
An Elementary Continuous-Type 
Nonparametr1c D1str1but1on Est1mate 

by 

7/24/89 

James M. Dickey., Paul H. Garthwaite, and Guoru1 Bian* 

Univers1ty of Minnesota., School of Statistics 
Technical Report No. 525 

Revised and expanded July 1989 

,.Dickey's and Blan·s research were supported In part by National 
Science Foundat1on Grants DMS-8614793 and DMS-8911548. 



An Elementary Continuous-Type Nonparametric 
Distribution Estimate 

JAMES M. DICKEY, PAUL H. GARTHWAITE, and GUORUI BIAN* 

Abstract. The theory of filtered-variate distribut1ons can be used 
to construct a contlnuous-type d1stribut1on estimate d1rectly from 
sample data that has 1nteresting properties. The distribut1on estimate 
is obtained synthetically as the distribution of a linear transformation 
of a Dirichlet-distributed vector. The matrix of the transformation is 
a rescaled version of the matrix of n (fixed) sample points, X = 

<x1, ... , xn> (k x n), so our estimate of the population distribution is 
identical to a genera11zed and rescaled form of Rubin's ( 1981) Bayesian 
bootstrap of the posterior distribution of the population mean. The . 
distribution can be constructed to have its first and second order 
moments match the empirical moments of the sample. Given a f1xed 
sample outcome, limiting forms of this continuous-type distribution 
will include the discrete empirical distribution of the data, and at 
another extreme, a normal distribution parameterized by the sample 
mean and sample variance. Thus the method includes the two usual 
statistical practices as special cases. The method can produce a 
distribution from data of any dimension k, and the method is invariant 
under marginalizations. Representations and computational and 
simulation methods for the distribution estimate are given. The 
distribution is interpreted as, ~nd generalized to, the distribution of a 
random mean of a Dirichlet process, enabling the study of limiting 
forms for increasing sample size. Dirichlet parameter measures with 
continuous-type components are introduced, including "prior" 
components to utilize pre-data information. The distribution estimate 
is not strictly a Bayesian funct1on of the data, but the prior component 
and the data combine according to sample pooling. 
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1. INTRODUCTION 

Nonparametric inference problems were considered by L. J. Savage 
( 1964) to be an embarrassment for Bayes1an statistics. S1nce the 
population distr1but1on 1n these problems would not be known to within only 
a few parameters that could be given a pr1or distribution in the Bayesian 
approach, then a whole pr1or random process for the unknown d1str1but1on 
would need to be constructed. The often considered Dirichlet prior random 
process (Ferguson 1973) 1s generally unsu1ted for such use, pr1mar1 ly 
because 1t is prejudiced 1n favor of highly nonsmooth d1str1but1ons, 1n the 
important sense that the prior correlations between the unknown 
probab111t1es of disjoint neighboring interval events are all small and 
slightly negative. This drawback, however, together with the problem of 
discrete realizations (Blackwell 1973), has been circumvented in various 
apparently successful Bayesian uses of the process. For an elegant review 
of Bayesian work based on the Dirichlet process, see Ferguson, Phadia, and 
Tiwari ( 1989). The Bayesian Jiterature on nonparametric problems 1s 
extensive and could be said to include also Good ( 1950, 1965), Wh1tt1e 
( 1958), Hi 11 < 1968, 1987ab), Dickey ( 1968ab, 1969), Good and Gaskins 
( 1971, 1980), Leonard ( 1973, 1978), Lo ( 1984, 1987), Lenk ( 1984, 1988), 
Rubin< 1981 ), Titterington ( 1986), 0lk1n and Spiegelman ( 1987), and Weng 
( 1989). 

We propose here an ostensibly nonBayes1an elementary nonparametric 
dtstr1but1on estimate from sample data for a cont1nuous population. The 
d1str1but1on est1mate, 1tself, is a cont1nuous-type d1str1but1on and even has 
a continuous dens1ty function. However, the d1stribut1on estimate will not 
be defined in terms of its density. In general, the density function can be 
expensive to compute, and so the method may not be useful in some 
density-estimation contexts. The distr1but1on w111 be def1ned, rather, by 
synthet1ca11y defining its random variable or random vector as a linear 
function, a "fi1ter," of a finite dimensional Dirichlet random vector. (It wt11 
not be a "mixture of Dirichlet d1stributions," because only one Dirichlet 
distribution will be involved.) Since 1t ts easy to simulate sampling from a 
Dirichlet distribution, the method can be used read11y 1n problems where it 
is desired to draw monte carlo samples from the distribution est1mate. 
This can be valuable in applted simulation studies when a population 
distribution is not fully known but sample data 1s ava11able. Although the 
method is not strictly Bayesian, a Bayesian-like aspect is that modified 
versions of the proposed d1str1but1on can be interpreted as a pred1ct1ve 
distribution for further data. 

The moments of the d1stribut1on are eas11y calculated. Indeed, the 
d1str1but1on can be constructed to have 1ts low-order moments 1dent1ca1 to 
the empirical sample moments. Given the sample data, the resulting 
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contmuous-type d1str10ut1on 1s s1mply parameter1zea ana 1ts lmH.tmg forms 
are, at one extreme of 1ts parameter, the so-called sample distr1but10n, the 
discrete empirical distribution of the data, itself_, and at the other extreme, 
a normal distribution parameterized by the sample mean and sample 
variance. This imp11es that the two most common and contrasting 
stat1st1cal pract1ces are mcluded as spec1al cases of me method. The 
method produces a d1str1but1on from a sample of n data vectors of any 
dimension k, and a marginalization property is satisfied. Applying the 
method directly to k1 coordinates of the n data vectors, k1 ~ k, yields a 
distribution estimate that is identical to the k1-dimensional marginal 
distr1but1on from the full k-dimensional distr1but1on estimate. 

Following a d11ation or expansion of the data points away from the1r 
sample mean, the distribut1on estimate will be defined as the distribution 
of the Dirichlet-weighted average of the fixed di lated data points. This is 
identical to a generaHzation of the Bayesian bootstrap (Rubin 1981) in the 
form that was designed for simulating the posterior d1str1but1on of the 
population mean. The present suggestion is for an estimate of t~e 
population distribution. This may have its own simulation uses. in 
genera11zed bootstrapping or cross-vaHdation. The distribution estimate 
can be 1nterpreted as the random mean function of a s1mple case of a 
Dirichlet random process. This interpretation will permit investigations of 
the limiting distribution with increasing sample size, and also a 
generalization of the method to the use of Dirichlet processes with more 
general parameter measures than a dilated-samp1e empirical measure. This 
wi11 permit distribution estimates having further-smoothed density 
functions and the use of parameter measures having components modeling 
.. prior" information. A Bayesian aspect is that the prior components and the 
sample data combine similarly to sample poo11ng. 

After setting the stage with filtered-variate distributions and the 
Bayesian bootstrap in Sect1on 2, we will estab11sh the reauired 
second-order moment propert1es 1n Section 3, and define the basic 
distribut10n estimate in Section 4. Sections 5, 6, and 7 give 
representations and properties of the distribution bear1ng on its 
computation and use. The interpretation in terms of a special Dirichlet 
process is given in section 8, and a subsequent general1zat1on to the random 
mean of a D1r1chlet process. Methods of s1mulat1ng such a general process 
are outlined in Section 9, and uses of parameter measures with · 
continuous-type components are discussed in Section 10. 
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2. A FIRST ATTEMPT: THE BAYESIAN BOOTSTRAP 

The simple idea involved in constructing the proposed d1str1but1on is 
that a we1ghted average of sample data column vectors, X = (x1, ... , x0), 

kxn, 

X = X W = W 1 X 1 + . . . + W n Xn , (2. 1) 

can be g1ven a synthet1c post-samp11ng d1str1but1on w1th contro1lab1e 
properties by tak1ng the data vectors as fixed and the vector of weights w 
to be random with a parameterized d1stribution. Such a random vector x can 
also be described as a linear function of random w, and we w111 call the 
distribution of x a filtered-variate transformation of the distribution 
of w . If the d1stribut1on of w 1s of continuous type over a reg1on, 
Support(w) 1n Rn, then x will have a continuous distribution, too, over a 
1 inear transformation of the region, Support(x) = X Support(w), in Rk. In 
part1cu1ar, w may have a D1rich1et d1str1but1on, 

w - DCB> (2.2) 

on the probab11ity simplex in R", Llcn> = {w : each WJ ~ O and w1+ ... +wn 
= 1 }. If each O < ~ J <co, j = 1, ... , n, the density of any n-1 coordinates, 
say w 1, . . . , w n- 1 , is 

p(w) = BCJ)-10~1 Wj'BJ-1, (2.3) 

for w in the interior of Llcn>, where BCB) = [Il r<~ J>l I rc.~lot>, ~lot = r ~ J­
The d1str1but1on of x, 1f w has a Dirichlet distribution C1nc1ud1ng 11m1t1ng 
forms), will be called a filtered-variate Dirichlet distribution. In the 
case of a positive density (2.2) on the interior of Llcn>, the c1osed region of 
support of x is the convex hull of the sample points, Support(x) = CHulHx1, 

... , Xn>. Under the usual assumption of fut I-rank data, n ~ k+ 1 and 
rank(X - Xn 1 n T) = k, where 1 n = CJ, .. . , J )T, n x 1, th1s support 1s a 
k-dimens1ona1 solid polytope whose vertices are a subset of the sample 
-points. In one dimension (k = 1 ), th1s gives a distribution that has a positive 
density function over the interior of the observed range interval of the data, 
(min XJ, max XJ). 

The random variable x is the extension, to a more general parameter 
B, of the Bayesian-bootstrap random variable that was defined to simulate 
the posterior distr1but1on of the unknown population mean. For the Bayesian 
bootstrap, a II i J = 1, j = 1, ... , n, so ~lot = n. The Bayesian bootstrap, 
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introduced by Rubin ( 1981 ), was studied by Lo ( 1987), Weng ( 1989), and 
others. 

Known properties of the Dirichlet d1str1but1on establish properties of 
the tentative distribution estimate, (2.1 ), (2.2). For s1mp11city, assume an 
exchangeable or symmetric D1r1ch1et_ distribution with a11 .f3j = .f3, j = 1, ... , 

· n., -13tot = n,13, andthusthemeanvector Bl-13tot = n-11n. As -13tot grows 
without bound, for fixed n, the Dirichlet degenerates to a one-point 
distribution concentrated at its mean point, P[w = n- 11 n1 = 1, and then our 
random vector x concentrates right at the sample average, P[x = x] = 1, 
where x = n-1 l: Xj . In the other extreme, as the common parameter value .f3 
shrinks to zero, for fixed n, the distribution of w becomes a discrete 
uniform distr1but1on on the set of unit coordinate vectors P[w = Scjll = 
1 /n, j = 1, ... , n, where Scj > = (6cj >1, ... , 6(j >n)T, 60 )j = 1, and 6cj >1=0 for 1~ j. 
And so in this case, the vector x w111 have the discrete uniform distribution 
over the set of sample po1nts, the emp1r1ca1 d1str1but1on of the sample 
itself: P[x = Xj] = 1 /n, j = 1, ... , n. More generally, as we shall see 
below, whenever o ~ .f3 ~ oo, the low order moments for x are simply 
related to the sample moments, 

Ex = x and Var x = c Sx, (2.4) 

where c = <n~ + 1 r 1 and Sx = n-1 I <xrx> <xrx>T. 
So what we have 1n the tentative d1stribut1on estimate, (2.1) with 

(2.2) and ~J e ~, is a continuous-type d1str1bution (1f O < ~ < oo) with 
interesting 11m1ting forms, whose mean is the sample mean and whose 
variance matrix is proportional to the sample variance matrix. Note, 
however, that the constant of proport1onality in the variance (2.4) cannot be 
greater than unity, Os cs 1, and as upper bound, c = 1 for i = o, would be 
achieved at the expense of degeneracy of the distribution to the discrete 
sample empirical distribution. This, together with the limitation that the 
support cannot extend beyond the observed data points, leads us to speculate 
that both these restrictions can be removed by a variance-dilation or 
proportional extension of the data outward from its mean po1nt. We shall 
see that this can lead to an improved distribution estimate, following a 
discovery that the filtered-variate Dirichlet family is not unique for our 
purposes. 
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3 .. VARIATE FILTERS OF DISTRIBUTIONS HAVING A 
MEAN-STRUCTURED VARIANCE 

By the form of the D1r1ch1et dens1ty (2.3), the D1r1ch1et moments are 
obvious ratios of products of gamma functions. These g1ve the D1r1ch1et 
mean and var1 ance as 

E w = <a> , and Var w = c [D1ag(<a>) - <a> <a> T] (3.1) 

where the mean vector (I) = Pl $tot and the proport 1 ona 11 ty factor c = 
<.~tot + 1 )-1. Let us say that any distr1but1on on 6Cn> satisfying (3.1) for a 
mean vector (I) and some proport1ona11ty va1ue c, where 0 ~ c ~ 1., has a· 
mean-structured variance (MSV). Denote this by 

w IV MSV((I), C). (3.2) 

Another fam111ar MSV distribution 1s the normalized mu1t1nom1a1: if n -
mu1t1nom1al(N, (I)) and w = n/N, then w IV MSV((I), c) with c = 1 /N. Many 
other fam111es of distributions on the probability s1mp1ex are MSV. Indeed, 
we find that the MSV property is preserved under: (1) m1xing over the mean 
by a mtxing d1str1bution that 1s itself MSV; (11) any m1x1ng over the 
proport1ona1ity factor; (110 part1t1on1ng and group1ng of coord1nate 1nd1ces 
and corresponding summation of coordinates; and (iv) weighted averaging 
between independent (or uncorrelated) MSV vectors. The fol1owing theorem 
g1v1ng the detai1s 1s eas11y proved by ca1cu1at1ng the moments of the derived 
d1str1butions. 

T/Jeorem3. I 
(1) If y Ix ,., MSV(x, d)" and X ,., MSV(p., c), then 

y ,., MSV(p,, c + d - cd); 
< 1 D If x le - MSV(p., c), for random c and f 1xed p., then 

X ,., MSV(p., E(c)). 
< 11 D If x - MSV(p., c) and y = Gx , where matr1x G has entr1es o 

and 1 with orthogonal rows, then y - MSV(Gp., c); 
(iv) If x - MSV(p., c), y - MSV(p., d), cov(x, y) = 0 and 

o ~ u ~ 1, then ux + < 1-u)y - MSV(p., u2c + < 1-u)2d). 

For example, (i) implies that the normalized form of the 
D1r1chlet-mu1tinom1a1, the conjugate Bayesian pred1ct1ve distr1but1on for 
multinomial samp1ing, 1s MSV w1th c = (N + itot> I [N <$tot+ 1 )], 1n an 
obvious cho1ce of notat1on. Bar-Lev and Enis ( 1986), who studied moment 
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structures related to MSV 1n one d1mension, ref erred to an analog of 
property (iv), w1th unweighted averaging, as "reproducibility". . 

The following two theorems generalize 11m1t1ng properties of the 
Dirichlet to MSV d1stribut1ons. 

T/Jeorem 3.2 As c J. o, an MSV d1str1but1on w ,.., MSV(<a>, c) on ~en> 
approaches the s1ngu1ar d1str1bution w1th un1t mass at w = <a>. As c 1 1, 
the 1im1t1ng distribution is the discrete distribution, w ..., w*, where the 
random vector w* 1s supported on the extreme points of ~en> with each 
P[w* = &cJ>l = Wj, J = 1, ... , n. 

Proof. The f1rst part of the theorem is immediate and the second part 
is a consequence of the fo1 low1ng lemma. 

Lemma 3.1 If the (scalar) random quantity w is supported on the 
unit interval, o ~ w ~ 1, and E w = w, then the variance of w is 
maximized for f ixe·d w by P(w = 1) = w, P(w = 0) = 1 - w. 

Proof of Lemma. By a standard linear optimization argument, the 
extreme measure under two I inear constraints (total measure unity and 
mean fixed) is a two-point distribution, P(w = Ui) = Pi , i = 1, 2. Then 
Var(w) = P1 P2 (u1 - u2)2 = (u2 - w)(w - u1), which is maximized by u1 = 
0, U2 = 1. 

Now, cons1der any f11tered-var1ate MSV distribution w1th 
random vector y = Z w, for some matrix Z, fn which w - MSV(<a>, c). 
The 11m1t1ng distributions of y w1th c, as fo11ows, are immediate from the 
limiting forms of MSVC<a>, c). Considered as points in Rk, then column 
vectors ZJ of Z = <z1, ... , 20 ) will be ca11ed filter points. 

T/Jeorem 3.3 As c J. O (wf th Z held fixed), the induced 
f lltered-variate distribution of y = Z w , where w - MSV{<a>, c), 
approaches the s1ngular distribution with unit mass at y = z a As c 1 1, 
the 11m1t1ng d1str1but1on 1s the f1n1tely supported distribution, y ,.., y*, of 
the random vector y* on the set of n filter points ZJ, with each 
P[y*= Zj] = Wj, j = 1, ... , n. 

The moments of y = Z w must be the usual linear transform of the 
moments of w , 

E y = Z (E w), Vary= z (Var w> zr. (3.3) 
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Equations (3.1) and (3.3) yield the f ollow1ng important representation for 
these f1rst two moments 1n terms of emp1r1cal moments of the f1lter points. 

Theorem 3.4 If w ,., MSV((J), c), the low-order moments of y = 

z w are the following simple funct1ons of the moments of y*, the 
weighted empirical moments of the f11ter points, 

E y = E y* = ~ Wj Zj (3.4a) 

Var y = c Var y* 
= c ~ loj (ZJ - E y*) (Zj - E y*)T. (3.4b) 

This y1elds the following result, 1n the symmetr1c case Wj = 1 /n. 

Corollar_y 3. I The low-order moments of a filtered-variate 
symmetric MSV distribution are simply expressed 1n terms of the 
(unweighted) empirical moments of the f11ter points. If y = Z w and 
w ,., MS V((J)., c) with (I) = n-11 n , then 

E y = z and Var y = c Sz, 

where z = n-t I ZJ and S2 = n-lI <zrz> CzJ-z)T. 

More can be sa1d about the moments of a11 orders 1n the case of 
Dirichlet-d1str1buted weights. 

(3.5) 

T/Jeorem 3.5 Suppose w ,v DCB>. Then the moments of the scaler y 
= w1z1 + ... + wnzn (k=l) are equal to B. C. Car1son·s (1977, p. 91) 
symmetr1zed multiple hypergeometr1c function R, 

E yr =: Rr(J, z), Z = (21, .. . , Zn)T. 

More generally, for a k x n matrix Z, the vector y = Z w has mixed 
moments equal to CarJson·s ( 1971) matr1x-var1able function, script :R, 

k r· E n 1 Y1 I = 3?,rtot ($' z, -r), 

(See Dickey 1983 for an introduction to R and :R for statist1c1ans.) 

Theorems 3.4 and 3.5 y1eld obvious and apparently new forms of 
Carlson functions for rtot = 1, 2. 
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4. THE DISTRIBUTION ESTIMATE 

G1ven a sample X = (x1, .. . , Xn), k x n, and a proport1onality constant 
d ~ 1, we define the set Z = <z 1, .. . , Zn> of outward proport1onally 
extended points, 

Zj = d (Xj - X) 

j = 1, .. . , n. These w111 then satisfy 

+ x , 

z=x and Sz = cP Sx . 

(4.1) 

(4.2) 

Since the inverse transformation is a convex combination, XJ = d-1zJ + 

( 1 - d-1 )z, j = 1, ... , n, the origina 1 data points XJ are a I l conta1ned 
within the convex hull of the new po1nts, CHuJ1(z1, ... , Zn). We 1et w have 
a symmetric mean-structured variance, w - MSV(n-11 n, c), and then we 
use w and the new points to define the filtered-variate distribution with 
random vector y, 

y = Zw (4.3a) 
= W 1 Z 1 + ... + W n Zn, 

or, equivalently, 
y = d(X - x In T) w + x ( 4.3b) 

= W 1 d (X 1 - X) + ... + Wn d (Xn - X) + x, 

Then in terms of i (2. 1 >, y = d(x - x> + x . 
The d1str1bution of y (4.3) replaces that of i as our d1str1but1on 

estimate. The d1str1bution of y is restricted to CHull(z 1, ... , zn>, and by 
(3.5) and (4.2) it has the moments in terms of the sample moments of the 
data X, 

E y = x and Var y = c d2 Sx . 

Interesting choices of parameters satisfy 

d = c-112 , 

(4.4) 

(4.5) 

for which c d2 = 1, and so the variance of our constructed distribution 
matches the sample variance, Vary = Sx . This leaves only one 
parameter to tune in the distribution estimate, one extreme of which, ct 1 
(d J. 1 ), gives again the sample empirical distribution. In the other extreme, 
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c ! O Cd l oo), our distribution will remain a distribution of continuous type 
in the case of Dirichlet-distributed w, and by the following lemma, if 
rank(X - Xn lnT) = k, this limiting distribution w111 have the whole space Rk 
as 1 ts support. 

Lemma 4.1 (Grunbaum 1967, p 3.) The dimension tn Rk of the reg1on 
CHull<z1, ... , z0 ) is equal to rank<z 1-t, ... , zn-t> where t is any point in 
the region. 

In the case of tne exchangeable Dirichlet distr1but1on for the random 
weights, 

w ,,_ 0($ ln), 
we have 

C = (n$ + 1)-l, so d = Cn$ + 1) 112. 

(4.7) 

(4.8) 

Then the constructed distribution will be of continuous type supported on 
CHul1Cz1, .•. , Zn) if O < $ < 00. The following theorem shows that in this 
case our revised distribution estimate becomes a normal d1str1bution as 
$ f 00 (C i 0, d t 00). 

Lemma 4.2 The Dirichlet distribution w - DC$) is asymptotically 
normal as $tot f oo for fixed Ca> = $ I $tot· 

The standardizat1on 1n Lemma 4.2 involves dividing the vector <w 1, 
... , Wn-1) oy a matrix proportional to c 112 = ($tot + 1)-112, which is 
essentia11y what we do when we form y (4.3b) with the choice of dilator, 
d = c-112 = <ni + 1) 112 ( 4.8). So we obtain, as our two extreme forms, 
the two usual contrasting methods of statistical practice, as follows. 

Theorem 4.1 The distribution estimate based on the random vector 
y = Z w, where w ,., 0($1 0) and where Z dilates the data by (4.1) with 
d = <ni + 1) 112, is of contmuous-type for O < $ < 00, 1s supported on 
CHuil(Z), and has the two extreme l1m1tmg forms in ~' for fixed sample 
size n: 

(0 y has the sample empirical distribution of the data X for 
$ l 0. 

(ii) y - NormaHi, Sx) for 8 t 00. 

Figure 1 illustrates the method in the setting of Theorem 4. 1 for 
moderate ,6. The raw data consists of n=20 scalar values (k= 1 ), 
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x1 > ... , x20> marked by triangles below the horizontal axis (Ll). Two 
values of i are examined, 0.06 and 0.40, and the positions of the 
corresponding outwardly extended points, z 1, ... , 220, from eqs. (4.1 ), 
(4.8), are also marked. Note that the points are much more widely spaced 
f"or the larger i=o.40. The corresponding density estimates are drawn 
(solid line and long-dashed line) and they show that the difference in 
dilation has little effect on the essential tail-length of the two 
distributions. As 1s generally the case, the density for the larger $ value 
is smoother and more like a normal distribution. As i l 00, the dens1ty 
approaches the line of short dashes, the normal density with mean and 
variance matching that of the raw sample data. The sample data are 
skewed, so the normal distribution does not model the empirical 
distribution well. In particular, the smallest datum is very far into the left 
tail of the normal distribution, in contrast to its position relative to the 
filtered-variate Dirichlet distributions. (The data are drawn from a 
chl-squared distribution w1th 6 degrees of freedom.) Effects of n will be 
addressed in later sections. 

[INSERT FIGURE 1 HERE WITH THE FOLLOWING CAPTION:] 

F1gure 1. Distribution estimates and 11m1t1ng normal distribution, as 
$ r oo, with data points and d11ated points. 

In many prob1ems, a samp11ng distribution is cons1dered to have its 
support restricted to a subregion of the space Rk. Often, there is a natural 
invertible transformation that maps the support onto the whole space, 
where the proposed method can be applied. Then the distribution estimate 
obtained for such transformed data can yield, by a change of variable, a 
distribution estimate on the or1g1na1 subregion. If the data vectors (j, j = 

1, ... , n, have an their coordinates positive, then the method can be applied 
to their logarithms Xj = log((J) (evaluated coordinate-by-coordinate), to 
produce a random vector y, which then yields a log filtered-variate 
Dirich1et distribution with the random vector 11 = exp(y). Such a 
distribution for 11 is nearly as easy to use for simulation as a direct 
filtered-variate D1rich let. 

A Bayesian posterior predictive distribution is typica11y more diffuse 
than the samp 1 ing distribution. Consider that Var(Xn+ 1 I x 1, ... , Xn) = 

E [Var(Xn+1 18) I X1, ... , Xnl + Var [E (Xn+l I 8) I X1, ... , Xnl In the problem of 
constructing a predictive distribution, un11ke the problem of estimating a 
population distribution, one may wish to assert a more diffuse distribution 
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than the sample emp1r1cal distr1but1on, choos1ng c d2 = 1 + e, say, for 
wh1ch Var y = ( 1 + e) Sx. 

We end this sect1on by presenting results of simulations 1n which 
filtered-variate Dirichlet d1str1but1ons with various values of i were 
compared to the population dfstrfbutfons from which the f1 lter points were 
sampled. Six populations that were used are listed fn Table 1. (The 
11halved-exponential" density there 1s p(x) = ( 1 /3) ex, x < 0; ( 1 /3) e-(x/2), 
x > 0.) A random sample of size 20 was generated from a population 
distribution and three filtered-variate Dirichlet distributions were 
determined for the sample, with ,P = 1 / 19, 3/20, 8/20. Each such 
distribution was then compared to the population distribution and the 
Kolmogorov-Smirnov statistic (K-S) was computed. This was repeated for 
50 samples of size 20 from each population d1str1but1on and the observed 
mean and standard deviation of the K-S statistic were determined, as shown 
in Table 1. 

Table 1. Difference between f11tered-variate D1r1chlet distribution 
estimate and population for various populations and values of ,f3. 
Mean and standard deviation (s.d.) of Kolmogorov-Smfrnov statistics 
for ff fty samples of size 20 from each population distribution. 

Distribution .B-Value Std. error of 
(deg. fr.) ....... 11_...1 ...... 9 ___ ,=.1,3/-=2 ...... 0 ___ ....... 8/-=2 ...... 0 ___ d1ff. between 

Mean s.o. Mean s.p. Mean s,o. two means 
Ch1-sq. (6) 0.115 0.059 0.111 0.061 0.114 0.059 0.0122 
Log Chf-s. (6) 0.116 0.055 o. 109 0.055 0.106 0.054 0.0054 
Stud. -t ( 4) 0. 121 0.053 0. 112 0.054 0. 114 0.054 0.0031 
Normal 0.116 0.058 0.103 0.056 0.097 0.054 0.0021 
Halved expon. 0.132 0.061 0.132 0.063 0.135 0.063 0.0024 
Uniform 0.130 0.056 0. 129 0.055 0.129 0.054 0.0016 

For each population distribution a two-way analysis of variance was 
performed with the different ,f3-values and the different samples as the two 
factors. The difference in ,f3-values had a statistically significant effect 
for the Student-t population (P < .05) and the normal population (P < .001 ). 
In each case, the K-S statistic for .f3 = 1 / 19 was poorer than for each of 
the larger $-values, and for the normal population, .f3 = 3/20 was poorer 
than i = 8120. This ordering for the normal distribution might have been 
anticipated from Theorem 4.1, according to which the 11miting form of the 
filtered-variate Dirichlet as .f3 increases 1s normal. The smallest value 
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that we used, i = l / 19 = 1 /(n-1), 1s the smallest poss1ble for a 
continuous density function, as will be shown in Section 7. 

If one were to test whether an empirical distribution for a sample of 
size 20 came from a particular distribution, the 5% critical value of the K-S 
statistic would be 0.29. This number was always more than two sample 
standard deviations above the sample mean of the K-S values for the 
filtered-variate Dirichlet distributions, suggesting that these distributions 
could provide a better approximation to the populat1on distribution than is 
given by the empirical distribution. This does not mean that the 
filtered-variate Dirichlet distribution will be far from the empirical 
distribution, as illustrated by Figure 2, where the f1ltered-var1ate Dirichlet 
(solid line) is close to both the true population (dotted line) and the 
empirical distribution (step-function of dashes). Notice, though, that the 
soHd line in the figure is closer to the population distribution than would be 
obtained by an arbitrary method of smoothing the empirical distribution. 

We have suggested that a transformation could be used if the populat1on 
dis~r1bution has a restricted support set. The effect of a logarithmic 
transformation for a chi-squared distribution is indicated in Table 1. It 
suggests that a transformation is more beneficial as i increases. This 
may be because, w1th no transformation, the dilation into the region where 
support is zero is greater for larger i-values. 

[INSERT FIGURE 2 HERE WITH THE FOLLOWING CAPTION:] 

Figure 2. Population distribution, empirical distribution, and 
filtered-variate Dirichlet with i = 3/20. The population distribution is a 
Student-t (4 d.f.), from which a sample of 20 was drawn and used to form 
the other two distributions. 

5. A MARGINALIZATION PROPERTY: 8-SPLINES AND THE 
DISTRIBUTION AS A PROJECTION 

The proposed distribution estimate, a filtered-variate Dirichlet 
distribution with the dilated data as the filter points, is easy to use for 
simulation, since the Dirichlet random vector has coordinates distributed 
like the ratios of independent chi-squared or gamma random variables to 
their sum. We develop mathematics of the distribution and its density 1n 
this Section and the next two Sections. 

The distribution of a linear function of a Dirichlet vector has been 
important, at least, since Bloch and Watson ( t 967) and interest continues in 
more recent work of Margolin ( 1977), Jiang ( 1984), lgnatov and Kaishev 
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( 1987), and others. [For the extens1on to the distribution of an integral of a 
D1r1chlet process, see Sect1on 8, to follow, and references c1ted there.] The 
density is espec1a11y easy in one particular case. This 1s the 
fu11-d1mens1onal or unprojected case of y = Z w, w - D(J), Z k x n, 
where k = n-1 and rank(Z - Zn 1 nT) = n-1. Then the f11ter transformat1on 1s 
invertible and the density of y can be obtained from the density of w, Just 
by a s1mple subst1tut1on with constant Jacobian, 

P (y) = Pw w [ (21-Zn, .. . , Zn-1-Zn)-l Y] 
y 1, · · ·• n-1 

/ I det(z1-Zn, ... , Zn-1-Zn) I. (5.1) 

Although a value of n as smal1 as k+ 1 1s usually not of direct interest, the 
density (5.1) 1s useful in the more general case as an 1nit1al function in two 
methods: (1) marg1na11zat1on, or projective co11apse of the dimension k; 
and (10 iteration by increase of the sample s1ze n. We discuss the first 
method (0, and we turn to the second method in the next section. 

A marginalization property. A linear transformation of a 
f 11tered-var1ate d1str1bution is again filtered-variate w1th the same 
underty1ng random vector w. If y = Z w, then By = (B Z) w. In 
particular, a coordinate projection preserves the filter structure: 1f y = 
cycor, yC2>T)T and z = czcor, zc2lT)T are partitioned conformably, and y = 
z w, then yen = zco w, which is constructed 1n the same d1rect way 
from w and the data subvector xco of the conformably partitioned X = 
cxcnr, xc2>T)T. Thus, in a very strong sense, the method 1s 1nvar1ant to the 
dfmensiona11ty k of the sample vectors. The distribution est1mate 
obtained directly from a few coordinates of the data vectors 1s identical to 
the corresponding marg1nal d1str1but1on of the d1str1but1on esttmate 
obtained from the full d1mensiona1 data vectors, provided only that the 
d11at1on factor does not depend on k. (This is true even 1f w 1s not 
Dirichlet, or even MSV.> Beyond the logical attraction of this feature, 1t can 
be important as a conceptual and computational aid. 

Given a set of n points in Rk, Z = (z 1, .• • , Zn), such as an outward 
dilation of sample data by (4.1 ), we define the projected-hypervolume 
distribution as the distribution of the random k-dimensional vector 
y = Z w where w has the uniform distribution on Llcn>. That is, w has 
the exchangeable D1r1chlet d1str1but1on with un1t parameter ci = 1 ), 
w - D( In>. To motivate this def in1tion, when n ~ k + 1, just imagine 
augment1ng the k x n matrix Z by appending (n-1) - k further rows, if 

necessary, to obtain an (n-1) x n matrix, denoted by Z = (z1, ... , 20 ), 

for which rank(Z - Zn 1 nT) = n-1. Then, by Lemma 4. 1, the region 
CHull(z1, ... , 20 ) is of full dimension fn Rn-1, and y = Z w is 
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-uniformly distributed over this polytope. So y has an (n-1 )-dimensional 
hypervolume distribution, and its subvector y has our more general 
k-dimens1onal projected-hypervolume distribution. If, as is commonly 
assumed, the or1ginal array of n data Xj's, and hence the Zj's, are of full 
rank, then it is possible, by the following lemma, to construct such 

,.., 

augmented z. For example, in one dimension (k= 1 ), this requires only that 
the data not have an n-way tie at a single numerical value. 

Lemma 51 Assume Z = (21, ... , Zn), k x n, n ~ k+ 1, and 
rank(Z - Zn 1 nT> = k. Without loss of generality, the n vectors can be 
ordered so that the first k vectors and the nth vector satisfy rank(z1-zn, 

,.., 

... , Zk-zn> = k. Define the (n-1) x n matrix Z = (ZT, JT)T, where J = 
(Ohxk, lh, Ohx1) with h = n-1-k. Then rank(Z - Zn 1 n T) = n-1. 

An amazing feature of a projected-hypervolume distribution is that 1t 
depends in no way on which (n-1 )-dimensional figure has its normalized 

,.., 

hypervolume projected to form the probabi11ty, provided 1ts vertices Zj 
have the spec1f1ed project1ons ZJ The d1str1but1on of y = Z w on 
CHulHz1, ... , Zn> in Rk 1s the marginal distribution of the un1form 
distribution on CHu1Hz1, ... , Zn> in Rn-1 for any augmentation z of z for 
which rank(Z - Zn 1 nT) = n-1. Figure 1 illustrates a hypervolume projection 
for one-dimensional data, k= 1, consisting of n=4 data points including one 
tie. The solid body in n-1 = 3 dimensions is depicted relative to the first 
two axes in the plane of the page and the third axis rising perpendicularly 

,.., ,w ,.,,,, ,.., 

from the page. It has n = 4 vertices, z1, 22, z3, and Z4, which can be placed 
arbitrarily, except for their first coordinates , z1, 22, z3, and z4, which are 
fixed at o, 2, 2, and 4, respectively. Equivalent alternative point values are 

,., 
shown for 24. The projected-volume density plotted here is proportional to 
the cross-sectional area of the solid figure. This is easily seen to be the 
piecewise quadratic: p(y) = (3/ 16) y2, if O ~ y ~ 2, and (3/ 16)(4-y)2, if 
2s.ys.4. 
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Figure 3. A projected-volume 
distribution .. for K = I and n = 4. 
(The thirdllA'IS rises perpendicularly 
from the p/8/leof the P8!J9.) 

Somewhat more can be said about a projected-hypervolume 
distribution in only k= 1 dimension. Suppose the specified scalar values are 
ordered and labeled accord1ng to 21 ~ 22 ~ ... ~Zn, and 21 < Zn. Then the 

,..., ,..., 

correspond1ng vectors z1, . .. , Zn, as given by Lemma 5.1, are the vertices 
ofas1mplex SmPn-1 inn-1 dimensions,andtherandomvar1able y = z1w1 
+ ... + ZnWn, where w ,., DC 10), has a density proportional to the 
(n-2)-d1mensional hypervolume of the polytope PtPn-2, the cross-section 
of SmPn-1 at the first coord1nate equal toy. Cross sect1ons of s1mp11ces 
are developed 1n deta111n Sommerville ( 1958), with results that justify the 
following statements regarding special cases. 

T/Je.orem 5-1 Suppose k = 1 , z 1 s; 22 s; ... s; Zn, and y = z 1 w 1 + 

. + ZnWn, where w ,., D( 1 n>. 

(1) If y is just inside the extreme dilated order statistic, 21 ~ y s 22> 
then the cross-section PtPn-2 is also a simplex, and y has the 
density 
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f(y) = 
n (n-1 )(y - z 1 )n-2 I Il2 (Zj - Z 1 ), 

and analogously for Zn-1 ~ y ~ Zn. 

( i O If n = 4 and 22 ~ y ~ 23, 

Hy) = [3/(22-z 1 )] ( (y-z 1>21[(23-21)(24-21 )] 

(5.2) 

- Cy-z2)2/[(z3-z2)(z4-z2)] ). (5.3) 

,w 

Proof. (0 For the vectors Zj constructed as 1n Lemma 5.1, PtPn-2 is 
an orthotope, with volume proportional to the product of its orthogonal 
measurements. So 

f(y) = Vo1(PtPn-2> / Vol(SmPn-1) 

n-1 
= ( [ 1 /(n-2)1) Il2 [(y - Z 1 )/(Zj - 21 )] } 

I ( [ 1 /(n-1 )!] ldet(Z1-Zn, ... , Zn-1-Zn)I }. (5.4) 

( i O The derivation is elementary 1n the case n = 4. The plane 
cross-sectional region is the difference of two right triangles with 
co-11 near 1 egs. 

The effect of the placement of the zj's when n = 4 is 111ustrated in 
Figure 4. Included as the first plot 1s the density of Figure 3. 

[INSERT FIGURE 4 HERE WITH THE FOLLOWING CAPTION:] 

Figure 4. Influence of the filter points on the filtered-variate 
Dirirchlet with n = 4. 

Our general f11tered-var1ate Dirichlet d1str1bution, with w .., D(jl) 
for more general B, 1s just a straightforward genera11zat1on of a 
projected-hypervo1ume distribution. Lemma 5.1 and Eq. (5.1) can be used in 
the same way again to construct an Cn-1 )-dimens1ona1 density, which can be 
marg1na11zed, analytically or numer1ca11y. In the example of Figure 3, y = 

2W2 + 2W3 + 4W4, Where (Wt, W2, W3, W4) - 0($, $, $,$)for J3 = I. If we 
modify this by taking J3 = 2, then y is found to have the marg1na1 density: 
p(y) = (63/384) ys[ 1 - (5/ 12)y] if o ~ y ~ 2, and (63/384) (4-y)S 
[1-(5/12)(4-y)] ff 2~y~4. 
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Un1var1ate B-sp11nes were 1nterpreted geometr1ca11y as marg1na1 
dens1t1es of hypervo1ume d1str1but1ons by Curry and Schoenberg ( 1966), and 
multivariate B-sp11nes were 1ntroduced as such by C. de Boor ( 1976). 
lgnatov and Ka1shev ( 1987) have shown that for any d1mens1on k 1f all (or 
nearly all) the coordinates of the parameter J are integers, then the 
filtered-variate Dirichlet density is equal to a multivariate B-spline M(y), 
as follows. 

Theorem 52 The k-dimensiona 1 random vector y = Zw, w ,.., 
D(h1, ... , hn), for integer hj , J = 1, ... , n, has probab11ity density equal 
to the multvariate B-spl1ne, 

p(y) = M(y; Z 1, ... , Z 1, ... , Zn, ... , Zn), 

where z = (z 1, .. . , z0 ) and each vector Zj is repeated hj times as a 
parameter of M, for j = 1, ... , n. 

(5.5) 

In our application of Theorem 5.2, a common integer-valued parameter 
coordinate i will imply projection from a constant hypervolume density 1n 
$(n-1) dimensions. Contrast this with the projection from a more general 
density in n-1 dimensions, introduced in a paragraph f o1 low1ng Theorem 5.1. 
lgnatov and Ka1shev use recurrence formulas for M from the literature and 
they derive the following divided-difference formulas for computing the 
density, the c.d.f., and the moments of y, for k = 1 and integer-valued 
Dirichlet parameters. (Similar results hold for near1y all of the 
parameters integer-valued.) Related expressions are given by Margolin 
( 1977). 

Define the divided difference, 

[t 1, ... , tmlu f(u) = 

Ut2, ... , tmlu f(u) - [t 1, ... , tm-1 lu f(u)) / (tm - t 1 ), (5.6) 

with [t t1u f(u) = Ht 1 ). The univariate B-spline is 

M(t; t 1, ... , tm) = [t 1, ... , tmlu g(u), (5.7) 

where g(u) = <m-1 )[(u - t)+Jm-2, where (v)+ = max(O, v}. For k = 1 the 
c.d.f. of the distribution 1n (5.5) can be computed for ye CHul l(z 1, ... , Zn) 
by 

P(y) = 1 - [z 1, ... , z 1, ... , Zn, ... , Znlu H(u), (5.8) 
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where, for htot = I~ h1, H(u) = (<u - y)+ 1htor 1, H(z 1) = 0. Then the 

dens1ty (5.5) fork = 1 can be computed as the follow1ng der1vat1ve of (5.8), 

p(y) = [21, ... , 21, ... , Zn, ... , Zn]u H'(u), (5.9) 

where H'(u) = Chtot - 1) (Cu - y>+ ]htot-2. Expectations can be computed as 
divided differences of ant1derivat1ves, 

E[f(y)< htot- 1) /(htor 1 )I] = [21, ... , z 1, ... , Zn, ... , Zn]u Hu), (5.10) 

for any funct1ons f e d htot- 1) on CHull(z 1, ... , Zn). 
We have seen that the moments of a filtered-variate Dirichlet random 

vector are Carlson ~ functions <Theorem 3.5). By Theorem 5.2, this yields 
an elegant and apparently new relation between Carlson's functions and 
multivariate B-splines, expressing ~ as a k-dimensional integral; and for 
k= 1, expressing R as a divided difference. 

Corollary 5 I For h = (h1, ... , hn) with all coordinates hj 

integer-valued, rtot = I~ n , and M as 1n (5.5), the rth mixed moment of 

vector y takes the form, 

:Rrtot (h, Z, -r) = f Rk (Il~ y{i) M(y; Z 1, ... , Z 1, ... , Zn, ... , Zn) dy; (5.1 I) 

and by (5.10), for k = 1, the rth moment of scalar y 1s 

R ( A ) _ [ ] r+htot-1 / (r+htot-1 r P, z - z 1, ... , z 1, ... , Zn, ... , Zn u U r , (5.12) 

in terms of the usual comb1nator1al coeff 1c1ent. 

6. THE DENSITY BY CONVOLUTION 

We develop the general filtered-variate Dirichlet density by iteration 
w1th respect to increasing sample size, in the f o11owing theorem. 

Lemma 6. I {Adapted from Wilks 1962, pp 180-181.) Write, in terms 
of the sea Jars Wn and in, 

(
( 1-wn)wCn-1)) w(n) = 

Wn , 
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Then w<n> - O(J<n>) 1f and only 1f 

w(n-1) ,.., ocpcn-1)) , 

and w<n-n and wn are independent. 

T/Jeorem 62 If y<n-n = (z1, ... , Zn-1 )wCn-0 and y<n> = 
Cz 1, ... , z0 ) w<n> where w<n-o, Wn, and w<n>, satisfy the cond1t1ons of 
Lemma 6. 1, then 

y<n) = ( 1 - Wn) y<n-l) + Wn Zn, 

where Wn - beta(~n, ~1+, .. +~n-1) 1ndependently of y<n-o. Thus, the 
densities of y<n> and y<n-o are related by 

1 

(6.3) 

P y<nl(y) = J P y<n-ll [( 1-w)-1 (y - W Zn)l b(W; fin, ti 1 + ... + fin-1) dW. (6.4) 

• The f1rst factor 1n the integrand of (6.4) 1s nonzero only when 1ts 
argument lies 1n CHu11(z 1, •.. , z0_1). This restriction can be difficult to 
handle for a moderate or 1arge dimension k. But for k = 1, the range of y 
and w is 

w Zn+ ( 1 -w) min{z1, ... , Zn-ll 
s. y s. w Zn + ( 1 - w) max(z1, ... , Zn-d (6.5) 

and o s. w s. 1. 

7. POLES IN THE DENSITY 

As in the beta distribution, small parameter values 1n a Dirichlet 
distribution w111 result in the presence of poles 1n the density function, and 
this 1s also true of a filtered-variate Dirichlet distribution. This can be an 
important consideration for a method purporting to estimate a population 
distribution judged to be smooth and to have a smooth density function. The 
f o 1 1 ow i ryg theorems es tab 11 sh the cond 1 t 1 ons under w h 1 ch our d 1 str1 but 1 on 
estimate has a finite density. 

Lemma 7. I (Polesof aDiric/J/etdensityJ. If w - DC.JI) on L\<n>, the 
density of w 1, ... , Wn-1 1s f1n1te at w = &cJ > for specif 1ed J CJ = 1, ... , 
n-1 ), if and only if 
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Lr .. 1 ir 2 n - 1 . <7. 1 i 
That is, a11 the ot/Jer parameters, ir, j' e ( 1, ... , n} - (j}, must have a 
1 arge enough sum. 

Proof. For simp11city, consider j = 1. On a straight line through the 
point Sc n, the density takes the f o11owfng form, for constants a1 > 0, j = 2, 
... , n, and E > 0, 

Pw w [ 1 - (L1: 2 a1 )E, a2E, ... , an-1E] = 1, ... , n-1 

This has a finite limit as E-+ 0 only when Lr=2 $j 2 n-1. 

A Dirichlet distribution w ,., D(B) on flCn>J n ~ k + 1, has a marginal 
density in Rk that can be viewed as being the density of a filtered-variate 
Dirichlet distribution with the n vertices in Rk, 5c n, ... , &ck>, o, ... , o, 
with n - k ties at zero. Since Dirichlet distribut1ons have a marginal1zaton 
or grouping property <Theorem 3.1 (10), this is also the same as the dens1ty 
1n Rk of the Dirichlet distribution D(oc) on flCk+ 1>, where 0<j = $j (j = 1, ... , 
k) and O<k+ 1 = ~k+ 1 + ... + ~n- Then according to Lemma 7.1, for this 
filtered-variate Dirichlet, the condition for a finite density at Sc 1 >, say, is 

that L~:; O<j e Lr=2 $j 2 k. But this condition applies quite generally 

to filtered-variate Dirichlet distributions, since the property of having a 
f1n1te density at a filter point 1s invariant to local changes in position of 
other filter points that are distant from the point of interest. Thus, we 
have the following result for filtered-variate Dirichlet distributions, 
allowing for t1es at filter points. 

T/Jeorem 7. I (Poles of a filtered-variate Oiric/Jlet density.) If y = 

Zw on Rk, where w - D(B) on ~en>, then for any specified j (j = 1, ... , 
n), the density of y fs finite at Zj ff and only ff 

Ir,r<J) ir 2 k , 

where T<j) = {J : zr = Zj ]. 
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Corollary 71 (Symmetric parameters). If y = Zw on Rk, where w -
D(~ 1 n> on 6<n>, and if there are no ties among the filter points z1, ... , Zn, 
then at every such point y = Zj, the density of y 1s fin1te if and only if 

j3 ~ k / (n - 1 ). (7.4) 

According to this result, a filtered-variate D1rich1et distribution, 
wtth a symmetr1c parameter vector and no t1es among 1ts f1lter points, will 
have no poles in tts density whenever j3 ts large enough to sat1sfy (7.4). 
But if i < k / (n - 1) there will be poles at a11 n filter points. This 
effect is shown in Figures 5 and 6 for k = 1 and n = 5, for which the 
thresho 1 d becomes i ~ .25 . 

[INSERT FIGURES 5 AND 6 HERE WITH THE FOLLOWING 
CAPTIONS:] 

Figure 5. A f 11tered-variate Dirichlet density with 5 poles, for $ = 

0.2 .. The filter points were 5 equally spaced points, and the distribution 
was simulated by generating 100,000 random deviates. 

Figure 6. A density s1m11ar to Figure 5, but without poles, for i = 0.4. 

In larger dimensions k, whole line segments and other convex 
closures of subsets of (z1, .. . , z0} can bear infinite density. Theorem 7.1 
genera11zes to provide conditions preventing such s1ngularities of the 
density, as follows. 

T/Jeorem 7.2 (Convex sets or singularities) In the setting of 
Theorem 7.1, if S is a subset of (z 1, ... , z0} of cardinality ISi < k + 1, then 
the density of y is finite on the interior of CHull(S) if and only if 

L1iaT(S) '3J ;I, k + I - ISi ' 
where T(S) = (j: Zj e S}. 

In the symmetric-parameters case, jJ = $1 n, the condition of 
Theorem 7.2 is that 

(7.5) 

J3 ~ (k + 1 - ISi) I (n - ISi>. (7.6) 
Note that if this is satisfied for single points (ISi = 1 ), 1t is automatically 
satisfied for larger subsets (ISi > 1 ). 
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8. INTERPRETATION AS THE RANDOM MEAN OF A DIRICHLET PROCESS 

What happens to our distribution estimate as the samp1e size n 
increases? Is it consistent in the trad1t1ona1 sense of convergence to the 
population distribution as n"" oo? A far more relevant question 1s, how 
close w111 it be to the population distribution for typical sample sizes. 
"C1ose" can be defined in many ways, including ways that refer to the 
smoothness of the d1str1but1on estimate re1at1ve to the smoothness of the 
popu1ation distribution. A comp1ete answer to this important second 
question would seem to require extens1ve experience w1th the method, 
s1mu1ated or real. We turn in this section to the first question. It wi111ead 
quite natura11y to consideration of a genera11zat1on of our filtered-variate 
Dirichlet distribution, the d1str1bution of a random mean of a Dirichlet 
process. 

For each samp 1e size n, 1et 

y(n) = z(n) w(n) (8.1) 

on Rk, where w<n> ~ D(IJCn>) and where zcn> dilates the data x<n> by (4. t) 

with den>= ($~~l + 1) 112, where i~~l = L ;= 1 it>. It is apparent from 

Theorem 4.1 that for the symmetric cho1ce IJCn> = icn> 1 n we will have 

consistency in two cases: (1) when $~~l = ni<n> goes to zero fast enough; 

and (ii) when, in the case of a normal population distribution, i<n> goes to 
infinity fast enough. We shall give such statements a foundation and 
simultaneously generalize the proposed distribution estimate by viewing 
y<n> as the random mean of a Di rich 1 et random process constructed on the 
Bore 1 sets " of the data-variable space Rk. 

As defined by Ferguson ( 1973) (and stated here 1n the particular space 
Rk), a random probability distribution a on (Rk, ") is said to obey a 
Dirichlet process with finite nonnull parameter measure 0< on (Rk, ,,), 
denoted by a - 3l(0<), if a is a random process indexed by elements of ,,, 
and a has the following f1n1te-d1mensional marg1nal distributions. For all 
positive integers m, and every measurable partition A1, ... , Am of Rk, 
the random vector (O(A 1 ), ... , Q(Am)) has a Dirichlet distribution on ~cm> 
with parameter vector (0<(A 1 ), ... , 0<(Am)). Dirichlet processes appear 
often as Bayesian prior d1str1but1ons since they are quite tractable in Bayes· 
Theorem. But they have been cr1t1cized regarding such use because, with 
probabi11ty one, their realizations a are discrete distributions, and what is 
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worse, the above-mentioned Dirichlet vectors (Q(A 1 ), ... , O(Am» cannot 
have any positively correlated coordinates. That is, such a prior 
distribution expresses prior opinion favoring 1oca11y highly nonsmooth 
sampling distributions. (See e.g. Dickey 1968ab.) Even so, D1r1ch1et 
processes have been applied with some success 1n a wide variety of 
Bayesian problems, as elegantly reviewed in Ferguson, Phadia, and T1wari 
( 1989). 

Random 11near functionals of a Dir1chlet process have been studied by 
Hannum, Hol1ander, and Langberg ( 1981 ), Jiang ( 1984), Lo ( 1987), C1fare111 
and Regazz1n1 ( I 988), Weng ( 1989), and others. Sethuraman and T1war1 
( 1982) have given a powerful theory of weak convergence for Dirichlet 
processes based on uniform convergence of parameter measures. Our 
approximating parameter measures, however, will be discrete, and hence not 
uniformly convergent. Sethuraman and Tiwari show that if a sequence of 
parameter measures 1s tight, the corresponding sequence of D1r1ch1et 
processes wi11 be tight. Hence, we can simplify the development here by 
merely assuming a common compact subset Q of Rk containing the support 
sets of our parameter measures. Define for a parameter measure 0< on (Rk, 
~), for a Dirichlet process a - !0(0<), and for a continuous function f(z) on 
RI<, the St1eltjes integral for outcome distribution a., 

fa = JRk f(z) dO(z). (8.2) 

This ts a linear function of a with an induced distribution. The random 
mean of a Dirichlet process is the special case of a vector of linear 
integrands, 

za = IRk z dO(z). (8.3) 

The important insight of this section is to realize that the 
filtered-variate Dirichlet vector y(n) 1s the random mean of a simple 
Dirichlet process. Define for the matrix of n fixed column-vector points 1n 
Rk, z<n> = <z1, ... , Zn), the f1n1tely-supported Catom1c) measure 0<<n> on 

Rk assigning masses at> > o to the points Zj, 

L
n Cn) 

O<( n) = . - 1 R • 0 
J- -VJ z· ' J 

(8.4) 

where 6
2
.(S) = 1 1f Zj e S, and O otherwise. This is proportional to the 
J 

empirical d1stributon F~n> of z<n>, 

(nl = R(n) F(n) 
0( -Vtot z . (8.5) 
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Lemma 8. I For fixed z(n>, the f11tered-var1at~ random vector y(n> 
(8.1) is distributed identically to the random mean Z~n> (8.3) of a 

Dirichlet process acnl - !D(cx<nl) with the finitely-supported (atomic) 
parameter measure cx<n> (8.4)J (8.5). 

Interesting results follow immediately from this representation. We 
obtain first a uniform limit and the low-order moments of the random mean 
of a genera 1 D1r1ch let process. 

Lemma 82 A Dirichlet-process random linear fuctional f 0, 

a - :O(od, can be expressed as the un1form 11m1t of such functionals 
hav1ng finitely supported (atomic) parameter measures 0<<n> (8.4), in the 
sense that, for any given £ > O there exist such cx(n> and f Q(n>, where 

a<n> - !D(cx<n>), satisfying for all outcomes, If a - f QCn>I < £. 

Proof Partition Q (compact) 1nto a f1nite number of small enough 
hyperintervals lj and choose any po1nts Zj e lj. Then lf<z) - f(Zj )I < £ 

whenever z e lj. To finish the construction, let cx<n> be defined by (8.4) 

with a~n> = 0<( lj ), and write f aCn> = 2i a<n>( {ZJ)) f<ZJ ), defining each 

a<nl((Zjl> = O(lj ). Write f O = LJ O(lj) f 
0111 

, where f 
0111 

are conditional 

D1r1chlet random means on lj, independent of the Q(lj ). 

This lemma, showing that a Dirichlet-process random mean is 
distributed according to the limiting distribution of Dirichlet-weighted 
averages, can be applied to justify the following distributions on the unit 
disk, which were obtained by Jiang ( 1988) as limiting distributions of the 
filtered-variate Dirichlet distribution, with the the nth roots of unity as 
the filter points becoming dense on the unit circle for n-+ 00. 

Corollary 81 In the plane (k=2) let ex = 0<tot ~' where ~ is the 
uniform probability distribution on the unit circle. Then the 
Dirichlet-weighted mean za (8.3), where a ,., !D(cx), has the circularly 
symmetric distribution on the unit disk with squared radius, 
r2 - beta( 1, 0<tot). In particular, if the parameter measure 0< is the 
uniform probability d1str1bution on the unit circle Ce<tot = 1 ), then za 1s 
uniformly distributed on the unit disk. 
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T/Jeorem 8 I (Moments of t/Je Random Mean of a Olric/Jlet Process) 

If za = JRk z dQ(z), where Q - D(o<) on (Rk, .?I), and if ex = extot ;, 

where extot = J Rk dcx, then 

E za = E(z I~) 
and 

Var ZQ = Cextot + 1 )-1 Var(z I ;). 

(8.6a) 

(8.6b) 

If k = 1 and ; is a symmetr1c distribution, then za has a symmetric 
distribution, and so has odd moments zero (Hannum, Hollander, and Langberg -1981 ). If k = 1 and ex 1s a continuous-type distr1but1on with zero mean 
and finite fourth moment, 

E( zo4) = [<extot + 1 )Cextot + 2)Cextot + 3))- I [ 6E(z4 I ;) + 3extot (E(z2 I ;»2 ]. 

(8.7) 
Pro,1/. Apply Lemmas 8.1, 8.2 with f(z) = z, and eqs.(3.4ab). The 

uniform limit in Lemma 8.2 is stronger than limit in probability which 
imp11es weak convergence. In (8.7), the only surviving contributions in the 
four-way sum as it approaches E( zo4) are the constant terms in the 
Dirichlet moments E(w14) and E(w12 Wj2) (i ~ j). 

We turn back now to our d1stribution estimate y<n> (8. 1) and we 
formally assume that the data xcn> = (x1, ... , xn> is an 1.i.d. random 
sample from a parent population, say Xj - llx on Rk, j = 1, ... , n. 

T/Jeorem 8.2 With probability one, as sample size n increases, the 
f11tered-var1ate Dir1chlet random vector y<n> (8.1) converges in probability 
to the Dirichlet-process random mean, yc 00> = za (8.3), where 

a ,., :oci~;) Tfz) where we assume a f1n1te 11m1t1ng total measure 

P~~> = limn-+
00 
$~~ ci~~ = npCnl), and llz is the population distribution of 

the transformed data var1 ab 1 e, 

z = <i~;> + 1 )112 <x - in> + in, 
where irr = E(x I Tix). 
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Proof. Partition Q into {J1}:=1 such that 112 - 2·11 < E whenever 

z, z' e J1. Choose points 21* e J1, e.g. midpoints. Define the vectors R 

and p of coordinates R1 = Q(J1) and Pi = i~~>TTz(Jj), respectively. Then 

R ,., D(p) and 
I -I L 1 Zi* R1 - ZQ I < E, (8.9) 

- en> Cn> for all outcomes. By Lemma 8.1, y<n> = ZQ(nh where acn> ,., :0( itot F2 ), 

and F~n> is the emp1r1cal d1stribut1on of z<n>. Def1ne the vectors R<0> and 

. Cn) Cn) <n> Cn> 
p<n> of coordmates R1 = a<n>(J1) and p1 = J3tot F2 (J1), respectively. 

Then R<n> ,., D(pCn>) and 

I I\ Zi* Rt> - y<n> I < E, (8. 10) 

for all outcomes. Now, as n ~ oo, p<n> ~ p with probability one. So RCn> 
converges 1n probability to a random vector distr1buted 11ke R, and 

I z1* Rt> converges in probability to a random variable distributed 11ke 

I z1* R1. Since E is arbitrar1ly small, (8.9) and (8.10) imply that y<n> 
converges in probability to a random variable distributed like za. 

Corollarr 8.2 Applying Theorems 8.1 and 8.2 to a NormaHµ, e12) 

population yields a limiting distribution w1th its first three moments 
matching the population, and the ratio of fourth moments, 

E[(y(oo)_ µ)4] / [3 C14] = (Joo)+ 1) <i' 00 \6) / [(J3(oo)+2) (J3( 00\3)] (8 11) 
"'lot tot lot tot · · 

This is never smaller than unity, it approaches unity at i~;> = o and oo, 

and it is maximized to 1.20204103 at i~:> = ./6. 

[INSERT FIGURES 7 AND 8 HERE WITH THE FOLLOWING 
CAPTIONS:] 
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Figure 7. Cumulative distribution of the limiting filtered-variate 

Dirichlet distribution estimate with i~;> = ./6, as sample size n ~ co, 

for a normal parent population. The normal parent cumulative is also 
plotted. 

Figure 8. The case of a uniform parent population. 

The degree of sim11ar1ty between the (limiting) distribution of za 
. ( 00) 

and the parent populat10n will depend on itot and the parent populat1on 

(assuming i~~> 1s nonzero). The d1str1butions w111 d1ffer 11ttle 1f the 

parent population 1s normal, as i11ustrated 1n Figure 7. That the 
dfstr1but1ons can differ more 1s 1 llustrated 1n Figure 8, where the parent 1s 
a un1f orm distr1but1on. Th1s difference would be reduced 1n practice when 
such an interval range was known, by using an appropr1ate 1nvert1ble 
transformation {e.g. log[x/( 1-x)]), as suggested tn Section 4. 

9. SIMULATING THE RANDOM MEAN OF A DIRICHLET PROCESS 

Theorem 8.2 represents the large-sample-s1ze 11m1t1ng form of the 
distribution estimate as the distr1but1on of a Dirichlet-process random 
mean, parameterized by a measure proportional to the dilated population 
distribution. This can be used to study, by simulation, the limiting form of 
the distribution estimate as 1t relates to the population distribution and the 

choice of limiting value $~~) = 11mrH
00 

ni<n>. This poses the practical 

question of how to simulate a Dirichlet process random mean with a 
continuous-type parameter measure. Two methods are available. 

Lemma 8.2 suggests that one should partition the space Rk (or Q) 

into many equal small hyperintervals, assign a number of filter points to 
each hyper1nterval proportional to its population probability, and Just carry 
out the same simulation and ca1cu1at1ons that one uses to produce the 
distribution estimate, itself. Of course, the points w1th1n a hyper1nterva1 
Ji can be combined into a single point 21* for which the Dirichlet 
parameter coordinate would then be proportional to the hyper1nterval 

probab11 ity. If the random mean 1s approximately y = I~ 1 WJ ZJ, where 

w - D<i 1 n>, and mri 1s the number of Zj 's equal to 21* 1n the 

hyperinterval Ji, i = 1, ... , I, then we have y = L:= 1 u1z1*, where each 
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Ui = Iw Wj, and so U - D(?I), where each Of= Iw i = <ni)1(1. This 

requires only I, 1nstead of n, f11ter po1nts and a nonexchangeable D1richlet 
distribution on ~m, instead of an exchangeable one on ~en>. 

A variation on the method is to choose the points 2j or 21* within 
Ji at random, repeatedly throughout the simulation, thus preventing any 
density poles arising as artifacts of the approximation method, even for 
very small $. In the next section, we will suggest such a var1at1on in the 
est1mat1on method, itself. 

A second method of simulating yc 00 > 1n Theorem 8.2 explo1ts an 
elegant representation of the Dirichlet process by Sethuraman and Tiwari 
( 1982). Generate two independent 1.1.d. sequences, 21, 22, ... and 
qt, q2, . . . , as follows: 21 ,., TTz; and qo = 0, and for i > 0, 

i-1 (oo) 
(Qi I Qo, ... , Qi-1) ,., ( t - Lo Q1) x beta( 1, ~tot ). (9.1) 

The process has the discrete outcome distribution with probabilities Q1 

assigned to points 2 11 and then the random mean y< 00> = I:1 Qi 21. The 

method requires approximating this infinite series by a f1n1te sum. 

10. CONTINUOUS PARAMETER MEASURES AND PRIOR INFORMATION 

In Section 8., we saw that a filtered-variate Di rich let distribution is 
a simple case of the distribution of the random mean of a Dirichlet process, 
and in Section 9., we have seen that the latter can be s1mulated for a fully 
general Dirichlet process. This raises the possibility of using a 
continuous-type measure, or one having a continuous-type component, as the 
parameter of a d1str1but1on estimate. 

The following variation of our method replaces the atomic parameter 
measure by a continuous measure proport1onal to a sum of normal 
probability distributions having variance matrices proportional to the 
sample variance Sx. Other e111psoidally symmetric distributions could also 
serve. One literally replaces tne common mass$ at each dilated data point 
2j in (8.4) by i t1mes the normal d1str1but1on N(Zj, £d2Sx), to obtain the 
new parameter measure, 

( 10.1) 

Then, the low-order moments of the corresponding probability measure 0< 

are z = i and Sz + Ed2Sx = ( 1 +E)d2Sx , and so the moments of y 
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wl11 aga1n match the emp1r1ca1 sample moments x, Sx for the cho1ce 
( 1 +E)d2<ni+ 1 )-1 = 1, or for the cho1ce of d11-at1on parameter, 

d = cni+ 1)1121 < 1 +E). ( 10.2) 

Another var1at1on would be to obtain a d1str1but1on estimate 
essentially by adding to y an extraneous independent random vector. This 
was done by Lo ( 1987) for the Bayesian bootstrap. Let y = ( 1-E) 112zw + 
EU, where 1ndependent1y of w, u ,.., N( x, Sx). Then, again, E y = x and 
Vary = Sx. Other variations might m1x over parameters, such as ,f3. 

The preceding two methods have the advantage of k111ing any poles in 
the density of the distribution estimate and extending the support to the 
who1e space Rk, thus avoiding any awkward effects from the arbitrary 
convex boundary of the points Zj. We end with suggestions for modifying 
the parameter measure by 1nc1uding a component that may be of continuous 
type. · 

The methods that have been given here are not strictly Bayesian, but 
there may be interest in using prior information, even if not in a formal 
Bayes1an way. One way to use prior 1nf ormation 1s to choose ,f3 w1th an eye 
to the likely population d1stribut1ons and the effect of 13 on the 
distribution estimate. That choice wi 11 be easier after future work on the 
deta11ed effects of J3. Another way 1s to include a pre-data or "prior" 
component in the parameter measure, as fo11ows. 

In the usual Bayesian theory a prior Dirichlet process 1s assumed for 
the unknown population distrfbut1on, say TTx - ~(n0Gx), where Gx 1s a 
probability distribution. A prior Bayesian distribution estimate that has 
been suggested in the 11terature is the expected distribution E TTx = Gx. 
The Bayesian posterior process would again be Dirichlet with the posterior 
parameter measure noGx + nFx = (n0+n) Gx', where 

Gx' = (no+n)- l (noGx + nFx), ( 10.3) 

where Fx ts the empirical sample distribution. The parameter measures 
combine in the same way that empirical sample measures combine for a 
pooled sample. The posterior Bayesian distribution estimate 1s the 
posterior expected distribution Gx' ( 10.3) which, of course, includes atoms 
from Fx. Note that no plays the ro1e of the size of a "prior sample". 

Now, the traditional distribution estimate is Just Fx, which we have 
suggested rep1ac1ng 1n use by the smoother d1str1but1on of the random mean 
of a Di rich let process with parameter .f3totf z (8.5), where .f3tot changes 
only slowly with n. By extension, V!e suggest replacing in use as an 

30 



estimate the posterior Bayes1an d1str1but1on est1mate, Gx' ( 10.3), by the 
smoother d1str1but1on of the Dirichlet random mean based on the parameter 
measure l3tot G2', where G2' 1s the distribution induced from Gx' by the 
transformation, 

z = ( 1 + l3tot> 1 /2 [x - E(x IGx')] + E(x IGx'). ( 10.4) 

Again as 1n the Bayes1an method, our parameter distributions combine 1n the 
same way that emptrical d1stribut1ons comb1ne for pooled samples. 
However, we control the total parameter measures by our chotce of l3tot = 
Q(n) 
-f-'tot· 

Before knowledge of the data X, our d1str1but1on estimate would be 
the d1str1bution of the Dirichlet random mean based on the parameter 
measure '3tot G2. Th1s pre-data d1stribution estimate ts a distribution 
having moments 

E Yo = E(x IGx) 

Var Yo = Var(x IGx). 

( 1 O.Sa) 

( 1 O.Sb) 

The rat1o of sample sizes no to n, prior versus data, must be specified to 
<no+n) 

calculate Gx' by ( 10.3); the total parameter measure J3tot must be 

specif1ed as su1table for no+ n; and then the d1lat1on ( 10.4) can be 
. Cno+n) 

performed to ob tam the post-data parameter measure itot Gz'. After the 

data X, the d1str1but1on estimate will have moments 

E y = E(x IGx') 

Vary = Var(x IGx'). 

( 10.6a) 

( 10.6b) 

Thus, our post-data generalized distribution estimate 1s a distribution 
whose low-order moments< 10.6) are 1dent1cal to the moments of the 
posterior Bayesian distribution estimate. But our distribution estimate is a 
smoother d1str1but1on hav1ng no d1screte components, unl 1ke the posterior 
Bayes1an d1str1but1on estimate. 

The final theorem a11ows simulated sampl1ng from such a distribution 
estimate based on a composite parameter measure, by s1mulat1on of the 
random means based on the separate components. The proof 1s 
straightforward for f 1n1te-supported measures and carries over to more 
genera 1 parameter measures by Lemma 8.2. 
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T/Jeorem 10.I Suppose that 1ndependently a - D(od, R - D(o), and 
u - beta(0<tot, o'tot>. Then 

ua + < 1-u)R - D(0< + o), 

and so u za + ( 1-u) ZR has the same d1str1but1on as ZP where 
P - D{0< + o). 

( 10. 7) 

The theorem can be app11ed to s1mulate the und11ated random mean y 
en +n) en + n> Cn0+n) 

w1th parameter .f3t
0

: Gx' = .f3t
0

: (no+n)-1 no Gx + $tot (no+n)-1 n Fx = 

°' + o, in terms of the s1mu1ated random means with the respective 
Cn0+n) 1 <no+n) 1 parameters, °' = $tot (no+n)- no Gx and o = $tot (no+n)- n Fx. 

Then the post-data d1str1but1on estimate has the dilated random vector 

( 10.8) 

- - Cno+n) 
where y = [ 0<tot E(x IGx) + ?ftot x ] I t\ot . 

Figure 9 111ustrates, fork= 1, the use of a parameter measure having 
a normal pre-data component Gx = N(0, 1) w1th relative 11Pr1or sample 
s1ze" no= 1 o, and data X sampled from NC 1, 1) with n = 20. W1th the 

(30) . 
cho1ce $tot = 3J6, our respect1Ve total parameter measures for the 

simu1at1on use of Theorem 10.1 were 0<tot = v'6 and o'tot = 2v'6. (In genera 1, 

the distribution estimates need not have i~~> and i~l su_m to i~tn>.) 

[INSERT FIGURE 9 HERE WITH THE FOLLOWING CAPTION:] 

Figure 9. Combinig a pre-data distr1but1on est1mate with sample data. 
The pre-data distribution estimate fs the distribution of the random mean 
of !D(J6 NCO, 1 )). The data are a random sample of size 20 from N( 1, 1) 
and the tota1 parameter measure wou1d be set at 2J6 for the 
correspond1ng f11tered-var1ate D1r1ch1et dfstrfbutfon estimate. The 

. post-data distribution gives twice as much weight to the data-only 
parameter as to the pre-data distribution and has total parameter measure 
316. 
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The example 1n F1gure 9 1llustrates that the post-data est1mate of the 
parent distribution can be more diffuse than either the pre-data or the 
data-only distribution. This may seem different than typical results for 
standard Bayesian analyses, but here 1t is a distr1but1on being estimated, 
rather than the parameters of a distribution. In form1ng the post-data 
d1str1but1on in Figure 9, twice the we1ght has been g1ven to the data as to 
pre-data knowledge, so the post-data d1str1buton ts consequently closer to 
the data-only distribution. The figure also shows that the density for the 
post-data distribution is very sma11 only where the densities are very small 
for both the pre-data and the data-only distributions. Again, this contrasts 
with the usual parametric Bayesian methods. 

Of course, the genera11zat1ons in this Section can be combined. For 
example, Fz can be replaced by ( 10.1) in the calculation of G2' ( 10.3), 
thereby avoiding atoms in the postdata parameter measure, too, not merely 
in the d1str1but1on estimate. 

11. DISCUSSION 

The parameter i in the proposed method is available to tune the 
distr1but1on estimate to the sample size and 11kely populations. The effect 
of th1s choice 1s an 1mportant area for further work. We have found that 
va1ues above the threshold for density poles, 1 /(n-1 ), can be useful, even 

en +n) 
as large as 3/n or 8/n. The choice of the total parameter measure ~to; 
when there are "prior" components involves additional considerations. 

The representation of Sethuraman and Tiwari for a Dirichlet process 
offers a powerful tool for s1mulating general random means. W1th the 
availability of increased computing capability, this gives rise to exciting 
possib111ties for mapping out the performance and robustness of the method 
for useful population distr1but1ons and prior weightings over populations. A 
reemphas1s 1s suggested, to our thinking, on the problem of performance of 
estimates of aspects of a population from aspects of a nonparametric 
distribution estimate, and performance of asserted aspects of a predictive 
distribution. The possibility of using a sample to simulate a distribution 
estimate raises fundamental questions in statistical inference for, and 
inference from, applied simulation stud1es. 

We conclude by recalling that the d1str1but1on est1mate here matches 
the first two sample moments and approximates further moments. This was 
achieved by a l 1near di lat 1on of the filter points. A promising extension is 
to employ non11near dilations that match or approximate collections of 
moments, generalized moments, and other aspects of the sample. 
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