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A FREE BOUNDARY PROBLEM ARISING IN SMOULDER
COMBUSTION

BEI HUx

1. Introduction. There are many flame propagations models, see [1, 2, 6] and

the references therein. The smouldering combustion is a slow burning process such as
burning of a paper.
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Figure 1.

Assuming that the thickness of the reaction zone is negligible, a two dimensional
flame propagation model is derived in [1] as follows:

Ou *u  0%*u
(1.1) —B_tzeﬁ-{—%f for y < f(z,t), >0, t >0,

with the boundary conditions

(1.2) u=1 ony =0,
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(1.3) u=0 on y = f(z,t)

and the free boundary conditions:

(1.4) £(0,8) =0
(15) T a,) = Sh(o (0) — e, S, 0) g (2,

where u is the oxidizer concentration and y = f(z,t) is the reaction front (as in figure
1); /€ is proportional to po/ps, po is the mean density of the oxidizer, and p; is the
density of the solid reactant. All the quantities have been nondimensionalized and /¢

is typically small.

In §2, we study the travelling wave solutions. The Duvaut’s transform reduces the
problem to a variational inequality, and existence and uniqueness are therefore obtained.
For this variational inequality, however, the solution will not solve the original problem
(1.1)-(1.5), which will be shown in §3. In fact, the system (1.1)-(1.5) has no solutions
if € > 0; this is due to the assumption that the oxidizer concentration is discontinuous
at the reaction front on the z-axis. After modifying the assumption so that the oxidizer
at the reaction front is continuous, we obtain travelling wave solutions. In §3, we also
establish the monotonicity of the free boundary. In §4, we show that the free boundary
will converge to the corresponding free boundary of the Stefan problem as ¢ — 0.

Finally in §6, we study the time dependent problem and show that the solution will

converge to the travelling wave solution as ¢ — oo under certain assumptions.

2. Travelling wave solutions. We look for travelling wave solutions, namely, the
solution which is a function of the variable (z +t,y) only. As in [1], by making a change
of variable z +t = £, and renaming ¢ as z, the system (1.1)-(1.5) becomes

ou Pu  0u

(2.1) 8_12 = 65? + a—yz

fory < f(z), z >0,

with the boundary conditions

(2.2) u=1 ony=0,
(2.3) u=0 ony= f(z),

and the free boundary conditions:

(2.4 f0)=0,
(25) L @) = S (e (@) 250, S o)
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When € = 0, this problem is the Stefan problem with the explicit solution

(2.6) uo(z,y)=1-— /Oy/ﬁexp (—02/4) do //OM exp (—02/4) do
(2.7) fo(z) =Mz  forz >0

where the constant M > 0 is the unique solution of

(2.8) %M /OM exp (—02/4) do = exp (—M2/4) .

When ¢ > 0 and small, a similarity solution is found in [1] for the first order expansion
in €. Actually, it is more convenient to write the free boundary as z = g(y). Then (2.5)
becomes
Ou Ou
. —1=g(y) = —e= .
(2.9) 95, 6W)y) —e5(9(v):v)

The Duvaut’s transform

= [ woy)de forz>
w o= [ uoy)do  fore>g(y)

=0 for — K <z <g(y)
reduces (2.1)-(2.5) to an obstacle problem:

—EWgp — Wyy + Wy = —1 for z > ¢(y),

2.10

w € C'({z > —K,y > 0}) and satisfies the boundary condition
(2.11) w=(z —g(0))* ony=0.

Here ¢(0) should be solved as part of the solution and should not be predetermined. In
fact, we can show later that if g(0) = 0 then ¢g(0) < 0 (Theorem 3.1) and therefore we
get a contradiction. On the other hand, if we do not assume ¢(0) = 0, we can make a
change of variable z — ¢g(0) — = and get ¢g(0) < ¢(0), which is still a contradiction. This
means that there is no solution if we assume (2.11). This result is not surprising since
(2.11) implies that there is a jump on the oxidizer concentration u on the reaction front
r = g(y) near y = 0. We shall modify the boundary condition (2.11) to the following

condition
(2.12) w=zt ony =0,

which means that we have assumed u(z,0) = 0in ¢(0) < z <0 instead of u(z,0) =1 in
g(0) <z <0. It also makes sense if we replace 2 by a monotone decreasing, concave-
up, C*! function vanishing on z < 0 (which means that u is continuous on the entire

z-axis); we shall discuss this case in §5.
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We expect that for the solution (w,g), we have g(y) > —K if K is large enough.

Since 0 < u(z,y) <1, we have 0 < w(z,y) < z+ K. So the obstacle problem can be
formulated as follows:

(2.13) —EWgp — Wyy +w, > =1  in Q,
(2.14) w>0 in
(2.15) W(—€Wpp —Wyy +w, +1)=0 in
(2.16) w(z,0) =2z, w(-K,y)=0,

(2.17) 0<w(z,y)<z+K in Q

where Q@ = {(z,y); = > —K,y > 0}.
THEOREM 2.1. For each K, the system (2.13)-(2.17) has a unique solution w €
C() NWEP(Q). Furthermore,

loc

(2.18) 0<w, <1, wy, >0 inQ.

Proof. The proof follows from the penalization method for the obstacle problem.
For completeness, we present the proof here. The elliptic estimates used in this section

can be found, for example, [4].
We first prove the uniqueness. Suppose that w; (¢ = 1,2) are two solutions to the
system (2.13)-(2.17). Let @; = w;e~"=+¥)| then we have
(219) L&) +e@) >0, @ >0, @ (L@ +e") =0 in 0
where
0? 0?
_6— —_ —
0r?  Oy?

We take n > 0 to be small enough so that n —en? —n? > 0. The functions w; are

0 0
L= -’r(l—267])———~27]5§+(77—6772—772).

or

uniformly bounded and converges to 0 when (z,y) — oco. Therefore if the supremum

of Wy — W, is positive, it must be obtained at a finite point (zo,yo), i.e.,

sup (ﬁ’l(x,y) - 17)2(18,?!)) = 17)1(550,!/0) - 17)2(580,?/0) > 0.
(z,y)€R

The point (xo,yo) can not be on the boundary by the boundary conditions. Therefore

by the maximum principle (see [5], for example),

(2.20)  essliminf L[@; — @) > (7 — en’® — n*)(@1(20, Yo) — Wa(Zo, yo)) > 0.

(z,y)—(z0,90)
Since W, (zo, Yo) — Wa(Zo, Yo) > 0, there is a neighborhood Bs(zo, yo) in which @y (z,y) —
wa(z,y) > 0, and therefore @i(z,y) > Wa(z,y) > 0 on Bs(zo,yo). It follows that

Ly — Ba) = — (Llia] +¢7) <0 in Bs(zo,0),
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which contradicts (2.20).

For the existence, we can approximate the domain Q with Qg = {(z,y); —K <
z < R,0 <y < R}. Take functions s € C* such that

Bs(s

) >0, ”(s)>0 for all s € (—o0, ),
(2.21) Bs

s) = for s< -6, p5(0)=1,
Bs(s) = oo as § — 0 for each s > 0,

and consider the corresponding penalization problem on Qp:
(2.22) — €Wy — Wyy + Wy = —1 + B5 (—w) in Qp,

with boundary condition:

(2.23) w(z,y) = pr(z)(1 —y/R) on 0fp,
where
z forz>1/R ,
= ) > O’ i 2 9, o .
Pr(z) { 0 forz< _1/R pr(2) 20, pgr(e) 20, pr€CP(R)

This system has a unique solution wgs. By the maximum principle 0 < wgs <
K
zt R (1 - 2) on {g. Hence

R+ K R
Owp s
(2.24) 0< ~ <1 on dNpg.
Oz
Differentiating the equation (2.22) once in z and using the maximum principle, we get
(2.25) 0< ¥R o g
. S am S n R

Since wgs(z,y) > 0 in Qp,

sup PBs(—wrs(z,y)) = 1.

(Z‘,y)EQR
Next,
52

wR’620 ony=0and y =R,

0z?
and, by the equation,

82wR15 8wR §
€ omr = g T1- Bs(—wrs)

> 0 onz =0and z = R.
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After differentiating (2.22) twice in z and recalling (2.21), we conclude, by the maximum
principle,

62 w R,

0z?

Z 0 in QR.

Now by the standard estimates for the penalization problem, we have the W2 interior
estimates. Thus by compactness, we can take the limit for R — oo and then § — 0

along subsequences. This completes the proof of existence. O

The equation (2.18) implies that the free boundary is a curve z = g(y).

LEMMA 2.2.
y?
(2.26) 9(y) < e
where the the constant M is defined in (2.8).
Proof. Let
- [ uo(o,y)do for z > y?/M?
(2.27) @ /y?/w o(o,) rz>y°/

=0 for — K <z <y?/M?

where ug is the solution for the Stefan problem defined by (2.6). Then

82g0 Buo
(2.28) 522 oz >0 for z > y2/M2;
therefore
(2.29) — EPur — Pyt e = —l — € < =1 forz > yP /M.

Notice that ¢ € C1}(Q)NC(N) and satisfy the same boundary conditions as that of w.
Although we have an unbounded region here, we still have the comparison principle for

this variational inequality (the proof is essentially the same as the uniqueness proof in
Lemma 2.1). Thus ¢(z,y) < w(z,y) in © and hence g(y) <y?/M?. O

LEMMA 2.3. If K > ¢, then
1
(2.30) g(y) > — 3¢ for all y > 0.

Proof. Construct the one dimensional auxiliary function

€
T for z 25
1 g\? €
p(z,y) = p(z) = — (w + —) for |z| < -
2¢ 2 26
0 forz < — 3
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Then ¢ € C*'(QR). Clearly —e@z; —@yy+ ¢z > —1 whenever ¢ > 0. On the boundary
y=0,

1 g?
> — |22 —1>
<p(:v)_2€ (:L' +ex + 4> >z > w(0,z).

It follows form the comparison principle for the variational inequality that w(z,y) <
¢(z), and therefore g(y) > —/2. 0O
Remark 2.1. Since w € W2°(Q), the curve = = g(y) is Lipschitz continuous for all

loc

y > 0, by [3, Theorem 6.1, page 177].

Remark 2.2. The curve z = g(y) has a local analytic representation, by the general
theory of free boundary problems. Thus ¢(y) is analytic for all y > 0.

Remark 2.3. It is obvious that w is smooth up to the free boundary from the side
{z > g(y)}. Hence w, solves the problem consisting of (2.1), (2.9), v = 0 on = = g(y),
and u(0,z) = H(z), where H(z) is the Heaviside function.

3. Properties of the free boundary.
PROPOSITION 3.1. There exists n = 1. > 0 such that

(3-1) gly) <-n  for0<y <.

Proof. We shall prove that
(3.2) wy(z,y) > 1 for |z| <n, 0 <y <19, for some 5 > 0.
The theorem will then follow since Vw(g(y),y) = 0. Set

y , (E-1)+y* ¢ 1-¢ 3
==—log—————+— t tan = | .
o og 2R + - arctan ” + arc any

(3.3) o€ y)

Then ¢ is continuous in D, = {(ﬁ,y); 0<y<st— 52} (0<s<1),

8o % .

(3.4) 8_§2+8_y220 1nDs,

and

(3.5) lim ¢(£,y) = ¢ uniformly for €] < 3
) y—0+ ’ =4

We next set £ = z/+/¢ and define

b(z,y) = Vep (%y) :
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then we have

821,1) a2¢ . . 2 CL‘2
574_82 0 mDs:{(wy) 0<y<ys 2

and

3
. _ + . el
yl_lgl+ Y(z,y) =« uniformly for |z| < 4\/5.
We now go back to the equation (2.22) for the solution wgs. Since 0 < (wps), < 1 and
0 < Bs(—wrs) < 1, we have

82wR5 (92ng

0<e 8:1:2’ + 8y2, <2 inDsE{(x,y);0§y< 32-——} (0<s<1).

Therefore the limit w satisfies

®w 0w .
€om7 + 7 = f(z,y) in Dy, ||fllee <2, f(z,y)>0.

Clearly w — 1 is continuous on D34, w — % =0 on y = 0 and

62 w — 62 w — .
€ (aac2 P) + (8y2 ¥) = f(z,y) inD,, |fllze <2, f(z,y)>0.

It follows by interior-boundary estimates for the elliptic equation that

(36) |V(w - ¢)($, y)' < Ce for (.’L', y) € D1/2-

A direct calculation shows that

o 1, €D+ 1( y? ¢ )
oy \/El%lg £ +y? T (E—=12+y? 2442

(5 o)

\f (1og 521 _ +0(1)) in Dy (€= z/E).

Combining this with (3.6), we obtain (3.2). 0O

This Proposition shows that, even if € is small, it still played a dramatic role for the
local behavior of the free boundary near (0,0). Since g(y) is away from (0,0), D2 jw is
uniformly bounded near the free boundary. Therefore we have

PROPOSITION 3.2. The function g(y) is continuous on [0, c0).

Proof. We need only to show that g(y) is continuous at y = 0. It suffices to show
that the oscillation of g(y) converges to 0 as y — 0+. Suppose that g(y;) = g(y2) = b
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and a < g(y) < b for y; < y < y,. Then the function %(m — a)? in the region

a <z < by <y <y, is asupersolution for the equation —ew,, — Wyy + wy = —1.

Since |wyy| < C. and w = w, = 0 at (b,y1),

1
w(b,y) < Ce(y2 —y1)* = %(b —a)?

provided /C(y2 — 1) = —\/12=5(b —a). Thus |g(y) —g(y1)| < b—a = 2C.e (y2 — ) for
all y <y < y,. It follows that there are no fingers for the free boundary and therefore
g(y) is continuous at 0. 0

Now define N = {(z,y); g9(y) <z < o0, 0 <y < oo} and let ' = {(g(y),y); 0 <
y < oo}
PROPOSITION 3.3. There exists yo > 0 such that

(3.7 ¢'(y) <0 for0<y<vyo, ¢(y)=0, andg'(y)>0 fory,<y< oo,
furthermore

(3.8) liminf 44 —9(0)
y—0+ Y

Proof. First we notice that w,(z,0) = 0 for ¢(0) < z < 0 is the minimum of w, in
N. The maximum principle implies that w,,(z,0) > 0 for g(0) < = < 0 and therefore
w,(z,0) is monotone increasing. Since w,(g(0),0) = 0, wy(z,0) > 0 for ¢g(0) < z < 0.

Similarly, w,(z,0) = 1 for ¢ > 0, which is the maximum of w, in N. By the
maximum principle wg,(z,0) < 0 for 2 > 0. It follows that w,(z,0) is monotone
decreasing along the positive x axis. From the proof of Lemma 2.3, we have already
obtained that w(z,y) < z for « > ¢/2. Hence w,(z,0) <0 for 2 > /2. Note also that
wy(z,y) > 0 in a neighborhood of (0,0), from the proof of Proposition 3.1. Therefore
there exists a 7 € (0,&/2] such that wy(z,0) > 0 for 0 < ¢ < 7 and w,(z,0) < 0 for

T<L<IT <00

Differentiating w;(g(y),y) = 0 and w,(g(y),y) = 0, we get

9 (Y)wze(9(y),¥) + way (9(¥),¥) = 0, ¢ (¥)wye(9(y),y) + wyy(9(y),y) = 0.

Combining these relations with the equation

EWgz(9(Y), y) + wyy(9(),y) = 1,

we obtain

1 o —_ 9 I C 7).
B9 e = T w a

e+ (g'(y)¥’
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Next, we claim that

(3.10) if ¢'(7) <0, then ¢’(y) < Oforall 0 < y < 7.

~

Since ¢'(y) < 0, wy(9(9),§) > 0, by (3.9). It follows that w,(z,7) is positive and
strictly monotone increasing for g(3) < z < § for some small § > 0. We can take A > 0
to be sufficiently small such that A is not a critical value for wy in N, by Sard’s lemma.
wy(zh,§) = h for some z, € (¢(7),6) and we can initiate a curve +, starting from
(zr,§). By the theory of ODE, the curve ), must either hit the boundary or exit any
bounded domain in a finite time. The curve v, can not hit the free boundary z = g(y)
since wy(9(y),y) = 0 # A.

If the curve v, goes to infinity, then v, the line segment {(z,7); g(§) <z < z4} and
{z = g(y); y > ¥} enclose a region D. Clearly w, is bounded by a polynomial near oo.
Thus the maximum principle implies that w, > 0 in D, which implies wy,(g(y),y) > 0
for y > § and hence ¢'(y) < 0 for all y > 7 by (3.9). This is a contradiction to the fact
that limy_,., g(y) = oo (this fact will be proved in §4, and it is valid for any € > 0).

Therefore the curve 4, can only hit the positive z-axis at a point £ = 7, < 7. Thus
the curve 4y, the z-axis for g(0) <z < 7, and {zr = g(y); 0 <y < 7} enclose a domain
D. w, is bounded from below in D. The maximum principle implies that w, > 0 in D,
which in turn implies that wy.(g9(y),y) > 0 for 0 < y < §. Now by (3.9), (3.10) follows.

Similarly, we claim that
(3.11) if ¢'(g) > 0, then ¢’(y) > 0 for all y > 7.

The proof is essentially the same. Since wy;(9(9),¥) < 0, wy(z,y) is negative and
strictly monotone decreasing for g(§) < < é for some small 6 > 0. Take h > 0 to be
sufficiently small such that —k is not a critical value for w, in N. wy(zp,7) = —h for
some x5 € (g(¥),6) and we can initiate a curve v, starting from (z,7). The curve v,
will either extend to infinity or hit the positive z-axis at £ = x;, > 7. In both cases the
curve 4, the line segment {(z,%); ¢(¥) < z < zp} and {z = g(y); y > ¥} enclose a
region D. w, < 0 in D by the maximum principle, which implies that wy,(g(y),y) <0
for y > 3. Using (3.9), we conclude (3.11).

Note that there will be no horizontal segment for the free boundary since g(y) is
analytic. It follows from (3.10) and (3.11) that

there exists yo > 0 such that
9'(y) <0 in(0,5), ¢'(¥)=0, ¢'(y)>0 in (y,00),
(3.13) or: ¢'(y)>0 forally>D0.

(3.12)  either: {

To complete the proof, it remains to establish (3.8), which will then imply that
(3.13) will not happen.
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We claim that, there exists C' > 0 such that
(3.14) g(y) —g(0) <Cy for small y > 0.

Take a curve v in N connecting (g9(y1),%1) (0 < y1 < 1) to a point (z,0) (¢(0) < z; < 0)
such that ~ hits the free boundary I' in the reverse direction of the z-axis. Consider
the domain D bounded by 7, the free boundary {z = ¢(y); 0 <y <y} and z-axis for
9(0) <z < zy. In a neighborhood of (z1,0), wy, > 0. Since wz(g(y1),y1) > 0 and all
second derivatives of w are bounded in D, Cw, + w, > 0 on v in a neighborhood of
(9(y1),y1) if C is large enough. Since w, > 0 in N, Cw, + w, > 0 on the rest of the
boundary of 0D if C is taken large enough. By the maximum principle, Cw, + w, > 0
in D. From which (3.14) follows.

Suppose that (3.8) is not true. Then there exists 6o € (7/2,7) such that z = g(y)
lies in the sector S = {0 < 0 < 0y, 0 < p < po} (po is a small constant); here we used

the polar coordinate defined as follows:

—\}—S_(x —¢(0)) = pcos 8, y = psiné.
Let @ = m/6p (> 1) and define ¢(z,y) = Cp*sin(afd). Then cp,z + ¢y, = 0 in S.
Clearly w, = 0 on {6 = 0; ¢(0) < z < g(0) + v/2po}; w, = 0 on the free boundary,
which lies in the sector S for p < po. Since all the second derivatives of w is bounded

in S, we can choose C' to be large enough so that ¢ > w, on p = po.

Since wzy > 0, €Wrgpy + Wayy = Wer > 0in S N N. By the maximum principle
wy < in SNN. It follows that w, < C (\/i(:c -9(0))2 + y2) for p < po. Integrating

in z, we obtain,

w(z,y) < Clr - gly) (\/ Lz —g0)) + yz)
(3.15)

< C(Jz - g(0)| + | cot boly) (\/%(m —9(0))* + y2) for p < %-

Now we define

- 1
@s(z,y) = 5w (62 +9(0), 8y) -
Then by (3.15) (notice that a > 1),

%1_1}(1)’(7)5(1’,?]) =0.
On the other hand D?iWs(z,y) is uniformly bounded in any bounded domain, and ;s
satisfies the equation

—€ (Ws) g — (Ws),, + 8 (T5), = =1 for 0 < Cy <z,

by (3.14). Letting § — 0 along a subsequence, we get a contradiction. O
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4. Asymptotic behavior for small . Physically, € is a small constant. In this
section we prove that the free boundary of the problem (2.1)-(2.5) converges to the free
boundary corresponding to ¢ = 0, namely, z = y*/M?, where M is given in (2.8). To
emphasis the dependence on ¢ we denote g.(y) = g(y).

THEOREM 4.1.
(4.1) y*/M? — O(Ve )y —O(Ve ) < gely) < y?/M>.

Proof. We have already proved that g.(y) < y?/M? in §2. What we need to
establish is the other half of the inequality in (4.1). Let 5 € (0,1/2] and let N, be the

unique solution of

(4.2) %(1 —-n)N /(;N exp (—02/4) do = exp (—N2/4) .

Then the pair

(4.3) uy(z,y) =1 — /Oy/\/;exp (—02/4> do //ON'7 exp (—02/4) do ,
(4.4) fo(z) = Nyj/z  forz >0

is the explicit solution to the Stefan problem

(4.5) %zgiy?; fory < f(z), >0, t >0,
(4.6) u=1 ony=0,
(4.7) u=0 ony= f(z),
(4.8) f(0) =0,
(4.9 -0y = - P 1),
dx Jy

It follows that

on = /yz/N?, u,(o,y)do  for z > y*/N?
=0 for —nggyz/Nﬁ

(4.10)

is in C'(f2) and satisfies

gy _ Pepn
dr  Oy?
Now let 1(z,y) = p,(z+6,y), then ¥(—¢/2,y) > 0 = w(—¢/2,y), ¥(z,0) = (z+6)* >
w(z,0), and 0 < ¢(z,y) < x4+ 6. Clearly

Py O 0y
B2z~ By ' Oz

(4.11) =-1+n forz>y?/N..
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€ y y2 Nn
= —1 _ -4 _ 2
Nn
D T o L\/56"1/2 //0 exp (— 02/4) do > —1,

26 —¢
provided € < 6 and

(4.12)e < \/75\/5 n&/OMexp (— 0'2/4) do (S 12—5\/5 175/0Nn exp (— 0-2/4) da) .

Notice that (4.12) is satisfied if ¢ < né. We thus conclude that w(z,y) < ¥ (z,y) in O
and hence

(4.13) 9e(y) > y? /N2 — § > y*/M? — Cny? — 6,

where we used (4.2) for the inequality 1/N? > 1/M? — C7. The inequality (4.13) is
valid as long as (4.12) holds. For y <1 we can take § = /e and n = /. For y > 1 we
take § = \/e y and n = \/¢/y. Thus the theorem follows from (4.13). 0O

Remark 4.1. Theorem 4.1 implies that

ge(y) 1
(4.14) Jim, M

A careful examination of the proof indicates that this equality is valid without assuming

€ to be small.

Remark 4.2. Theorem 4.1 also implies that the first zero y; > 0 of the function g(y)

satisfies
51 S 0(61/4).

5. Continuous oxidizer concentration for the boundary conditions. Now
let’s consider the case where z7 is replace by p(z) in (2.12). Here p(z) is a C*! function
such that

=0 forz <0 1
=" =z—= fora>1, p'(z)>0.
p(z) { >0 forz>0 plz) == 2 orr= i) 2

The existence and uniqueness results of §2 extend to this case without any difficulties.

The analog of Lemmas 2.2 and 2.3 1s
LEMMA 5.1. Suppose that x = §(y) is the free boundary, then

(5.1) - 56 <3(y) <9°(v) ,
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where g*(y) is the free boundary of the Stefan problem

Pr =pyy n g (y) <z < oo,
o(z,0)=p'(z) forz >0,
p(z,y) =0 onz=g(y),
g (0) =0, (¢ (Weu(g"(w)y)=~-1. D
Next, we claim that the free boundary is monotone increasing if € is small enough.

THEOREM 5.2. Ife < 1/||p"||Le, then
(5.2) 0<w, <1, wy<0, 0<ews; <2, 0<wy, <2,
and the free boundary is monotone increasing. Furthermore, §(y) is analytic for y > 0
and §(0) = 0.

Proof. As before, we can derive that
(5.3) 0 <w; <1, wy >0.

From the proof of Theorem 2.1, we see that the estimate can be extended to (wsg)y,
to derive that (wsr)yy > —€l|p"||ze. Using the equation we find that both (wsg)., and
(ws,R)yy are uniformly bounded. Hence after taking the limit,

Pw 9w

0x?’ Oy? <0,

sup
Q

where @ = {—K < 2 < 00, 0 < y < oo}. By the assumption, we have wy,(z,0) =
1+ p'(z) —ep”(z) >0 for z > g(0). By the general theory of free boundary problems,
wyy > 0 on the free boundary = = ¢(y), y > 0. Thus by the maximum principle (for the
unbounded domain), we obtain, wy, > 0 in Q. In particular, —(w,), < 0 on the z-axis.
It follows by the maximum principle that w, < 0 in . Combining these estimates
and the equation, (5.2) follows, which also implies that the free boundary is monotone

increasing and §(0) = 0. The analyticity of g is the same as before. a

6. Time dependent problem. Now we go back to the time dependent problem
(1.1)-(1.5). One can use the Duvaut’s transform integrate either in t or in x direction.
If we integrate the equation in ¢, we get a quasi-variational inequality with the equation
itself involving the derivative of the free boundary on the right-hand-side. So, we will
integrate in z direction, as before. Naturally, the burnt region should be growing. We
also assume that the free boundary is given by « = ¢(y,t), and ¢(y,?) is differentiable.
Let

w = /I u(o,y,t)do for z > g(y,t)
9(y:t)

=0 for — K <z <g(y,?).

(6.1)
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Assume that 0 < u(z,y,0) = uo(z,y) <1 and set @r = Rk x [0,T). Then w € CY(Q7)
and satisfies

(6.2) Wy — EWyp — Wyy > —1  in Qr,
(6.3) w>0 inQr,
(6.4) w(wy — EWgy —Wyy +1) =0  in Qr,
(6.5) 0 <w(z,y,t)<z+ K inQr,

where Rx = {(z,y); —K < ¢ < 00,0 < y < oo}, with the initial and boundary
conditions:

(6.6) w(z,y,0) = wo(z,y) for (z,y) € R,

(6.7) { w(z,0,t) =p (:c —g(O,t)) forz € R,t € (0,7,
w(—K,y,t)=0 fory>0,1te[0,T]

(6.8) 9(y,0) = go(y),

where p(z) = z*. However, like the travelling wave solution case in §2, the existence of
a solution will very unlikely be valid if p(z) = z*. We shall make a little modification

by assuming that the oxidizer concentration is continuous, namely, we assume that
p € CY! and

=0 forz <0

1
, —z—- forz>1, p'(z)>0.
>0 forz>0 p(z) ==z 2 orT = P(e) 2

(6.9)  p(z) {

We expect that if K = K7 is large enough, then g(y,t) > —K for 0 <t < T. From the
equation (6.1),
(6.10) wo(z,y) = /x ug(o,y)do.

90(y)
For this variational inequality, the solution is not unique. In fact, there are infinitely
many solutions, as we shall see below.

We assume that
(Hl) 9o € 02[0v OO), 90(0+) = Oa for y> 07

that ug satisfies

uo € C°({z > go(y)}\ (0,0)), 0<uo(z,y) <1 in {z >g0(y)},

and the compatibility conditions:

U‘O(gﬂ(y)ay)a: 0, uo(x,O) :ap,(x),
| 1= gé(y)al;(go(y),y) - 8%(90(3/), y)

(H2) ¢
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that ¢ satisfies

(H3) e < 1/[Ip"||ze
and that
(9u0
[[tol[w2e ({2360 (1)) < 00, 5. (@¥) <0,
(H4) 0%ug 2uo Y
0< ea—wz—(:c,y) + W(m,y) <C* in {z > go(y)}.

Existence. Let
(6.11) M = {n € C'[0,T}; n(0) = 0,7'(t) <O for ¢ € [0,T]} .

THEOREM 6.1. Let the assumptions (6.9) and (H1)-(H4) be in force. Then for
each n € M, there exists a unique solution (w,g) to the system (6.2)-(6.8), with w €
W2(Qr)NC(Qr), g(y,t) is monotone decreasing in t, monotone increasing in y and
9(0+,t) = n(t).

Proof. The uniqueness proof is essentially the same as in Theorem 2.1. One can

establish that solution w € W2t (Q7) N C(Q;) (n = 2 here) which is bounded
by a polynomial at infinity is unique. In fact, One can use the change of variable
w = e~ e to overcome the difficulties at co, and apply a parabolic version of the

maximum principle for functions in W2!"+! [7 Theorem 3.1].

For the existence, we can approximate the domain Qr with Qrr = Qg x [0,7]
where Qg = {(z,y); —K <z < R,0 <y < R}. Take functions 85 € C* such that

Bs(s) >0, Bi(s)>0 forall sé€ (—o0,00),
(6.12) Bs(s) =0, for s< =6 p5(0)=1,
Bs(s) = oo as &6 — 0 for each s > 0,

and consider the corresponding penalization problem on Q7 g:

(6.13) Wy — EWgp — Wyy = —1 + Bs(—w) in Qr,R,

with boundary and initial conditions:

(6.14) w(z,y,1) = p (o — n(t)) (1 - %) on 8 x [0, ],
(6.15) w(z,y,0) = wo(z,y) in Qg.

We denote the solution by wgs(z,y,t). By (H2) and (H4),

8-——.—
—_ 3:1:2 2
ot y

2 2
Qwns 0){ > 2 w°+aaw° ~120 forz> goly),y >0,
= -1 + 186(0) = O fOI‘ T S gO(y)vy > 03
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It is obvious that

0
%i(:v,y,t) >0 on d0Ng x[0,T].

Differentiating the equation in ¢ and applying the maximum principle, we get

P
(6.16) =220 in Qr,

which also implies that wgrs > 0. Similarly, we have

™) 2
" Oz Jy

0? 0?
awR,&(-T Yy 0) { = 2 * ﬂ s 1+ C*(x + I{) for z > gO(?/)ay > 07
=-14 ,86(0) =0 forz < gO(y)7y > 0,

and, notice that 0 < p'(z) <1,

ow
%(:L‘,y,t) S ”'I]I”Loo[o‘T] on 8QR X [O,T] .
It follows that
Oow .
(6.17) (‘;tw < max (||77'||L°°[0,T], 1) +C*(z+ K) in Qr,

by the maximum principle. Differentiating the equation in z twice and applying the

maximum principle, we obtain

*wrs , - .
6.18 = > — Il (uo)z in Qr.
(6.18) Ox? ((v0):) L ({z>90()}) ’
Similarly,
*wrs . ( II - ) )
6.19 — >min | -1, —||(1 — e(ug)s n ,
( ) 8?/2 = ( ( 0) ) Lo ({2390 () QT

where (H2) and (H4) are used. Now using the equation we find that (wggs).r and
(wRs)yy are also bounded from above by C(z + K). Now we can use the compactness
to pass the limit for R — oo and § — 0 along a subsequence, and a solution w is
therefore obtained.

Using (H3) and the fact that 5’(t) > 0, we find that p(z — n(t)) is a supersolution.
It follows that w(z,y,t) < p(z —n(t)) in Qr, and thus w,(z,0,t) < 0. By the maximum
principle, w, < 0 in Qr. Similarly, w,(z,0,t) = p'(z — n(t)) > 0, and so w, > 0 in Qr,
by the maximum principle. We established:

(6.20) wy >0, w, >0, w, <0 in Q7.
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These inequalities implies that the free boundary is a graph = = g(y,t), g(y,t) is
monotone decreasing in ¢, monotone increasing in y and g(0+,t) = 5(¢). Therefore we
can take K > ||n||r~[o,1], and the free boundary will not touch z = — K. O
Theorem 6.1 asserts the existence of a solution. The solution is uniquely determined
by the propagation speed of the reaction front on the z-axis (¢(0,t),0). Next, we shall
study the asymptotic behavior of the solution when ¢t — oco. We first study the case
g(0,t) = —t. In this case the solution should go to the travelling wave solution, as we

shall show below.

LEMMA 6.2. Let the assumptions of Theorem 6.1 be in force, if

(6.21) 9(0,1) = —t,
then
(6.22) lim (g(y,?) +1) = 3(v),

where we denote by (0,§) the solution of the elliptic variational inequality in Lemma

5.1 corresponding to the boundary condition p(z).
Proof. Let o(z,y,t) = w(z —t,y,t), then ¢ satisfies the variational inequality:
Ot — EQux — Pyy + 0z > —1  for0<z<o00,0<y <o0,t>0
p>0 for0<z<00,0<y<o0,t>0
0 (pr —€Prr — Ptz +1)=0 for0<z<00,0<y<o00,t>0
o(z,y,0) = wo(z,y) for0 <z <00,0<y< o0,
o(z,0,t) =p(z) for0<z<oo0,t>0
0(0,y,t) =0 for0<y < oo0,t>0
0<p(z,y,t) <z for0<z<o0,0<y<oo,t>0,
with its free boundary given by z = g(y,t) + t. Like the system in Theorem 6.1, this
system can also be approximated by
(6.23) @1 — €Prz — Pyy + 0z = =1+ Bs(—p) for0<z < R,0<y<R,t>0,
with the initial and boundary conditions:
o(z,y,0) = wo(z,y) for 0 <z < 00,0 <y < o0,
ola.y,t) =) (1= L) for (2,9) € B(0, ) x [0, R],t > 0.
Denote the solution by ¢rs, then by (H2) and (H4),

a‘PR,&

_at—(;(;’y’()) = |—1 + ,B,s(—wo) + €(w0)zx + (wo)yy - (w0)1‘|

< 14C*z for 0 <z <go(y),y >0.

(6.24)
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Next, we fix A > 0 to be small enough such that A —eX? > A/2 and set

Y= (t + 2) e OoRs

A ot
Then
_ / . _ 2 _ 1 N
Pt — EPuw — Pyy + (1 — 26N)s + Bs - b + (A e t+2/A)¢—° _
By (6.24),
lv(z,y,0)| < %(1 + C*z)e™ < C.

From the boundary conditions,
% =0 on (9([0, R x [0, R])) x [0, 00) .

Thus by the maximum principle, || < Clor0<z< R,0<y < R,t>0. Hence,
after taking the limit as R — oo and 6 — 0, we obtain,

0 ~
(6.25) ’a—f < Ce for z > 0,y > 0,¢t > 0.

t+2/A

We can derive estimates for ¢, and ¢,, in any bounded domain in z—y plane, as in
Theorem 6.1. The estimates is independent of ¢. Thus, there exists a subsequence {¢;}
such that lim;; . @(z,y,t;) = h(z,y). Recalling (6.25), we derive that h(z,y) satisfies
the elliptic variational inequality in §5. By uniqueness, we conclude that h(z,y) =
w(z,y). Since the limit is independent of the choice of the sequence {¢;}, the limit as

t — oo exists, 1.e.,
(6.26) lim o(z,y,8) = @(z,y) .
Noticing that @w(z,y) > 0 for > g(y), we derive

(6.27) limsup(g(y,t) +t) < G(y).

t—o00

By the nondegeneracy lemma (a parabolic version nondegeneracy lemma similar to
Lemma 3.1 of [3, page 154]), ¢(z,y,t) can not be uniformly small in a neighborhood of
any point (2o, Yo, o) such that ¢(zo, yo,t0) > 0. It follows that

(6.28) liminf(g(y,?) +¢) > g(y),

and the lemma follows. O
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COROLLARY 6.3. Let the assumptions of Theorem 6.1 be in force, if

(6.29)
then

(6.30)

Jim ¢+ 9(0,0) = 0,

lim (g(y, 1) +1) = §(y)-

Proof. We will take T large enough so that |t + ¢(0,t)| < é for ¢ > T. Then we
use the comparison function with ¢(0,t) replaced by —t & 6. Applying Lemma 6.2, we

immediately obtain

(6.31)

limsup |g(y, ) +¢ — g(y)| < &.

Letting 6 — 0, we conclude. O
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