CHEMICALLY REACTING FLUID FLOWS:
STRONG SOLUTIONS AND GLOBAL ATTRACTORS

DAVID E. NORMAN

ABSTRACT. In this paper we consider the existence and properties of strong solutions for a
model of incompressible chemically reacting flows where reactants enter the domain, react
and then leave the domain. We show results which exactly parallel those of the Navier-
Stokes equations, i.e., in two dimensions strong solutions exist for all time, and in three
dimension we show existence only for small times. In two dimensions, we also show the
existence of global attractors which are compact in L?. Rather than considering a specific
set of boundary conditions, we instead state our results based on a series of assumptions,
which would be proved using the boundary conditions. This allows our results to be applied
directly to the two sets of boundary conditions which appear in the literature.

1. INTRODUCTION

In this paper we will study the following model for chemically reacting fluid flows in
nondimensional form

(1.1a) O — PrAu+ (u - V)u+ Vp = fo(T),
(1.1b) V- =0,
N
(1.1c) OT — AT + (u- V)T == hW(Yy,...,Yy,T),
i=1
1

Le
where Pris the Prandl number, Le is the Lewis number, the terms with (u - V) are fluid
transport terms, fo(7') is the forcing term from buoyancy, W;(Y,...,Yy,T) describes the
change in mass fractions due to the reaction, and h; is the enthalpy of species 7 divided by its
molecular weight, i.e., a measure of the amount of heat contained in species i. The first two
equations are the usual Navier-Stokes equations, and the second two are reaction-diffusion
equations with a transport term added. We assume that the equations hold in a C? bounded
domain Q C R% d = 2 or 3. We will assume that the W, are bounded, Lipschitz functions
and that fo(7") is the usual Boussinesq model for buoyancy

(1-2) fo(T) = —Coﬁ(T - Tl)

where ¢y > 0 is a constant and § is a unit vector pointing in the direction of gravity.
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In this paper we will show the existence of strong solutions to this model which parallel
the existence results for the Navier-Stokes equations. In particular, we will show that in
two space dimensions strong solutions exist for all time, while in three dimensions we only
show that strong solutions exist for a short time. The key step in the proof is to show that
if the Navier-Stokes portion of the system has a strong solution, then the chemistry and
temperature equations also have strong solutions.

Our method of proof is based on the Bubnov-Galerkin method of projecting the system
onto a finite dimensional subspace of the infinite dimensional phase space, solving the result-
ing ODE, then taking the limit of the approximate solutions as the projection approaches
the identity to get the final result. Such a proof involves two steps. First, one proves certain
a priort estimate for the approximate solutions which show that they are bounded in the
appropriate spaces, then one uses a compactness lemma to get the existence of the limiting
solution.

One advantage of this method of showing the existence of strong solutions is that the
boundary conditions play no direct role in the analysis. In particular, the H' and H? a
priori estimates and the compactness depend only on certain properties of the Laplacian
with the given boundary conditions and certain L? a priori estimates and elliptic regularity
for the Laplacian with the associated boundary conditions. This allows us to state the
hypotheses of our existence theorem without reference to the specific boundary conditions.
Of course, in any specific case the verification of the hypotheses will depend on the boundary
conditions, however they are typically straightforward extensions of the estimates needed for
the existence of weak solutions.

One novel feature of our presentation of the existence results is that we structure our
argument around a general existence theorem, which is in turn a wrapper around a well
known compactness lemma. This method of presentation makes clear exactly what properties
of the equations are needed for existence, along with how the properties are used.

In the final section of the paper we show the existence of global attractors for the react-
ing flow system in two dimensional domains. Our proof is based on the classical technique
of showing that the system is both dissipative and compact. However, since showing dis-
sipativity is typically done using energy estimates which depend heavily on the boundary
conditions, we do not give a complete global attractor existence proof. Instead, our result
essentially says that if the system is dissipative, then it has a global attractor. This is suffi-
cient to get existence of global attractors for the two sets of boundary conditions considered
in the literature, since in both cases the systems are known to be dissipative, see Norman [7]
and Manley, Marion and Temam [5]. Our global attractor existence results are basically the
same as those of Manley, Marion and Temam [5]. However they also give estimates of the
dimension of the global attractor, an issue which we do not study.

As an example of how one can use the results of this paper, we would like to mention
Norman [6] where these solutions are used in comparing the dynamics of the reacting flow
model to the dynamics of a continuous flow stirred tank reactor (CSTR). A CSTR is an ODE
approximation to a reacting flow based on the assumption that the chemical concentrations
and temperature are spatially homogeneous. In Norman [6] it is shown that, for large
chemical and thermal diffusivities, the CSTR ODE is a good approximation to the full
reacting flow PDE, and in particular that the global attractor for the reacting flow converges
to the global attractor for the CSTR in a suitable sense.
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An outline of the paper is as follows. In section 2 we give an example of the type of
boundary conditions which one might consider for the reacting flow system. In section 3 we
give some notation and state some standing assumptions. In section 4 we state the main
assumptions for the theorems, then state the theorems themselves. In section 5 we state
certain preliminary lemmas which will be used in the subsequent proofs. In section 6 we
state our general existence theorem and the compactness lemma on which it is based. In
section 7 we analyze the equations in order to show that the existence theorem can be applied
to them, and in section 8 we derive the needed a prior: estimates. Then in section 9 we give
proofs of the main existence theorems in the paper. Finally, in section 10 we give our global
attractor existence proof, along with some background on global attractors.

2. BOUNDARY CONDITION EXAMPLE

In this section we want to give one example of the types of boundary conditions to which
the theorems in this paper could be applied. The example we give was originally studied in
Norman [7]. Its main feature is that the amount of the various chemicals and heat entering
the system are specified as parameters of the system, which is an advantage when comparing
the reacting flow model to certain reduced models, i.e., continuously stirred tank reactors
(CSTRs), see Norman [6].

We begin by using Dirichlet boundary data for the velocity

u(z,t) = ¢y(z) for all x € 09,
where ¢, is not identically zero. We then define the partition of the boundary
Ul Uy =090
into inflow, outflow and wall portions, respectively. If we define

—u(z)-n ifzely,
q(z) = .
0 otherwise,

where n(z) is the unit outward normal to 052, and note that g(z) > 0. Now we can define
the chemistry and temperature boundary conditions as

oT
8_ +qT: ¢T’
n
1 0Y;
- Y;: %)
L66n+q Pv,

where ¢(x) = 0 implies ¢r(x) = ¢y,(x) = 0. In the inflow portion of the boundary, i.e.,
where u(z) - n < 0, these boundary conditions are of the Robin type, which has the effect
of fixing the flux of the temperature and chemical species to be ¢ and ¢y,, respectively,
see Norman [6]. On the outflow portion of the boundary, they are of Neumann type, which
implies that the only flux across the boundary is due to fluid flow with none due to diffusion.
Finally, there is no flux across the wall portion of the boundary.

3. NOTATION

In this section we want to give some notation that will be used in the rest of the paper. We
will also state some of the assumptions which we make about the structure of the equations.
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We begin by giving some notation. We let B,,, By and By be the linear boundary operators
associated with the velocity, temperature and chemistry equations, respectively. Then, since
we allow the possibility of inhomogeneous boundary conditions, we have that the solutions
satisfy

Buu(z,t) = ¢y(x) forz € 02 and t > 0,
BrT(z,t) = ¢pr(x) for x € 002 and ¢ > 0,
ByYi(z,t) = ¢y, (x) for x € 02 and ¢ > 0.

We handle the inhomogeneous boundary conditions in the usual way by decomposing the
solution into a time dependent part which satisfies homogeneous boundary conditions and a
part constant in time which satisfies the inhomogeneous boundary conditions, i.e.,

u(z,t) = v(z,t) + w(zx),
T(.’L‘,t) = 0($,t) + 00(.’17),
Y;(.Z‘,t) = ni(x’t) + 771',0(3:)’

where
Buw(z) = ¢y(z) for x € 09,
Brby(x) = ¢r(zx) for x € 09,
Bynip(z) = ¢v;(z) for z € 09,
hence
Byv(z) =0 for x € 09,
Bro(z) =0 for x € 09,
Byni(z) =0 for z € 0.

We will assume that w, 6y and 7, are fixed throughout the paper.
We now define the spaces in which we will find the solutions v,  and 7;. For the velocity
we have

H = Closurezz(q)ps {v € C®(Q)* : Voo =0,B,0 =0},
V' = Closure g1(q)s3 {v €C®(Q)?:Vu=0,B,v= 0} ,

i.e., H and V are the spaces of divergence free vector fields with the proper boundary
conditions in L?*(Q2) and H'(f2), respectively. We will also denote the dual of V by V1. We
then define the projection PP to be the orthogonal projection of L?(Q2) onto H. In the case
where we have Dirichlet boundary data P is the usual Leray projection. In this case using
the divergence theorem it can be shown that any gradient is orthogonal to H, hence if we
apply P to (1.1a) the pressure term will disappear, leaving us with a parabolic evolutionary
equation. It is critical to our analysis that this property continue to hold, i.e., we will assume
that all gradients are orthogonal to H.

We define similar concepts for the chemistry and temperature equations. For the temper-
ature equation we have

H, = Closurer>(q) {6 € C*(Q2) : Brf =0},
Vi = Closuregi(q) {0 € C*(2) : By = 0},
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and for the chemistry equations we have

H, = Closurepz ) {n € C*°(Q) : Byn =0},
Vo = ClOSUI‘eHl(Q) {77 € COO(Q) : Byn = O}

We will in particular assume that V; = ‘D(A}/Z) and V, = 'D(Aé/z).
We will also use the product spaces

N
H=HxH x || H,

=1
N
Vsz%xH%
=1

We now want to define notation for some of the terms in the equations. We begin with
the linear parts of the equations and define the linear operators

A=-PA with boundary conditions B, = 0,
A =-A with boundary conditions Br = 0,
Ay =—A with boundary conditions By = 0,

as the unbounded linear operators associated with the velocity, temperature and chemistry
equations, respectively, and where P is the projection of L? onto the space H. We note that
now the unknowns v, # and 7); are in the domains of their respective operators.

We also define the following bilinear and trilinear forms associated with the Navier-Stokes
nonlinearity and chemistry and temperature transport terms

(u, v)
By (u,¢) = (u- V)9,
b(u,v,w) = ((u- V)v,w),
bi(u, ¥, 2) = ((u- V)1, 1h2).

We note that if w € H, then (B(u,v),w) = b(u, v, w).
Using this notation, after applying P to the velocity equation, the reacting flow system
becomes

(3.4a) 0w + PrAv + B(v +w,v+w) = f(6) in Q,
(3.4b) 010 + A10 + B (v 4+ w, 0+ 60y) = g(m, - .-, 1n, 0) in Q,
(3.4c) oym; + i/lﬂh' + Bi(v +w,n; + i) = wi(m, - -, M, 0) in Q,
(3.4d) Byv(z) =0 for z € 09,
(3.4e) Brh(xz) =0 for z € 09,
(3.4f) Byni(x) =0 for z € 092,
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where
(3.5a) f(0) =Pfo (6 + 6y) + PrPAw,
N
(3.5b) g(m, -, 0) = — Z hiWi(m + m, ..., v + 1n,0,0 + o) + Aby,
i=1
1
(3.50) wi(nl, e TN, 9) = I/Vz'(nl +M,0,--->MN + N0, 0+ 00) + L—eAm,O.

For simplicity later in the paper, we introduce the notation
F,(v,0,m;) = —PrAv — B(v + w,v + w) + f(0),
FH(U707 77z) = _Ale - Bl(v + w,H + 90) + 9(771; B 777N70)

Fo(0,0, ) = =7 Ayt = By (o 10,5+ 1) + i, 7, 0)
where f, g and w; are given by (3.5). Then the reacting flow system (3.4) becomes simply
o = Fy(v,0,m),
00 = Fy(v,0,m;),
omi = Fy, (v, 0,m:).

As mentioned in the introduction we will show the existence of solutions using the Bubnov-
Galerkin approach of projecting the equations onto finite dimensional subspaces. To do this
we assume that P, Pf and Py are orthogonal projections onto n dimensional subspaces of
H, H, and H,, respectively. We further assume that

lim (I — PMu=0 for all uw € H,
n—oo

lim (I — P}y =0 for all ¢ € Hy,
n—00

lim (I — P})y =0 for all ¢ € H.
n—oo

We can then define the n™® order Bubnov-Galerkin approximate solution (v, 6™ n?) as the
solution of the ODE

(3.62) 0" = P F,(v", 0", n}),
(3.6b) 00" = PrEp(v™, 0", m7"),
(3.6¢) o' = PyFy, (v", 0", m7"),
(3.6d) v™(0) = Py (0),
(3.6¢) 6"(0) = Pr9(0),
(3.6f) n; (0) = Pymi(0).

4. ASSUMPTIONS AND STATEMENTS OF THEOREMS

In this section we will state the assumptions which we make on the system. Proving these
assumptions will in particular involve the specific boundary conditions of interest. We will
also give a brief sketch of the properties that are required to verify the assumptions for a
specific set of boundary conditions.
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In particular, if we define A, Ay, As as in section 3, then we assume the following.

Assumption 1. A, A; and A, are positive, self-adjoint operators with compact inverses
satisfying

V = D(AY?) Vi = D(A?) Vo = D(4,").

Typically, the positivity and self-adjointness of the A; is shown using integration by parts
arguments, while the compact inverse follows from elliptic regularity.

Assumption 2. Suppose that for all scalar functions ¢ the projection P satisfies
PV¢ = 0.

This assumption is typically a direct consequence of the boundary conditions for the
velocity.

Assumption 3. One has the following equivalent norms between Sobolev spaces and frac-
tional power spaces for a =1, 2.

(4.1a) C§||U||§{a(9) < |42 < Cf||v||?{a(m for all v € V¢,
(4.1b) CellllHa(q) < A2y < CoNY 1 a ey for all v € V7,

For the case a = 1, the equivalent norms follow from integration by parts arguments and
a Poincaré inequality. For the case a = 2, they follow from elliptic regularity.

Assumption 4. All of the homogenizing terms w, 6y and 7; o are in H*(Q).

This assumption depends on being able to extend the ¢; smoothly into the interior of the
domain, which in turn depends on the smoothness of the ¢; and trace theorems.

Assumption 5. For each n the solutions of the Bubnov-Galerkin approximate system (3.6)
exist for all time.

This assumption and the following assumption would all be verified using L? energy esti-
mates.

Assumption 6. Each Bubnov-Galerkin approximate solution (v", 6", n") satisfies the esti-
mate

N
(4.2) 10" ®)]* < Cy (1 + 16" (0)[|* + 1" (0)]I* + ZH?Y?(O)H?) for all £ > 0,
=1

where (] is independent of n.

Also, for our two dimensional existence theorem and global attractor existence theorem,
we will require the following estimates.

Assumption 7. Assume that for each 7 > 0, there exists a constant C, independent of n
but possibly depending on the initial conditions and 7 and a constant Cs independent of n
and 7 and the initial conditions such that for all 0 <ty < ¢ < 7 one has

(4.3) [ (@) < C:
(4.4)

t N
/ |AY20"(5)||* ds < Cpmax {1, — to} (Ilv"(to)ll2 + (16" (t)I” + Dl (ko) II” + 1)
to

=1
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We will also need the following norm bounds for our uniqueness theorem. Typically, such
bounds will be proved using integration by parts, a Poincaré inequality and the equivalent
norms (4.1).

Assumption 8. Assume that there exists a constant C3 such that
(4.5a) Cs||AY%v||2 < Pr{Av,v) + b(u, v,v),
(4.5b) Cs||AT%0||? < (A16,6) + by (u, 6,0),
1
(4.50) Coll 450l < £ (Ao, m) + ba(w,m,m),
for all u, v, 8, and 7 satisfying
V-u =0,
Buu = ¢y,
Vv =0,
v € D(A),
0 € D(Ay),

This assumption would be shown using integration by parts and a Poincaré inequality.
Finally, for our global attractor existence theorem, we will require the following estimate.

Assumption 9. Assume that for each 7 > 0, there exists a constant Cy, independent of n
but depending on the initial conditions, such that for all 0 < ¢y < ¢ < 7 one has

(4.6) /t 1417267 (5)||” ds < Cymax {1, ¢ — to} (IIH"(to)II + " )l + Yl (to) | + 1)

=1
t N

(4.7) t A2 (s)||* ds < Cymax {1, — to} (IIH"(to)II + " (o)l + Dl (to)ll + 1)
0 =1

This assumption would follow from an L? energy estimate.
We can now state our existence theorem.

Theorem 1. Let Q C R? d = 2,3 be a C? bounded domain. Assume that fo and W sat-
1sfy the assumptions given in the introduction, and that assumptions 1 through 6 above are
satisfied. Then for each initial condition
v(0) € V C HY(R),
0(0) € V, C H'(Q),
771(0) € Vé C HI(Q)a
there exists a time T > 0 such that on [0, 7| there exists a strong solution to the homogenized
chemically reacting flow system (3.4). Furthermore, if d = 2 and assumption 7 is satisfied,

then the result is true for all T > 0.
We also have that the solution satisfies the following properties.
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1. The components of solution satisfy

(4.8a) v e L*(0,T; D(A)) N L>(0,T;V),

(4.8b) 0 € L*(0,T; D(A1)) N L>(0,T; V1),

(4.8¢) n; € L*(0,T; D(Az)) N L=(0,T; Va).
2. The time derivatives of the solution satisfy

(4.9a) ow € L*(0,T; H),

(4.9b) 0,0 € L*(0,T; Hy),

(4.9¢) om; € L*(0,T; Hy).

3. The equations are satisfied in a weak integrated form in L*(2), i.e.,

(4.10a) (w(#) — v(to), T) = / (Fy(v,0,m:),7) ds,

to

(4.10b) (0(t) — 0(t,),8) = / t(Fg(v,G, n:),0) ds,

to
t
(4.100 (lt) = (1)) = [ (Fos(w,0,1).7) .
to
for eachv € H,0 € H\,7T € Hy and 0 <ty <t <T.

We also have the following uniqueness theorems. We should point out that the stated
properties of weak solutions are typical for weak solutions in two dimensions.

Theorem 2. Suppose that assumptions 1 through 6 and 8 above are satisfied. Let (v',6',n})
be a strong solution of the reacting flow system (3.4) on [0, 7], and let (v?,6%,n?) be a weak
solution of the equations on [0, 7] satisfying

(4.11a) v? € L*(0,7; V)N L®(0,7; H)
(4.11D) 6> € L?(0,7; V1) N L*=(0,7; Hy)
(4.11c) n; € L*(0,7;Va) N L=(0,7; Hy)
and

(4.12a) Op* € L*(0, 75V )
(4.12b) 0,0* € L*(0,7;V; 1)
(4.12¢) om; € L*(0,7; V5 ).

Suppose that both solutions have the same initial condition. Then they coincide on [0, T].
We will give proofs of theorems 1 and 2 in section 9.

Corollary 3. Let Q C R? and suppose that assumptions 1 through 6 and 8 are satisfied.
Then strong solutions to the reacting flow system are unique in the class of weak solutions.

Proof. In two dimensions, the Sobolev estimates imply that the derivative properties (4.12)
in the statement of theorem 2 are satisfied for all weak solutions, hence theorem 2 gives the
result. O
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Corollary 4. Let Q C R® and suppose that assumptions 1 through 6 and 8 are satisfied.
Then strong solutions are unique.

Proof. The corollary follows from theorem 2 and the fact that strong solutions satisfy the
properties (4.12) in the statement of theorem 2 O

Assuming that suitable types of weak solutions exist in two dimensions, then we can
show that the weak solutions immediately become strong solutions. This theorem becomes
important in our global attractor existence theorem, since there we will want to allow for
initial conditions in L?(2).

Corollary 5. Let Q C R? and suppose that the assumptions of theorem 1 are satisfied.
Suppose further that (v,0,m;) is a weak solution satisfying the conditions in the statement
of theorem 2. Then the weak solution is a strong solution on any interval [t1,1s] satisfying
0<t <ty <o0.

Proof. Fix t; > 0. Then by the condition (4.11) we have that there exists a 7 € (0,¢;) such
that

v(r) € V,0() € Vi, mi(r) € Va.
Therefore, we can apply theorem 1 and corollary 3 to get the result. O
We also have the following global attractor existence theorem.

Theorem 6. Let Q C R?. Suppose that assumptions 1 through 4 and assumption 7 are
satisfied. Suppose also that for each initial condition in L*()) there erists a weak solution
satisfying the properties in the statement of theorem 2 and that the system is dissipative in
L?(2), in particular that for all t > 0 the estimate

N N
(413)  [lo@)” + 1011 + D _llm @I < Cse ([10O)]* + 0 (O)II* + Y _[Im(0)]1*) + Cs,
i=1 i=1
holds, where o, Cs and Cg are independent of the initial conditions and t. Then the reacting
flow system (3.4) has a global attractor which is compact in L?(Q) and which attracts all sets
bounded in L*(Q).

We will give the proof for these theorems in section 9.

We would also like to mention the issue of showing that the solutions conserve mass and
that the mass fractions remain between zero and one. In Norman [7] solutions possessing
these properties were said to be physically reasonable. When the solutions have enough
smoothness, the proof of physical reasonableness follows directly from the maximum princi-
ple. In fact, with the degree of smoothness that these strong solutions posses, it is possible
to use maximum principle arguments to show physical reasonableness. The usual trick of
multiplying the solution by

Y (2,1) = Y(z,t) ifY(x,t) <0,
00 otherwise.

and integrating in space is sufficient to prove the result, see Manley, Marion and Temam [5]
for details.
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5. PRELIMINARIES

In this section we will state several preliminary lemmas which we will be using later in the
paper. We begin with the following lemma which will be used in proving a prior: estimates.

Lemma 7. Let V,H,V' be three Hilbert spaces, each being included and dense in the follow-
ing and with V' the dual of V. Suppose further that ¢ € L*(0,7;V) and 9y € L*(0,7;V").
Then one has

1
(5.1) §8t||¢||%1 = (0, ¥) almost everywhere in [0, 7.

For a proof, see Sell and You [9] or Temam [10].
We will also need the following uniform Gronwall inequality.

Lemma 8. Let y(t) be absolutely continuous and h(t) and g(t) be locally integrable functions,
with h(t) positive. Then for 0 <t one has

(5.2 o< (2 [vas+ [ as) e ([ ats)as),

where T = max{0,t — 1}.

For a proof see Sell and You [9].

We will also need the usual Sobolev estimates for the bilinear and trilinear forms, see Sell
and You [9] or Constantine and Foias [2], namely that there is a constant Cs depending only
on 2 C R?%, d = 2,3 such that

(5.3a) 1B (u, v)[| < Cillull3 llullys 103 o]l
(5.3b) 1By (u, )| < Collull 3 Nl 3 11 302 10 7o
(5.3¢) 1b(u, v, w)| < Cyllull [0 ll325 10l 42 awll,
(5.3d) 1b(u, v, w)| < Cillull g2 lv]| e |w]],

(5.3¢) 1b(u, v, w)] < Collull[ull gz o]l 2]
(5.3f) b, v, w)| < Cyllull g o]l v ll2 lwll,
(5.3g) b (1, 6, %) < Cllull 0l Il 11,

for u, v, w vector fields and ¢, scalars which are in the appropriate Sobolev spaces. We
also have the estimates for ) C R?

(5.4) 1b(u, v, w)| < Cyllull 2l 2ol ]33 ),
(5.5)

We will also use the estimates

(5.6a) 1b(u, v, w)| < Cyl[ul g ][v]| 2w,
(5.6b) by (u, ¢, 9)| < Csl|ull || @l 2],

which follow from (5.3f) and (5.3g). Furthermore, we will freely use the equivalent norms in
(4.1) in these estimates instead of the corresponding Sobolev norms, possibly by picking a
larger C.
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6. GENERAL EXISTENCE THEOREM

For ease of exposition of our existence proofs, we will use the following general existence
theorem, which is basically just a wrapper around a well known compactness lemma. The
main advantage of this approach is that it makes clear exactly what properties of the equa-
tions we are using and how they are used.

Our general existence theorem is set in the following situation. For each equation, we
assume the existence of three Hilbert spaces

Xllc_>XZ‘_)XZ_1 7;:1’...,N,

where in each case the embedding is dense and compact. Although we do not assume that

X" is the dual of X}, we do assume that it is contained in the dual. We also define

N
w' =[] X
z;l
W = HX“
z;l
W =T]x
i=1

We further assume that we have a system of equations
01¢; = Fi(¢1,...on) fori=1,...N.

If we let P",2 = 1,... N be an orthogonal projection onto an n dimensional subspace of
X? consisting of smooth functions, then we can define the n'* order Bubnov-Galerkin system
for approximate solutions to the real solution with initial condition (¢;(0)) as

(6.1a) o0wpy = PI'Fy(¢7,...0%) fori=1,...N.
(6.1b) @7 (0) = P¢;(0) fori=1,...N.

We note that (3.6) is a special case of this construction.
Our existence theorem is basically a wrapper around the following compactness lemma.

Lemma 9 (Compactness Lemma). Fiz 7 > 0. Assume that, for i =1,..., N we have three

Hilbert spaces X}, X; and X; ' as above. Let ¢ be a sequence in L?(0,7; X}) such that ¢ is

bounded in L*(0,7; X}) and the sequence 0,9 is bounded in LP(0,7; X, '), where 1 < p < cc.

Then for each i = 1,..., N, there ezists a subsequence, which we also denote by ¢}, and a

function ¢; € L2(0,7; X)), with 8y¢; € LP(0,7; X; '), such that the following properties hold:
1. One has ¢" = ¢ weakly in L*(0,7; X})

One has 0;¢™ = 0;¢ weakly in LP(0,7; X; )

One has ¢" — ¢ strongly in L?(0,T; X;)

For each t € [0,00), one has ¢™(t) — ¢(t) strongly in X;'.

There is a set E in (0,00) having measure zero, such that for t € R™ — E, one has

o (t) — ¢i(t) strongly in X;.

Gl W N

This lemma has been used many times before, see for example Constantine and Foias [2]
and Lions [4]. In particular Sell [8] gives an outline of the proof.
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The key property that the right hand sides of the equations need to satisfy when applying
the compactness lemma is the following.

Property 1 (Continuity Property). A function F;(¢1,...,¢n) is said to satisfy the conti-
nuity property if, for each sequence ¢ = (¢1,...,8%) in LQ(O,T;WI) and limit function

#° = (4%, ...,0%) in L?(0, 7 Wl) satisfying the conclusions of the compactness lemma 9 for
eachi=1,... N we have

lim F;(¢?) 2 Fy(¢?) weakly in L*(0,7; X;) for 1 <i < N.

j—00

Theorem 10 (General Existence Theorem). Fiz 7 > 0. Let X!, X; and X; ' be given as
above and suppose that each of the F;,1 = 1,... N satisfies the continuity property 1 in the
corresponding spaces. Further assume that for each i = ..., N, each of the Bubnov-Galerkin
approzimate solutions ¢" = (P%,...,¢%) exists on [0,7] and that (¢, 0:@r) is uniformly
bounded in L?(0,7; X}) x LP(0,7; X; ) independent of n for some p > 1.

Then for each initial condition ¢(0) = (#1(0),...,0n(0)) there exists a solution ¢" =

(P%, ..., d%) satisfying the following properties.

1. For each i, one has that ¢; is the limit of a subsequence of the ¢} in the sense of the
compactness lemma. As a consequence one has that if the ¢} satisfy a property which is
preserved under the convergence of the compactness lemma, then ¢; satisfies the same
property.

2. For eachi=1,...N and for every ¢ € Xi_1 and t > ty one has

(62) (6:(0) = (1) B)xcr = [ (Flou,-..,6w).) s

to

forevery 0 <ty <t <.

Proof. Because of the boundedness assumption on the (¢, 9;¢7) we can apply the compact-
ness lemma and take a subsequence N times to get limiting functions ¢;,72 =1,..., N. If we
continue to denote the subsequence with n, then we have that

d);l - ¢i7
where the convergence is in the sense of the compactness lemma. Also because of the
continuity assumption on the F; we have that
Fi(¢},...0%) = Fi(y,...bn) weakly in L'(0,7; X; ') for 1 <i < N.

We now just need to check property 2, i.e., that the limiting solutions satisfy the equations.
Because the Bubnov-Galerkin approximations satisfy an ODE, we have that, for 0 <t < 7,

t
i (t) — ¢ (to) =/ Pl'Fi(¢1,---¢n) ds fori=1,...N,

to

) e p—
or we can write, for each ¢ € W

t

(63)  (60() — 62(t0), D) :/ PrE (... d) ds fori=1,...N.
to

We want to take the limit of this equation as n — oo to get (6.2). We note that by property

4 of the compactness lemma, the left hand side of (6.3) converges to the left hand side of

(6.2) for every t and t,.



14 DAVID E. NORMAN

For the right hand side, we note, for each 1,
/|PF L ON) = Fi(61,-..,0n), )| ds
/\PF Lo dN) — Fi(8Y, ..., o), 8)| ds

‘ Y ON) = Fi(b1,-..,6n),8)| ds

/\ n ), (I~ P3| ds

/‘ ""’¢7]<7)_F1i(¢1a"':¢N |d8
< ‘(F( aa¢7V))(I_Pn)$>‘ ds

/‘ ""’¢n) i(qsla"':qu |d8

The first term goes to zero, smce the Fy(¢7,...,¢%) are bounded in L?(0,T;X;') and
(I — P,)¢ goes to zero in X ! uniformly in t. The second term also goes to zero because
of the continuity property of F;. Hence we have that (6.2) is true for every ¢, and ¢, which
imples that property 2 is satisfied. O

7. ANALYSIS OF THE EQUATIONS

We now want to return to the reacting flow system and prove the properties necessary
to apply the general existence theorem. One of the hypotheses of the theorem is that the

derivatives of the approximate solutions are bounded in the space L?(0, T;W_l). Since

we see that the boundedness of the derivative is really a question of whether F; maps the
¢ into bounded sets. The way one typically proves this is to show that the ¢" themselves
are bounded in various spaces, then to show that Fjy maps such bounded sets into bounded
sets. In our case, we can summarize the boundedness properties of the F, we will use in the
following way.

Property 2 (Boundedness Property). We say that the functions Fi(¢q,...én),i=1,...N
satisfy the boundedness property for a given p € (1,00] in the spaces X}, X; and X; ' if, for
each i, F; maps sets which are bounded in L2(t0,t;W1) N L>®(ty, t; W) into sets which are

uniformly bounded in LP(ty,t; W;l) In particular, we assume that for some function Br we
have fort >t

1) [ 1Pt s ds <

t
< B (¢~ t0) + max [ 166) I, ds-+ maxess supy o691
to
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foralli=1,...,N.

For strong solutions to our chemically reacting flow we use the following spaces when we
apply the existence theorem:

X! =D(A) X!=VX,'=H,
(7.2) X, = D(A)X;=Vi X, = Hy,

We recall that this implies that for each of the equations the triple of spaces is contained in
the triple of Sobolev spaces H2(2), H'(Q) and L?().

In the following series of lemmas we prove the continuity and boundedness properties for
the various terms in the equations, then combine them to get the properties for the right
hand sides.

Lemma 11. The maps (u,v) — B(u,v) and (u,v) — Bi(u,) satisfy the continuity prop-
erty in the above spaces.

Proof. We will actually show strong convergence rather than just weak convergence. We

begin with B(u,v). Pick u; — uo and v; — vy satisfying the conditions in the continuity
property. Then one has

B(uj, v;) — B(ug, vo) = B(u; — ug, v;) — B(ug, vo — v;).

Fixing ¢ > to and using the Holder inequality and (5.3a), one obtains the estimates

t t
[ 1B = o, )] ds <Cr [ s = a4 A2 )P A A0
to to

t 1/8 t 3/8
scs( ||Au,._u0||2) ( ||A1/2(ui—uo>||2) <

to to
t 1/8 t 3/8
<([ravie) ([ raeae)
to to

The second term goes to zero by property 3 of the compactness lemma, while the other terms
are bounded. The analysis of the term B(ug, uo — u;) is identical. Hence the property is
shown for B(u,v).

The same proof using (5.3b) instead of (5.3a) gives the result for B;(u, ). O

Lemma 12. The maps (u,v) — B(u,v) and (u,v) — Bi(u,) satisfy the boundedness
property where p = 2.
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Proof. Fix u,v satisfying the hypotheses of the boundedness property. For all ¢ > ¢35, using
the Sobolev estimate (5.3a) and the Holder inequality one obtains the estimate,

t t
B ds <C [ au A P v A s
to

3/2 3/2
<Collu®2 OomnunLéo 0003V

([ 1au ds) ([ haonas) "

3/2 3/2
<ClO||u||L/°° 0,00V ||u||L/°°(O,oo;V)

1/2 t 1/2
(/ ||Au||2ds) (/ ||Av||2ds) |
to to

where Cg depends on ¢t — #y3. This final estimate is bounded by the assumptions in the
boundedness property.
The identical proof works for By (u, ).
O

Lemma 13. The maps u — Au, ¥ — Az, for i = 1,2, satisfy the continuity property.

Proof. We first consider A. By the definition of the Sobolev norms we have that A maps
D(A) continuously into H. Hence property 1 of the compactness lemma implies the result.
The same proof works for the A;1. O
Lemma 14. The maps v — Au, ¢ — Ajp, 1 = 1,2 satisfy the boundedness property for
p=2.
Proof. First we look at Au. Fix t > ¢3. Then we need to consider
t
|| Au||* ds.
to
The boundedness of this integral is one of the assumptions of the boundedness property, so

the result is proved.
The same proof works for the A;1. O

Lemma 15. Suppose that the W; are Lipschitz functions. Then wg(dy, ..., ¢n) satisfies the
continuity property for each k.

Proof. Pick (;5{ — ¢; satisfying the conditions in the continuity property for each 7. We will
actually show that

wi(¢], ..., &) = wi(d1, ..., dw)

strongly in L?(0, 7; L*(€2)). We note that since wy is Lipschitz in each coordinate, we have

N
|L¢)k( {:a(ﬁ;\/') _wk(¢la"'7¢N)| < CHZ|¢‘Z - QSZ‘
i=1

for some constant C';. This, plus property 3 of the compactness lemma, gives the result
after integrating in time and space. O
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Lemma 16. The functions wg(ny, ..., nn,0) satisfy the boundedness property for any p > 1.
Proof. This is a direct consequence of the fact that the wy are everywhere bounded. O

Corollary 17. The maps F,, Fy and F,, all satisfy the boundedness and continuity proper-
lies.

Proof. The statement follows directly from the above lemmas and the fact that the sets of
functions satisfying the two properties are closed under scalar multiplication and addition.
O

8. A Priori ESTIMATES

In this section we will prove a priori estimates for the solutions of the Bubnov-Galerkin
system (3.6), which we repeat here for convenience:

(8.1a) o™ + PrAv" + P,B(v" + w,v" +w) = P, f(0"),

(8.1b) 00" —|— A" + QB (v" + w, 0" + 0y) = Qug(ny,-- -, 1, 0™)
(8.1c) o’ + Te A27h + Ry Bi(v" + w, i + mip) = Ruwi(ny's -« -, My, 0")
(8.1d) v™(0) = Pv(0),

(8.1e) 0"(0) = @.0(0),

(8.1f) n;'(0) = Run;(0),

The estimates we will derive will, along with the boundedness property, give the bounds
needed to apply the general existence theorem. The key observation is contained in the
following lemma, which says that whenever the velocity is bounded in the correct spaces, so
are the chemistry and temperature.

Lemma 18. Fiz 7 > 0 and suppose that assumptions 1 through 4 are satisfied. Suppose
further that for the temperature and chemistry equations one has initial conditions in H'(Q),
i.e.,

6(0) e V;

n:(0) € V; fori=1,... N,
and that on the interval [0, 7] one has

[v"™(s) + 2||fql(n) < C, for all s € [0, 7],
where Cy may depend on the initial conditions and T, but not on n. Then one has
(8:2) 146" < Cs foro<t<r,
(8.3) /t||Ale"||2 ds < Cymax{t — o, 1} for0<ty<t<r,
to

where Cs is independent of n, but may depend on the initial conditions.

Proof. Throughout this proof, C'2 will denote a constant independent of n and the initial
conditions, but possibly depending on 7, while C5 will denote a constant which is also
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independent of n, but which may depend on the initial conditions and 7. We begin by
taking the inner product of the equation for 6, equation (8.1b), with A0, to get

1
(8.4) 5at||A}/2<9”||2 + | AL07|% + by (v 4 w, 0" + By, A10™) = (g(n}, ..., 0%, ™), A 07).
From the Sobolev estimates (5.3g) and (5.6b), the Young inequality and the fact that g is
bounded, one obtains the following estimates
b (0" + w, 07, A10™)| < (0" + wl ]| AL0"|' /7] A, 07|
1 _
< G147 + CCill 476",
b1 (0" + w, B, A10")| < || + w]| g |00]| > [| A, 0]
1 _
< G40 + C1205,
1
Kg(nfs- . omy, 07), A20")] < (14,671 + Cho.
Using these estimates in (8.4) gives
— —4
(8:5) AWl A2 07? + 4,077 < Cra + CiaC + C1aC | AT 07 |
4 —=2
A8 P + (1 — CaT) | AY*0" [P < Crz + C120,

where pq > 0 is the smallest eigenvalue of A;. This, by the Gronwall inequality, implies that
on [0, 7] there exists a C15 independent of n such that

14720 (1)]|> < Cha for t € [0, 7],

i.e., (8.2) holds.
We now turn to proving (8.3). Integrating (8.5) from ¢ to ¢, where 0 < ¢y < t < 7, and
using (8.2) gives

t
/ 14,072 ds < Cus(t — to)
to

which gives (8.3).
Identical arguments give the results for the n; equations.
O

We are now ready to consider the velocity equation. Because of the assumption we make
on ||#™]|? and the definition of f (3.5a), we have that

1£@M)I* < Ca,

where C, is independent of the order of the approximation n. This implies that our veloc-
ity equation is just a usual Navier-Stokes equation with forcing term in L*(0, co; L*()).
Therefore we expect the same qualitative results as for the usual Navier-Stokes equations.
The only difference we have from the standard literature is our inhomogeneous boundary
conditions. However, we will see that they present no problem. In fact, in the following
two lemmas our proofs consist of taking the inhomogeneous Navier-Stokes equations and
deriving inequalities which are qualitatively identical to the inequalities one obtains in the
homogeneous case. We can then appeal to the standard literature to complete our results.
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Lemma 19. Assume that assumptions 1 through 4 are satisfied. Suppose further that € C
R® and that the initial velocity is in H'(Q), i.e.,

v(0) € V.

Then there ezxists a time T and a constant Cs, depending on the initial conditions but inde-
pendent of n such that

(8.6) |AY 20" (1)|? < Cs forall0 <t <,

t
(8.7) / |Av™ (5|12 ds < Cs max {t — o, 1} for all0< 1 <t<r.
to

Proof. Throughout the proof we will let C’5 denote a constant independent of n, but possibly
depending on the initial conditions. We begin by taking the inner product of Av"™ with
equation (8.1a) to get

1
(8.8) §||Al/2v"||2 + P7“||Av"||2 < (f(0™), Av™) + [b(v" + w, o™ + w, Av"™)].

Next, we note that (4.2) and the definition of f implies that
N

(8.9) LF )P < Co(L + 116" ()| + [lo™ ()]l + D _lInF (0)1]) for all ¢ > 0,
i=1

where (] is independent of n and the initial conditions. Now from the Sobolev estimates
(5.3c) and (5.3d), the bound on f(6™) (8.9) and the Young inequality one obtains the esti-
mates

b(™, 0", Au™)| < Gl AV ¥ Avr [P
Pr —
< Tl Av"IP + sl A2
o(w, 0", Av™)| < CJwll el A" [ 40"

IA

Pr — —
A+ Tyl 420 |+ T ol

n n n 1/2 1/2 n
(", w, Av™)| < Cy||AY20"|[[[w]| 2 lw] i | Av™ |

IN

IN

Pr — _
w1+ Tl A2 + ol

[b(w, w,v")| < Csl[w][ g2 [|w]] || Av™|

IN

IN

Pr n —
TollAv 1>+ Csllwl g2

(70", )| < A2 +

Substituting in these estimates into (8.8) gives

(8.10) Oy ||AY20™||2 4 Pr|Av"||? < Cs||AY?0"||% + Cs
0| A2 < Cs||AY?0™||5 4 Cs.

Now this inequality is well known from the 3D Navier-Stokes equations, see Sell and You [9],
Temam [10] or Constantin and Foias [2], and implies that there is a time 7 > 0 and a constant

IN
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O’ satisfying the conclusions of the lemma. Furthermore, by integrating (8.10) from t, to ¢
one can show (8.7).
O

Lemma 20. Assume that assumptions 1 through 4 and assumption 7 are satisfied. Suppose
further that Q C R? and that the initial velocity is in H*(Q), i.e.,

v(0) € V.

Then for each T > 0, there erists a constant Cg, depending on the initial conditions and T
but independent of n such that

(8.11) |AY 20 (1) || < Cf forall0 <t <,

¢
(8.12) / | Av"(s)||? ds < Cs max {t — to, 1} for all0 <ty <t <,
to

Proof. Throughout this proof we let Cg denote a constant independent of n, but possibly
depending on the initial conditions and 7, and let C4 denote a constant independent of n,
the initial conditions and 7. We again begin by taking the inner product of the equation for
v™ with Av™ and obtain

1
(8.13) 5(9t||Al/2v”||2 + Pri|Av™||> < (f(6™), Av™) + |b(v™ + w,v™ + w, Av™)] .

Now we use the two dimensional Sobolev estimate (5.4), the three dimensional estimates
(5.3e) and (5.3d) and the Young inequality to get

(0" o7, 4| < Cy A2 A

< SO AP + Ol P14
(o w, Au)| < Gl A2 2 A

< T IA I + Cull A |+ o)
b, ", 40| < Clwllmell 4720 | 40

< TV + Cual A
b, 0, 407)] < Cylhue | 40"

< ol + Cug

A7), A < T AV + O
Substituting these estimates into (8.13) and using the assumption on ||v"|| (4.3) gives
(8.14) Ol A20" | + Pri| Av®|” < Cuallo”|P|A20™ |* + Cral| AY20" || + Cuallo]] + Chra
| AV2om)” < Cg (|AY?0" 1> + 1) [|AV?0"||* + C.

This last inequality is equivalent to the inequality one encounters when studying the 2D
Navier-Stokes equations with homogeneous boundary conditions. In particular it, combined
with the estimates in assumption 7 and the uniform Gronwall inequality from lemma 8
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inequality, implies the bound (8.11). The key point is that integrals of coefficient of || A'/2¢"||2
on the right hand side are bounded in n, i.e.,

t
/ [0 () |2l 420" (5| + 1 ds < T for 0 < fg <<t <7,
to

holds with Cg independent of n. In our case, this follows from the estimates in assumption
7. For more details, we refer the reader to the proof of theorem 6 where similar calculations
are done.

Finally, the bound (8.12) follows from integrating (8.14) and using the bounds for ||v|| and
|AY2v|| in (4.3) and (4.3), respectively. O

9. PROOFS OF THEOREMS

Proof of Theorem 1: Main FExistence Theorem. We first note that from the a priori esti-
mates in lemmas 18 and 19 or 20 we have that there exists a 7 such that

v™ is bounded in L?(0,7; D(A)) and L*(0,7;V),
6™ is bounded in L?*(0,7; D(A;)) and L*(0, 7; V1),
n? is bounded in L*(0,7; D(Ap)) and L*(0, 7; Va),

where the bounds are independent of n. Furthermore, in two dimensions, 7 > 0 is arbitrary.
The boundedness properties of the equations given in corollary 17 then imply that

O™ is bounded in L?(0,T; H),
0,0™ is bounded in L*(0,T; H;) ,
O is bounded in L*(0,T; Hs) ,
where the bounds are independent of n. '
We now want to apply the general existence theorem, theorem 10, where the X are given
n (7.2). We can do this in particular because the equivalent norms (4.1) imply the needed

compact embeddings. This then gives the result.
U

Proof of Theorem 1: Uniqueness Theorem. We begin by defining

Then we have that
O + PrAv + B(v? +w,v) + B(w,v' +w) = f(0),
0,0 + 410 + By (v* +w,0) + By (v, 0" + 60) = g(nf, . ..., 6%) — g(ni, - -, 01,

1
O + — Aol + B1(v* +w,m;) + Bi(0,n; + mip) = wi(nF, ... . 07) —wilnt, ..., my, 01).

Le
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Most importantly, we have that

o € L*(0,T; V™Y,
00 € L*(0,T; V7Y,
om; € Lz(O’ T VQ_I)-

These properties imply, by lemma 7, the following formal properties in fact hold

1

§5t||5||2 = (0,v,7),
1 _ o
Lalbl? = (98.9),
1

§8t||ﬁ||2 = (07, 7)-

From the Sobolev estimates (5.6a) and (5.6b) and the Young inequality we get the esti-
mates

C
(9.12) o0+ w,3)] < A2 4+ Oyt + il
_ _
(9.1b) |b1(v,0" + 6,,0)| < ??’HAI/Q@H2 + Ci5]10" + 6ol|72116]17,
_ _ C _ _
(9.1¢) 61T, 0} + i, 75)| < f”/‘ll/zvll2 + Cisl|nf + miol| %2711,

where C15 depends only on C3 and Cs. Furthermore, using (1.2), (3.5) and the Lipschitz
property of the W; we can estimate

(9-2a) [(f(6%) = £(6"),7)] < coll@llID]]

(9-2b) <ol + lol)?,
N

(9-2¢) [(9(n}, 0%) — g(n;,0"),0)| < Cis (II5II2 + Z||ﬁj||2> :
=1
j=1

where Cg is independent of ¢, but may depend on 7.



CHEMICALLY REACTING FLOWS 23

Now we can take the inner product of (3.4a), (3.4b) and (3.4c) with v, # and 7); respectively
and use the equivalent norms from (4.5) to get

(9.3a)

C _
Billv]| + Csl| AV?0]|* < g?’llAl/?vll2 + Cus|v* + w||F:[|7]* + |[7]* + <5161,
(9.3b)

C _ _ N
B,]|6]| + Cs[|AY%6)1% < ?3||A1/2v||2 + C15(10" + 65|72 116]]* + Cie (||9||2 + ZII%HQ) ;

j=1

(9.3¢c)

Cs e
Ail|ml| + Cal| AY?0)1% < gllA”Qvll2 + Cisllng + mioll 7 llnll® + Cie <|I0||2 + lenjllz) :
7j=1

(9.3d)

Now from the equivalent norms (4.1) and (4.8) we get that [[v} + w]||%., [|0* + 6]/%. and
Ini + mipll3> are integrable. Therefore, since the maximum of a finite number of integrable
functions is again integrable, we can sum the equations in (9.3) to get

N N
Oy (HWH2 +16]1” + Z||mll2> < h(1) (Hﬁll2 +101” + ZII@IV) ,
i=1

i=1

where h(t) is an integrable function. Therefore, the Gronwall inequality implies

(IIW)II2 +0O1* + Z”ﬁi(t)”2> <

< <||v(o>||2+ ||5(o>||2+z||ﬁi(o>||2) e ([ 09 as),

which implies that the solutions coincide, which is the desired result.
]

10. GLOBAL ATTRACTORS

In this section we want to prove the two dimensional global attractor existence theorem 6.
The classical global attractor existence theorem we want to use is based on two definitions.
We say that a dynamical system S(¢) on a metric space X is dissipative if there exists a
bounded set U C X such that for all x € X, there exists a time 7, such that S(t)x € U for
all ¢ > 7,. We call U an absorbing set. The second definition is that S(t) is compact if for
each bounded set V' there exists a time ¢t such that S(¢)V is compact. For more information
on these definitions another dynamical systems theory, see Sell and You [9], Hale [3] and
Temam [11]. Given these definitions, we can state the following existence theorem.

Theorem 21 (Billotti-LaSalle). Suppose that the dynamical system S(t) is compact and
point dissipative. Then S(t) has a global attractor. Furthermore, the attractor uniformly
attracts all bounded sets.
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For a proof, see for example Billotti and LaSalle [1] or Sell and You [9]. This theorem
was used, for instance, in Manley, Marion and Temam [5] to show the existence of global
attractors to the reacting flow system (1.1) with boundary conditions representing a two
dimensional premixed flame in a tube.

Typically the application of this theorem in situations similar to ours involves two steps.
First one uses a priori L? energy estimates to show the existence of an absorbing set in
L?(2). Secondly, one uses smoothing properties of the equation to show compactness. The
simplest way to do this is to show the existence of an absorbing set in H'(2), then use the
fact that H'(f2) is compactly embedded in L?(f2) to get compactness. It is this strategy that
we will follow.

However, in this paper we will not show dissipativity for the reacting flow system. As
mentioned above, dissipativity typically depends on a priori L? energy estimates, which in
turn depend intimately on the boundary conditions. Instead, our global attractor existence
theorem 6 essentially states that dissipativity implies compactness, which in turn implies
the existence of global attractors. We should point out that dissipativity is known for the
two sets of boundary conditions which we know of in the literature, see Manley, Marion and
Temam [5] and Norman [7].

The first step in proving the global attractor existence theorem is the following theorem
which states that if the system is dissipative and v is uniformly bounded in H'(2), then
there exists a bounded absorbing set in H'(Q) for the chemistry and temperature equations.

Lemma 22. Let Q C RY, d =2 or 3. Suppose that the reacting flow system (3.4) is dissipa-
tive, i.e., (4.13) is satisfied. Suppose further that for each initial condition (v(0), 6(0),7:(0)) €
H there exists a 7 such that

(10.1) |AY20(t) + w|? < Oy fort>r,

where Ch7 is independent of the initial conditions. Then there exists an absorbing set in
HY(Q) for the chemistry and temperature equations.

Proof. Fix a set of initial conditions (v(0),6(0),n;(0)) € H and associated time 7. Through-
out the rest of the proof we will work on the interval (7 + 1, 00).

We begin by taking the inner product of the equation for 6 (3.4b) with A0 and use
theorem 7 to get

1
(10.2) SONATZ0I + [ 4,0] + by (v + 0,0+ 0o, 4,0) = (9(6,1,),0)

Now for ¢t € [T+ 1,00), from the Sobolev estimates (5.3g) and (5.6b), the bound for g and
the Young inequality one obtains the estimates

by (v + w, 0, A10)| < C,[|AV20]||| AV20]'/%]| A, 0]

1 729
< 6||A19||2 + 50540127”14}/29”2;

1 3
b1 (v + w, 0y, A10)| < 6||A10||2 + 5052017||90||§12,

1
<ga A10> S 6”1419”2 + C4187
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where C'g depends only on the bound for g. Substituting these estimates into (10.2) gives
729
16
where 111 is the smallest eigenvalue of A;. Now we can apply the uniform Gronwall inequality
from lemma 8 on the interval (¢t — 1,¢) for t > 7+ 1 to get

t
1AY20(0)] < (020 [ Ao as+ 019)
t

-1

B A0)? + || A0)> < =CAC | AY6)12 + Ch,

where
Cop = 220002 4 1.
16

We now want to apply the estimate (4.6) from assumption 9. Since (4.6) is written in
terms of the Bubnov-Galerkin approximation, we need to take the limit as n — oo to get
an estimate for the solution itself. We can do this in particular because the 2D uniqueness
theorem, corollary 3, implies that the specific solution we are working with is the limit of the
Bubnov-Galerkin approximations. However, this is straightforward. In particular, the left
hand side converges for all £ and ¢, because of property 4 and the right hand side converges
for all ¢ and t5 > 0 by property 3 of the compactness lemma. This gives

(10.4) /t 1AY20(s)|* ds < Cymax {1, — to} (I|¢9(1to)||2 + " )P + Y llm (o) I + 1) :

i=1
for all ¢t >ty > 0.
Now, from (10.4) and the dissipativity estimate (4.13) one obtains the inequality

N
142 0(0)]” < (020046” (IIG"(O)II + [l O)l + ZIIU?(O)II) +Cho + 04) e,
=1

which implies the existence of an absorbing set for 6.
Exactly the same argument works for the 7; equation. We omit the details. O

Proof of global attractor existence theorem 6. Throughout this proof Cy; will denote a con-
stant independent of the initial conditions and ¢, but possibly depending on ¢, defined below.
We begin by showing the existence of an absorbing set for v in H'(Q). In particular, using
the same calculations that led to (8.14) in the proof of lemma 20, but applied to the original
v equation we get:

WA 2o (@)|? + pPri| AVPo(t)|? < Crag(t)| A0 (t)|* + Crallv(t)|| + Cha,
where
g(t) = (@) P AV v (8)]|* + 1,

and p is the smallest eigenvalue of A. Now, by the dissipativity, there exists a constant Cyo
and a time ¢y > 0, both independent of the initial conditions such that

lv(t)]] < Co for all t > t,.
Hence one has
(10.5)  &||AY20(t)||? + pPr||AY20(t)|? < Cug(t)||AYV?v(@)||? + Cyy  for all t > .
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Now we want to derive estimates for the integral of || A'/2v(s)||? on [t—1, ], where t, < t—1.
As in the proof of the previous lemma, because of the compactness lemma convergence, we
can apply (4.4) to get

=1

t N
/ 1||z41/2v(8)||2 ds < Cy (Ilv(t = DIP+ (16— DI+ D _llm(t = DI” + 1) :
t—
Now, again by dissipativity, we can assume, possibly by increasing ¢y, that

t
(10.6) / 1AM 20(s)[12 ds < Co.
t

-1

This also implies that

(10.7) /t g(s) ds < Cor.

Now we apply the uniform Gronwall inequality from lemma 8 on [t — 1,¢] with t — 1 > ¢,
to (10.5) to get

|AY 20 ()| < Co for t > to + 1,

i.e., there exists an absorbing set for v in H'().

Now, by the assumptions of the theorem, for each initial condition in L?(§2) there exists a
unique weak solution, which immediately becomes a strong solution. This allows us to define
a dynamical system S(¢) based on these solutions. Using a generalization to the arguments
in the uniqueness theorem, theorem 2, one can show that S(¢) is continuous in L*(Q) x R.
By the above calculations, this semiflow has an absorbing set in H'(2), which implies that
S(t) is compact, since H'(Q) is compactly embedded in L?(Q). Since S(¢) is dissipative by
assumption, we can apply theorem 21 to get the result. O
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