial guess is taken to be the maximum likelihood

estimate.
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Figure D.2: An example of a four-type switching model where the likelihood function
(5.12) for cell fraction data from the main text must be modified to avoid degeneracy
issues. This model structure can e.g. arise in the context of epigenetically-driven drug
resistance in cancer, where drug-sensitive (type-0) cells can acquire transient resistance
(type-1), which then evolves gradually to stable resistance (type-4) in two steps [75].

D.3.2 Cell fraction data

The implementation for cell fraction data is similar with the following modifications.

First of all, we parametrize the model in terms of λ1 and the net birth rate differences

λ[−1] instead of the net birth rates λ (Section 5.5.2). Second, the initial guess for the

MLE problem is based on solving the least squares problem (5.16). When solving (5.16),

we first compute initial guesses for the switching rates ν based on part (1) of Proposition

5.4, which shows how ν can be estimated from the slopes of the mean functions p(j)(t)

at time zero. We approximate the slopes of p(j)(t) at zero using experimentally observed

cell fractions at the first time point. The initial guesses for the remaining parameters

are set to 0. The simple problem (5.16) returns estimates for ν and λ[−1], which we use

as initial guesses for (5.14).

In our codes, we implement the following likelihood function for cell fraction data:

Lfrac

(
θfrac

∣∣(fi,ℓ,r)i,ℓ,r)
=

∏I
i=1

∏L
ℓ=1

∏R
r=1

(
(2π)K−1det

(
CT

i B
T
(
N−1

i Sfi(tℓ) +Efrac
i,ℓ

)
BCi

))−1/2

· exp
(
− 1

2

(
fi,ℓ,r − pfi(tℓ)

)
BCi

(
CT

i B
T
(
N−1

i Sfi(tℓ) +Efrac
i,ℓ

)
BCi

)−1

CT
i B

T
(
fi,ℓ,r − pfi(tℓ)

)T)
.

Recall from (5.12) that the matrix B is applied to reduce the data vector fi,ℓ,r to

a (K − 1)-dimensional nondegenerate vector. To accommodate reducible switching

dynamics, the user is allowed to implement a further reduction in the data by specifying
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a (K − 1)× Ji matrix Ci for each initial condition i. This can for example be useful for

the model displayed in Figure D.2, in which case we would take I = 3, C1 = C2 = I

and C3 = eT3 , and we would restrict the set of feasible parameters Θfrac so that ν13 =

ν14 = ν24 = ν31 = ν32 = ν41 = ν42 = ν43 = 0.

D.4 Generation of artifical data

Here, we discuss how the artificial data was generated for the numerical experiments in

Section 5.7.3. First, to generate each parameter regime, we sampled the birth rates b

and death rates d uniformly at random on (0, 1), with the following caveats: The birth

rates b and net birth rates λ were required to be larger than 0.01 in absolute value, and

at least one of the net birth rates λ1, . . . , λK was required to be positive. Each switching

rate νij was sampled as 10−3+2U , where U is uniform between 0 and 1, meaning that

it was sampled log-uniformly between 10−3 and 10−1. The starting number of cells Ni

was chosen as Ni = 10−3, Ni = 10−4 or Ni = 10−5 for i = 1, . . . ,K based on the order

of magnitude of the smallest switching rate. The time points for data collection were

selected as t = 1, . . . , 6.

In Section 5.7.4, where the number of time points was doubled, the time points were

taken as either t = 0.5, 1, 1.5, 2, . . . , 6 or t = 1, 2, 3, . . . , 12, depending on whether the

new time points were added in between or after the previous time points.

Once the parameters were set, we performed stochastic simulations of the model in

Section 5.2 to obtain the artificial datasets.

D.5 AIC and BIC weights

To evaluate model fit relative to model complexity in Section 5.8, we compute model

weights based on both the Akaike Information Criterion (AIC) and the Bayesian Infor-

mation Criterion (BIC) [155]. For a statistical model with parameters θ and negative

double log-likelihood l(θ), the AIC and BIC are given by

AIC = l
(
θ̂
)
+ 2p,

BIC = l
(
θ̂
)
+ p log(n),
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where θ̂ is the MLE estimate, p is the number of parameters in the statistical model,

and n is the number of datapoints. When comparing two models, the model with the

lower AIC or BIC is preferred, depending on which criterion is used. The BIC criterion

generally favors simpler models, i.e. models with fewer parameters, to a greater extent

than the AIC criterion. For ease of interpretation, we compute model weights based on

the two criteria as follows. For the AIC, the weight for model k is given by

w
(
AICk

)
=

exp
(
− 1

2AICk

)∑
m exp

(
− 1

2AICm

) .
The weight w(AICk) indicates the strength of evidence for model k relative to the other

candidate models. Weights for the BIC can be computed analogously [155].

D.6 Proof of Proposition 5.1

Proof of Proposition 5.1. First note that we can write

Z⌊Nα⌋(t) =
∑K

j=1 Z
⌊Nαj⌋ej (t), (D.7)

where
(
Z⌊Nαj⌋ej (s)

)
s≥0

for j = 1, . . . ,K are independent branching processes started

with ⌊Nαj⌋ cells of type-j, respectively. For each process, we can write

Z⌊Nαj⌋ej (t) =
∑⌊Nαj⌋

m=1 Z(j),m(t),

where
(
Z(j),m(s)

)
s≥0

for m = 1, . . . , ⌊Nαj⌋ are i.i.d. copies of the branching process(
Z(j)(s)

)
s≥0

started by a single type-j cell. Set

W⌊Nαj⌋ej (t) := N−1/2
(
Z⌊Nαj⌋ej (t)−Nαjm

(j)(t)
)
. (D.8)

Let J ≥ 1 and let C be a K × J matrix. By the (multivariate) central limit theorem,

as N → ∞,

W⌊Nαj⌋ej (t)C
d→ N

(
0, αjC

TΣ(j)(t)C
)
,
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where Σ(j)(t) is the covariance matrix for Z(j)(t). We can then conclude from (D.7)

that as N → ∞,

N−1/2
(
Z⌊Nα⌋(t)C−Nmα(t)C

) d→ N
(
0,CTΣα(t)C

)
.

It remains to derive the expression (5.4) for the covariance matrix Σ(j)(t). To that end,

let D(j)(t) be the matrix of second factorial moments of Z(j)(t),

D
(j)
kℓ (t) := E

[
Z

(j)
k (t)

(
Z

(j)
ℓ (t)− δkℓ

)]
,

where δkℓ is the Kronecker delta. Let s = (s1, . . . , sK) be a K-dimensional vector of real

numbers and set hj := bj + dj +
∑

k ̸=j νjk for j = 1, . . . ,K. Furthermore, let

u(j)(s) := bjs
2
j + dj +

∑
k ̸=j νjksk − hjsj , 0 ≤ s ≤ 1,

be the infinitesimal generating function for Z(j)(t), and let

F (j)(s, t) := E
[
sZ

(j)(t)
]
= E

[∏K
k=1 s

Z
(j)
k (t)

k

]
, 0 ≤ s ≤ 1, t ≥ 0,

be the probability generating function for Z(j)(t). With this notation, we can write the

Kolmogorov forward equation for Z(j)(t) as

∂
∂tF

(j)(s, t) =
∑K

i=1 u
(i)(s) ∂

∂si
F (j)(s, t).

Then, for k, ℓ = 1, . . . ,K,

∂
∂t

(
∂

∂sk
∂
∂sℓ
F (j)(s, t)

)
=

∑K
i=1

(
∂

∂sk
∂
∂sℓ
u(i)(s) ∂

∂si
F (j)(s, t) + ∂

∂sℓ
u(i)(s) ∂

∂sk
∂
∂si
F (j)(s, t)

+ ∂
∂sk

u(i)(s) ∂
∂sℓ

∂
∂si
F (j)(s, t) + u(i)(s) ∂

∂sk
∂
∂sℓ

∂
∂si
F (j)(s, t)

)
. (D.9)
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Now,

∂
∂sk

u(i)(s) =

2bisi − hi, k = i,

νik, k ̸= i,

∂
∂sk

∂
∂sℓ
u(i)(s) = δkiδℓi2bi.

Let A be the infinitesimal generator and M(t) be the mean matrix as defined in Section

5.2.3. Since

aik = ∂
∂sk

u(i)(s)|s=1,

Mjk(t) =
∂

∂sk
F (j)(s, t)

∣∣
s=1

,

D
(j)
kℓ (t) =

∂
∂sk

∂
∂sℓ
F (j)(s, t)

∣∣
s=1

,

and u(i)(1) = 0, we can conclude from (D.9) that

d
dtD

(j)
kℓ (t) =

∑K
i=1

(
δkiδℓi2biMji(t) + aiℓD

(j)
ki (t) + aikD

(j)
ℓi (t)

)
=

∑K
i=1 aikD

(j)
iℓ (t) +

∑K
i=1D

(j)
ki (t)aiℓ + δkℓ2bkMjk(t).

In the second step, we use that D
(j)
iℓ (t) = D

(j)
ℓi (t). This yields a Lyapunov matrix

differential equation,

d
dtD

(j)(t) = ATD(j)(t) +D(j)(t)A+ 2diag
(
b⊙m(j)(t)

)
, (D.10)

with initial condition D(j)(0) = 0. The solution is

D(j)(t) = 2 exp(tAT )
( ∫ t

0 exp(−τA
T )diag

(
b⊙m(j)(τ)

)
exp(−τA)dτ

)
exp(tA)

= 2
∫ t
0 (M(t− τ))Tdiag

(
b⊙m(j)(τ)

)
(M(t− τ))dτ,

and the expression (5.4) for Σ(j)(t) follows from the fact that

Σ(j)(t) = D(j)(t) + diag
(
m(j)(t)

)
− (m(j)(t))Tm(j)(t). (D.11)
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D.7 Proof of Proposition 5.2

Proof of Proposition 5.2. Recall from (D.7) in the proof of Proposition 5.1 that we can

write

Z⌊Nα⌋(t) =
∑K

j=1 Z
⌊Nαj⌋ej (t),

where
(
Z⌊Nαj⌋ej (s)

)
s≥0

for j = 1, . . . ,K are independent branching processes started

with ⌊Nαj⌋ cells of type-j, respectively. Define

U ⌊Nα⌋(t) :=
∑K

k=1 Z
⌊Nα⌋
k (t) =

∑K
j=1

∑K
k=1 Z

⌊Nαj⌋ej
k (t)

as the total population size at time t and note that

∆
⌊Nα⌋
i (t) =

Z
⌊Nα⌋
i (t)

U⌊Nα⌋(t)
=

∑K
j=1 Z

⌊Nαj⌋ej
i (t)

U⌊Nα⌋(t)
.

We can therefore write

√
N
(
∆

⌊Nα⌋
i (t)− pαi (t)

)
=

√
N

U⌊Nα⌋(t)

(∑K
j=1

(
(1− pαi (t))Z

⌊Nαj⌋ej
i (t)− pαi (t)

∑
k ̸=i Z

⌊Nαj⌋ej
k (t)

))
.

Note that by definition,

pα(t) =
(
mα(t)1T

)−1
mα(t) =

(∑K
j=1

∑K
k=1 αjm

(j)
k (t)

)−1∑K
j=1 αjm

(j)(t).

It follows that

∑K
j=1Nαj

(
(1− pαi (t))m

(j)
i (t)− pαi (t)

∑
k ̸=im

(j)
k (t)

)
= N

(∑K
j=1 αjm

(j)
i (t)− pαi (t)

∑K
j=1

∑K
k=1 αjm

(j)
k (t)

)
= 0.
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We can therefore write

√
N
(
∆

⌊Nα⌋
i (t)− pαi (t)

)
= N

U⌊Nα⌋(t)

(∑K
j=1

(
(1− pαi (t))W

⌊Nαj⌋ej
i (t)− pαi (t)

∑
k ̸=iW

⌊Nαj⌋ej
k (t)

))
,

where the vector W⌊Nαj⌋ej (t) is defined as in (D.8). In vector form, this becomes

√
N
(
∆⌊Nα⌋(t)− pα(t)

)
= N

U⌊Nα⌋(t)

∑K
j=1W

⌊Nαj⌋ej (t)Qα(t),

where Qα(t) is defined as in (5.10). By the law of large numbers, U ⌊Nα⌋(t)/N →
mα(t)1T almost surely as N → ∞. Let J ≥ 1 and let C be a K × J matrix. By the

(multivariate) central limit theorem,

W⌊Nαj⌋ej (t)Qα(t)C
d→ N

(
0, αjC

T
(
Qα(t)

)T
Σ(j)(t)Qα(t)C

)
.

Writing Σα(t) =
∑K

j=1 αjΣ
(j)(t), it finally follows from Slutsky’s theorem that

√
N
(
∆⌊Nα⌋(t)C− pα(t)C

) d→ N
(
0,

(
mα(t)1T

)−2
CT

(
Qα(t)

)T
Σα(t)Qα(t)C

)
.

It remains to show that pα(t) can be written solely as a function of the switching rates

ν and the net birth rate differences λ[−j] for any j = 1, . . . ,K. To this end, we define

A[−j] := A− λjI, (D.12)

where I is the K ×K identity matrix, and

M[−j](t) := exp
(
tA[−j]

)
=

∑∞
k=0(t

k/k!)
(
A[−j]

)k
, t ≥ 0. (D.13)

Note that A[−j] and M[−j](t) only depend on ν and λ[−j]. It is easy to see that

M(t) = eλjtM[−j](t),



251

from which it follows that

pα(t) =
(
αM(t)1T

)−1
αM(t)

=
(
αM[−j](t)1T

)−1(
αM[−j](t)

)
, t ≥ 0. (D.14)

This completes the proof.

D.8 Proof of Proposition 5.3

Proof of Proposition 5.3. (1) SinceM(t) = exp(tA) =
∑∞

k=0(1/k!)t
kAk, we have d

dtM(t) =

AM(t). By taking t = 0 and noting that M(0) = I, we obtain

d
dtM(t)

∣∣
t=0

= A.

If d
dtM(t)

∣∣
t=0

is known, we can recover the switching rate νjk for k ̸= j by recalling

that ajk = νjk. We can then recover λj for j = 1, . . . ,K by recalling that ajj =

λj −
∑

k ̸=j νjk.

(2) Recall that m(j)(t) = ejM(t). By (D.11) in the proof of Proposition 5.1, we can

write

d
dtΣ

(j)(t)

= d
dtD

(j)(t) + diag
(
ejAM(t)

)
−AT

(
M(t)

)T
eTj ejM(t)−

(
M(t)

)T
eTj ejAM(t),

where D(j)(t) is the matrix of second factorial moments of Z(j)(t). Next, by taking

t = 0 in (D.10) and noting that D(j)(0) = 0 and m(j)(0) = ej for all j = 1, . . . ,K,

we see that

d
dtD

(j)(t)
∣∣
t=0

= 2bje
T
j ej .

It follows that

d
dtΣ

(j)(t)
∣∣
t=0

= 2bje
T
j ej + diag

(
ejA

)
−
(
eTj ejA

)T − eTj ejA. (D.15)
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For each j = 1, . . . ,K, if the switching rates νjk for k ̸= j and the net birth rate

λj are known, the birth rate bj can be recovered from
(
d
dtΣ

(j)(t)
∣∣
t=0

)
jj

using this

expression.

D.9 Proof of Proposition 5.4

Proof of Proposition 5.4. We begin by establishing some notation. First, defineQ(j)(t) :=

Qej (t) and Q(j) := Q(j)(0) = I− 1Tej , with Qej (t) defined as in (5.10). Also define

V := A− diag
(
λ
)

(D.16)

as the infinitesimal generator A with the net birth rates λ removed from the diagonal.

Let v(j) denote the j-th row vector of V with coordinates v
(j)
k = νjk for k ̸= j and

v
(j)
j = −

∑
k ̸=j νjk, and note that

v(j) = ejV = ejA
[−j], (D.17)

where A[−j] is defined as in (D.12). Also note that v(j)1T = 0. In the proof, we will

rely on the following basic facts:

ejQ
(j) = ej

(
I− 1Tej

)
= 0,

v(j)Q(j) = v(j)
(
I− 1Tej

)
= v(j).

(D.18)

(1) Since p(j)(t) =
(
ej exp(tA)1T

)−1(
ej exp(tA)

)
, we can write

d
dtp

(j)(t) =
(
ej exp(tA)1T

)−1(
ejA exp(tA)

)
−
(
ej exp(tA)1T

)−2(
ejA exp(tA)1T

)(
ej exp(tA)

)
.

(D.19)

Since exp(0) = I, ej1
T = 1 and ejA1T = λj , we obtain by (D.17),

d
dtp

(j)(t)
∣∣
t=0

= ej(A− λjI) = ejA
[−j] = v(j). (D.20)

Since the k-th coordinate of v(j) is νjk for k ̸= j, we can recover νjk from the k-th

coordinate of d
dtp

(j)(t)
∣∣
t=0

.
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(2) (i) Using (D.19), we begin by writing

d2

dt2
p(j)(t) =

(
ej exp(tA)1T

)−1(
ejA

2 exp(tA)
)

−
(
ej exp(tA)1T

)−2(
ejA exp(tA)1T

)(
ejA exp(tA)

)
+ 2

(
ej exp(tA)1T

)−3(
ejA exp(tA)1T

)2(
ej exp(tA)

)
−
(
ej exp(tA)1T

)−2(
ejA

2 exp(tA)1T
)(
ej exp(tA)

)
−
(
ej exp(tA)1T

)−2(
ejA exp(tA)1T

)(
ejA exp(tA)

)
.

Since exp(0) = I, ej1
T = 1, ejA1T = λj , v

(j) = ejA
[−j] and Q(j) = I−1Tej ,

d2

dt2
p(j)(t)

∣∣
t=0

= 2λjej
(
λjI−A

)
+ ejA

2
(
I− 1Tej

)
= −2λjv

(j) + ejA
2Q(j).

Recalling that A = A[−j] + λjI by (D.12), we can write

ejA
2 = ej

(
A[−j]

)2
+ 2λjejA

[−j] + λ2jej

= v(j)A[−j] + 2λjv
(j) + λ2jej . (D.21)

Since ejQ
(j) = 0 and v(j)Q(j) = v(j) by (D.18), it follows that

ejA
2Q(j) = v(j)A[−j]Q(j) + 2λjv

(j)Q(j) = v(j)A[−j]Q(j) + 2λjv
(j), (D.22)

which implies

d2

dt2
p(j)(t)

∣∣
t=0

= v(j)A[−j]Q(j). (D.23)

It is straightforward to verify that for i ̸= j,

(
v(j)A[−j]Q(j)

)
i

= νji(λi − λj)− νij
(∑

k ̸=j νjk
)
− νji

(∑
ℓ̸=i νiℓ

)
+
∑

m ̸=j,m̸=i νjmνim.

If ν and d2

dt2
p(j)(t)

∣∣
t=0

are known, we can therefore use (D.23) to get an

equation for λi − λj of the form νji(λi − λj) = C for some constant C.
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If νji ̸= 0, we immediately obtain the value of λi − λj . If νji = 0, then

by our assumption of irreducibility, there exist integers n1, . . . , nk so that

νn0n1νn1n2 · · · νnknk+1
> 0, where n0 = j and nk+1 = i. For each ℓ = 0, . . . , k,

we can use the fact that νnℓnℓ+1
> 0 to obtain the value of λnℓ+1

− λnℓ
. Since

λnk+1
− λn0 =

∑k
ℓ=0(λnℓ+1

− λnℓ
), we also obtain the value of λi − λj .

(ii) We know from (D.19) that

d
dtp

(j)(t) =
(
ej exp(tA)1T

)−1(
ejA exp(tA)

)
−
(
ej exp(tA)1T

)−2(
ejA exp(tA)1T

)(
ej exp(tA)

)
.

We also know from (5.1) that

limt→∞ e−σt exp
(
tA

)
= βTγ,

where β and γ are positive vectors. It follows that as t→ ∞,

d
dtp

(j)(t) →
(
ejβ

Tγ1T
)−1(

ejAβTγ
)
−
(
ejβ

Tγ1T
)−2(

ejAβTγ1T
)(
ejβ

Tγ
)

=
(
ejβ

T γ1T
)−1(

ejAβT γ
)
−
(
ejβ

T γ1T
)−2(

ejAβT γ1T
)(
ejβ

T γ
)
,

where γ is the normalized version of γ, see (5.2). Since ejβ
T = βj > 0 and

γ1T = 1, we obtain

d
dtp

(j)(t) → β−1
j

(
ejAβT γ − ejAβTγ

)
= 0. (D.24)

On the other hand, by noting that A and exp(tA) commute, we can rewrite

the expression (D.19) for d
dtp

(j)(t) as

d
dtp

(j)(t) =
(
ej exp(tA)1T

)−1(
ej exp(tA)A

)
−
(
ej exp(tA)1T

)−2(
ej exp(tA)A1T

)(
ej exp(tA)

)
.

Since A1T = λT , A = V + diag(λ) by (D.16), γ diag(λ) = λdiag
(
γ
)
and
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γλT = λγT , we get as t→ ∞,

d
dtp

(j)(t) → γA− γA1T γ = γ
(
A− λTγ

)
= γV + λdiag

(
γ
)
− λγT γ.

(D.25)

Combining (D.24) and (D.25), we obtain the following linear system for λ:

λ
(
diag

(
γ
)
− γT γ

)
= −γV.

It is straightforward to verify that this system is solved by

λ = a+ x1, x ∈ R,

for some vector a, which can be used to extract λ[−1].

(3) By the definition of S(j)(t) in (5.10),

d
dtS

(j)(t) = d
dt

(
ejM(t)1T

)−2(
Q(j)(t)

)T
Σ(j)(t)Q(j)(t)

+
(
ejM(t)1T

)−2 d
dt

(
Q(j)(t)

)T
Σ(j)(t)Q(j)(t)

+
(
ejM(t)1T

)−2(
Q(j)(t)

)T d
dtΣ

(j)(t)Q(j)(t)

+
(
ejM(t)1T

)−2(
Q(j)(t)

)T
Σ(j)(t) d

dtQ
(j)(t). (D.26)

Since Σ(j)(0) = 0 and ejM(0)1T = 1, we obtain

d
dtS

(j)(t)
∣∣
t=0

=
(
Q(j)

)T ( d
dtΣ

(j)(t)
∣∣
t=0

)
Q(j).

From (D.15) in the proof of Proposition 5.3, we know that

d
dtΣ

(j)(t)
∣∣
t=0

= 2bje
T
j ej + diag

(
ejA

)
−

(
eTj ejA

)T − eTj ejA

= diag
(
ejA

[−j]
)
−

(
eTj ejA

)T − eTj ejA+ (2bj + λj)e
T
j ej , (D.27)

where in the second step, we write A = A[−j]+λjI. Since ejQ
(j) = 0 and ejA

[−j] =
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v(j), we obtain

d
dtS

(j)(t)
∣∣
t=0

=
(
Q(j)

)T
diag

(
ejA

[−j]
)
Q(j) =

(
Q(j)

)T
diag

(
v(j)

)
Q(j). (D.28)

It is straightforward to verify that the (j, k)-th coordinate of
(
Q(j)

)T
diag

(
v(j)

)
Q(j)

is −νjk. Thus, knowledge of the switching rates ν follows immediately from knowl-

edge of d
dtS

(j)(t)
∣∣
t=0

for j = 1, . . . ,K, but no other parameters can be extracted.



Appendix E

Effect of phenotypic switching on

the site frequency spectrum of

neutral mutations during tumor

progression

In this section, we derive the long-run site frequency spectrum of neutral mutations

for tumors undergoing phenotypic switching. This is an extension of the results of

Proposition 3.1 in Chapter 3 from a single-type model to a multi-type model.

E.1 Two-type model

We first consider a two-type branching process model, where cells can switch stochas-

tically between two phenotypes, the type-0 phenotype and the type-1 phenotype. Each

type-i cell divides into two type-i cells at rate ri ≥ 0 and dies at rate di ≥ 0, with

λi := ri− di > 0 the net birth rate. A type-0 cell switches to type-1 at rate µ0 > 0, and

a type-1 cell switches to type-0 at rate µ1 > 0. Let Zi(t) denote the number of type-i

cells at time t and set Z(t) := (Z0(t), Z1(t)). We define the event of nonextinction of

257
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the population as

Ω∞ := {Z0(t) + Z1(t) > 0 for all t > 0}, (E.1)

and the extinction probability for a clone started by a single type-j cell as

pj := P(Ωc
∞|Z(0) = ej) = P(Z0(t) + Z1(t) = 0 for some t > 0|Z(0) = ej), (E.2)

where ej is the unit vector with 1 in the j-th coordinate. By conditioning on whether

the initial event is a division, death or switch between types, we see that p0 and p1 must

satisfy

(r0 + d0 + µ0)p0 = r0p
2
0 + d0 + µ0p1,

(r1 + d1 + µ1)p1 = r1p
2
1 + d1 + µ1p0,

(E.3)

and it can be shown that p0 and p1 with 0 ≤ p0, p1 < 1 are uniquely determined by

this system [6]. During each cell division of a type-i cell, we assume that wi mutations

accumulate on average.

The evolution of the process (Z(t))t≥0 is determined by its infinitesimal generator

A = (aij)i,j∈{0,1}. For our model, the infinitesimal generator is

A =

λ0 − µ0 µ0

µ1 λ1 − µ1

 , (E.4)

which has eigenvalues 0 < ρ < σ given by

σ

ρ

 =
(λ0 − µ0) + (λ1 − µ1)±

√
((λ0 − µ0)− (λ1 − µ1))2 + 4µ0µ1

2
. (E.5)

Define

δ :=
(
(λ0 − µ0)− ρ

)
/µ1 > 0,

γ :=
(
σ − (λ0 − µ0)

)
/µ1 > 0,

(E.6)
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and set α0 := (1 + δ)/(δ + γ) > 0, α1 := γα0 > 0, β0 := δ/(1 + δ) > 0 and β1 =

(1/δ)β0 > 0. It is easy to see that α = (α0, α1) is a left eigenvector and β = (β0, β1) is

a right eigenvector of A corresponding to σ, and that these vectors satisfy

β0 + β1 = 1 and α0β0 + α1β1 = 1. (E.7)

Let ϕ
(j)
i (t) := E[Zi(t)|Z(0) = ej ] be the mean number of type-i cells at time t when

the process is started by a single type-j cell. Set ϕ(j)(t) :=
(
ϕ
(j)
0 (t), ϕ

(j)
1 (t)

)
. It can be

shown that in the long run,

ϕ
(j)
i (t) ∼ βjαie

σt, t→ ∞, (E.8)

where f(t) ∼ g(t) means f(t)/g(t) → 1 as t→ ∞. The existence of positive eigenvectors

α and β that satisfy (E.7) and (E.8) is guaranteed by an application of the Perron-

Frobenius theorem to the mean matrix M(t) = exp(tA), see Section V.7 of Ahtreya &

Ney [6]. Moreover, the asymptotic exponential growth of (E.8) holds on a sample-path

basis: By Theorem 2 of Section V.7 of [6], there exists a nonnegative random variable

W so that

limt→∞ Z(t)e−σt =Wα = (Wα0,Wα1) (E.9)

almost surely. The distribution of W depends on the initial condition, with

P(W > 0|Z(0) = ej) = 1− pj ,

E[W |Z(0) = ej ] = βj .

The ratio α1/α0 is the long-run ratio between type-1 and type-0 cells in the population,

both in the mean and on a sample-path basis. The ratio β1/β0 is the long-run ratio

between the expected total sizes of clones started by a single type-1 cell vs. a single

type-0 cell. We can determine these ratios explicitly as α1/α0 = γ and β1/β0 = 1/δ

with γ and δ given by (E.7).
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E.2 Two-type skeleton

When the tumor does not die out, we can decompose the cells alive at time t into skeleton

cells, i.e. cells with an infinite line of descent, and finite-family cells (Section 3.2.2). Let

Ẑi(t) denote the number of type-i skeleton cells at time t and set Ẑ(t) := (Ẑ0(t), Ẑ1(t)).

It follows from the same argument as in Section 3.3.1 that type-i skeleton cells divide

into one skeleton cell and one finite-family cell at rate 2ripi and into two skeleton cells

at rate riqi. Note that in this case, 2ripi and riqi are not 2di and λi, respectively, since

pi is no longer given by di/ri. By a similar argument, a type-0 skeleton cell switches to

a type-1 skeleton cell at rate µ0(1 − p1)/(1 − p0) = (q1/q0)µ0, and it switches back at

rate µ1(1− p0)/(1− p1) = (q0/q1)µ1. This implies that the skeleton (Ẑ(t))t≥0 is also a

two-type branching process with no deaths and infinitesimal generator

Â =

r0q0 − (q1/q0)µ0 (q1/q0)µ0

(q0/q1)µ1 r1q1 − (q0/q1)µ1

 .
We can simplify the diagonal elements by noting that (E.3) can be rewritten as

r0p0 = d0 + µ0(p1 − p0)/(1− p0),

which implies

r0q0 − (q1/q0)µ0 = r0(1− p0)− µ0(1− p1)/(1− p0) = λ0 − µ0.

We can therefore rewrite the infinitesimal generator in the simpler form

Â =

 λ0 − µ0 (q1/q0)µ0

(q0/q1)µ1 λ1 − µ1

 . (E.10)

The diagonal elements equal those for the generator A of the original process (Z(t))t≥0,

so the net rate at which type-i cells produce cells of the same type is the same as for

the original process. However, the switching rates, which we denote µ̂0 = (q1/q0)µ0

and µ̂1 = (q0/q1)µ1, are modified based on a simple robustness ratio between the two

types. For example, if type-1 cells are more likely to initiate successful clones, q1 > q0,
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the skeleton switches more frequently into the more robust state, and it also stays there

longer. In other words, the ratio µ̂0/µ̂1 between switching rates is amplified by a square

factor (q1/q0)
2 over the original process. However, the multiple of the switching rates

µ̂0µ̂1 = µ0µ1 is preserved from the original process, which implies that Â and A have

the same eigenvalues.

Let ϕ̂
(j)
i (t) := E[Ẑi(t)|Ẑ(0) = ej ] be the mean number of type-i skeleton cells at time

t when the process is started by a single type-j skeleton cell. Since the skeleton is a

two-type branching process with infinitesimal generator Â, we can define δ̂, γ̂ and the

vectors α, β analogously to (E.6), replacing µ1 by µ̂1 = (q0/q1)µ1, which satisfy

β̂0 + β̂1 = 1 and α̂0β̂0 + α̂1β̂1 = 1. (E.11)

and

ϕ̂
(j)
i (t) ∼ β̂jα̂ie

σt, t→ ∞.

We emphasize that since Â and A have the same eigenvalues, the long-run growth rate

σ is the same for the skeleton as for the original process. This is consistent with the

single-type case, where we observed that the skeleton had the same net growth rate λ0

as the original process (Section 3.3.1). As for the original process, there exists a random

variable Ŵ so that

lim
t→∞

Ẑ(t)e−σt = Ŵα = (Ŵ α̂0, Ŵ β̂0), (E.12)

where in this case, P(Ŵ > 0|Ẑ(0) = ej) = 1, i.e. the limiting random variable is positive

with probability 1 since skeleton cells do not go extinct, and E[Ŵ |Z(0) = ej ] = β̂j .

To relate the skeleton vectors α̂ and β̂ to the original vectors α and β, we note that

by (E.6), δ̂ = (q1/q0)δ and γ̂ = (q1/q0)γ. It follows that

α̂1/α̂0 = (q1/q0)γ = (q1/q0)(α1/α0),

β̂1/β̂0 = (q0/q1)(1/δ) = (q0/q1)(β1/β0).

Not surprisingly, if q1 > q0, the long-run ratio between the two cell types shifts to the
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more robust type-1 phenotype on the skeleton relative to the original process. It is less

intuitive that the long-ratio between clones started by type-1 and type-0 cells is smaller

than for the original process. This has to do with the conditioning on nonextinction. The

fact that type-0 clones are less robust in the original process means that the conditioning

skews the clone-size distribution toward abnormally large clones. Conversely, the sizes

of the more robust type-1 clones will more represent typical sizes for the unconditioned

process. Importantly, since changes to the ratios α̂1/α̂0 and β̂1/β̂0 relative to the original

process are complementary,

(α̂0β̂0)/(α̂1β̂1) = (α0β0)/(α1β1).

which, using α̂0β̂0 + α̂1β̂1 = 1 by (E.11), implies

α̂0β̂0 = α̂0β̂0/(α̂0β̂0 + α̂1β̂1) = α0β0/(α0β0 + α1β1) = α0β0. (E.13)

Similarly, α̂1β̂1 = α1β1. These remarkably simple relationships between the skeleton and

the original process are a consequence of the simple structure of the skeleton generator

Â.

E.3 Long-run skeleton spectrum

In the long run, the skeleton grows at an exponential rate σ on a sample-path basis

by (E.12), with the cell types maintained at the ratio α̂1/α̂0 = (q1/q0)γ. We now

analyze the SFS of neutral mutations on the skeleton assuming that the skeleton grows

deterministically according to its long-run mean, Ẑi(t) = β̂jα̂ie
σt, where the process is

started by a single type-j cell. Let M̂(t) be the expected number of mutations that

accumulate on the skeleton in [0, t] under this assumption. By the same calculations as

in (3.6), the mutation rate per type-i skeleton cell per unit time is wiri, so

dM̂/ds = w0r0 · β̂jα̂0e
σt + w1r1 · β̂jα̂1e

σt, 0 ≤ s ≤ t.
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which implies

M̂(t) = (β̂j/σ)(α̂0w0r0 + α̂1w1r1) · (eσt − 1), t ≥ 0. (E.14)

Suppose a neutral mutation occurs in a skeleton cell at time t. The probability that

this mutation occurs in a type-0 cell is

η̂ :=
w0r0 · β̂jα̂0e

σt

w0r0 · β̂jα̂0eσt + w1r1 · β̂jα̂1eσt
=

α̂0w0r0
α̂0w0r0 + α̂1w1r1

.

If the mutation occurs in a type-i cell, its long-run frequency in the population is

(β̂i/β̂j)e
−σt. To see why, note that the type-i cell starts a clone that has size β̂i(α̂0 +

α̂1)e
σ(T−t) at time T > t, while the total population has size β̂j(α̂0 + α̂1)e

σT at time T .

The long-run frequency f of a mutation occurring at time t is therefore

f = η̂ · (β̂0/β̂j)e−σt + (1− η̂) · (β̂1/β̂j)e−σt =
1

β̂j
· α̂0β̂0w0r0 + α̂1β̂1w1r1

α̂0w0r0 + α̂1w1r1
· e−σt. (E.15)

Now let M̂(f) denote the expected number of mutations with frequency ≥ f in the long

run. Substituting into (E.14) and replacing the constant term 1 with the t = 0 case in

(E.15), we obtain the spectrum

M̂(f) =
(
α̂0β̂0 · w0r0/σ + α̂1β̂1 · w1r1/σ

)
· (1/f − 1), 0 ≤ f ≤ 1.

Recalling that α̂iβ̂i = αiβi by (E.13), we can rewrite the result as

M̂(f) =
(
α0β0 · w0r0/σ + α1β1 · w1r1/σ

)
· (1/f − 1), 0 ≤ f ≤ 1. (E.16)

To compare with the corresponding single-type result (3.37), define πi := σ/ri and

θi := αiβi and write

M̂(f) = (θ0 · w0/π0 + θ1 · w1/π1) · (1/f − 1), 0 ≤ f ≤ 1, (E.17)

where 0 < θ0, θ1 < 1 and θ0+θ1 = 1 are normalized weights by (E.7). Note that we have

written the skeleton spectrum entirely in terms of parameters of the original process:
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The birth rates ri, the mutation rates wi and the long-run growth parameters σ, α, β.

Recall that for the single-type case (3.37), we had

M̂(f) = (w/q0) · (1/f − 1), 0 ≤ f ≤ 1,

where q0 := λ0/r0 was the survival probability of a single-cell derived clone. When the

two types of our model have identical growth characteristics, r0 = r1 and d0 = d1, and

there is no switching between types, µ0 = 0 and µ1 = 0, expression (E.17) reduces to

(3.37), so our two-type spectrum is a generalization of the 1/f single-type result. Here,

π0 and π1 can no longer be interpreted as probabilities since σ may be larger than r0 or

r1. However, w/πi = wri/σ can still be interpreted as the “effective” mutation rate. The

slope in (E.17) always lies between the rates w0/π0 and w1/π1, and the weights θ0 and

θ1 depend on (i) the proportion of type-0 and type-1 cells in the population in the long

run through αi, and (ii) the long-run proportion of sizes of single-cell clones derived from

each type through βi, which together determine the frequency of an arbitrary mutation

occurring at some time t. If mutations occur at continuous rates ν0 > 0 and ν1 > 0

throughout the lifetime of each cell, the result becomes

M̂(f) = (θ0 · ν0/σ + θ1 · ν1/σ) · (1/f − 1), 0 ≤ f ≤ 1, (E.18)

which is a restatement of (E.16) with νi = wri. Note that our assumption that the

process was started by a single type-j cell does not enter anywhere into (E.17). As

a result, (E.17) holds for any initial condition, when skeleton grows deterministically

according to its long-run mean. If we think again in terms of the stochastic model, we

can deduce that the 1/f spectrum in (E.17) should hold for any mutation that occurs

once the skeleton has entered its long-run growth stable phase, i.e. to mutations that

occur after the skeleton has reached a certain size.

E.4 Extension to more than two types

We conclude by deriving an extension of our 1/f result (E.17) to a switching model with

more than two cell types. Here, the cell types are 0, 1, . . . , k with k ≥ 2, the growth

parameters are ri, di, λi with λi > 0, and the switching rates from type-i to type-j are
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µij ≥ 0. By the same reasoning as in Section E.2, the infinitesimal generator A = (aij)

is given by

aii = λi −
∑

j ̸=i µij ,

aij = µij , i ̸= j,

and the mean matrix M(t) = (mi,j) is again given by M(t) := exp(tA). We assume

that there exists t > 0 so that mij(t) > 0 for all 0 ≤ i, j ≤ k, which ensures that any

type is accessible from any other type via switching, possibly through an intermediate

type. This condition was implicit in our assumption that µ0 > 0 and µ1 > 0 for the

two-type model.

Let ϕ
(j)
i (t) be the mean number of type-i cells at time t when the process is started

by a single type-j cell, and letσ be the largest eigenvalue of A. As for the two-type

model, there exist positive eigenvectors α = (αi) and β = (βi) with

∑k
i=0 αi = 1 and

∑k
i=0 αiβi = 1 (E.19)

so that

ϕ
(j)
i ∼ βjαie

σt, t→ ∞,

see Section V.7 of Athreya & Ney [6]. Let pi denote the extinction probability of a

clone started by a single type-i cell, and set qi := 1− pi as the survival probability. The
generator Â for the skeleton process is given by

âii = λ0 −
∑

j ̸=i µij ,

âij = (qj/qi)µij ,

by the same argument as in Section E.2. To determine the eigenvalues of Â, we note

that the characteristic polynomial for Â can be written as

det(Â− xI) =
∑

φ sgn(φ)̂b0φ(0)b̂1φ(1) · · · b̂kφ(k),

where the sum is taken over permutations φ on {0, 1, . . . , k} and the factors in the sum

are b̂ii = âii − x and b̂ij = âij for i ̸= j. Write the characteristic polynomial for the
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generator A of the original process in the same way as

det(A− xI) =
∑

φ sgn(φ)b0φ(0)b1φ(1) · · · bkφ(k),

where bii = aii − x and bij = aij for i ̸= j. Since each permutation φ can be written as

a product of disjoint cycles, it follows from the structure of Â that

b̂0φ(0)b̂1φ(1) · · · b̂kφ(k) = b0φ(0)b1φ(1) · · · bkφ(k).

Indeed, if φ(i) = i, then b̂iφ(i) = biφ(i) since Â and A agree along the diagonal, and if φ

contains the cycle (i1, i2, . . . , ir), then

b̂i1i2 b̂i2i3 · · · b̂iki1 = (qi2/qi1)µi1i2 · (qi3/qi2)µi2i3 · · · (qi1/qik)µiki1
= µi1i2µi2i3 · · ·µiki1
= bi1i2bi2i3 · · · biki1 .

We can then conclude that

det(Â− xI) = det(A− xI),

so Â and A have the same eigenvalues. In particular, the long-run growth rate of the

skeleton is equal to the long-run growth rate σ of the original process, and we can write

ϕ̂
(j)
i ∼ β̂jα̂ie

σt, t→ ∞,

where ϕ̂
(j)
i is the mean number of skeleton cells at time t when the process is started

by a single type-j skeleton cell. As before, α = (α̂i)i and β = (β̂i)i are left and right

eigenvectors of Â corresponding to σ, normalized as in (E.19). It is easy to show that

(αiqi)i is a left eigenvector and (βi/qi)i is a right eigenvector of Â corresponding to σ.

Since σ is a simple eigenvalue of Â by the Perron-Frobenius theorem, we can conclude

that for i ̸= j,

α̂i/α̂j = (qi/qj) · (αi/αj) and β̂i/β̂j = (qj/qi) · (βi/βj).
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It follows that (α̂iβ̂i)/(α̂j β̂j) = (αiβi)/(αjβj) for i ̸= j. We can then use the same

argument as for the two-type case (Section E.2) to show that for all i,

α̂iβ̂i = αiβi.

The above ingredients allow us to generalize our result from (E.17) to

M(f) =
(∑k

i=0 θi · wi/πi
)
· (1/f − 1), 0 ≤ f ≤ 1, (E.20)

where πi := σ/ri and θi := αiβi, and 0 < θi < 1 with
∑k

i=0 θi = 1. If mutations occur at

continuous rate νi > 0 for type-i throughout the lifetime of the cell, the result becomes

M(f) =
(∑k

i=0 θi · νi/σ
)
· (1/f − 1), 0 ≤ f ≤ 1. (E.21)

a restatement of (E.20) with νi = wri.
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