INTERIOR NUMERICAL APPROXIMATION OF
BOUNDARY VALUE PROBLEMS WITH A DISTRIBUTIONAL DATA

By

Ivo Babuska
and
Victor Nistor

IMA Preprint Series# 1986
(August 2004 )

INSTITUTE FOR MATHEMATICS AND ITS APPLICATIONS

UNIVERSITY OF MINNESOTA

514 Vincent Hall
206 Church Street S.E.
Minneapolis, Minnesota 55455-0436

Phone: 612/624-6066 Fax: 612/626-7370
URL: http://www.ima.umn.edu



INTERIOR NUMERICAL APPROXIMATION OF BOUNDARY
VALUE PROBLEMS WITH A DISTRIBUTIONAL DATA

IVO BABUSKA AND VICTOR NISTOR

ABSTRACT. We study the approximation properties of a harmonic function
u € H'=F(Q), k > 0, on relatively compact sub-domain A of Q, using the Gen-
eralized Finite Element Method. For smooth, bounded domains €2, we obtain
that the GFEM-approximation us satisfies [[u—us|| g1 4y < CRY [lull g1-r gy
where h is the typical size of the “elements” defining the GFEM-space S and
v > 0 is such that the local approximation spaces contain all polynomials of
degree k + v + 1. The main technical result is an extension of the classical
super-approximation results of Nitsche and Schatz [14] and, especially, [15].
Tt turns out that, in addition to the usual “energy” Sobolev spaces H!, one
must use also the negative order Sobolev spaces H !, [ > 0, which are defined
by duality and contain the distributional boundary data.
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INTRODUCTION

To motivate our results, let us consider the boundary value problem

Au=0 on Q,
(1) ou __ —

S =9 onl:=0Q,
where Q is a smooth, bounded domain in R™, 0 is the boundary of Q and g €
H™=3/2(9Q), r € R. The case r > 3/2 was extensively studied. Here we are
interested mainly in the case r < 3/2. We are looking for a solution u € H" ().

For r > 3/2, the boundary values (or traces) uloa and J,ulgq are defined clas-

sically, because the restriction to the boundary extends by continuity to a map
H™(Q) > u — d,u € H3/2(0Q), see [7, 21] for example. For r < 3/2, this is

I. Babuska was partially supported by NSF Grant DMS 0341982. V. Nistor was par-
tially supported by NSF Grants DMS 991981 and 0200808. Manuscripts available from
http://www.math.psu.edu/nistor/.
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no longer true, but then one takes advantage of the fact that u satisfies an elliptic
equation, so it is still possible to define d,u € H"~3/2(9Q), see [9, 12]. We can
assume, without loss of generality, that €2 is connected. It is not difficult to prove
that a solution u of Equation (1) exists for any g such that (g, 1) = 0 and that this
solution satisfies

(2) lull @) < Cligllme—s/2(a0),

with a constant C' that may depend on r but is independent of g. This result will
be discussed in detail in [3], where more references will be given. (This result will
be used in this paper only as a motivation for our work.)

Recall that A € Q2 means that A C  is bounded and 0A and 0f) are disjoint.
If A € is an open subset, then u satisfying (1) will be smooth on A, regardless
of what r is, and

(3) |l zrm 4y < Cllull g a0,

with a constant C' that depends on A, €2, r, and m, but is independent of u satis-
fying Au = 0. An important problem, with potential practical applications, is to
approximate on A the solution u of Equation (1).

In this paper, we prove several results on the approximation of the solution u on
subsets A € 2. The main result of the paper, Theorem 4.8, then gives in particular
that the solution u of the boundary value problem (1) satisfies

(4) [ = usll i ay < ChY |[ull 1),

where ug € S is the Galerkin approximation and S is the Generalized Finite Ele-
ment Space associated to a partition of unity {¢;} subordinated to a covering {w;}
of Q satisfying Assumptions A-D of Section 2, provided that our local approxima-
tion spaces contain all of polynomials of degree 1 + v + k, v > 0. We stress that
our results require not just the energy Sobolev space H!, but also negative order
Sobolev spaces H~!, defined in this paper as the duals of H', I € Z,. One of the
main reasons for the need to considere the negative order Sobolev spaces is that
the solution u is not in H*(Q) but in H'~*(Q), in general. Moreover, even if we
approximate the boundary data g and the solution u with functions in H!, then
the norm on a negative order Sobolev space will still have to appear in the estimate
of the error.

Here is now a brief description of the contents of the paper. We continue to
assume that € is bounded and connected, but we no longer assume that ) is smooth,
except when explicitly mentioned. In Section 1 we set up the notation and we
establish our conventions on Sobolev spaces. Section 2 contains a quick review of
the necessary definitions involving the Generalized Finite Element Method (GFEM)
and their variants used in this paper [1, 2, 13]. This section also contains the
assumptions that we make on our covering and partition of unity used to define the
GFEM-space S. The space S will contain our approximate solution to the boundary
value problem. The following section, Section 3, contains the calculations necessary
to establish our interior estimates. Our approach follows, to a certain extend, that
in the article of Nitsche and Schatz [15], relying also from Wahlbin’s survey article
[23]. The main differences between our paper and [15, 23] are due mostly to the fact
that several assumptions from these papers are not fully satisfied in our approach.
As in these articles, the main step is a super-approximation property, Proposition
3.6. The proof in [15, 23] cannot be used to obtain Proposition 3.6 because the
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property “0%u = 0 if || is large,” is not satisfied in general for u € S. For the
results of Section 4, we assume that () is smooth. Then we extend the definitions of
the Galerkin approximation ug € S and of the form B(w,v) := [, Vu(x)- Vo(z)dz
to the case when v € H*1(Q) is arbitrary and u € H'~*(Q) can be written as
u = uy +ug, where Auy = 0 in distributions sense and uy € H'(Q). In what follows,
1 — k will play the role of r above. Several estimates for v and its approximation
ug are established in this section, including the main theorem, Theorem 4.8 (whose
main conclusion was repeated in Equation (4) above). The last section, Section 5
contains a proof that, for a domain with piecewise C''-boundary, we can construct
a family of partitions of unity with typical size of supports h — 0 that satisfies
Assumptions A-D for a fixed choice of the other values of the parameters (i.e., of A,
B, Cj, k, m, and o). For this construction we assume that the local approximation
spaces are ¥; = Qy, the space of polynomials of degree at most k. In particular,
the various assumptions made in the results proved in the preceding sections, are
satisfied for this family of partition of unity, and hence our results are not empty
for domains with piecewise smooth boundary. By contrast, it is not possible to find
a family of partitions of unity as above for domains with cusps, see Remark 5.7.
For suitable g, we plan to perform some concrete numerical simulations in a future
paper.

We shall write x := y if x is defined by y.

The second named author thanks G. Grubb, A. Schatz, and L. Wahlbin for some
useful references. A. Schatz has also made some useful comments on an earlier
version of the manuscript, for which we are greatful.

1. PRELIMINARIES

We begin by fixing the notation and terminology.

1.1. Preliminary notation. We denote by R the set of real numbers and by
C := {a + br,a,b € R} the set of complex numbers. Also, N = {1,2,...} and
Zy ={0}UN. Let -y := 2141 + Z2Y2 + ... + TpYn be the inner product of two
vectors x,y € R™. We shall denote by

) fo) = | e fs

the Fourier transform of f, as usual. By L?(£2) we shall denote the space of square
integrable functions f : Q — C, for any domain 2 C R™.
Let s > 0. Then H*(R") is the space of functions f € L*(R") such that

n

(6) £ 1135 ey = (2@*”/ (1+1yP)*If (v)[Pdy < oo

Here |y| = Vy?+...+y2, if y = (y1,...,yn) € R™. Let Q C R", then H*(Q),
s > 0, denotes the restrictions to Q of functions f € H*(R™), that is,

(7) H*(Q) :={fla, f € H*(R")}.

The norm on H*(Q2) is then ||h| g (q) := inf || f|| g+ @), the infimum being taken
over all functions u € H*(R™) such that f|q = h. When s is a positive integer and
) is a nice domain (Lipschitz, for example), the norm |[v|| = (q) is equivalent to the
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usual norm

(8) 1212 =D 10°R]Za ),
lal<s
where o = (1, ..., 0n) €ZY, |af ;== +az + ...+ ap, and 0% := 07" 057 ... 95,

as usual. The space H{(2) is defined as the closure of C°(Q2) in H{(2).

1.2. Distributions. Let Br(0) denote the open ball of radius R centered at the
origin. Also, let C2°(R™) be the set of infinitely differentiable, complex valued
functions that vanish outside the ball Br(0), for some large R > 0. A linear map
u: CP(R™) — C is called a distribution on R™ [8, 11, 21] if, for any R > 0, there
exists m € Z; = {0,1,2,...} and C > 0 such that

9)  |u(e)| <C Z 10%¢|| Lo, if ¢ € CF(R™) and ¢ =0 outside Bg(0).

loe| <m
This definition does not exclude the case when larger and larger values of m have to
be chosen as R — oo, and in fact this situation actually occurs in specific examples.
The set of distributions on R™ will be denoted D’ (R™).

We now fix more notation and terminology. If f is a function, then the closure of
the set {f # 0} is called the support of f and will be denoted supp(f). We shall also
write (u, @) := u(¢) for the value of the distribution u on the function ¢ € C*(R").
Therefore, any ¢ € C°(Q2) has compact support. The support of a distribution «
is the smallest closed set F' such that (u,¢) = 0 for any ¢ € C°(R™ \ F).

Here are some examples of distributions.

Ezxample 1.1. If f is a measurable function on R” that is integrable on any closed
ball in R™ (i.e., it is locally integrable, or f € Li _(R™)), then we can define

loc

(10) (£.0):= | f)of)da,

for any ¢ € C°(R™). Thus any f € L] (R") defines a distribution on R", that
is, LL (R™) C D'(R™). In this situation we shall say that our distribution f is, in

loc
fact, a locally integrable function, or, that our distribution is defined by a locally

integrable function.

The following two examples are relevant for the discussion of concentrated loads
and moments.

Example 1.2. The Dirac measure at a € R" is the distribution §, defined by
(00, @) := &(a).

An explicit calculation shows that §, € H~"/27¢(R") and [0all gr-n/2—e@ny — 00 as

€ — 0 as €/2,

Example 1.3. The derivatives 0%u of a distribution u are defined by
(0%, 9) = (=1)*N(u,0%9).

We now define the negative index Sobolev spaces. Thus, the space H*(R"), s >
0, consists of all the distributions u € D’'(R™) such that there exists h € L. (R™)
satisfying

wf) = [ b))y, forall f e )
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and
(11) Jull2, = (2m)7" /Rn(l + [y[?)*h(y)|*dy < oc.

The reader will recognize that the condition above is analogous to the condition of
Equation (6). The difference is that now we allow s to take on negative values as
well.

The following alternative definition of the negative order Sobolev spaces will
be useful later on. One first checks directly using the Fourier inversion formula
together with Plancherel’s formula that

! /Rn u(z)o(z)dx

2 .
(12 Jul?, = inf o
Then H—*(R™) can be defined as the completion of C2°(R™) in the norm given by
the formula of Equation (12). In particular, we obtain that H~*(R™) is canonically
isomorphic to the dual of H®(R™).
Similarly, for any open subset Q C R™, we define the space H*(2), s > 0, as
the dual of H*(Q).

,  where u,¢ € C(R™), v#0.

lull -+ () = sup EICT)E . 0#£¢e H Q).
[l =)

Our definition of negative order Sobolev spaces by duality follows [6, 16, 19],
for example. Note however, that the negative order Sobolev spaces are often also
defined by restriction from R", as in [7, 12, 21|, for example. The space of restric-
tions to Q of distributions in H~*(R™) is the dual of H§(f2), and will be denoted
H;?(Q). The spaces Hy *(Q) = H{(2)*, s > 0, will also be used below.

When © = R"”, these two approaches yield the same spaces, but for general )
they may lead to different “negative order” Sobolev spaces.

2. THE GENERALIZED FINITE ELEMENT METHOD

We now recall a few basic facts about the Generalized Finite Element Method
[1, 2, 13]. This method is especially convenient since it provides finite element spaces
with high regularity. Most of the results of this section work for a general bounded
open set (), except the application to the boundary value problems, Subsection 2.2.

2.1. Basic facts. We shall need the following slight generalization of a definition
from [2, 13]:

Definition 2.1. Let @ C R™ be an open set and {w;} be an open cover of
with no x + 1 of the sets w; having a non-empty intersection. Also, let {¢;} be a
partition of unity consisting of Lipschitz functions and subordinated to the covering

{w;} (i.e., supp ¢; C wj). If
(13) 109l L= (o) < Cr/(diamw;)¥, &k =|a|] <m,
then {w;} is called a (x,Co, C1, ..., Chn,) partition of unity.

Assume also that linear subspaces ¥; € H™(w;) are given. These subspaces will
be called local approrimation spaces and are used to define the space

(14) S = Sgrem = {Z%‘vj, vj € “Ilj}v
J
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which will be called the GFEM-space.
A basic approximation property of the GFEM-spaces is the following Theorem
from [2].

Theorem 2.2 (Babuska-Melenk). We use the notations and definitions of Defi-
nition 2.1 and after. Let {¢;} be a (k, Co, C1) partition of unity. Also, letv; € U,
Ugp 1= Zj ¢jv; € S, and d; = diamwj, the diameter of w;. Then

lu — uapll o) < wC5 Y llu—vil7a,, and
J

15
(15) Chllu = w132,

1900 = tap) ey < 263 (3 + GV = )lage,)
J

For our method, we shall need to make some additional assumptions on the local
approximation spaces ¥;, on the covering {w;}, and on the partition of unity {¢;}.
We shall denote by d; the diameter of w;. Recall that we have assumed that € is
connected, the general case being immediately reduced to this one. Unless otherwise
mentioned, we shall make the following assumptions, for some fixed values of the
parameters A, B, Cj, k, m, o, and h.

It follows that
(16) > pi=1 on.

wiCQ
In turn, Equation (16) implies the second condition in Assumption A. The covering
{w;} will satisfy the following geometric assumption.

Assumption A. The sets w; are convex of diameters d; < h <1 and there exists
a ball wy of diameter greater or equal oh whose closure is contained in wj, for all
J. Moreover, w} C (1 if ¢; is not identically zero on €.

This is a non-trivial assumption, see Section 5, Remark 5.7. The partition of
unity will satisfy the following condition.

Assumption B. The family {¢;} is a (k,Co,C1,...,C,,) partition of unity such
that
(17) pj(z)=1 ifxe€w;.

It follows from our assumptions that the sets w; must be disjoint. Also, we have
that

(18) 6l ey < Cih™', 1=0,1,...,m,
by Definition 2.1 and Assumption A.
The local approximation spaces will satisfy:
Assumption C. The space ¥, contains all (restrictions to w; of) first order poly-
nomial functions and there exists A > 0 such that
(19) lwll g, < A||w||Hl(w;f)
for any j, any w € ¥;, and any 0 <[ < m.
Finally, our last assumptions is the following “inverse assumption:”
Assumption D. There exists a constant B > 0

(20) [wllart o,y < By~ [wll s ()
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for any j, any w € ¥;, and any 0 < s <t <m.

Assumptions C and D are satisfied, for example, if ¥; is the space of polynomials
of degree < k — 1, for some fixed k > 2, see Section 5.

If A C Qis an open subset, then A satisfies Assumptions B, C, and D, but not
A, in general. We shall hence need to single out the class of open subsets of Q2
satisfying Assumption A.

Definition 2.3. An open subset A C Q is called admissible if ZjeJ(A) ¢; =1on
A, where J(A) is the set of those indices j such that wi C A.

Remark 2.4. Tt is easy to see that A C €2 is an admissible open subset if, and only
if, A satisfies Assumption A. In particular, Q is an admissible subset of itself (see
also Equation (16)). Moreover, all our results on the set §2 extend without change
(including the constants) to any admissible open subset Q; C €.

It is proved in Section 5 that enough admissible open sets exist if A is small
enough. Almost all open sets below will be admissible. A typical example of an
admissible set is obtained as follows. Fix a subset J of indices j and let G be the
set of points where jed ¢; = 1. Then the interior of G' is an admissible open
subset.

2.2. Discrete solution. Consider the usual bilinear form

(21) B(u,v) := /QVU - Vodz,

defined, for example, for u,v € H(). Assume, for the purpose of this discussion,
that €2 is smooth, so that the boundary value problem (1) makes sense. Then the
solution u of Equation (1) satisfies

(22) B(u,v) = {g,v]a0),

for v smooth enough. We define then the GFEM-solution of Equation (1) to be
ug € S such that

(23) B(us,vs) = (g,vs|a0),

and [, ug(z)dr = 0. This is possible since the form B is non-degenerate on the
subspace Sy C S consisting of functions with zero integral over Q (recall that we
are assuming, for simplicity, that Q is connected). See also Lemma 4.1. This
also shows that we need the discretization space S to consist of functions that are
smooth enough, which is the main reason why we are using the Generalized Finite
Element Method in this paper.

3. INTERIOR ESTIMATES FOR THE GFEM

We continue to assume that  is bounded and connected. Also, we do not
assume that ) has a smooth boundary. We assume, however, that there are given
VU;, wj Cwj, and ¢; be as in the previous section. In particular, they are assumed to
satisfy Assumptions A, B, C, and D. This will rule out some sets €2, but any 2 with
piecewise smooth boundary enjoys this property, see Section 5. Let S = Sgrem
be the resulting Generalized Finite Element Space.

All the parameters appearing in Assumptions A-D, except h, will be fixed in
what follows (i.e., A, B, Cj, k, m, and o will be fixed). In particular, when
we shall say that certain other constants are “independent of our choice of h and
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GFEM-space S,” we shall understand that all possible choices of a GFEM-space
are allowed, as long as the Assumptions A-D are satisfied for an arbitrary, but
fixed, choice of the parameters A, B, C}, x, and ¢. In particular, our “constants”
are allowed to depend on A, B, C}, k, m, and o. The parameter h that measures
the degree of the refinement of our covering is allowed, however, to become as small
as we want. Also, all constants will be independent on N, the number of open sets
in our covering {w,}.

All our results below remain true (with the same constants) if we replace Q by
an arbitrary admissible open subset 1 C Q. (Recall that admissible open subsets
were introduced in Definition 2.3.)

3.1. H*-approximation. We shall need a basic result on the approximation of
functions in H*(Q) with elements in the GFEM-space S, extending Theorem 2.2.
Only the case k = 1 will be needed in this section, but later on we shall need the
general case.

First, let us recall the following standard lemma.

Lemma 3.1. Let vp; be measurable functions defined on Q. Assume that there
exists an integer k such that a point x € Q can belong to no more than k of the sets
supp(v;). Let f = Zj Y. Then there exists a constant C' > 0, depending only on

%, such that ||fH§—Il(Q) <C); ij”?{l(g)'

Proof. The inequality

(24) lar +as + ... +am|® < M(Jar]* + |aof* + ... + |aM|2)

gives the desired result. O
Let k € Z;. We shall denote as usual

|ulwr.oe () = gllg [0%ull L), Iullwnoe ) = Igl\g [0%ull L (0,

Wk (Q) := {u, ||U/||Wk,oo(Q) < oo}, and ||Vw||wk,oo(g) = Zj ||8ijWk,oo(Q). In
particular, |u|yo. ) = [[ullwo.s@) = |[u| L=(a). We are ready now to prove the
following theorem.

Theorem 3.2. Assume that, for each j, the local approzimation spaces ¥; contain
(the restriction to w) of the degree | — 1 polynomials. Then, for any v € H' () and
any any 0 < k <[, there exists w € S such that

lo = wll gy < CR [0l ey
for a constant C independent of our choice of h, S, and v € S.

Let us notice that, by taking k£ = [ in the above theorem, we immediate obtain
that, using the same notation,

(25) lwll gy < Cllvll g a)-

Proof. We shall use the notation and the results from [5][Chapter 4]. Let Q, s(x)
for any y € w; be the Taylor polynomial of degree [ —1 at y associated to a smooth
function f . Let then

wi(Pla) = (ol [ Qusardy e v,
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be the Taylor polynomial of degree | — 1 averaged over w;. (In the terminology of

[5], this is the “Taylor polynomial of order [ averaged over wj.) The definition of

w;(f) extends to any f € H'=(2). Then we have the well known Bramble-Hilbert
Lemma [5][Lemma 4.3.8]
(26) |f = wi(N)k ;) < CB | Fliwy),

with a constant C' depending only on o. Let w; = w;(v) € ¥; and w = Zjvzl pjw; €
S. Then, using also Assumption B and Lemma 3.1, we obtain

N
v —wlhe ) CY g0 — ;) % ()

j=1
N s N s
2 2 27 —2i121—2542i|,.|2
SO D 10l (0 = wi)Freiuy SO DY CERTH R 2l
j=1i=1 j=1 i=1
< Crh* ™ |u[3 g
Summing over 0 < s < k gives the desired result. O

Let us also record, for further use, the following well known Poincaré—Friedrichs
inequality [5], Lemma (4.3.8). (See also [5], Lemma (4.3.14), and [6], Equation
(2.2), Theorem 14.1, and Theorem 15.3., or [7, 21].) The precise statement that we
need is the following.

Theorem 3.3. Using the notation of Theorem 2.2, we have
(27) [vll22(w;) < Crh|v|m1(w)),
for all v € HY(w;) satisfying fw‘ vdx = 0, where C'p depends only on o.

Theorems 2.2 and 3.3 lead to the estimate
1/2
(28)  [u— taplara) < (26)VA(CFCR + C3)A (D IV (u—0))lI2(,)
provided that fwj (u—v;)dz = 0.
For k = 1, we shall need the following consequence of Theorem 3.2, which re-
places Assumption 9.5 of [23]. Define

(29) S< = SGFE]V[ch(Q)-
That is, S< consists of the elements of Sgreas with compact support inside Q.

Proposition 3.4. Let Q1 € Q and 0 be the distance from 0 to 0Qy. Then
there exists C > 0, independent of 6, h, and the GFEM-space S, with the following
property. For any u € H*(Q) with support in Q, there exists w € S< such that

lu — wll g () < CO hllul| g2(o).-

Proof. Choose w; and w as in the proof of Theorem 3.2. If h < 0, then w; = 0
unless w; intersects {21, which gives that the closure of w; is completely contained
in ). Hence the support of w constructed above is compact. For h > 6, it is enough
to choose C' large, by Theorem 3.2. g
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3.2. The super-approximation property. Recall the bilinear form
(30) B(u,v) := / Vu-Vodz, u,ve€ H(Q).
Q

Our approach follows the approach from [15], as presented in [23][Section 9]. See
[4, 14, 17, 18] for related results on approximation in the “sup”’-norm. Recall that
A € B means that the closure of A is a compact set contained in the interior of B.
Our main goal in this section is to prove Theorem 3.12.

Lemma 3.5. Let p be a smooth function on w; and w € ¥;. Then there exists
w € V¥, such that

(31) lpw — @ 1wy < Chllpllwzoe ) llwll mr(w;)s
where C' > 0 may depend only on the dimension n (in particular, it is independent
of w, p, or ).

Proof. We shall use the inner product induced from H'(w;). Let p € W2 (w;)
be given.

To prove the lemma, we shall assume first that w € ¥; is a constant. Let [ be
the degree one Taylor polynomial approximation of p at the center of the ball w7.
Then | € ¥, because first order polynomials are in ¥, (Assumption C) and we
have

lp = Ulwree(w,) < Chllpllwz.e(w,),

with ¢ > 0 a constant depending only on the dimension n. (This is where the
condition h < 1 is used.) Choose w = lw. Then

low = @] g1 () = llow = lwllmrwy) < Ml = Uwreo @) Wl w;)
< Chllpllwzo @y llwl 1 w;)-

Assume now that w € ¥; is such that (w,1) = 0, that is, w is orthogonal in
H'(wj) to the subspace generated by constants. We then write

p=p+p",
where p is a constant function (say the value of p at the center of w*) and
(32) P |2 (w;) < ChlIVpllLoe(w,),

where C is a constant depending only on the dimension n. We shall choose then
w = pw € ¥;, which makes sense since V¥; is a vector space. Then

lpw = @l 1wy = "Wl 1 wy) < CIVP" Lo (@) w22 (w;)
+ Cllp* e @p llwllarw,) < CRIVAl Lo @) llwll o))

where in the last step we have used the Poincaré-Friedrichs inequality for w; (The-
orem 3.3) to estimate |[ul|p2(,,) and Equation (32) above to estimate the second

term. Here C is again a constant that may depend only on the dimension n.
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For a general w € ¥;, we decompose w = w; + wy with w; a constant and w»
orthogonal to the space of constants and choose w; and wy as above. Then

lpw — 1 — W2 1 (w;) < llpwr — Willar(w;) + lpwz — D2 g1 (w,))
< Chllpllw2o @ llwill m1(w,) + Chllpllwz.eo @) w2l 51 ()
< Chllpllwz.o ) 1wl 71 (w;)-
The lemma is now proved. O

An important technical step in our proof of the Theorem 3.12 is the following
“super-approximation” result.

Proposition 3.6. Let p € W2>(Q) and w € S = Sgrea. Then there exists
w € S such that
(33) lpw — @ 1) < Chllpllwzo@)llwll @)

where C' is independent of h and our choice of GFEM-space S. If u has support in
Qy € Q, then we can chose W to have compact support in Q and C < C'6~L, where
0 is the distance from 09 to 0Q1 and C' is independent of 0, h, and S.

As explained above, the constant C' may depend, however, on the parameters A,
B, Cj, k, m, o, and 0, but is independent of h or of the number N of sets {w;}.

Proof. Let
N

(34) w = qujwj es= SGFE]\/I7 w; € \I/j.
j=1

Let w; be the orthogonal projection of pw; onto ¥, in the inner product of Hl(wj).
Lemma 3.5 then shows that
(35) lpw; — @l ) < Chllpllwzos @) llw;| 1 w))-
Moreover, we have that fw (pw; —wj)dx = 0 because the constant functions are in
J
¥, and pw; — w; is orthogonal to ¥;.
Let @ = 31| ¢;i;. Then ||Vj|| (o) < C1/h by Equation (13) and
lpw; — ;| 2w,y < Crhllpw; — @5l 1w,y < CPCR?||pllw2 (o) llw; |l 1 (w,))

by the Poincaré-Friedrichs inequality (Theorem 3.3), and hence
N N
lpw =131 0y = 11> &3 (pw; =) 30y < C Y <||¢j||%oo(wj)||/’wj*’@jH%{l(w_,.)
j=1 j=1

N
+ ||V¢jH%oo(wj)||ij - ﬁ)j||2L2(wj)) < Chz“ﬂ”%vzvoo(ﬂ) Z ||wj||?{1(wj),
j=1

where for the first inequality we have used also Lemma 3.1. The result will follow
now if we can prove that Z;\f:l ij”%rl(wj) < CHwH%Il(Q), for any w = Z;V=1 djw;j,
as above and C a constant independent of A and S. Indeed, we have

N N
w30y > Z ||w]'||%11(w;) > A Z w7 ()
j=1 j=1
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by Assumption C (A is the constant appearing in that assumption).
The proof of the last part is completed as in Proposition 3.4. d

3.3. Estimates on “discrete—harmonic” functions. We shall also need the
following “inverse property,” which is somewhat similar to Assumption A.3. in
[15] or Assumption 9.2 in [23].

Lemma 3.7. There exists C' > 0, independent of h, u, and the GFEM-space S
such that
(36) ]l g3 ) < Ch |Jwll iy,
forall0<i<j<m.
Recall that the constant m is the fixed integer appearing in Assumptions A-D.

Proof. If i = j, we can take C' = 1. Let w = Z,ivzl orwi, with wg € Ug. Then
Lemma 3.1 and Assumptions A-D give

J
[l 0y < Z Z 108137100 () 08 N Bt )

k=11=0
N N
Z C’ B2l g2p2l- 2J||wk||L2(wk) < C2A2R~% Z ||wk||L2
k=11=0 k=1
< Czh72ij||%2(Q)~
This proves the result for ¢ = 0. For an arbitrary 0 < ¢ < j, the result follows by
interpolation. (Il

<.

The rest of this section follows closely the approach in the paper of Nitsche
and Schatz [15], relying also from the survey paper [23] (which in turn is based
on the paper by Nitsche and Schatz). There are, however, some differences in the
assumptions that we are using, so we include complete proofs for the convenience
of the reader. For instance, the following corollary of Lemma 3.7 plays the role of
Assumption A.3. in the Nitsche-Schatz article [15], respectively, of the Assumption
9.2 (Inverse assumption) in Wahlbin’s article. Also, the following lemma is an
analog of Lemma 5.2 of [15], respectively, of Lemma 9.1 of [23]. Recall that all the
above results remain true if Q is replaced by an admissible open subset 2y C .

Corollary 3.8. Let w € S. Then there exists a constant C' > 0 such that
wl =i @) < Ch*™ |wll -3 (),

forany0<i<j<m.

Proof. 1f i = j we can take C' = 1. Assume next that ¢ = 0. Then

o) _ (ww) _ vl

ol = lwlwi@ — Nwlluio

Q
]| -3 () = sup @D > o= ||w]| 120,

by Lemma 3.7. For the other values of j, the result follows by interpolation. (I

We shall denote A € B if A, the closure of A in R?, is a compact subset of the
interior of B. Also, we shall denote

(37) S<(A):={u € Sgrem,supp(u) € A}
for any admissible open subset A C Q. In particular, S<(Q) = S<.



DISTRIBUTIONS 13

Lemma 3.9. Let A € A; € Q be admissible open sets and 6 = dist(0A,0A1).
Then there exists C > 0, independent of h, S, A, and Ay with the following property.
Ifw €S = SGFEM and

(38) B(w,x) =0, forall x € S<(Ay),

then, for h small enough, |[w|g1ay < Cllw|p2ca,), with C depending only on 6
and not on A, Ay, h, or S.

Proof. The proof is the same as the one in [15, 23], using Lemma 3.7 in place of
Assumption A.3, respectively Assumption 9.2 (“Inverse assumption”), and Propo-
sition 3.6 in place of Assumption A.2, respectively Assumption 9.1 (“Superapproxi-
mation”), of [15], respectively [23]. The constants “C” below are allowed to depend
on 6.

Let us chose A € Ay € A; admissible open sets such that the distances between
the boundaries of these sets are > 0/C. This is possible if h < cf (see Section 5).
Also, let w € C°(Ay), with w =1on A, w > 0 on A, and [[w|lyk.c gy < COF, for
k =0, 1. Then, by Equation (38), we obtain

||Vw||%2(A) < (Vw,wVw) = (Vw, V(ww)) — (Vw, V(w)w)
= (Vu, Vlww =) + 3 (w, (Aw)u),

where the inner products are in L?(Ag) and ¢ € S<(Ap). Proposition 3.6 then
gives
IVwlZacay < Chllwliwe.os @ llwllF a,) + ClwlZsag),

which, in turn, implies

(39) lwllmrcay < C (A2l (ag) + llwllz2ag))-

We now repeat the argument for Ag € 41 € Q (and A replaced by Ay and Ay
replaced by A;), which gives

(40) w1 a0y < O [[w]lmray) + llwllL2(ay))-
Combining Equations (39) and (40) and using also h < 1, we obtain
(41) lwllmray < C(hllwlmayy + Cllwlzzcay))-

Since A; is admissible, we can use Lemma 3.7 with € replaced with A; to obtain
hllwllgrca,y < Cllwllz2ca,), with C independent of h, w, and the GFEM space S
(as long as S satisfies the Assumptions A-D). Then

(42) lwllgra) < Cllwllz2(ay)-

The proof is now complete. (I
We shall need the following simple estimate.

Lemma 3.10. Let ®(z) = log|z| if n = 2, ®(x) = |z|>7", if n # 2. Let U be a
fized bounded open subset of R™. Then there exists C > 0, which depends only on
U, such that

@ vu(e) i= [ Ba - puly)dy

satisfies
D * ul| g2y < Cllull gy,
for any l € R and any u € C°(U).
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Proof. Let w € C°(R™) be equal to 1 on U. Then Tu(z) = w(x)[® * (wu)](z) is
a pseudodifferential operator of order —2 with compactly supported distribution
kernel. Hence it is bounded as a map H!(R™) — H'*2(R") [10, 22]. The statement
follows by restricting T' to C°(U) C H'(R™). O

We define
|(u,v)|

||UHHL(U) S ||uHH_S(U)7 O#U EC(?O(A>

(43) HUHHO_S(U) = sup

for any open set U, any u € L*(U), and any s > 0. We define H; *(U) to be the
completion of L?(U) in the norm Hu||HJS(U). Then H;*(U), s > 0, identifies with
the dual of HS(U).

We now prove the following lemma.

Lemma 3.11. We keep the notation and assumption of Lemma 3.9. In particular,
we assume that w € S satisfies Equation (38). Then, for h small enough,

(44) lwl|z2a) < Cllwllg—m(a,),

where C is a constant depending only on the distance 0 from 0A to 0A; and not
on A, Ay, h, or S.

Combining Lemmata 3.9 and 3.11, we obtain

(45) lwllmra) < Cllwll -m(ay),

for h small enough and any w € S satisfying the assumptions of Lemma 3.9.
Proof. Let A € By @ B; € Ay be such that the distances between the boundaries
of these sets are > 0/C'. This is possible if h < cf. Note that by Lemma 3.9, we
have

(46) w8y < Cllwllz2(a,)-

For any v € C°(A), let V 1= ¢, ® x v € H'*2(By), where ¢, is chosen such that
AV = v (see [7]). Lemma 3.10 then gives

(47) IVImi+2y) < Cllvllais,y = Cllvllaiay, 1€ Zy,

for some constant C' that depends only on By. Let w € C°(By) with w = 1 on
A and [Jw|yk () < COTF, for 0 < k < m. Since wV € C°(By), we know from
Proposition 3.4 that there exists x € S<(Bj) such that

(48) lwV = xllar() < Ch|wV g2,y < Ch|V|a2(8,) < Chllv|lL2(4)-
Then, for any v € C*(A),

(w,0)a = @w,0)a = [

wwAVdr = / wwAVdr = V(ww) - VVdz
A

Bo Bog

- / w(2Vw - VV ~ VAw)dz + | V- V(wV - x)da,
By B

for any x € S<(Bj), where the inner products are calculated on the indicated
sets. Then, by combining Equations (46), (47), and (48), as well as Lemma 3.9, we
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obtain, for all [ > 0,

|(w,v)al < C||wHH(;l*1(BO)||V||Hl+2(Bl) + h||w\|H1(Bl)||VHH2(Bl)
< C(”wHHO’l’l(Al) + hHw”LQ(Al))”UHHI(A)a
and hence
(49) lwll =t ay < C(lwl g-t=1(a,) + hllwllz2cay)-

Let us now choose a sequence of open sets A € By € By € ... € By, € § with
all distances between the boundaries greater or equal ¢f. Changing notation and
iterating Equation (49), we obtain

(50) Jwllzz(ay < Ol g1,y + Hllwllzasn)
< C(wll sy + Plwllzaen) < -
< C(lwll g s, + Bl 2(5,0)).

We now repeat the above reasoning. We change notation again, so that, this
time, B,, becomes Bi, then we chose as before a sequence of open sets

AeB €eBye...€eB, €l
with all distances between the boundaries greater or equal cf. Then we iterate
Equation (50), and obtain,
lwlizzcay < C(lwllgom g,y + hllwlic2s,))
< C(H“’”H;W(Bz) + h?{lwl|L2(By)) < - < C(Hw||H(;m(Bm) + W |wl|p2(B,,))
< C(HWHH(;"L(BW) + Hw”H*’"(Bm)) < Clwllg-m(B,.)s

where at the end we have used the inverse property ||w||z2@y < h™™||w||g—m @y for
any admissible open set U C Q (see Corollary 3.8). The proof is now complete. [

3.4. The interior error estimate. The following result, the main result of this
section, is an analog of [15][Theorem 5.1] and of [23][Theorem 9.2].

Theorem 3.12. Let A € B C Q be admissible open sets. Then there exists C' > 0
with the following property. Ifu € H* () and ug € S are such that B(u—ug,x) = 0
for all x € S< := S<(Q), then for h small enough,

e = usllan ) < O30k = Xl + o= vslla-nis ).
The constant C depends only on the distance 8 = dist(0A,0B) and not on h, S,
or the sets A and B.

Proof. Let A€ A; € Ay € B C §. Choose w € C®(Az) such that w =1 on A;.
Let Py be the H'(Q) orthogonal projection onto S<(A;) C S C H'(Q2). Then on
Ay

(51) u—us = (wu— Py(wu)) + (Pr(wu) — us).
Then, by the general properties of orthogonal projections, we have
(52) lww — Pr(wu)llan ey < lloull sy < Cllull s,
Hence

(53) lwu — Pr(wu)|[g-ma,) < low— Pi(wu)||myq) < Cllullas)-
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Let w = Pj(wu) — ug. Then B(w,x) = Blwu — ug,x) = B(u — ug, x) = 0, for
all x € S<(A4;), and hence w satisfies the assumptions of Lemmata 3.9 and 3.11.
From this, using also Equations (45), (51), and (53), we obtain

(54)  Nwllgray < Cllwllg-m(a,) < llwu = Pr(ww)||g-ma,) + v — usllg-m(a,)
< Mullgr sy + lu — usllz-m(a,)-
Equations (51-54) then give

lu —us|lg-ma) < llwuw— Pr(wu)|lg-may + |wllg-ma) by (51)
< Cllullmy sy + lu — usllg-—m(a,) by (52)-(54).

The desired result follows by replacing v and ug with u— x and, respectively, us—Y,
WlthXIIlS:SGFEM O

4. APPROXIMATE SOLUTION OF THE LAPLACE EQUATION WITH DISTRIBUTION
BOUNDARY CONDITIONS USING THE GFEM

We shall consider the same setting as in the previous sections, and we shall
further assume that €2 is a smooth domain. In particular, S will be the GFEM-
space associated to a partition of unity {¢;} subordinated to the covering {w;}
of  and local approximation spaces {¥;}. We shall continue to assume that
Assumptions A-D are satisfied, for a fixed choice of constants A, B, C}, k, m, and
o. In particular, the “constants” below are allowed to depend on these parameters,
but are not allowed to depend on h or the specific choice of the GFEM-space S, as
long as the constants above remain the same.

We shall denote by v the outer unit normal vector to 9€2. By 9,u(z) we shall
denote the directional derivative of a function u in the direction of v, at some point
x on the boundary.

Let u € H'7%(Q). We want to make precise in what sense we shall say that
“Au = 0 as a distribution on Q.” Recall first that the space H'~*(Q), k € Z,,
k > 1, was defined as the dual of H*~1(Q) (see Section 1). We shall write (u,v) :=
u(v) € C for any u € H'7*(Q) and v € H*~1(Q) for the “value of u evaluated at
v.” We can hence define by duality d; := -5 : H'~%(Q) — H~*(Q2). This leads
to a definition of Au € H-17#(Q), for any u € H*~*(Q) by

(Au,v) := (u, Av), for any v € H'7*(Q).
However, this turns out to be too strong a condition. Instead, we shall require
(55) (Au, @) := (u, A¢) =0, for any ¢ € C°().

We shall say that Au = 0 as a distribution on Q whenever Equation (55) is
satisfied.

Typically, u as above will arise as a solution of a boundary value problem, for
example, as a solution of the boundary value problem (1). In [9, 12, 20] it was
explained how to define the traces (or restrictions) u|gg and O,ulgq for any u €
H=F(Q) satisfying Au = 0 as a distribution on Q. More generally, we define
ulog € HY?7#(Q) and d,u|gq € H~1/?7*(Q) by linearity, for u = u; + uy, where
up € H'7F(Q), Auy = 0 as a distribution on , and uy € H*(Q). We use this to
define B(u,v) by

(56) B(u,v) := —(u, Av) + (u|pq, d,v), for any v € HT*(Q),
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for u = uy + uy as above. In view of Green’s formula (see [7], for example),
B(u,v) = fQ Vu - Vudz if u,v € HY(Q), as originally defined. It is not clear how
to define B(u,v) for arbitrary u € H'~*(Q), since (u, Av) is defined but the traces
of u may not defined in general.

From now on, we shall fix uw such that, and

(57) Au=0, ue H*Q),

as a distribution on 2, where k € Z4, m+1 > k > 0, is also fived. We do not
assume that Au = 0 in H-'7%(Q) (i.e., we do not assume (u, Av) = 0 for all
v € H'T*(Q), we only assume (u, Av) = 0 for all ¢ € C>(£2)). We shall also
assume that

(58) (u, 1) = (9yulon, 1) = 0.
We have the following.
Lemma 4.1. There exists a unique ug € S such that (ug,1) =0 and
(59) B(u —ug,vs) =0,
for allvs € S.

Proof. Let Sy be the subspace of the GFEM-space S consisting of functions xo € S
with fQ Xx(z)dz = 0. The bilinear form B is non-degenerate on Sy. This gives the
existence of a unique ug € Sy such that Equation (59) is satisfied for all vg € Sy.
Since S = Sy + C, the result follows from B(u,1) = B(ug,1) = 0. O

We also have the following simple estimate.
Lemma 4.2. With u as in Equation (57) above, we have
|B(u,v)| < Cllull gr-x@llvll g1+ ),
for any v € H'=*(Q) and a constant C' depending only on .
Proof. By definition, we have
(60) [B(u,v)| = | = (u, Av) + (uloq, Opv)| < [(u, Av)| + [(ulog, Dy v)|
< ullgri-r @) 1AV =141 () + lullg1/2-r o) V] H-1/24k (00

< Cllullgr—+@)llvll grex@)-
This completes the proof. ([

We continue with more lemmata. Recall that k € Z, .

Lemma 4.3. We have |lus| m1 o) < Ch™*||ullg1-r(q) for a constant C' depending
only on €.

Proof. The Poincaré-Friedrichs inequality and Lemma 4.2 give
lus|lFr 0y < CB(us, us) = CB(u,us) < Cllullgr-r o llus| mx @
< Ch " lull v llus |l o),
where in the last inequality we have used Lemma 3.7. (I
This gives the following corollaries.

Corollary 4.4. We have |[us|| g1-+) < Cllul|g1-rq) for a constant C' depending
only on Q. In particular, ||u — us| gi-+) < Cllullgi-rq)-
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Proof. The result is well known for k = 0 since ug is the B—orthogonal projection
of u onto S (see also Cea’s Lemma, [5, 6]). We shall therefore assume that k& > 1.

Let v € H*"1(Q) be arbitrary. Let ¢ € C be such that [, (v — ¢)dz = 0. Then
we can find V € H¥1(Q) such that

—AV:’U—C, /Vd.%‘zo, (91,‘/:07 and ||VHH’€+1(Q) < C||U||Hk—1(Q),
Q

where C' is a constant depending only on 2. Also, chose w € S such that
Hw||Hk+1(Q) S CHV||H)€+1(Q) and ||V — ’LUHHl(Q) § Chk||V||Hk+1(Q)
This is possible by Theorem 3.2. Then
(ug,v) = (ug,v —¢) = —({ug, AV) = —(ug, AV) + (ugloq, 0,V) = B(us,V)
= B(ug,w) + B(us,V —w) = B(u,w) + B(us,V — w).
Using also Lemmata 4.2 and 4.3, this gives
[(us, v)| < Cllulli-r@llwllgree@) + lusllm @IV — wllm (9
< Cllull - @IV lzer1 0y + Ch ™ ||ull gra-r oy ¥ ||V || s
< Cllullg-r@) VIl a1 ) < Cllullgr-r @) |0l zr-1(q)-
This gives the result since |[us||g1-rq) := sup [{us, v)|/||v]| gr-1(q), v # 0. O
Similarly,

Corollary 4.5. We have |us|oallgr/2-roa) < Cllullgi-+q) for a constant C
depending only on Q. In particular, ||(u —us)loall g1/2-r @) < Cllullgi—+@)-

Proof. The proof is similar to that of the previous corollary. Let v € H~Y/2+F(9Q)
be arbitrary. Let ¢ € C be a constant such that faﬂ vdS = fQ cdz. Then we can
find a unique W € H'*k(Q) satisfying

AW = C, / Wdzx = 0, &,W =, and ||WHH’“+1(Q) < C||UHH—1/2+k(aQ),
Q

for a constant C' > 0 depending only on 2. Using also Theorem 3.2, we choose w € S
such that ||w||Hk+1(Q) < C||WHHk+1(Q) and HW - w||H1(Q) < Chk||W||Hk+1(Q).
Then, using also (ug, 1) = 0, we obtain
(usloq,v) = (uslaq, OW) = (us, AW) + B(us, W) = B(ug, W)
= B(ug,w) + B(us, W — w) = B(u,w) + B(ug, W — w).
Using Lemmata 4.2 and 4.3, we then obtain
[(usloq, v)| < Cllullgi-r@llwl| zrer @y + [lusllar @) W — wll g1 @)
< Cllull grr-r @) IW ] ey + Ch ™5 |[u]| gra—r oy ¥ W] i o)
< Cllull gr-x @)Wl zr4x0) < Cllullgr—+@llvll g-1724% 00,

which completes the proof in view of the definition of |[usg|| g1/2-x (g O

We complete our sequence of estimates with the following result.
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Proposition 4.6. Letk+~v<m+1, k,v € Z,. Assume that each local approxi-
mation space V; contains the polynomials of degree 1+k+y. Then the error u—ug
satisfies

lu —us || gi-x-) < ChY |lull g1-r ),

with a constant C' independent of h or the GFEM-space S, but possibly depending
on § and the parameters A, B, Cj, k, o, and m.

Proof. Let v € H-1T*+7(Q) be arbitrary. Let ¢ be a constant such that (v—e¢, 1) =
0. Then there exists a unique V € H**+7(Q) such that

—AV =v-— C, / Vdx = 07 6,,V = 07 and ||VHH1+’V+W(Q) < C||U||H71+k+~,(g),
Q

for a constant C' > 0 depending only on 2.

Then, for any w € S,
(61) <U*US,’U>:<U*US,’U*C>:*<U*US7AV>

= —(u—ug, AV) + ((u — ug)|on, V) = B(u —ug,V) = Blu —ug,V —w)

=—(u—ug, A(V —w)) + {(u — ug)|sq, OLw).
Using Theorem 3.2, we chose w € S such that [|[w|| g1+r++(q) < C|V||gre++(q) and
|V — w||H1+k(Q) < Oh’YHVHHH-k-M(Q). In particular,
10vw|| gr—1/24890) = 1100 (V — w) | =172k 90) < AV sty (q)-

From ||V g14x++ () < Cl|v|| g-145++ (), Corollaries 4.4 and 4.5, and Equation (61),
we then obtain,

u—us,v)| < lu—us|lgr-ro) [V —wllgrer)+llu—usl m-r@) 10wl z-1/2+1 a0

< ORJul| sy o]l g -1454v () -
The proof is complete. U

Theorem 3.12 and Proposition 4.6 then give the following result, which is the
main result of this paper.

Recall, for the following theorem, that S = Sgrgas is the GFEM-space associ-
ated to a partition of unity satisfying Assumptions A-D. Also, recall that we have
fixed u € H'=*(Q) satisfying (u, A¢) = 0 for all ¢ € C=(Q) and that ug is the
GFEM-approximation of u (i.e., given by Lemma 4.1).

Proposition 4.7. Assume the local approzimation spaces ¥; contain the polyno-
mials of degree k + v+ 1 and let A € B € Q be admissible open subsets. Then for
any —1+k<-14+k+y<mand anyl > 1, k,v € Z, we have

Hu — ’LLsHHl(A) < Cthu||Hl+1(B) + Ch7||u — uS||H71+k+~,(B).
Proof. This follows from Theorem 3.12 and from

;relg ||u — X”Hl(B) S Cthu||Hz+1(B).

By taking | = v and using also Proposition 4.6 and Equation (3), we obtain
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Theorem 4.8. Assume the local approzimation spaces ¥; contain the polynomials
of degree k + v+ 1 and let Ay € Q be an admissible open subset. Then for any
—1+k<-14+k+v<m,k,v€Zy, we have

lu —us|lar(a) < CRY|[ullgi-xq)-

The constant C' above is independent of h and S, but may depend on the parameters
A, B, Cj, k, 0,1, v, and m, as well as on 8, the distance between 0Ag and 0.

5. POLYNOMIAL LOCAL APPROXIMATION SPACES

In this section we shall verify that the Assumptions A-D are verified if we choose
U, to be the space of (restrictions to w; of) polynomials of degree < m, m > 1.
Most results of this section are either elementary or well known. We include them
nevertheless for the benefit of the reader and for completeness.

In this section, the set of polynomials of degree m will be denoted Q,,. Also, for
any ball B of radius r, we shall denote by ¢B the ball with the same center as B
and radius tr.

Lemma 5.1. There exists a constant C' > 0, depending only on n, m, and t > 0,
such that for any ball B C R™ and any Q € Qy,, we have ||Q||12¢p) < ClQ|lL2(B)-

Proof. For any fixed B, Q — [|Q|[z2p) and P — [|Q||z2(p) are two norms on
the finite dimensional space Q,, of polynomials of degree < m, and hence they
are equivalent. This gives the result, except the independence of C' on B. But all
balls are affine equivalent and the L2-norm is scaled by the (square root of the)
determinant of the matrix of the affine transformation. Thus the constant C' can
be chosen to be the same for all balls B. (|

This gives immediately the following corollary.

Corollary 5.2. There exists a constant C > 0, depending only on t > 0, n,
and m, such that for any ball B C R™ and any polynomial Q € Q,,, we have

Q| t) < ClQlui By and Q| mis) < ClQl a1 By, 0 <T < m.

Proof. Use Lemma 5.1 for all derivatives Q(®, where « is a multi-index such that
la] =1or |a| <L O

We now establish to the following “inverse property.”

Lemma 5.3. There exists a constant C > 0, depending only on m, «, and n such
that HQ(Q)”L?(B) < C’rl_‘“|||Q||Hz(B) foranyl < |a| < m, any Q € Q,, and any
ball B of radius .

Proof. Let us prove first the result for [ = 0. That is, we need to prove that
1Q |25y < Cr=1|Q| L2().-

Let By = B1(0) be the unit ball centered at 0. Then Q — ||Q(°‘)||L2(Bl) is a
semi-norm on Q,,, the space of polynomials of degree at most m, and hence it is
bounded by the norm Q — [|Q||z2(,)- Thus Q) |[r2(s,) < C1[Ql12(p,)- Let L
be an affine transformation mapping B; onto the ball B of radius r consisting of
the composition of a translation and a dilation of ratio r. Then

IlQ(a)l|L2(B) = det(L)l/QHQ(a) © LHLZ(Bl) = det(L)l/QT_MH(Q © L)(Q)HLQ(Bl)
< Crdet(L)2r71N|Q o L[ 2,y = Cr™1|Q| 2y,
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for any @ € Q.
Assume now that |a] > 1> 0. Choose § < «, |5| =I. Then

D>~ DPQ| 12y < Cr1*PID Q| L2 () < Cr'1M|Q ().
This completes the proof. O
The relevant “inverse property” now follows.

Proposition 5.4. There ezists a constant C' > 0, depending only on o, m, o, and
n such that HQ(O‘)HLz(Q) < C'I"lila‘”QHHl(B) for any 1 < |a] < m, any Q € Qm,
any ball B of radius r, and any convex set ) contained in o' B.

Proof. This follows from Corollary 5.2 and Lemma 5.3. ]
We now prove the following elementary lemma.

Lemma 5.5. For any A € Q and any k € Z, we can construct admissible open
sets A =: By € B| @ By € ... € By, € Bgy1 := Q such that CA’dist((?Bj,@Bj) >
0/k, where 0 := dist(0A, 0Y), provided that Ch < 0, where C depending on n only
(in particular, C is independent of h,).

Proof. Take k = 1, for simplicity. The general result is proved similarly or by
iterating this case. Let C = 4. Let U be the union of all open sets w; at distance
at most 0/4 from A. Let J be the set of indices j such that ¢; # 0 on U and let G
be the set where .. ; ¢; = 1. We then define By to be the interior of G. O

5.1. Partition of Unity. We show in this section that, for a suitable set €2, we can
choose a family of partitions of unity {¢;}, subordinated to the covering {w,}, with
h — 0 but with all the other constants fixed. The proof of the following theorem
is not constructive. A constructive proof, suitable for numerical implementation,
will be included in a forthcoming paper where we will also discuss the numerical
implementation of the GFEM for boundary value problems with distributional data.

Theorem 5.6. Let Q be a bounded open set with piecewise C'-boundary. Then
there exist constants A, B, C;, k, m, and o, such that, for any small enough h > 0,
we can construct a partition of unity {¢;} subordinated to the covering {w;} and
satisfying the Assumptions A-D of Section (2) for the given value of the parameters
A, B, Cj, k, m, o, and h.

Proof. Let us first construct the covering {w;} and the subsets {w;}. The index
j will belong to a set of points of €2, the centers of those balls. (So w; and wy will
have the same center, namely j.)

Let € > 0 be small enough such that, for any y € Q satisfying dist(y,9Q) < e,
there exists a unique z € 9Q with dist(y,0Q) = dist(y,z). Let T, C Q be the
set of points at distance r, r < €/2 to 9. Then I, will be a piecewise C! curve,
bounding a domain diffeomorphic to 2. Choose on I', a maximal set of points X,
containing the vertices of I', and at distance at least r/2 from one another. The
maximality of X; then guarantees that the distance between any two consequtive
points in X} is at most r. Let

f(r):= sup dist(y,I,).
YyEIN
A geometric argument based on the assumption that 9Q is C! then shows that
lim f(r)/r = p, as r — 0, with p finite. Let then o~! > max{4(u + 1),8} and
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h := ro~—1/2. This guarantees that the balls with centers in X}, and diameter h will
cover the region between I' and 9Q2. Let Y} be a maximal subset of Q containing
X}, and such that any point in Y}, is at distance at least r to the boundary 02 and
at distance at least /2 from any other point in Y},. The choice of Y}, shows that the
balls w? of diameter oh =r /2 and center at the points Y}, will be disjoint, whereas
the balls w; with the same centers and diameter h will cover the interior of I'.

Let us now construct the partition of unity ¢;. Let 1 > ¢(t) > 0, ¢ > 0 be a
smooth function such that (t) = 1if ¢t < o and ¢(t) =0if t > 1. Also, let {(t) > 0
be a smooth function such that ((¢) = 0if ¢ <1l and 1 > ((¢t) > 0if ¢t > 1 and
¢(t) =1if t > 2. Define then

(62) nj (@) = ¢(dist(x,j)/h) T] ¢(dist(x, ') /h).

J'#J
Let n(z) = >2;nj(z) and ¢;(z) = n;(z)/n(x). We observe that the number of
factors # 1 in the definition of n; is bounded by a constant independent of z, j,
and any of the choices above. Therefore {¢;} is our desired partition of unity. O

Some assumptions on the domain €2 in the above theorem are necessary, as shown
by the following remark.

Remark 5.7. The non-Lipschitz domain
Qe = {(z,y),—2* <y <a?2® +y* <12 >0}

will have no covering {w;} satisfying the Assumptions A-D.
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