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Abstract

Information sharing between platforms and users is becoming increasingly im-
portant, with platforms often having information that is not directly visible to users.
The platform’s information advantage can influence users’ decisions, as platforms
often have more information about factors that impact outcomes. Consequently,
platforms face challenges of sharing information or making recommendations that
persuade users to act in ways that result in desirable outcomes. Certainly, the plat-
form cannot make arbitrary recommendations to users without taking into account
their incentives as the users may not follow the recommendations. Therefore, plat-
forms seek to send recommendations that are likely to be adopted by users while
simultaneously furthering platforms’ objectives, such as long-term revenue maxi-
mization and welfare outcomes. The field of information design seeks to study
such questions by developing systematic approaches to information-sharing strate-
gies tailored to such objectives. This thesis addresses these questions through the
work of two papers, each employing a robustness framework to mitigate uncertain-
ties in information design. These studies were conducted in collaboration with Prof.
Krishnamurthy Iyer and Prof. Haifeng Xu.

To develop our robustness approach, we first study how the platform makes
recommendations with limited knowledge of the payoff-relevant state distribution.
Specifically, we consider a static persuasion setting with known payoff-relevant state
distribution but impose the restriction that the recommended action must be per-
suasive for all distributions in the neighborhood of the actual state distribution, i.e.,
we require the persuasion to be robust. For this problem, we analyze the cost of
robust persuasion, i.e., the loss in the platform’s expected utility from requiring the
action recommendations to be persuasive for all distributions in the neighborhood.
We provide upper and lower bounds of the loss under some mild regularity condi-
tions. Using this characterization, we study two information design problems faced
by platforms.

The first problem is the repeated persuasion setting between the platform and
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the users where neither the platform nor the users know the payoff-relevant dis-
tribution, and hence the platform has to persuade while learning the distribution.
Our first contribution is the notion of robust persuasiveness in this setting with the
detailed justification supporting the notion. Given this notion, our main result is an
algorithm that, with high probability, is robustly persuasive. Using our characteriza-
tion of the cost of robust persuasion, we show that our algorithm achieves vanishing
average regret. We further prove that no algorithm can achieve better regret (up to
logarithmic terms).

The second problem we study is a model of Markovian persuasion where the
platform shares information about an evolving state and the state transitions are
Markovian conditional on the users’ actions. In such settings, given the underlying
Markovian dynamics, the effectiveness of persuasion is impacted by the users’ knowl-
edge of the history, e.g., full knowledge vs. no knowledge of the history. We find
sufficient conditions under which the platform’s ability to persuade is unaffected
by the users’ historical information. In general, we consider settings where each
user observes the history with an ¢ period lag, where the lag captures the degree
of historical information of the users. Using the robustness approach, we propose
an algorithm that achieves approximately optimal performance when the lag /¢ is

large.
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Chapter 1

Introduction

With the rapid growth of online platforms, information sharing between platforms
and users has become increasingly important. Often, platforms have information,
e.g., quality, demand, and inventory of products that may not be directly visible
to users. For instance, ride-hailing platforms such as Uber and Lyft have more
information about the system (overall demand and demand imbalances, etc.), which
drivers cannot directly observe. Similarly, online retailers like Amazon and Etsy
have more information about products’ quality from third-party sellers (after initial
exploration or through in-house reviewers). Hiring platforms, such as LinkedIn,
often have more comprehensive information about candidates’ capabilities, which
may be unknown to employers. In these examples, users’ decision-making—whether
drivers on ride-hailing platforms, buyers on online retailers, or employers on hiring
platforms—is significantly influenced by the information shared by the platforms.
Given this, the platform often shares relevant information with users, to enable
them to make decisions that result in desirable outcomes such as improving overall
welfare. For example, Uber provides drivers with information about the estimated
wait times at the airport through the driver app. Amazon promotes individual
sellers using labels such as “Amazon’s choice” and “low price” to convince buyers
that the promoted items are of high quality or low price. Therefore, platforms
must understand how to make recommendations that result in desirable outcomes.
However, to make recommendations that will be adopted by users, platforms need to

consider challenges arising from the uncertainty and dynamics of the environment.



Here, we illustrate the challenges in the following concrete example.

1.1 Ride-sharing platform example

At most airports, drivers in a ride-hailing platform join a “first-in-first-out” (FIFO)
queue, and wait to be matched to a ride request. Their wait times before receiving
the next trip request depend on the current driver’s queue length and the demand.
When the demand for trips is high relative to the number of drivers in the queue
(referred to as “undersupply”), the queue moves fast, and wait times for drivers
are low. Conversely, during periods of low demand relative to queue length, the
queue moves slowly and the drivers may face significantly longer wait times. For
drivers who are not at the airport, understanding the demand at the airport is
important when deciding whether to reposition there. Because drivers typically
cannot directly observe demand at the airport before making this decision, Uber
shares the information of estimated wait time with drivers. In particular, as in
Figure Uber shares the estimated time to request (ETR) through the airport
venue marker in the Uber driver app (Cai and Balestra, 2023). The venue marker
displays a tile on the primary screen that contains the estimated wait time classified
as short (0 — 15 minutes), medium (15 — 30 minutes), or long (> 30 minutes), the
number of the drivers in the queue, and the number of flights arriving in the next
hour (together these provide context for the estimated wait time). After observing
the information, drivers make decisions about whether or not to join the queue at
the airport in periods of undersupply and oversupply. In this context, each driver
seeks to spend less waiting time, while the platform itself may have other goals,
such as maximizing driver acceptance rate (Uber Technologies, Inc., 2024), capacity
utilization rate, trip throughput, Welfareﬂ (Yan et al. 2020) and minimizing rider’s
waiting time (Feng et al., [2021)), which are not fully aligned with drivers’ interests.
If the platform and the drivers know the overall supply and demand distribution,
the platform can make reliable recommendations that optimize its own goals while

maintaining drivers’ satisfaction. The first challenge is that the platform usually

!Welfare in the context of a ride-haling platform is defined by the aggregation of the utilities of
the rider, driver and platform, and can be viewed as a measure of the total value created for all
parties.
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Figure 1.1: Uber’s demand and ETR forecasting at airports

does not have the knowledge of the underlying distribution and thus must learn
to make recommendations over time. For example, to estimated ETR, Uber builds
“supply model” and “demand model” to simulate the consumption of the queue up to
the drivers’ estimated position (Cai and Balestral |2023), as illustrated in Figure
In the “supply model”, Uber utilizes the feature of the overall driver dynamics in the
queue, e.g., the abandonment rate, the rate of trip radar matchingﬂ etc. However,
when a new driver joins the platform, the platform does not know the driver’s
abandonment distribution and must learn it over time, as having more historical
data from the driver. Further, the distribution can vary widely based on factors
such as weather conditions, events in the city, and traffic patterns, which pose much
uncertainty in the distribution. Given this uncertainty in the environment, Uber
needs to understand how to share information or make persuasive recommendations
to influence drivers’ actions.

The second challenge arises from the system’s dynamics. In this example, drivers’
actions not only affect their and the platform’s immediate rewards but also affect the

queue length for drivers over time. As more drivers reposition themselves or queue

2Trip radar matching is a feature in the Uber Driver app that provides drivers with nearby
requests
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up, wait times for drivers increase. Due to these dependencies, the effectiveness of
information-sharing is impacted by drivers’ knowledge of the history. In practice,
drivers’ historical knowledge may be limited and outdated. For example, drivers
may observe the queue length at the airport during drop-offs or a glimpse of the
venue marker at a previous time. Sometimes, a driver’s historical information can be
outdated due to factors such as infrequent visits to specific locations (e.g., airports),
and rapidly changing conditions, such as evolving traffic patterns and rider demand.
Given these dynamics, it becomes important for platforms to understand how to
make recommendations that align with drivers’ incentives while considering long-
term objectives.

Motivated by these problems, we tackle two models of information design in
uncertain environments in Chapter [3] and Chapter [4 In both models, we use the
robustness approach to design a signaling mechanism that approximately achieves
optimal payoff. In Chapter [2] we describe the static persuasion problem between a
sender (e.g., a platform) and a receiver (e.g., drivers) where the sender makes action
recommendations given the observation of a payoff-relevant state. We adopt the
assumption common in the literature that prior to observing the realized state, the
sender commits to a signaling mechanism that maps each state to a possibly random
action recommendation. Upon observing the realized state, the sender recommends
an action according to the chosen signaling mechanism. The receiver then chooses an
action that maximizes her expected utility given the recommendation. Certainly, the
sender cannot make arbitrary recommendations regardless of the receiver’s interest.
A natural requirement for the sender is to make persuasive recommendation, i.e., the
recommendation that the receiver will find optimal to follow. We first consider the
benchmark where the sender and the receiver commonly know the state distribution.
From the standard results [Kamenica and Gentzkowl, [2011; Bergemann and Morris)
2016}, [Dughmi and Xul 2021], the sender’s persuasion problem can be formulated as
a linear program. We consider a robust version of this problem, where we impose
the restriction that the signaling mechanism must be persuasive for all distributions
in the neighborhood of the actual state distribution, i.e., robustly persuasive. We
characterize the notion cost of robust persuasion as the loss in the sender’s expected
utility from being robustly persuasive and provide the upper and lower bound of

the loss. Using this full characterization of the cost of robust persuasion, we design
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approximate optimal signaling mechanisms for models in Chapter [3] and Chapter [
In Chapter (3] we extend the standard Bayesian persuasion setting and consider
the situation where neither the sender nor the receiver knows the distribution of
the payoff-relevant state. Instead, the sender learns the distribution over time by
observing the state realizations. It captures a more realistic setting where the sender
lacks the distributional data initially while making recommendations. Unlike the
standard persuasion setting where the persuasive requirement can be easily spec-
ified, it is unclear how to specify the persuasive requirements in the absence of
distributional knowledge. To tackle this challenge, we pose a natural criterion for
persuasiveness that centers robustness as a requirement in the face of uncertainty.
Specifically, our criterion requires that the sender’s recommendations are persuasive
under all state distributions in a set of “confidence regions” which contains the true
distribution with a given degree of confidence; these confidence regions shrink over
time as the sender observes more state realizations. Under this persuasiveness con-
straint, we leverage the results of robust persuasion in Chapter [2[ and propose an
efficient algorithm that, with high probability, makes persuasive recommendations
and at the same time achieves vanishing average regret. The idea behind the ap-
proach is to maintain a set of candidate state distributions based on the observed
state realizations in the past and then choose a signaling mechanism that is robustly
persuasive for all candidate distributions and maximize the sender’s utility. Using
the characterization of the cost of robust persuasion, we further prove that this
regret is optimal (up to logarithmic terms) by constructing a persuasion instance
where being robustly persuasive leads to a substantial loss to the sender.

In Chapter[d] we apply the result of robust persuasion to a Markovian persuasion
process, where the system’s next state is fully determined (stochastically) by the cur-
rent state and receiver’s action. In such a setting, given the underlying Markovian
dynamics, the effectiveness of persuasion is impacted by the receivers’ knowledge
of the history. In contrast to Chapter [3| and previous literature (Lingenbrink and
Iyer} [2019; | Anunrojwong et al., 2022)) where the receivers have no information about
the history, we focus on the setting where the receivers have limited historical in-
formation, e.g., the drivers’ information about the driver’s queue length from some
time ago. Hence, the receivers’ beliefs are endogenously determined by the historical

realizations of the system and the shared information. In order to make persuasive
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recommendations, the sender must take into account the existence of such limited
historical information. To understand the sender’s persuasion problem under the re-
ceivers’ limited historical information, we define the notion of an information model,
which specifies how each receiver’s belief (prior to receiving a recommendation) is
related to the history of the process. In addition to the full-history information
model where the receivers observe the entire history and the no-history where the
receivers have no historical information, we consider a sequence ®, of partial-history
information model where each receiver observes the history of the system with an
¢ period lag, for some fixed £ > 1. We first formulate the sender’s persuasion
problem in the full-history and no-history information models as a succinct linear
program by observing that the optimal signaling mechanism is history-independent
under no-history information model, whereas additionally depends on the previous
state-action pair in the full-history information model. However, we show that the
analysis of the sender’s persuasion problem in the information model ®, presents
technical intricacies that leave open even the question of the existence of an optimal
signaling mechanism. Due to the complexity of solving the persuasion problem opti-
mally under partial-history information models, we take an alternative approach and
ask whether simple mechanisms can achieve approximately optimal payoffs while si-
multaneously persuasive under limited historical information. Using the underlying
Markovian dynamics and the robustness approach in Chapter we construct a
simple history-independent signaling mechanism that is simultaneously persuasive
under the partial-history information model @, for all large ¢. Our result estab-
lishes the effectiveness of a simple history-independent signaling mechanism when
the participants in a platform may have limited historical information. Together,
our results in Chapter [3]and Chapter [4] contribute to the study of Bayesian persua-
sion in the dynamic setting and highlight the importance of robustness in designing
signaling mechanisms in dynamic settings.

In Chapter 5| we summarize the main contributions of this thesis and high-
light areas for future research that can extend the current work to more complex
environments. In particular, while our results of robust persuasion in information
design provide a foundation for developing effective signaling mechanisms, further

exploration is needed to account for scenarios involving dynamically evolving state
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distribution, multiple senders settings, and partial feedback scenarios. By advanc-
ing these avenues, future work can enhance the adaptability of robust signaling
mechanisms, allowing platforms to more effectively align user actions with desirable

system outcomes in real-world applications.



Chapter 2
Robust Bayesian Persuasion

In this chapter, we will develop the robustness result that underpins our approach
to information design in uncertain environments. The work in this chapter appeared

as part of Zu et al.| (2024).

2.1 Introduction

Consider a static Bayesian persuasion model where a sender shares information
about the payoff-relevant state with a receiver. Upon receiving the information,
the receiver chooses an action that affects both the sender and receiver’s utilities.
This model makes a restrictive assumption that the state distribution is fully known
to both the sender and the receiver. However, in practical applications, significant
uncertainty often surrounds the state distribution, making perfect knowledge unre-
alistic. For instance, as mentioned in Chapter [I, Amazon promotes individual sellers
using labels such as “Amazon’s choice” to convince the user that the products are
of high quality, but the quality of new products or new sellers is often unknown
to both the platform and its users. Given this, how should the platform decide
whether or not to recommend the product to its users? To address this question, we
depart from the standard Bayesian persuasion setting and consider situations where
neither the sender nor the receiver knows the distribution. Instead, the sender has
limited knowledge of the state distribution. In this context, “limited knowledge”

implies that while the sender may not have access to the exact state distribution,
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they have the knowledge that the actual state distribution lies within a specific set
of possibilities.

To set the stage, in this chapter, we begin by discussing the standard model of
Bayesian persuasion with complete knowledge of underlying state distribution and
present existing results in (Kamenica and Gentzkow, 2011; |Bergemann and Morris,
2019; Dughmi and Xu, 2021)) that demonstrate that in this setting, the sender’s
problem can be formulated as a linear program. Then, we study the setting where
the sender does not know the exact underlying state distribution but knows that
it lies within a certain neighborhood. We address the following question: how can
the sender make recommendations that are persuasive for all distributions within
that neighborhood, i.e., robustly persuasive recommendations? To characterize the
sender’s loss from this robustness requirement compared to the complete information
setting, we introduce the notion of the cost of robust persuasion, defined as the loss in
the sender’s expected utility from requiring the recommendations to be persuasive
for all distributions in the neighborhood. We analyze the cost of cost of robust

persuasion and provide an upper bound and a matching lower bound of it.

2.2 Related Work

We refer readers to (Kamenica and Gentzkow, [2011; Bergemann and Morrisl, 2019)
as well as (Candoganl 2020)) for a general overview of the recent developments and
(Dughmi, 2017) for a survey from an algorithmic perspective.

Specifically, our work studies the robust persuasion problem where the underly-
ing state distribution is unknown and quantifies the cost of robustness. We briefly
discuss some work that have looked at robust persuasion. Kosterina/ (2018) studies
a persuasion setting in the absence of the common prior assumption. In partic-
ular, the sender has a known prior, whereas only the set in which the receiver’s
prior lies is known to the sender. Furthermore, the sender evaluates the expected
utility under each signaling mechanism with respect to the worst-case prior to the
receiver. Similarly, Hu and Weng| (2020) study the problem of the sender persuading
a privately informed receiver, where the sender seeks to maximize her expected pay-
off under the worst-case information of the receiver. Finally, [Dworczak and Pavan

(2020) study a related setting and propose a lexicographic solution concept where
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the sender first identifies the signaling mechanisms that maximize her worst-case
payoff, and then among them choose the one that maximizes the expected utility
under her conjectured prior. In contrast to these works, our model focuses on a
setting with common, but unknown, prior, and where the receiver has no private

information.

2.3 Static Persuasion Problem with Known State Dis-

tribution

In this section, we introduce the standard Bayesian persuasion problem (Kamenica,
and Gentzkow|, [2011) between a single sender and a single receiver where the state
distribution is commonly known. Let 2 denote a finite set of states and A denote
a finite set of actions. The payoff-relevant state w is drawn from a commonly
known distribution p € By € A(R2). (Here, for any finite set X, A(X) denotes
the set of all probability distributions over X.) Let S denote a finite set of signals.
Prior to observing the realized state, the sender commits to a signaling mechanism
o : Q — A(S) that is a randomized mapping from each state w € € to a probability
distribution over signals. Upon observing the realized state, the sender sends a
signal to the receiver according to the signaling mechanism o. The receiver, upon
receiving the signal, updates the belief about the realized state and chooses an
action a € A based on the posterior belief. The sender’s utility v(w, a) and receiver’s
utility u(w,a) depend on both the realized state and the receiver’s chosen action.
Without loss of generality, we assume that v(w,a) € [0, 1] for all w € Q and a € A.
Further, to avoid trivialities, we assume || > 2 and A > 2. We refer to the tuple
Z = (A uvBy) withu: Q2x A — Randv:Qx A — [0,1] as an instance
of our problem. An important result as highlighted by Bergemann and Morris
(2016), an analog of the revelation principle (Myerson,|1979), allows us to restrict our
attention to signaling mechanisms that are both direct and persuasive. A signaling
mechanism is direct if the signals directly correspond to action recommendations,
i.e., § = A. For simplicity, we focus on direct signaling mechanisms in the remainder
of this chapter. Formally, let o(w,a) to denote the probability of recommending

action a € A conditioned on the observing the state realization is w € €2 and let
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S ={o: ow,) € A(A) for each w € 2} denote the set of all direct signaling
mechanisms.

A signaling mechanism is persuasive, if conditioned on receiving an action recom-
mendation a € A, it is indeed optimal for the receiver to choose action a. Formally,
let a € A be an action with ) p(w)o(w,a) > 0.Upon receiving the recommen-
dation a, the receiver’s posterior belief that the realized state is w is given by Bayes’
rule as Zw,“(w)g(w’a) and hence ) (Zw/“(w)a(w’a) )u(w,a’) denotes her

cq Hw)o(Wa)? co 1o (W)
expected utility of choosing action a’ € A conditioned on receiving the recommen-

dation a. For the receiver’s expected utility to be maximized by choosing action a,
we need Y o p(w)o(w,a) (u(w,a) —u(w,a’)) > 0 for all ’ € A. Since the inequal-
ity is trivially satisfied if > o pu(w)o(w,a) = 0, the set of persuasive mechanisms

Pers(y1) is given by

Pers(u) = {a €S: Z p(w)o(w, a) (u(w,a) — u(w,a’)) >0, for all a,a’ € A} .
(2.1)

First, we note that the set Pers(u) is a convex polytope for all p € A(Q). If the
distribution is fixed and known, Pers(u) is a set characterized by polynomially-
sized linear inequalities (in the number of states and actions). Second, the set
Pers(u) is non-empty, since it always contains the “full-information mechanism”
which recommends the receiver’s optimal action at each state.

Given a persuasive signaling mechanism o € Pers(u), the the receiver is incen-
tivized to choose the recommended action. Assuming ties are broken in favor of the

recommended action, the sender’s expected utility is given by

Vo) 2 303 juw)o(w, a)o(w, )

weN acA

Since V' (u, o) is linear in o, the problem of selecting an optimal persuasive signaling

mechanism is given by the following linear program:

OPTz(u) =sup V(u,0), subject to o € Pers(u). (2.2)
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2.4 Robust Persuasion with Known State Distribution

In this section, we extend the standard Bayesian persuasion model to the situation
where the sender may need to be robustly persuasive, i.e., persuasive for a set of
distributions around the actual distribution.

To define a robust persuasion problem, let us fix an instance Z. For a given
set of distributions B C By that contains the true distribution p € A(Q2), the set
of signaling mechanisms that are simultaneously persuasive for all distributions in
B is given by Pers(B) = NyecpPers(i'). We remark that for any non-empty set B,
the set Pers(B) is convex since it is an intersection of convex sets Pers(u), and it
is non-empty since it always contains the “full-information signaling mechanism”.

Hence, the sender’s optimal expected utility among all such mechanisms is given by

SUPgcPers(B) V(:ua U) :

2.4.1 Cost of Robust Persuasion

In this section, we characterize the loss in the sender’s expected utility from requiring
the signaling mechanism to be persuasive for all distributions in a neighborhood
around the state distribution. To measure this loss, we first define the notion of the
cost of robust persuasion, a quantity that depends on the neighborhood. Formally,

it is defined as

Gap(p,B) 2 sup V(u,0)— sup V(u,o0). (2.3)
oePers(u) oePers(B)

Thus, Gap(u,B) captures the difference in the sender’s expected utility (under pu)

between using the optimal persuasive signaling mechanism for the distribution pu

and using the optimal signaling mechanism that is persuasive for all distributions

' € B. In the following, we will often focus on the case where B is By (u, €), where

Bi(u,€) = {1 € A(Q) : ||/ — pll; < €} denote the (closed) ¢1-ball of radius € > 0 at
we A(Q).

For general persuasion instances, one can show that the cost of robust persuasion

can be severe: in Appendix we present a persuasion instance and a distri-

bution p such that for any € > 0, the cost of being robustly persuasive for the set

B1 (i, €) of distributions satisfies Gap(y, B1 (1, €)) = 5. The instance we present there
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is pathological, with an action that is optimal for the receiver at a single unique dis-
tribution. To obtain meaningful insights on the cost of robust persuasion, we seek
to exclude such instances by imposing some regularity condition on the instances.

To state these regularity conditions, we need some notation. For each action
a € A, let P, denote the set of state distributions for which action « is optimal for

a receiver:
Po 2 {pneAQ):Eyfu(w,a)] > E, [u(w,d)], foralla € A}.

It is without loss of generality to assume that for each a € A, the set P, is non-
empty. (This is because a receiver can never be persuaded to play an action a € A
for which P, is empty, and hence such an action can be dropped from A.)

We consider the following regularity conditions on the persuasion instances:

Assumption 1 (Regularity Conditions). The instance Z satisfies the following con-

ditions:

1. There exists d > 0 such that for each a € A, the set P, contains an ¢1-ball of
size d. Let D > 0 denote the largest value of d for which the preceding is true,
and let 7, € P, be such that Bi(n,, D) C P,.

2. There exists a pg > 0 such that for all u € By we have min,, u(w) > pg > 0.

The first condition requires that each such set P, has a non-empty relative
interior; this excludes the pathological instances like that in Appendix for
which there exists an action a with P, a singleton. We note that this condition
is analogous to the Slater condition in convex optimization, imposing a non-empty
interior on the feasibility region to obtain strong duality. The second condition is
technical and is made primarily to ensure the potency of the first condition: without
it, the sets {P,}qca may satisfy the first condition in A(Q2), while failing to satisfy
it relative to the subset A({w : p(w) > 0}) for some p € By. Taken together,
these regularity conditions serve to avoid pathologies, and henceforth we restrict
our attention only to those instances satisfying these regularity conditions.

Under the regularity conditions, our first result shows that the cost of robust

persuasion Gap(u, B) is at most linear in the size of the set B.
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Proposition 1. For any instance that satisfies the regularity conditions, for all
u € By and for all € > 0, we have Gap(p, B1(j,€)) < (z%) €.
0

The proof of the upper bound is obtained through an explicit construction of
a signaling mechanism o that is persuasive for all distributions in the set Bj(u,e€),
and by showing that the sender’s expected payoff under & is close to that under
the optimal signaling mechanism in Pers(u). For this construction, we first use the
geometry of the instance to split the distribution g into a convex combination of
distributions that either fully reveal the state, or are well-situated in the interior
of the sets P,. (It is here that we make use of the two regularity assumptions.)
We then construct the mechanism & to induce, under prior u, the aforementioned
beliefs as posteriors. Finally, we show that for any prior i/ close enough to u, the
posteriors induced by & are close to the posteriors induced under prior u, implying
that these posteriors lie within the sets P,. This proves the persuasiveness of & for
all distributions p’ close to u. We provide the complete proof in the Appendix

Next, we provide a (worst-case) lower bound on Gap. We accomplish this by
carefully constructing a persuasion instance Zy where being robustly persuasive leads
to a substantial loss to the sender. The instance Zy has three states = {wo, w1, w2}
and five actions A = {ag, a1, az, as, as} for the receiver. At a high level, the receiver’s
preference can be illustrated in Fig. which depicts the receiver’s optimal action
for any belief in the simplex. The regions P; in the figure corresponds to the set
of beliefs that induce action a; € A as the receiver’s best response. The instance
is crafted so that the sets P; and P, that induce actions a1 and as respectively
are symmetric and extremely narrow with the width controlled by an ¢;-ball of
radius D contained within, as depicted in Fig. 2.1b] (Since || = 3, the ¢;-ball
here is a hexagon.) For completeness, the receiver’s utility is listed explicitly in
Table The sender seeks to persuade the receiver into choosing one of actions a;
and ay (regardless of the state); all other actions are strictly worse for the sender.
Formally, we set v(w,a) =1 if a € {a1,a2} and 0 otherwise, for all w. The sender’s

initial knowledge regarding the state distribution is captured by the set By = {u €

A(Q) : ming, pu > po}, while the distribution of interest is pu* = (po, 17%, 1;p0),

corresponding to the midpoint of the tips of the sets P;, as shown in Fig. 2.1b] We
focus on the setting where the instance parameters D and pg satisfy Dpy < 1/64.
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(a) Receiver’s preferences (b) Prior p*

Figure 2.1: The persuasion instance Z.

ai az as a4
wo 2D? 2D? —2D(1 — pp — 2D) —2D(1 — pp — 2D)
w1 (1-2D)1-D)—po (D+1)(2D—-1)+po 2(1—po—2D)(1—D)  —2(1—py—2D)(D +1)

wy (D+1)2D—-1)+po (1-2D)(1—D)—po —2(1—po—2D)(D+1) 2(1—py—2D)(1—D)

Table 2.1: Receiver’s utility in instance Zp, with u(w, ap) normalized to 0 for all
w € .

The following proposition shows that in the instance Zy, it is costly to require the
signaling mechanism to be robustly persuasive for a set of distributions around u*.
The result also implies that the bound on Gap(+) obtained in Proposition |1is almost
tight, except for a factor of 1/py.

Proposition 2. For the instance Zj, we have OPT(u*) = 1. Furthermore, for all
e € (0,D), we have

€
* X — — >
Gap(p*, {u*, fi1, fiz}) > SDpo’

where iy = p* + §(e1 — e2), fio = p* + 5(ez — e1), where the belief e; puts all its

weight on w;.

We defer the rigorous algebraic proof of the lower bound to Appendix and
present a brief sketch using a geometric argument here. In the instance Zy, the
distribution p* can be written as a convex combination p* = (u1 + p2)/2, where
w1 and pg are the tips of regions P; and P, respectively (see Fig. . Thus, by
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the splitting lemma (Aumann et all |1995a), it follows that the optimal signaling
mechanism sends signals that induce posterior beliefs u; and po leading to receiver’s
choice of a; and as respectively. Since the sender can always persuade the receiver
to choose one of her preferred actions, we obtain OPT(x*) = 1. On the other hand,
for a signaling mechanism to be robustly persuasive for all distributions e-close to
the distribution p* for sufficiently small €, the posteriors for the sender’s preferred
actions a1, as induced by the signaling mechanism have to be shifted up significantly
in the narrow region. Such a large discrepancy ultimately forces the sender to suffer

a substantial loss in the expected payoff.

2.4.2 Conclusion

In this section, we studied a static Bayesian persuasion problem where the sender
must be robustly persuasive. We denote the notion of robustness and provide the
upper and lower bound of the sender’s cost of being robust persuasion Gap. Note
that this characterization relies on the specifics of the persuasion problem (for in-
stance, the use of the splitting lemma to construct a feasible robust solution) and the
regularity conditions to obtain the linear bounds on the cost of robustness, without
which the cost could be O(1), which is a constant independent of the radius of the
neighborhood. Whether these regularity conditions could be generalized to other
linear settings is an interesting question for further investigation. In Chapter [3| we
use this characterization to perform tight regret analysis in a repeated persuasion
setting of unknown state distribution setting. In Chapter |4, using the robustness

approach, we design a simple signaling mechanism in the Markov persuasion setting.



Chapter 3

Learning to Persuade on the
Fly: Robustness Against

Ignorance

The work presented in this chapter appears in |Zu et al.| (2024).

3.1 Introduction

Examples of online platforms recommending content or products to their users
abound in online economy. For instance, online retailers like Amazon or Etsy
recommend products from third-party sellers to users, styling services like Stitch
Fix recommend clothing designs made by custom brands, and online platforms like
YouTube or Spotify recommend content or playlist generated by creators. There
are two intrinsic challenges in such online recommendations, which we address si-
multaneously in this chapter. First, the platform making such recommendations
often needs to balance the dual objectives of being persuasive (i.e., making obedient
recommendations that will be adopted by the users (Bergemann and Morris|, [2016)))
as well as furthering the platform’s goals such as increased sales, fewer returns or
more engaged users. Second, the platform often faces a large volume of new prod-
ucts/contents/services with a-priori unknown quality /reward distributions and thus

has to learn to make good recommendation. We tackle these two challenges by
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studying learning to persuade on the fly.

3.1.1 Motivating Applications

To motivate the problem we consider, we now describe two concrete examples in the

domain of two-sided platforms.

Example 3.1.1 (Content recommendations by online media platforms).
Consider a media platform like YouTube or TikTok, that recommends content cre-
ated by independent creators (“channels”) to its users. New channels regularly join
the platform, and start producing content whose quality distribution is unknown
to both the platform and its users. Here, by a content’s quality, we refer to how
engaging, interesting or relevant the users find the content. Despite this lack of
knowledge, the platform faces the problem of deciding whether to recommend con-
tent from such new channels to its stream of users. In this context, the users seek
to consume fresh and high-quality content, while the platform itself may have other
goals, such as maximizing user engagement or increasing channel exposure, which
are not fully aligned with users’ interests. Furthermore, from extensive user-level
data, the platform may have good estimates about the utility a user derives from
consuming a particular content. A user encountering a new channel may have a
prior belief about its quality distribution based on their past experiences in the
platform, and from any information provided by the channel itself on their profile.
Furthermore, the user may have additional (partial) information from any reviews or
ratings left by previous users (or similar summary statistics). For each new content
from a channel, the platform observes its quality (perhaps after an initial explo-
ration or through in-house reviewers) and decides whether or not to recommend the
content to its users. If the platform and the users know a channel’s content qual-
ity distribution, the platform can reliably make recommendations that optimize its
own goals while maintaining user satisfaction, by consistently mixing high-quality
content with some mediocre ones. However, given the lack of such distributional
information, the platform must learn to make such recommendations over time, as

the channel produces more content.

Example 3.1.2 (Recommendations on hiring platforms). Consider a hiring
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platform, where employers receive recommendations about candidates for recruit-
ment (e.g., “recommended matches” in LinkedIn Recruiter). These recommenda-
tions are typically tailored to the employer’s project requirements. However, within
the set of candidates satisfying the requirements, there would be a range of capa-
bilities/fit, whose distribution would be unknown to the platform or the employer.
Nevertheless, for any particular candidate who might be interested in the position,
the platform may be able to assess the candidate’s capability based on various can-
didate features, such as her endorsements, references, etc, using which the platform
decides whether or not to recommend the candidate. Similarly, the employer through
the course of interviewing different candidates may learn about the capability distri-
bution. While the employer would prefer to be matched with a few high-capability
candidates to interview, the platform may have additional incentives from having to
cater to the candidates-side of the market, such as increasing the overall number of
interviews. Once again, if the distribution of the candidates’ capabilities is known to
the platform and the employer, the platform could reliably recommend candidates
to optimize its goals while simultaneously meeting the employer’s preferences. But,
without such information, the platform needs to learn to recommend candidates as

they apply over time.

In this chapter, we study the problem faced by such a platform learning to make
persuasive recommendations to a stream of users. While previous work has studied
information design in two-sided markets — ranging from recommending products
from third-party sellers on e-commerce platforms like Amazon and eBay (Gur et al.,
2023; [Elliott et al., [2022), recommending drivers by sharing demand trend on ride-
sharing services like Uber and Lyft (Yang et al) 2019), to accommodation and
rental recommendations in Airbnb (Romanyuk and Smolin| 2019) — the common
assumption is that the platform knows the underlying state distribution. Our work

in this chapter contributes to this literature by relaxing this strong assumption.

3.1.2 Modeling Contributions

Formally, we study a repeated persuasion setting between a sender and a stream
of receivers, where at each time ¢, the sender shares some information correlated

to some payoff-relevant state with the corresponding receiver. The state at each
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time t is drawn independently and identically from an unknown distribution, and
subsequent to receiving information about it, the newly-arriving myopic receiver
chooses an action from a finite set, generates payoffs, and then leaves the system
forever. The sender seeks to persuade this stream of receivers into choosing actions
that are aligned with her preference by selectively sharing information about the
state at each round.

To tackle the practical challenge of making recommendations in the absence of
distributional data, we depart from the standard Bayesian persuasion setting and
consider situations where neither the sender nor the receiver knows the distribution
of the payoff relevant state. Instead, the sender learns this distribution over time by
observing the state realizations. We adopt the assumption common in the literature
on Bayesian persuasion that the sender commits to a signaling mechanism that, at
each time step, maps the realized state to a possibly random action recommendation.
Such a commitment assumption is well-justified for settings of interest to this work
since online platforms typically design and implement the information sharing policy
as software in advance, rendering frequent changes unlikely. This advance design
serves as a commitment device organically.

As in Chapter [2| we require that the sender makes persuasive recommendations
that the receiver will find optimal to follow. This incentive compatibility require-
ment can be easily justified by an application of revelation principle. In the case
where the sender and the receivers know the state distribution, the persuasiveness
requirement implies that, subsequent to each recommendation, the recommended
action maximizes the receiver’s expected utility under the conditional state distri-
bution (given the recommendation). However, in the absence of such distributional
knowledge, it is not immediately clear how to impose persuasiveness.

Our main modeling contribution addresses this issue by proposing a natural cri-
teria for persuasiveness when neither the sender nor the receivers know the state
distribution. The starting point of our approach is the observation that any persua-
siveness criteria directly corresponds to a model of receivers’ response on receiving
a recommendation (just as in the case of known state distribution). Thus, by con-
sidering reasonable behavioral models for the receiver, we develop in Section a
persuasiveness criterion that centers robustness as a requirement in the face of un-

certainty. Specifically, our criterion requires that the sender’s recommendations are
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persuasive under all state distributions in a set of “confidence regions” which con-
tain the true distribution with a given degree of confidence; these confidence regions
shrink over time as the sender observes more state realizations. This is in line with
the approach in statistics that uses confidence regions to address the uncertainty in
parameter estimates. Furthermore, this robustness requirement naturally leads to
conservative recommendations, thereby making it likely that the recommendations
will be accepted. We refer to this notion as -robustly persuasiveness where 1 — 3

denotes the confidence level.

3.1.3 Algorithmic Contribution and Regret Characterization

A sender who simply recommends the receiver’s best action at the realized state
will certainly be persuasive with complete confidence (f = 0), but may end up
with a significant loss in her utility when compared to her utility had she known
the state distribution. However, since the sender observes the state realizations
over time, she has the opportunity to make more profitable recommendations with
greater confidence in their persuasiveness as she obtains more information. Thus,
the sender’s goal is to carefully manage this tradeoff between the confidence in
persuasiveness and her utility, and achieve low regret against the optimal signaling
mechanism with the knowledge of the state distribution.

The primary theoretical contribution of this chapter is an efficient algorithm
that, with high probability, makes persuasive recommendations and at the same time
achieves vanishing average regret. The algorithm we propose proceeds by maintain-
ing at each time a set of candidate state distributions, based on the observed state
realizations in the past. The algorithm then chooses a signaling mechanism that
is simultaneously persuasive for each of the candidate distributions and maximizes
the sender’s utility. Due to this aspect of the algorithm, we name it the Robustness
against Ignorance (Rai) algorithm.

By a careful choice of the candidate set of distributions at each time period, we
show in Theorem [I| that the fRai algorithm satisfies the S-robustly persuasiveness
criterion for 5 = o(T'), where T is the horizon length. Furthermore, exploiting the
structure of the problem, we show in Proposition [3| that the fRai algorithm involves

solving a polynomially-sized (in number of states and actions) linear program at
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each period. Taken together, these results establish our algorithm’s persuasiveness
and its computational efficiency.

To characterize the regret of the fRai algorithm, we use the cost of robust per-
suasion in m Recall that Gap(u,B) captures the loss in the sender’s expected
utility (under distribution p) from using a signaling mechanism that is persuasive
for all distributions in the set B, as opposed to using one that is persuasive only
for the distribution . In Proposition [I} we establish that, under some regularity
conditions, the sender’s cost of robust persuasion Gap(u, B) is at most linear in the
radius of the set B. Further, we provide a matching lower bound in Proposition [2]
by carefully crafting a persuasion instance and using its geometry to prove a linear
cost of robust persuasion; this instance thus serves as a lower-bound example for
robust persuasion.

Using this characterization of the cost of robust persuasion, we perform a tight
regret analysis of persuasion under unknown state distribution in Section Our
positive result, Theorem [2] establishes that for any persuasion setting satisfying
the aforementioned regularity conditions, the fRai algorithm achieves O(y/T logT)
regret with high probability. Furthermore, in Theorem [3] we provide a matching
lower-bound (up to logT terms) for the regret of any algorithm that makes persua-
sive recommendations. In addition to the characterization of Gap and the custom
persuasion instance from Propositions [I] and |2 the proofs of these theorems rely on
concentration results for sums of independent random vectors in Banach spaces.

Our results contribute to the work on online learning that seeks to evaluate
the value of knowing the underlying distributional parameters in settings with re-
peated interactions (Kleinberg and Leighton, [2003)). In particular, our results fully
characterize the sender’s value of knowing the state distribution for repeated per-
suasion. Our well-motivated approach to relax the strong assumption of complete
distributional knowledge in the standard persuasion setting is also aligned with the
prior-independent mechanism design literature (Dhangwatnotai et al., 2015; Chawla,
et al., 2013).
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3.2 Related Work

Our work contributes to the burgeoning literature on Bayesian persuasion and in-
formation design in economics, operations research and computer science.

Online learning & mechanism design. Our work in this chapter subscribes
to the recent line of work that studies the interplay of learning and mechanism
design in incomplete-information settings, in the absence of common knowledge on
the prior. We briefly discuss the ones closely related to our work.

Castiglioni et al. (2020]) focus on persuasion setting with a commonly known
prior distribution of the state but unknown receiver types chosen adversarially from
a finite set. They show that effective learning, in this case, is computationally
intractable but does admit O(\/T ) regret learning algorithm, after relaxing the
computability constraint. Our model complements theirs by focusing on known
receiver types but unknown state distributions in a stochastic setup. Moreover,
we achieve a similar (and tight) regret bound through a computationally efficient
algorithm. Also relevant to us is the recent line of work on Bayesian exploration
(Kremer et al, 2014; Mansour et al., 2015| 2016) which is also motivated by online
recommendation systems. In contrast to our setting, these models assume the prior
is commonly known but the realized state is unobservable and thus needs to be
learned during the repeated interactions.

Dispensing with the common prior itself, Camara et al.| (2020) study an adver-
sarial online learning model where both a mechanism designer and the agent learn
about the states over time. The agent is long-lived and is assumed to minimize
her counterfactual (internal) regret in response to the mechanism designer’s policy,
which is assumed to be non-responsive to the agent’s actions. The authors use a
reinforcement learning approach to mechanism design and characterize the policy
regret of the mechanism designer, taking into account the agents’ responses, relative
to the best-in-hindsight fixed mechanism. Similar to our work, the regret bounds re-
quire the characterization of a “cost of robustness” of the underlying design problem.
While related, the receivers in our model are short-lived and myopic. Furthermore,
our model is stochastic rather than adversarial, and thus a prior exists in our model.
More broadly, our model is similar in spirit to the prior-independent mechanism de-

sign literature (Dhangwatnotai et al. 2015; |Chawla et al., 2013]), though our setup is
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different. Moreover, our algorithm is measured by the regret whereas approximation
ratios are often adopted for prior-independent mechanism design.

Recent works by [Hahn et al. (2019} 2020) study information design in online
optimization problems such as the secretary problem (Hahn et al., 2019)) and the
prophet inequalities (Hahn et al., 2020), and propose constant-approximation per-
suasive schemes. These online optimization problems often take the adversarial
approach, which is different from our stochastic setup and learning-focused tasks.
Therefore, our results are not comparable.

Safe online learning: Our work in this chapter also relates to safe online
learning. The work by Moradipari et al.| (2021) is the most relevant to our work.
They study a safe online learning problem where the linear reward and a single lin-
ear constraint depend on different unknown parameters. The learner has access to
both the reward and the side information about the safety set. In this setting, they
propose an algorithm based on linear Thompson Sampling and achieve the regret
(’)(\/m ). The key difference is that their analysis relies on the assumption
that a known safe action is an interior point of the safety set for all possible values
of the unknown parameter. Under our regularity conditions, it is true that for ev-
ery distribution there exists a signaling mechanism for which all the persuasiveness
constraints hold strictly (that is, the order of the quantifiers from above is inter-
changed). However, it is unclear if this weaker assumption would be sufficient for
their setting.

Amani et al.|(2019) study a linear stochastic multi-armed bandit problem where
the linear reward function and a single linear safety constraint depend on an un-
known parameter. Their main algorithm and its analysis depend on knowing (a
lower bound on) the safety gap, i.e., the slack in the safety constraint for the opti-
mal solution under the true parameter. When the safety gap is known and positive
(i.e., the constraint is inactive), they prove a regret of O(logT+v/T). On the other
hand, if the safety gap is known to be zero, they only achieve a regret of O(TQ/ 3.
They provide a separate algorithm for the case of an unknown safety gap and state
a regret bound of O(Tz/ 3). In our setting, there are multiple persuasiveness con-
straints, and many of these would be active for the true distribution in nontrivial
settings. Thus even if their work can be extended to multiple constraints, it may

only guarantee O(T2/3) regret bound.
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\Usmanova et al. (2019) seek to minimize a smooth convex function over a set

of uncertain linear constraints where both the coefficients and constant parameters
are unknown. Although our problem is a specific case of theirs, our model does not
meet their central assumption of being able to evaluate the constraints at any point
within a small neighborhood of the feasible set.

Recent works by (Pacchiano et al. 2021} Khezeli and Bitar| 2020; Moradiparil
ket al.| [2020} [2021)) study a similar safe learning problem in different contexts.
ichiano et al. (2021)) require that at each time, the chosen action has an expected
cost below a certain threshold. Khezeli and Bitar| (2020); Moradipari et al. (2020)

study safe learning where in addition to maximizing the expected reward, one re-

quires the reward to be above a threshold with high probability. In these settings,
the objective and the constraint are aligned. Our setup is different because the
sender’s and the receivers’ preferences, corresponding respectively to the objective
and constraints, need not be aligned with each other. Most importantly, all these
work impose a single constraint at each round, whereas our persuasiveness condition
requires multiple constraints at each round.

Online linear/convex optimization: Since the persuasion problem can be
posed as a linear program, our work also relates to the online convex optimization
problem. Mostly, the focus here is on adversarial setting where the loss function
(objective) is adversarially chosen and revealed at the end of each time period.

Some papers (Cao et al., 2019; Mahdavi et al., 2013)) focus on the stochastic set-

ting, but either study an unconstrained problem (Cao et al., 2019)) or study a batch

algorithm rather than an online algorithm (Mahdavi et al., |2013). Focusing on the

constraints, and using the terminology of (Kim and Lee, 2023), these work typi-

cally consider either a long-term constraint formulation (Yu et al., [2017; Mahdavi|

let al, 2011} Neely and Yu, 2017} [Yi et al., 2021 Kim and Lee, 2023} [Cao and Liu,
2018), or consider a cumulative constraint formulation (Yuan and Lamperski, [2018;
Y1 et all [2022; |Guo et all [2022). The long-term constraint formulation requires

feasibility on average in the long run. Such constraints are reasonable in applica-

tions where the constraints are on aggregate quantities, such as budgets in online

advertising (Liakopoulos et al., 2019), covering constraints in sensor networks, ca-

pacity constraints in online routing (Agrawal and Devanur} [2014), etc. However,

this type of constraint is not reasonable in our setting as it would permit the sender
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to make poor recommendations in some rounds as long as it can be compensated
by good recommendations in other rounds. In contrast, the cumulative constraint
formulation focuses on bounding the sum of the positive-parts of the constraints
(which require some quantity to be non-positive). This formulation is equivalent
to our formulation if the cumulative constraint can be made zero. However, most
previous work allow for some constraint violation and seek to bound the order of
the violations. In the presence of such violations, our formulation is stronger.

Finally, by characterizing the persuasion problem as a Stackelberg game between
the sender’s choice of a signaling mechanism and the receiver’s subsequent choice of
an action, our work is related to the broader work on the characterization of regret
in repeated Stackelberg settings (Balcan et al., 2015} Dong et al., 2018} |Chen et al.,
2020)).

3.3 Model

Consider a persuasion setting with a single long-run sender persuading a stream
of homogeneous receivers who arrive sequentially over a time horizon of length T
At each time ¢t € [T] = {0,--- ,T — 1}, a state w; € € is drawn independently and
identically from a state distribution p* € A(Q). (Here, for any finite set X, A(X)
denotes the set of all probability distributions over X.) We focus on the setting
where (2 is a known finite set, however, the distribution p* is unknown to both the
sender and the receivers. To capture the sender’s initial knowledge (before time
t = 0) about the distribution p*, we assume that the sender knows that u* lies in
the set By C A(Q).

At each time ¢ € [T, the sender observes the realized state wy, and shares
with the arriving receiver an action recommendation a; € A (chosen according to a
signaling algorithm, as described below), where A is a finite set of actions available
to the receivers. The receiver then chooses an action a; € A (not necessarily equal
to a¢). This results in the receiver obtaining a utility w(w¢,a;) and the sender
obtaining a utility v(wy, a;). The setup of the problem follows the same assumption
and notation in Chapter 2, where we define the tuple Z = (2, A, u, v, By) and assume
that v(w,a) € [0,1] for all w € @ and a € A. For completeness, we recall that
u:QxA—Randv:QxA— [0,1] with || > 2 and |A| > 2 to avoid trivial cases.
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Before we proceed, we make a few remarks on the persuasion instance. First, the
preceding description does not specify a model of the receivers’ actions a;. As we
discuss below in Section [3.3.2] this issue is intertwined with the persuasiveness con-
straints that we impose on the sender’s signaling algorithm, and hence, we postpone
the discussion until then. Second, while we have assumed that the sender shares
information in the form of action recommendations, under the persuasiveness con-
straints we consider it can be shown that this is without loss of generality. Third,
while our definition of an instance assumes that the receivers are homogeneous, it
can be extended to allow for heterogeneity of receivers’ utility; our results continue
to apply in the setting where the receivers’ types are observable to the sender. Fi-
nally, we assume that the sender knows the receivers’ utility. This is justified in
the context of our applications of interest, namely online platforms, where given
the scale, the platform may have good estimates about user utility from extensive
user-level data.

Informally, given a persuasion instance Z, the sender’s goal is to systematically
make action recommendations such that her long-run total utility is maximized. We
now describe the formal algorithmic aspects of the sender’s goal.

As each time t, the sender chooses an action recommendation a; based on
past state realizations, the past action recommendations as well as the past ac-
tions chosen by the receivers. To separate the historical information from that
about the present, we define the history h; at the beginning of time ¢ as follows:
ht = Urt{(T,wr, ar,d:)} (with hg = (), and note that the sender observes (hy,w;)
prior to making the recommendation a; at time {. We also note that, since the re-
ceivers do not know the state distribution p*, neither the past actions recommended
by the sender nor the past actions chosen by the receivers carry any information
about p* beyond that contained in the state realizations. Thus, the part of the his-
tory that is relevant to the sender consists of only the state realizations until time
t.

A signaling algorithm a = a(Z) for the sender specifies, at each time ¢ € [T
and after any history h; and state wy, a probability distribution o®(h¢,wy, ) € A(A)
over the set of actions. (We sometimes drop the superscript a when it is clear from
the context.) Specifically, once the state w; is realized, the sender draws the action

recommendation a; independently according to the distribution o(h,wy, ) € A(A).
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Thus, the probability that the sender recommends an action a € A is given by

o(hy,wi,a). Implicitly, the notion of a signaling algorithm reflects the assumption
that the sender commits to a mechanism for sending recommendations.

Given an instance Z and a signaling algorithm a, the sender’s total (realized)

utility is given by

Vr(a, T) £ > v(wr, ).

te[T]

Thus, to evaluate the performance of a signaling algorithm, we need a model of
the receivers’ response subsequent to receiving the action recommendations. Rather
than directly specifying such a response model, we instead model conditions on
the signaling algorithm a which result in obedient responses from the receivers, i.e.,
which lead each receiver to choose the action recommended: a; = ay.

Any such condition on the signaling algorithm a implies a model of receivers’
response, and the converse can be assumed without loss of generality by invoking
incentive compatibility and the revelation principle. Henceforth, we refer to such a
condition as a persuasiveness criterion.

To motivate these persuasiveness criteria on the signaling algorithms, we first
discuss the setting where the sender and the receivers commonly know the state dis-
tributions. This setting will also serve as a benchmark to compare the performance

of any signaling algorithm satisfying certain persuasiveness requirements.

3.3.1 Benchmark: Known State Distribution

Consider the setting where the sender and the receivers commonly know the state
distribution p* = p € A(Q). In this setting, each receiver responds by choosing the
action that maximizes her expected utility under the posterior belief about the state
given the action recommendation. In particular, the sender’s problem decouples
across time periods, and the sender’s problem at each time is a static Bayesian
persuasion model, which can be formulated as a linear program. Recall that in

Section the problem of selecting an optimal persuasive signaling mechanism is
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given by the following linear program:
OPTz(p) £ maxV (u,0), subject to o € Pers(u). (3.1)
g

Finally, letting ¢* denote an optimal signaling mechanism to the preceding optimiza-
tion problem, the algorithm a that sets o®(h, w, a) = 0*(wy, a) after any history hy
optimizes the sender’s total expected utility when the state distribution is known,

with total expected utility given by T'- OPTz(u).

3.3.2 Persuasiveness Criterion: Unknown Distribution

We now return to the setting with unknown state distribution, and discuss refined
persuasiveness conditions on the signaling algorithm under which the receivers’ re-
sponse can be reasonably assumed to equal the recommendation. In particular, we
propose and motivate a condition on the signaling algorithm, namely the robust per-
suasiveness criterion as described in Definition [2} and provide detailed justification
supporting the notion.

We begin with the simplest criterion inspired from the known distribution set-
ting. As the sender observes the past state realizations, the empirical distribution
Vi, with y(w) £ 3, I{w,; = w}, provides an estimate for the unknown distribu-

tion p*. A natural first idea, which we call the naive criterion, simply requires the

algorithm to act as if this estimate is exact:

Definition 1. A signaling algorithm a satisfies the naive criterion if each o®hy] is
persuasive under the empirical distribution at time t, i.e., o%[hy] € Pers(y) for all
te[T].

The naive criterion can be motivated through a particular behavioral model
of the receivers involving social learning. Specifically, consider a platform setting
where each receiver (i.e., a user) arrives with an uninformative Dirichlet prior over
the state distribution u*, and observes all the past state realizations. The latter
holds if we assume there is social learning among the receivers, where each receiver
leaves a feedback that is read by all subsequent receivers. Then, at each time ¢
the corresponding receiver’s belief about the state would be exactly the empirical

distribution ~;, and thus the receiver would optimally accept the recommendation
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made by the platform if it uses a signaling algorithm satisfying the naive criterion.
However, from a practical perspective, the preceding model makes very restric-
tive assumptions. First, in a platform setting, the users’ prior belief over p*, if such
a prior exists at all, is unlikely to be known to the platform, and need not be the
same across different users (let alone be the uninformative Dirichlet prior). Second,
even with social learning, the users typically would not observe all the past state
realizations (or even just the empirical distribution); this is because not all users
leave reviews in a platform, and a user would typically read only a subset of available
reviews. Thus, under a realistic model of social learning, the receivers’ belief about
the state would be in general different from the empirical distribution.

In addition to relying on restrictive behavioral assumptions, there are other
deficiencies with the naive criterion that render it ill-suited as a criterion for ensuring
persuasiveness. First, the naive criterion is especially weak in the initial stages of
persuasion due to the lack of sufficient data; at these initial stages, the constraint
based on the empirical distribution may not constrain the sender’s recommendations.
For instance, if the empirical distribution at the beginning happens to be skewed
and concentrates on very few states, then the naive criterion imposes no restriction
on the action recommendations at any previously unseen state since it has zero
empirical probability. Second, an algorithm satisfying the naive criterion may still
make inconsistent recommendations across time. That is, for such an algorithm,
there may not exist a single belief 1 for which the recommendations as a whole are
persuasive, i.e., 0%hs] € Pers(u) for all t. Any such belief p, if it exists, provides
a justification for the signaling algorithm, and larger the set of such beliefs the
stronger the justification. For instance, the “full-information” signaling algorithm
Full, which always recommends the receivers’ best action a; € argmax,c 4 u(we, a)
after any history h;, has the strongest justification since all beliefs u € A(f) satisfy
oS*[hy] € Pers(y). On the other hand, one can easily construct examples where an
algorithm satisfying naive criterion fails to have even a single belief justifying it, due
to inconsistencies in recommendations across different periods.

Summarizing, the primary reason for the weaknesses of the naive criterion is
its reliance on the point estimate +; in the place of receivers’ inherently uncertain

beliefs about the state. Even for basic inferential tasks, such point estimates are
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seldom sufficient. Without explicitly incorporating this uncertainty into its condi-
tions, an algorithm would provide no confidence that the receivers will accept and
act according to the recommendations. To remedy these weaknesses, we propose

the following criterion that embraces the notion of robustness in its conditions.

Definition 2. Given g > 0, a signaling algorithm a is [-robustly persuasive, if

there exists (history-dependent) sets Cy C By for all time t, such that

1. Robustness: The signaling mechanism o®[hy] is persuasive for all beliefs in

the set Cy: for each t € [T, we have

o®[hi] € Pers(Cy) £ Nyec,Pers(u).

2. Coverage: The sets C; all contain the true state distribution p* with high
probability:

P, (NemrCe 3 17) > 1 - 6.

(Here, P, represents the probability with respect to the (unknown) distribution

w* and any independent randomization in the algorithm.)

The first condition in the criterion enforces robustness, requiring that the sig-
naling mechanism at time ¢, o%[h], is persuasive with respect to all beliefs in the
set C;. These sets implicitly capture the uncertainties regarding the receivers’ be-
liefs, and by depending on the history, reflect any learning occuring over time. (We
note that the set Pers(C;) is indeed non-empty, as it contains the “full-information”
mechanism.) The second condition in the criterion requires these sets to have good
coverage properties, i.e., these sets contain the state distribution p* with high prob-
ability.

To further motivate the criterion, we delve a bit into the perspective of social
learning in a platform setting mentioned earlier. Here, while it is a strong assumption
to require the receivers to know the exact empirical distribution, it is fair to assume
that the receivers observe (summary statistics about) a sizeable proportion of past
state realization. In particular, many common empirical principles, such as the “90-

9-1 rule” (Antelmi et al., 2019; Van Mierlo et al.2014)), posit that a constant fraction
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of the users leave feedback in the platform. In this context, a receiver who starts
with some sufficiently diffuse prior over p*, and who learns from past (incomplete)
feedback, will have a belief about the state that is close enough to the empirical
distribution. Thus, a signaling algorithm that makes recommendations that are
persuasive for all beliefs close to the empirical distribution would ensure that such
a receiver would find it optimal to follow the recommended action. Our proposed
criterion, by using a robustness approach, abstracts away from the details of such
an explicit model, and captures the receivers’ response through the uncertainty sets
Cy.

Observe that as long as the sets C; contain the empirical distribution ¢, the pre-
ceding criterion is stronger than the naive criterion. More importantly, in addition
to capturing more realistic models of social learning, the coverage and the robustness
conditions together also overcome the other inadequacies of the naive criterion that
we discussed above. To see this, note that, at the initial stages ¢ when the data is
insufficient, good coverage requires the set C; to be large, and thus the action recom-
mendations are severely constrained (even at the states that have not been realized),
unlike the case with the naive criterion. Similarly, the robustness ensures that any
belief p € Nyc7Cr provides a justification for the signaling algorithm, thus preclud-
ing any inconsistencies across time. In particular, with probability at least 1— 3, the
true state distribution p* justifies all the recommendations made by a S-robustly
persuasive signaling algorithm: P« (c%[h¢] € Pers(u*) for all t € [T]) > 1 — 6.

The parameter S in the criterion plays the same role as that played by significance
level in inference. In particular, low values of § correspond to high level of confidence
in the uncertainty sets C;. Finally, it is easy to see that [-robustly persuasive
algorithms exist for any 8 > 0; in fact, choosing the sets C; = By for all t € [T, it
follows that the algorithm Full is O-robustly persuasive.

Given the preceding discussion, we hereafter assume that for any signaling algo-
rithm a that is S-robustly persuasive for some (small) 8 > 0, the receivers’ response
a¢ equals the action recommendation a; at each time ¢. Thus, for any such algorithm

a, the sender’s total utility reduces to Vz(a,T) = >_cip v(we, ar).
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3.3.3 Sender’s Learning Problem

Finally, we describe the evaluation metric for the performance of any algorithm
satisfying the preceding persuasiveness criterion by comparing the sender’s utility
Vz(a,T) against the known-distribution benchmark given by T'- OPT(u*). Specifi-
cally, we measure the sender’s regret from using a S-robustly persuasive algorithm

a by

Regr(a,T,u*) =T -OPTz(p*) — Vz(a,T) =T - OPTz(u*) — Z v(w, ap).  (3.2)
te(T)

We are now ready to formalize the sender’s learning problem. Begin by noticing that
one must require the signaling algorithm a to be S-robustly persuasive for some small
B in order for the second equality above to hold, i.e., for the receivers’ responses
to match the recommendations. At the same time, 0-robustly persuasiveness is
an excessive requirement, with no hope of resulting in a sub-linear regret. (In
Appendix we present an example instance where any 0O-robustly persuasive
algorithm necessarily obtains a linear regret.) Thus, the central problem is to design,
for any given instance Z, an algorithm a that is [-robustly persuasive for small

(vanishing) § and simultaneously achieves sublinear regret with high probability.

3.4 The Robustness Against Ignorance (fRai) Algorithm

Having described the learning problem faced by the sender, in this section, we
present a signaling algorithm that we call the Robustness Against Ignorance (Rai)
algorithm. Here, we show that the PRai algorithm is S-robustly persuasive with
B = o(1), relegating the regret analysis to Section

Before describing our proposed algorithm, we briefly motivate our design ap-
proach. Observe that if the state distribution p* is known, then the sender’s prob-
lem is given by the linear program , and thus the optimal signaling mechanism
can be efficiently computed. Thus, a natural learning approach is to solve at each
time ¢ the estimated version of the LP (2.2)), where the unknown distribution z* is
replaced by the empirical distribution -, and use the corresponding optimal signal-

ing mechanism for that time period. However, this alone is not sufficient to obtain
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an algorithm that is S-robustly persuasive, which requires the signaling mechanisms
to be persuasive for all distributions in some small neighborhood of p*. To elabo-
rate, simply solving the estimated LP may yield solutions that are only e-feasible
for distributions close to the empirical distribution, i.e., some of the persuasiveness
constraints for such nearby distributions may get violated. In fact, optimizing the
estimated LP may result in a mechanism that is not persuasive for any other dis-
tribution close to the empirical distribution. Thus, an immediate challenge is in
determining how to use the empirical distribution estimate to find well-performing
signaling mechanisms that are persuasive (with high probability) for all distributions
in a small neighborhood around the unknown state distribution. Part of this chal-
lenge is to carefully choose the corresponding neighborhoods without significantly
sacrificing the performance of the mechanism.

The algorithm we propose is adaptive. An alternative is to adopt an “explore-
then-commit” design (Lattimore and Szepesvari, |2020), where the algorithm uses the
state realizations in the first ¢ periods (for some carefully chosen t) to estimate the
unknown distribution and subsequently commits to a single signaling mechanism for
the remaining time periods. However, it is unlikely that such a algorithmic design
can achieve strong regret guarantees in our setting, since it is known that such
an approach yields the sub-optimal O(T2/3) regret in simple multi-armed bandit
problems (Lattimore and Szepesvari, |2020). This observation illustrates the need
for adaptivity to obtain order-wise optimal regret.

To meet these challenges, our algorithm PRai proceeds by adaptively maintaining,
at each time ¢t > 0, a set B; of candidates for the (unknown) distribution p*. This
set is a (closed) ¢1-ball of radius €; at the empirical distribution 7;. It then selects a
signaling mechanism that maximizes the sender expected utility w.r.t. the empirical
estimate 4 among mechanisms that are persuasive for all distributions u € B;.
Finally, it makes an action recommendation a; using this signaling mechanism, given
the state realization w;. The fRai algorithm is formally described in Algorithm
Here, we use the notation Pers(B) to denote the set of signaling mechanisms that are
simultaneously persuasive under all distributions p in the set B C A(Q): Pers(B) =
NuesPers(u). We remark that for any non-empty set B C A(2), the set Pers(B) is
convex since it is an intersection of convex sets Pers(u), and is non-empty since it

contains the full-information signaling mechanism. Furthermore, we let By(u,€) £
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ALGORITHM 1: The Robustness Against Ignorance (Rai) algorithm

Input: Instance Z, Time horizon T'

Parameters: vy € By, {¢, >0:t € [T]}

Output: a; € A for each t € [T

fort=0toT—1do
Choose any o[h] € argmax,{V (7, 0) : 0 € Pers(By)};
Recommend a; = a € A with probability o(ws, a; ht);
Update y;41(w) < p%l S Hw, = w} for each w € Q;
Set Bit1 = Bi(yet1; €r41);

end

{1 € A(Q) : ||/ — p|l; < €} denote the (closed) ¢1-ball of radius € > 0 at p € A(L).

From the intuitive description, it follows that the sets By = Bi(, €;) naturally
play the role of the covering sets C; in the definition of S-robustly persuasiveness.
Specifically, the parameters {¢, : t € [T]} control the degree of persuasiveness of the
algorithm: larger values of ¢; imply that the algorithm is B-robustly persuasive for
smaller values of 8. (In particular, if all ¢; are larger than 2, the algorithm reduces
to the full-information algorithm Full, and is O-robustly persuasive.) Unsurprisingly,
larger values of €; also lead to larger regret, and hence the sender must choose ¢ to
optimally trade-off the persuasiveness of the algorithm against its regret.

Our first main result characterizes Rai’s persuasiveness for a particular choice

of parameter values which we show in Section to be regret-optimal.

Theorem 1. For each t € [T], let ¢, = min{4/ @ (1+®logT) ,2} with ® > 0.

Then, the Rai algorithm is B-robustly persuasive with

Vo
B = sup P (NyenBr # 1) < T
u*€Bo

In particular, for ® > 20, we have B < T705.

The proof of the persuasiveness of Rai follows by showing that the empirical
distribution ~; concentrates around the unknown state distribution p* with high
probability. Since, after any history h, the signaling mechanism o[h;] chosen by
the algorithm is persuasive for all distributions in an #1-ball around 7, we deduce
that it is persuasive under p* as well. To show the concentration result, we use a

concentration inequality for independent random vectors in a Banach space (Foucart
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and Rauhut| 2013); the full proof is provided in Appendix

We observe that to get strong persuasiveness guarantees, the choice of ¢; in the
preceding theorem requires the knowledge of the time horizon 7. However, applying
the standard doubling tricks (Besson and Kaufmann) 2018), one can convert our
algorithm to an anytime version that has the same regret upper bound guarantee,
at the cost of a weakened persuasiveness guarantee, where the persuasiveness 3 is
weakened to a constant arbitrarily close to 0.

Next, note that the SRai algorithm requires finding at each time t a signaling
mechanism that is persuasive for all distributions in a neighborhood around the
empirical distribution. The following result shows that this is a simple computa-
tional task requiring a polynomial running time. Thus, the result establishes the

Rai algorithm’s computational efficiency.

Proposition 3. The Rai algorithm requires solving at each time a linear program

with size polynomial in |Q| and |A].

Proof. To see the efficiency of the fRai algorithm, note that at each time t the
algorithm has to solve the optimization problem max,{V (v, o) : o € Pers(B:)}.
Since B; = Bi(v, €) is an ¢1-ball of radius ¢, it is a convex polyhedron with at
most Q] - (|| — 1) vertices. (These vertices are all of the form ~; + & (ew, — eur),
where e, is the belief that puts all its weight on w.) By the linearity of the obedience
constraints and the convexity of By, it follows that Pers(3;) is obtained by imposing
the obedience constraints at priors corresponding to each of these vertices. Since
there are O(|Q] + |A|?) obedience constraints for each distribution, we obtain that
the optimization problem is a polynomially-sized linear program, and hence can be

solved efficiently. I

Having addressed the persuasiveness and the computational efficiency of the
Rai algorithm, we devote the rest of the chapter to analyzing its regret. To do this,
we first take a digression to define (and bound) the cost of robust persuasion in static

persuasion problems. Armed with this result, we then characterize the algorithm’s
regret in Section
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3.5 Regret Analysis

We now return to the regret analysis of the online persuasion setting. The regret
bounds we establish in this section make critical use of the characterization of the
cost of robust persuasion from the preceding section.

Our main result establishes a upper bound on the regret of the fRai algorithm in
instances satisfying the regularity conditions. While pg appears in our regret bound,

it is not required by the fRai algorithm for its operation.

Theorem 2. Suppose the instance T satisfies the regularity condition. Fort € [T},
let ¢, = min{ M(1 + V®logT),2} with ® > 0. Then, for all u* € By, with
probability at least 1 — Tl_séf T8 the Rai algorithm satisfies

20
Regz (Rai, 4, T) < 2 ( ;

1> (14 VIQIT(1 + 2/®10gT) ) .

In particular, the regret is of order O (1% V1 'log T) with high probability.
0

The central step in the proof is the following decomposition of the regret, estab-
lished in Lemma [6]in Appendix [B:2.1}

Regz(Rai, 1, T) < Y Gap(u*,By(p, |u* = velly)) + > Gap(ye, B1(v. &)

te[T) te(T)
+ Z [ = welly + Z [v(wt, ar)|he] — v(wt, at)) -
te([T] te[T]

Observe that on the event {u* € Ny Bi}, we have || — ¢, < €. Thus, on this
event, the first two terms on the right-hand side of the preceding inequality capture
the cost of persuading robustly for all distributions in an #¢;-ball of radius €; around
the distribution p* and its estimate ~;. Moreover, the third term represents the
estimation error between p* and 7;. Together with Proposition [l we thus obtain
that the first three terms are of order 3,7y er = O(V/TlogT). Finally, the last
term, which captures the randomness in the sender’s payoff, is also of the same

order due to a simple application of the Azuma-Hoeffding inequality. The details
are provided in Appendix
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3.5.1 Lower Bound

In this section, we show that our regret upper bound in Theorem [2| is essentially
tight with respect to the parameters D, T (up to a lower order /log T factor). We
also show that the inverse polynomial dependence on pg, the smallest probability
of states, is necessary though the exact order of the dependence on pg is left as an

interesting open question.

Theorem 3. For the instance Zy and distribution pu* € By considered in Proposi-
tion[d, there exists a Ty > 0 such that for any T > Ty and any Br-robustly persuasive
algorithm a the following holds with probability at least % — 20B7:

VT
32Dpg’

Regz(a, T, ") =T+ OPT(u") — Y wl(wr,ar) >
te[T]

We provide a sketch here. First the regret can be split into two terms:

Regr(a, T, ") =T - OPT(u*) = > V(i 0%h]) + > V(i*,0%[h]) = > v(wr, a)
te[T) te[T] te[T]

Let E7(p) be the event under which the signaling mechanism o®[h:] chosen by the
algorithm a after any history hy € Ep(u) is persuasive for the distribution p. Hence
on the event Er(u*) NEr (1) NEr(fa2), the signaling mechanism o%[h;] is persuasive
for all three distributions p*, i1 = p* + §(e1 — e2) and fiz = p* + $(e2 — e1). From
Proposition we have that on this event, the first term, which is the sender’s
expected loss, is no less than T - Gap(u*, {u*, fi1, fiz}). We lower bound the second
term using the Azuma-Hoeffding inequality. The remaining step is to show that
the probability of the event Er(u*) N Er(f1) N Er(fiz) does not vanish as T goes
to infinity, which follows from robust persuasiveness of the algorithm a and careful
choice of €. The details are provided in Appendix

3.6 Conclusion

We studied a repeated Bayesian persuasion problem where the distribution of payoff-

relevant states is unknown to the sender. The sender learns this distribution from
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observing state realizations while making recommendations to the receiver. We pro-
pose the Rai algorithm which persuades robustly and achieves O(y/T log T) regret
against the optimal signaling mechanism under the knowledge of the state distri-
bution. To match this upper-bound, we construct a persuasion instance for which
no persuasive algorithm achieves regret better than Q(\/T) Taken together, our
work precisely characterizes the value of knowing the state distribution in repeated
persuasion.

While in our analysis we have assumed that the receiver’s utility is fixed across
time periods, our model and the analysis can be easily extended to accommodate
heterogeneous receivers, as long as the sender observes the receiver’s type prior
to making the recommendation, and the cost of robustness Gap can be uniformly
bounded across different receiver types. More interesting is the setting where the
sender must persuade a receiver with an unknown type. In such a setting, assuming
the sender cannot elicit the receiver’s type prior to making the recommendation,
the sender makes a menu of action recommendations (one for each receiver type).
It can be shown the complete information problem in this setting corresponds to
public persuasion of a group of receivers with no externality, which is known to be a
computationally hard linear program with exponentially many constraints (Dughmi
and Xu, 2017). Consequently, our algorithm ceases to be computationally effi-
cient. Nevertheless, our results imply that the algorithm continues to maintain the
O(yv/TlogT) regret bound.

Our main technical contribution is using the characterization of the cost of robust
persuasion in Chapter [2] to perform a tight regret analysis for the online learning
problem. Though our characterization of the cost of robust persuasion relies on the
specifics of the persuasion setting, the regret analysis is more agnostic to the setting.
Given this, we believe our approach can be extended to other online linear program-
ming settings as long as one can obtain a characterization of the corresponding cost

of robustness.



Chapter 4

Markov Persuasion Processes

with Endogenous Agent Beliefs

In this chapterﬂ we explore another information design problem in a dynamic setting
motivated by online platforms. Unlike Chapter [3| where the state is independently
drawn at each round, we shift our attention to a setting where the state is de-
termined stochastically by the current state and the receiver’s action. In such a
setting, we analyze the sender’s persuasion problem, accounting for the possibility
that the receivers may have limited (partial) historical information. We apply a
similar robustness approach to construct a simple signaling mechanism with good

performance guarantees.

4.1 Introduction

Many platform services and markets involve freelance service providers (drivers in
ride-hailing markets, hosts in accommodation services, etc.) who make voluntary
decisions on when and where to provide their services, at what quality, and at which
price. Often, the participants of these platforms lack all the necessary information
about the system (overall demand, demand imbalances, etc.) to act optimally. Given
that the platform is typically better informed, many of them provide recommenda-

tions to the participants on their actions in the system. For example, ride-hailing

LA preliminary version of this work appeared as an extended abstract [Iyer et al.| (2023

40
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platforms such as Uber and Lyft share real-time demand information with drivers
to enable them to make repositioning decisions.

To study such settings, we consider a model of Markovian persuasion (Wu et al.|
2022; |Gan et al., 2022; |[Ely, 2017} [Farhadi and Teneketzis|, [2022]; Lehrer and Shaider-
man, [2022)), where a single long-lived sender seeks to persuade a stream of short-lived
receivers by sharing information about a payoff-relevant state. The state transitions
are assumed to be Markovian, where the system’s next state is fully determined
(stochastically) by the current state and the receiver’s action. The state of the
system is observable to the sender but not to the receivers. In line with the liter-
ature (Kamenica and Gentzkow, 2011; Bergemann and Morris|, [2019; |Dughmi and
Xul 2021)), we assume that the sender commits to a signaling mechanism, which
recommends an action based on the current state and the history of the process.
The receivers are myopic, and choose an action that maximizes their expected payoff
under their posterior beliefs given the recommendation. The goal of the sender is
to maximize the long-run average reward.

In such settings, given the underlying Markovian dynamics, the effectiveness
of persuasion is impacted by the receivers’ knowledge of the history. Past anal-
yses of Markovian persuasion settings either assume the receivers have exogenous
beliefs (Gan et al., 2022; |Wu et al., [2022), or assume that the receivers have no infor-
mation about the history (Lingenbrink and Iyer, 2019; Anunrojwong et al., [2022).
(Few works assume that the receivers have information about past signals (Ely,
2017}, [Farhadi and Teneketzis, [2022; |Renault et al., [2017; |[Ashkenazi-Golan et al.|
2022) or past states (Lehrer and Shaiderman, [2022)), but restrict themselves to the
setting where the state evolves independently of the receivers’ actions.) However,
from a practical perspective, both these assumptions are restrictive. In particular,
the participants in a platform typically have beliefs that are influenced by their
past experiences therein. Furthermore, these participants are likely to have some
limited information of the history. For instance, in a ride-hailing setting, a driver,
in addition to knowing the typical demand patterns at different locations, may also
have some stale historical information about demand at a particular location from
having dropped off a rider there earlier. Sometimes, drivers’ historical information
can be outdated, owing to various factors such as infrequent visits to the airport

and the rapid evolution of traffic patterns and rider demand. In order to ensure
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that the driver heeds a recommendation to move to that location, a platform must
take into account the existence of such limited historical information.

In this markovian-persuasion, we seek to understand the sender’s persuasion
problem when receivers may have limited information about the history. To do this,
we define the notion of an information model, which specifies how each receiver’s
belief (prior to receiving a recommendation) is related to the history of the process.
In addition to the full-history information model ®¢, (where the receivers observe
the entire history) and the no-history information model ®,, (where receivers have
no historical information), we consider a sequence ®; of partial-history information
models where each receiver observes the history of the system with an ¢ periods
lag, for some fixed £ > 1. These partial-history information models provide lower-
bounds on the sender’s payoff in more complex information models, and thus serve
as a standard for comparison.

Our main contributions are as follows:

1. Establishing benchmarks. We begin with the analysis of the two bench-
mark information models, i.e., no-history and full-history information. We
prove that, under the no-history information model, the optimal signaling
mechanism is history-independent, whereas in the full-history information
model, the optimal mechanism depends on the current state as well as the
previous state-action pair. Consequently, these characterizations allow us to
formulate the sender’s persuasion problem as a succinct linear program under

both information models.

2. Ordering and solving partial-history information models. We then
analyze the sequence of partial-history information models ®;,. We show that
the sender’s optimal payoff under any such model is less than that under the
no-history information model ®,,, but greater than that under full-history
information model ®g,. Moreover, we show that the sender’s optimal pay-
off increases as the lag ¢ increases. We then identify sufficient conditions on
the model primitives that ensure that the sender’s optimal payoff in the two
benchmark information models is equal and hence partial information about
the history on the receivers’ part has no adverse impact on the sender’s pay-

off. Nevertheless, we show that the analysis of the persuasion problem in the
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information models ®, presents technical intricacies that leave open even the
question of the existence of an optimal signaling mechanism. Due to this, we
study the sender’s problem restricting attention to signaling mechanisms that
only depend on a fixed length of past history. Here, we show that the sender’s
problem can be written as a bilinear program, whose size grows exponentially
in the lag . This suggests that solving to optimality the sender’s problem in
the partial-history information models can be computationally challenging as

well.

3. Simple and approximately optimal persuasion. Due to the complexity
of solving the persuasion problem optimally under partial-history informa-
tion models, we take an alternative approach and ask whether simple history-
independent mechanisms can achieve approximately optimal payoffs while si-
multaneously being persuasive under limited historical information. Using the
underlying Markovian dynamics and a robust persuasion approach in Chap-
ter [2, we answer the preceding question positively. In particular, we construct
a history-independent signaling mechanism whose payoff is close to the optimal
payoff under the no-history information model, and which is simultaneously
persuasive in information models ®, for all large enough ¢. To obtain this
construction, we prove an extension of the splitting lemma (Aumann et al.,

1995b; |Kamenica and Gentzkow, 2011) to Markovian settings.

Our results contribute to the literature on information design and persuasion in
dynamic settings, with endogenous beliefs of the receivers. From a theoretical per-
spective, our results establish the effectiveness of simple history-independent signal-
ing mechanisms in such settings. Furthermore, our results highlight the importance
of robustness in designing signaling mechanisms; when participants in a platform
may have limited historical information, a simple but robust signaling mechanism

can achieve good performance while being persuasive.

4.2 Related Work

Our work is related to a branch of literature on Bayesian persuasion (Kamenica
and Gentzkow, 2011; |[Bergemann and Morris|, |2016, [2019; Dughmi and Xu, 2021)) in
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dynamic settings. Specifically, our work relates to the following streams of literature.
Markov persuasion. Several papers (Gan et al., 2022; Wu et al., 2022; Bac-
chiocchi et al.;2024) have studied the Markov persuasion problem where the system’s
next state is updated on the current state and the receivers’ performed actions. |(Gan
et al.[(2022) study an infinite-horizon setting where the sender privately observes the
payoff-relevant parameter and advises actions the receiver to take over time. The
external parameter is drawn from a known prior distribution to both the sender
and the receiver. In particular, they consider two types of receivers: myopic (short-
lived) and farsighted (optimizes cumulative rewards over time). In both settings,
they assume that the signal at each round does not depend on historical realizations
and the receiver cannot observe history. However, in our setting, the receivers may
observe the historical realizations and their beliefs are endogenous determined by
the sender’s signaling strategy.

Wu et al.| (2022]) focus on a finite-horizon setting where the sender persuades a
stream of myopic receives in an uncertain Markovian environment. At each round,
the sender observes an outcome that is drawn from a prior distribution that is only
known to the receiver. The sender aims to maximize the long-term rewards without
the knowledge of the sender’s utility functions, prior distributions, and the Markov
transition kernels. The authors use a reinforcement learning approach to design an
online learning algorithm that achieves O(v/T) regret. Similar to the work (Gan
et al., [2022)), the receiver’s prior belief is exogenous and the sender is restricted to
history-independent signaling strategies. A recent paper by |Bacchiocchi et al. (2024)
extends the work to the setting where the sender has no knowledge about transitions,
prior distributions over outcomes, sender’s stochastic rewards, and receivers’ ones.
However, they allow that the signaling mechanism can violate the persuasiveness
constraint and guarantee the sublinear violation.

Another relevant area of study is dynamic Bayesian persuasion (Ely, 2017; Re-
nault et al., |2017; Farhadi and Teneketzis, [2022)), where the state evolution follows
a Markov process independent of the receiver’s actions. |[Ely (2017) study a dynamic
bank runs game with binary states and actions. The bank sends public and private
signals to the agents over time to prevent a run on deposits. They design the optimal
policy by selecting minimal correlated signals. [Renault et al.| (2017) also consider a

setting with two states and two actions, showing that a myopic strategy is optimal
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for the sender in two-state scenario. They further show that with more than two
states, the optimal strategy need not to be myopic and provide a sufficient condition
on the Markov process for the optimal strategy being myopic. |Ashkenazi-Golan et al.
(2022)) extends to a finite number of actions and characterizes the sender’s optimal
signaling strategy in the limit, as the length of each round goes to zero. Recent paper
by [Farhadi and Teneketzis| (2022); Lehrer and Shaiderman (2022) study the optimal
signaling strategy in various dynamic settings. Farhadi and Teneketzis| (2022) study
the optimal information disclosure in two-state Markov chain jump games where
the sender aims to delay the receiver’s detection of the jump from a good state to
a bad state. |Lehrer and Shaiderman| (2022)) study the Markov persuasion problem
with stochastic revelation, assuming that at each round, after the receiver takes an
action, the true state and her payoff, are revealed to her with a positive probability.
In contrast to these works, our model assumes that the receiver’s actions affect the
state evolution.

Other papers also explore dynamic persuasion in various application contexts.
Bernasconi et al.| (2022)) study the sequential persuasion problem between a sender
and a farsighted receiver within a tree structure. They assume that in each round,
the sender privately observes the state realization, which is drawn from a distribution
unknown to both the sender and the receiver. They demonstrate that without
knowledge of the state distribution, no algorithm can consistently be persuasive at
each round with high probability. Additional related works include (Li and Norman,
2021; 'Wul, 2023} |Board and Lul [2018}; |Orlov et al., [2020}; [Bizzotto et al., 2021
Alizamir et al., 2020).

As examples of Markovian persuasion where the receivers have no information
about the history, Lingenbrink and Iyer| (2019) study the information-sharing prob-
lem in a single-server queue offering services at a fixed price. The service provider
observes the queue and shares the information with the delay-sensitive Poisson ar-
riving customers. The authors formulate the service providers’ decision problem of
maximizing the revenue as an infinite linear program. A similar approach is taken
by |Anunrojwong et al. (2022) to study information design to manage congestion in
queues.

Robust persuasion. As our proposed signaling mechanism relies on the ro-

bust persuasion framework, our work is also related to robust persuasion. Chapter
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study a repeated Bayesian persuasion problem where neither the sender nor the re-
ceiver knows the payoff-relevant state distribution. They propose a robust signaling
mechanism that recommends persuasive recommendations at all rounds with high
probability, achieving O(y/T logT) regret. For our robustness results, we extend
their approach to settings where the receivers’ beliefs are endogenous. [Kosterina
(2022) also assumes an unknown prior distribution, where only the set containing
the true prior is known to the sender. The authors characterize the support of the
signal realization and show that the optimal signal forms a hyperbola.

Other relevant works (Ui, 2022; |Hu and Weng}, 2021; Dworczak and Pavan), [2022])
study the robust persuasion problem in the context of the receiver’s external private
information. They leverage the robustness approach facing the uncertainty of the
receivers’ private information. While these studies focus on static persuasion models
with robustness to exogenous receiver beliefs, our work addresses dynamic robust
persuasion with endogenous receivers’ beliefs in sequential setups. Finally, there are
also studies of robust persuasion with respect to receiver payoffs (e.g., (Babichenko

et al., [2022)), though these are less relevant to the present work.

4.3 Model

Informally, we study a dynamic persuasion setting between a long-lived sender and
a stream of short-lived receivers where the underlying payoff-relevant state evolves
as a Markov persuasion process. At each time ¢, a new receiver arrives to whom
the sender, after observing the current state, recommends an action. The receiver
then chooses an action, possibly different from the sender’s recommendation, after
which the state updates according to a Markov transition kernel which is common
knowledge among the sender and the receivers. Each receiver seeks to maximize the
expected utility with respect to her (posterior) beliefs, given the sender’s recommen-
dation and her (partial) information about the history of the process. The sender’s
problem, our object of investigation, is to decide how to recommend actions that
maximize her long-run average payoff. We now describe this model formally.

We consider a sequential setting where at each time ¢ € Z, the payoff-relevant
state is given by w; € ). Here () is a finite set of states. We denote the signal

shared by the sender as 5, € S, and the action chosen by the receiver as a; € A,
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where again S is a finite set of signals and A is a finite set of actions. (We describe
how the sender shares the signals and how the receivers choose their actions in
detail below.) The state evolution is Markovian given the receiver’s action: P(w; =
wlh) = p(w|@i_1,a;_1) for each w € €, where h; denotes the history at time t,
i.e., the infinite sequence of state, action and signals up to (but not including)
time ¢t. Here, p: Q@ x Q@ x A — [0,1] is a stationary Markovian transition kernel,
with p(w'|w, a) denoting the probability of the state transitioning from @;_; = w to
w; = w' after the receiver takes action a;—1 = a. At the end of each time ¢, the
corresponding receiver obtains a payoff given by u(w,a;) € R, whereas the sender
obtains a reward given by v(w, a;) € [0,1]. We note that the transition kernel, the

receivers’ payoffs and the sender’s reward do not directly depend on the signals.

4.3.1 Signaling Mechanisms

We assume that at each time ¢ the sender observes the history h; and the current
state ;. On the other hand, the receiver at time t does not observe the current
state, but, as we discuss later, may have some information about the history. To
convey payoff-relevant information about the state at each time ¢, the sender shares
a private signal §; to the corresponding receiver. In particular, the sender commits
to sharing these signals using a signaling mechanism, which in general, maps the
history h; and the state w; at any time ¢ to a signal 5,. However, we circumscribe the
class of signaling mechanisms in the following ways. First, we restrict our attention
to signaling mechanisms that depend only on a finite part of the history at each time.
While this assumption is primarily motivated by practical concerns, it also allows
us to avoid some technical issues in defining the sender’s long-run average payoff if
the signaling mechanism depends on the infinite history. Second, given our focus on
stationary environments, we study signaling mechanisms that do not directly depend
on the calendar time. Third, we assume that the signal at each time ¢ depends only
on the historical state-action pairs, and not on the past signals. This assumption
ensures that we do not implicitly induce dependence on the infinite history via past
signals. Finally, we focus on direct signaling mechanisms (Bergemann and Morris,

2019) where the sender shares signals that are action recommendations, i.e., S = A.
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Given our assumption that signals are private, it follows by the revelation prin-
ciple (Ely, 2017) that considering direct signaling mechanisms is without loss of
generality. Further, it is sufficient to restrict our attention to direct signaling mech-
anisms that are persuasive, i.e., ones where the action recommendations are opti-
mally adopted by the receivers. In such settings, the information in past signals is
already contained in the past actions, and hence the assumption that the signals
only depend on past state-action pairs is not restrictive. Thus, the main restrictive
assumption we make is that the signals only have finite history dependence.

Before formalizing the preceding discussion, we introduce some notation to
simplify some cumbersome expressions. We let X = Q x A denote the set of
state-action pairs, and we denote a generic element of X by z = (w,a). Thus,
Ty = (@y, a¢) € X denotes the state-action pair at time ¢, and p(w’|z) with = (w, a)
stands for p(w'|w,a). Next, for any k > 1 and at any time ¢, a slice of history
h¥ of length k describes the sequence of states-action pairs in the past k time
periods: hf = (%;_1,...,7_1) € X¥. We denote a generic element of X* by
h*¥ = (x_g,...,x_1). Finally, we let X denote the singleton set consisting of the
unique (empty) slice of history of length zero.

A signaling mechanism is a mapping o: X* x Q — A(A) (for some k > 0) that
specifies for each h¥ € X% and w € €, the probability o(a|h*,w) with which the
sender shares the signal 5, = a € A if the (slice of) history is hf = h¥ and the
current state is wy = w. We let X denote the set of all signaling mechanisms that
depend only on history slices of length £, and let ¥ = Up>oX. The set X contains

the signaling mechanisms that do not depend on the history.

4.3.2 Beliefs and Persuasiveness

Next, we describe the notion of persuasiveness as applied to signaling mechanisms.
To do this, we need to model the receivers’ beliefs about the history of the process,
which in general depends endogenously on how much information they have about
the past. We capture this endogenous level of historical information through the
concept of an information model (see Section . However, to develop our con-
cepts, we will initially consider the receiver’s prior beliefs as exogenously specified.

Suppose the sender commits to a signaling mechanism o € ¥ for some k > 0.
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Fix a time t, and let the corresponding receiver’s belief over the history h; and
the current state w; (prior to receiving any signal) be denoted by ¢;. Then, upon
receiving an action recommendation §; = a, the receiver’s posterior belief that w; =

w can be found using Bayes’ rule as

) Y du(RF w)o(alhF, w)
F(wl|a; ¢t,0) = S S oy (I, ) (alF, )

Here, ¢¢(h*,w) denotes the receiver’s marginal belief that the history slice of length
kis hf = h¥ € X% and the state is @, = w. The receiver then chooses an action
that maximizes their expected utility under their posterior belief F(:|a; ¢, 0). We
say the signaling mechanism o is persuasive w.r.t. the belief ¢y, if the recommended

action 5; = a is optimal for the receiver, i.e., the following inequality holds:

ZF(w|a; b1,0) Ou(w,a,a’) >0, for all a,a’ € A,

where du(w, a,a’) £ u(w,a) —u(w, a’) denotes the incremental payoff for the receiver
for choosing an action a € A over action a’ € A at state w € Q. The inequality
states that the receiver’s expected utility with the action a is higher than that with
a’ when action a is recommended.

More generally, let ® = {¢; : t € Z} denote the sequence of receivers’ beliefs at
each time t € Z. For any such sequence ®, the set Pers(®) of persuasive signaling
mechanisms contains all signaling mechanisms o that are persuasive w.r.t. ¢; for
each ¢t € Z. We note that the set Pers(®) is non-empty, since the mechanism that
recommends the receivers’ preferred action at each state is persuasive for sequence
.

4.3.3 Invariant Distribution

As a step towards describing the models of endogenous historical information held by
the receivers, we next analyze the induced dynamics under a signaling mechanism
to characterize its invariant distribution. Suppose the sender chooses a signaling
mechanism o € Y for some k£ > 0. Assuming that all the receivers follow the

sender’s recommendations, the induced process dynamics can be described as a
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Markov chain with state space X* x Q; the state of this Markov chain at time ¢
is given by (hf,@;) (or simply @; for k& = 0). For k > 1, an invariant distribution

7 € A(X* x Q) of this chain satisfies the following balance equations:

Z T ((x_k, hk_l),w) o(al(x_p, K1), w)pW|w,a) = ((hk_l,w,a),w') . (4.1)

r_peX

for each A1 = (T_(k=1)s--->2-1) € X+ (w,a) € X and W' € Q. Here, the
left-hand side expression gives the probability that the state (ﬁf+1,wt+1) of the
chain equals ((hkil,w,a),w’ ) after a Markovian transition if the state (hY,d;) is
distributed as m and the receiver at time t follows the sender’s recommendation.
The equation states that for an invariant distribution, this probability must be the
same as that under w itself. For k = 0, the balance equation for an invariant

distribution 7 € A(Q2) given by

Z m(w-1)o(a—1|w_1)p(w|lw-1,a-1) = m(w), for all w € Q.
(w—1,a—1)EX

Since the state of the induced Markov chain includes the receivers’ actions, in
general there might be multiple invariant distributions 7 corresponding to a signaling
mechanism. (As a trivial example, consider a setting with Q@ = {0}, A ={0,1} and
a receiver who is indifferent between the two actions. Let ¢ € ¥; be a signaling
mechanism that recommends §; = 0 if (@w;—1,at—1,@¢) = (0,0,0) and recommends
5 = 1if (w—1,a4-1,0¢) = (0,1,0). Then, assuming all the receivers follow the
recommendations, any distribution over X x €2 is an invariant distribution under
0.) Hereafter, in cases where there are multiple invariant distributions, we focus
on the one under which the sender’s long-run average reward is maximized (with
ties broken arbitrarily). We denote such a distribution by Inv(c). Note that this
assumption is aligned with the notion of sender-preferred equilibrium common in
the persuasion literature (Kamenica and Gentzkow, 2011)).

Below, we abuse the notation slightly by letting @ = Inv(o) also denote the
distribution of the stationary Markov process induced under a signaling mechanism
o € Xy, i.e., the distribution of the entire history h; at each time ¢, assuming all the

receivers follow their recommendations. Furthermore, for any ¢ > 1, we let m(h")



51

denote the (marginal) distribution of a slice of history Af.

4.3.4 Modeling Receivers’ Endogenous Information

We now formally describe the notion of an information model, which captures the
receivers’ endogenous information about the historical evolution of the process. We
consider two benchmark settings, one where each receiver fully observes the history,
and the other where the receivers have no information about the history. In addition,
we consider a sequence of settings where the receivers have partial information about
the history.

In general, when receivers have information about the history, their belief se-
quence ® = {¢; : t € Z} itself will depend on the process. The nature of this
dependence is determined by the amount of information the receivers have about

the past.

1. Full-history information model: To motivate the notion, fix a signaling
mechanism o € ¥ and consider first the setting where at each time ¢, the
corresponding receiver has complete knowledge of the history h;. Then, the
receiver’s belief ¢; over (h¢,@;) must put all its weight on the realized value of

h¢. In other words, we have for all £ € Z,
PU(¢t =ep, @p(-|lr_1) ‘ hy = h, i = w) =1, forallhe X*° and w € Q,

where ej, is the distribution that puts all its weight on h = (..., x_9,2_1) €
X, and ep, ® p(-|z_1) encodes the fact that the receivers’ belief about @y
comes from the resulting Markovian transition p(-|z_1). (Here, P? denotes
the probability measure induced by the signaling mechanism o together with
the underlying Markovian dynamics, assuming that the receivers adopt the
sender’s recommendations.) When the preceding condition holds, we denote
the resulting belief sequence {¢; : t € Z} by Pg, and call it the full-history

information model.

2. No-history information model: At the other extreme, consider the case
where the receivers have no information about the history of the process.

Then, at any time ¢, the receiver’s belief ¢; must be independent of the realized
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history. A natural choice, motivated by the requirement of consistency, is to
let each belief ¢; equal the invariant distribution Inv(c). (In certain cases,
this modeling assumption can be established formally. For instance, if time
periods denote the Poisson arrival times of receivers to a stochastic system,
then the receivers observe the system distributed as the time-average (Wolft,
1982)), which equals the expectation with respect to the invariant distribution

when the latter is unique.) Specifically, we have for each t € Z,
P"(gbt = Inv(o) ®P‘ hy = h, @ = w) =1,forall h € X*° and w € Q.

Here, Inv(c) ® P encodes the distribution of (h,w;) where the history hy is
distributed as Inv(o), and the state @, is obtained from a subsequent transition
from the Markov kernel P. For the setting where the preceding condition holds,
we denote the belief sequence {¢; : t € Z} by ®p, and call it the no-history

information model.

. Partial-history information models: Between the two extremes described
above lie a multitude of information models where receivers possess partial
information about the process history. In such partial-history models, the
belief sequence ® would have a complex dependence on the history h;. Because
a comprehensive analysis of all such models is challenging, we focus on a
particular sequence of information models to capture realistic scenarios where
the receivers may have some “delayed” information about the process. Such
delayed information about the process could plausibly arise from the receivers
having interacted with the process in the past; however, we do not formalize

such repeated interactions in our model.

Specifically, for a fixed £ > 0, consider the setting where the receivers observe
the process with an /-period lag. In other words, at each time ¢, the receiver
observes the history h;_g, i.e., all the state-action pairs before time ¢t —¢. Then,

we have for each t € Z,
P”(@ —en,®@PL@P| by = h,a :w> — 1 forall he X® and w € Q.

Here, e}, _, is the distribution that puts all its weight on the realization hi_g =
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h_y, Pf encodes the subsequent ¢ transitions of the process, i.e., the distri-
bution of (Z;_g,...,Z;—1) under the signaling mechanism o, and finally, the
kernel P captures the subsequent distribution of the w;. When the preceding
holds, we denote the resulting belief sequence {¢; : t € Z} as ®,, and call it
the partial-history information model with lag . We note that ®g is same as

the full-history information model ®y.

An advantage of studying the sequence {®},>o of information models is that
they serve as a standard of comparison for other more complex information
models. In particular, one can show that the sender’s payoff under the infor-
mation model ®, acts as a lower-bound on her payoff in settings where the
receivers only have limited, but arbitrary, information about states and action
{ periods and further back. Thus, while we do not capture all possible partial-
history information models, our choice provides a lower bound of many other
information models and gives insight into the problem’s fundamental difficulty,

and on the influence of the lag on the sender’s payoff.

4.3.5 Sender’s Persuasion Problem

Finally, we are ready to formally describe the sender’s persuasion problem. We focus
on settings where the sender seeks to maximize the long-run average reward over
the infinite horizon. Given the Markovian state evolution, this is equivalent to the
sender choosing a signaling mechanism to maximize the expected rewards under the
resulting invariant distribution. Formally, we denote the sender’s problem under the
information model ® as

MPP(®) = max E™v(w,a)]

subject to, o € Pers(®)NX, m=Inv(o), (4.2)

and let OPT(®) denote its optimal value. Furthermore, for k& > 0, we analogously
define MPP(®, X;) (and OPT(®, X)) as the sender’s problem (and its optimal value)
when the signaling mechanism is restricted to lie in the set ¥;. In the preceding
optimization problem, unlike a static persuasion problem, the expectation in the

objective is taken with respect to the invariant distribution 7 which is in turn
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determined by the signaling mechanism o.

Hereafter, we make the following standard wunichain assumption (Puterman)
2014; |Tsitsiklis, |2007)), which is common in the analysis of average-reward Markov
decision processes. To state formally, a stationary Markovian policy is a decision
rule that chooses a possibly randomized action based solely on the current state.
Such a policy naturally induces a Markov chain over the state space. The unichain

condition requires the induced Markov chain to have a single ergodic class.

Assumption 2 (Unichain). Under any stationary Markovian policy, the resulting

Markov chain has a single ergodic class, i.e., it is aperiodic and irreducible.

This assumption ensures that the invariant distribution under any signaling
mechanism o € g, assuming the receivers adopt the recommendations, is unique,

and thus the long-run averages are independent of the initial conditions.

4.4 Benchmarking Markovian Persuasion with Histori-

cal Information

With the goal towards studying the sender’s persuasion problem in general infor-
mation models, we first analyze the sender’s problem under the benchmark
full-history and no-history information models. As we show later, the sender’s op-
timal payoffs in the two benchmark models provide bounds on the sender’s optimal
payoff in partial-history information models. Moreover, the results here set the stage

for our subsequent analysis of the partial-history information models.

4.4.1 Analysis of the Benchmark Information Models

Our analysis of the benchmark information models begins with the following lemma,
which establishes that in each case, there exists an optimal signaling mechanism that
is fairly simple, and does not heavily depend on the history. In particular, the opti-
mal mechanism under the no-history information model ®,, is history-independent,
whereas it additionally depends on the previous state-action pair under the full-

history information model ®g.
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Lemma 1. In the no-history information model ®,,, there exists an optimal sig-
naling mechanism o that is history-independent, i.e., 0 € Y. Similarly, under the
full-history information model @5, there exists an optimal signaling mechanism

o € X1, which depends only on the current state and the previous state-action pair.

The proof uses the underlying Markovian dynamics of the process, and is pro-
vided in Appendix (as are the proofs of all results in this section). Most impor-
tantly, the lemma allows us to show that the sender’s problem in the bench-
mark settings can be formulated as a polynomially-sized linear program. This LP
formulation plays a key role in particular in Theorem {4} where we characterize suf-
ficient conditions under which the sender’s optimal payoffs in the two benchmark
information models are equal.

To obtain the LP formulations, we recall that for any signaling mechanism o €
Y1, assuming that the receivers follow the recommendations, the induced process
dynamics can be described as a Markov chain with states (Z;_1,i¢) € X x Q.
Similarly, for any o € ¥, if all receivers follow the recommendations, the states w;
form a Markov chain. We now introduce some notation to unify the presentation.
First, define Xz = X and X, 2 &X°. For each (w,a) € X and ' € Q, let
Pro(T, W' |w, a) £ p(w'|w, a) for all z € Xpe and pryi(z, W' |w, a) = p(W'|w, a)I{(w,a) =
x} for all x € Ay For i € {full,no}, consider the following linear program LP(7),

with variables z(x,w, a) for each x € &X; and (w,a) € X:

LP(i) £ max Z Z Z z2(z,w, a)v(w, a)

TEX; wEQ aEA

Z 2(z,w,a)0u(w,a,a’) >0, forall a,a’ € Aand x € X,

we
Z Z Z 2(2,w,a)pi(z,wlw,a) = Z z(x,w,a), for all z € X, w € Q
FeX; DN acA acA

Z Z Z z2(z,w,a) = 1. (4.3)

TEX; wEN aEA

The following proposition, whose proof is provided in Appendix relates each
linear program LP(i) to the corresponding problem MPP(®;).

Proposition 4. For i € {full,no}, the sender’s problem MPP(®;) can be equiva-

lently formulated as the corresponding linear program LP(i). In particular, let z}
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be any optimal solution of LP(7). Then, the signaling mechanism o; is optimal for
MPP(®;), where for each x € X;, w € Q and a € A,

2z (z,w,a)

Za’ ZZ( (l’, w, a’/)

if the denominator is positive; otherwise, o; recommends any action that is optimal

oi(alz,w) =

for the receivers at state w.

To interpret the linear program LP(7), we focus on the full-history information
model ®g, and consider a signaling mechanism o € X1 N Pers(®g)). Then, writing

the balance equations (4.1) for the invariant distribution 7 € Inv(o), we obtain

Z 7(z,w)o(alz,w)p(Ww,a) = (w, a,w') , for all (w,a) € X and W' € Q.
TeX

Since this equation is bilinear in 7 and o, we introduce the variables z(z,w,a) =
m(z,w)o(alzr,w), and note that z constitutes the joint distribution of two consecutive
state-action pairs (Z;—1,Z;) under w. The first equality in LP(full) follows from
the balance equations, and the second equality follows because z is a distribution.
The fact that o is persuasive under P, yields the inequality. Thus, the variables
z(x,w, a) defined above are feasible for LP(full), with the objective value equal to the
sender’s payoff under o. The proposition follows upon showing the converse, i.e., for
any z feasible for LP(full), there exists a signaling mechanism o € 3 € Pers(®g)
with sender’s payoff equal to the objective value under z (and a similar statement
for the @, case).

Note that the linear program LP(i) has O(]|&;| x |X|) variables and O(|AJ?-|X;| +
|X;| - |€2]) constraints. Thus, for the no-history information model ®y,, the linear
program LP(no) has O(|Q| - |A|) variables and O(|A|? + |2|) constraints, whereas for
the full-history information model ®g, the linear program LP(full) has O(|Q|2-|A|?)
variables and O(|A|? - | + |Q|? - |A|) constraints. Together with the preceding
result, we thus conclude that, in addition to having an LP formulation, the sender’s
problem in the benchmark models can be solved efficiently. As we discuss later in
Section this is in stark contrast to the case under partial-history information

models.
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4.4.2 Ordering and Bounding Partial-history Information Models

Our next result justifies our choice of the two benchmarks, by showing that there
is a natural nested order relating the different information models, with the two

benchmark models occupying the extremes.

Lemma 2. For ¢ > 0, we have Pers(®s) C Pers(®y) C Pers(®yy1) C Pers(®p,) and
consequently, OPT(‘I)fu”) < OPT(‘I)g) < OPT(@@_H) < OPT((I)no).

Intuitively, the result follows from the fact that with less information available
to the receivers, the sender’s ability to persuade them improves. Formally, this re-
sult is established by showing, e.g., that any signaling mechanism that is persuasive
under the model &, remains persuasive under the model ®,,, because the sender
can always share additional historical information if needed. Thus, the result im-
plies a trade-off: by choosing the optimal signaling mechanism for the model @y,
the sender can simultaneously be persuasive for all the partial-history information
models ®y, but at the cost of lower payoffs. We illustrate the magnitude of this

trade-off in the following example.

Example 4.4.1. Consider a setting with Q = {0,1} and A = {0,1}. The receivers’
utility is given by u(w,a) = I{w = a}, i.e., the receiver desires to match the action
with the state. The sender strictly prefers the receiver choosing action a = 1 over
action @ = 0 in all states, i.e., v(w,a) = I{a = 1} for all w. The transition prob-
abilities are such that when taking action a = 0, the state remains the same with
probability 0.8 and switches with probability 0.2, whereas when taking action a = 1,
the state switches with probability 0.8 and stays the same with probability 0.2. By
solving the LP formulations in the preceding section, we find that the sender’s op-
timal payoff in the no-history information model equals OPT(®,,) = 1, i.e., when
the receivers have no historical information, the sender can persuade the receivers
to always choose her preferred action ¢ = 1. On the other hand, when the receivers

can observe the complete history, the sender obtains a strictly lower payoff, namely
OPT(®gy) = 0.52.

Thus, the example shows that, in general, the sender’s optimal payoff signifi-
cantly depends on the level of historical information the receivers possess. A natu-

ral question then is whether there are conditions under which historical information
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does not affect the sender’s ability to persuade the receivers. The following propo-
sition characterizes one such sufficient condition.

To state the result, we need some definitions. For o € Pers(®n,) N ¥g, with
7 =1Inv(0), let 77 £ Y o m(w)o(alw) denote the probability with which action a
is recommended by o in steady state. Let X7 £ {(w,a) € X : m(w)o(ajw) > 0}
denote the set of all state-action pairs that occur with positive probability under o,
and let A7 = {a € A : 77 > 0} denote the set of all actions that ¢ recommends
with positive probability. Let u7 denote the posterior belief of a receiver after being
recommended a € A%. Finally, let By, = {ug : a € A%} denote the set of all

posterior beliefs so induced, and let Conv(B7,) denote its convex hull. (When it is

clear from the context, we drop the superscript o from the notation to avoid clutter.)
Theorem 4. For a fived o € Pers(®no)NXg, the following statements are equivalent:

1. There exists a signaling mechanism ¢ € Pers(®gy ) N Xy that results in the
same invariant distribution over the state-action pairs as under o, and that

induces the same posterior belief u7 after any action recommendation a € AS ;

2. There exists weights {\(a|x) > 0:a € Ay, x € Xy} satisfying

Z AMalx)pe(w) = p(w|x), for allxz € X+ and w € €,

a€A+

Z Ma|x)Tapa(w) =T,  foralla e Aj.
o=(0,a)EX+

In particular, the preceding statements hold if (i) the set of posterior beliefs BZ, is
linearly independent, and (ii) the transition kernels lie in the convex hull of these

beliefs, i.e., p(-|z) € Conv(B,) for all x € X;.

The theorem, together with Lemma [2] implies that when the conditions in the
theorem statement hold, the sender can achieve the same optimal payoffs no matter
the level of historical information possessed by the receivers. In particular, we have
OPT(®;) = OPT(®po) for all £ > 0. The proof of the theorem uses the weights
A(a|z) to explicitly construct a signaling mechanism o € ¥; which is persuasive for
the model ®@g,);, and induces the same set B,,, of posterior beliefs for the receivers with

the same distribution, resulting in the same payoff for the sender. Finally, observe



59
that the beliefs p, € Bno can be easily computed from the optimal solution of the
linear program LP(no); thus, the sufficient conditions in the theorem statement are

straightforward to verify.

4.5 Optimal Persuasion in Partial-history Information

Models via Robustness

We now turn to the study of optimal persuasion in the general partial-history in-
formation model. We first discuss the technical intricacies in finding an optimal
signaling mechanism for MPP(®,), and the associated computational challenges for
the problem MPP(®,, 3;), which we formulate as a bilinear optimization program.
Given these challenges, we design an approximately optimal signaling mechanism
for MPP(®,) for large enough ¢, that is “simple” in the sense that it is history-
independent and computationally efficient. Our key idea is to leverage the fast
mixing property of underlying Markov chains, whereby after sufficiently many tran-
sitions, the state distribution will be close to, though not exactly the same as, the
invariant distribution. To guarantee persuasiveness for this distribution, it suffices
for our design to simply guarantee robust persuasiveness for every belief that is close
to the invariant distribution. We show that such robust persuasiveness can be em-
ployed to yield a simple and approximately optimal persuasion signaling mechanism

for reasonably large /.

4.5.1 Intricacies of Persuasion in Partial-history Information Mod-

els

Consider the sender’s persuasion problem MPP(®;) in the partial-history informa-
tion model @, for general £ > 1. In these models, the receivers neither have complete
information about the history, nor do they completely lack history information. As
we show next, this intermediate level of historical information makes the sender’s
persuasion problem challenging and technically intricate. In fact, even determining
the degree of history dependence of the optimal signaling mechanism is difficult.
This intricacy presents itself even in the simplest partial-history information model,

namely ®1, as we explain next.
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Recall that in the model @, the receivers observe the history with one-period
lag, i.e., at time ¢, the corresponding receiver observes the history hy_; at time ¢t — 1.
Thus, this receiver knows the realization of Z;_9 = (@w;—2,a;—2), but does not know
Zy—1 = (Wi—1,a—1) and . An initial guess then is to consider signaling mechanisms
in the set Y, i.e., ones that make recommendations based on (Z;—o, Z—1,@¢). (This
comports well with the full-history information model ®5,; = ®¢, where the optimal
signaling mechanism lies in the set ¥;.) With such a choice of o, after seeing

hi—o =h_o9={(...,2_3,7_2), the receiver’s belief about (Z;_1,;) is given by
P (:Z‘t,l =T 1,0t =w ‘ hi—o = h,g) = p(w_i|z_2)o(a_1|z_3,2_2,w_1)p(w|z_1).

Thus, the receiver’s belief depends not just on z_o, but also on the realization x_3
of Z;_3. Requiring the signaling mechanism o to be persuasive for different beliefs
of the receiver corresponding to different realization of x_3, without depending on
x_3 explicitly, is unlikely to yield optimality. Consequently, one is tempted to con-
sider signaling mechanisms o € X3, i.e., ones that make recommendation based on
(Zy—3,Tt—2,T1—1,w¢). However, a similar argument as above would imply that for
such signaling mechanisms, the receiver’s belief would depend on the realization of
(Zi—4,...T4—2). In general, for any signaling mechanism o € ¥ with k£ > 1, the re-
ceiver at time ¢ has a different belief for different realizations of (Z,_ 411y, - -, Tt—2),
but the signaling mechanism ¢ does not base its recommendation on the realization
of Z;_(x41). Due to this mismatch of dependencies, it is unclear what the right de-
pendence of the optimal signaling mechanism is on the history, or for that matter,
even whether there exists an optimal signaling mechanism within the class ¥ of
signaling mechanisms.

Given the ambiguity regarding the degree of history dependence, one may instead
consider optimizing the sender’s payoff within a restricted subset Y of signaling
mechanisms, for some fixed k. However, even this restricted problem turns out
to be computationally challenging since, unlike the case for ®g, and ®,,, it does
not reduce to a linear program. In particular, the following result formulates the

sender’s problem MPP(®;,¥;) as a bilinear program.
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Proposition 5. The sender’s problem MPP(®1,3) can be formulated as the fol-

lowing bilinear program:

mjxxz Z z(h,w,a)v(w, a)

heXk+l (w,a)eX

Z Z z(h, z,w,a)0u(w,a,a’) >0, Vhe XF a,d e A

zeEX we

Z 2(z', h, )p(w|x) — Zz(h,x,w,a) =0, VhexXt zeX we

z'eX acA (44)
> (2@, hw,a) - 22 hyw,d) = 2/ hyw, @) - 2(z, hyw,a')) =0,

a’€A

Vhe Xk oz (wa) e X

Z Z z(h,w,a) = 1.

heXk+1 (w,a)eX

To elaborate, for any ¢ € ¥ and under the information model ®;, given our
preceding discussion, the relevant state from the perspective of a receiver at time
t is (h¥*1 @), of which the receiver has observed h¥ ,. Letting 7 denote the
steady state distribution of (A¥+?

m(x, h,w)o(alh,w) for x € X, h € X¥ and (w,a) € X, the first equality in the

,w;) under o, and after defining z(z, h,w,a) :—

bilinear program follows from the balance equations for the steady-state. The final
equality follows from the fact that z denotes the joint distribution of (Bf“, Wy, @) in
steady state. The inequality follows from the persuasiveness constraint on o, anal-
ogous to the same constraint in LP(full) and LP(no). However, it is in the second
equality that we have the bilinearity of the optimization problem, which arises due
to the restriction that o lies in the set ¥, and hence cannot depend on Z;__1. In
particular, the non-linear equality constraint in explicitly encodes the require-
ment that o(a|h,w) = z(x, h,w,a)/m(x, h,w) does not depend on x € X.

A similar argument holds for any partial-history information model ®;, where
for any signaling mechanism o € X for k > 0, the belief of a receiver at time
t depends on the realization of (Z;_y_k,...,ZT¢—¢—1), but the signaling mechanism
o does not base its recommendation on (Zy_y_g,...,Tt—x—1). Again, the sender’s
problem MPP(®, ¥;) can be shown to be a bilinear optimization problem, whose

size is exponential in £ 4+ k. We skip the details for the sake of brevity.
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k 0 1 2 3 4 )
OPT(®y, %) 0.576 0.772 0.799 0.808 0.811 0.821

Figure 4.1: (Example contd.) Sender’s optimal payoff in MPP(®q, %)) for
different values of k. The optimal values are obtained by numerically solving bi-
linear optimization programs analogous to for different values of k. Here,
OPT (@) = 0.52 and OPT(®y,,) = 1.

The preceding discussion hints at a trade-off faced by the sender in the model &,
for some ¢ > 1. On one hand, the sender can adopt the optimal signaling mechanism
for the full-history information model ®g,, which is simple in that it only uses the
previous state-action pair (and the current state) to recommend an action, and is
persuasive for the model ®,, as shown in Proposition However, this simplicity
may come at the cost of substantially lower payoffs, especially if ¢ is large. On the
other hand, the sender may choose a large k and solve a non-linear program akin
to to find the best signaling mechanism within the class k, which likely will
yield higher payoffs, at the cost of substantial computational complexity. (See e.g.,
Fig ) In the following section, we provide an approach to overcome this trade-off,

as long as one is satisfied with approximate optimality.

4.5.2 Approximately Optimal Persuasion via Robustness

In this section, we ask and answer the following questions: in partial-history informa-
tion models, can “simple” signaling mechanisms guarantee persuasiveness without
sacrificing the sender’s payoff too much? And if so, can we find such a mechanism
in a computationally efficient manner? To answer these questions positively, we
take the robustness approach from Chapter 2l Our starting point is the observation
that, for a signaling mechanism o, if the underlying Markov chain mixes rapidly,
the belief of the receiver who has stale historical information must be close to the
invariant distribution 7 = Inv(c). Thus, if o is simultaneously persuasive for all
distributions close to m, it must be persuasive under the information models ®, for
all large enough ¢. Using this insight, we explicitly construct a robustly persuasive
history-independent signaling mechanism with good payoff guarantees.

To begin, recall that for any history-independent signaling mechanism o € ¥,
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assuming the receivers follow the recommendation, Z; = (@, a;) € X forms a Markov
chain. Let m = Inv(o); we abuse the notation slightly by letting 7 also denote the
marginal over @y, i.e., m(w) = > ,c 4 T(w,a) for w € Q. For € > 0, let By(m, €) denote
the set of all distributions pu € A(f2) that are e-close to 7 in £1-norm: Bi(7,€) =
{neAQ):[lp—7lh <e}.

An e-robustly persuasive signaling mechanism o € X is one whose recommen-
dations would be optimally adopted by any receiver whose prior belief about w; lies

in the set By (m,e€):

Zu o(alw)Ou(w,a,a’) >0, for all a,a’ € A and all u € By(r,¢),

where m = Inv(o). We denote the set of e-robustly persuasive signaling mechanisms
by RP(e€). The value of € captures the degree of robustness of a mechanism o € RP(e),
with smaller values corresponding to lower robustness. Observe that for all € > 0,
we have RP(€) C Pers(®no) N3, with equality for e = 0. Furthermore, the set RP(¢)
is non-empty for all € > 0, as it contains the signaling mechanism that recommends
a receiver-optimal action at each state.

Our next result describes the relation between RP(e) and the set Pers(®y) for
large £. For 0 € ¥y and £ > 1, let Q%(x,w) £ P? (&, = w|Z_1 = x) denote the
distribution of w, under o, given z_; = x € X. Define dy(o) as the maximum

¢1-distance between Q% (z) and 7 = Inv(c) over z € X’:

dy(o —supHQ H —supZ)Q z,w) —m(w)|.

zeX zeX

Finally, let ~,(o) denote the absolute spectral gap (Levin and Peres, 2017) of the
Markov chain {w;} under o and mmin(0) = min, 7(w) > 0. We have the following

result.

Lemma 3. Suppose the signaling mechanism o € ¥ is e-robustly persuasive for
e > 0. If £ > 0 satisfies dy(0) < ¢, then o € Pers(®;). In particular, o € Pers(®) for

all ¢ > s 10g (25).

The proof of the bound in the lemma statement uses the unichain assumption

(Assumption [2) to bound the mixing time of the underlying Markov chain. The
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result implies that in order to find a signaling mechanism in Pers(®y), it suffices to
find a history-independent signaling mechanism in the set RP(¢) for small enough e.
We highlight that the required value of € decays exponentially in ¢, and hence the
robustness requirements are not too stringent.

Given this preceding result, we seek to identify a robustly persuasive mechanism
with good guarantees on the sender’s payoff. We prove such a result next. To state

the result, we need a definition. Define the sets P, C A(Q2) as follows:

P, 2 {u € A(Q) : a € argmax B, [u(w, a')]} .
al
In other words, P, is the set of beliefs for which the receiver finds it optimal to
choose action a. Similar to Chapter [3] we make the following regularity assumption

on the receivers’ utility function.

Assumption 3 (Regularity). There exists a positive constant D > 0 and beliefs
Ne € Py for a € A such that By(n,, D) C P, for each a € A, where B1(n, D) is a
radius-D ¢;1-ball centered at 7).

The regularity assumption ensures that each action for the receiver is optimal
for a set of beliefs with non-zero (Lebesgue) measure. This ensures the exclusion of
pathological instances, where there is an action that is optimal for the receiver under
a unique belief. Furthermore, Chapter [2| establishes that the regularity assumption
ensures that, in static problems, the cost of requiring robustness scales linearly in
the degree of robustness.

Next, let a, € A be a best response for a receiver at state w € , i.e., a, €
arg maxge 4 u(w, a) for each w € A. Let Py(w,w’) £ p(w'|w, a,) denote the transition
probability from state w to state w’ on choosing the action a, and let Py denote
the transition matrix of the underlying process. Note that the unichain assumption
implies that Py is ergodic. Let vy € A(€2) denote the steady state distribution under
the transition kernel Py. Furthermore, let 7 £ max,, 1/vf(w) denote the maximum
expected first return time across all states. Finally, let sy be the smallest positive
singular value of the matrix I — P;.

With these definitions in place, we are now ready to present the main result of

this section.
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S fWmin D

2(sp+2(1+7)4/1920)
with the sender’s payoff bounded below by

(1‘ D <1+ 2(1”)m>> OPT(@y),

Wmin Sf

Theorem 5. Fore < , there exists a signaling mechanism & € RP(¢)

where Wiy s the smallest positive probability of recommending an action under the

optimal mechanism under ®pq.

The preceding result, together with Lemma[3] implies that for the partial-history
model ®;, with large enough /¢, the sender need not solve a non-linear program.
Instead, the sender can use a simple history-independent signaling mechanism to
obtain approximately optimal payoffs. The proof involves an explicit construction
of such a signaling mechanism o € RP(¢). From a computational perspective, con-
structing such a mechanism requires solving MPP(®,,) (equivalently the linear pro-
gram LP(no)), and solving a separate linear program ((C.8) with O(|{2|) variables
and constraints (see Lemma |11} in Appendix for details). Thus, not only the
proposed mechanism obtains approximately optimal payoffs, but it also can be com-
puted efficiently.

To construct the mechanism & € RP(e) with good guarantees on the sender’s
payoff, we use a similar approach as in Chapter [3] where we first identify a set of
beliefs that we seek to induce as the receivers’ posterior beliefs under the constructed
mechanism. These beliefs are chosen to lie strictly in the interior of the sets P,
to ensure that the actions remain optimal for all close-by beliefs. However, unlike
the static setting in Chapter [2] the endogeneity of the receivers’ prior belief in our
setting raises the question of whether there exists a mechanism that induces these
beliefs as posteriors. To exhibit such a mechanism, we prove the following analog of
the splitting lemma (Aumann et al [1995b; Kamenica and Gentzkow, 2011) for the
Markovian persuasion setting, providing conditions on a set of beliefs under which

a signaling mechanism exists that induces those beliefs as posteriors.

Lemma 4. For a finite set S, let {us : s € S} be a set of beliefs, and for each s € S,
let as € A be such that us € P,,. Suppose there exists a set of weights {ws; > 0:s €

S} satisfying > cqws =1 and Y o> cqWsphs(W)D(-|w,as) = D cqwspts- Then,
there exists a history-independent signaling mechanism o, sending signals in the set
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S, such that, under the no-history information model, the signaling mechanism o
is persuasive (where a signal s is interpreted as an action recommendation of as),
with a receiver’s posterior belief upon receiving signal s given by ps.

Conversely, for any history-independent signaling mechanism o € Pers(®,,) N,
there exists weights {w, > 0 : a € A} and beliefs {u, € P, : a € A} satisfying
YoacaWa = Land >0 4> coWatta(W)p(-lw,a) = >, c 4 Walla, such that, under
the no-history information model, a receiver’s posterior belief upon receiving an

action recommendation a € A is given by .

With this Markov splitting lemma in hand, we construct our robustly persuasive
mechanism by proving the existence of weights satisfying the preceding condition.
We provide the complete proof in Appendix

4.6 Conclusion

We consider a Markovian persuasion setting between a single long-lived sender and
a stream of receivers, where the sender commits to a signaling mechanism to maxi-
mize the long-run average reward. To capture settings where the receiver may have
limited historical information, we analyze a set of endogenous information mod-
els. We observe that the sender’s persuasion problem can be posed as simple linear
programs under the full-history and the no-history information models. However,
when the receiver has partial information about the history, the sender’s problem
presents technical intricacies, and is computationally challenging due to its non-
linear nature. To overcome this difficulty, we adopt a robust persuasion approach to
construct a simple history-independent signaling mechanism with strong guarantees
on the payoff, that nevertheless is persuasive for all models with sufficiently limited
historical information. Furthermore, the robust mechanism can be computed effi-
ciently by solving simple linear programs. From a theoretical perspective, our work
in this chapter quantifies the trade-off between higher sender’s payoffs and being
persuasive under a larger class of information models.

We have focused on the setting where the sender seeks to maximize the long-run
average payoff. An alternative objective is to maximize the cumulative discounted

reward. However, note that in endogenous information models, the receivers’ belief
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is related to the invariant distribution of the process, which equals long-run aver-
ages in stationary models. Thus, the persuasion problem with discounted rewards
is similar to a constrained Markov decision process where the objective involves
discounting and the constraint requires averaging. Even in the classical context
of constrained MDPs, problems with distinct discount factors in the objective and
the constraints are challenging (note that averaging can be interpreted as the limit
where the discount factor converges to one). For instance, Feinberg and Shwartz
(1994} 1995) show that in such settings the optimal policy need not be stationary.
An additional complexity that arises with discounting rewards is the dependence
on the initial conditions. Given these challenges, a systematic analysis of Markov
persuasion process with endogenous beliefs and discounted rewards is an interesting

direction for further theoretical research.



Chapter 5

Conclusion and Discussion

This thesis leverages robustness to study two models of information design in un-
certain environments. Starting with a static Bayesian persuasion problem involving
a single sender and receiver, we introduced the notion of robust persuasiveness and
characterized the cost of robust persuasion. Building on this, we extended our
study to dynamic settings of a single sender and a stream of receivers. Chapter
considers the problem where the sender must learn the unknown state distribution
while sending robustly persuasive recommendations. Using the robustness approach,
we propose the fRai algorithm which persuades robustly and achieves O(y/T logT)
regret against the optimal signaling mechanism under the knowledge of the state
distribution. To account for state evolution, Chapter | studied the Markov persua-
sion problem, where the receiver’s action also determines the system’s next state
(stochastically). Here, we developed a robust and simple signaling mechanism with
strong guarantees on the payoff when the receivers have sufficiently limited historical
information. Together, these contributions demonstrate how robustness provides a
powerful tool for studying persuasion problems in uncertain environments.

Our results assume that the underlying state distribution remains fixed over
time. However, in real-world settings, such distributions as product quality or de-
mand /supply distribution often evolve dynamically. An important extension would
explore how the sender can adapt the recommendations to such changing envi-

ronments while maintaining robustness. This extension may require incorporating

68



69
techniques from online learning, especially robust algorithms for non-stationary en-
vironments. For example, methods like regret minimization (Gajane et al., 2018;
Cheung et al., |1906) could enable the sender to make recommendations that are
persuasive and resilient to shifts in the underlying state distribution.

Another promising research direction is to extend our model to settings with
multiple simultaneous senders. In Chapters|3|and |4} we focused on the single sender
setting. However, many real-world platforms naturally involve multiple senders per-
suading the same receivers. In such settings, senders may have conflicting objectives
or even engage in direct competition, introducing strategic interactions that funda-
mentally differ from those in the single-sender case. For example, a seller listed
on both Amazon and eBay, with each platform aiming to convince the buyer of
the product’s quality. However, their goals may not be aligned: Amazon aims to
increase sales volume through customer reviews and product labels like “Amazon’s
Choice”, while eBay may focus on attracting more bids and increasing competition
between buyers. The user, having access to information from both platforms, may
be influenced differently depending on the recommendations from each platform on
the same product. Similarly, Uber and Lyft both have real-time demand information
and strategically use it to persuade drivers to reposition to specific pickup areas.
While both platforms aim to optimize their own operations, each platform is focused
on persuading drivers to pick up locations that benefit their own goals, whether it’s
maximizing efficiency or revenue, leading to competing recommendations for the
same set of drivers. This raises a central question about how each sender should
design their signaling mechanisms in the presence of others. Should senders co-
ordinate their signals, exploit differences in their objectives, or adapt dynamically
to the strategies of their rivals? Moreover, incorporating uncertainty about the
environment adds further complexity. How can each sender share persuasive rec-
ommendations while accounting for state uncertainty and the potential actions of
completing senders?

Finally, future work is to investigate robust persuasion with partial receiver feed-
back, where the sender has limited or noisy information about the receiver’s actions
or outcomes following a recommendation. For instance, platforms may only receive

aggregate-level data or delayed feedback from the receivers, making it challenging to
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accurately compute the sender and receiver’s utilities. This partial feedback environ-
ment introduces complexities in designing persuasive signaling mechanisms. Future
work could focus on designing robustly persuasive signaling mechanisms that can

account for the uncertainty in feedback while guaranteeing good performance.
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Appendix A

Appendix to Chapter

A.1 Proofs from Section [2.4.1]

This section provides the proof of the propositions in Section Throughout, we

use the same notation as in the main text.

A.1.1 Proof of Proposition

2
Proof of Proposition [l Observe that for e > %, we have ;213) > 1, and hence the
0

specified bound is trivial. Hence, hereafter, we assume € < p‘%TD.

To begin, let o € arg max,/cpers(u) V (1, 0') denote the optimal signaling mecha-
nism under the distribution p. Let Ay = {a € A: > .qo(w,a) > 0} denote the
set of all actions that are recommended with positive probability under o. For each
a € Ay, let p, denote the receiver’s posterior belief (under signaling mechanism o)
upon receiving the action recommendation a. Note that since o is persuasive under
i, we must have u, € P,. By the splitting lemma (Aumann et al.| [1995a), it then
follows that ;1 can be written as a convex combination ) . A, Walta Of {tta :a € A},
where w, € [0,1] is given by w, = Y cq p(w)o(w, a).

We next explicitly construct a signaling mechanism . To simplify the proof
argument, the signaling mechanism ¢ we construct is not a straightforward mecha-
nism, in the sense that it reveals more than just action recommendations for signals
in S. Using revelation principle, one can construct an equivalent straightforward

mechanism & by coalescing (Anunrojwong et al., 2020)) signals with the same best
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response for the signal. We omit the details of this reduction. We start with some
definitions that are needed to construct the signaling mechanism .

Let ng € P, be such that By(n,, D) C P,. For 6 = pgjj € [0,1], define &, =
(1 =0)pg + dng € P, for each a € Ay and let £ = Za6A+ we&,. Furthermore, since
ta € Py and Bi(ng, D) C P, the convexity of the set P, implies that Bi(&,,dD) C
Pa.

Since p € By C relint(A(€2)), we have ﬁ(u —p&) € A(Q) for all small enough
p>0. Let p 2 sup {p €[0,1]: ﬁ(u —p€) € A(Q)} be the largest such value in
[0, 1], and define x as

= (n—p&), ifp<1;

lI>

1, if p=1.
Then, we obtain p = p€ + (1 — p)x. Furthermore, if p < 1, we have

lIx — wll o _Po
Ix —ully + le =€y — po+0

p:

where the inequality follows from |lp—¢[l; < 3 ,ca, walte —&lly =
6> aea, Wallna — &ally < 26 and from the fact that x lies in the boundary of A(f2),
which implies ||x — pl]; > 2miny, p(w) > 2po.

With the preceding definitions in place, we are now ready to construct the
mechanism o. Let a, be a best response for the receiver at state w € Q, and
let S = {(w,an) € 2x A: x(w) > 0}. Consider the signaling mechanism &, with

the set of signals A, U S, defined as follows: for each w € €, let

’wf(i)(;)), for s=a € Ay,
6(w,s) 2 ﬂ—mﬁ% for s = (w, ay) € S; (A1)
0, otherwise.

We now show that the signaling mechanism & is persuasive for all distributions in
B1(u, €), in the sense that for all signals s € A it is optimal for the receiver to play
s, and for all signals s = (w, a,,) € S, it is optimal for the receiver to play a,. To see

this, for any v € By(u,€), let y(+|s) denote the receiver’s posterior under signaling
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mechanism ¢ upon receiving the signal s € Ay US. For s = (w,a,) € S, we have
v(:|s) = e, where e, is the belief that puts all its weight on w € Q. Thus, upon
receiving the signal s = (w, ay,) it is optimal for the receiver with the distribution
v to take action a,. Thus, it only remains to show that signals s = a € A, are
persuasive.

For a € A4, we have for w € (),

wla) = pw)a(wa) =&, (w

u( ‘ ) Zw’eQﬂ(w,)a(w/7a> §a( )
y(wla) = y(w)o(w,a) _ ~y(w) _ £a(w) .
YweaVW)o(w a)  pw) ZwIEQ%

Then, using triangle inequality and some algebra, we obtain

() = uCla)ll, = Y Iv(wla) = &(w)]

weN
(wla) — 1) YW e ) — e (w
<UJ€ZQ | (w) a( )"f‘o;] N(W) éa( ) ga( )
<2 ilelpi((:j)) Iy = wlly
2€
< —,
Po

§a(w) 1
) = po-

Since u(-la) = &,, this implies that v(:|a) € By <§a, p—o) = B1(&,0D) C P,. Thus,
the signal a € A, is persuasive for the distribution v € By (u,€). Taken together,

where in the final inequality, we have used min,, 1(w) > po to get sup,,cq

we obtain that the signaling mechanism o is persuasive for all v € By (u,€).



83

The persuasiveness of ¢ for all v € By (u, €) implies that
sup  V(p,0') >V (p,0)

o’ €Pers(B1(1,¢€))
= Z Z w(w)o (w, a)v(w, a) + Z Zu(w)&(w, s)v(w, ay)

weRacA4 weN ses
>3 ) pwaba(w)v(w, a)
weQacAL
55 S wa (1 D) ptalw) + Ima(w)) v(ewr )
weNacAy
> ﬁ(l - 6) Z Z waﬂa(w)v(w’a)
weQacAy

— A(1 - 6)OPT(y).
Thus, we obtain

Gap(u, B1(p,€)) = OPT(u) — sup  V(w,0')
o’ EPers(B1(p,€))

< (1 —=p(1—4))OPT(n)

(525)
S\=p)6
poD

where the final inequality follows from p > pf 150 0= pi—% and OPT(u) < 1. O

A.1.2 Proof of Proposition

In this section, we provide the proof of Proposition

Proof of Proposition[3 1t is straightforward to verify that the following signaling
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mechanism o* € Pers(u*) optimizes the sender’s expected utility among all mecha-

nisms in Pers(u*):

* * 1
o (wo,a1) =0 (wo,G2)=§,
1 D
oc*(wi,a1) = 0 (wo,a9) = = + —————,
(Wi, a1) = 0™ (w2, a2) = 5 50— o)
. . 1 D
0¥ (w1, a2) = 0% (w2, 1) = 5 30— po)’

0" (w,a) =0, otherwise.

Since the action recommendations are always in {a1,as}, we obtain OPT(u*) = 1.
Recall that iy = p* + §(e1 — e2),fiz = p* + §$(e2 — e1). By the linearity of
obedience constraints and p* = (i1 + fi2)/2, it follows that Pers({u*, fi1, fia}) can
be obtained by imposing the obedience constraints at distributions fi; and fis. The
optimization problem max,{V (u*,0) : o € Pers({fi1, fi2})} can be solved to obtain

the following optimal signaling mechanism:

N . 1
6 (wo, a1) = 6(wo,a2) = 3
X
a-(wlaal) - 6(w2,a2) = ?7
Y
o(wi,a2) = 6(wz,a1) = =
(wi,a3) =o0(wg,a4) =1 —0(wi,a1) — 6(wr,a2),
(w,a) =0, otherwise,

where

X =2po(1—po — €)(1 = po+ D)D* + po(1 — po + €)(1 — po — D — 2D?),
Y =po(1 —po —€)(1 — po — 3D + 2D?) + 2po(1 — pg + €)(1 — pg — D)(1 — 2D)D?,
Z = (1—po+e€*(1—po—D)(1~2D)(1~p—D—2D?

—(1—po—€)*(1 —po+ D)(1 —po — 3D +2D?).

The difference in the sender’s expected utility between using the optimal persuasive

signaling mechanism for the distribution p* € B and using the optimal signaling
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mechanism that is persuasive for all distributions in {u*, fi1, fio} is given by

Gap(u®, Pers(u*, i1, fi2)) = V(u*,0%) = V(u*,6)

S €1/2+ Dpo(1 +€/2 — Dpy — D)
-2 Dpg+e€

> < .

~ 8Dpo
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Appendix to Chapter

B.1 Proofs from Section [3.4]

B.1.1 Proof of Theorem 1

Proof of Theorem[1]. If u* € By for each t € [T, then since o[h] is persuasive under
all distributions in B;, we deduce that o[h] is persuasive under the distribution p*

for all t € [T']. Thus, we obtain that the fRai-algorithm is S-robustly persuasive for

B = sup P (NerBr 3 1*) -
n*€Bo

Now, for any u € By, using the union bound we get

Py (NiemnBe # 1) = P (Ve Bf > 1)
<D PuBiap)

te(T)
= Pulln— sl > )
te(T)
Q
=Y P, (H% —plly > \/|t| (1 + \/@logT)> :
te[T]
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For t < %@logT, we have

/1€ 1
— (1 OlogT 219 (14— | > 2
t ( + o8 ) - L+ vVologT ) —

Hence, P, <|*y,5 —ully > @ (1+ \/<I>logT)> = 0. On the other hand, for ¢ >
%CI)log T, we have /®logT < 2v/t, and hence from Lemma |5, we obtain

2 PM(”’W‘M”Q\/@(HW))g > exp<_?@b§gm>

t>1dlogT t>1dlogT
< T_squﬁ/ﬁ <T B (I)logT>
4
< 7150
Setting ® > 20 implies that the final term is at most 7795, O

Lemma 5. For each t € [T], and for any u € A(Q2), we have for all 0 < ®; < 2V/¢,

0 302V/Q Q
Py, <||%s —pll = |t‘ (1+ <I>t)> < exp <—é6> I{ |t| (14 ®,) < 2}.

Proof. Let X; € {0, 1}/l denote the random variable with X;(w) = I{w; = w}, and
define Yy = Xy — E,[X¢]. Let Zy = || 32y Y|, Since [[Yill; < [ X¢ — Eu[Xq][|; <2
for each t € [T], by Foucart and Rauhut| (2013, Corollary 8.46), we obtain for each
t e [T],

352
Py (Ze 2 EylZ] +5) < exp (‘4 (6 + 6E,[Z:] + s)) '
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Next, letting Zi ., = | > ey Yr(w)| for w € Q, we obtain

Eu[Z) =Y EulZ.

weN

= Z Eu[\/@]

weN

< Z \V Eu[ZtQ,w]

weN

=3 3 van, o)

weQ \/ reft]

=VE- Y V@) T = p@))
we

<VIQl,

where the first inequality follows from Jensen’s inequality, and the third equality fol-
lows from the fact that, since E,[Y;(w)] = 0, we have E[Z ] = > orepy Vary[Yr(w)].

The final step follows from a straightforward optimization. Thus, we obtain

352

4 (6t+6 |Q|t+s)

P, (7> /0lt+5) <exp | -

Choosing s = ®;/|Qt for 0 < ®; < 2v/¢, and noting that Z; = t|v: — ul,, we

obtain

307|0t
6t + 6/t + <1>m/|Q|t>
3074/[0
4 (124 /1)
307v/Q
< — .
= exP( 56 )
The lemma statement then follows after noticing that for all ¢t € [T], we have

1 — slly < Ivelly + llelly < 2. =

Q
P, (H%—qu > ’t|(1+<1>t)> < exp —4(
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B.2 Proofs from Section [3.5]

B.2.1 Proof of Theorem 2|

In this section, we provide the proof of Theorem In the process, we also state

and prove several helper lemmas used in the proof.

Proof of Theorem[4. In Lemma [ we obtain the following bound on the regret:

Regz(Mai, 1, T) < Y Gap(u, By (", [l — velly)) + > Gap(y, By)

te([T] te[T]
3 =l + D B [o(wr, an)|he] — v(wr, ar)) -
te(T) te(T)

Now, from Proposition |1, we have

* * * 4 *
Gap(u” B =) < (35 ) I =l

Thus, we obtain

Regz(Rai, p*, T) < Y Gap(y;, Br) + ( ) >t =l

te[T] te[T)

+ Z E wt,at |ht] — v(wt,at)
te[T]

Finally, in Lemma [9 we show that on the event {y* € B;}, we have Gap(vs, B;) <
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(}%) €. Thus, on the event {1* € Ny Bi}, we obtain
0

- 20
Reg;[(%m,u,T)s(pQD )Zet+zE (et a0)le] — v{ersar)
0

te|T) te(T)

§<p30 )(HZ\/» + <I>1ogT)>

+ Z E wt,at ‘ht] — v(wt,at)
te[T]

<2 (;2; + 1) (1 +VIQIT + \/CblogT))

0

+ Z E - [v(we, ar) |he] — v(wy, ay),
te[T]

where in the final inequality, we have used the fact that Z 1 JVE< 2VT.

From Theorem we have P, (ﬂte[T]Bt ] ,u) < Tl_i. For t € [T], let X; £
E, - [v(we, ar)|he] — v(we, ar). Observe that E - [X¢|hy] = 0 and | X;| < 1. Thus the
sequence {X; : t € [T]} is a bounded martingale difference sequence. Hence, from

Azuma-Hoeffding (Boucheron et al., [2013), we obtain for z > 0,

222
Z E - [v(we, ai)|he] — v(we, ap) > 2 | < exp - )
te[T]

Choosing z = /ol 'logT for a > 0 for a > 0, we have

1
Z E - [v(we, ar)|he] — v(wg, ag) > /aTlogT | < Toa

te[T]

After choosing o = 4®|Q)| and taking the union bound, we obtain with probability

s
at least 1 — T1_3(I> - T~ 84)‘9' we have

2
Regy (Rai, yu*, T) < 2 (% + 1> (1 +/]QT(1 + 2\/<I>logT)> .
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Lemma 6. The fRai algorithm satisfies

Regz(Rai, u*, T) Z Gap(p*, Bi(p*, [|1* — lly)) + Z Gap (¢, B)

te[T) te[T]
+ Z " = ey + Z v(wt, at) |ht] — v(wt, ar)) -
te[T) te([T]

Proof. From the definition (3.2)) of regret, we have

Regz(Rai, u*, T) = OPT(p*) - T — Z v(wy, ar)

te(T)
= OPT(u Z E - [v(wy, ar) | ] (B.1)
te(T)
+ D (B [o(wr an)lhe] = v(wr, ar))
te[T)
= > (OPT(u") = V(1"  olle)) (B.2)
te[T]
+ D By [o(wr, ar)he] = v(wr, a)), (B.3)
te[T]

where in the last equality, we have used the fact that E,«[v(w, a¢)|he] = V (1*, o[hy]).

Moreover, note that

OPT(u*) = V(1 olha]) = OPT (1) = V (31, olhal) + V(v olhe]) = V (1", o [he])
= (OPT(p*) = OPT (7)) + (OPT(v:) — V (v, o[he)))
+ (Vs olb]) = VI(i*s olhal))
= (OPT(u") — OPT(y)) + Gap(vt, Br)
+ (Vv olhe]) = V(™ alhe])

where in the final equality, we have used the fact that OPT(v;) — V (v, 0lht) =
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Gap(7¢, Bt). Substituting the preceding expression into (B.3)) yields

Regz(Rai, u*,T) = Z (OPT(u*) — OPT(w)) Z Gap(yt, Br)

te[T] te|T)

+ Z (1,0 = V(u',olhl))
te[T]

+ Z wt,at |ht] — U(Wt,at))
te(T)

Now, in Lemmalﬂ we prove OPT(u*) — OPT(v;) < Gap(p*, By (u*, [l0* — well1)) + 3 -
|* —~¢|l;- Furthermore, in Lemma [8] we show that V (v, olhi]) — V(p*, o[h]) <
31l — el Putting it all together yields the lemma statement. O

Lemma 7. For any i, p2 € A(Q2), we have

1
OPT (1) — OPT (u2) < Gap(p1, B1(per, 1 — p2lly)) + 3 |11 — pzl|;-

Proof. Fix p1,pu2 € A(Q). For i € {1,2}, let 0; € argmax,/cpers(,) V (1ti,0’). By
definition, we have OPT (1) = V (14, 04).

Next, among all signaling mechanisms that are persuasive for all y €
Bi(pt, |1 — p2lly), let o3 maximize V' (p1,0). Since o3 is persuasive for o, we
have OPT(u2) = V(u2,02) > V(p2,03). Thus, we have

OPT(u1) — OPT(u2) = V(u1,01) — V(pz,02)

IN

V(p1,01) = V(p2,03)
V(p1,01) = V(p1,03) + V(pr,03) — V(pz,03)
< Ga

1
p(p, Bi(pa, |1 — p2lly)) + 3 |1 — palf;-

Here, the inequality follows from the definition of Gap(-), and from Lemma O

Lemma 8. For any pi, pu2 € A(Q2) and any signaling mechanism o, we have

1
|V (u1,0) = V(pg,0)| < 5 1 — pa2ll; -

Proof. Fix p1, p2 € A(2). For any signaling mechanism o that is persuasive under
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11, we have for any x € R,

\V(p1,0) = V(pz,0)| =

S (11 (w) — p2(w)) (Z o(w, a)o(w,a) - x) |

weN acA

Z o(w,a)v(w,a) —x

a€A

)

< |l — p2|l; - sup
0

we

where we have used the Holder’s inequality in the last line. Optimizing over x,

together with the fact that the sender’s valuations lie in [0, 1], yields the result. [

Lemma 9. For ¢ € [T], on the event {u* € B;}, we have

16
Gap(’YtaBt) < <p%D> €¢-

Proof. On the event {u* € B,}, we have
(W) = p(w) = e = plly
2 Po — €t-

Thus, for ¢ < £, we have min, y(w) > . Using the same argument as in

Proposition [l we then obtain

4 16
Gap(yt, Br) = Gap(yt, Bi(vt, €4)) < (Dminw ’Vt(w)2> € = <p(2)D> €t

For €; > po/2, the bound holds trivially since 16¢;/p3D > 1. O

B.2.2 Proof of Theorem [3

Proof of Theorem[3. For a distribution u € By, define the event Ep(u) as
Er(w) = {hr : 0%hy] € Pers(p), for each t € [T]}.

In words, under the event Er(u), the signaling mechanism o®[h;] chosen by the

algorithm a after any history hy € Er(u) is persuasive for the distribution u. Since
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the algorithm a is Spr-robustly persuasive, we obtain
P, (Er(p) =1 —pr, forall u € By.

Fix an € € (0, @) to be chosen later, and consider the distributions p* =

(po, 222, 1520) and fiy = p* + & (e1 — e2) and fiz = p1* + & (e2 — e1), where ¢ is the
belief that puts all its weight on state w; for j € {1,2}. Observe that P« (Ep(u*)) >
1 — Br since p* € By. Note that for each j € {1,2} and for all € € (0, 173”0), we
have fi; € By and hence Py, (Er(fij)) > 1 — Br.

Now, on the event Er(u*) N Er(f1) N Er(fiz), the signaling mechanism o®[hy]

chosen by the algorithm after any history h; is persuasive for all the distributions

w*, fi1, fiz. Thus on the event Er(u*) N Er(f1) N Er(fiz), we have

" " " . eT
T-OPT(u*) = > V(u*,0%h]) > T - Gap(p*, {u*, fir, fin}) > SDpo’
te[T]

where the first inequality follows from the definition of Gap in (2.3]), and the second
inequality follows from Proposition

Now, we have

2Py (Er(fn)) — Py (Er(m))I* < Y KL (w*||fin)

te[T]
_1—po (1—po)?
=3 10g<(1p0)262 T
_1—po €2
=3 log <1+(1—p0)2—62>T

1—po € T
2 (1 —pg)2 — €2

where the first inequality is Pinsker’s inequality, and the first equality is from the

definition of the Kullback-Leibler divergence, and the final inequality follows from

log(1 +z) < z for z > 0. Thus, for e < 752, we obtain

2 2¢2T

T <€
~ 3(1—po) —

2|Pys (Er(pn)) — Ppy (Er(m))]
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where we have used py < &+ = £ in the final inequality. Thus, we obtain that
p 9] 3 q

P+ (Er(fin)) = P (Ex (")) — [Py (Er(f1)) — Py (Ex(fin))]
>1-pr— 6\/2‘

By the same argument, we obtain P« (Er(fi2)) > 1 — B — e\/;
By the linearity of the obedience constraints, we obtain that if o € Pers(fi;) N
Pers(fi2), then o € Pers(p*). Thus, we have Er(fi1) N Ep(2) C Ep(p*), and hence

P+ (Er(p*) N éEr(m) NEr(a2)) = Py (Er(f1) N Er(f2))
> Py (Er()) + P (Er(fiz)) — 1
>1— 287 — eV2T.

Finally, by the Azuma-Hoeffding inequality, we obtain

P | YVt o) = > vlwpa) < —VT | <e /2

te(T) te[T]

Taken together, we obtain that with probability at least 1 — 287 — ev/2T — e~ /2,

we have
N " el
RegI(a,T,u ):TOPT(M )_ Zv(wtaat) > 8D -
te[T] Po
For T > 1Ty = m, choosing ¢ = ﬁ < @, we obtain, with probability at

least % — 207,

Regz<a,T,u*>:T-0PT<u*>—Zv(wt,aozﬁ( ! —1)> VT

te|T)

for Dpy < 1/32. O



96
B.3 Concentration Inequalities

In this section, we provide some concentration inequalities used in the proofs of our
main results. We use the same notation as in the main text. The following lemma
provides a bound on the £1-norm of the deviation of the empirical distribution from
its mean.

The following lemma is a standard application of the Azuma-Hoeffding inequal-

ity (Boucheron et al., 2013)), and used to obtain bounds on the regret.

Lemma 10. For all y* € By and a > 0, we have

1
Z E - [v(we, ar)|he] — v(we, ap) > /aTlogT | < —= T

te[T]

Proof. Fort € [T), let X; £ E = [v(wy, ar)|hi] —v(wr, ar). Observe that E,«[X¢|hy] =0
and | X;| < 1. Thus the sequence {X; : t € [T]} is a bounded martingale difference
sequence. Hence, from Azuma-Hoeffding (Boucheron et all, 2013]), we obtain for

z >0,

222
Z E,+[v(we, ar)|hi] — v(wg, ae) > 2 | <exp - )
te[T]

Choosing z = y/aT logT for a > 0 yields the lemma statement. O

B.4 Examples of Persuasion Instances

In this section, we provide examples of persuasion instances that illuminate various

aspects of our theoretical results.

B.4.1 Failure of the Regularity Condition

We begin with an example of an instance Z; in which the regularity condition does
not hold, and in which any S-robustly persuasive algorithm incurs a linear regret.
We establish this by proving that in this instance, the cost of robust persuasion

Gap(p*,B1(u*,€)) is a constant independent of e for all € > 0.
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wo

Py Po

w1 w2

Figure B.1: The persuasion instance Z;.

In the persuasion instance Z;, the state space is given by Q = {wp,w1,ws} and
the receiver has four actions A = {ag, a1, a2,as}. The receiver’s utility is given by
u(wj, a;) = I{i = j} + $1{j = 3} for i € {0,1,2} and j € {0,1,2,3}. The sender’s
payoff is given by v(wj, a;) = I{j = 3}; in other words, the sender strictly prefers the
receiver choosing action ag over any other action in all states. The sender’s initial

knowledge regarding the underlying state distribution is captured by By = B (u*, €9)
12 l)
6°3°6/
The receiver’s preferences can be depicted in Fig. with sets P; for j €

for some ¢y > 0, where pu* = (

{0,1,2} denoting the set of beliefs for which the receiver finds it optimal to choose

action aj. On the other hand, the set of beliefs for which it is optimal for the receiver
11 l)
3:3°3

(the orange central point in the figure). Since P3 has an empty interior, the first

to choose the sender’s preferred action ag is given by Ps3 = {i} where i = (

regularity condition fails for the instance Z;.

If the distribution p* is known, the sender can use a signaling mechanism that
induces i as the posterior belief with positive probability, causing the receiver to
choose action a3 leading to a positive payoff for the sender. Formally, under the

121

distribution yu* = (5, 5, ), the optimal signaling mechanism is given by

* * 1
o (W1,CL3) =l-o (Wl,al) = Z?

o (wo,a3) = 0 (we,a3) =1,

0" (w,a) =0, otherwise.
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Under this mechanism, the sender’s utility is given by OPT(u*) = %

However, for any € > 0, the only recommendations that are robustly persuasive
for all distributions in B (u*,€) are ag,a1,ae. Thus, any signaling mechanism that
is persuasive for all distributions in Bj(u*,€) can never recommend the sender’s
preferred action as, leading to the sender’s payoff of zero. Hence, the difference in the
sender’s expected utility between using the optimal persuasive signaling mechanism

for the distribution p* and using the optimal signaling mechanism that is persuasive

for all distributions in By (u*, €) is given by

* * * % % A 1
Gap(,u 781(,“ 76)) :V(,u y O )_V(M 70) = 5

Thus, Gap(u*,Bi(un*,€)) is a constant independent of € > 0. Using this bound on
the cost of robust persuasion and an argument similar to the proof of Theorem
one can show that the regret of any (S-robustly persuasive mechanism is of order
Q(T) with probability at least 1/3.

B.4.2 Linear Regret for O-robustly Persuasive Mechanisms

In this section, we establish the necessity to consider S-robustly persuasive mecha-
nisms with (small) g > 0 for obtaining meaningful regret bounds. This is demon-
strated by a simple example of the persuasion instance Zy in which any 0-robustly
persuasive algorithm necessarily incurs a linear regret.

In the persuasion instance Zo, the state space is given by Q = {wg,w;} and
the receiver’s action space is given by A = {ag,a1}. The receiver’s utility is given
by u(w;,a;) = I{i = j} for i,5 € {0,1}, i.e., the receiver desires to “match” the
action with the state. On the other hand, the sender strictly prefers the receiver
choosing action ag over action a; in all states, i.e., v(w;,a;) = I{j = 0} for all
i,7 € {0,1}. The sender’s initial knowledge regarding the distribution is captured
by Bo={(3 —a,3 +a): a €[—1,+1]}.

For each i € {0,1}, the set of beliefs for which it is optimal for the receiver
to choose action a; is given by P; where Py = {(a,1 — a): a € [3,1]} and Py =
{(a,1 —a): a € [0,3]}. Note that the persuasion instance I, satisfies both the
regularity conditions.

Now, since all the distributions in By are absolutely continuous with respect to
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each other, any algorithm a that is O-robustly persuasive must select at each time
t € [T] a signaling mechanism oy in the set Pers(By). However, it is straightforward
to verify that among all mechanisms that are persuasive for all distributions in By,
the one that maximizes sender’s payoff is given by &(wg,ag) = 1 — 6(wp,a1) =
1,6(wr1,a0) = 1 —6(wi,a1) = % For the distribution p* = (%,%) € Py N By, it
follows that the sender’s payoff under & is V(u*,6) = 2.

On the other hand, since u* € PyNBy, the signaling mechanism that recommends
action ag in both states is persuasive for u*, and thus achieves an expected payoff
of OPT(p*) = 1. Thus, we deduce that for the distribution p*, any O-robustly
persuasive algorithm must incur a constant regret of at least % at each time leading

to an overall regret linear in T



Appendix C

Appendix to Chapter

C.1 Proofs from Section 4.4]

C.1.1 Proofs from Section 4.4.1]

Proof of Lemma[l. We prove the two statements corresponding to the no-history
information model ®,, and the full-history information model &5, separately.

1. No-history information model ®,,: We prove the statement by showing
that for any o € X N Pers(®y,) for some k, there exists a o € Xy N Pers(®,,) with
the same payoff for the sender.

Recall that, assuming all other receivers have followed their recommendations,
a receiver’s prior belief in the no-history information model is characterized by the
invariant distribution 7 = Inv(c). Note that 7 is an invariant distribution of (A}, ;)
under o, assuming all receivers follow the recommendations.

Now, define 7 € A(Q) as
Fw) 2 Y w(hFw)  forallwe Q.
hkexk
Define the signaling mechanism ¢ € ¥y as follows: for all w € Q with 7(w) =
thEXk W(hk,W) > 0, let

7(alw) = Donkexk m(h*, w)o(ah", w) — Lonkext m(h*,w)o(alh’,w) for all a € A,

2 nrexr m(AE, W) T(w)

100
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and for any w € Q with 7(w) = 0, let & recommend the receiver-optimal action at
w.

We first show that 7 is an invariant distribution under o assuming all the re-

ceivers follow their recommendations. To see this, observe that if 7(w) = 0 then
> pkext T(hF w)o(alh*,w) = 0 for all (w,a), and hence,

Y. Fw-1)d(a1|w-1)p(wlw-1,a-1)

(w_l,a_1)EX

= Z Z (¥, w_1)o(a_1|h*,w_1)p(wlw_1,a_1)

(w=1,a—1)EX hkecXxk

= Y S D wlak P wo)o(a |k, PP wo)p(wlwo1,a )

(w 1,a— 1)€th 1€Xk lﬁkGX
k—1
= g E m(h" L wo1,a-1,w)
hk=lexk—1 (w_1,a-1)€X

=7(w).

Here, the first and the final equality follows from the definitions of 7 and &, the third
equality follows from the balance equations (4.1)) for 7 = Inv(o), and in the second
equality, we have written h* € X* as hF = (xk, hk 1) for zj, € X and hF~1 € xk-1,
Thus, we see that 7 satisfies the balance equations under ¢ € X, and thus
T =Inv(o).

Given that 7 = Inv(0), under the information model ®,,, a receiver’s prior
belief is given by 7. Upon receiving a recommendation 5; = a from &, the receiver’s

posterior belief is given by

7(w)o(alw) _ D ohkexk m(h*, w)o(alh*,w)
Zw’eQ %(w/)a(ﬂw/) Zw’eﬂ thexk W(hk, w’)a(a|hk, w’) '

The latter expression is exactly the receiver’s belief under the information model ®,,
with the signaling mechanism o € ¥ N Pers(®,,). Since the receiver has the same
belief, and because o € Pers(®y,), it follows that & € Pers(®po) as well. Finally, the

sender’s payoff under & is given by

S AW = S Y ik, w)o(aht,w)o(w,a),

weN,acA hkcxk weN,acA
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and thus the signaling mechanism & yields the sender the same payoff as under o.

2. Full-history information model ®¢,: The proof for the full-history infor-
mation model follows along similar lines: we show that for any o € Pers(®gy) N Xy
for some k£ > 2, there exists a 0 € X; N Pers(®g) with the same payoff for the
sender.

Recall that, assuming that all receivers have followed their recommendations,
the invariant distribution of (h¥,&;) under o is given by m = Inv(c) € A(X* x Q).
Define 7 € A(X x ) as

7(z,w) = Z T ((hk_l,x),w> , forallz e X and w € Q,
hk—leXk—l

and define the signaling mechanism & as follows: for all (z,w) € X xQ with 7(z,w) >
0, let

Do hkolexko1 a((RF1, ), w)o(a|(R*1, 2), w)

7(x,w)

o(alz,w) = for all a € A,
and for any (z,w) € X x Q with 7(x,w) = 0, let & recommend the receiver-optimal
action at w.

We next show that 7 is an invariant distribution under ¢ assuming all the re-
ceivers follow their recommendations. To see this, observe that if 7(x,w) = 0 then
S pi—texior T ((RF1,2),w) o(a| (W71, 2),w) = 0 for all (z,w) and a € A, and hence,

D A(w,wo1)5(a |z, wo)pwlw-1,a_1)
rzeX

-y ¥ ﬂ((hkfl,x),w_l) o(a_t|(RF1, 2), w_1)p(wlw_1,a1)

xEX hk_leXk_l

= Z Z Z T ((a;’,hk_2,a:),w_1> o(a_1|(z', W72 2),w_1)p(ww_1,a_1)

r€X pk—2cxk-22'cX

- Z Z T ((hk_Q,:v,w_l,a_l),w)

TEX hh—2gxk—2

=T (w-_1,a-1,w).

Here, the first and the final equality follows from the definitions of 7 and &, the
third equality follows from the balance equations (4.1) for 7 = Inv(c), and in the
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second equality, we have written h*~! € X*=1 as hk=1 = (2/, h¥=2) for 2/ € X and
hF=2 ¢ xXk=2. Thus, we see that 7 satisfies the balance equations under o € X
and thus 7 = Inv(7).

Now, under the information model @y, after any history with 2,1 =z € X,
a receiver’s prior belief that w; = w € Q is given by p(w|z). Suppose & sends a
recommendation 5; = a € A. This can only happen if there exists an w’ € Q with

p(w'|z)o(alz,w") > 0. Then, the receiver’s posterior belief that w; = w is given by

p(wlz)o(alr, w)
Yweap(Wx)o(alz, W)

Thus, for o € Pers(®g,1), we require the following inequality to hold for all z € X

Z:p(ou\a:)&(cdx,w)au(u),a7 a’) >0, foralla,d € A. (C.1)
we

To see why this holds, observe first that for any © = (w_1,a_1) € X and w € Q, we
have from the balance equations (4.1)) that

(z,w) = ) @2, w_1)d(a-1]2’,w_1)p(wlz) = fi(z)p(wle),
z’'eX

where we have defined i(z) £ Y o4 T(2/,w_1)5(a_1|2/,w_1).

For any x € & with fi(z) = 0, we obtain that 7(x,w) = 0 for all w. Then, by
the definition of &, we have o (a|x,w) > 0 only if action a is receiver-optimal at w,
and hence du(w,a,a’) > 0 for all a’ € A. Thus, we get holds for any = € X
with u(x) = 0.
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For any z = (w_1,a_1) € X with i(xz) > 0, we have for all a,da’ € A,

x) (Z p(w|z)o(alz,w)ou(w, a, a’))

we

—Z 7(z, w)o(alz,w)Ou(w, a,a’)

wef

= Z Z T ((hk_l,x),w> o(a|(hF1, z), w)ou(w, a, a’)

WEN pk—legxk—1

=2 2 (Z w(@ﬁh’“—l),w1>a<amuchk-l),wl)p(wm))
WEN hk—lcxk—1 \z'eX
o(a|(h*1, z), w)Ou(w, a, a’)

— Z Z $ hk 1 _1)0'(Cl_1|(.7j/, hkil),w_l)

hk—lcxk-1lz'eX

(Zp w|z)o(a|(h*1, ), w)@u(w,a,d))
weN
Here, we have used the definitions of 7 and & in the second equality along with
the fact that if #(z,w) = 0 then so is Y ps-1cr—1 T((RF 71, 2), w)o(a|(R*1, z),w)
for all @ € A. The third equality follows from for m = Inv(o). Now, for any
RF1 e XF L with 3 ey w((2, KA, wo1)o(a—1|(2/, F*71),w_1) > 0, we must have
> e pwlz)o(a|(h*1, z),w)0u(w, a,a’) > 0 since o € Pers(®sy) N Xy. From this,
we conclude that also holds for any x € X with u(xz) > 0.

Taken together, we obtain that holds for all x € X, and hence o €
Pers(®fy1). Finally, the sender’s payoff under & is given by

Z Z o(alz,w)v(w,a)

TEX WEN,acA

= > D Y m(ha)wela(W ) w(w, ),

hk—lecxk—1 xeX weQ,acA

and thus the signaling mechanism & yields the sender the same payoff as under
. [

Proof of Proposition [, We prove the statement for MPP(®g,j). A similar argument,

with minor modifications, obtains the equivalence of MPP(®,,) and LP(no); we omit
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it for brevity.

From Lemma [2| we know that there exists an optimal signaling mechanism for
MPP(®g,) within the set ¥;. The proof shows that for any o € Pers(®gy) N X1,
there exists a corresponding feasible solution z to LP(full) whose objective value
equals the sender’s payoff under o, and conversely, for any feasible solution z to
LP(full), there exists a signaling mechanism o € Pers(®gy) N2 with sender’s payoff
equaling the objective value at z.

To begin, fix o € Pers(®gy) N X1, and let 7 = Inv(o) € A(X x Q). The balance

equations (4.1)) for o are given by

Z 7(z,w)o(a|z,w)p(w|w,a) = 7(w,a,w’), for all (w,a) € X and v’ € Q.
reX

Define z(x,w, a) £ m(z,w)o(a|z,w) for x and (w,a) € X, and note that z constitutes
the joint distribution of two consecutive state-action pairs under 7. From the balance
equations for m, it is straightforward to verify that z satisfies the first equality
in LP(full). The second equality follows because z is distribution. Finally, since

o € Pers(®g,) N X1, we obtain for all 1 € X and a,d’ € A,

Zp(w|x,1)a(a|m,1,w)3u(w,a,a') > 0.

we

Thus, we obtain for all x_; = (w_1,a_1) € X and for all a,d’ € A,

Z 2(r_1,w,a)0u(w,a,a)

we

= Z m(z-1,w)o(alz—1,w)0u(w, a,d)

wel
= Z <Z ﬁ(m’,wl)a(a1|$',w1)p(w|w1,a1)) o(alr_1,w)0u(w,a,a’)
we) \z'eXx
= (Z w(x/,w_l)a(a_ﬂx/,w_l)) (Z p(w|x_1)a(a|x_1,w)8u(w,a,a’)) > 0.
z'eX we

Thus, we obtain that z satisfies the inequality in LP(full). Finally, since z represents

the joint distribution of two consecutive state-action pairs under m, we conclude
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that the LP(full) objective evaluated at z equals the sender’s payoff under . This
concludes the first part of the statement.

Conversely, suppose z is a feasible solution for LP(full). Define 7(z,w) £
Y oaca 2w, w,a) for x € X and w € Q. Observe that the second equality of LP(full)
implies that 7 € A(X x Q). Next, define the signaling mechanism o € ¥; as follows:
for all z € X and w € Q with 7(z,w) > 0, let

a z(x,w,a) _ z(7,w,a)

Yowea 2(w,w,a) (W)

o(alz,w)

For x € X and w € Q with 7(z,w) = 0, let o(-|x,w) recommend any receiver-optimal
action at w.
We first show that 7 is invariant under o. To see this, observe that if 7(z,w) =0

then so is z(z,w,a) for all @ € A. Thus, we have

Z 7(z,w)o(alz,w)p(w|w,a) = Z 2(z,w, a)p(W|w,a)

reX zeX

= Z 2(w,a,w;a")

a’'€A

= Tr(w7 a’? w,)’

where the first and third equality follow from the definitions of 7 and o, and the
second equality follows because z is feasible for LP(full). Hence, 7 satisfies the
balance equations (4.1]) under o, and thus 7 = Inv(o).
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Next, for any x_; = (w—1,a—1) € X and all a,a’ € A, we have

Z 2(z_1,w,a)0u(w,a,a)

weN
= Z m(z_1,w)o(alz_1,w)0u(w, a,a’)
weN
=2 (Z w(x’,w_1>a<a_1\x',w_1>p<w\w_1,a_1>> o(ae—1,w)du(w, a,d)
we \z'eXx
= (Z ﬂ(:c',wl)cr(al\:n',wl)> (Z p(w|x1)0(am1,w)8u(w,a,a')>
z'eX we
= (Z z(x/,w_l,a_1)> <Z plwlr_1)o(alr_1,w)lu(w,a, a’))
'eX weN

Here, the first and final equality follows from the definitions of 7 and ¢ and the
second equality follows from the balance equations for w. Thus, for all z_; =
(w-1,a-1) € X with ),y 2(2',w_1,a_1) > 0, from the feasibility of z for LP(full),

we obtain

Zp(w\x_l)a(am_l,w)ﬁu(w,a,a’) > 0.

we
and hence a receiver, after observing T;_1 = z_1, would find it optimal to adopt
action a if recommended by o. On the other hand, if >,y 2(2',w_1,a_1) = 0 for

some r_1 = (w_1,a_1) € X, then for all w € 2, we have

m(r_1,w) = Z z2(x_1,w,a) = Z z(2',w_1,a_1)p(wlw_1,a_1) = 0.
a€A z'EX

Thus, we obtain that if Z;_1 = z_1, then ¢ recommends a receiver-optimal action
for each value of w; = w. Thus, again, the receiver finds it optimal to follow the
recommendation. Taken together, we conclude that o € Pers(®g ). Finally, we
notice that the sender’s payoff under o equals the LP(full) objective evaluated at z.
This completes the proof of the converse statement.

Summarizing the two parts, we obtain that the sender’s problem MPP(®g,) can

be equivalently formulated as LP(full).
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C.1.2 Proofs from Section [4.4.2]

Proof of Lemma[3 We first show that for any ¢ > 1, Pers(®g) C Pers(®/). To see
this, let o € X N Pers(®Pgy)). Define & to be the signaling mechanism that, at each
time ¢, in addition to recommending an action according to o also truthfully reveals
h%. Since the information of the receiver under & in the model ®; is the same as that
under ¢ in the model ®f,, we conclude that it is optimal for the receiver to follow
the recommended action. Since this is true no matter the realization of the slice A,
the receiver should find it optimal to follow the recommendation even without being
informed about the realization. In other words, the receiver should find it optimal
to follow the recommendations of ¢ in the model ®;, and hence o € Pers(®y).
Thus, we conclude Pers(®g, ) C Pers(®;) for £ > 1. A similar argument yields
Pers(®;) C Pers(®y11) C Pers(®pno). This in turn implies the ordering of the sender’s
optimal payoff in the corresponding information models.

O

Proof of Theorem[] Fix o € Pers(®p,) N Xg. We begin by proving (1) = (2).
Suppose o € Pers(®gy) N X results in the same invariant distribution over the
state-action pairs as under o, and induces the posterior belief p, after any action
recommendation a € Ay. Let 7 = Inv(o) € A(Q2) and 7 = Inv(d) € A(X x Q) be
the corresponding invariant distributions.

Now, under o € Pers(®y,,) N Xg, the joint distribution of the state and the action

in steady state is given by
n(x) = m(w)o(alw) = Tape(w), forall z = (w,a) € X.

Since the joint distribution of the state and action is the same under 7 and 7, we
obtain 7(z,w) = n(z)p(w|z) for all x € X and w € Q. In particular, only the state-
action pairs x € Xy occur with positive probability under &, and only actions in the
set Ay are recommended by it. Consider a receiver in the full-history information
model ®g,, who observes the past state action pair Z;—1 = x € X4 and receives an

action recommendation of a € A, from . The receiver’s posterior belief that the
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state equals w € (2 is given by

m(z,wo(ae,w)  _  n@pwlr)olez,w)  pwlr)o(alr,w)

Ywea t(@,w)d(ale,w)  Yeqn@)p(W|)e(alr, ) Y e p(w!)d (alz, W)

Since ¢ induces the same posteriors as o, this preceding expression equal pq(w).

Thus, we obtain for all w € 2, a € Ay and x € Xy,

p(w|r)o(alz,w) .
Zw’eﬂp(W”m)?f\(a‘x7w/) = pta(w).

Define A(a|z) = > cqp(w|z)d(alz,w) > 0 for all a € Ay and x € A,. Thus, we
obtain for w € Q, a € A4, and x € X,

p(wlz)a(alz, w) = Ma|z)pa(w)- (C.2)

Summing over all a € A4, we obtain for all w € 2, and x € X,

p(w|x) = Z p(w|x)o(alz,w) Z Ma|x)pg (x

CLEA+ a6A+

Thus, the first equation of (2) in the theorem statement holds. Next, the balance
equations for 7 = Inv(a) yield for all w,w € Q and a € A,

Z m(z,w)o(a|lz,w)p(w|lw,a) = T(w, a,w).

zeX

Substituting 7(z,w) = n(z)p(w|x) into the balance equations, and after canceling

common terms on both sides, we obtain

Z n(zx)p(wlz)o(alz,w) = n(w,a), for all (w,a) € X.
zeX
Noticing that n(z) = 0 for x ¢ X} and using (C.2)), we obtain

Z n(@)A(alx)pe(w) = n(w,a), forallwe Qandaec Ay.

TeEX L
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Finally, substituting n(w, a) = ape(w) for w € 2 and a € A4, we obtain

Z Tar ot (W] 2) pra (W) = Tapia(w), for allw € Q and a € A,
r=(w',a’)EX}

After canceling common terms from both sides, we conclude

Z Taltar (W)AN(a|z) = 7,, forallae A;.

z=(w',a’)EXL

Thus, the second equation of (2) in the theorem statement also holds. Thus, we
obtain the forward implication.

To prove the converse, i.e., (2) = (1), assume for o € Pers(®,) N X, there
exists weights {A(a|z) > 0:a € AL,z € X} satisfying the two equations in the
theorem statement. Define the mechanism o € ¥; as follows: for each x € X, let

o(alr,w) = Alafo)pta(w) = )\(a|$),ua(w)’ forall a € Ay,

Darea, M|2)pa (W) p(wlz)

whenever the denominator is positive. In all other cases, let ¢ recommend a receiver-
optimal action at w.
We first show that the distribution 7 € A(X x Q) defined below is invariant

under &, assuming the receivers follow their recommendations:
(z,w) £ n(z)p(wlz),

where n(w, a) = Taq(w) is the joint distribution of the state and action in steady
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state under o. To see this, observe that for a € A4 and w,w € €,

Z (2, w)o(alz, w)p(@|w, a) = Z n(z)p(w|z)o(alz, w)p(wlw, a)

TEX rzeX

=Y n(@)pwlz)5(alz, w)p@|w, a)

reXL

= 3 @A), a)

TEX

=Y @A el @)p(@le, o)
z=(w',a’)EX;

= Tapta(W)p(©|w, )

= n(wv a)p((IJ|w, a)

=7(w,a,w).

Here, we use the definition of & in the third equality, and the fact that A(a|x)
satisfies the second equation of the theorem statement in the fifth equality. For any
a ¢ Ay, it is straightforward to verify that both sides of the above equality equal
0 and hence are equal. Thus, we see that 7 satisfies the balance equations for 7.
From the definition of & we see that the joint distribution of state and action in
steady state under ¢ is the same as that under o, and thus only the states in X
occur with positive probability under 7.

Finally, we show that o € Pers(®g). For any = ¢ X, 0 recommends a receiver-
optimal action at each state w, and hence it is optimal for any receiver to follow the
recommendation upon seeing the past state-action pair to be x. For any = € X, the
mechanism ¢ only sends recommendations in the set A, and the posterior belief of

a receiver upon obtaining a recommendation a € A is given by

T(r,wlo(alr,w)  n(@)p(wlz)o(az,w)
YweaT(@,w)o(alz,w’) 3, cqn(@)p(w|z)o(alz,w)
__ pwlzr)o(alr,w)
Yo weqP(Wx)o(alz,w’)
_ el)aw)
Ew’eﬂ Aalx) pq (W)

= fta(w).
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Thus, we obtain that for any z € &'y, a receiver’s posterior belief upon receiving
a recommendation a € A, is the same as that under o. Since o is persuasive, we
conclude it is optimal for the receiver to follow the recommendation. Thus, we have
o € Pers(®yy)).

Finally, we prove the last statement in the theorem by showing the existence of
weights satisfying the conditions in part (2). First, since p(w|z) € Conv(By,) for each
x € X4, there exists a set of non-negative weights {\(a|z) > 0:a € Ay, € X, }
such that

Z Aa|z)pe(w) = p(w|z), forall z € Xy and w € Q.
a€A+

Now, from the balance equations for = = Inv(o), we obtain

> rw)elalw)p@lw, a) = 7(@).

wEN aEA

By definition, we have m(w)o(a|lw) = Tpa(w) for each (w,a) € X4 and 7(w)o(a|lw) =
0 for = ¢ X. Substituting, we obtain

Z Ta'ua( w|w (L Z Ta#a

(w,a)eXy acAy

Writing the transition kernel as a convex combination of the posterior beliefs, we

obtain

Z Taﬂa(‘”) Z )‘ ’w a ,ua’ (I) Z Taﬂa

(w,a)eXy a’'€A4 acAy

Zua(@) To — Z T fhar (W) A (alw, ') | = 0.

a€A+ (wval)€X+
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From the linear independence of {1, : a € Ay}, we conclude that for all a € Ay

T = Z Ta ot (WA (a|w, a).

(w,a’)eXy

Thus, the weights satisfy both the conditions in (2) of the theorem statement. [

C.2 Proofs from the Section 4.5

In this section, we provide the missing proofs from Section [4.5 Throughout, we use

the same notation as in that section.

Proof of Proposition[5 The proof of the proposition is similar to that of Proposi-
tion {4 and we only highlight the parts that are different.

Consider a signaling mechanism o € X;NPers(®;). Assuming all (other) receivers
follow the recommendations provided by o, let 7 € A(X*+1 x Q) denote the steady

state distribution of (A} ©;). Furthermore, define z : X**2 — [0, 1] as follows:
2(z,h,w,a) & 7(z,h,w)o(alh,w), forallzec X, he X* weQandac A

It is straightforward to see that z denotes the joint-distribution in steady state of
(Z¢_x_1,hF, @, @), and hence satisfies the final equality in (4.4). Next, we have

Z 2(z', h,w,a)p(W|w,a) = Z 7(z', h,w)o(alh,w)p(w'|w, a)

z'EX z'eX
=7(h,w,a,w)
= Z z(h,w,a,w’,a")
a’€eA
for all h € XF, (w,a) € X and w' € Q. Here, we have used the definition of z
in the first and the final equality, and the second equality follows from the steady-
state balance equations. This yields the first equality in . Next, under @1, the

receiver at time ¢ observes hf | = h € X* and hence her posterior belief after being
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recommended an action a € A is given by

Y orex 2(h,r,w,a)
ZmeX Zw’eﬂ Z(h, z, w/’ CL) '

Writing the persuasiveness constraint under this posterior belief yields the inequality
in (4.4]). Similarly, the value of the objective is readily seen to equal the sender’s
payoff in steady-state under o. Finally, the second (bilinear) equality is obtained

(after some algebra) from the following equalities:

z(x, hyw,a) - (Z 2(2/, h,w,a)) = 7(x, h,w)o(alh,w) - (2, h,w)

a’'€eA

=n(2', h,w)o(alh,w) - 7(z, h,w)

=z(2',h,w,a) - (Z z(x, h,w,a)) )

a’eA

for all z,2/ € X, h € X%, w € Q and a € A. Thus, we conclude that for any
o € X N Pers(®q), there exists a feasible solution to the bilinear program whose
objective value equals the sender’s payoff under o.

Conversely, let z denote any feasible solution to . Define 7(x,h,w) =
Yoaca 2@, hyw,a) for x € X, h € X* and w € Q. Observe that the final equal-
ity of implies that m € A(X**1 x Q). Next, define the signaling mechanism
o € %y as follows: for any h € X* and w € Q, if there exists an ¢ € X with
m(x, h,w) > 0, then let

z(x, hyw,a) _ z(x,h,w,a)

Yowea 2@ hw,a) - ow(x,hw)

o(alh,w) =

On the other hand, if w(x, h,w) = 0 for all z € X, then let o(-|h,w) recommend any
receiver-optimal action at w. Note that the bilinear constraint on z implies that the
definition of ¢ in the former case does not depend on the choice of z € X, and thus,
o is indeed an element of the set ¥j. Using a similar argument as in Proposition [,
it can be shown that (1) m is an invariant distribution of (Bf“,@t) under o €
Yk, assuming all receivers follow their recommendations; and (2) furthermore, o €

Pers(®4). Finally, it is straightforward to see that the sender’s payoff under o equals
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the objective value at z of . Thus, we conclude that for any feasible solution of
, there exists a signaling mechanism o € X N Pers(®;) with the sender’s payoff
equal to the objective value at z.

Taken together, we conclude that the sender’s problem MPP(®1, X,) is equivalent

to the bilinear program (4.4)).
O

Proof of Lemmal3 Let o € RP(e) for some fixed € > 0, and let £ > 0 be such that
dy(c) < e. Consider the information model ®,, and assume the receivers follow the
action recommendations. From the perspective of a receiver at time ¢, the relevant
information about the history hy_y is the value Z;_s_1, as earlier state-action pairs
do not affect the subsequent transitions. If z;_,_1 = x € X, the distribution of &,
(and hence the receiver’s belief) is given by Q7 (z,w). Thus, the receiver’s belief lies
within dy(o) of the invariant distribution m = Inv(c). Since o € RP(¢€) and dy(e) < e,
we obtain that it is optimal for this receiver to follow the recommendation made by
0. Thus, we obtain o € Pers(®/).

To prove the bound in the lemma statement, we note that since o € RP(¢e) C
>, it corresponds to a stationary Markov policy, and hence the induced Markov
chain over the states is ergodic by Assumption 2l The result is then obtained
using the following bound on the mixing time of this chain (Levin and Peres, 2017,
Theorem 12.4):

1
¢ > —log

< 2
Vi €Mmin (0)

where v, (o) is the absolute spectral gap of the underlying Markov chain (i.e., the

) — o) <

smallest value of 1 — |A| over all non-unit eigenvalues A of the transition kernel
matrix under o), and Tyin(0) = min, 7(w). Note that m(w) > 0 for all w € Q from

Assumption |2 and hence i, (o) is well defined. O

Proof of Lemmal[f} We begin by proving the first part of the lemma statement.
Given a set S, beliefs {5 : s € S} and the weights ws > 0 as in the lemma statement,
define the distribution 7 € A(Q) as m(w) = > g Wspts(w). Furthermore, define the

signaling mechanism o as follows: for any w with 7(w) > 0, let o send signal s € S
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at state w with probability

o(slw) = Wsfts(w) _ ws s (W)

m(w) Zs’eS Wy prgr (W)

and for any w with m(w) = 0, let o send an arbitrary fixed signal sy € S at state w.

We claim that 7 is an invariant distribution under the signaling mechanism o,
assuming each receiver chooses the action as after receiving a signal s € S. (We show
below that this is indeed optimal for the receiver in the information model ®,.)
This follows from observing that 7 satisfies the corresponding balance equations, as

we show next. For each w € 2, we have

3 (W) (Z a<s|w'>p<w|w',as>> = 3 3w (sl Iplwle’, )

w'eN seS w'eN seS

= Z Z wsﬂs(w/)p(w’w/7 as)

w'e) ses

= Z ws s (w)

seS

=7(w).

Here, the second equality follows from the definition of o as well as the fact that
if m(w’) = 0, then so is wsus(w’) for all s € S. The third equality follows the
assumptions on the weights w,, and the final equality follows from the definition of
w. We observe that the left-hand side of the preceding equation denotes the state
distribution after a transition from a state distributed according to the m, with
a signal s being shared according to ¢ and the receiver choosing action as;. The
equality states that this distribution equals 7, and hence 7 is an invariant under o.

Thus, under the information model ®,,, assuming all other receivers follow the
recommendations from o, each receiver’s prior belief about the state equals w. The
posterior belief of such a receiver that the state is w upon receiving a signal s € S

is given by Bayes’ rule as

Twlo(slw)  wsps(w)

YweamW)o(slw) 3, wsps(w)

= ps(w).

Here, the first equality holds because, using the definitions of m and o, we have
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m(w)o(s|w) = wsps(w) for all w. Thus, each receiver’s posterior belief upon receiving
a signal s € S is ps. Since ps € P,,, we conclude that choosing action as after
receiving the signal s is indeed optimal for the receiver. Thus, we obtain that the
signaling mechanism o is indeed persuasive under the no-history information model.
This concludes the proof of the first part of the lemma statement.

To show the converse, let o € Pers(®p,) N Xo and let @ = Inv(o) denote the
invariant distribution under 7. For each a € A, let w, == ) .o m(w)o(alw). By
construction, we have ) . 4w, = 1.

For a € A with w, = 0, let pg be an arbitrary belief in P,. For a € A with
m(w)o(alw) _ m(w)o(alw)
wa 2w eqT(w)o(alw’)

o € Pers(®no) N Xy is persuasive under the no-history information model, we have

Y weq T(w)o(alw)Ou(w, a,a’) > 0 for all a,a’ € A. From the definitions of w, and

we > 0, define pgq(w) = for all w € Q. Because

la, we have m(w)o(alw) = wape(w) for all w € Q and a € A. Consequently, we
obtain ) .o Watte(w)Ou(w,a,a’) > 0 for all a,a’ € A. This in turn implies that
€ P, holds also for any a € A with w, > 0.

Next, for all w € 0, we have

Zwaﬂa = 7r( )
a€A
= 33 wl)olalpll s a)

w'eQacA

= Z Z Wa fta (W ’w a).

a€AweN

Here, the first and the third equality follows from the definitions of w, and p, and

the second equality follows from the balance equations because 7 = Inv(o).
Finally, in the no-history information model and under the signaling mechanism

o, a receiver’s prior belief is given by w. For any a € A with w, = 0, the signaling

mechanism never sends signal ¢ € A under 7. For each a € A with w, > 0, a
m(w)o(alw)
weqT(W)o(alw’)

ta(w). Thus, we conclude that {wg, e : @ € A} satisfies all the conditions in the

receiver’s posterior belief upon receiving signal a € A equals 5

lemma statement.

O]
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Proof of Theorem[J. To begin, let o € Pers(®p,) denote the optimal signaling mech-
anism in the no-history information model ®,,. Let 7 = Inv(o) denote the invariant
distribution under o, and let 7(w) = >, m(w, a) denote the marginal over the states.
From Lemma {4 we know there exist weights w, > 0, with ) . , wq = 1, and beliefs

la € Py for a € A, satisfying m(w, a) = wape(w) and
3 wata (@)p(lra) = 3w (©3)

Let Ay ={a€ A:}  cqm(w)o(alw) > 0} denote the set of actions that are
recommended with positive probability under o. It is straightforward to show that
Ay ={a:w, > 0}.

Construction of a signaling mechanism: We begin by constructing a sig-
naling mechanism & and show it to be persuasive in the no-information model ®;
subsequently, we prove the stronger claim of e-robust persuasiveness. First, using
Assumption 3| for any a € A, let n, € P, be such that By(n,, D) C P,. For some
small § € [0,1], whose exact value we will set later to obtain robustness, define
o= (1 —0)puqg + Ing for all a € Ay. Since g, 1, € P, and the latter set is convex,
we obtain that Bi(&,,dD) C P,. Next, let e, denote the belief that puts all its
weight on the state w € Q).

We seek to construct a signaling mechanism ¢ which sends signals in the set
S = A; UQ, such that in the model ®,,, the posterior belief upon receiving a
signal s = a € Ay is £,, whereas upon receiving a signal s = w € (), the posterior
belief is e,,. Let ag = a if s = a € Ay and as = a, for s = w € Q, where q,
denotes an optimal action for the receiver at state w. Using Lemma [4 there exists
a signaling mechanism ¢ inducing the aforementioned beliefs in steady state if there

exist weights {w, : s € S} with > gy = 1, such that

Z Z wafa(w)p("wy a) + Z wwp("wa aw) = Z Weéa + waew' (04)
acAL w w a€A4 w

To produce such weights, we first define {w,} in terms of {w,}. Let w, = (1 —

Y o We)wq for each a € A, Since ), w, = 1, it follows that the weights {0} sum

to one as well. Further, to simplify expressions, let p = >, Wy. Then, after moving
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all terms containing w,, on one side, the condition (C.4)) becomes

ip (Z W€ — wap(-|w,aw ) Z Zwaga |w a) Z waa

a6A+ w QEA+
=0 Z Zwa"?a( ‘W a Z WaTa | »
a€A+ w CLEA+

(C.5)

where, in the second equality, we have used & = (1 — §)uq + 07,4, along with the

fact that {pa,w,}q satisfy (C.3)).
In Lemma we show that there exists y = (y, > 0 : w € Q) satisfying

Z?/wew _Zywp(‘|w’aw) = Z Zwana( (|w,a) Z WaTla- (C.6)

a€A+ w (LGA+

For any such y, we obtain that w, = and p = Y W, = 11'151‘?‘;”1 form a

0Yw
1+0]lyllx
solution to ((C.5)), and hence, there exist weights satisfying (C.4]).

Thus, by Lemma [4 we obtain the existence of a history-independent signaling
mechanism ¢ sending signals s € S = A, US, such that in the no-history information
model ®p,, the posterior beliefs lie in the set {&; : a € AL} U{ey : w € Q}. The
mechanism & sends signals with the following probabilities: for each w €

Waa(w)
Za/ uA)a’é-a/ (w)—i-ﬁ)w
T A Aw 3 — .
o(slw) = s wa/Z’a/ e fs=w

for s € Ay;

(C.7)

0, otherwise.

Here, we interpret the signal s = a € A} as an direct recommendation to choose
action a. On the other hand, the signal s = w € € fully reveals the state and is
interpreted as a recommendation to choose the action a,. Since &, € P, for each
a € Ay and a,, is an optimal action for the receiver at state w € €2, we conclude
that the mechanism @ is persuasive, in the sense that, the receiver finds it optimal
to follow the recommendation.

Note that Lemma [4 implies that the invariant distribution 7 under o is given

by TT(w,a) = Weée(w){a € Ay} + w,I{a = a,} for each w € @ and a € A. Let
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T(w) 2 >acaT(w,a) = Za€A+ Waa(w) + e
Robustness: Next, we show that & € RP(¢). Suppose a receiver’s belief about
@ is given by a distribution 7’ € A(Q), with |7 — 7|1 < e. Upon receiving a signal
s = w € S from the signaling mechanism &, it is straightforward to see that the
receiver’s belief about @; continues to update to e,, and hence a,, is still optimal
for the receiver on receiving signal s = w.
On the other hand, upon receiving a signal s = a € A,, the receiver’s belief
about w; updates to &, obtained via Bayes’ rule as &, (w) = % Using
a similar argument as in the proof of Proposition [I, we obtain that the following

bound on the ¢; distance between &, and &,:

/ £a(w) N
1€, = &l < 2 (sup )~ 7l

Since 7(w) = > ,eaT(w,a) = Y ca, Waba(w) + W for each w € Q, we have for
each a € A4,

€a(w) §a(w) 1 1

sup — = sup < <

A~ —

weN 7'('((,0) weN Za’€A+ 7ija’ga’ (W) + Wy, wa o (1 - p)wmin’

where we use the fact that w, = (1—p)w, for a € Ay, and define wy,iy £ MilgeA, Wa-

Thus, we obtain

27" =7l 201+ 3lyllr)e

é./ - g 1 S = 9
H “ aH (1 - p)wmin Wmin
where we have substituted p = lfrlzlizﬁlzjzl\h’ and used ||[7' — 7||; <e.
Wyin D : _ 2¢ : /
For ¢ S W, ChOOSlng 5 = m S [0, 1], we obtain that ||§a —

&allh < 0D and hence &, € Bi(14,0D) C P,. Hence, starting with a prior 7’ with
|7 — 7|| < €, the posterior belief upon receiving a signal s = a € A, lies in the
set P,, implying that the action a continues to be optimal for the receiver. Taken
together, the signaling mechanism & is persuasive for all beliefs 7’ € By (7, ¢), and

hence is e-robustly persuasive.
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Bound on sender’s payoff: Finally, we provide a bound on the sender’s ex-

pected utility under the signaling mechanism &, as follows:

ZZ T(w,a)v(w,a) Z Z We&a(w w,a)—f—zwwv(w,aw)

weacA w ac€Ay
> > taa(w)o(w,a)
w acA4
1= Y wapta(w)v(w,a)
w a€A4

= (1=p)(1 = )OPT(Pno),

where in the second inequality, we use w, = (1 — p)w, and &, > (1 — §)q-

Substituting for 6 and p, we obtain the sender’s payoff is lower-bounded by

-4 21+ ylh)
T OPT () = (1= 2 ) opT(a,0).
T oyl 07 T (%) ( v <) OF T ()

In Lemma we show that there exists a solution y > 0 to (C.6) satisfying
lyll1 HTifm' Thus, we obtain that the sender’s expected payoff under o is

lower-bounded by

(1 - QED <1+ 2(1+7)m>> L OPT(Bry).

Wmin Sf

This completes the proof. O
The following lemma is used in the proof of Theorem

Lemma 11. Consider the following linear program:

min
ey E Yuw

weN
Z Ywlw — Z ywp("wa aw) = Z Z wana( |W CL Z WaTa- (C8)
weld wel a€AL we acAy

The preceding linear program is feasible, and its optimal solution is upper bounded

2(147)+/1Q
by ( 2 1€2]
value of I — Py.

, where 7 = max, 1/v(w), and sy is the smallest positive singular
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Proof. To show the feasibility of the linear program (C.8]), we begin by casting it
into a matrix form. Let P, € RI®*I® be the matrix with P,(w,w’) 2 p(w'|w,a).
Then, the LP (C.8) can be recast as

min 17 Y
yER‘Q\

I =Pp) =) wang (P~ 1)

acA4

y = 0.

where y, and 1 € R® is the all-one vector.

First, note that since Py is ergodic (from Assumption , there is a unique
stationary distribution v; such that V;I;(I — Pf) = 0 and vy(w) > 0 for all w € Q.
Thus, if y is a solution to the set of linear equalities above, then so is y + cvy for
any ¢ € R. By choosing ¢ > 0 large enough, we obtain a non-negative solution
y + cvy from any such y. Thus, to prove LP feasibility, it suffices to show that the
linear equation has a solution. To see this, observe that since P; and {P,}acna are
transition kernels, we have (I — Pf)1 = (I — F,)1 = 0, and hence 1 does not lie in
the row span of I — Py and I — P, for any a € A. This implies that 1 is orthogonal to
vector Y- ,ea, wenl (P, —I). Since Py is ergodic, we have rank(I — Py) = |©2| — 1 and
hence the vector }-,c 4, wanl (P, — I) lies in the row span of I — Py. Therefore, the
equation y* (I — Pr) =Y ¢ AL wan! (P, — I) has a feasible solution. This completes
the proof of feasibility of LP (C.8)).

To obtain a bound on the optimal value, let y denote an optimal solution to
LP , and we decompose y as y = u + kvy, where u € R satisfies uTZ/f = 0.
Because V}:(I — Py) = 0, we note that u lies in the column-space of I — Py.

Letting n := rank(I — Py) = || — 1, consider the singular value decomposition
I—-Pr=3", siUiV;T, where s; > sy > -+ > s, denote the (positive) singular
values of I — Py and {U;} and {V;} are (respectively) orthonormal sets of vectors.
Since w is in the column-space of I — Py, we have u = Z?:l «;U; for some o; € R.

Thus, we obtain

T1-pPy)= ZO‘ZU ZSJUV Zn:aiSiViT
i=1



Thus, we obtain

lu™ (1 = Pp)ll > [[u” (1 = Pp)ll2 =

n n

2.2 2 _
E siag > sy g of =

i=1 =1

snllullz >

m

123

]l

Here, the first and the final inequality follows from the relationship between ¢; and

f5 norms. Moreover, we have

[ (1 = Py,

a€A+

IN

a€A+

> w

a€A+

>

a€A+

IN

S

CLEAJr

ac€A4

<2y

ac€A

2,

Z wa”nZ(Pa —=1)

Z wang(Pa_I)

1

h

12|
Z Zna pl]_na 1_]7]]))
J=1 \i#j
2]
Do D2 v+ 0 (1= pj)
J=1 \i#j
1€2] 12|
> P +Z77‘” (1= psj)
J=11i#j
o o
DY i+ Y (- pyg)
=1 A =
o o
S Yt Sy
P S
o
Soa D pi+1-pj
j=1 oy
12|

2 Z waZna (1 —pjj)

IQI

Wq Z nt(zj)

j=1
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where the first and the second inequality follows from triangle inequality. Taken
2v/19]

F—

n

together, we thus conclude that ||ul|; <

Next, observe that since y = u + kv is an optimal solution to the LP , the
value of k must equal the smallest value ¢ that makes u + cvy non-negative. Since
uTl/f = 0 and l/j(j) > 0 for each 4, there exists an ¢ with «(? < 0, and hence k > 0.

Furthermore, we obtain

(4) 1 A 1
k= max 20 max - max |[u?| < | max — | - ||ull1 = 7||ulr.
i:u(?) <0 1/](01) ( y](:’) i:u(h) <0 ( Vj(cl)

Finally, using the fact that ||vf||; = 1, we have

lylle = llu+kvpll < flulls + Ellvglle < flulls +7llulls < 0+ 7)l[ulls

2(1+ T)m

Sn

<
I

The result then follows from noticing that s, = Smin.
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