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ABSTRACT

We study the behaviour near an isolated singularity, say x=0, of the solu-
tions of the equation (1) bu(x) = V(x)u(x), defined in a neighbourhood of 0,
in terms of the potential V that we assume to be radially symmetric.

For a class of potentials E& that we completely characterize there is only a
unique singularity with constant sign and it behaves like the fundamental solu-
tion of the Laplace operator. For a larger class 22 we yet obtain a unique
type of nonnegative singularity that is radially symmetric. If V(r) = cre, with
c>0, v €R, P, means © > -2 and Py means © > -2, The results fail for
u<-2.

Using the Kelvin transformation our results give an equivalent description

of the asymptotic behaviour of solutions of (1) defined for [x] >R > 0.



INTRODUCTION

In this paper we study the behaviour near an isolated singularity of the

solutions of the time-independent SchrSdinger equation
(0.1) Ay = V(x)u

defined in a domain of 1RN » N 2 2. We shall assume that the potential V is
radially symmetric, V = V(|x|), and not very negative. For convenience we shall
also assume that V is continuous except possibly at x = 0. We study in terms
of V the occurence of a unique type of isolated singularity at x = 0 for
solutions of (0.1) that have constant sign near the origin.

The behaviour of solutions of (0.1) around an isolated singularity is well-
known in the case V = 0. In fact for every nonnegative harmonic function

defined in a punctured ball BE = BR(O) - 10} there exists ¢ > 0 such that

(0.2) u(x) = cEy(x) + g(x)

where EN js the fundamental solution of the Laplace operator, see (l.1), and

g is a C” harmonic function in By -

In Section 1 we prove that this behaviour persists if V 1is not very
singular. The class 'El of potentials for which an isolated singularity with
constant sign behaves like E,(x) is shown to coincide (for N > 3) with the
Kato class Ky (Theorem A). The proof relies heavily on the study of the
corresponding ODE (Section 2). For potentials of the form V(r) = cr? with
c,V€ER VEP, if and only if c=0 or 6> -2

It follows in particular from this study that when V is negative and
V¢;El there are no radial singularities with constant sign. On the other side
Willett [W] proves that the condition V™ = max(-V,O)éE_El js sufficient to
exclude the appearance of radial solutions that oscillate infinitely many times
near r = 0. We shall also need V™ P, to transform unilateral bounds into

absolute bounds in Theorems A and C . Therefore we shall make in the sequel

the assumption V™ € P, wunless mention to the contrary.
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We also study the conditions under which a singularity is removable both in
the case V €P, (Corollary 1.1) and in the case V ¢_El (Theorem B). All
these results are proved in Section 3.

Then we consider a larger class of potentials EQ for which there is only
one type of singular behaviour for the nonnegative solutions of (0.1). Moreover
this singularity is isotropic, i.e. the singular solution u(x) becomes

radially symmetric as r > 0 . In fact we prove (Theorem C) that for every not

very negative singular solution of (0.1) with Ve;ﬂz we have
(0.3) u(x) =u(r) + o(1),
where U is the angular average of u, i.e.

(0.4) u(r) = sN-1-1 u(r,o)do .

J
SN-].

x SN'l are spherical coordinates in IRN , do is the stan-

Here (r,o) e (0,%)
dard measure on SV1 = {xerN : [x| = 1} and |SN'1| is the area of sN-1,
We also have for a singular u

(0.5) lim u(r)/E\(r) # 0

r+e

and |u| grows at most like a power of r as r»>= The class P, contains,

apart from P, , the inverse square potentials V(r) = cr?

, that play an
important role in Quantum Mechanics, if ¢>0. P, is also closed under addition.
Complete details are given in Section 4 where we also prove Theorem C.

The sharpness of this theorem is shown in Section 5, where we construct
infinitely many positive singular solutions of (0.1) exhibiting different singu-
lar behaviours for the potentials of a class P3 which is nearly the complement
of P, in the set of positive radial potentials. P, contains in particular

the potentials of the form V(r) = cr® with ¢>0 and 6 < -2. For these

latter potentials there are radial solutions wug(r), uj(r) of (0.1) such



that, as r > 0,

I
(0.6.a) uy(r) = rK exp (&— ), and
pr
2
(0.6.b) ug(r) = Kexp (- &= ),
prP
where p = -.% (8+2)>0 and k =.% (p+2-N), see end of Section 2.

The study of the behaviour of the solutions of (0.1) near an isolated
singularity can be transformed into the study of the asymptotic properties of
the solutions of (0.1) as |x| * = by means of the Kelvin transformation. In

fact, let u = RN - BR(0) for some R>0 and consider the solutions u(x) of

(0.1) in &, where now V € C((R,®): R). If we set
(0.7) wy) = 12N uly ™)

then w 1is a solution of the equation

(0.8.a) bw(y) = W(y)w(y) for 0 < |y|] < 1/R
with
(0.8.b) Mly) = ylI= vy mh.

In that way we obtain in Section 6 a description of the asymptotic behaviour

(> oo (o]

of u when V belongs to the class E& . 22 or 33 , which corresponds to
W G_El > Po, or .23. In particular we prove that a nonnegative solution of
(0.1) behaves as r = |x| * =@ either like a constant or like r2N e N3
(resp. like log(r) or like a constant if N=2) if and only if V e_gwl, cf.

Theorem A'. For instance if |[V(r)| = r’ this means 6 < -2 and in this case

we have
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2-N)

(0.9.a) u(x) Co(1 + O(re+2)) + CZrZ'N + of(r

if N2 3 and
(0.9.b) u(x) = c;(log(r) + 0(r**%)) + C, + o(1)
if' N=2, for some constants c;,c, € RR.

Finally we use these results to study in Section 7 the conditions under which the solu-

tions of (0.1) in & = RN - {0} are radially symmetric.

Two main restrictions are made in this paper. First, both the potentials
and the solutions are assumed not to be very negative. This is made so as to
eliminate all oscillatory solutions from the present discussion. Second, the
potentials are radially symmetric, V(x) = V(|x|). Though many of our results
have natural counterparts for nonradial potentials we only have a complete pic-
ture of the situation in the case of radial potentials. Moreover our treatment
relies on the study of the radial solutions of (0.1), where ODE techniques are
used. We shall consider the case of nonradial KN - potentials in an upcoming
paper using different techniques.

The study of isolated singularities and asymptotic behaviour of the
solutions of elliptic equations, among them (0.1), is a classical subject that
has been pursued by many authors, in particular Serrin, cf. [GS], [S1], [S2],
[SW]. Recently Brezis and Lions [BL] proved that nonnegative solutions of
Aux< cu with ¢>0 in B* either have a removable or a weak singularity in the
notation of Section 1. This is related to our Theorem 1. Caffarelli and Littman

[CL] studied the positive solutions of (0.1) in RN with V(x)

1]

1 (therefore
v e_Bg in our notation). Murata [M] studies the behaviour of positive solu-
tions as |x| > @ under conditions on V different from ours. The fact that

the inverse-square potentials, V(r) = cr'2 , are a sort of borderline case for
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different phenomena is well-known, cf. for instance [RS], [BG]. Recently
Garofalo and Lin [GL] have also encountered this threshold behaviour in the
study of the property of unique continuation of solutions of (0.1). Finally
dal Maso and Mosco [MM] study equation (0.1) using a variational approach,
obtaining in particular moduli of continuity for nonsingular solutions of (0.1).
Isolated singularities of nonlinear equations of the form Au = ¢(u), with
¢ continuous and increasing, have been studied by Brezis, Veron and the first
author, among others, cf. [BV], [vv], [Ve]. Even in the case o(u) = u?  with
p>1 and u?0 the results depart strongly from the linear case.
An announcement of results by the authors on this problem has appeared in
[vY]. The present paper contains not only a full account but also a substantial

jmprovement on that note. The authors are grateful to J. Serrin for his

interest in this work.
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1. BEHAVIOUR AT THE ORIGIN FOR SMALL POTENTIALS

Let By = B;(0) be the ball of radius R>0 centered at the origin in iRN,
N22, and let 85 = BR - {0}, We consider solutions u CZ(Bﬁ) of equation
(0.1) for 0 < |x| < R and describe their behaviour as |x| * O depending on
the singular character of V at 0. We shall use indistinctly the notations
V = V(x) = V(r), r = |x|, and so on, whenever no confusion arises.

Let us first briefly examine the possible behaviours of u near 0. In
case u, and Veu € L%OC(BR) and (0.1) is satisfied in D'(Bp) we say that u is
a solution of (0.1) in BR or that u is nonsingular at 0 or also that the
singularity at 0 1is removable.

Actually the nonsingular solutions that appear in our main results are con-
tinuou; functions in BR' This is not the case for some very negative poten-
tials (cf. Prop. 2.2).

If the above does not hold u is singular at 0. We are interested in

describing singularities with constant sign. In the simplest case V(x) = 0,

i.e. when u is a harmonic function, it is well-known that every singular solution
with constant sign behaves as |x| * 0 1like the fundamental solution EN(x) of

the Laplace operator,

Ev(x) = k(N)|x [N i N >3,

(1.1)

E,(x) = (2m) Mog(1/1x|) ,

in the sense that there exists a constant c€R such that

(1'2) ]im M = o
Ix[*0 Ey(x)
Moreover u satisfies the equation - &4u = c¢¢ in _Q'(BR), where ¢ 1is Dirac's

mass at the origin. If ¢ = 0 the singularity is removable.
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We say that a singular solution of (0.1) that satisfies (1.1) has a weak
singularity at 0. If (1.1) is true with ¢ = +* or ¢ = - we say that u has

a strong singularity at O.

Strong singularities do not exist if V = 0., In fact all singularities
with constant sign are of weak type if Ve.Lq(BR) with g>N/2 according to the
results of Serrin [S2].

We want to describe the class of radial potentials for which every singular
solution with constant sign exhibits a weak singularity. We shall prove that

this is precisely the class of P; of potentials V € C((O,R): R) such that
1
(1.3) V(|x]) EN(x) € L (Bg).
For radial functions BJ coincides with the class Ky introduced by Kato
[K], see [AS, Proposition 4.10]. An important property of the class Kys proved
by Aizenman and Simon [AS], is the Harnack inequality, that we shall use in the

proof of Theorems 1 and 3. Remark that KN'DLq(BR) if and only if q>N/2. In

particular if V(r) = cre with ¢ # 0, R, V e-El if 68> -2,
We obtain the following result

2
THEOREM A. Let V€ P, and let ueC (BY) be a solution of (0.1) such
that

(1.4) u(x) 2 o(lxll'N) or u(x) < o(lxll'N), |x| * O.

then there exists a constant ¢ such that

(1.5) u(x) =cuy(fx]) + uy(x),

where ul(r) is a radial solution of (0.1) such that ul(r)/EN(r) > 1 as

r=|x| >0 and u, e C(By) is a nonsingular solution of (0.1). Moreover u

1
and Vuel, (Bp) and



(1.6) -bu + Vu = ¢é in Qf(BR) .

The proof of Theorem 1 relfes on the study of the radially symmetric solu-
tions of (0.1) that is done in Section 2. In particular it follows from these
results that ‘El can be considered as the class of "small" perturbations of the
null potential. These results also allow to show that the two hypotheses made
in the theorem are optimal. Consider for instance the unilateral condition
(1.4). We can always construct oscillatory solutions of (0.1) that behave at 0

like 0(|x|1'N) by separation of variables. Thus if we set

(1.7) u(x) = H (o), (),

where (r,o) are spherical coordinates in IRN and Hn(o) is an eigenfunction

SN-]. -

of the Laplace-Beltrami operator in x e RN : |x| = 1} with eigenvalue

A= n(n+tN-2), is a solution of (0.1) if U  satisfies the equation

n n
N-1 i
(1.8) U(r) + 22Ut (r) = (_rl} + V)u(r) .

According to Proposition 2.3, the behaviour of Un as r * 0 is equivalent to

the behaviour of the solutions of (0.1) with potential Anr'z (again Ve P

1
is a small perturbation). But for potentials V = cr-? we find the radially

symmetric solutions

- - -2 .2 1
(1.9.a) u(r) =P, e = B2 (B2,
- )
(1.9.0) w(r) =1 g B2 (B2 o
. _ N-2 |2 . . . .
if o ch = - (5 ) . Observe that if ¢ > 0 wuy(r) is a solution with a strong

singularity and uo(r) is a continuous nonsingular solution. In particular for
the first eigenvalue A; = N-1 we obtain a solution Ul(r) =r P, p = N-1, which

is the oscillatory solution of the form (1.7) with slowest growth at O.
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Consider now that we have a weakly singular solution of (0.1). Since

1 1
Vu eL]OC(BR) and u ~ EN(x) near X = 0 we conclude that VENeL]OC(BR) .
i.e. Veﬂl,

Theorem 1 implies in particular the following removability result

COROLLARY 1.1. If u is a solution of (0.1) with VeP, and u(x) = o(Ey(x))

as x >0 then u is a continuous solution of (0.1) in Bg(0).

Removability results are somewhat different if V#_P_l. Assume for instance

that V' = max(V,O)fl;BI and V'G_P_l and let ug and u; be two radially
symmetric solutions of (0.1) such that ug(r) > 0 and up(r)/Ey(r) > = as

r > 0. Such solutions are constructed in Section 2. Then we have

THEOREM 1. Let u € C°(B¥) be a solution of (0.1) with V"¢ Py, VePy.

The following conditions are equivalent

i) u(x) = o(ul(r)), r=|x| >0,

<. 1
ii)  \Wu eL]OC(BR) R

iii)  u(x) = O(uo(r)), r+>0,

iv) u is a continuous solution of (0.1) i Bp -

In contrast to these conditions every weak singularity satisfies Vu eLlloc(BR) if
if VeP, . Moreover by the Harnack inequality u(0) > 0 for an nonnegative
solution of (0.1) while u(0) = 0 characterizes the nonsingular solutions in
Theorem B. Theorems A and B will be proved in Section 3 after the basic pro-

perties of the radial solutions are investigated in Section 2.
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2. SOME RESULTS FOR RADIAL SOLUTIONS

2.1 This section is devoted to study behaviour near r = 0 of the solutions

u(r) of the ODE

(2.1) u"(r) +.ﬂ%l u'(r) = V(r)u(r), 0<r <R.

We are especially interested in the consequences of condition (1.3), i.e.

(2.2.a) jR rV(r)dr < * if N2 3,
0

(2.2.6) R rlog(r)| V(r) dr <= if N = 2.
0

By means of the change of variables

(2.3) u(r) = V(s)/s, s N-2

1]
-

we transform the equation (2.1) if N > 3 1into the (N=1)-version
(2.4) V(s) = X(s) v(s) , 0<s<S-= RN-2 s

| where dot means d/ds and the new potential X(s) is defined by
(2.5) X(s) = (N-2)"2 v(r)(r/s)".

Note that for N=3 we have s =r, X = V. For N=2 the appropriate change of

variables is

(2.3') u(r) = v(s)/s , s = {log(l/r)}-!
and then (2.4) holds with

(2.5') X(s) = V(r)ris 4 .

In every case condition (2.2) becomes
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(2.6) 65 sX(s)ds < = ,

i.e. VeP, if and only if XE€P) .

It is known, cf. [N, Corollaries 2.3 and 3.3] that whenever Xehfl there

exist two solutions, vy(s) and vi(s), of (2.4) such that as s»0 we have

(2.7.a)  vgy(s)
(2.7.b)  vy(s)

s + o(s), Vo(s)

1+ o(1), vi(s)

1+ 0o(1),
o(1l/s).

1]
]

It follows that for every V € P, there exist two solutions ug(r) and uy(r),

of (2.1) such that

(2.8.a) lim wu,(r) =1, lim ru;
r0 O r0 O

(2.8.b) 1lim ) s, Tim e lur(r) = S(n-2)k(N)
r>0 Ex(r) r+0

(r) =0,

The fact that the condition V&P, 1is essential in this result is shown by

the following converse result

PROPOSTION 2.1 Let V be a nonnegative potential that does not belong to Py

Then there exist two positive solutions of (2.1), Uy and u;, such that

(2.9.a) Tim un(r) = Tim rup(r) =0
r+0 0( ) r+0 0

up(r) . N-1 . - -
(2.9.b) 118 fﬁTFT = 1im (-r uO(r)) = @,

Moreover Ug(ruy(r) < Ep(r) and
(2.10)  V(r) ug(r) Ey(r) e L' (By)

REMARKS. 1) uy s a regular solution of (0.1) at x =0 .
2) (2.10) is not true for u =u; . On the contrary if V € Py it

holds for all solutions of (2.1).
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Proof of the Proposition. Using the transformation (2.3) we are reduced to

construct positive solutions of (2.4) with X >0, X e_El , such that as s > 0
vo(s)/s * 0 and vi(s) > =.
Let us begin with v,(s): we take the solution of (2.4) with initial

condition
vi(s) 20, vi(s) = -1

with S = RN'2 . By (1.4) v is convex, namely v is an increasing function in

(0,S), hence
vi(s) €-1 in 0<s <S.

We conclude that the function v, 1is positive and decreasing in (0,S) and that
there exists the limit lig Vl(s) =p, 0<p <= We have to prove that p ==
S-)
We take a number c € (0,S). Since v, is strictly decreasing we have
v(s) > v(c) >0 for 0<s <c. Integrating twice (2.4) between s and c

with 0 < s < c¢c/2 we have

(2.11) Vi(e)(c=s) = vy(c) + vy(s) > vy(c)I(s),
where
Cc C C C
I(s) = J dy J dt X(t) =) (t-s) X(t)dt >J & X(t)dt.
S y s 2s

Since X¢P, it follows that I(s) > < if we let s > 0. Going back to (2.11)
we have v;(s) * = as s * 0. Since
c vi(e) ¢

vie) = vy(s) = J X(t)vy(t)dt > —=— J X(t)t dt
S S
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we have vi(s) >« as s > =,

The solution Vo 1s obtained by the method of variation of constants:

(2.12) vols) = vy(s) /| L .

Since v, is decreasing in (0,S) we have

(2.13) vo(s)vy(s) <s ,

i.e. ug(rjuy(r) < Ey(r). (2.10) is equivalent to prove that the integral
JX(t)vp(t)dt is convergent at 0 and this follows from

L] L] S
(2.14) Vo(S) - Vo(S) = | X(t)Vo(t)dt ’
S

letting s > 0. In fact since vgy is convex and vO(s)/s + 0 we have
Qo(s) >0 as s > 0.

The conclusions for ug and uy in (2.9) follow now from the formulas

(2.15a) ru'(r) = (W-2)[v(s) - 8L 7 4f N> 3,
(2.15.b) ru'(r) = v(s)s - v(s) if N=2 . |

The situation is different for negative potentials:

PROPOSITION 2.2. Let V a nonpositive potential that does not belong to 24 .

Then either all the solutions to (2.1) oscillate infinitely many times near

r =20 or they satisfy

(2.16.a) Tim u(r) = += ,
(2.16.b) 1im YL - o,
r+0 N r)
and
(2.16.c) lim -1 u'(r) = 0.
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Proof. Using the change of variables (1.3), (1.5) (or (1.3'), (1.5') if N=2)
we can consider solutions v(s) of (2.4) in 0<s < S with X <0,
X &P, It is standard that either all the solutions oscillate an infinite
number of times around the O0-level as s * 0 or every solution is either
positive or negative in a small neighbourhood of 0. Let us assume to be speci-
fic that v is a positive solution of y = X(s)v for 0 < s <S. Since X <0,
v is a concave function and there exists the limit

p = 1im v(s).

s*+0

We have 0 <p < 0. We want to prove that p = 0, i.e. (2.16.a). In fact if
p>0 we integrate the equation as in Proposition 2.1 to obtain for
0<s <cKS

(o Cc

v(s) = v(c) + v(c)(s-c) + Jg dy (J, X(t)v(t)dt).

For ¢ small enough we have v(t) » p/2 if 0 < s < c. Hence

. o c
v(s) 2 v(c) + v(c)(s-c) +-§ [dy | X(t)dt
S y
As in Proposition 2.1 the last integral is infinite, which leads to contradiction.
Therefore p =0 and v 1is increasing in a certain neighbourhood of s=0.

By concavity there also exists

v(0) = lim v(s)
s+0

and 0 < v (0) < = It is then clear that v(s) > a.s in a neighbourhood of 0

for a certain a>0 . Since for 0 < <c¢c ¢S we have

v(s) = v(c) + jc(-X)(t)v(t)dt
S
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we easily conclude from X<¢_El that ;(0) = ® 350 that

lim ¥(8) -

s*0 s

i.e. (2.16.a). Finally from (2.15) and the fact that 0 < v(s) - Q(s)s < v(s)
we get (2.16.c). ]

Proposition 2.2 implies that for negative potentials that do not belong to
B& the radial solutions of (0.1) belong to one of those two types: i) all of
them oscillate infinitely many times as r > 0, ii) all of them are nonsingular

(by (2.15.c)) and discontinuous (by 2.15.a). For potentials of the form

V(r) = car? ,0<c

)2

the first situation occurs if ¢ <c = - ((N-2)/2 while the second one hap-

pens if 0 >c >c_, see formulas (1.9).

Our next result shows how a perturbation of the potential affects the

nature of the singularity at 0 of a radially symmetric solution of (0.1).

PROPOSITION 2.3. Let V = 7 +V be a potential in (O,R) with U > 0 and let

GO’ Gl be the solutions of u'(r) + ((N-1)/r)a'(r) = V(r)ﬁ(r) constructed in

Proposition 2.1. Then i) if V satisfies

(2.17) ;R G (r)a, (et ar < =

for i = 0,1 there exist solutions wu ,u; of (2.1) such that

2.18 Tim =1, i=0,l.
(2.18) r20 TG(T)
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i1) Assume now that
(2.19.a) ;T r) uo(r)ul(r)rN'ldr =
(2.19.b) J T (r) Jo(r)ﬁl(r)r"‘l dr < = .

Then there exist solutions u,, u; of (2.1) such that

ug(r) uy(r)
(2.20) Jim 2l =0, lim — ==,
r*0 ug(r) r+0 uy(r)

REMARK 2.1. Condition (2.17) 1is in particular implied by 'Veigl by virtue of
Proposition 2.1. In fact (2.17) is equivalent to V cp, if v € Py (see

(2.8)) or if V(r) = cr=? with ¢ > 0 (see (1.9)). We shall see later that the

~ A e
equivalence holds if V € P,. On the contrary if v(r) =r , 8 < -2, there

~

are solutions Uy » Gl as in Proposition 2.1 such that

Go(r)ul(r) = PN e e g R

where p = --% (6+2) > 0 , see (0.6). Therefore (2.17) means
R

(2.21) fo V(r) 2 gr ¢ =,

a class larger than 34 .

Proof of the Proposition. We assume that N > 3, the case N =2 being similar

(cf. Prop. 2.1).

A

Part i) We perform the change of variables wu(r) = v(s)/s , u(r) = y(s)/s,

s = rN'Z. As in Proposition 2.1 we obtain the equations

;(s) = X(s) v(s), ;(s) = X(s) y(s) for 0 < s < gN-2 .

with X, X defined as in (2.5). Let yo(s), yl(s) , be the two solutions of
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the last equation obtained in Proposition 2.1. We have to prove that there

exist solutions vy , v; of wv(s) = X(s)v(S) such that vi(s)/y;(s) * 1 as
s >0, 1=0,1.

This is done as follows. Consider the function

_ . _.Yo(s)
(2.22) h(t) -5_1(%) Wit t = —J ey

for 0<s <¢c <R, c being sufficiently small so that y(s) is positive in

(0,c). h(t) satisfies the equation

2
(2.33) i%(lil = R(s(t))y (s(t)n(t), 0 <t <ty =tlc).
t

If the potential W(t) ='Y(s(t))y;(s(t)) belongs to the class P, there exist

two solutions h,(t) , hy(t) of (2.23) such that as in (2.7) we have

ho(t) 1 + o(1)

t +o(t), hyt)

hi(t) = 1 +o(t), hi(t) = o(l/t)
as t > 0. Setting for i =0,1, vi(s) =h;(t)/y,(s) and uj(s) = vi(s)/s the
result (2.18) for Ugs up would follow. Therefore we have to check that

WP

t ¢
joo tiW(t)|dt = IO t|X(s(t)|y: (s)dt =
(2.24)

c R(c) _ . . N1l
= JOIX(S)I Yo(s)y,(s)ds = JO V(r)[ug(r)ug (r)r" ™" dr < =,

Part ii). Assume first that V = 0. Then, with the notations of part i) we

Jto tW(t)dt = [ V(r)a

~ N-1
(ruy(r)r dr = + <.
0 0 0 !
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Therefore by Proposition 2.1 there exist two solutions, hg and h, of (2.23)
such that as t >0 hy (t)/t » 0 and hy(t) * = . Reversing the changes of
variables yl(s)hi(t) = vi(s) and vi(s) = sui(r) , i = 0,1, we obtain (2.19).
Remark also that hg(t)h,(t) <1, i.e. vl(s)vo(s) < yO(s)yl(s) or even

- A

ug(Fuy(r) < ug(ruy(r).

In case V # 0 we proceed in two steps. First we consider the potential
Vv = g + vt and argue as above. From (2.19.b) and the remark of the last
paragraph it follows that V satisfies condition (2.17) with respect to a
pair of solutions of (2.1) with potential V1 . Therefore by part i) of this
proof we conclude that no change of behaviour occurs upon passing from

PN —_ _ —
V1=V+V tO V—Vl-V. D

We give next a simple comparison result for singular solutions

corresponding to different potentials.

PROPOSITION 2.4 Let V, V be two potentials such that V(r) 2> V(r) for

0 <r <R. If there is a positive singular solution u; of (2.1) with poten-

tial V there is also a singular solution u, of (2.1) with potential V such

that ul > u; near r=0.

Proof. Take a point c¢ € (0,R) and let Ui be the solution of (2.1)

with potential V and initial data
up(c) =uylc)s ujlc) = ujlc).
For every r e (0,c) we have
(2 25) d { N-1—, Y [ _ N-l{— —
. gr v (ug(ruy(r) - up(rju'(r))t = r V(r)-V(r)}uy(r)uy(r) .

Therefore on every interval I = (a,c) < (0,c) where U& is positive the

. N-1—, — . . . . .
function r {Ui(r)ul(r) - uy(r)uj(r)} is nondecreasing. Since it vanishes at

r = ¢ we conclude that
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(2.26) uim o ouln
STOREEO)

in (a,c). We conclude that a = 0 and .Gl(r)/ul(r) is nonincreasing in (0,c).

Since ﬁi(c) = uy(c) we get E&(r) > uy(r) for 0<r <ec. [:I

In the study of the asymptotic behaviour in Chapter 6 it will be
interesting to know how much the solutions corresponding to a potential V -El
depart from the ones for V = 0. The next result settles this question as

r > 0.

PROPOSITION 2.5. Let V P, and let wuy, u; be as above. Thenas r >0

(2.27) Ug(r) =1 + pg(r)(1 + o(1)) ,
(2.28) up(r) = Ex(r) +py(r)(1 +0o(1)) +C,
where
r S
(2.29) p (r) = stNg eN-ly(eydt)ds = o(1)
0 0 0

and
- R S

k(N)[ sl-N(fO tV(t)dt)ds) if N > 3,

r
Pl(r) = R .
L[ sl tlogt|V(t)dt)ds if N=2
i . 0 >

hence py(r) = o(Ey(r)).
Proof. We know that ug(r) =1 + o(l). Hence integrating (2.1) we get

ug(r) = (rl‘NJ; th=lv(t)dt) (1+0(1)),
so that

r S
ug(r)-1 = (g 57 Jg £ V(t)at) (140 (1)),
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i.e. (2.27), py(r) being well-defined by (2.29) since VeP, .

2-N
r

Let us now prove (2.28) when N 2> 3. As before, if EN(r) = k(N) , we

get for a constant C:

ate) = cel N o el N eve)ar) (1+0(1)).

Hence for another constant’ C

R S
up(r) = k(NrEN <) S sl'N(fO £V(t)dt)ds} (1+o(1)) + C,
r

since we know that u,(r) = Ey(r). Finally py(r) = o(EN(r)) follows easily
from the fact that Vé.Pl.
The case N=2 is similar. [:I

COROLLARY 2.6. If V(r) = 0(r®) for some 6> -2 we haveas r >0

(2.31) ug(r) = 1+ 0(r"*%)

(2.32) uy(r) = Ey(r)(1 + 0(r**%)) + c,
for some ce R,
2.2. Using the Kelvin transformation

w(s) = s2Nu(1/s), W(s) = s~H(1ys)

We can easily apply the perturbation result, Proposition 2.3, to the behaviour

at infinity of the solutions of

w" o+ Eél w' = W(s)w in S<s <K=,

In particular condition (2.17) transforms into

(2.17') I W(s) Wg(s)wy(s)s"t ds < =,
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with obvious notation. Many perturbation results can be found for the case

N=1, W=1 in [B].

As an application we obtain the behaviour of the solutions of (2.1) as

r >0 when V(r) re, ® < -2. The change of variables

(2.33) u(r) = rkw(s), s = %.r‘p

942 and « =.Ei%lﬂ transforms (2.1) into

with p = - =

(2.34) w(s) = (1+H(s))w(s), S<s <

with W(S) = Cs™2 , C =C(N,6) > 0. Since two solutions of Q(s) = w(s) are

S S

e> and e~ and (2.17') is satisfied, Prop. 2.3 at infinity implies that there

exist two solutions of (2.34), Wy and wy, such that as s >
(2.35) Wo(s) =e™> , wi(s) =e® ,

(cf. [B], pg. 125). Therefore we obtain two solutions of (2.1), Ugs Up, Which
behave as r > 0 like (0.6).
The estimates (0.6) are yet obtained if V = r° +V and V satisfies

(2.21). Tnis is the case for instance if
(2.36) V=r%+0(r"), w> -1+ 872,

. (¢} -
REMARK. An explicit formula for the solutions ug, u; when V(r) =r, 9 < -2,

can be found for instance in [GL].
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3. PROOF OF THEOREMS A AND B

In the sequel ug and u; are the radial solutions of (2.1) constructed
in the previous section and U,(r) 1is a positive singular solution of (1.8)
with A = N-1, so that U,(r) grows like PN s rs 0 iy P, . Given
a solution u(x) of (0.1) defined in Ba we denote by 7u(r) the angular mean of
u as defined in (0.4).

In order to prove Theorem A we need to control the nonradial part of u ,
u(x)-u(r). This is done in the next lemma that has an independent interest and

exploits ideas introduced by Véron [Ve] and then used by Veron and one of

the authors [VV] in dealing with semilinear elliptic equations.

LEMMA 3.1 Let u ¢ CZ(B*) be a solution of (0.1) such that u(x) = o(Ul(r))
as r = |x| * 0. Then
(3.2) u(x) -u(r) = 0(uy(r)).

Proof: 1) The first step consists in obtaining a bound for wu(r,o) - u(r) in

L (Sy-p). Let
(3.3) (1) = (s, (0(re) - T(r) ao)

Let A=1{re (O,RO): g(r) > 0}, where Ry € (0,R) is so small as to have

U;(r) >0 in (O,Ro]. On every connected component of A, say («,B), we have
(see [Ve] or [VV])
r

(3.4) g"(r) + XL grir) > (L v v(r))g(r).
r

Consider now the function

(3.5) h(s) = a(r)/Uy(r) ,
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r
where s = Up(r)/uy(r), Ug(r) = Uy(r) fo g1-N Uiz(t)dt. s =s(r) in an increasing

bijection from (O,RO) onto (0,s(Ry)). (3.4) implies that

(3.6) h(s) >0 for s(a) <s < s(8) (- 4,

i.e. h 1is convex, therefore either s(a) =0 and o« =0 or s(B) = s(RO),

i.e. B = Rpe We also now that h(s) = o(1) as s + 0 by the assumption on u.

Therefore if A D (0,8) then necessarily & = Rge Summing up, either A = (0,Rg)
or A = (G,RO) with 0 < a ¢ RO' In this last case we have g(r) =0 and u =u

for 0 <r < a In the other case A = (O,RO), h(0) = 0 and h 1is convex in

(0,s(Rp)), therefore h(s) < Cs for a certain C>0 . This means that

(3.7) g(r) < Clg(r)s 0<r< Rg

2)  We next obtain a bound in Lw(SN_l): Let C > 0 be a constant such that

(3.8) lu(x) - u(x)| < Cug(Ry) for x| = Roe
Let now
(3.9) w(x) = {(u(x) -u(r)) - Cuo(r)}+,

Clearly we Hl(Bﬁ). By Kato's inequality [K] w satisfies
bw 2 VW in Dé(B*),

hence its angular mean w satisfies

As above if we set
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then hl turns out to be convex and there exists the limit

lim h,(s) = 1im X\l -a [o0,=].
s*0 1( ) r+ U1 r)

Since w(r) =0 (uO(r) + Ug(r)) (by (3.7), (3.9)) and Up(r) < up(r) for r

small we conclude that a =0, i.e. hl(O) = 0. Also hl(RO) = 0, therefore

hy =0 and W =0 in (O,RO). w being nonnegative, it follows that w = 0,
i.e.

u(x) <u(r) + Cuo(r)

Since the same argument can be applied to -u (3.2) holds. [:I

Proof of Theorem A. By Propositions 2.1 and 2.3 we may assume that u =

1
o

by

studying u-u instead of u.

We first transform the unilateral bound (1.4) into an absolute bound. Let

Xg € Br/2 and let o, = |x0|/2. We apply Kato's inequality to u in B, ) < B :

o(XO
(3.10) Alu| » Au'signo(u) = V]u| > =v7(r)|u(x)

.

Therefore |u| 1is a positive subsolution of the equation -4z - V'(r)z = 0.
Aizenman and Simon have proved, [AS], that the Harnack inequality
(3.11) lu(xg)| < C J Ju(x)|dx
|x=x,| < ¢
0
holds provided that the potential V™~ belongs to the Kato class KN, hence in

our case V~ €P, . C and ¢ are positive constants depending on the norm of

V™ dn KN, cf. [AS, Theorems 3.8 and 6.1]. A careful scrutiny of their proof

shows in our case we can take

(3.12) C = ksN , 0 <8<,

with k, S; positive constants not depending on xg.
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Assuming now that u+(x) = o(rl'N) and using'(3.11), (3.12), we have for

all [xo| small (o, = [xg]/2)

3p
-N =N 0 -
u(xg)| < ke, fB | u(x) lax < |sy_qlke, ™ /O Tarr Lo
pO(XO p0
3p
- - 0 - -
= 2Syglkeg™ ) (e ar = o(lxg Y.
0

Since Ul(r) ~ rl'N, Lemma 3.1 can be applied. Thus we get
u(x) = u(x)-u(x) = O(UO(r)),

therefore u is bounded. It follows that Vu€ Ll(BR) and that (0.1) is

satisfied in D'(Bp). By Theorem 1.5 of [AS] we conclude that u is con-

tinuous.
Finally proving (1.6) is equivalent to prove that Aul tup o= S in D'(BR)
and this follows by standard arguments from the properties of us. [:1

We end this section with the proof of Theorem B:

i) # iii) This is a consequence of Lemma 3.1 and the observation that

Up(r) = 0(Uy(r)) that follows easily from the equations satisfied by
both of them.

iii) » i) and 1iii) * ii) See Proposition 2.1, 2.3.
iv) »ii) By definition.

iii) ¥ iv) This follows from a calculus lemma: "if u & LN/N'Z(BR) (resp.tjé.Lm(BR)
and u * 0 as |x| * 0 if N=2), fE Ll(BR) and &u = f in g'(BF*{), then
bu = f in D'(Bp)" (see for instance [BV]).

ii) $ iii) This follows from



-26-

LEMMA 3.2. Let u € CZ(Bﬁ) be a solution of (0.1) with vt ¢ P, and suppose that

1
Vu € L]oc (Bg). Then

(3.17) u(x) = O(ug(r)) as ¢ 0.

The proof of Lemma 3.Z2. is parallel to Step 2 of Lemma 3.1, putting
w(x) = (u(x) - cuo(r))_+ and using V' ¢ (Py), Vu € Llloc(BR) and

ug(r)/Eg(r) > = instead of (3.7). E[
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4, ISOTROPIC SOLUTIONS

In this section we consider a class of potentials BQ for which it can be
proved that a singular solution with constant sign becomes radially symmetric as
x * 0. This class is defined as follows: a potential V € C((0,R) :RR) belongs to

Ez if Ve Bl and there exists a singular radially symmetric solution of (0.1)

that satisfies the following power-growth condition: there is a constant K>0

such that

(4.1) rlug(r)| < Kuy(r)

if r is small enough. It follows from (2.8) that every potential in Py

belongs to P,. Moreover u; satisfies in that case

(4.2) v i)

= 2-N.
rag  U1(r)

A second important example of potentials in .EZ consists in those V's of

cr"2

the form V(r) = with ¢>0. According to (1.9) we have

4.3 = -p €(2-N, -=)
( ) r“*O —ﬂ’— p

The condition (4.1) implies that wu;(r) grows at most like K oas r o,

Therefore the potentials V(r) = cr? with c¢>0, 8 < -2, do not belong to 32 R
since then the singular solution ul(r) grows exponentially, see (0.6).

Using the results of Section 2, if V™ € P; we can obtain a regular radial

solution of (0.1) that is positive for small r by means of the formula

T at
(4.4) ug(r) = uy(r) IO m)

and Uo(r) +0 as r + 0 if and only if V *ﬁgl' Let Ulv be a positive singu-
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lar solution of (1.8) with An = N-1. By Proposition 2.4 we may assume that
Ul > uy; near 0 and Ul(r) grows at least like rl'N as r * 0. We shall see

later that U;(r)/uj(r) > = as r>=

We can state now our isotropy result

2 _
THEOREM C. Let VeP, and Jet u €C (Bf) be a solution of (0.1) such that

(4.5) u(x) > o(Uy(r)) or wu(x) <o(Uy(r))
as [x| =r > 0. Then we have
(4.6) u(x) =u(r) + g(x),

where g is a nonsingular solution of (0.1) in Bae Moreover g € C(Bg) and

g(x) = o(ug(r)) as r > 0.

Since u(r) = cyuqy(r) + cqug(r) for some constants cg,c; e IR, the non-
singular part of u , cqug(r) + g(x) 1is O(ug). wu is singular if c; # 0 and in
this case u = cju; has a singularity at 0 of weak type if Veagl, of strong
type otherwise. Remark that if V ¢‘Bl any nonsingular solution vanishes at
x = 0.

Before giving the proof of Theorem C we pursue the study of the class P

o
We first derive a comparison result.

PROPOSITION 4.1. Let V and V be potentials such that V- 6.31’ ) e_BZ and

V<V, Then V eP,.

Proof. Let V = - V" and let E&(r) be a singular positive solution of (2.1)
with potential V. Choose a point R0>0 such that 'Ji(RO) < 0 and
Ui(r) >0 for 0 <r <Ry Consider the solution u; of (2.1) with

potential V and initial values
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ul(Ro) =31(R0) s Ui(Ro) =Ui(RO) .

We use the comparison technique of Proposition 2.4 to compare u; and
U&. In fact it follows from it that if
G(r) = rN'I{u'(r)ﬁ'r) - uy(r)ul(r)t
1(rjuf p(ruj(r)

we have G(Ry) =0, G'(r) >0 for 0<r <R, wup(r) >uj(r) >0 in (O,R)

and

(4.7) -

By the same argument, applied now to V and V dinstead of V of V, and have

. ra'(r)
(4.8) _ru (rl < - ,\1 ,
u(r) ul(r)

~
A

where Uy is a singular positive solution of (0.1) with potential V and
U = Cyup *+coug is a singular solution of (0.1) with potential V that satisfies
suitable initial conditions. Since c¢;>0 and uo(r), rugr) = o(uy(r)) as

r > 0, we have

' i rug(r)
(4.9) rﬂ(,&';l G NCRRIONE
It follows from (4.7) - (4.9) that u; satisfies (4.1). T

In fact it follows from the above comparisons that for every potential V such

that V- e P, we have

ru(r)
(4.10) lim inf —1

< 2-N.
r+0 uy (r)
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Also the limit

) ruq(r)
4,11 = 1i -
(4.11) p = 1im sup ( —gl—(ﬁ)

is independent of the singular solution ul(r) and depends only on V,

K1 = Ky (V). We prove next that the class P, is closed under addition

PROPOSITION 4.2. -EZ + P, (:.22‘

Proof. Let V =V +7 with V, V&P, Choose singular solutions uy, uy of
(2.1) with potential V, V resp. as in the definition of P, and set
u(r) = Gl(r)ﬁi(r). We have

~ ~

(4.12) wr(r) + NLoyiir) = (Vi) + T(R))u(r) + 20t (P)T(r) .

Since for N23 Gi(r) and E{(r) <0 for r small enough we see that u is a

solution of (2.1) with potential

n 20! ! .
(4.13) Vi(r) = V(r) +V(r) +—l:—1ir)1:—l(r—)- > V(r) + V(r)
uy(rjuy(r)

Moreover since
Ny —
' ru,(r) ruy(r)
ru'(r) _ "Y1 g1

e T

V1 € P, and K1(V1) < Kl(vl) + Kl(Vz). By Proposition 4.1 we have V e P, and
Kl(V) < K1(V1) + K2(V2).

In case N=2 we do not necessarily have Ji(r), G{(r) < 0 but since
rui(r) rui(r)

1im inf ~ , 1im inf
r-+0 ul(r) r+0 'Ul(r)

20

we can make a similar argument with wu(r) = ul(r)uz(r)r'p for any p>0 . [:I
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The above comparison methods allow us in particular to estimate the ratio

Ul(r)/ul(r) for the functions Uj,u; appearing in Theorem C. We obtain first
a general result.
PROPOSITION 4.3. Let VeP,, c>0 and V=V + ar? . For every €>0 there

exists rg>0 such that

rup(r)  rag(r)

(4.14) P, - € < _ - <p, +¢€
! uy(r) up(r) 2
) 2
where Py = - (Néz) + (( N; ) tc¢ )1/2 and p; 1is the positive solution of
(4.15) pY + p(2K (V) - N+2) = ¢

Proof. For p>0 the function Z(r) = ul(r)r’p is a solution of the

Schrodinger equation with potential

rui(r)

v +-E§ [p - (N-2) + 2(- —UITFY )]

If p> P, , since -rui(r) > (N-2-€)u1(r) for r small, this potential is
larger than G and the conclusion (4.14) - right follows by comparison (see

Proposition 4.1). Since - ru'(r)/u(r) < Kl(V) + € for r small the potential

A

is smaller than V if 0 <p <p;, ]

COROLLARY. With the notations of Theorem C we have for every small €>0

U
(4.16) 0 < py-cc< Tog(Uy (m)/uy(r))

]og(r)

if 0<r<r., p; is determined from (4.15) with c = N-1.

[:l
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We now derive some properties of the regular solution uo(r).

PROPOSITON 4.4, Let VeP, and u; satisfy (4.1). Then there exists a

nonsingular solution uo(r) given by

r
(4.17) up(r) =y (r) | ?N_jd-';—lz(—t),

and the following properties hold: wu, is bounded and there exists a constant

C>0 such that for all small r>0

(4.18.a) & 2N <ug(ryug(r) <o e N2 3,
(4.18.b) é-< ug(ruy(r) < Cllogr| if N =2,
(4.19) r|u6(r)| < Cup(r).

Proof. By (2.8), (2.9) and Proposition 2.3 there exists the limit

(4.20) L= Tim (uy(r)/Ey(r))
r>0

and 0 <L < o Therefore if r 1is small we have

up(t) uy(r)
EO) ()

if 0<t <r. Hence

2 "t
up(rug(r) < 4gy(r) jO -1z = CEy(r)

£ TEN(t)
where C = C(N) > 0. This proves the right-hand side of (4.8). To prove the
left-hand side we observe that since |rui(r)| < Cyuy(r) we have for

r/2 <t <r



log uy (t) _ r IUi(r)l
' (m | = jt —Jl—(—F)—- dr < Cl Tog(2).
g1
Therefore u;(t) <2 u;(r) and
-C r
1 dt 1 2-N
0 1 r/2 tN-l C
Finally (4.19) follows from the equation
rug(r) ruy(r) i 1
(4.21) Ty o v e Sl R
0 1\r r ug(r)uy(r)
using (4.1) and (4.18). 1

We end this study by proving that -El is a class of small perturbations

in P, in a strong sense.

PROPOSITION 4.5. Let wuy, Gl be radial singular solutions of (2.1) with

potentials V, V resp. and assume that V, V e.gz and V=V - Vejh_. Then

(4.22) | lim ( i) rfl(r’ ) =0
ra0 - up(r) ruy (r)

Proof. Using the notations of Proposition 2.3, if uy(r) = h(t)ﬁl(r) and

-

t = uo(r)/Jl(r) we have

rui(r) rJi(r) _th'(t)

e O AR OB

where ¢(r) = C(N)(rN-2 ug(r)uy(r))™L, C(N) = N-2 §f N >3, C(2) = 1. By

(4.18) ¢ 1is bounded. On the other hand h(t) satisfies the ODE

h"(t) = W(t)n(t), 0 <t <ty

where (see (2.23)) V €P, implies We P,- Therefore, since h(t) =1 for
t =0 (see Proposition 2.3), it follows from (2.7) that h'(t) = o(1/t) and the

second member of (4.23) vanishes as r + 0. [:1
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The class P, has other nice properties. As an example, it is easy to
prove, arguing much as above, that for every potential V G.BQ and constants

a,b>0, the potential V(r) = aV(br) belongs again to 32.

We return now to the Proof of Theorem C. As in Theorem A we may assume that

u = 0 by considering g = u-u instead of u. Most of the rest of the proof is

also similar. Thus we can prove that (4.5) implies

3

o)
(4.24) lug() | = o(Ixg™ 47 VL (r)ar)

0

for Xg e.BR/2 with |x0| small enough and pq = %-IXO

. (Here the condition
Vi e Py s used). Since by Proposition 4.2 U; also satisfies an inequality
like (4.1) we have for some ¢>0

C s Cp <3 .
and Up(pg) 2 37uq(e) if eg )

Up(pg) < 2°U (20

o) o -

Hence it follows from (4.24) that u(xo) = o(U1(|x0|).

Our next step consists in checking that Lemma 3.1 is yet true under the pre-
sent circumstances. In this way we get u(x) = O(uox)),
To prove that indeed wu(x) = o(u (r)) as r > 0 we observe that the func-

tion h(x) = u(x)/uo(r) satisfies in Bf , R, small, the equation
0

) uo(lxl) ) X5 an

(4.25) bn + -
ug(lx]) d=1 x| 4

The limit of h(x) as |x| * 0 exists by lemma 4.6 below. Since

h(r) ='U(r)/u0(r) = 0 we conclude that this 1imit is 0 and the proof is done.

1
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© 2
LEMMA 4.6. Let h e Lioc(Br) N C (Bf) be a solution of the equation

N .
(4.26)  on + ) c (x) ,gg_= 0 for 0< |x| <R
i=1 i —

With [c;(x)| < k|x|™L. Then there exists the limit of h(x) as [x| > 0.

Outline of the proof. We may assume that h > 0. As in [Ve, Lemma 1.5], it can be

proved that

max h(x) < Cmin h(x), 0< r <R/2
|x|=r |x|=r
with C>0 independent of r, as a consequence of the Harnack inequality of

[GT, pg. 189]. Then we can use the method of [GS, Theorem 2], to conclude that

the limit exists. [:]
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5. ANISOTROPIC SINGULAR SOLUTIONS

5.1. In this section we use the method of separation of variables mentioned in
Section 1 to construct infinitely many linearly independent solutions, both
singular and regular, that are nonisotropic and yet of constant sign near

r = 0, for the class of potentials P, defined as follows. Let V be a non-
negative potential and let wu(r), ul(r) be a regular and a singular nonnegative

solution of

(5.1) u"(r) +<E%l u'(r) = V(r)u(r), 0<r <R,

as constructed in Proposition 2.1. Then V €P5 if and only if

r
(5.2) [ N3 ug(ryuy(r)ar <+ =
0

(We could replace V >0 by V~ e.gl and nothing would change in what follows).
Let us consider, as in (1.7), solutions of (0.1) of the form
up(x) = Hn(O)Un(r), where U~ satisfies
N-1 An
(5.3) y" M u' = (v(r) +-:7 JU, 0<r<R.

It follows from Proposition 2.3 that there exist solutions Ug(r), U%(r) of

(4.3) that behave as r *> 0 like ug(r), ul(r). resp. if and only if (5.2)

holds. In that case positive, non-isotropic, singular solutions of (0.1) can be

constructed in the form
S 1
(5.4) u(x) = ul(r) + X CiHi(o) u:(r)
=1 1

provided that ) |c,|IH,l, < 1. Replacing the index 1 by 0 in (5.4) we

obtain positive, non-isotropic, regular solutions of (0.1).

5.2 The condition (5.2) is not directly verifiable on V. For that reason the
introduce a set of conditions on V under which we shall prove that V €Ps.

These conditions are
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. . 1 cL . .
i) V is a C  positive function in (0,R) ,

(C3) ii) lig -%F (V'be(r)) =0 and

- - 1 . -2, -
iii) 2 v ¥2 et o,R) if N23, (rllog r|) V-2l (0,R) if Ne2 .

It is clear that a potential of form V(r) = cr® satisfies (C3) if and

only if ¢>0 and ©<-2,

We prove first an analogon of Proposition 4.4.

PROPOSITION 5.1 Let V be a potential that satisfies (C3) and let ug(r),

2
uj(r) be solutions of (2.1) as in Section 2. Then V(r)r

>> a r>0 and
for i=0,1 we have
us (r) ;
(5.5) lim = (-1)°
r+0 V/Z(r)ui(r)

and there exists a constant k>0 such that

(5.6) tim V()N (eug(r) = ki N> .
r>0

Proof. Let us use the notation of Section 2 and consider only the case N2 3.
(5.2) can be written in terms of v, and v; as

S22
(5.7) jO sTV (s)vy(s)ds < =

First we remark that if V & (C3) then v']/2 (r) = c +o(r). Since

r'ZV'LQ(r) js integrable we get ¢ =0 and
2
(5.8) V(r)r™ > as r +>0.

From this it follows easily that X(s)

qv(r)(r/s)’, s = eVE o= e,
belongs to (Cj).

We now prove that

3 -1/2 .vl(S) -
5.9 lim X T " -1
( ) 51’0 (S) vl S
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that is equivalent to (5.5) for i =1 thanks to (5.8). In fact we prove (5.9)
for every solution of (2.4) such that v(s) >~ as s > 0. Since X g (C3)

for every €>0 there exists Sy = so(e) > 0 such that

(5.10) - e < xE)X(s) S e if 0<s <sp

o 1
Now let v_(s) be the solution of (2.4) with vs(so) =1, VE(SO) = -kX‘Q(s )

k =1-¢€>0. Then, arguing as above, we get v_(s) > 0, Qe(s) <0 in (O,SO)

and v.(s) » =~ as s > 0.

Ve(s) ]
We consider the functions p(s) = £ and H(s) = -kx/z(s). The former
veisi
satisfies in (O,SO) the equation
° 2
(5.11) p(s) +p (s) = X(s).

=~

On the other hand ﬁ(s) + Hz(s) = - 2-X']’/Z).((s) + kZX(s). Using (5.10) and

choosing € < 1 we obtain

(5.12) H(s) + HE(s)

n

X(s).

Since H(SO) = p(so) it follows that p(s) < H(s) for 0 < s < s,» therefore

. _]_/2 \;E(S) _
(5.13) Sllmosup X (S)VZTET‘ < -1 + &€,

Now every solution v,(s) of (2.4) such that vy(s) * = is of the form
Vl(s) = av(s) + bvo(s), a>0. Since vo(s) = o(s) and Go(s) = o(l), cf. Prop.
2.1, (5.13) 1is true for vl(s) instead of v _(s). Letting € *» 0 we obtain the

upper bound part of (5.9). A similar argument proves the other inequality.

Finally since the wronskian of Vo and vy, VoV1-V1Ves is constant, the

function Q(s) = vo(s)/vl(s) satisfies



(5.14) Q(s) = Jo'l ; 1%o | &
?
V1 V1

for a certain k > 0. Then, using L'Hopital's rule, we get

(5.15) i X2(s)vg(s)v (5) = 1im —p—s) i

s+0 s*+0 vl (s)x (s)

= lim 2k = K.
s20 -2v 1 (s)v, (s)X"2(s) - L x"372(s)X(s)
1 1 Z
This proves (5.6). Finally (5.5) for i =0 follows from
I T T
Vo Vi VoV ’

using (5.9) and (5.15). (1

COROLLARY 5.1 Every V that satisfies (C3) belongs to P.

Proof. It follows from (5.6) and the assumption

r-2v Y2y ¢ LY (o,R). [

5.3. In particular cases one can find solutions that have a stronger anisotropy

property, namely positive solutions u(x) such that

(5.16) Tim sup U\X

n
8
-
p—
-
3
-
>
-

[x|+0  Upix |x|*0 Y1 X)
In all the examples we take V(r) = rY ,» 0 <=2 ,p = - ﬁ%ﬁ and u(x) has the
form
(5.17) u(x) = Fz'Nexp(f(x)), r=|x|.

X
Example 1. N > 2, o = -4, Take f(x) = 1
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Example 2. N = 2n even, © = -6. Take

2 2 2 2 . 1
f(X) = t()( + oo F Xn) - (Xn+1 + see +X2n)}-p—;p—_'2——

Example 3. N =2, p positive integer. Take

f(x) = (cos pa)—l- , (r,a) polar coordinates in iR,
pr
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6. BEHAVIOUR AT INFINITY

By means of the Kelvin transformation (0.7) we can rephrase the results
obtained in previous sections as a study of the behaviour as |[x| + = of the

solutions of
(6.1) -ou + V(|x|)u =0, |x| >R

where V € C(R,®) is a radial potential. In particular we define the classes

Poo (e (2] . . _ -
-—1’-32’-23 through the condition that the transformed potential W(r) = r 4V(r‘ 1)

belongs to P,, P,, P3 resp. In terms of V this means

[ 2% f|x|>R IV(Ix]) Epy(x)]dx < =

E; 1 Ve EI and there exists a positive radial solution of (0.1) in an inter-
val (R,®) such that E,(r)/u(r) is bounded and [ru'(r)| < Cu(r) for a certain

constant C>O0.

r up(rluy(ridr < =

Here Uy, Uy are two linearly independent, positive solutions of (6.1) for

r = |x|] >R such that

. N-2 . o =0 A b
(6.2)_ lrlr: rfug(r) =1 if V eP, 0 if vqugl
L . ® =@ if V4P,
(6.3.a) N>3: im u (r) =1 if Ve Py ¢ P
u (r) P oo
(6.3.b) N=2: lim ——" = 1 if VePl, == if V&P
r+< log(r)
A1l this follows from (0.7) and Sections 2, 4.
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(-]

In case V 6.21 we can derive from Prop. 2.6 more precise estimates on the

behaviour of uO and K

PROPOSITION 6.1. As r*= we have

(6.4) up(r) = &N+ B (r) (140 (1)),
(6.5.a) up(r) = 1 +py(r)(l+o(1)) + cr-N if N >3,
(6.5.b) up(r) = log(r) + py(r)(l+o(l)) +C if N=2,
where
(6.6) py(r) = 2N L SN0 3 N )at s
r S
ane (2" -3 (Jw t V(t)dt)ds if N > 3,
R S
(6.7) Py(r) =
r (=]
[ s7l( t |log t|v(t)dt)ds if N=2. 1
R S

Similarly (C;) is obtained from (C3) by replacing r >0 by r > . In par-

ticular if V(r) = are, a >0, 6 €R we have

Vep if v<-2
VeP, if 6 <-2 and

Ve (c3) if 8> -2,

The meaning at infinity of the theorems of Section 1 is the following. Let

2
2=rV . Ba(0) and let u & C (%) be a solution of (6.1):
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THEOREM A'. If V e_ﬂm and u satisfies as |x| *> =

(6.8) u(x) 2 o([x]) or u(x) <o(|x]),
then
(6.9) u(x) =u(r) + o(rz'N)

Moreover there exists a constant C1 such that if Cl #0

(6.10.a) u(r) = ¢y + 0(py(r) + r2Ny 4f N >3
(6.10.b) u(r) = Cilog(r) + O(py(r) + 1) if N =2

If C; =0 there exists a constant C, such that

(6.11) u(r) = c,rZ N+ B (r) (140 (1)),
Finally V(x)u(x)rz"N € Ll(ﬂ).

As in Theorem A it can be noted that the conditions V .B; and (6.8) are

optimal.

THEOREM B'. Assume that V ¢:ET but V7 e P,. The following conditions are

equivalent

0w = elug(r)), = x| >
i) r2Nymu(x) e L),
iii) u(x) = O(Uo(r)), reo |

If Ul is the solution of (1.7) in R < r < = constructed as the Ul in Section 1

we have

oo

THEOREM C'. Let V e P, and assume that as r>«

(6.12) u(x) > o0 (r)) or u(x) <o(U;(r)).
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Then

=l

(6.13) u(x) =u(r) + g(x)

where g(x) = o(uo(r)y

In the same way the results of Section 5 can be translated to study the

existence of anisotropic solutions.
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7. soLuTIons IN RN-{o}.

»
In this section we study the conditions under which a solution

u e C*(RN-10}) of |
(7.1) -0y + V(x)u =0 , 0< |x|] <

is radially symmetric. For simplicity we deal only with the case N 2> 3. The
differences for N = 2 are similar to those of previous sections. As above we
assume that V(x) is continuous, radially symmetric: V = V(r), r = |x| >0,

and we restrict the growth of V- as r >0 or r > = as follows:
(7.2) J° V'(r)r dr < =,
0
We also need another condition on the potential, namely that the ordinary

differential equation

(7.3) u"(r) + ﬂ%l u'(r) = V(rju(r), 0<r <=

be disconjugate in [0,®), namely that every solution has at most one zero in

that interval, cf. [W]. This is equivalent to the existence of a positive function

2
y € C (0,») satisfying

(7.4) y'(r) + R=Lyrry + v(r)y(r) <0,

(cf. [W], Theorem 2.1). It is therefore clear that (7.3) is disconjugate if
V > 0. More precisely, using the change of variables (2.5) and Corollary 2.1%*

of [W], it is easy to see that (7.3) is disconjugate in [0,*) if
g V(e ar <22 w3

We begin with the study of the radial solutions of (7.3)
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LEMMA 7.1 Under the above assumptions on V™ there exist two positive solu-

tions of (7.3), u;(r) and u,(r), such that as r>=.

(7.4) 2w (r) > CpL uy(r) 2 G

(7.5) rN'Zul(r) > C3 s Uz(r) > C4 s

o

where C1=1 if vePr ¢, = if V¢£1’

C, = positive constant depending on V if V euBT L Cp==  Af W g-ET ’
C3 = positive constant depending on V if V&€ P1 s C3 = if V ¢£l and

Proof. i) Let wu; be a solution of (4.3) such that rN'zul(r) >Cp as r>®

with Cl as given above. Now we perform the change of variables

Vi(s) = uy(r), s = r2-N,

Then Vi(s) * 0 as s > 0. Since (7.3) is disconjugate the equation satisfied
by Vi also is and it follows that v,(s) # 0 for s>0, hence ul(r) # 0 for

every r>0. We may assume that ul(r) > 0.

i1)  Now we let Uy be a solution of (7.3) satisfying u,(r) > C, as

r >0 with C4 as above. With the change of variables

N-2

Vo(s) = r Tuy(r), s = 1/r,

then  v,(s) satisfies (7.3) and sN'sz(s) *C4 as s > = Using step i)

we conclude that v, # 0 on (0,°) and we may assume that us(r) > 0 for

0<r <=
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iii1) Let u be a solution of (7.3) such that u(r)/EN(r) >k, as r >0,

With k) =1 if VeP  ,k == if V4¢P, Then we have
u(r) = clul(r) + czuz(r)

with Uy, U, as above. Since u) is bounded near 0 it follows that the

limit 1im rV-2

uy(r) = C, is either positive or +=,
>0 1 3

iv) Finally let u be a solution of (7.3) such that, as r > =, u(r) * Kos

with k2 =1 if Vv e_ET s k2 = o if V ¢_BT. Arguing as in iii) we obtain the
existence of the Timit 1im u2(r) = C2 € (0,+=]. [:1

We are also interested in the solutions obtained by separation of variables

as in Section 1. Therefore we want to study the solutions of the equation

(7.6) U"(r) + (N=1/P)U" (r) = ((N-1/r") + V(r))U(r), O < r <=,
Since the potential -ﬂ%l + V(r) > V(r) and (7.3) is disconjugate, (7.6)
r

also is. (See 7.4)). Besides, the change of variable w(r) = U(r)/r transforms

solutions of (7.6) into solutions of
(7.7) w'(r) + (N+1/2)w'(r) = V(r)u(r).

Therefore applying the results of Lemma 7.1 in dimension N+2 1instead of N we obtain:

LEMMA 7.2. There exist two positive solutions Uy, U, of (7.6) such that as

N-1 -1
(7.8) rUi(r) > r Uy(r) > ey

N- -1
(7.9) N, (r) > ey, rTUL () 2 ¢y

with ¢, Cps C3, C4 as in Lemma 7.1.
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We can now state our main result

THEOREM D. Let u e C°(RN-10}) be a solution of (7.1) such that

(7.10) u(x) = O(Ul(r)) as r > 0
(7.11) u(x) = o(Up(r)) as r > =
Then u is radial: u(x) =u(r) for every 0 < [x| =r <=

Proof. Since U, 1s nonsingular at 0 and U; is positive we may take U,

to be

Up(r) = Ug(r) S t2 N ugé(t)dt.

Now we consider the function

hu(r,o)-u(r)h 25 ) Up(r)

h(x) = NG 50 - T

Repeating the argument of Lemma 3.1 we prove that h(r) is a convex func-
tion in (0,*). Since h(s) = o(1) as s * 0 and h(s) = o(l) as s > = it

follows that h = 0, therefore u(r,o) =Tu(r). 1

For the potentials of the class P, we have proved that unilateral bounds
imply absolute bounds.

Therefore we have

COROLLARY 7.1. Let Ve P, ”.B; and let ue CZORN—{O}) be a solution of (7.1)

such that
(7.12) u(x) 2 o(Ul(r)) or u(x) <o(Uy(r)) as r=>0
(7.13) u(x) > o(Uy(r)) or u(x) < o(Up(r)) as r >0

then u is radial.
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In fact under those conditions |u(x)]| = o(Ul(r)) as r >0 cf. Theorems
A and C, and u(x) = o(Uy(r)) as r > = cf. Theorems A' and C'.

Observe that in the case V 6_23 ﬂ_E; , i.e. if

o N-3
Jg T up(rlup(r)dr <=,

r » =, Theorem D says that if a solu-

since up = U1 as r*0 and ug = U2 as

tion u is o(u;) at 0 and of(up) at infinity it vanishes identically in

\RN a result that follows simply from Theorems B and B'.
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