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ABSTRACT

In this dissertation we formulate a version of Q-learning with bounded experimentation in
a setting of stochastic games with bounded memory and show sufficient conditions under
which firms learn that charging supracompetitive prices is optimal in the long run. We also
show sufficient conditions for these supracompetitive prices to be supported by three types
of different strategies known as naive collusion, grim trigger and increasing strategies.
Then, we study what is competition and collusion in a static game model of two-sided
markets with an outside option. Comparing collusion to competition, we find that in cases
of small cross-side externalities, collusion results in decreased normalized net deterministic
utilities, reduced market participation and increased price, on both sides of the market. We
quantify the effects of different model parameters in the equilibrium quantities and provide
a wide range of economic interpretations. Finally, we examine how Al agents using Q-
learning engage in tacit collusion in two-sided markets. We show that collusion by these

Al-driven agents is feasible under different choice of the model parameters.
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Chapter 1

Introduction

In this dissertation, we address the question of whefhgarning-driven rms can learn

that charging supracompetitive prices is optimal in the long run. If so, what are some suf-
cient conditions for this to happen, and what kinds of economic strategies support this
behavior? This question was originally posed by Waltman and Kaymak (2008) in the con-
text of Cournot competition, where rms compete by choosing how much to produce at
each stage of the game. A limitation of that paper is that it does not explore the dynamics
of learning, nor does it explain wh@-learning agents might conclude that collusion is
optimal. Later, Calvano et al. (2020b) showed numerically that rms can learn to charge
supracompetitive prices (i.e., prices above the competitive level). They also found that
agents learn strategies consistent with collusive behavior—for example, they return to the
previous pricing strategy after unilateral deviations, and they develop punishment and re-
ward mechanisms. However, their results are based solely on simulations and are speci c
to Bertrand competition. This dissertation makes three main contributions to the elds of
reinforcement learning and game theory: (i) it presents the rst theoretical result explaining
how collusion can be sustained Qylearning-driven rms in stochastic games where both

a one-stage Nash equilibrium price and a collusive-enabling price exist; (ii) it introduces an
outside option feature into a model of platform competition in two-sided markets, enabling

the study of collusion in this economic setting; and (iii) it examines how Al agents using
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Q-learning engage in tacit collusion in two-sided markets.

The rest of the dissertation is organized as follows. Chapter 2 develops a model for
stochastic games with bounded memory and shows the existence of one-memory subgame
perfect Nash equilibria (SPES); it introduces a versio@déarning with bounded experi-
mentation and shows suf cient conditions for the convergence to supracompetitive prices;
it provides suf cient conditions for these convergence to be suported by Naive Collusion,

Grim Trigger and Increasing Strategies.



Chapter 2

Stochastic Games, Reinforcement
Learning and Collusion with Bounded
Memory

2.1 Introduction

Collusion by algorithmic driven rms has been a major topic of discussion in recent years.
Since the publication of Calvano et al. (2020b), many papers have addressed, in different
economic settings and using different algorithms, whether algorithmic driven rms may
learn collusion as an optimal long-run behavior. However, most of the existing studies
are limited to numerical experiments and theoretical key questions remain open: (i) Under
what conditions do rms learn that supracompetitive prices are optimal in the long run?
(i) Are these supracompetitive prices supported by strategies exhibiting punishment and
reward behavior? (iii) Does the learned behavior align with Nash equilibrium behavior?
In this paper, we answer these questions. To do so, we develop a framework of stochastic
games with bounded memory and study their one-memory subgame perfect Nash equilibria
(SPEs). We then formulate a version @flearning with bounded experimentation and
study the rise of supracompetitive prices and collusion in our stochastic setting.

In our stochastic game model, rms compete on an in nite time horizon by choosing
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one-memory policies, i.e., strategies that only depend on immediate past actions (or prices)
and the current state. The action and state sets are nite, while states evolve according to
a probability law also depending on previous prices and state. Pro t functions depend on
current vector of prices and state. Moreover, two value functions characterize our stochastic
game, the conditional value functions at time 0 andt = 1, measuring the expected
discounted payoff of the game from starting from titre O ort = 1.

By establishing a connection between the conditional value function fromttime
1 and a vector valued function from Fink (1964), we leverage his theory of stationary
points to establish the existence of one-memory SPEs in our stochastic game setting, and
formulate an algorithm for checking whether a given pro le is a one-memory SPE. We then
apply this algorithm to stochastic games where there is a one-stage Nash equilibrium price,
and a collusive-enabling price and show suf cient conditions for grim trigger strategies to
be a one-memory SPE.

Next, we formulate a version of th@-learning algorithm with no experimentation,
adapting it to our stochastic setting, and establish a connection between the xed points of
the algorithm and the value functions of the stochastic game. Speci cally, we show that
these xed points coincide with the conditional value function of the stochastic game at
timet = 1 for a speci c type of strategies, named induced strategies. We then formulate a
version ofQ-learning with bounded experimentation and show suf cient conditions for the
convergence of this algorithm in stochastic games where there is a one-stage Nash equi-
librium price, and a collusive-enabling price. We note that dynamic Bertrand competition
satis es the latter hypotheses. We then show suf cient conditions under viulgarning
rms learn that choosing supracompetitive prices is optimal. We also show suf cient con-
ditions under which these supracompetitive prices are supported by either naive collusion,
grim trigger strategies or increasing strategies, and whether they align with Nash equilib-
rium behavior.

In Q-learning with bounded experimentation, rms play Qeearning algorithm fol-
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lowing a soft-max value over th@-function, then, at some nite time, they switch to the
argmax and playQ-learning with no experimentation. Our suf cient conditions for the
convergence of-learning with bounded experimentation specify a set of inequalities be-
tween the pro t function at the collusive-enabling price and the entries oQfienction

at the time in which experimentation stops. Moreover, it speci es a set of inequalities the
Q-function must satis es in order to ensure convergence to supracompetitive prices.

Related Literature. This work is inspired by earlier studies on algorithmic price col-
lusion showing some of the unintended consequences of using multi-agent reinforcement
learning (MARL) algorithms in economic settings. For instance, Waltman and Kaymak
(2008), Calvano et al. (2020b), Klein (2021) and Chica et al. (2024a) show via numeri-
cal experiments thap-learning agents can learn to collude in multiple economic settings.
This collusion harms consumers, thereby raising the alarms of governments and anti-trust
institutions (see, e.g., OECD (2017) and Assad et al. (2024)). Our work shows suf cient
conditions forQ-learning driven rms to consistently choose the collusive-enabling price
in every stage of the repeated game. Thus showing that rms learn to choose supracompet-
itive prices in the long run.

Theoretical research has shown that simple pricing algorithms can raise prices (Brown
and MacKay (2023)). Our work shows suf cient conditions for this raise to happen in the
case ofQ-learning algorithms. The latter algorithm is well-known and common in rein-
forcement learning theory, rst developed by Watkins and Dayan (1992), is commonly used
to a nd a maximal policy for a given value function. The convergence of such algorithm
is tricky and for a single agent, Jaakkola et al. (1993) provides suf cient conditions for
its convergence. Our theory shows suf cient conditions for the convergen@eledrning
by n rms in stochastic games where there is a one-stage Nash equilibrium price, and a
collusive-enabling price.

Our work is related to the theory of general-sum stochastic gdnws.extend Fink

IPrevious work has focused on nding equilibria in zero-sum stochastic games, where the overall payoff
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(1964), where agents use stationary strategies, to the case of one-memory policies. The
latter type of policy is more general than stationary strategies and allows us to capture po-
tential punishment and reward behavior by the competing rms. For example, grim trigger
type strategies are one-memory policies. Our theory of stochastic games with bounded
memory is also related to Barlo et al. (2009), where in nite repeated games are studied.
These authors show that if the set of actions is suf ciently rich and agents are suf ciently
patient, then any subgame perfect equilibrium can be supported with a one-memory strat-
egy. One of the limitation of this work is that the game is static at every period in time.
By contrast, we study stochastic games where a state is updated at everydilmeing a
given probabilistic rule.

To our knowledge, this work contains the rst theoretical result explaining how col-
lusion can be sustained WY-learning driven rms in the context of repeated Bertrand

Competition?

2.2 A Model for Stochastic Games with Bounded Memory

In this section, we introduce our stochastic game model. To make the problem more con-

crete, we assume that rms compete in prices over an in nite time horizon. Each rmis

with an ordered nite set of actions, which are prices for us. We start describing the basic
components of this stochastic game and then explain in Section 2.2.1 the condition value

function of rm i, that is, thev'-function.

is balanced to zero, so a loss of one player is a win for other players. In particular, Fink (1964) showed that
stationary equilibria always exist in zero-sum stochastic games with nitely many players, states and actions.
By contrast, in a general-sum stochastic game, the sum of player's payoffs in each stage of the game may
not be zero. The latter game is thus helpful to describe situations in which agents can cooperate, collaborate
and compete. The question about existence of equilibria in a general-sum stochastic game is more dif cult to
analyze, as the value of the game is not uniquely de ned (Ozdaglar et al., 2021).

2The work by Possnig (2023) shows similar results about collusion for the case of Cournot game.
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text taking actions means charging prices. The set of actions &gents isA" and we

States and their dynamics:We assume a state spacerdaftates:S := fs!;:::;sg.
Every state may represent a market demand or cost level, which will directly affect the

payoff functions de ned below. States change with time and consequently affect the pro ts

A" the state at+ 1, si+1 2 S, follows the probabilistic law

St1 P(jp;s): (2.1)

Therefore, the state at+ 1 only depends on the state and price vector at time

Pro t functions: The pro t function for each rmi is a function,

'A" S R: (2.2)

and states 2 S, but independent of the time Moreover, we assume that 0.
Computer scientists refer td as the reward function, but our terminology corresponds to
our economic interpretation.
Policies: A policy, or strategy, for rmi is a sequence of probability distributions
"= ( hL, over the action spaca.® Attimet = 0 and given a stateg 2 S, rm i

. P . .
choosep 2 A with probability o(pjso), where ., o(piso) = 1. Letp; , denote the

of all these prices. We assume that at time 1, p; ; is publicly available. Attime¢ 1

and givens; 2 S andp; 1 2 A", rm i choosep 2 A with probability !(pip: 1;t),

3Computer scientists use the terminology policy, whereas economists use the terminology strategy.



2.2. A MODEL FORSTOCHASTIC GAMES WITH BOUNDED MEMORY 8

independent random variables. Consequently, we de ne

Yoo o Y
t(Pejpe 1;St) = ((pipe 1;8) and | '(pejpe 1;St) = Lplipe 15s):
i=1 i6i
We similarly de ne o(pojSo) and ' (pojSo)-

We further assume the following key condition, which is common in repeated games

with bounded memory (see, e.g., Barlo et al. (2009) and Barlo et al. (2016)):

Assumption 1 (One-memory policies)Firms choose policies that only depend on imme-
diate past actions and the current state. That is, for each 1, | Hpipt 1;s) is a

functionofonlyp2 A, p; 1 2 A" ands; 2 S and is independent of the time.

We remark that while we use in different places the general teiipip; 1;s:), the
above assumption implies that it equalgpjp; 1;s) forallt 1and (pjso) fort =0.
Similarly, whenever we write we actually mean =( o; 1).

Solution Concept.We study the one-memory subgame perfect Nash equilibrium (SPE)
of the stochastic game. We clarify this de nition in Section 2.2.3 and establish the existence
of an SPE under speci ¢ assumptions in Section 2.3.

Additional Notation: (i) We denoteM = jA"j and write the se§ A " as follows
S A= (shph) a(shpM) a(shpY) a(shpY) (2.3)

(i) The set of policies available at time 0 for rm i is denoted by !. Using the

enumeration in (2.3) and the notatith = (m + 1)rM , the set I can be identi ed with

= FC@phshi w@miphishi (@pMi )i (@ jpts)

X
2 [0;1M sit. l@jpo;s1) =1 8(s;;po)2S A "g: (2.4)
k=0
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It follows from (2.4) that | is anM 1 simplex, and consequently it is a compact and
convex subset qR(M*D™

The set of policies attime  Oforall rmsis := L, ! The setof all policies is

= to t
(iif) A policy prole for time t 0 contains the policies for all rms at that time and is
described by ; = ( ), . The sequence, b= ( {)jgi is a policy pro le that excludes
only !. Similarly, ,':= i6i { For eachi 2 [n], we interchange betwedn!; ")
and( ).

(ivyFor {2 ,pt 12A", s 2S and areal-valued functiogp: A" S! R:

X
E . [9(p;9)ipt 18] = t(PdPe 158)9(Pe; S (2.5)
Pr2A "
(VFor =( )t 02 ,S02S,Pdenedin(2.1)and afamily of real-valued functions,
g:A" S! R,t O,wedene
" # " #
X . . XT .
Ewr  G(Pis)iso =1m E» G(Pis)iso

t=0 t=0

whenever the limit exists, where for ea€h 1,

" #
xT
E o (pt; St)jSo
t=0
" #
X _ ( X _ Xr _ )
= o(Pojso)  Go(Po; So) + P(s1jpo; So)E( 1), .p G (Pt; St)jPo; S1
po2A N $12S t=1

(2.6)
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andforeach k T 1

mn #
XT - X -
EC o P G (Pe;S)iPk 1S« = k(PkiPk 15 Sk) %k (Pk; Sk)
t=k PK2A N .
#
X _ X _ X _
+ k(PkiPk 1;Sk) P(Sk+1]Pk; SK)E( 1) or P 0 (Pt; St)iPk; Sk+1
pk2A N Sk+1 2S t=k+1
(2.7)

2.2.1 TheV '-Functions

The initial states, 2 S along with a pro le of policies for all rms 2  determine the
evolution of the stochastic game via conditional value functions, which we clarify in this
section. Let = ( )i, 2 be a one-memory policy. We recall that by Assumption
1, for each rmi 2 [n], is characterized by two policies: (i},(jso) att = 0; and (ii)
1(jpy 1;8) att 1. We will thus obtain conditional value functions fo= 0 andt = 1.
We de ne the conditional value function using the de nition®Bf.5 in (2.6) and (2.7).
We recall thaP is the distribution de ned in (2.1), and : A" S! R,i 2 [n], are the
pro tfunctions. Let ; 2 (0; 1) denote the discount factor for rm2 [n], which represents
the present value of future prots. For=( '; )2 andsy 2 S, the conditional
value function at time = 0 of rm i is given by
. L " R . #
Vo(so; I )=E ' (pes) so (2.8)
t=0
Given statesy at timet = 0, (2.8) measures the expected payoff that rmeceives after
playing the in nite stochastic game using, while rms other thani follow . Since
'(pt; t) is bounded bysup .54 nJ '(p;s)jforalli 2 [n]andt 0O, (2.8) is bounded
by(1 ) 1sup(s;p)ZSA » ] '(p; s)j and thus well-de ned.

Next, we characterize the conditional value function of rat timet = 1. Fors; 2 S,
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Ppo2A"Mand ;=( i; 1i) 2 1, the conditional value function of rm at timet = 1
is given by
. o " R : #
Vi(siiPoi 1 1)=E e {1 (Pus) poisy (2.9)
t=1
For the pair(s;; po) at timet = 1, (2.9) measures the expected payoff that rmeceives
after playing the in nite stochastic game using, while rms other thani follow ,'. If
rm i uses a policy | 2 | such that }(ajpo;s1) = 1 for a 2 A and for all(po;s1) 2
A" S, we writeV/ (s1;po;8 ;') instead of; (s;;po; L 1)
For technical reasons that will be explained in the next section, it is useful to de ne a

V4 vector function. Its de nition below uses a vectorwhose coordinates are indexed by
i 2 [n]and(sy;po) 2S A ". Inview of the enumeration® A "in (2.3),v 2 R™ |

The\; vector function is given by
\V 1 R™ 1 R™ st (1 V)7 V(1 1;V)
where the(i; s1; po)-coordinate oM ( 1; 1;V) is given by

Vi( 15 1;V)i;sl;po 4
X . N : X . (2.10)
= 1(P1Po;s1) 1'(P1'iPossy)  '(Puis)*+ i P(S2lPaiSi)Visyips
p12A " $22S
For the pail(s;; po), (2.10) measures rm'sexpected payoff from time= 1 totimet = 2,
assuming rmi follows | attimet = 1, rms other thani follow ,', and the payoffs
for all rms attimet = 2 are given by the vector. Note that th€i; s;; po)-coordinate of
Mi( 1; 1;V) only depends on}, which is why we often writé4( 1; {;v)i;sl;pO instead of

Mi( 1, 1)V)isipo» When no confusion can arise.
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2.2.2 Further Clari cation of W and its Relationship with 4

The following fundamental proposition formulates a Bellman EquatioifoiMe use it to

interpretV, as a weighted sum of conditional expectations and to directly refate \4.

Proposition 1 (Lemma 1 of Fink (1964))Leti 2 [n]Jand ;=( i; ,')2 ;. Foreach

(S1;p0) 2S A ", Vj(si;po; i ;') satis es the following Bellman Equation,

Vi(s1:po; 4 1') .
#
X | | X | (21
= 1(P1po;s1)  '(pusy)t 0 P(sapus)Vi(szpr 4 1)
p12A N S$22S

Moreover, the system of equations giver(byL1) which hagM equations andM vari-

ables,f Vi (s1;po; 4 1')Gsipoy2sa n, has a unique solution.

We remark that this observation provides a simpler technical understanding of the con-
ditional value function at timé = 1. Its original de nition in (2.9) is an expectation of an
in nite series, but the proof of Proposition 1 implies that it is an expectation of a simpler and
easily interpretable nite sum. Indeed, following this proof in Appendix Appendix A.10.1,
one can notice that for eadB;; pg) 2 S A ", Vi(si;po; 1 ;') is a weighted sum of
the entries oE [ '] := (E ,[ 'jp%st;  ;E [ 'jpM;s'])T 2 R™ . Moreover, such
weights are uniquely determined by the policies inand the transition probability (see
(A.42) in Appendix Appendix A.10.1).

Equation (2.11) also establishes a relationship between the conditional value function

from timet = 1 and thé\j vector function. It implies that
Vi(si;po; 4 1)= V(1 1:Wisipos (2.12)

for each(i; s1; po)-coordinate, where;s, p, := Vi (S1;po; i ."). To see this, compare

(2.11) with (2.10) written with; = ; andv = v.
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2.2.3 Nash equilibrium

Using the de nitions of the two conditional value functions at times 0 andt = 1, we
de ne the concepts of a Nash equilibrium from tirhe= 1 and a subgame perfect Nash
equilibrium.

Apolicy | 2 1 iscalled a best-response policy to' 2 " if for all (s1;po) 2
S A",

1 2 argmaxi, {V(si;po; 1 1'); (2.13)

whereV,(s;;po; 4 1') is given by (2.9). We say that, 2 ; is a Nash equilibrium
from timet = 1, ifforall i 2 [n], | is a best-response policy to, ' . In other words,

1 2 1isaNash equilibrium from time= 1, ifforall i 2 [n], and(s;;po) 2S A ",
1 2 argmaxi, iVi(s1;Po; 1j 1'): (2.14)

We de ne a subgame perfect Nash equilibrium as a pr¢ Ig; ;) such that ; is a Nash

equilibrium fromtimet =1 and ,2 ( satis es for each 2 [n]

b 2 argmax;, (5(soi( & 1) o' 5 1)) (2.15)

2.3 Existence of One-Memory SPEs

We establish the existence of a one-memory SPE and formulate an algorithm for checking
whether a given pro le is a one-memory SPE. The existence result is developed in three
stages. First, Theorem 1, which is Theorem 2 of Fink (1964), shows that, starting from time
t = 1, the\, vector function possess stationary points. It also provides useful properties of

these stationary points. Next, Theorem 2 shows that the latter stationary points are a Nash
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equilibrium from timet = 1. Lastly, Theorem 3 shows the existence of a one-memory
SPE for the stochastic game. We demonstrate the application of this theory to grim trigger

strategies in Section 2.3.1.

Theorem 1 (Existence of stationary points with special properties (Fink, 1968here

exist ; 2 ;andv 2 R™ satisfying
vV =V V) (2.16)
and

Vi;sl;po

= ni]?xi Vl( 1; !L;V )i;sl;po 8(i;31;p0) 2 [n] S A n: (2-17)
1

1

Theorem 2 (Existence of Nash Equilibrium from timte= 1). Suppose that, 2 ; and
v 2 R"™ satisfy(2.16)and(2.17) Then, for each 2 [n]and(s;;pg) 2S A ",

max Vi( ; il;V Jisipo = Max Vli(sl;po; |1] 1i ): (2.18)
124 124

Moreover, ; is a Nash equilibrium from time= 1.

Theorem 3 (Existence of the one-memory SPH) , 2 ; is a Nash equilibrium from
timet = 1, then there exists, 2 osuchthat =( ,; ;)isaone-memory SPE of the

stochastic game.

This theory suggests the following three-step algorithm for proving that a given pro le
is a one-memory SPE. If one can only verify the rst two steps of the algorithm, then the
given pro le is a Nash equilibrium from timé = 1. We frequently use this algorithm in

our proofs.

Algorithm 1 (Proving that a given pro le is a one-memory SPEpt( §; ) be a given

one-memory strategy pro le. The following algorithm guides the proof that this pro le is



2.3. BEXISTENCE OFONE-MEMORY SPE 15

an SPE. Its rst two steps are used for proving a Nash equilibrium from timé. .

1. Plugin { into equation(2.16)and solve it as a linear system with unknowfis .,

for each(i; s1; po)-coordinate.

2. Plug inv9 and { into (2.17) and show that9 is a xed point of the operator

Vissiipo 7! MaX iz i VA( 1 L V)isupo-
3. Show that § satis es(2.15)

Comments on the Proofs of Theorems 1, 2 and 3 he proof of Theorem 1 is due to
Fink (1964). For completeness, Appendix Appendix A.10 rewrites Fink's proof using our
notation, while including many of the missing details in Fink (1964). We nd it necessary
to refer to the rewritten proof when establishing the theories of Sections 2.3.1 and 2.4.

We note that Theorem 1 itself is not enough to guarantee the existence of a Nash equi-
librium from timet = 1. To obtain such a guarantee one needs to prove (2.18) and then use
Theorem 1. In general, the equalM( ;; 15V )is;po = Vi(S1;Po; 4 ;' ) need not be
true forall | 2 | and should not be confused with (2.12). The proof that equation (2.18)
holds true requires some detailed inequalities (see Appendix Appendix A.1).

To prove Theorem 3, we show that nding a solution for (2.15) is equivalent to nding
a static Nash equilibrium in mixed strategies of a particular nite game. We recall that an
n-person nite game is any sé{(X'; q)g", whereX' is a nonempty nite set of actions
andg : X := I, X'! Risthe protfor theith player. A mixed strategy for agent
is a probability mass function' onX'. Given = ( ),, the expected return for agent

. P . o
i is given byE o = ., (X)d(x); where (x) denotes the product of (x') for

equilibrium in mixed strategies.



2.3. BEXISTENCE OFONE-MEMORY SPE 16

For each(po;So) 2 A" S , we de ne the following quantity

: _ X
Q' (Po;So) :=  '(Po;So) + i P(S1]P0; S0)Vi:s o (2.19)
S$12S
This quantity appeared in Hu and Wellman (2003) and was referred to as the@Nash
function of rm i at(po; Sp). We show (see Appendix Appendix A.2) that

(sor | )= E Q' (p;s)isol: (2.20)

In view of this equation and the use of expected return inq@rson nite game, nding
0 2 o satisfying (2.15) for each 2 [n] is equivalent to nding a Nash equilibrium of

the nite gamef (A; Q' )g, , whereA is the set of actions from Section 2.2.

2.3.1 Application: Grim Trigger Strategies as an SPE

The theory of Section 2.3 applies to a large family of stochastic games. Due to this gener-
ality, we can prove some non-trivial statements about how collusion can be sustained with
one-memory policies. In particular, we provide suf cient conditions under which grim
trigger strategies supporting a collusive-enabling price are an SPE of the stochastic game.
First, we specify these suf cient conditions. The rst assumption aligns our stochas-
tic game with the key aspect of the dynamic Bertrand competition model, which is the

existence of a Nash equilibrium price and a collusive-enabling price.

such that '(p ) < "(p®) for eachi 2 [n]. We refer top andp® as the competition and

collusive-enabling prices, respectivély.

4This assumption is satis ed by traditional Bertrand competition models (see, e.g., Tirole (1988)), but it
is also satis ed by more recent models such as those of platform competition in two-sided markets (see, e.g.,
Dewenter et al. (2011) and Chica et al. (2023a)).
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We further assume two simple conditions that we only use in this section.
Assumption 3. We require the following two conditions:
(i) jSj=1.

(i) Foreachi 2 [n]and ™ := maXgoan peg (P (PC) 1), —m—B) < L

Condition (i) in Assumption 3 reduces our stochastic game to an in nite repeated game.
Condition (ii) provides a lower bound on and thus in view of (2.8), it lower bounds the
level of patience needed by the rms. The lower bound uses the quaritity which is
the best response payoff of rinwhen other rms charge the collusive-enabling prie
where we note that by de nition ™ '(p©). The bound is the ratio of the distance
between ™ and the collusive-enabling payoffi(p©), and the distance betweef!' and
competition payoff '(p ).

Next, we review the grim trigger strategy and formulate the main proposition of this
section. The grim trigger strategy (Friedman, 1985) in our setting (assuming Assump-
tion 2) is a policy in which a rm cooperates by choosing the pri€eas long as all other
rms have chosen the pricp® in the previous stage. If, on the other hand, at least one
rm did not cooperate in the previous stage and chose a wic® p°, other rms will
defect by playingp forever. We note that becaupe is a Nash equilibrium, rmi has
incentives to also chooge going forward (this is veri ed for our setting in the proposition
below). Therefore, rmi is punished since it will receive'(p ) forever without having
any competitive advantage (since everyone else is doing the same), whereas it previously
received '(p®). In our setting of one-memory stochastic games, the grim trigger strategy

is de ned as the following one-memory policy:’ = ( I); fl); where

5(P9)=1; 1(p%ip) =1 and8py 2 A™;po 6 pC; L(pipo)=1:
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Proposition 2 (The grim trigger strategy is a one-memory SP8hder the assumptions of
Section 2.2 and Assumptions 2 and 3, the grim trigger strategy is an SPE of the stochastic

game. Moreover,
iofy_ L i cy.
V()= 17— (P (2.21)

The proof of Proposition 2 can be found in Appendix Appendix A.3; it mainly uses
Algorithm 1. The fact that grim trigger strategies can be seen as an SPE is not new (see, e.g.,
Friedman (1985) and Osborne (1994)). However, our proof demonstrates a straightforward
way of applying Algorithm 1 to determine an SPE, where the other proofs are long and are

different from our underlying theory.

2.4 Q-Learning and Collusion

We establish important properties Qflearning (Watkins and Dayan, 1992), which is the
most common reinforcement learning algorithm. Section 2.4.1 presents a versipn of
learning with no experimentation, while adapting it to our stochastic setting of Section 2.2.
Furthermore, it connects between the xed points of the algorithm an¥l thinctions of
Section 2.2.1. Speci cally, it shows that these xed points capture the value of the stochas-
tic game at time = 1 for a speci c type of strategies, named induced strategies. Moreover,

it establishes suf cient conditions for these induced strategies to be a Nash equilibrium
from timet = 1. We remark that the induced strategies are one-memory strategies and thus
we can naturally apply the results obtained for the latter strategies in the previous section.
Section 2.4.2 presents a version@flearning with bounded experimentation. It further
provides suf cient conditions for the convergence of this algorithm in stochastic games
satisfying Assumptions 2 and 3-(i), and in particular for the traditional dynamic Bertrand

competition model. Moreover, it establishes suf cient conditions under wiidbarning
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rms learn that choosing supracompetitive prices is optimal. It also presents suf cient con-
ditions under which these supracompetitive prices are supported by either naive collusion,

grim trigger strategies or increasing strategies.

2.4.1 A Relationship of aQ-Learning Algorithm with the Stochastic

Game

We formulate a version of th®-learning algorithm with no experimentation, while as-
suming the multi-agent setting of Section 2.2. We then establish the relationship of the
Q-function of this algorithm with the value functions, andV;, of the stochastic game.
The basic idea of this algorithm is to nd a policy that maximizes (2.9) given the policies
of all other agents. The algorithm takes as inQyt: S A "1 I Rfori 2 [n], as well

as several parameters, and outQut: S A "** I Rfori 2 [nJandt 1. We use the

notations =(s;p)2S A ".

Algorithm 2 (Q-learning with no experimentationArbitrarily x po 2 A" ands; 2 S.
Foreach(s;p) 2S A " andj 2 [n], let Q{)(s;p) =0. Attimet 1, rm i observes

St = (s;pt 1) 2 S A " and updates its Q-values using the following rule, for each
(s;p)2S A M

Qua(sip =@ QAP+ « '(Pus)+ By MaxQi(swaia) ; (2.22)
where both the prot function '(p;;s) and rates ; = (s;p) 2 [0;1]fort 1 are

parametric choices of the algorithm. For 1, ; = 0 for each(s;p) 6 (s;p.), That is
¢ is only considered for the states and prices visited at tings;; p). Then, with uniform

probability, rm i chooses a price among

pt 2 argmax,, Qi(st; a): (2.23)



2.4. Q-LEARNING AND COLLUSION 20

Firm i then observes both prices and pro ts( 1 (ps; St))j-1, and randomly drawsi.; =
(St+1; pt) with probability P(si+1 jpt; St), whereP is another parametric choice of the al-

gorithm.

Suppose tha® = (Q' ), isa xed point of Algorithm 2 with constant learning rate
¢ = 2 (0;1]for eacht 0. Assume that starting from time= 1, rms useQ' to
play the stochastic game described in Section 2.2 as follows: Gize&8 A ", each rm

i 2 [n] chooses
w'(s) 2 argmax,, Q' (s; p): (2.24)

We denotew (s) = (W' (s))., . The latter strategies are often referred to as the strategies
induced byQ . Moreover,w(s) is a one-memory strategy, sinsedepends on the price
choices of the previous stage. The following proposition shows that if agents play the
stochastic game following the strategies induce@bythen theconditionalvalue function

of rm i attimet = 1 (see (2.9)) coincides witQ' at the induced strategies.

Proposition 3(Q' captures the value of the game at time 1). Assume ; = 2 (0; 1]
for eacht 0Oand(Q' )L, is a xed point of Algorithm 2. Then, for eadh2 [n] and
s=(s1;po)2S A ",

Q' (s;w'(s) = Vi(s;w(s)iw '(s)): (2.25)

Note, however, that the latter property is not enough to show that the induced strategies
are a Nash equilibrium from time = 1. The following proposition shows a suf cient

condition for the induced strategy to be a Nash equilibrium from timel..

Proposition 4 (Suf cient condition forQ to induce a Nash equilibrium from tinte= 1).

Assume { = 2 (0;1]foreacht 0, Q isa xed point of Algorithm 2, and for each
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i 2 [n]ands =(s1;po)2S A ",
w'(s) 2 argma ;o V(W; P Q is; (2.26)

wherew = fw/(s)ji 2 [n];s 2 S A "gandV\ is given by(2.10) Then, the strategy

induced byQ is a Nash equilibrium from time= 1.

Suppose thatgivena st S A ", rms play a one-stage game with payoffs given
by (M(; ;Q )i:s)izing- Inthis case, Proposition 4 implies that if the induced strateg® by
is a Nash equilibrium of the latter one-stage game, then this strategy is a Nash equilibrium
from timet = 1 for the stochastic game of Section 2.3. This observation is interesting since
Algorithm 1 requires checking two conditions in order to decide whether a given pro le is
a Nash equilibrium from timé = 1. However, in the current case only one condition is

needed because(s) is induced from a xed-point of Algorithm 2.

2.4.2 The Rise of Supracompetitive Prices and Collusion with th&-

Learning Algorithm

In this section, we study a version Qflearning with bounded experimentation in stochas-
tic games satisfying Assumptions 2 and 3-(i). We establish conditions for its convergence,
formulate suf cient conditions for rms to learn that choosing supracompetitive prices is
optimal, and demonstrate suf cient conditions under which these supracompetitive prices
are supported by either naive collusion, grim trigger strategies or increasing strategies (de-
ned below).

We will only use here Assumptions 2 and 3-(i) from Section 2.3.1. The rst assumption

ensures the presence of both a Nash equilibrium price and a price that facilitates collusion.
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Assumption 3-(i) implies that states used in Algorithm 3 have the following form:

Fort 1, s;=p: 12A"; wherep; 1 isthe price choice attime 1:

Next, we de neQ-learning with bounded experimentation. For this purpose we rst
de ne Q-learning with softmax, that is a version which replaces the maximal value of
the Q-function with its soft-max value and thus allows “experimentation” with different
prices. The desire@-learning with bounded experimentation combines Algorithm 2 with

Q-learning with softmax.

Algorithm 3 (Q-learning with softmax) This algorithm is similar to Algorithm 2, but
instead of following(2.23) rm i chooses a pricey, by random draw according to the

soft-max probability

eQ{(St;a)= t

i(n = ai - p . .
(P = ajst) A (2.27)

where > Ois chosensuchthat ! Oast!1 ,forexample, = 1=t.®

Algorithm 4 (Q-learning with bounded experimentatiometT > 0be aninput parameter
characterizing the size of experimentation. Firms follow Algorithm 3 ftomO tot =

T 1land follow Algorithm 2 fronmt = T onward.

Finally, we make the following assumption on the learning parametest described

in Algorithm 3.

Assumption 4. The learning rate ; satis es the following:(i)0< < 1foreacht 0

P
and tlzT ¢ = 1 ; (ii) forthe xed discount rate for rm, ; 2 (0; 1), the following limit

SWe remark that this state choice has been a standard assumption in recent articles on algorithmic price
discrimination (see, e.g. Calvano et al. (2020b), Klein (2021) and Chica et al. (2024a).)

5The no experimentation case can be recovered from (2.27) by replacimigh and letting ! 0. In
this caseP(p, = js) ! 15argmax,, Qi(s;a)j if & 2 argmax,, Qi(s;a); otherwiseP(p, = 4js) ! 0.
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exists and satis es

. Xt Y
(i) :=lim @ @ ) «2(01):
T k=THL I=k+1
Part(i) in the above assumption is part of a standard assumption on the learning rates
used by Watkins and Dayan (1992) to prove convergence dttearning algorithm for
single-agent models. Pdiit) ensures the convergence of Rdearning algorithm in our
stochastic setup.

The main result in this section is formulated as follows.

Theorem 4 (Q-learning convergence to supracompetitive pric&)ppose that Assump-
tions 2, 3-(i) and 4 hold, rms play with Algorithm 4 in the stochastic setting of Section 2.2,
and foreach 2 [n],p2 Anf pgands 2 fpt 1;p°0o:

() Qr(s;p°) > Qi (s:p);
@i (%) @ D (PSip.

Then, for anypo 2 A" and eacit T, p, = p®. Moreover,

Q' o(sip) = lim Qi(sip) = (2.28)
g !

HORCY it (s:p) = (pS; p°);

§(1 1)Qr(pr upS)+ 1 (PC)+ QL (pC;p°)  if (sip) =(pr 1;p%) andpr 1 6 pC;

= QL (s;p) otherwise.

The proof of Theorem 4 can be found in Appendix Appendix A.4. Its basic idea is as
follows. First, Algorithm 4 along with with condition (i) in Theorem 4 guarantee that the
Q-learning algorithms choog# = p° for eachi 2 [n] andp, 2 A". Then, condition (ii)
in Theorem 4 ensures that rms continue choosghg, = p° intime T + 1. Moreover,

Assumption 4 ensures convergence in equation (2.28).
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In order to discuss the relevance of Theorem 4, we recall the two key questions of our
study: (i) What are suf cient conditions for rms to learn that choosing supracompeti-
tive prices is optimal in the long run? (ii) Are these supracompetitive prices the result of
punishment and reward strategies? Theorem 4 answers the rst question and sheds light
on the second question. First, it demonstrates suf cient condition®ftearning driven
rms to consistently choose the collusive-enabling pfiten every stage of the stochastic
game. Thus showing that rms learn to choose supracompetitive prices in the long run.
This result can help explaining the numerical results found by recent studies (e.g., Calvano
et al. (2020b) and Chica et al. (2024a)), where authors numerically show that algorithms
consistently learn to choose supracompetitive prices. Second, Theorem 4 characterizes the
limiting Q-function (Q', ,),. This observation together with Propositions 5, 6 and 7
below answer question (ii)

The rest of the section completes the answer to question (ii) described above. We rst
formulate the following proposition studying “naive collusion”, that is, collusion with-
out any punishment and reward behavior. It uses the notatipn, = (W', ), for the
strategy induced byQ', ,); de ned in (2.28) (see (2.24) for the de nition of induced

strategies).

Proposition 5 (Naive Collusion) Suppose that Assumptions 2, 3-(i) and 4-(ii) hold, and
(j)satises ()X i) > 1foreachi 2 [n]. Furthermore, rms play with the induced
strategiesw , , in the stochastic setting of Section 2.2, and for each [n] andp 2

Anfptg
(i) Qr(s;p%) > QY (s;p) foreachs 2 A™;
(i) (%) Qr(pr 1:p) QY (pS;p) foreachs 2 fpr 1;pCg.

Then, for eacls 2 A",

W, o(s) = p°:
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Moreoverw , , is a Nash equilibrium from time= 1 if and only ifp® is a Nash equilib-

rium of the one-stage gange'( ));, .

Proposition 5 shows suf cient conditions under which the strategies induced by the lim-
iting Q-function (Q', o)™, never display punishment and reward behavior. Indeed, there
is no mechanism to punish a rm that chooses a price different graninstead, rms
naively play by always choosing the collusive-enabling price. Therefore, this proposition
implies that supracompetitive prices are not always the result of punishment and reward
behavior. The nal statement of Proposition 5 implies that unfEsss a Nash equilibrium
of the one-stage gane'()),, w, , cannot be a Nash equilibrium from tinte= 1.
However, in generaf® is not a Nash equilibrium in most models of interest, such as tradi-
tional Bertrand competition or platform competition in two sided markets (see, e.g., Tirole
(1988), Dewenter et al. (2011) and Chica et al. (2023a)). Finally, it is worth mentioning that
Assumptions (i) and (i) in Proposition 5 imply (i) and (ii) in Theorem 4. This is intuitive
because achieving supracompetitive prices by naively chogsinig all states is a more
dif cult condition to meet than just achieving supracompetitive prices.

The following proposition shows suf cient conditions under which the strategies in-

duced by(Q', ), display punishment and reward behavior in a grim trigger fashion.

Proposition 6 (Grim Trigger Collusion) Suppose that Assumptions 2, 3-(i) and 4-(ii) hold,
and ( ;) satises ()1 i) > 1lfor eachi 2 [n]. Furthermore, rms play with the

induced strategiew , , in the stochastic setting of Section 2.2, and for ea2hn]

(i) Qi (s;p) > Qli(s;p) and Q(pr 1;p) > Q) o(pr 1;p) for eachs 2 A" n
fp®;pr 19,.p2ANfpg;

(i) '(p°) @ QL (pS;p) foreachp2 Anf pCg.
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Then,

8
2 .C — AC.
p S = p ’
W, o(s) = S (2.29)
“p s6pc:

Moreover, under Assumption 3-(ii)y , 4 is a Nash equilibrium from time= 1.

Proposition 6 shows suf cient conditions under which the strategies induced by the
limiting Q-function (Q', ,)I., are equal to the grim trigger strategies starting from time
t = 1 (see Section 2.3.1). By de nition, these strategies display punishment and reward
behavior since rms always collude, i.e., chogsg if all rms have choserp® in the pre-
vious stage. Otherwise, rms will defect by playipg forever. Recall that by Assumption
2, '(p®) > (p). Thus, rms are better off by repeatedly choosipfgin every stage of
the game. Finally, it is worth mentioning that Assumptions (i) and (ii) in Proposition 6 are
not in contradiction with (i) and (ii) in Theorem 4 (to see this note that in Theorem 4 the
conditions are restricted to only two states2 f pr 1;p¢g). Therefore, in view of both
Theorem 4 and Proposition @-learning rms may learn grim trigger strategies.

Now, punishment and reward schemes go beyond grim trigger strategies. In fact, Cal-
vano et al. (2020b), Klein (2021) and Chica et al. (2024a) numerically show that algorithms
can learn more elaborated collusive behavior, such as rms learning to progressively raise
prices until reaching the collusive-enabling prig® while usingp as a threat in case
of unilateral deviations. Proposition 7 below shows suf cient conditions under which the
strategies induced b§Q', o)., mimic the latter behavior. It uses the following assump-
tion.

Assumption 5. There is a sequence of pricép'gl’} A , wherep' < p'** for each
| 2 [k] and (po; P***) = (p ;p°), and denote' = (p'), . Furthermorepr ; 2f p'gl}

and for each 2 [n]

(i) Qi (p';p**) > Qi (p';p) foreachl 2 [k],p2 Anf p*ig;
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(i) Qi(s;p) > maxtQi(s;p); Q' o(pr 1;p%)gforeachp2 Anfpgands 2 An

| qK+1

fp'gCy with(s;p) 6 (pr 1;p%).

Proposition 7 (Increasing Strategiespuppose that Assumptions 2, 3-(i), 4-(ii) and 5 hold,
and ( ;) satises ()1 i) > 1lfor eachi 2 [n]. Furthermore, rms play with the

induced strategiew/ , , in the stochastic setting of Section 2.2, and
'e%) @ QL (p®;p) foreachi 2 [nJandp2 Anf pg:

Then, for each 2 [K]

W ofs) = Ep'+1 s=ph (2.30)
“p

s 2fp'gdt:

Proposition 7 shows suf cient conditions under which the strategies induced by the lim-
iting Q-function(Q', ), display an increasing behavior towards the collusive-enabling
pricep®. Suppose that rms start at the Nash equilibrium pricefollowing (2.30), rms
will choosep? in the next stage, and progressively increase their prices until reaching
pk*l = pC. After any unilateral deviation, rms go back to the Nash equilibrium price and

the increasing pattern follows again.

2.4.3 Discussion on the Assumptions of this Section

Assumptions 2 and 3As previously discussed in Section 2.3.1, Assumption 2 aligns our

stochastic game from Section 2.2 with a key feature of the dynamic Bertrand competition
model: the existence of both a Nash equilibrium price and a collusive-enabling price. This
assumption is also satis ed by other models, such as those of platform competition in two-

sided markets (Chica et al., 2023a). Assumption 3-(i) turns our stochastic game into an
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in nite repeated game, where the same one-stage game is played at every stage, although

rms are allowed to use one-memory strategies that condition on past price choices.

Assumption 4.This assumption is somewhat harder to interpret: part (i) is standard in
theQ-learning literature, while part (i) is used in the proof of Theorem 4 to ensure conver-
gence of th&-learning algorithm with bounded memory. The following sequence satis es
Assumption 4 (see Appendix Appendix A.9): Let 2 [0; 1) be any real number and for

eachk 2,
— i k1 )
1+ (1 §) 1

k
Then, the sequende «gi., satis es Assumption 4. Moreover,

1
()= — (2.31)
When (2.31) is combined with (2.28), we obtain tigf o(p;p) =@ ) ! '(p©),
which coincides with the value of the stochastic game when all rms play with the grim

trigger strategy (see (2.21)).

Algorithm 4. In Q-learning with bounded experimentation, rms use dearning algo-
rithm with softmax exploration up to tim&, which is one of the most common versions

of the algorithm. After timel', rms stop exploring via softmax and begin following the
argmax rule de ned by th€-function, with no further experimentation. In practice, this

is the version typically used, since it is not feasible to run the softmax-based algorithm

inde nitely.

Assumptions (i) and (ii) in Theorem Assumption (i) Theorem 4 says that for two states,
the previous price choige;r 1 andp®, theQ-function already weighs more the collusive-
enabling price than any other price. Assumption (ii) in Theorem 4 imposes an upper bound
on the value of th&-function at timeT when the previous price choicep§. This upper

boundis(1 ;) * '(p®), which is the value of the stochastic game when all rms play
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with the grim trigger strategy (see (2.21)).

2.5 Conclusion

We provided a setting of stochastic games with bounded memory where one-memory SPEs
exist, and formulated a version @learning with bounded experimentation. We highlight

our key ndings:

1. We extend the theory of Fink (1964) to the case of stochastic games with bounded
memory and show the existence of one-memory SPEs. We also formulate an algo-

rithm to check whether a given pro le is a one-memory SPE.

2. We formulate a version @-learning with bounded experimentation and show that,
in stochastic games where a one-stage Nash equilibrium price and a collusive-enabling
price exist, and th&-function satis es certain inequalities at tinfe, Q-learning

rms charge supracompetitive prices in the long run.

3. We provide suf cient conditions under which these supracompetitive prices are sup-
ported by: (i) naive collusion, where rms always choose the collusion-enabling
price; (ii) grim trigger strategies, whe@-learning rms learn to reward and punish;
or (i) increasing strategies, where rms gradually converge to the collusive-enabling

price while using the Nash equilibrium price as a threat.

To our knowledge, this is the rst theoretical result showing how collusion can be sus-
tained byQ-learning rms in repeated Bertrand competition. Future work may extend our
results to the case @-learning without bounded experimentation. We believe our setting

of stochastic games with bounded memory may still be relevant to explore this extension.



Chapter 3

Competition and Collusion in Two-Sided
Markets with an Outside Option

3.1 Introduction

Platform businesses have immensely grown in the last several decades due to the adoption
of communication technologiésFor example, the sales of Amazon, which is a platform,
have grown from $148 millions in 1997 to $386 billions in 2020 (Wells et al., 2021). Plat-
forms facilitate the interaction between different types of users, such as buyers and sellers
(Amazon and eBay), drivers and riders (Uber and Lyft) and content creators and consumers
(YouTube, Twitch and Spotify). Their business model has become very popular, but its
careful study is still in an early stage, where the rst research works are from the beginning
of this century (see, e.g., Rochet and Tirole (2003) and Caillaud and Jullien (2003)). There
are still many open questions and, in particular, a complete model of platform competition
is still far from reach.

A common yet limiting assumption in platform modeling is full market coverage, mean-
ing that in equilibrium all users join at least one platform. While this assumption is strong,

most models incorporate it because it leads to explicit equilibrium pricing formulas (see,

1According to the United States Census Bureau, the percentage of US citizens reporting owning a com-
puter has grown from 8% in 1984 to 89% in 2016 (see, e.g., Ryan (2017)).

30
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e.g., Tan and Zhou (2021)). In this work, we relax this assumption by considering a model
in whichN horizontally differentiated platforms compete across two market sides—buyers
and sellers (collectively referred to as users)—who can either join one of the platforms
(single-homing) or choose not to participate, a choice referred to as the outside option.

Dating apps offer a clear example of a market with a signi cant outside option and
platform competition. Many users still prefer traditional non-priced methods of meeting
partners (such as meeting at a bar), underscoring the importance of the outside option. This
market also includes numerous competing platforms. While users typically multi-home
across apps (see, e.g., the last table in SSRS (203é)me platforms encourage behavior
closer to single-homing For tractability, some economic models assume single-homing in
this context (see, e.g., Halaburda et al. (2018); Gal-Or (2020)). We thus use this market to
ground some of our theoretical results. Ride-sharing services (e.g., Uber and Lyft) offer an-
other example of a market with a strong outside option—public transportation, scooters, or
e-bikes—but with pronounced multi-homing, as users switch between platforms depending
on availability, pricing, or convenience.

We develop pricing formulas for our model and express them in terms of the equilib-
rium normalized net deterministic utility that platforms provide to users, i.e., the difference
between the deterministic utility of users joining one platform and the deterministic utility
of the outside option. This allows us to transition from a space of prices to a space of
utilities in the spirit of Armstrong and Vickers (2001).

We utilize these pricing formulas to study competition and collusion between platforms
with an outside option. We rst establish suf cient conditions for the existence and unique-

ness of a symmetric Nash equilibrium and a collusive equilibrium in this setting. We

2The table shows the percentage of people in different age groups who have ever used speci ¢ dating sites
or apps—such as Tinder—among those who have used any dating site or app. It indicates that, on average,
individuals have used about two different apps, with this average decreasing with age. However, since people
may use different apps at different times, the number of apps used simultaneously is likely lower.

3For example, Hinge markets itself as “designed to be deleted,” while loyalty-encouraging subscription
models, like Bumble Boost, and curated apps, like The League or JDate, may encourage users to stick with a
single app.
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further show that under small cross-side externaliti®e normalized net deterministic
utilities and market participation are smaller in collusion than in competition; furthermore,
the prices on both sides are bigger in collusion than in competition. We also study the
effect of increasing competition on the outputs of the competitive Nash equilibrium. In
this case of increasing competition, we specify regimes for the decrease or increase of both
prices and consumer surplus (these regimes depend on the size of the user's heterogeneity
in tastes, the number of platforms and the size of network externalities). We demonstrate
how these results can shed light on the pricing strategies observed in dating apps and how
they change depending on the heterogeneity of the population and the size of network ex-
ternalities> We further show in this case that market participation always increases, and
pro ts decrease if the net normalized deterministic utility is suf ciently small and increase

if the net normalized deterministic utility is suf ciently large.

The size of the outside option determines the sign of the net deterministic utility in a
nonlinear fashion. Indeed, we show that there exists a critical threshold for the deterministic
outside option utility such that above this threshold users only receive negative determinis-
tic utility, and below this threshold the sign of the net deterministic utility depends on the
relative size of the heterogeneity in user's tastes versus the within-side externalities.

Moreover, we show that when the outside option increases, prices and consumer sur-
plus may increase or decrease, based on the relative size of the heterogeneity in user's tastes
versus the within-side externalities. In particular, we show that a model of platform compe-
tition that omits the outside option may overestimate or underestimate the true equilibrium
price.

Our pricing formulas imply the following standard results for platforms, accounting

4Cross-side externalities capture the bene ts that users on one side of the market derive from interaction
with users on the other sides of the market. When these externalities are positive, platforms are confronted
with the “chicken & egg” problem: to attract buyers, the platform must have a large base of sellers, who will
join the platform if and only if there are many buyers in the platform (see Caillaud and Jullien (2003)).

SDating markets with heterogeneous populations are dominated by general apps like Tinder and Bumble,
while more homogeneous populations tend to use niche apps like The League and JDate.
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for an outside option (see further references and details in Section 3.3): (i) platforms hold
market power and charge users in a way that is directly proportional to user's heterogeneity
in tastes; (ii) if the within-side externalitieare positive, platforms subsidize users on one
side of the market by an amount that is proportional to the joining population on this side of
the market; (iii) if the cross-side externalities are positive, platforms subsidize users on one
side of the market with an amount proportional to the joining population on the other side
of the market. The alignment of our results with existing ones suggests that the standard
platform pricing strategy can be more general than previously understood.

Related Literature. The study of two-sided markets has emerged in the last few
decades. The earlier works of Rochet and Tirole (2003, 2006), Caillaud and Jullien (2003)
and Armstrong (2006) laid out the modeling foundations of two-sided markets with net-
work externalities. These works shed some light on how equilibrium outputs of platform
competition and platform monopoly depend on: (i) the size of the network externalities
relative to user's heterogeneity in tastes; (ii) users being able to join either one or two plat-
forms (i.e., having a single-home or multi-home option). Weyl (2010) and White and Weyl
(2016) placed an emphasis on platform competition with insulated tariffs, which allow
platforms to choose patrticipation rates rather than prices.

Tan and Zhou (2021) modeled competition betwden 2 platforms serving multi-
ple sides of a market. In this setting, customers are heterogeneous and modeled through
random idiosyncratic preferences. Under general conditions for the probability distribution
of idiosyncratic preferences, they characterized a symmetric subgame perfect equilibrium.
Our model generalizes their approach by incorporating an outside option and conducting
an extensive analysis for speci ¢ probability distributions. This generalization enables us

to study the effects of the outside option on equilibrium outputs and collusion in two-sided

Within-side externalities capture negative within-side competition effects and positive collaboration ef-
fects between users on the same side of the market. For example, competition between content creators in the
same platform (e.gYouTubeTwitchand others) and collaboration between open source programmers (e.g.,
C++, Python Linux and others).
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markets. We remark that Tan and Zhou (2021) pricing formulas are similar to the ones in
Armstrong (2006), White and Weyl (2016), Jullien and Pavan (2019) and Chica et al. (2021)
in the sense that they explicitly depend on the parameters. Due to the challenges of the out-
side option in our model, our pricing formulas are implicitly determined by the equilibrium
net deterministic utility and cannot be explicit like the previous formulas. Similar to Tan
and Zhou (2021), but under the assumption of an outside option, we nd that increasing
competition can either raise or lower equilibrium prices and consumer surplus—depending
on the relative strength of network externalities versus user heterogeneity in tastes—and
may also increase or decrease platform pro ts, depending on a condition involving the
normalized net deterministic utility. However, we show that market participation always
increases, whereas Tan and Zhou (2021) assu@% market participation. Moreover,
our collusion analysis is novel and cannot be addressed in markets with full participation.
Cohen and Zhang (2022) focused on the particular setting and idiosyncrasies of ride-
sharing services (e.dJberandLyft). One of their interesting results is that under collusion
riders pay a larger price and drivers receive a lower wage than under competition. This re-
sultis similar to one of our results (to see this one should note that the wage in their model is
a negative price in our model). Nevertheless, the modeling choice for customer demand is
different in both works. In their model, network externalities are endogenous, whereas ours
are exogenous and thus follow the traditional setting that stems from Armstrong (2006). As
such, we can examine the effects of the network externalities on the equilibrium outputs.
Another major difference between these works is the type of solution obtained. They in-
ductively solve a sequence of problems, which approximates the Nash equilibrium, and
their nal solution is a limit of the former solutions. We characterize the best-response of
a platform that deviates from the symmetric Nash equilibrium and directly study proper-
ties of this equilibrium. The major advantage of our approach is that it allows us to study
the effects of competition on the equilibrium outputs, because we can differentiate these

outputs.



3.1. INTRODUCTION 35

Our work also pertains to the literature on platform collusion. On the theoretical side,
Dewenter et al. (2011) compared between competition, semi-collusion (i.e., collusion in
only one side of the market) and full collusion in a special model for the newspapers market,
where the two sides of the market were represented by advertisers and readers. Comparing
full collusion to competition, they found out that for the advertisers market, participation is
lower and prices are higher under full collusion. This result is similar to one of ours, as we
show that for both sides of the markets, all sizes of within-side externalities and relatively
small cross-side externalities, collusion always leads to less market participation and higher
prices’

Other relevant works that include an outside option are: Jeitschko and Tremblay (2020),
which studied how consumers and rms endogenously choose between different homing
options or the outside option; Correia-da Silva et al. (2019), which examined the wel-
fare effects of horizontal mergers between multi-sided platforms while incorporating an
outside option for consumers; Tremblay et al. (2023), which analyzed Cournot platform
competition in two-sided markets with indirect network effects, where both consumers and
sellers have an outside option; Peitz and Sato (2023) studied a model of asymmetric plat-
form oligopoly while allowing partial user participation, i.e., outside options; and Teh et al.
(2023) study the effects of allowing multi-homing for both sides of the market while also
incorporating outside options.

Organization of the Article: Section 3.2 formulates our platform models of compe-
tition and collusion. Section 3.3 solves the models via backward induction. Section 3.4
compares the outputs of colluding and competing market models. Section 3.5 examines the

effects of increasing competition on the equilibrium quantities of the competition model.

"Note that we focus on the study of full collusion, whereas Dewenter et al. (2011) and Lefouili and
Pinho (2020) also study semi-collusion in two-sided markets and show that if the cross-side externalities are
positive and suf ciently large, then semi-collusion may bene t users on the collusive side and harm users on
the competitive side. Furthermore, Dewenter et al. (2011) also show that on the readers side, the collusion
price may be lower than the competitive price if the competition in the advertising market is high and the
newspaper market is large. We remark that our demand speci cation is different and, in particular, we do not
incorporate a parameter for the relative size of the markets.
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Section 3.6 examines the economic implications of our main results. Section 3.7 concludes

this work.

3.2 The Platform Model with an Outside Option

We formulate a platform competition model by following previous works, such as White
and Weyl (2016) and Tan and Zhou (2021). et 2 be the number of horizontally
differentiated platforms in the market. Each inde2 N := f1;:::;Ng represents a
platform competing in two different sides of a market. We index each side dy b; g3,
whereb ands represent buyers and sellers, respectively. Each platfasets prices for
each side of the market, denotedpy= (p; p.). The endogenous mass of users on each
side of the market subscribed to platfoiris denoted by' = (xi;x.) 2 [0; 1. Fori =0,

x0 = (x2;x%) 2 [0; 1P’ denotes the mass of users not participating in the market.

Users on sid& of the market have idiosyncratic preferences for platforms and for the
outside option. These preferences are captured by the i.i.d. random vatiableB( ),
wherek 2 fb;g,i 2N [f O0g(i 2 N for the platforms and = O for the outside option)
andF( ) is a differentiable probability distribution.

The game consists of two stages. In stage 1, platforms strategically choose prices to
maximize pro ts. In this article, we study two scenarios in stage 1: (i) The competition
scenario, where rms compete and maximize individual pro ts; (ii) The collusion scenario,
where rms collude and jointly maximize pro ts. In stage 2, given the prices determined
by the platforms, users on each side of the market choose whether to participate or not
and if they participate they also choose which platform to join. The game is solved using
backward induction and we thus rst describe the details of the second stage and then the
rst one.

(1) Stage 2 (users' interactions):Any user on sid& 2 f b; g of the market who joined
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platformi 2 N receives the following utility:

0= "k Bt k(XY (3.1)

where"} represents the idiosyncratic utility the user enjogis;is the price paid by the

user to access services provided by the platform (it was determined in stage 1); and
[0; 1F ! R is a Lipschitz differentiable function so thak(x') captures the network

bene ts that the user receives from all other users who are also joining platfoivie

further denote the deterministic component of the utility by
U= pr wx):
If a user does not join any platform, it receives the utility
09 = "0+ uf; 32

whereu? 2 R is a constant representing the deterministic outside udilitfote that
users will choose the platform that maximizes their utility, i.e., they will join platform
j 2 argmaxonys of 0lg. It follows that the mass of users from sikigoining platformi

solves the equation

X=P 0> max folg 8k2fb;sy;i2NI[f Og (3.3)
j2N[f Ognfig

Proposition 8 below implies that (3.3) has at least one solution for anf(pgtol)g\, ,
and also establishes a suf cient condition for a unique solution of (3.3).

(i) Stage 1 (platforms' optimization): We consider the two scenarios of competing

8Most models of platform competition leave out the analysis of the outside utility option that users have.
By doing so, they cut out from the pro t maximization process the trade-off between market participation
and competition. In this article, we study this trade-off.
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and colluding markets, which we describe next.
(@) A competing market: Platform for eachi 2 N, sets the price$p.; p.g that
maximize individual pro ts, i.e., platform solves

max ' pp, ; where ' piipl = xpph+ XopL; (3.4)

fpy:pig
andx}, is implicitly de ned by (3.3). We remark that we made the common implicit as-
sumption that the marginal costs of serving users onlsatels are zero. A Nash equilib-
rium associated with (3.4) is referred to asanpetitive Nash EquilibriufCNE).

(b) A colluding market: The colluding platforms act as a single platform trying to
maximize joint pro ts across all sides of the market by charging one price on every side of
the market; i.e., they solve

e :
Max oo, Ps); Where (o Ps) i= XpPo+ XsPs (35)
i=1
As in the competitive case, we assumed that the marginal costs of serving sellers and buyers
are zero. We refer to any maximizer of (3.5)cadlusive equilibrium(CE)®

In order to fully quantify the equilibrium outcomes, we make two additional assump-
tions:

(a) Assumption I: The idiosyncratic preference, gy bsgi2N[f oge are i.i.d. Gumbel dis-
tributed with parameter§ ; ). Thatis, fork 2 fb;g, ¢ > Oand ¢ 2 R, the
distributionF¢( ) is

kK Z

Fr(2)=e® * : (3.6)

We claim that this assumption is natural since it gives rise to the classical Logit model

®While, in general, collusion can be any situation where two or more platforms jointly make decisions, in
this article, we focus on the worst-case-scenario, where all platforms collude.
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(see Werden et al. (1996), Anderson and De Palma (1992)), which describes the demand
of heterogeneous consumers for a set of differentiated goods (see Berry (1994), Conlon
and Gortmaker (2020), Besanko et al. (1998)). To support this claim, we note that the
central equation in this work is (3.3), which can be rewritten using (3.2) and the alternative
variables | = "I "2,i 2N [f 0Og, k 2 f b; gy as follows:
i = i i j j . Cqy i .

Xg, =P+ u jzo;m%jei ctuo 5 8k2fb;sy i 2N [f Og:

We further note that,  Logistic(0; ) fori 2 N and thus conclude the claim.

(b) Assumption Il: The function(x) is linear, i.e., it can be represented by multiply-

ing with the real-valued matrix 2 R? 2

2 3 2 32 3
4 b(xb; XS) 5_- 4 bb bs 54 Xp 5 : (37)
S(Xb; Xs) sb ss Xs
| —{z—}

We remark that the following results do not require these additional assumptions: The
existence and uniqueness of the solution of (3.3) (see Proposition 8 in Section 3.3) and the
derivation of the rst- and second-order conditions for both (3.4) and (3.5) (see Lemma
2, 3, 4 and 5 in Appendix Appendix B). We note that many of the results presented in
this paper can be extended to other probability distributions of economic interest. In the
Online Appendix, we demonstrate this for the exponential distribution with two platforms.

In particular, we explicitly derive the rst-order condition for (3.4) using Mathematica.
Additionally, we present numerical simulations supporting results similar to those shown
in Propositions 14, 15, and 16, but using the exponential distribution. It is important to
recognize that each probability distribution requires special treatment, and the analysis of

the Gumbel distribution is already quite lengthy and complex.
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3.3 Equilibrium

We solve our model using backward induction. We rst study the solution to (3.3) and
show that for any set of priceg(p,; p.)gY, , there is a well-de ned set of market shares,
f(xi; x))d\,, that solve (3.3) and under a certain condition they are unique. Next, we
characterize the symmetric CNE of (3.4) (i.e., the CNE suchghat p, for eachi 2 N )

and the CE of (3.5). At last, we interpret the resulting equilibrium pricing and market share

formulas.

Stage 2 Solution: Users' Maximization

We establish suf cient conditions for the existence and uniqueness for (3.3). We recall that

and fork 2 f b;ggandi 2N [f Ogde ne

Te():= P> max(f+ 0 u)): (3.8)
In view of (3.8), (3.3) can be rewritten as

i = Te(ug «(xh) paro w(xM) o pe): (3.9)

It follows that a vectoix = (x2;xZ;:::;x);xN) solves (3.3) if and only if it is a xed

point of the map : [0 ; 1PN*D 1 [0; 1PN*D given by
( X) = (Toup); TS(us); ot Ty (Up); Te' (Us)); (3.10)
whereuy = (ud; «(x1) piiin k(xN) o pl) andx' = (xi;x%). Proposition 8 below,

shows that (3.10) always has at least one xed point and thus (3.3) always has a solution.

This proposition also provides suf cient conditions for the uniqueness of this xed point
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and the solution of (3.3). Its formulation requires the following Lipschitz-type constants:

X T(u
Mt = max su @) ; and
kaf bisgi2N[f 0g RN | @u (3.11)
X Xp; X '
M = max sup M :
kaf bisg (xp:xs)2[0;1]? 12 b;sg @x

We remark tha@ J(u)=@lcaptures the user's sensitivity to changes in utility levels. Sim-
ilarly, @ «(Xp; Xs)=@xmeasures how externalities change when more people join one spe-

ci ¢ platform.

Proposition 8 (Existence and Uniqueness of Market Sharésy any prices (pL; p.) g\,

R?, there exists a solution to (3.3}, = (x;x%;x¢; xL; 5 xN;xN), such that for each
P .

k2fb; g, iN:O X = 1. Moreover, ifMtM < 1, whereMt andM are given by (3.11),

then the solution of (3.3) is unique.

This Proposition provides suf cient conditions for the mapping from prices to market
sharesf (pl; pL)gY, 7! f (xi;x))dY,, to be well-de ned. Its proof is in Appendix Ap-
pendix B0

Stage 1 Solution: Platforms' Optimization

We establish suf cient conditions for the existence and uniqueness of symmetric solutions
of (3.4) and (3.5). We rst focus on symmetric solutions for (3.4). For this purpose, we use

the following transformation:

U uR .
Z = ; fork 2 fb; 9 (3.12)
k

0we remark that while we use below Proposition 8 to nd symmetric Nash equilibria, this proposition
cannot be restricted for symmetric market shares. When proving the existence of symmetric Nash equilibria
(see Proposition 10), one needs to consider all possible deviations from the equilibrium path, in particular,
those that are not necessarily on the symmetric path.
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We note thaty,  uf P+ k(x) ul captures the difference between the deterministic
utility of users (sellers or buyers) joining one platform and the deterministic utility of the
outside option. We remark that in the symmetric case any platform charges theyprice
for k 2 f b; g9 and the market shares are givenmby ( Xp; Xs). The Gumbel distribution
parameter  is a measure of the standard deviation of the idiosyncratic prefetéraed

it captures the degree of heterogeneity in users' tdstdhroughout the article, we will
refer tozy as thenormalized net deterministic utilitgf users on sid& of the market.

We can write the rst-order condition (FOC) of (3.4) as a functiorggf?

Proposition 9(FOC of (3.4)) Suppose there is a symmetric equilibrigog; p,) solution of
(3.4) with market share&,,; X ). If one platform unilaterally deviates from this symmetric

CNE, the FOC that characterizes its best-response is given by
z =( H(z)) ( z) uy; (3.13)

where = diad b, s),Z = (zn;Zs), Up = (ud;u?), is the externalities network matrix
denedin(3.7), (z)=(!(z);!(z))" with! :R! (0;%) suchthat (z) := .
andH (z) is a2x2 matrix de ned as
2 3
H(z) = 4LodKs +hy by so(GsLo+ 1) ¢ ;

bs(dbl—s + 1) I—sdsK b+ hs Ss

(3.14)

1Note that in general, if,  G( «; «), then Vaf'}] = ?2 2 and thus the standard deviation"¢fis
P= k.
6 L
2t is a known fact that attempting to solve (3.4) by means of an FOC with respect to pmep.) o,
produces a non-tractable system of equations (see, e.g., Tan and Zhou (2021) and Chica et al. (2021)). By
contrast, our proofs in the appendix take derivatives with respe‘ot'tpc)('sgi’\':.1 . By Proposition 8 and the
implicit function theorem, there is a well-de ned locally 1-1 mapping fro(ml; xL)glL; tof (p; pk)gN,; .



3.3. EQUILIBRIUM 43

wherelL , d andhy for eachk 2 f b; gy are given by

N 1
L= D 3 ) K(1+ New);
dk = k(1+ Nezk);
he= (L+e*)(e ™+ N); (3.15)
Kk= w «k(1+Ne*)(e *+N 1)
J = KpKs sb bs:

Let us assume = (z,;z)" is the unique solution of (3.13) and it satis es a corre-
sponding second order condition. We discuss below (see Proposition 10) suf cient condi-
tions for this assumption. We uge to characterize the symmetric equilibrium solution
of (3.4),p = (py;Ps)", with market shareg = (x,;X,)". By applying (3.8) and (3.9)
evaluated atl, = u, = p,+ (x ), wherei 2 N andk 2 f b; 53, one can show (see
(B.40) in Appendix Appendix B) that
and thusx = ( z ): (3.16)

X, = 1(z) e h+ N

We further note that (3.12) impliesth&t = p + X uo. Combining the latter
equation, (3.13) and (3.16), the symmetric CNE of (3.4) is given by

H(z)( z)and

©
I

(3.17)
x =(z):
In order to ensure that (3.17) yields the symmetric CNE, we next establish a suf cient
condition for (3.13) to have a unique solution that satis es a corresponding second order

condition. It uses the following function

2(N 1)

f(N):= NZ

(3.18)
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where we note thdt approaches 0 ds ! 1 . It also uses the notatidd (0) for the ball

in R? of radius > 0 around the origin.

Proposition 10 (Existence and uniqueness of the symmetric CNE)ppose thal 2

and foreachk 2 f b; 9, ( k; «) satis es

either( .« Oand > 0)or( > 0and  >f (N) ): (3.19)

Then, there exists> 0 such that for any{ us; sp) 2 B (0) there is a unique solution of
(3.13) and this solution satis es a second order conditidfurthermore, (3.17) yields the

unique symmetric CNE of (3.4).

Proposition 10 guarantees the existence and uniqueness of a symmetric CNE for a large
family of the parameters ; kOkar b.sg- IN particular, if the within-side externalities (i.e.,
those that re ect interactions of the same sides of the markgt),are negative, then ex-
istence and uniqueness of a solution for (3.13) is guaranteed for any size of heterogeneity
in user's tastes, . On the other hand, if the within-side externalities are positive, then ex-
istence and uniqueness is only ensured for relatively large sizes of heterogeneity in user's
tastes (i.e., x > f (N) ). Recall that as the number of platforiNsgrows to in nity,

f (N) approaches 0. Thus, even for positive within-side externalities, existence and unique-
ness of a solution for (3.13) is guaranteed for any sizecpprovided that the number of
platforms in the market is large enough. Some form of the latter condition appears in many
studies of platform competition (see, e.g., Anderson et al. (1992), Armstrong (2006), and
Tan and Zhou (2021)). This condition ensures that network effects do not always dominate
idiosyncratic preferences when users are charged non-zero prices (see, e.g., Chica et al.
(2021)). Figure 3.1 below shows the region described by (3.19) \Whem.

13We clarify that the in Proposition 10 depends dnps; ss; b s; N;ud;u?), but for simplicity we
denote it by . We use the same convention in other places in this article where a similar condition with
appears.
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Figure 3.1: Region of ; «) that guarantees a unique symmetric CNE whern= 4
according to Proposition 10.

Next, we focus on the solution of (3.5). We rst establish the FOC of (3.5) as a function

of z.

Proposition 11 (FOC of (3.5)) The FOC of(3.5)is given by
z =( H“@Z)(2) ug (3.20)

where ,z,uq, , ( z) were de ned in Proposition 9, and ©(z) is a 2x2 matrix de ned

by
2 3

p(1+ Ne?b)?

HYz)=4 . T

s(1+ Ne?s)?
bs — es Ss

(3.21)

Let us assume® = (z§;z5)T is the unique solution of (3.20) and it satis es a cor-
responding second order condition (we provide suf cient conditions for these assump-
tions in Proposition 12 below). Following the same derivation of (3.17) (see the proof

of Proposition 11 in Appendix Appendix B), one can show that the CE solution of (3.5),
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p€ = (pS;pS)" and the corresponding market shase’s= (x5; x$) T, satisfy

p© = H%z% ( z° and
(3.22)
x¢=( z%:
In order to ensure that (3.22) yields the CE, we establish suf cient conditions for (3.20) to

have a unique solution that satis es a corresponding second order condition.

Proposition 12 (Existence and uniqueness of the CEpr anyu?;ul 2 R, 2 R*?
b s> 0andN 2, there exists a solution for (3.20). Moreover, if for edcB f b; g3,

( kk; k) satises

either( « Oand > 0) or ( « > Oand ¢ > %); (3.23)

then there exist$ > 0 such that for any s, ) 2 B-(0) R?, the solution for (3.20)
iS unique, it satis es a corresponding second order condition and (3.22) yields the unique
CE of (3.5).

The proof of Proposition 12 implies th&{N) ., which was used in Proposition 10,
is strictly bigger tharB =(27N) for all > 0. It follows that, if ( «; «) satis es
(3.19) for eacltk 2 f b; g3, then it also satis es (3.23) and consequently there exists unique
solutionsz andz® to (3.13) and (3.20), respectively. Section 3.4 will compare these two

solutions assuming (3.19) is satis ed.

Interpretation and Implications of the Resulting Pricing Formulas

We discuss the pricing formulas (3.17) and (3.22) for the competition and collusion models.
We rst relate them to common pricing competition models. Both formulas are expressed
in terms of the equilibrium normalized net deterministic utility, that platforms provide

to users on both sides of the market. They thus remind the formulation in Armstrong and
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Vickers (2001), where multiple rms compete in a utility space, instead of a space of prices.
When solving (3.4), rms internalize competition for users in terms of the utility they can
provide w.r.t. (with respect to) the outside utility. The optimal vector utility, provided

by the competing platforms is determined so that some users are always excluded from
the market* A similar result is obtained for the colluding case, while excluding a larger
portion of participants, as shown below in Proposition 18. Therefore, our models also imply
the standard result that the output is not optimally distributed among users when there is
price competition or collusion (see, e.g., Varian (1989), Armstrong (1996) and Rochet and
Chore (1998)).

Our pricing formulas (3.17) and (3.22) generalize many of the standard results in the
platform’s literature for the case of an outside option. We emphasize some of these gen-
eralizations: (i) For CE, the term, (1 + Ne*)?=&«, which appears in the diagonal of
the matrix (3.21), captures the platform's market power (see Perloff and Salop (1985)). It
implies that in equilibrium platforms charge users on didef the market proportionally
to the platform's differentiation parameteg (see Tan and Zhou (2021) and Chica et al.
(2021)). (ii) For CNE and CE, assume that the within-side externalities are positive (i.e.,

k« 0). Then, from the diagonal of (3.14) and (3.21), platforms subsidize users ok side
by an amount that is proportional to the joining population on this side of the market (i.e.,
they subsidize users on siétewith x, and X<, respectively, for the competing and
colluding models). If these externalities are negative (i.g.,< 0), the opposite result is
true (see Bardey et al. (2014)). (iii) For CNE and CE, assume positive cross-side externali-
ties, thatis, x  Oforeachl;k 2 f b; 3,1 6 k. Then, the off-diagonal terms of (3.14) and
(3.21) imply that platforms subsidize users on gkdeith an amount directly affected by
the joining population on the other side of the market (i.e., platforms subsidize an amount

kX, to users on sidk).

14Note that the equilibrium market share satis)gs= ! (z,) < 1=N (see (3.17) and the de nition &f( )
in Proposition 9). This condition excludes the participation of some users.
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3.4 Competition and Collusion in Two-sided Markets with

an Outside Option

We compare the colluding and competing market models by studying the main properties
of and differences between the pricing formulas (3.17) and (3.22). We rst assume compe-
tition and characterize the markets in which users receive positive and negative normalized
net deterministic utilityz, (see Proposition 13 and Corollary 1). We also characterize the
sign of z, under perfect competition (i.e., & ! 1 ) and show that platforms charge

a price that is equal to user's heterogeneity in tastes while covering the entire market (see
Corollary 2). We then study the effects of the outside option on the change of prices, pro ts
and consumer surplus. In particular, we show that when the outside option increases: (i)
prices on sid&k may increase or decrease (see Proposition 14); (ii) pro ts decrease (see
Proposition 15); and (iii) consumer surplus may increase or decrease (see Proposition 16).
Next, we assume collusion and characterize markets in vfiehpositive or negative (see
Proposition 17 and Corollaries 3 and 4). Finally, we compare the equilibrium quantities of

competition and collusion (see Proposition 18).

The Sign of the Net Deterministic Utility Under Competition

In CNE, a positive (negativeg, implies that the deterministic utility that users enjoy in
equilibrium from joining a given platform is larger (smaller) than the deterministic utility
of the outside option. For this reason, we rst study the sigrg,adis given by the solution
of (3.13). The following proposition shows suf cient conditions to partition the region
described by (3.19) into two regionsz, < Og andfz, > 0g, which we demonstrate in

Figure 3.2 for two different values of. The indifference regiofiz, = 0gis described by
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acurve = (N; ;U inthe plang ; «), where is de ned as follows:

q
2w NUD+ (2w Nud?+4 U0 2k

N+1
2(N +1)

(N; ke up) = (3.24)

We remark that the clustering of the signzpfaccording to this proposition requires a local

bound on the cross-side externalities.

Figure 3.2: Classi cation of the sign a, based orn( w; «), kK 2 f b; 9, according to
Proposition 13, wher&l = 4 andu, = 1 (left) or ug = 0:5 (right). The red and blue
regions correspond to negative and positiyerespectively.

Proposition 13(The sign ofz,). Suppose thall 2 and for eactk 2 f b; 9, ( «; «)
satis es (3.19). Then we can further partition the domain speci ed in (3.19) into two re-
gions, which cluster the sign Bf as long as a local condition on the cross-side externalities
hold:

(@) If x> (N; w;ud), then there exists> 0such that for any s; sp) 2 B+(0)

R2,z < 0.

(i) k< (N; w;ud), then there exists> 0 such that for any( s s») 2 B-(0)

R?,z, > 0.

We rst clarify the economic meaning of this proposition. If user's heterogeneity in
tastes is large enough (i.e4 > (N; ;Uup)), then it is a standard result that platforms
extract consumer surplus by charging a price that leads to a negative normalized net deter-
ministic utility, i.e.,z, < 0 (see Anderson and De Palma (1992), Tan and Wright (2021),
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Chica et al. (2021) and other$).On the other hand, if the user's heterogeneity in tastes,
k, is small enough (i.e.,x < (N; ;Uu?)), then users receive positive normalized net
deterministic utility, i.e.z, > 0.
We identify a critical threshold for the deterministic outside utility so that above this

threshold, (ii) in Proposition 13 is not feasible.

Corollary 1 (The sign ofz, for large values ofi?). Case (ii) in Proposition 13 is not
feasible ifuﬁ u(k’(N; kk),whereufj(N; kk) IS the critical threshold for the deterministic

outside utility and it is de ned in (B.99) in the Appendix Appendix B.

This corollary implies that if the deterministic outside utility is suf ciently large (i.e.,
ud  ®2(N; )), the CNE leads to a negative net deterministic utility for any size of
heterogeneity in user's tastes satisfying (3.19). In other words, only if the deterministic
outside utility is relatively small (i.ey) < t2(N; «)), users with relatively weak prefer-
ences (i.e.,k < (N; w;up)) receive positive net deterministic utility.

Next, we show that in the case pérfect competitiori.e., the limiting caséN ' 1 ),

the sign ofz, can be characterized by the signujfand the size of .

Corollary 2 (CNE under perfect competitionfror eachk 2 f b; g3, anyu? 2 R, 2 R%**?

and > 0, under perfect competition (i.e., whdh! 1 ),

8
_ 2> 0 ifud< O0and (< u;
lim z (3.25)
NI K>

<0 if(u<O0and (> uw)oru} O
Moreover,aN '1 ,p.! X! OandNx,! 1

Under perfect competition, platforms charge a price that is equal to the user's hetero-

geneity in tastes for that side of the market, ipg.= . Moreover, the equilibrium market

15This result is due to the fact that highly heterogeneous users are less responsive to price and demand
effects.
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participation on sidd of the market is complete, i.eNx, = 1. When the deterministic

outside option utility is positive, users receive negative normalized net deterministic utility

for any size of  under perfect competition. When the deterministic outside option utility
is strictly negative, users receive positive normalized net deterministic utility if and only if
the heterogeneity of users' taste is small, i.e.< u?. We demonstrate (3.25) in Figure
3.3 for two different values (negative and positiveu@fand a suf ciently largeN .

Figure 3.3: Classi cation of the sign df, based on( ; «), k 2 f b; g, for largeN

according to Corollary 2, wherd = 200 andu = 1 (left) oru? = 1 (right). The red
and blue regions correspond to negative and postfiveespectively.

The Effects of the Outside Option on the CNE

The following proposition provides suf cient conditions to characterize the sig@ pf@§1

It shows that the effect of the outside optionmns nonlinear. It uses the following quan-

tities:
N + P (N 1D(N+3)+1
GulN) = ‘ 2N, ane (3.26)
fou(N) = % NN 2+1

Proposition 14. (The sign of@p=@}) Suppose thaN 2 and for eachk 2 f b; g,
( kk; «) satis es (3.19). Then we can further partition the domain speci ed in (3.19) into

two regions, which cluster the sign@p=@%ias long as a local condition on the cross-side
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externalities hold:

(i) Ifeither( w« Oand > 0)or( k > 0and x >gpu(N) k), then there exists

"> Osuchthatforany ps ) 2 B-(0) R? @p=@{i< 0.

(i) If w>0N 3andf (N) w < «<fpu(N) k, then there exists> 0such
that for any( ps; ) 2 B-(0) R?, @p=@}{i> 0.

Moreover, if( s sp) =0, then

) N kk
lim = =! Dy, and
011 k=N 1% N 1 P

(3.27)

lim = k= PkE-
o Pk Px;

Consequentlyp, 2 (Pxe; Pcu) in case (i), andd, 2 (Px.u; Pce ) in case (ii).

We clarify the economic meaning of this proposition. We rst note it imppe$  px.u
whenu? ! 1, which coincides with the equilibrium price in a platform competition
model with no outside option. It also impligg ! pce = « whenul ! 1, which
represents the ef cient price, that is, the pricg, under perfect competition, expressed
in Corollary 2. In part (i), the incorporation of an outside option into the platform com-
petition model decreases the equilibrium price w.r.t. the no outside option model, which
is an expected result. Thus, if the cross-side externalities are suf ciently small and the
within-side externalities are either negative or positive with relatively large user's hetero-
geneity in tastes, then users are compensated by an amount eplal tp, . Moreover, in
this case, users always pay a price that is bigger than the ef cient pgige,On the other
hand, in part (i), incorporating an outside option increases the equilibrium price w.r.t the no
outside option model, which is non-trivial. Therefore, under suf ciently small cross-side
externalities and positive within-side externalities, users with relatively small heterogene-
ity in tastes pay a premium w.r.t the model with no outside option, which is quanti ed by

P« P«u. Moreover, users always pay a price that is smaller than the ef cient price
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Remark 1 (Price overestimation vs. underestimatiotf)a given population can be pa-
rameterized using the region of parameters described by either (i) or (ii) of Proposition 14,
then a model of platform competition that omits the outside option will either overestimate

or underestimate, respectively, the true equilibrium price.

The following proposition shows suf cient conditions to determine the sigQF@
It uses the following quantity:

r
gu (N) =

N 1 1
Proposition 15. (The sign of@ ,=@%) If N 2 and
either( .« Oand > 0)or( « > 0and x>g ., (N) k);

then there exists> Osuchthat forany us; ) 2 B-(0) R? @, ,=@{< 0. Moreover,
if ( bss o) =0, then

lim = = u, and

0y N 1 (N 1)N ’

it (N 1) (3.29)
lim ,=0= (g:

udil

Note that even though, by part (ii) of Proposition 14, prices may increase with the
outside option utility, Proposition 15 shows that pro ts are always decreasing wr.t.
This happens because market participation is always decreasingifv.rfherefore, it is
not a surprise that pro ts are decreasing as a functioufof

The following proposition provides suf cient conditions to determine the sign of the
derivative of the consumer surplus w.r.t. the outside option utility. More speci cally, it uses

the equilibrium consumer surplus on sklef the marketCS, , which is de ned as follows
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(see Tan and Zhou (2021) for the case without an outside option):

CS=E max i Pt «(XpiXs); (3.30)

functionf cs.,(N) given in Appendix Appendix B (see (B.120)).

Proposition 16 (The sign of@CS,)=@#}). The effect of the outside option on the change

of consumer surplus can be clustered into the following two regions:

() N 2andeither( « Oand > 0)or( « > 0and > 2 ), then there
exists > Osuch that for any ,s; ) 2 B (0), @CS,)=@%> 0.

(i) If N 2, «>0,f(N) wk < «k <fcsu(N) k, then there exists> 0 such
that for any( bs s) 2 B (0), @CS,)=@p< 0.

Part (i) of this proposition implies that the incorporation of an outside option into the
platform competition model may increase the consumer surplus, or equivalently, the con-
sumer welfare, w.r.t. the no outside option model. On the other hand, Part (ii) implies that
incorporating an outside option may decrease the equilibrium consumer surplus w.r.t the

no outside option model. While part (i) is standard, part (ii) is surprising.

The Sign of the Net Deterministic Utility Under Collusion

The following proposition quanti es the sign af in the collusion case of (3.5). In par-
ticular, it claims that the indifference regidiee = 0g is described by a curve, =

C(N; w;ul)inthe plang w; «), where €is de ned as follows:

2 i Up(N+1)
(N +1)?
®Note thatmaxi=o..n f |0 G( k+ kIn(N+1); ) and thusE[maxizo.:n L] = [ «k +

..........

kIn(N +1)]+ « , where denotes the Euler-Mascheroni constant. This quantity captures the product
variety of the market.

(3.31)

C(N; W ud) =
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Proposition 17 (The sign ofzS). Suppose thal 2 and for eachk 2 f b; 9, ( w; «)
satis es (3.23) Then we can further partition the domain speci ed (.23) into two
regions, which cluster the sign af as long as a local condition on the cross-side exter-

nalities hold:

(@) If «> S(N; ;u),thenthere exists> 0such thatforany us ) 2 B+(0)

R2,zE < 0.

(i) k< C©(N; w;ul), then there exists> 0such that for any s sb) 2 B-(0)

R2,zE> 0.

The interpretation of Proposition 17 is very similar to that of Proposition 13. When
the user's heterogeneity in tastes is small (i.e..< ©(N; ;u?)), then users receive
zZ > 0. On the other hand, ify is large (i.e., k > ©(N; w;Uup)), users receive: < 0.
Figure 3.4 demonstrates the regions described in Proposition 17 for two different values of

u?.

Figure 3.4: Classi cation of the sign df¢ based on( ; «), k 2 f b; 5, according to
Proposition 17, wher&l = 4 andu, = 1 (left) or ug = 0:5 (right). The red and blue
regions correspond to negative and positiferespectively.

Corollary 3 ( ©(N; w;ud) vs (N; w;ud). f N 2and (N; ;ud) 0, then

(N; wud)  CS(N; o ud).

By Corollary 3, in order to have a positive normalized net deterministic ugliip CE,

the size of the user's heterogeneity in tastes must be smaller than in CNE. Moreover, in CE,
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we also identify a critical threshold for the outside utility such that above this threshold, the

condition of (ii) in Proposition 17 is not feasible.

Corollary 4 (The sign ofz¢ for large values ofil). Case (i) in Proposition 17 is not
feasible ifu? tE(N; ), wherewZ(N; ) is the critical threshold for the outside

utility and it is de ned in (B.125) in the Appendix Appendix B.

Economic Outputs in Competitive vs. Collusive Markets

The following proposition compares the normalized net deterministic utility, market par-

ticipation and prices in competitive and collusive markets.

Proposition 18 (Competition vs Collusion OutputsBuppose thai 2 and for each
k 2 fb;9, ( «; «) satises(3.19) Then, there exists> 0 such that for any ; =
( bs; sp) 2 B (0) R? inequilibrium:

() the normalized net deterministic utility for users on skdies bigger under competi-

tion than under collusion (i.ez, > z2);

(i) the market participation is bigger under competition than under collusion {&,, >

Nx);

(i) the price charged on sid& of the market is smaller under competition than under

collusion (i.e.p, < pg).

Part (i) of the above proposition agrees with the standard collusion literature (see, e.g.,
Bishop (1960), Varian (1989), Brander and Spencer (1985) among others) in which users
receive the lowest normalized net deterministic utility under collusion. Part (ii) is a direct
corollary of part (i). Indeed, Proposition 9 implies that) is monotonically increasing.

Thus, combining (3.17), (3.22) and part (i) of Proposition 18 leads to part (ii) as follows:
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Nx, = N! (z) > N! (z5) = Nxg. To explain part (iii), we use (3.12) and decompose

the difference between collusion and competition prices as follows:

p =(x° x)+ (z 2z%: (3.32)
competition. A careful combination of this formula with parts (i) and (ii) of Proposition
18, the assumptiofi ps; sb) 2 B (0) (or for simplicity ( ps; sp) = 0) and the observation
thatif  Ofork 2 fb;ggthen  >f (N)  (see (3.19)) leads to part (iii). We thus
note that the above detailed analysis regarding the deterministic net utility is valuable for
deriving broader economic implications.

Our results can be compared to other ones on platform collusion. Dewenter et al. (2011)
study collusion and competition following the idiosyncrasies of a newspapers market with
two rms. They nd that for small cross-side network externalities the collusive price is
higher than the competitive price. We generalize this result by incorporating the outside
option utility, u?, the within-side network externalitiesy,, and by havindN horizontally
differentiated platforms. Part (iii) of our result also has the same conclusion as Cohen and
Zhang (2022), who in the context of ride-sharing services (Blger andLyft), show that
under collusion, riders pay a larger price and workers receive a lower wage than under com-
petition (note that the wage in their model is a negative price in our model). Nevertheless,
Cohen and Zhang (2022) assume a different model for the user's utility function, which is

tailored for their speci c setting of prices and wages.

3.5 The Effects of Increasing Competition on the CNE

We study how increasing competition (i.e., increashhy affects four CNE quantities:
price, market participation, consumer surplus, and pro t. We rst establish suf cient con-

ditions for the derivative@ p=@ Nto be either positive or negative (see Proposition 19).
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We thus specify regions where competition can lead to increasing or decreasing prices.
We also establish suf cient conditions f@N x, )=@ No be positive and consequently for
increasing market participation under competition (see Proposition 20). We further formu-
late suf cient conditions to have increasing and decreasing consumer surplus, i.e., to have
positive and negativédCS, )=@ N(see Proposition 21). Finally, we establish suf cient
conditions for the derivativ@® , =@ No be either positive or negative (see Proposition 22).
That is, we specify regions where competition can lead to increasing or decreasing pro ts
on sidek of the market.

The effect of competition on prices.We study the sign o@p=@N We rst clarify
the dif culty in estimating the latter derivative. In view of (3.17), the equilibrium vector
priceisp = H(z )( z ). As shown in (3.14) and (3.16), the matkk and the vector
directly depend omN . However, (3.13) and the de nitions ¢f and imply thatz is an
implicit function of N . Itis thus hard to determine the sign@fp=@ N Nevertheless, when
the cross-side externalities are suf ciently small, the following proposition establishes suf-
cient conditions to determine the sign @ p=@N It uses the functiong,(N) andf, (N)
de nedin (B.141) and (B.147), respectively, of Appendix Appendix B. We noted}(&t)
andf, (N) approach 0 and 1, respectively,id 1

Proposition 19(Regions where competition decreases/increases pritlee)effect of com-

petition on the change of prices can be clustered into the following two regions:

(i) AssumethaN 2andeither( « Oand x >gy(N) k) or( w > Oand >
kk). Then, there exists> 0such that for any ps; sp) 2 B (0), @p=@N <O.

(i) AssumethaN 3, > Oandf (N) w < « <fp(N) . Then, there exists
> Osuch that for any s sb) 2 B (0), @p=@N >0.

The rst part of Proposition 19 agrees with traditional results, where a suf ciently large
user's heterogeneity in tastes implies the decrease of the equilibrium prices with the in-

crease of competition, i.e@p=@N <O (see Anderson and De Palma (1992)). On the
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other hand, the second part of Proposition 19 agrees with a recent and less conventional
result, where positivity of the within-side externalitiesy, and suf ciently small user's
heterogeneity in tastesy imply the increase of prices with the increase of competition,
i.e., @p=@N >0 (see, Tan and Zhou (2021)). The proposition carefully quanti es the
thresholds on the user's heterogeneity in tastes that yield different siga@geo@N The
resulting regions are demonstrated below in Figure 3.9\for 4. The two regions are
subsets of the region speci ed in (3.19) and wh¢n! 1 the union of the former two
regions approaches the latter region (becay@d) ! Oandf,(N)! lasN!1 ).

Figure 3.5: Classi cation of the sign @@ p=@ Nbased or{ ; «),k 2 f b; 99, according

to Proposition 19, wher®l = 4. The red and blue regions correspond to negative and
positive @ p=@ N respectively.

The effect of competition on market participation. The equilibrium market partici-
pation on sidé of the market is given b x,, wherex, is given by (3.16). The following
proposition provides suf cient conditions for positv@N x,)=@N It uses the following

guantity:

_(2N?% 2N +1)

(N) = N(NZ N+1). (3.33)

Proposition 20 (Competition increases market participatiof)N 2 and

either( w« Oand x> 0)or( > 0and ¢ > gx(N) w);
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then there exists> 0 such that for any ps; sp) 2 B (0), @Nx,)=@N >0.

Most models of platform competition leave out the analysis of the outside utility op-
tion. By doing so, they assume full market coveragand thus cannot study the effect of
competition on market participation. Proposition 20 lIs this gap and its region of positive
@Nx,)=@Nis demonstrated below in Figure 3.6 whidn= 4. We note that the region
described by Proposition 19 part (ii) intersects with the region described by Proposition 20.
Thus, when the within-side externalities are suf ciently large (relative to the user's hetero-
geneity in tastes) then both prices and market participation increase with competition. At
last, we note that the region described by Proposition 20 is a subset of the region described
by (3.19) and they coincide & ! 1

Figure 3.6: Demonstration of the region of posit@N x,)=@ Nbased o ; «), k 2
fb; g (in blue), according to Proposition 20, wheYe= 4.

The effect of competition on consumer surplus.The equilibrium consumer surplus
on sidek of the marketCS, , is de ned above in (3.30). The following proposition provides

suf cient conditions to determine the sign @CS, )=@ N It uses the following quantities:

2N3 N +1
NZ(NZ N +2)

ges (N) = (3.34)

Corollary 2 shows that full market coverage occurs wien! 1, however, when the number of
platforms is nite, we nd this assumption unrealistic.
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andf cs (N) which is given by (B.169) in Appendix Appendix B.

Proposition 21 (Regions where competition decreases/increases consumer sufiias)
effect of competition on the change of consumer surplus can be clustered into the following

two regions:

(i) fN 2andeither( « Oand > 0)or( « > 0and  >gcs(N) k), then
there exists > 0 such that for any ps; sp) 2 B (0), @CS,)=@N >0.

(i N 7 w>0f(N) i< x<minffcs(N) w; (N; w;ug)gandz, <
%In 2, then there exists> 0 such that for any ,s; <) 2 B (0), QCS,)=@N <O.

Part (i) of Proposition 21 agrees with traditional results, where consumer surplus in-
creases with increased competition. For example, Hsu and Wang (2005) consider the
Bertrand competition model with substitute goods and show that competition increases
consumer surplus. The region in part (i) of Proposition 21 has small cross-side externali-
ties and its within-side externalities are either negative or positive and small with respect to
the user's taste heterogeneity. Part (ii), on the other hand, shows suf cient conditions for
decreasing consumer surplus with increased competition. This result agrees with a result
from Tan and Zhou (2021), where in markets that are relatively concentrated with a few
platforms, consumer surplus decreases as competition increases. Moreover, in the asymp-
totic regime as\N goes to in nity, the region in part (ii) disappears (becagsg(N) ! 0
andfcs(N)! OasN !'l ) andsuch behavior is also observed in Tan and Zhou (2021).
Note that the region in Part (ii) of Proposition 21 has positive within-side externalities,
small user's heterogeneity in tastes relative to the within-side externalities, positive but
small normalized net deterministic utility relative to the number of platforms, and small
cross-side externalities. Figure 3.7 demonstrates the resulting regions (i) and (ii) when

N =4, while excluding the condition involving, .
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Figure 3.7: Classi cation of the sign a®CS,)=@Nbased on( w; «), kK 2 fb;s,

for N = 4 anduy; = 0. The blue and red regions correspond to positive and negative
@QCS,)=@N respectively. For the red region we did not include the bound, obut we

still demonstrate a restricted region.

The effect of competition on pro ts. The equilibrium pro t quantity, , is given by

X
= P X - (3.35)

k2f b;sg
For eachk 2 f b; g, let , = p.X,, the prots on sidek of the market. The following
proposition provides suf cient conditions to determine the sigr@f=@N It uses the

following condition:
either( « Oand «>0)or( > 0and y>g (N) «); (3.36)

whereg (N) >f (N),f (N)isgivenby (3.18)and (N) is given by (B.185) in Appendix
Appendix B. It also uses the functiogs, (N; ;up; «) andf ., (N; «;ud; i) de ned

in (B.182) and (B.183) of Appendix Appendix B, respectively.

Proposition 22(Regions where competition decreases/increases pro ts ok kidessume
thatN 2andforeactk 2 fb; 9, ( k; «) satis es(3.19) The effect of competition on
the change of pro ts on sidk of the market can be clustered into the following two regions

of z,:
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(i) If z. < g2 (N; w;ul; &), then there exists > 0 such that for any( s, sb) 2

B (0), @,=@N <O.

(i) 1f z. >f ., (N; w;ul; &) and (3.36) is satis ed, then there exists 0 such that
forany( vs; <) 2 B (0), @, ;=@N >0.

Part (i) of Proposition 22 shows that in markets where the normalized net determinis-
tic utility from joining the market is relatively small, the increased competition decreases
pro ts. In other words, when the incentive to join the market in equilibriay,is small
enough, more platforms joining the market reduce the pie for all of the competing plat-
forms. A more interesting result appears in part (ii) when the incentives to join the market
are high enough (relatively largg) and thus the increased competition increases prof-
its. This observation aligns with traditional results in the platform’s literature (see Tan and
Zhou (2021)) where the effect of network externalities can reverse the usual link between

competition and rm prot (i.e., pro ts can increase with competition).

3.6 Economic and Policy discussion

We examine the economic implications of some of the results presented in Sections 3.4
and 3.5. We rst discuss how increases in outside option utility and competition in uence
equilibrium prices and consumer surplus. These ndings may inform policy discussions
aimed at improving consumer outcomes and market ef ciency. We also interpret our math-
ematical result comparing collusion and competition under small cross-side externalities.
For concreteness, we focus on the dating app market, as motivated in the introduction.
Scenarios in which an increased outside option or greater competition leads to
lower prices and higher consumer surplus:Both parts (i) of Propositions 14 and 16 sug-
gest that, under some conditions, such as relatively high heterogeneity, increasing the value

of the outside option decreases prices and increases consumer surplus. In the setting of
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popular dating apps that attract a heterogeneous population—such as Tinder, Bumble, and
Hinge—increased preference for traditional partner- nding methods leads to the reduction
of dating app prices and the increase in consumer surplus. This suggests that apps should
adjust pricing strategies, possibly by reducing prices or enhancing sign-up services. Sim-
ilarly, both parts (i) of Propositions 19 and 21 imply that, under some conditions, such as
relatively high heterogeneity, increasing competition decreases prices and increases con-
sumer surplus. This nding is well-known in the traditional single-sided competition lit-
erature (see, e.g., Tirole (1988) and Anderson and De Palma (1992)). In summary, under
certain conditions—particularly high heterogeneity—our ndings suggest two regulatory
mechanisms to decrease prices and increase consumer surplus: enhancing the value of out-
side options or incentivizing competition.

Scenarios in which an increased outside option or greater competition leads to
higher prices and lower consumer surplus: Both parts (ii) of Propositions 14 and 16
suggest that under different conditions, such as relatively low heterogeneity, an increased
outside option raises prices and reduces consumer surplus. These results may be exem-
pli ed by dating apps that target speci c demographics or niches where users are often
homogeneous in their preferences. For example, apps like The League and JDate target
more homogeneous segments of the population, and consequently, they can charge higher
prices. Therefore, in these apps, users are less sensitive to outside options. Moreover, if
subscribers are loyal at a suf ciently high outside option utility, there is no incentive to
reduce prices even when this utility increases. Similarly, both parts (ii) of Propositions 19
and 21 imply that, under some conditions, such as relatively low heterogeneity, increas-
ing competition leads to higher prices and lower consumer surplus. The intuition follows
from (3.30). We rst note from this equation that consumer surplus is inversely related to
price, so we focus on the former. Additionally, we observe that, for a xed price, con-
sumer surplus increases with (i) the expected maximum user idiosyncrasy, and (ii) the size

of the network externalities. In homogeneous populations, the expected maximum user
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idiosyncrasy is relatively small, which makes network externalities more pronounced. In
this scenario, fewer platforms can amplify network effects more effectively (e.g., instead
of having many alternatives to The League or JDate), making them more attractive. As
a result, even with increased competition or a higher outside option, users may gravitate
toward a smaller number of large platforms to maximize the bene ts of network external-
ities. This dynamic allows these platforms to maintain or increase prices, while consumer
surplus remain stagnant or decreases.

Population heterogeneity matters for policy: The discussion above suggests that in
markets like those described in this paper, regulators should carefully assess the level of
population heterogeneity when aiming to improve consumer surplus and reduce equilib-
rium prices. This is because the same policy can have varying effects depending on the de-
gree of heterogeneity. Speci cally, when population heterogeneity is suf ciently high, poli-
cies that either promote competition (e.g., reducing entry barriers and enforcing antitrust
laws) or improve the outside option (e.g., enhancing public spaces like parks, libraries, and
cultural centers) tend to lower equilibrium prices and increase consumer surplus. Con-
versely, when population heterogeneity is suf ciently low, policies that limit competition
(e.g., supporting a dominant platform) or restrict the outside option (e.g., subsidizing part
of the cost for some consumers) can help maintain or reduce prices while preserving or
increasing consumer surplus.

Collusion under small cross-side externalities:Proposition 18 shows that in cases
of small cross-side externalities, collusion (in comparison to competition) results in de-
creased normalized net deterministic utilities, reduced market participation and increased
price, on both sides of the market. This is intuitive since when the cross-side externalities
are suf ciently small—meaning users derive limited bene t from the presence of users on
the opposite side—competing platforms have strong incentives to lower prices and attract
users. In contrast, colluding platforms internalize each other's pricing decisions and re-

duce competition, enabling them to raise prices on both sides. This further results in higher
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net deterministic utilities and greater overall participation for the competition case versus
the colluding one. The collusive outcome resembles classic monopoly pricing: platforms
extract more surplus at the expense of user welfare, resulting in higher prices and lower
market participation compared to the competitive case. In the dating app market, cross-
side externalities capture the value one side (e.g., men) derives from a larger presence of
the other side (e.g., women) on a given platform. These externalities are typically lower
in large-scale casual apps like Tinder, Badoo, and Facebook Dating, where user pools are
already extensive and the marginal value of new users is diminished. While Proposition 18
is dif cult to verify empirically, we illustrate its logic with a speculative example. Dur-
ing the 2013-2017 period of increasing competition among casual dating apps like Tinder,
OkCupid, and Plenty of Fish (POF), prices were lower, user utility was higher, and market
participation was larger. In contrast, we hypothesize that the dating app market has shifted
in recent years toward reduced competition and arguably increased collusion. Match Group
has gained a dominant position through acquisitions of major platforms such as Tinder,
POF, OkCupid and Hinge (Gilbert, 2019). In parallel, the adoption of Al-based pricing
strategies raises questions about the potential for tacit coordination (Chica et al., 2024a).
During this period, rising prices have become evident. Moreover, features that were once
free are increasingly placed behind paywalls. This results in lower utility for price-sensitive
users and may limit participation, despite overall market growth.

Lastly, we note that the impact of increasing or decreasing competition appears both
in Proposition 18, where competition is compared to collusion in an extreme case, and in
Propositions 19 and 21, where competition changes by either increasing or decreasing the

number of platforms in the market.
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3.7 Conclusions

We provided a realistic framework for platform competition and collusion with an outside

option. Among our many results, we emphasize the following ones:

1. We showed that when the cross-side externalities are suf ciently small, the normal-
ized net deterministic utilities and market participation are smaller in collusion than
competition, and the prices on both sides of the market are bigger in collusion than

competition.

2. Depending on the size of the user's heterogeneity in tastes, incorporating an outside
option may increase or decrease the equilibrium price and consumer surplus w.r.t. to
the no outside option model. In particular, a model of platform competition that
omits the outside option will either overestimate or underestimate the true equilib-

rium price.

3. Depending on the size of the user's heterogeneity in tastes, the number of platforms
and the size of network externalities, we also demonstrated when different quantities

either decrease or increase with increased competition.

While the paper uses lengthy mathematical derivation, a basic and fundamental idea
is demonstrated in (3.32). This equation decomposes the price gap between collusion and
competition into two forces: reduced network bene ts from lower participation, and lower
user utility under collusion. Together, these explain why prices are higher in the collusive

regime.

8In particular, when the number of platforms increases, prices decrease if the user's heterogeneity is rela-

tively large compared to the within-side externalities, and increase if there are at least three platforms and the
user's heterogeneity is relatively small compared to the within-side externalities; market participation always
increases; consumer surplus increases if the user's heterogeneity is relatively large compared to the within-
side externalities, and decreases if there are at least three platforms, the user's heterogeneity is relatively small
compared to the within-side externalities, and the net deterministic utility is small relative to the number of
platforms; and pro ts decrease if the net normalized deterministic utility is small enough and increase if the
net normalized deterministic utility is large enough.
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There are many open directions for future research. In particular, it would be interesting
to extend our model to incorporate the following features: (i) a multi-homing option, i.e.,
allowing users to join more than one platform; and (ii) platform asymmetries, i.e., allowing
for different marginal costs of serving users. Incorporating multi-homing would require
introducing an additional decision margin for users, potentially following the frameworks
in Chica et al. (2021) or Teh et al. (2023). For the case of platform asymmetries, one

could modify problems (3.4) and (3.5) by introducing a marginal @pst O for each

of numerical methods and further simplifying assumptions. We view these as promising
directions for future work that can build on the foundation laid by the present analysis.
Another direction we are currently exploring is the use of our models as an economic
framework for analyzing how reinforcement learning algorithms for platform pricing affect
equilibrium outcomes. Our models help us assess whether network externalities mitigate
or exacerbate the degree of collusion that Al-driven platforms may achieve (Chica et al.,
2024a).



Chapter 4

Arti cial Intelligence and Algorithmic
Price Collusion in Two-sided Markets

4.1 Introduction

Algorithmic price collusion occurs when economic agents set prices using arti cial intelli-
gence (Al) algorithms. Through repeated interactions, these agents learn that tacit collusion
is optimal, as noted by Calvano et al. (2028d&conomists and antitrust authorities have
expressed signi cant concerns about this form of collusion. The OECD (2017) speci cally
warned that pricing algorithms could learn to collude through tacit coordination. Assad
et al. (2024) suggested that algorithmic pricing in Germany's retail gasoline market in-
creased price margins by approximately 15%. U.S. Senator Amy Klobuchar introduced
S.3686, the Preventing Algorithmic Collusion Act of 2024, to curb anticompetitive behav-
ior through algorithmic pricing using nonpublic competitor data.

Recent experiments (Calvano et al. (2020b), Klein (2021)) have demonstrated that col-
lusion can be achieved in Bertrand and Stackelberg competition models by simulated eco-
nomic agents usin@-learning, a benchmark reinforcement learning algorithm. Build-

ing on these ndings, this study experimentally investigates Al-driven platforms 3ing

1Tacit collusion happens when rms coordinate behavior without explicit communication. Du and Tan-
riverdi (2023); Bertomeu et al. (2021) have documented evidence of this in the U.S. multihospital system and
automotive industry.

69
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learning in a repeated two-sided platform competition game. We show how Al agents
facilitate more collusion than Bertrand competition. Our focus is particularly on the impact
of network externalities on collusion.

In our model of repeated two-sided platform competition, multiple horizontally differ-
entiated platforms compete to serve buyers and sellers, collectively referred to as users.
These platforms repeatedly interact and independently choose pricesQi@agning,
with the last period price as the state variable. This implies that platforms have bounded
memory and employ one-memory strategies (Barlo et al., 2009). In each repetition, users
can choose to join one of the platforms or opt for the outside option. Buyers who join a
platform receive network externality bene ts proportional to the number of buyers (within-
side externalities) and sellers (cross-side externalities) on the same platform. Sellers who
join the market receive both types of externalities as well.

Our experiments show that even without network externalities, Al-driven platforms
achieve higher collusion levels than those observed in Bertrand competition, as reported
by Calvano et al. (2020b). We further conduct experiments to verify that this is due to the
higher-dimensional action space, which allows more information exchange. Furthermore,
increased network externalities lead to signi cantly high collusion levels, suggesting Al-
driven platforms can leverage these externalities to boost pro ts. In particular, algorithmic
pricing can increase collusion in markets with signi cant positive within-side externali-
ties (e.g., online/cloud gaming) and positive cross-side externalities (e.g., video streaming,
social media). We isolate the effects of network externalities and action space dimension-
ality to investigate the cause of the high collusion levels. Our results con rm that both the
higher-dimensional action space and positive network externalities signi cantly enhance
algorithmic collusion. Our ndings also suggest that market participation had only a rela-
tively small impact on pro ts, while network externalities a@dlearning dynamics played
a more direct role in increasing collusion in our two-sided market setting.

Our ndings indicate that higher user heterogeneity or greater utility from the outside



4.1. INTRODUCTION 71

option generally reduce collusion, except in certain local regions. In contrast, collusion
levels typically rise with higher discount rates, especially in the presence of signi cant net-
work externalities. Notably, tacit collusion remains feasible even at very low discount fac-
tors. This contrasts with traditional literature on collusion among rms without Al agents,
which suggests that collusion is feasible only at high discount factors (Tirole, 1988; Obara
and Zincenko, 2017). Moreover, a supplementary analysis in Appendix Appendix C.1 in-
dicates that platforms tend to learn tacit collusion as part of their equilibrium behavior.
Speci cally, we show that in a signi cant portion of cases, algorithms not only choose
supracompetitive prices but do so as part of a Nash equilibrium. Similarly, we nd that
after unilateral price changes by one platform, algorithms frequently revert to the limiting
cycle, demonstrating sustained tacit collusive behavior.

Finally, we propose mitigating collusion by incorporating a penalty term intdthe
learning update formula. Moreover, this approach generalizes to any reward-based rein-
forcement learning method.

Related Literature. There is a growing literature on algorithmic price collusion, with
a particular emphasis on using numerical simulations to showQHatrning results in
tacit collusion. Waltman and Kaymak (2008) numerically demonstrated that rms using
Q-learning in repeated Cournot oligopoly games produce lower quantities than the com-
petitive Nash equilibrium. Calvano et al. (2020b) showed @dearning rms choose
high prices in repeated Bertrand games and learn strategies consistent with tacit collusion.
Similar work was done by Klein (2021) for repeated Stackelberg games. Assad et al. (2024)
is the rst work that uses real-life data to show that rms may increase price margins with
the adoption of algorithmic pricing. Our work extends the numerical understanding of
algorithmic pricing, particularly in two-sided markets with network externalities.

Studies by Johnson et al. (2023) and Brero et al. (2022) on single platforms with Al-
driven sellers show how platform-designed rules can promote competition and reduce col-

lusion. Nevertheless, this setting does not apply to ours, where multiple platforms apply Al
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algorithms.

Our model of repeated two-sided platform competition uses the model in Chica et al.
(2023Db), which, in turn, builds upon previous models by White and Weyl (2016); Tan and
Zhou (2021); Chica et al. (2021). These models analyze network externality effects on
equilibrium outputs. In particular, Chica et al. (2023b) provided the dependence of the
one-step Nash equilibrium and the one-step collusive equilibrium on market parameters
(see Propositions 3.2 and 3.4). Our simulations use the insights of these works to study
the impact of these externalities on the collusive levels in repeated games. We are unaware
of any work studying the effect of externalities on the equilibrium strategies in a repeated
platform game.

Ruhmer (2010) nds that higher cross-side externalities make collusion harder to sus-
tain, when following the model of Armstrong (2006) without Al agents. This is consistent
with our numerical results, even though we consider algorithmic pricing and follow the
model of Chica et al. (2023Db).

Theoretical work in economics on algorithmic price collusion includes Brown and
MacKay (2023), which demonstrates that simple pricing algorithms can elevate price lev-
els. Additionally, Arslantas et al. (2024) illustrates how a sophisticated agent can exploit
another agent using a naive version@earning, provided the former agent knows the
algorithm being used.

Guideline for reading the rest of the paper: Section 4.2 introduces the platform
competition framework used in our experiments. Section 4.3 outlines the multi-agent rein-
forcement learning setup, and Section 4.4 presents extensive numerical experiments. The
latter two sections are technical, with a focus on statistical analysis and experimental re-
sults. Readers primarily interested in economic interpretations and key intuitions may nd
Sections 4.5 and 4.6 more relevant, as they discuss the main economic insights and policy
implications, respectively. Appendix Appendix C provides sensitivity analyses, examines

equilibrium behavior of the Q-agents, and includes additional experiments.
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4.2 Review of Our Economic Framework

We introduce the economics framework used in our experiments. Section 4.2.1 presents the
baseline platform competition game. Section 4.2.2 extends the latter model to an in nite

repeated game.

4.2.1 The Baseline Platform Competition Game

The baseline platform competition game consists of two stages. In stage |, a set of horizon-
tally differentiated platforms strategically choose prices to maximize pro ts. In stage I,
given the prices determined by the platforms, users on each of the two sides of the market
choose whether to participate or not and if they participate they also choose which platform
to join. The solution concept for the baseline game is backward induction. More speci -
cally, N platforms provide service options for users on two sides of a market, buyers and
sellers. Users in these two sides of a market are denotedkwthi b; 5y, whereb ands
represent buyers and sellers, respectively. These userd\havke choices, wher& 2.

They can either opt out of the market by choosing the outside option, or join one of the

The users on sidk opting out of the market receive a deterministic outside option utility
u(ko) 2 R. The users on sidle joining platformi 2 [N ] receive a deterministic utility

u = ) x®)  pd;

wherep(ki) is the price paid by the user to access services provided by the platf&ﬂ)nis

the total mass of users on sikgoining platformi; and

XXy = ox D+ ox @ with ks 2 R;
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is the network externality function that captures the network bene ts users enjoy by joining
platformi. The network externalities are captured by the following linear transformation

2 3

bb  bs g

( o(x:x®); oxWixO)T = xD: where = 4 (4.1)

sb ss

To save space, we write= [ o bs; sb; ss] When specifying choices of. The en-

dogenous mass of users on each side of the market subscribed to plaitadenoted by

x M = (x1;x{) 2 [0; 1 and the mass of users not participating in the market is denoted

by x©@ = (x@:x?) 2 [0;12. Assuming all users have Gumbel-distributed idiosyn-

cratic preferences with parametdrs;; ), « 2 Rand > 0 the quantities<(ki) are

determined through a maximization process conducted by users ok sile solve the

following equations (see Chica et al. (2023b)):

« om

xV=1 1+exp u’=, In e i 2 [N][f Og; k 2fb; s
j=0:1; Njj6i

(4.2)

The platforms incorporate (4.2) into their pro t maximization problem as follows, where
() denotes the pro t of platformi and . denotes the total pro ts ol colluding plat-
forms:
(i) when competing, each platforirsolves
max  O(pf);p"); where O(pf; p0) == x{'pp) + xPpl); (4.3)

fpi:pl g

2The Gumbel-distribution parameteg measures the standard deviation jpfaind it captures the degree
of heterogeneity in users' tastes. Unlikg,  does not affect the equilibrium output of the model (see (4.2)).
3We note that the model presented here is equivalent to a model in which users have Logistic-distributed
preferences for the platforms, and the outside option utility is deterministic.
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(i) when colluding, all platforms jointly solve

X , .
max o Ps); where w(Pips) = xg'po+ xOps (4.4)
i=1
The Nash equilibrium associated with (4.3) is referred to astmepetitive Nash Equilib-
rium (CNE) and the corresponding equilibrium quantities are denotepﬂbyandx(ki);
fori 2 [N][f Ogandk 2 fb;g. The maximizer of (4.4) is called theollusive equi-

librium (CE) and the corresponding equilibrium quantities are denotqnﬁi)bflandx(ki);c,

i 2 [N][f Og,k 2 f b; . In the symmetric equilibriunp{’”’ = p,, p{’"® = pC, x{"" = x,

andx(ki);c = x¢ foralli 2 [N]. Propositions 3.2 and 3.4 in Chica et al. (2023b) provide
rst-order conditions for solving, andpS. Similarly, Propositions 3.3 and 3.5 in the same
work provides suf cient conditions for the existence and uniqueness of symmetric CNE
and CE equilibria. The symmetric CNE and CE individual platform pro ts are respectively
de ned by

tot (Py: PS)

= O(p,;ps) and ©:= —N (4.5)

4.2.2 The In nite Repeated Game

The in nite repeated game consists of a sequence of games, where at 2nie[ f Og,
platforms and users interact following the rules of the baseline platform competition game,
introduced in Section 4.2.1, and additional ones. At each timetstege use the same
notations as above, but with a subsctiptWe assume that users on all sides rag®piG

i.e., they make decisions to maximize the utility at current tinby solving (4.2) which
depends solely on the current prices observed in the market. We further assume that plat-
forms compete and act strategically and determine the charged prices to maximize the total
discounted future rewards at every stdgased on the past market states, which we clarify

next after introducing some notation and de nitions. Given a discounting r&tg0; 1),
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we de ne the total discounted future rewards at tinfer platformi by

% | X
r = E[ O I; where ) = X (4.6)

=0 k2f b;sg

and xf'j 1« Is the mass of users on sidtejoining platformi at timet + , and pf'+) S
the price that platform charges on sidk at timet + . Note that from (4.2)xfi+) « Isa
function of all platforms prices at timet . Furthermore, this observation and (4.3) imply

that t('+) can be written as a function of all platforms prices at tirte , that is,
i i 1) . .2 . ANy
&= Omdied s e (4.7)

From the viewpoint of platformn, the policies of all other platforms are unknown, so their
present and future prices are considered random variébles.

Each platform needs to strategically charge prices in order to maximize the expected
total discounted future rewards (4.6). A common method to optimize the expectation of the
total discounted future reward is Q-learning, which we introduce in Section 4.3.1.
platforms at timd, WherepEi) = (pf;ig; pﬂs)), i 2 [N]. ForL 1, denoting previous time

steps,and L, let

where one typically constrains;, to be a discrete set (see Section 4.3.2). The problem

4For =0, the market share for platforin xf;ik) , is a random variable since it depends on all the prices
charged by all other platforms (see (4.2)). For 0, the future policies of platforms are random variables.
Since the future prices depend on the future states, which depend on the platform policies, they are also

random variables.
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for each platform is to identify a policy
WiHe ! R

that inputs the current observed state and outputs the charged pripé) (pf;ig; pffs)).
During this in nitely repeated game, at each time stepach platform updates the policy

t(i) based on the observed data (the states and rewards) to re ne this policy that aims to
maximize the expected total discounted future reward. Moreover, at each tinte ste
platformi uses the policyt(i) to determine the charged pricpg). A particular framework

for doing this is discussed in Section 4.3.

4.3 Simulation Framework

We rst review the framework of multi-agent reinforcement learning in Section 4.3.1. We
then detail our simulation setting in Section 4.3.2, building upon the framework developed

in Section 4.3.1.

4.3.1 Preliminaries: Multi-agent Reinforcement Learning

Multi-agent reinforcement learning considé@isagents interacting in a dynamic environ-
ment. At each timé 2 N, each agent 2 [N] observes a stats{i) 2 S and takes an
actiona” 2 A, based on this observed state and following a polify : S I A |
which could be either deterministic or stochastic. H&ajenotes the state space akd
denotes the action space. Leat = ( t(l); t(z); ; fN)) andA; = (afl); aEN)) =

( Oy, M(sN)y) denote all policies and actions, respectively, at tim&Ve de-
note bya§ N, p§ " and t( " the respective vectors of all actioag), pricespf”, and
policies t(j Jwith j 6 i. The agent collects a rewarrﬂi), which is a random variable condi-

tioned on the state?) and action#\;. The state in the next timeﬂ)1 , Is a random variable
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conditioned on the stat!’ and the actiong\, taken by all the agents in the current time
t. Given a discounting rate 2 (0;1), at each time, each agent aims to nd a policy in
order to maximize the following expectation of the total discounted future reward given all

observed states at timie

h () () |
E;s; t‘lf' (St|+ A ) . (48)
=0

The expectation is needed due to the randomness in the rewards, the future states, and the
future actions of all the agents.
Q-learning is a classic method for nding the policy that maximizes (4.8). It uses the

Q-function of agent at states given an actiora, which is de ned by

P DG i i iy i i i !
‘o Es W s =sa=aal),= OE)u Lal)= (D(swy)iv 0
(4.9)

Note that (4.9) differs from (4.8) by having agemollow the given actiora at timet instead

We denote an optimal policy for agerby ) , which is hard to nd. Q-learning over-
comes this dif culty by carefully estimating the soluti@f (s;;a; ¢ ") to the following

Bellman equation
QW (sa; (") =E [ (suA)]+ maxEs,, QU (sua;d ( M)jAc 1 (4.10)
a
It then estimates () using the following relationship betwee) andQ® (x;a; ( "):

0 (s) = argmaxQ® (s;a ¢ V): (4.11)
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We detail the methods for estimating tQe-function in (4.10) in the following section.

4.3.2 The Simulation Setup

We consider a market with two platforms, that is, weNet 2.°> At time t, each platform
i 2 f 1,29 observes the following statéi) = pt 1, Which contains prices at the previous
step. Platform determines its pricepﬁi) based on the observed staﬂ%. At each timet,

h_P (i) ()

after all platforms have chosen priged, they receive the reward k2f bisg Xtk Pek

WherexS,Z is solved using (4.2).

To simplify the computation, we allow platforms to choose from a discrete skt of
prices. While it is common to expect that < p¢,° our model also allows the capg <
p.. We further introduce the parameter 0:1 so the lowest price is slightly lower than
min(p,; pS) and the highest one is slightly higher tharax(p, ; pS). For eactk 2 f b; g,

our set of prices is

n
Pk = pg (pE Pe) +

; 0
h@e2)pf p)i=0; M 1 (412)

Note that the cardinality of the price spgbgj isM for bothk = bandk = s. The overall
state space (for both platforms) and the action space for each platform are respectively

de ned by

S=(P, Ps) (P, Ps) andA =Py P g (4.13)

We note that the size of the state spaciSis= M * and the size of the action space is

5Since our model assumes two sides of the market, each of thiatforms must choose two prices. At
each stage, our simulation estima®d different prices, and there a2\ possibilities for the vector of
prices, whereMl is the size of the set of price choices available to each platform. To make our simulations
feasible, we choosd = 2.

®Note that Proposition 4.11 in Chica et al. (2023b) provides suf cient conditions to guarantgg that

PK-
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Al =
Platform policy: We denote the estimation at tirhef Q® (s;a; ¢ V) by Q{(s;a),

wheres 2 S,a 2 A andi 2 f 1;2g indexes the platform. Q-Iearning alternately estimates

(') and the stochastic policies at tiheWe rst assume tha@ is known and show how
the platforms determine the stochastic policy at timeéNe then explain the Q-learning
estimation onfi). Instead of directly computing the policy as the maximum value in
(4.11), Q-learning computes a softmax value using a temperature pardmeter this
purpose, at timé¢ and given a state(') 2 S and theQ -function estimateQﬁ”, the policy

of platformi is the Boltzmann probability distribution:

() (i) OFOR X (I) (I)
P(a;’ = ajs;’)=exp Q;'(s;’;a)=T = exp Q; -a%=T, : (4.14)
a®A
We remark that all platforms independently determine their prices based on (4.14).
Q-learning estimation: At each time step, after determining the price following (4.14),
platformi collects the rewardt(i) de ned by (4.7). Next, platformi updates the estimated
values of theQ -function at the given stats;(i) and the selected acti(af) with a learning

rate as follows:

Qhsia) =@ QP (stha)+ '+ maxQ(siia) ¢ (4.15)

We remark that (4.15) is an approximation of (4.10) (see Watkins and Dayan (1992)).
We initialize theQ -function ats 2 S anda 2 A assuming that in all future states

platformi chargesa and all other platforms charge the pricesinTherefore, for platform

i, states, a given actiora and the price vector for platforiné i, which we denote bp!)

’As T; decreases, (4.14) increasingly focuses on the optimal action ba@ﬂ)orWhenTt I 0, the
policy randomly selects between the actions that yield the maximal r@ﬂté)rd/vith uniform probabilities.
In the simulation, we s€f; = 1000 to encourage exploration of possible actions, gradually decreasing it
towards0 to exploit optimal actions.
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and it is part of the state, theQ -function for platformi is initialized by

O(a;ph).

. (4.16)

() (- _X D(a-ni)y =
o (s;@) = (a;p?’) =
=0
Parameter setup:We choose exponentially decaying temperature pararmeterT, *
with To ;= 10001 )and =1 10 ’. This choice encourages exploration in the
early stages and exploits optimality in the later stages. We choose both the idiosyncratic
preference parameters and the outside option utilities to be the same on both sides of the
market. Therefore we denotg = | s andu(ko) = ufjo) u? . We set the learning
rate = 0:15 discount rate = 0:05, idiosyncratic preferences = 1, and outside option
utility u® = 2 for eachk 2 fb;g. We choose a small value for compared to the
choice of the same parameter in Calvano et al. (2020b); Klein (2021), to emphasize that in
our setting collusion is already present with a very small discount rate.
Reporting metric: We de ne the collusive level of platformat timet as
()

(i) .— t
t -

S (4.17)

where we recall (see (4.5)) and © respectively denote the CNE and CE equilibrium
pro ts of the baseline platform competition game. Wheﬂ) = 0, platformi's reward at
timet equals the CNE level, ; whereas when (" = 1, it equals the CE level,®. Each
simulation runsT =5 10 iterations and we report the overall collusive level in the last
K =1;000steps as follows:
1
~= & XX 0N (4.18)

s=0 i=1
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4.4 Experimental Results

We report extensive numerical experiments using the setup of Section 4.3.2. Section 4.4.1
investigates the general dependence ofde ned in (4.18), on the externality matrix.
Section 4.4.2 further explores the latter dependence for concrete and useful choices of
Section 4.4.3 studies the dependencé adn the degree of heterogeneity in users' tastes,
the outside option utility, and the discount rate. Lastly, Section 4.4.4 explores two inter-
esting scenarios: 1) long-run asymmetric equilibria outperform the symmetric equilibrium,
and 2) competition prices are larger than collusion prices for one side of the market. A
supplementary analysis in Appendix Appendix C.1 implies that our numerical results are
consistent with platforms learning tacit collusion and equilibrium strategies. In particular,
we show that in at least 30% of cases (with percentages rising to 50% for different values
of ), algorithms result in Nash equilibrium behavior. Similarly, in at least 75% of cases
(with percentages rising to 95% for different values 9f algorithms converge back to the

limiting cycle after one unilateral price change by one of the competing platforms.

4.4.1 Dependence of the Collusive Level on the Network Externalities

We applied an additive model to infer the dependence of the collusive [Eyel the ex-
ternality matrix, . We ran 2,500 simulations according to the setting described in Section
4.3.2. For each simulation, we randomly sampled the elements of the externality matrix
from independent normalized Gaussians (that js, N (0;1) for k;| 2 f b;g3), and
recorded the nal collusive level; . In order to infer the dependence ©fon , we assume

the following additive model:

r) = ot fbb( bb) + fss( ss) + fbs( bs) + 1:sb( sb) + 1:bb;ss( bbs ss) + fsb;bs( sby bs)

+ fbb;bs( by bs)+ fbb;st( bbs sb)+ fss;bs( ssy bs)+ fss;sb( ss sb)+ ;
(4.19)
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where ¢ is the sample mean of, the next 4 functionsfgy, fss, s, fsp) represent the
univariate effects of the elements ofon ~, the last 6 functionsfgp.ss, f sb:bs fbb:bs T bb:sb
fssbs: T ss:sh) represent the bivariate effects of the elements oh ~ and is an error term,
encompassing higher-order multivariate effects. Since the equilibrium valuasd ©
depend on nonlinearly (see Section 4.2.1), the 10 functidng, ;fsssp, are nonlinear.
We thus sequentially t these functions using XGBoost (Chen and Guestrin, 2016), which
is a popular non-parametric, nonlinear tting method. To reduce the bias of the tted
functions, we alter the order of both the rst four functions and the next six functions,
during the sequential tting procedure, and average the collusive level over the different
orders. Appendix Appendix C.2 contains more details of implementing XGBoost.

We refer to ( as the baseline collusive level, whereagss the collusive level. Our
simulations show that o is approximately0:3. Next, we report our estimates for the

univariate and bivariate effects of the elements afn ~.
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Figure 4.1: Demonstration of the dependence of the four tted univariate functions on the
externalities. Top leftfy pnp); Top right: fss( ss); Bottom left: f,s( bs); Bottom right:

f sb( sb)-

Figure 4.1 illustrates the tted functiorfgy, f s, f bs @andf p, Which capture the univari-
ate effect of each entry in the externality matrix. The top two sub gures demonstrate the
univariate effect of the within-side externalitiesy{and ). In this case, the collusive
level is close to zero when these externalities are less than 1, then increases sharply when
these externalities increase frdirto 2, and it is approximately at when these external-
ities are above with a possible increase of the collusive level when the absolute values
of the negative externalities increase. We remark that we cannot con dently conclude the
latter increase from the current experimental results, but latter experiments in Section 4.4.2
support such an increase, especially when considering lower valugg ahd ¢s. The
bottom two sub gures demonstrate the univariate effect of the cross-side externalities (

and ). In this case, the dependence of the collusive level on the externalities is depicted
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by a J-shape function with a minimum when the externality is around zero. We thus note
that in order to minimize the level of the algorithmic collusion, we would need to bound
the values of the within-side externalities and the absolute values of the cross-side external-
ities. In our particular experimental setting, the desired bound is 1. In general, we expect
there can be two different upper bounds for the within-side and cross-side externalities and

©)

they depend on the chosen parameters, in partidulary; u,’g.

Figure 4.2: Heatmaps of the tted functiogy.s bp ss) (Ieft) andf sp.pd bs; sp) (right),
which capture the bivariate effect betweegp and s, and between s and ¢, respec-
tively.

Figure 4.2 demonstrates the tted functiong..s andf sp.ps, Which capture the bivari-
ate effects on collusion of the main diagonal and off-diagonal elements in the externality
matrix. We present the images of these functions as heatmaps over their planar domains.
For example, in the left-hand sub gure the domain is described by the within-side exter-
nality variables ppand ss and the collusive level is depicted by a heatmap, changing from
purple (highly positive) to orange (highly negative). The left-hand sub gure implies that
when the within-side externalitiesy, and s, are both large, they result in the minimal
value of the bivariate effect, which is negative. In this regime, the collusive level, resulting
from both the univariate and bivariate effects, remains positive (recall that the univariate

effect is demonstrated in the top sub gures of Figure 4.1). Similarly, whgrand
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are both suf ciently negative, their bivariate effect reduces the collusive level, albeit by a
small amount. We remark that both the univariate and bivariate contributions in this case
are rather small and it is hard to predict their combined effect from this experimental result,
but another experiment in Section 4.4.2 indicates that they cancel each other. The right-
hand side sub gure indicates that the bivariate component of the cross-side externalities
reduces the collusive level when these externalities are large in absolute values and have
opposite signs. On the other hand, it increases the collusive level when the cross-side exter-
nalities have the same sign and have suf ciently large absolute values. The rate of increase

is larger when they are both positive.

Figure 4.3: Heatmaps of the tted functiofgy.sf by sp) (I€ft) andf ss.ps( ss; bs) (right),
which capture the bivariate effect betweegp and ¢, and between s and g, respec-
tively.

Figure 4.3 demonstrates the bivariate effect on collusion when both buyers and sellers
bene t from population joining the market on either sider s (but not both at the same
time). That is, it demonstrates the bivariate effect fggand ¢, when considering side
b (left) and the bivariate effect forss and s when considering sids (right). The two
sub gures are very similar and we thus only discuss the left one, with the variahlasad

sb- The bottom-right corner of this sub gure implies that if; is suf ciently large and

is suf ciently negative, the bivariate effect on the collusive level is negative. In this regime,
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the collusive level, resulting from both the univariate and bivariate effects, remains positive
(recall that the univariate effect is demonstrated in the top-left and bottom-right sub gures
of Figure 4.1). On the other hand, the top-right corner in Figure 4.3 shows that when
and ¢, are both large the bivariate effect on the collusive level is positive.

Figure 4.4 illustrates the bivariate effect on collusion when either buyers or sellers (but
not both at the same time) benet from population joining the market on didass.
That is, it demonstrates the bivariate effect fgg and s when considering only buyers
(left sub gure) and the bivariate effect for,s and s, when considering only sellers (right
sub gure). The two sub gures are very similar and we thus only discuss the left one,
with the variables ,, and ps. We notice that when theyy, is suf ciently large and s
is suf ciently negative, the bivariate effect on the collusion is negative. In this regime,
the collusive level, resulting from both the univariate and bivariate effects, remains positive
(the univariate effect is demonstrated in the left sub gures of Figure 4.1). We further notice
that when s is suf ciently large and y;, is suf ciently negative the bivariate effect on the
collusion is also negative, but smaller than the latter one. Similarly, the collusive level,
resulting from both the univariate and bivariate effects, remains positive. On the other
hand, when bothy,and s are suf ciently large, the bivariate effect on the collusive level

is positive.
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Figure 4.4: Heatmaps of the tted functiofNgy,pd by bs) (I€ft) andf ss.sn( ss; sp) (right),
which capture the bivariate effect betweegp and s, and between s and ¢, respec-
tively

4.4.2 A Study of the Collusive Level under Special Network External-
ities

We assume special parameterizations of the network externality matricaad explore
the dependence of on any such . This allows us to track more carefully the dependence
of = on in some special settings. For each speci ¢we ran 100 simulations. Our
gures present the dependence of the overall collusive level on the elementsndiere
their main curves represent the average of the collusive levels from the 100 runs and their
shaded areas represent the uncertainty level, which was computed using bootstrapping with
a 99% con dence intervdl.

Figure 4.5 investigates the dependence of the collusive level on the within-side exter-
nalities in two controlled settings. In the rst setting (left pane) [ y; 0;0; 0], and in

the second one (right panelx [ 1 0;0 . Inboth casesp, 2 [ 6; 2]

8Both bootstrapping and visualization are implemented usingeéaborn Python package.
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Figure 4.5: Collusive level with varyingy,y, =[ by 0;00](leftyand =[ 5 0;0
(right).

In the left panel, the collusive level forms a J-shape, where it decreage$pd] and

increases sharply d@:5; 2]. The minimum value of the collusive level is achieved when
b 0:5and it is slightly below the baseline collusive level. Note that this sub gure

indicates a similar behavior of the collusive level to its univariate effect shown in the top
left panel of Figure 4.1. Indeed, in this case, the collusive level depends on the single
variable p, SO the other univariate and bivariate functions are irrelevant. However, the
minimal value of the univariate effect in the top left panel of Figure 4.1 is around zero,
since it is separate from the baseline collusive levgl By adding g to this univariate
effect, we obtain a function similar to the collusive level described in the left panel of
Figure 4.5. We remark that in the experiments of Section 4.4.1, our domain was restricted
by the underlying Gaussian model and thus the domain in Figure 4.1 is narrower than that
of Figure 4.5.

In the right panel, the collusive level sharply increases whgexceedd. This behav-
ior can be explained using our previous ndings. Indeed, as shown in Figures 4.1 and 4.2,
when the within-side externalitiesyp,and s, are both large, the univariate effect is more
signi cant than the negative bivariate effect, resulting in a signi cant increase. We also no-
tice that the collusive level remains at and aroung when =  falls below 1. This

observation also con rms our ndings in the previous section. Indeed, Figures 4.1 and 4.2
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indicate that when p,, and <5 are both suf ciently negative, the (positive) univariate and
(negative) bivariate effects cancel each other.

Figure 4.6 investigates the dependence of the collusive level on the cross-side external-
ities in two controlled settings. In the rst setting (left paneh [0 ; s 0;0], and in the

second one (right panelF [0 ; s bs; O] Inboth casesps 2 [ 2:5; 3].

Figure 4.6: Collusive level with varyingss: =[0 ; b 0;0](leftyand =[0 ; s bs; O]
(right).

In the left panel, the collusive level increases when the cross-side externality exceeds
2, and it slightly decreases when the same externality falls beléw This observation
aligns with our ndings in the previous section. Indeed, as shown by the bottom panels in
Figure 4.1, the collusive level increases gsincreases in absolute value with values above
1

In the right panel, the collusive level increases when the cross-side externalities exceed
1. It has a sharper increase than the one in the left panel. These observations agree with
the ndings of the previous section. Indeed, Figures 4.1 and 4.2 show that the univariate
and bivariate effects of,s and g, are both positive whenys = o > 1. Furthermore,
Figure 4.2 shows the positive bivariate effect betwegnhand ¢, which explains the
sharper increase in the right panel. The dependence of the collusive level in the right panel
on smaller values of s, which are not shown in this gure, is rather unique and thus

deferred to Section 4.4.4.
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Figure 4.7 investigates the dependence of the collusive level on the bivariate effects
between the within- and cross-side externalities in two controlled settings. For simplicity,
we X the cross-side externality and vary the within-side externality. In the rst setting (left
panel) =[ 5 3;00], and in the second one (right panel [ 1, 3; 0 . In both

cases 2 [ 6;2]

Figure 4.7: Collusive level with varyingpy =[ b 3;00](left)and =] 15 3;0
(right).

In the left panel, the collusive level is at when the within-side externality falls below
1and increases sharply as it exceeds This increase can be explained whepexceeds

0 by the univariate effect for, shown in Figure 4.1. On the other hand, the increase in
[ 1;0] can be explained by the bivariate effect betweggpand s, shown in Figure 4.4.
Indeed this bivariate effect increases with respect,ton [ 1;0]when s = 3:0.

In the right panel, the collusive level follows a similar pattern as in the left one. This
follows from a similar explanation as above, where one should also note that w3,
the bivariate effect betweens and s increases with respecttQs in[ 1; 0], as shown in
Figure 4.3. Additionally, wheny, < 0, the collusive level in the right panel is lower than
that in the left panel (it is easiest to see this fgg < 1). We clarify this observation in
view of the ndings of Section 4.4.1 as follows. We note that according to the right panel
of Figure 4.3 , when s = 3, the bivariate effect betweens and .5 is negative when

ss < 0, therefore the collusive level in the right panel is expected to be lower than the
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collusive level in the left panel when,, = s < 0.
We make some additional remarks comparing Figures 4.5 and 4.7. The left panel in

Figure 4.5 shows that the collusive level decreases with respegt,tehen p, < 0 and

bs = 0. On the other hand, in the left panel of Figure 4.7, the collusive level is at or
increases with respect tgp,when p,< 0Oand s = 3. This behavior can be explained by
the contribution from the bivariate effect betwegpand s when y,is negative. Indeed,
this bivariate effect is almost at with respect tg, when s = 0, but is increasing with
respect to ,,when s = 3:0 (see left panel of Figure 4.4). A similar comparison can be
made for the right panels in Figures 4.5 and 4.7, and the explanation similarly follows from

the right panel of Figure 4.3 and the left panel of Figure 4.4.

4.4.3 A Study of the Collusive Level under Special Market Parameters

We explore the dependence of the collusive level on the market paramgterd and

. In each experiment, we X two of the latter parameters, using the setup described in
Section 4.3.2, and the matrix where its choices change with the experiments, and vary the
remaining parameter. For each experiment, we ran 100 simulations, averaged the collusive
levels among the 100 runs and computed the uncertainty levels using bootstrapping with a
99% con dence interval. Our gures present the averaged collusive level as a function of
one parameter, where the shaded areas represent the uncertainty level.

Figure 4.8 investigates the dependence of the collusive level on the idiosyncratic pref-

erence parameter,, while considering two different choices of the externality matrix

: A symmetric one, where = [1 ;0; G 1] (left panel) and an asymmetric one, where

=[0 ;1; 1;0](right panel). In both cases, we vary the idiosyncratic preference param-
eters and let, 2 [0:2; 6]. In both panels, the collusive level sharply decreases whes
suf ciently small. In particular, the collusive level is high only when the degree of hetero-

geneity in users' tastes is suf ciently small. Section 4.5.1 interprets this behavior. We note
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that in the left panel, the sharp decrease stops whezxceeds 0.9, whereas in the right
panel, this occurs once, exceeds 0.5. Furthermore, we note that in both sub gures, the
collusive levels remain almost at, at a value slightly below the collusive leyek 0:3, as

the degree of heterogeneity in users' tastes excéeddore experiments varyingy with

different choices of are presented in Appendix Appendix C.3.

Figure 4.8: Collusive level with varying, = s 2 [0:2; 6] and different matrices, where
=[1 ;0;0 1] (left)and =[0 ;1; 1;0](right).

Figure 4.9 demonstrates the dependence of the collusive level on the outside option util-

ity u(ko) with the following choices for the externality matrix= [0 ;0; 0; O] (top left panel),
= [1 ;0;0; 1] (top right panel), = [0 ;1; 1 0] (bottom left panel), and=[1 ;1;1;1]

(bottom right panel). In all four panels, we observe a main trend of decrease of the collusive
level as a function of the outside option utility over a suf ciently large domain. In all of
these examples Whauﬁo) is suf ciently small, the collusive level is at leaB155, and when
u(ko) is suf ciently large, the collusive level is arourid3, which is near the baseline level.
The most signi cant reduction of the collusive level happens in a narrow range and the lo-
cation of this signi cant decrease appears to be determined by the externalities as follows.
It tends to move to the left when the network externalities are small and to the right when
they are large. Additional examples in Figure C.4 support this conclusion. In addition, we
observe that both left sub gures exhibit another small region of increase to the baseline

level after the region of sharp decrease. This is not the case for the right sub gures. We






	List of Tables
	List of Figures
	Introduction
	Stochastic Games, Reinforcement Learning and Collusion with Bounded Memory
	Introduction
	A Model for Stochastic Games with Bounded Memory
	
	
	Nash equilibrium

	Existence of One-Memory SPEs
	Application: Grim Trigger Strategies as an SPE

	
	
	
	Discussion on the Assumptions of this Section

	Conclusion

	Competition and Collusion in Two-Sided Markets with an Outside Option
	Introduction
	The Platform Model with an Outside Option
	Equilibrium
	Competition and Collusion in Two-sided Markets
	The Effects of Increasing Competition on the CNE
	Economic and Policy discussion
	Conclusions

	Artificial Intelligence and Algorithmic Price Collusion in Two-sided Markets
	Introduction
	Review of Our Economic Framework
	The Baseline Platform Competition Game
	The Infinite Repeated Game

	Simulation Framework
	Preliminaries: Multi-agent Reinforcement Learning
	The Simulation Setup

	Experimental Results
	Dependence of the Collusive Level on the Network Externalities
	A Study of the Collusive Level under Special Network Externalities 
	A Study of the Collusive Level under Special Market Parameters
	Discussion of Exceptional Cases

	Economic and Policy Discussion
	Economic Discussion
	Policy Discussion

	Concluding Remarks

	References
	Proofs of Chapter 2
	Proof of Theorem 2
	Proof Theorem 3
	Proof of Proposition 2
	Proof of Proposition 3
	Proof of Proposition 4
	Proof of Theorem 4
	Proof of Proposition 5
	Proof of Proposition 6
	Proof of Proposition 7
	Rewriting the Proof of Fink's Theorem
	Proof of Proposition 1
	Proof of Theorem 1


	Proofs of Chapter 3
	Additional Experiments Supporting Chapter 4
	Sensitivity Analysis and Some Examples of Convergence Paths
	Fitting a Sequence of Non-linear Functions
	Other Simulation Results


