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ON THE SPREAD OF CONTINUOUS-TIME LINEAR SYSTEMS*
AVNER FRIEDMANt aND MICHAEL L. HONIG{

Abstract. Given the impulse response h of a linear time invariant system, we consider signals y = h*u
with inputs u subject to |u(f)] < 1 and ask: for a given 7 > 0 and y(f5), what is the set of all the possible
values (the “spread”) of y(fs + 7)? We characterize this set, study its properties, and compute it for some
functions hA.

§1. Basic definitions and results. Let h(f) be a prescribed continuous function
defined for 0 < t < oo and belonging to L1(0, c0); we refer to it as a an impulse response.
Let u(t) be any measurable function for 0 < £ < oo satisfying |u(t)| < 1; we refer to it as
an input. The function y(t), defined

y(t) = / h(t — syu(s) ds

is called the output or the signal.

Given a € R, t; > 0, 7 > 0, we would like to estimate the range of the output
y(¢) at time t = tp + 7, given that y(t5) = a. More quantitatively, we wish to bound the
numbers

&1 (a,7,t) =sup{y(to +7); given y(to) = e},
u

67 (o, 7,t0) = inf{y(to + 7); given y(to) =a}.

Introduce the class of control functions

0

(1.1) K.o={ue L°6(moo,r), -1<u(s) <1, / h{—s)u(s) ds = a}
and the functional
(1.2) J(u)= ] h{T — s)u(s) ds,
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and define

(1.3) o¥(r,a)= sup J.(u),
uek, o
(1.4) | o (1,a) = UEi%:E,a Jr(u) .

Definition 1.1. The function o(r,a) = o¥(r,a) — 67 (1,a) is called the spread of the
linear system. _ -

The motivation comes from the following theorem.

THEOREM 1.1. For any a« € R,7 > 0,

(1.5) sup 57 (7,a,p) = o (7, a),
to20
(1.6) tf,%foa (T a,tg) =0~ (7,0a)

and, consequently,

(1.7) sup (7, a,t0) — inf 57 (7, a,t0) = o(r,a) .
to 20 1920

Proof. The condition y(9) = o means that

(1.8) ]h(t@ —s)u(s) ds = a.
0

Writing
tg+f

y(to+7) = / h(te + 7 — s)u(s) ds
0
and substituting o — s = 8', u(ts — ') = v(s') we get

,

y(to +7) = / h(r — s"v(s") ds’ .

._to

The same substitution applied to (1.8) gives

-tfo h(—s"v(s') ds' = a.




Hence

¥ (r,a,to) = Sup{ / h(r —s"w(s') ds' ; v satisfles

—tg

(s < 1, / A= )o(') ds' = .

Extending v(s') to s' < —tq by zero we see that o7 (7, a, o) is sup J-(v) when v is restricted
to a subset say K; o1, of Krq; hence

5"*'(1', a,ty) < cr"'('r, a).

As ty — oo the subsets K o ¢, increase and every u € K , restricted to a bounded interval
is a function in {J, 5o Kr,q,t, Testricted to the same interval; this implies the equality in
(1.5). The proof of (1.6) is similar,

THEOREM 1.2. For any o € R, 7 > 0 there exist admissible functions uf,, u;, in
K, o such that

(19) Tuta) = sup Tiu) = o*(r,a),
"GKf,a
(1.10) Jo(uzy) = Elréf Jr(u) =7 (1, a).

Indeed, taking a maximizing sequence u;, we can extract a subsequence which is weakly
convergent in L} _ to a function up. It is easy to check that up is a maximizer for J,, i.e.,
up is the asserted u},. The proof of (1.10) is similar.

In this paper we study the structure of u‘éa and this enables us to compute the spread
of some linear systems of interest. In §2 we solve a general maximization problem, which
is then used (in§3) to analyze the structure of u,:?,a. In §4 we establish various properties
of o(7,a) and, in §5, we compute o(7,a) for some examples. Finally in §6 we show that
all the results can be extended to the case where y(to), y(to + 71),...,y(to + Tn-1) are
prescribed and the range of y(fp + 7a) is sought; here 0 <7y <713 < -+ < 7y

Motivation for studying the function 6% (7, &) comes from the following problem posed
in [1] and [2]. For any d > 0, T > 0 and impulse response A(-), denote by Nmax(T,d) the
maximum number of inputs u;(s) such that the corresponding outputs y;(t) satisfy:

orgtaéleyi(t) —yit)=2d Vi#j.




We define

(1.11) MCT(d) = lim 08 Nmex(Dod) (0 o
T—x T

and would like to obtain bounds on the MCT(d) for any A(-). Set
™ =inf{r| o(r,0)=d}.

Work in progress [3] indicates that

(L12) MOT(d) < —

for any h(-) that satisfies

msldss [ o)l ds
{55 21} {58 <}

for all 7 < 7*; the arguments used depend on results derived in this paper. Results
obtained here (in §6) for the N contraint problem, in which N output values are specified,
can be used to tighten the upper bound given by (1.12) (see [3]).

The problem of computing spread for a discrete-time linear system with impulse re-
sponse h;, i = 0,1,2,..., is considered in [2]. This computation is equivalent to solving
a linear program with bounded variables and one equality constraint. Here we show how
the spread can be computed for a continuous-time linear system. T'wo examples of special
interest are presented in which the spread can be computed by finding a solution to a
transcendental equation.

A general optimization problem. Let f(s), g(s) be continuous functions in oo <
5 £ 0, which belong to L'(—00,0), and assume:

(2.1) f#0 a.e.,
(2.2) meas {% =u}=0 forany p€R.
Let
K = {u(s) measurable for - o0 <s <0, lu(s)| < 1,

/0 f(s)u(s) ds = o}

4




for some fixed @ € R, and
0

J(u) = / g(s)u(s) ds.

00

As in the proof of Theorem 1.2 one can show that there exists a function up € K such that

(2.3) J(ug) = max J(u) .

THEOREM 2.1. For any solution up € K of (2.3) there exists a number A € R such
that almost everywhere

g(s)

sgn f(s) if > A
(2.4) uo(s) = ' ; Eg
—sgn f(s) if m <A

Notice that (2.4) is equivalent to
uo(s) = sgn [g(s) — Af(s)] -

Proof. We begin by proving that ug = 1 a.e. If the assertion is not true then the set
Go = {|uo] < 1} has positive measure. Denote by G the subset of Gy consisting of all
points ¢ of Go-density equal to 1, such that also f(t) # 0. Then meas G = meas G > 0.

Take #1,t2 in G (#; # t2) and let G; be a subset of G contained in §;-neighborhood
of t;, such that sup |u| < 1,
Gy

GiNGy;=0, measG; = measGy = § > 0.
For any real numbers A;, A,, if € is positive and small enough then the function

" € €
(2.5) = up + 41 3 Xe, + Az 3 Xa,

satisfies |G| < 1. Further, if

(2.6) A1 | f(s8)ds+ Az | f(s)ds=0
Jroer]

then j)' f(s)i(s) ds = a, so that & € K. Notice that (2.6) is equivalent to

(2.7) A1 f(t1) + A2 f(t2) = 01(b0)
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for some ¢1(8) such that o1 (8y) — 0 if 5, — 0.
From the maximality of ug it follows that (2.6), or (2.7), implies J{@) < J(ug), that is

(2.8) Ay [ g(s)ds+ A; [ g(s)ds <0,
Joen]

ie.,

(2.9) Ay g(t1) + Az 9(?‘:2) < o2(60)

for some ¢3(6g) such that o2(8g) — 0 if §; — 0.

Choosing
f(t2) | o1(bo)
2.10 A =-4 +
(210 S S I Y
so that (2.7) is satisfied, (2.9) must then hold and, upon letting 6, — 0, we get
g(t:)f(t2)
2.11 A ———F———= +4g(t2)| £0.
( ) 2 7(t1) g(t2)| £

Since Aj is arbitrary, it follows that the expression in brackets must vanish. Thus

g(t1) — g(t2)
flt)  f(E2)

for all ¢;,%; in G. Since G has a positive measure, this is a contradiction to (2.2).

Denote by D the set of all points ¢ such that f(¢) # 0 and ¢ is a Lebesgue point of ug.
Thus almost all ¢ in (—o0,0) belong to D. Take any £;,?; in D with

g(t) _ g(t2)

(2.12) ) >f(t2)'

We shall prove that a.e.

(2.13) ug(tz) = sgn f(t2) implies wup(%1) = sgn f(¢1)
and
(2.14) up{t1) = —sgn f(¢;) implies wug(tz2) = —sgn f(t2) .

These two statements clearly imply the assertion (2.4).

6




To prove (2.13) suppose the assertion is not true. Then the set G of pair (t1,12) for
. which (2.13) is not true has positive measure. Choose t;,¢; at which G has density 1.
Then for any 8y > 0 we can find sets G1, G2 such that G; is contained in §p-neighborhood
of t;,meas G; = meas G, = § > 0, and

up(t) =sgn f(t) forall te€ Gy,
uo(t) = —sgn f(t) forall teGy.
We again form the function (2.5). If
(2.15) Agsgn f(t2) <0, A;sgnf(ty) >0

then |@| < 1 if € is sufficiently small.

 If we can further choose A3, A; such that (2.6) (or (2.7)) holds, then (2.8) (or 2.9)) must
be satisfied. The condition (2.7) is satisfied by the choice (2.10) of Ay, and if Az sgn f(t2) <
0 then clearly also A;sgn f(#;) > 0 provided & is sufficiently small. We conclude, after
letting 6o — 0, that (2.11) must hold provided A, sgn f(#3) < 0. Dividing (2.11) by Az f(t2)
we arrive at the inequality ) )

glt1 g(t2

f) * ) =P
which is a contradiction to (2.12). This completes the proof of (2.13); the proof of (2.14)
is similar.

+

From Theorem 2.1 we immediately get

COROLLARY 2.2. The constant A in Theorem 2.1 is uniquely determined by

(2.16) [ vela- [ ifeus=a;
{55 >x) {45 <x}

consequently the maximizer ug is also uniquely determined. As « decreases from f_n o |f(8)] ds

to — } [f(s)| ds, A= A(e) increases monotonically from
inf {g(s)/f(s)} to sup{g(s)/f(s)}-
& 80

§3. The structure of u¥,. Choose h(t) asin §1, i.e.,

(3.1) h € L*(0,00) N C°[0, o0)
and assume further that
(3.2) h(t) #£0 a.e.
h
(3.3) meas{0 < t < oo; (;(-:)T) =2}=0 YVr>0, »€R.

Taking f(t) = h(—t), ¢(t) = h(r —¢t) in Theorem 2.1 and Corollary 2.2, we get:
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THEOREM 3.1. There exists a unique solution uf, of (1.9) and it is given by

sgn h{—s) if hi(:('_—s)s) > AT
(3.4) ut (s) = ' h(r —s)
—sgn h(—s) if hos) < At
where At is determined by
(3.5) / Ih(=3)| ds — ] Ih(=s)| ds = .
(e > s o

Clearly also uf (s) =sgn A(r —s)if 0 <s < 7.
We now consider a special case.

THEOREM 3.2. If h € L(0,00), & > 0,d*(logh)/dt? > 0, then there is a unique
solution of (1.9), given by '

1 if -0 < 8 < U,
(3.6) uho(s) = { . N
’ -1 if p<s<0
and uf ,(s) =1if0 < s < 7, where y is determined by
» 0
3.7) f h(—s) ds — / h(=s) ds = .
oo "
Proof. By assumption
R(s) is strictly increasin

hence

M{r+s) _ h(s)
Mr+s) ~ (s

This means that

d h(r+s)
& s 0
and thus
h(ir—s) . . .
is strictly decreasing in s.
h(—s)

Now apply Theorem 3.1 to complete the proof.
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REMARK 3.1. If log h is convex (but not satisfying d?(logh)/dt* > 0) then we can
approximate it by a smooth function h, with d?(logh,)/dt* > 0. Applying Theorem 3.2
to the corresponding maximizers u® , we deduce that there is a maximizer u,q (for k)
having the form (3.6), (3.7). There may be other maximizers; for instance if h(t) = ¢™*
then every u € K o is a maximizer. (Notice that (3.3) does not hold for h(t) = e™".)

THEOREM 3.3. If h € L}(0,00),h > 0 and d%(log h)/dt? < O then there is a unique
solution of (1.9} given by

-1 if —o0 <8<l
:a(s)={ #

(3.8) .
1 if p<s<0

and u',!',a(s) =11if0 < s < 7, where [t is determined by
i 0
(3.9) - / h(—s) ds + /h(-—s) ds=a.
-0 A

Notice that du/da > 0, dij/da < 0 where p = p{a) and i = ji(a) are defined by
(3.7) and (3.9) respectively. )

§4. Properties of the spread.
Theorem 3.1 implies that

ot(r,a) = j [sgn h(—s)]h(T — s} ds

{55 >xr)

f [sgn h{(—s)|h{T — s) ds + / |h(T — s)] ds
0

{55 <t}
h(r 3)
/ h( ) Ih"(_s)ld“g
{55 >t}
(4.1) - / h(z ;) Ih(~s)| ds + f Ih(r — 8| ds ,
{58 <t}

where A% is determined by (3.5). Similarly, one can show that

o {r,a)=— -h(—T;f-)- —38 S —3)| ds
(r,0) [ Atweoias [ ol
(4.2) {553 >} {553 <}

- [ -1 ds,




where A~ is determined by
(4.3) - / [h(—s)] ds + ] |h(—8)| ds =« .
{5&5 >x-} {53 o)

As « decreases from [ [h(s)| ds to — [;° |h(s)| ds,A™(a) decreases monotonically

from su%){h('r —8)/h(—s)} to ixé%{h(t — s8)/h(—s)}. Also, A=(0) = X*(0).
s< o

Combining (4.1) and (4.2) gives the spread

(4.4)

5 o(na)= % [o*(r,@) ~ o7 (7,a)]
- [ EEimesga- [ H=dnege
{26=1 55, {5EF <an}
+ [ 1=l as

where Az = max(A~, A*) and A, = min(A~, A1),

THEOREM 4.1. There holds:
60*(1‘, a) _

*
R AT

(45)
Proof. Since A*(a) is a monotonically decreasing function of o, we can write
(4.6) ] Ih(—s)] ds — / Ih(=s)| ds = & — Aa
{35 Savean) [t rea)
where AX, Aa > 0. Subtracting (4.6) from (4.1) gives
(47) 2 / Ih(=s)] ds = Ac .
{a+<i=gt <a+tan}

From (4.1), (4.6), and (4.7),

h(r — s)
h(—3)

ct(r,a) — ot (r,a— Aa) =2 ] |h(—s)| ds

{a+<Bz=s <a++ar}

=\t +¢(AN)] Aa

where e(A)\) — 0 as A\ — 0. Letting Ao — 0 while observing (4.7) gives 901 /0a = AT.
A similar argument shows that 8¢~ /0a = A~.
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THEOREM 4.2. (i) o¥(r,a)is concave in «, 0~ (7, ) is convex in e, and thus o(7, a)
is concave in «a;

(ii) o%(7,a) = —o%(r, —a) and therefore o(7,a) = o1, —a);
(i) Qa—g';i) <0ifa>0.

Proof. Assertions (i) and (ii) follow immediately from Theorem 4.1 and the fact that
Axt/Ba (82~ /da) is negative (positive) for all &. The assertion (ii) is obvious from the
definition of o*. Finally, since o(r, a) is concave in a (by (i)) and do(r,a)/0a = 0 at
a =0 (by (i1)), (iii) follows.

We now specialize to the case where either log h is convex, so that

1] T

(4.8) ot(r,a) = j h(r —s) ds — fh(r —s)ds+ /h(s’) ds'

-0 ] 0

where y is determined by (3.7), or logh is concave so that

(4.9) ot(r,a) = — ]ﬁ h(t —s) ds + /oh(r —3)ds+ ]h(s') ds'
o B 0

where fi is determined by (3.9).
THEOREM 4.3. If ' < 0 and log h is convex or concave then

do*(1,a)

(4.10) =

>0.
Proof. If log h is convex then from (4.8) we get,

m 0
dot(r,a) d d
%_ =—fah(r—s)ds+/Zg—h(r—.s)ds-}-h(?‘)
—_ n

= 2h(1) — 2h(T — p) > 0.

Similarly, if log h is concave then

aa+(r,a) / W(r — s) ds — / h(r — s) ds + h(r)

=2h(r—ji)>0.

Finally, the second inequality in (4.10) follows from the first inequality and Theorem 4.2
(ii).
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§5. Examples.

If h(t) = exp{—k(t)} where k(t) — oo,k convex (k concave) then logh is concave
(convex). For h(t) = (¢t + a)® where e >0, b>0, logh is convex.

We shall now consider two functions h(t) of special interest.
THEOREM 5.1. Let

N
(5.1) h(t)y=) aie™*  (a;>0, §; >0).

=1
Then d° log h/dt? > 0.
Proof. As in the proof of Theorem 3.2, the assertion is equivalent to showing that

d h(r—3s) _ h(-s) Za:f; e Pilm=8) _ p(r — 5)T a;8;eP°
ds h{—s) h2(—s)

is negative for any 7 > 0. But the numerator is equal to
= 3T a;a;0; e-?(ﬁ.'+ﬂ5)(e—.8er - e—ﬂjr)

= 3 5F aia; 040 [ﬁf (e_ﬂ” ‘6—'9") +55 (e'ﬁ” - e‘ﬁ")]
1 g Y —Bir
=3 XX aia; *(Bi+h;) (Bi — Bj)(e Bir . ¢=Pi )

and each term in the last sum is negative if 3; # ;.

For the function (5.1), the u determined by (3.7) is given by

Y Zedr-1)=a
i=1 ﬂi
The next example is
(5.2) h(t) = e P coswt  (6>0, w>0).
Since A
E:(-:s')s) = e P"(cos wr +sin wr tan ws),
one can check that the optimal solution u;'_" o> Which for simplicity we shall denote by u,,
satisfies:
sgn h(—s) if vy—nr<ws < _M
uo(s) = :
2 3
—sgn h(—s) if _(n_—;—_)_'{ <ws<y—nw
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ifn=20,1,2,..., and

—sgn h(—s) if —Z <ws<min(y+m,0)

ug(s) = { sgn h(—s) if min(y+7,0) <ws <0

where v € [-—%E ,—g] is to be selected such that

Y]

(5.3) f h(—s)up(s)ds =a .
Recalling (5.2) one can check that
-1 if Y-2nr<ws<y—(2n-1)7
ug(s) = { .
1 if Y-m-r<ws<y—-2(n-1L)r
forn=1,2,...,and
-1 if 4 <ws< min(y+7,0)
ug(s) = ' . .
1 if min(y + 7,0) < ws < 0.

Setting v' = min(v + 7, 0) and using the formula

1
B+ iw

[e—(ﬂ+s’w)b - e-(ﬂ+=‘u)a]}

/b h(—s) ds = —Re {

we can compute

(v=(2n—-1)m)/w

] i h(=s)uo(s) ds = ;[— f h(—s) ds

(v—2nm)fw
(v—2(n—-1)7m)fw
+ / h(—s) ds]

(r—(2n=1)m)/w

¥ fw 0
- / h(—s) ds + f h(—s) ds .
v/w ¥ [w

After somewhat lengthy calculations we get the expression

Re ﬂ_—_z_r;u_ eAtiv)v/w ._1_+e—_ﬂw/:
52 4+ w? 1 —e—fn/w

" ﬁﬁz :_ “:2 {1 — 9 B [ e(ﬂ+:‘u)'¥/u] }

(5.4)

13



or
3 9e81/w
ﬁ2 + w? +(ﬁ2 + w2)(1 —_ e—,@‘rr/w) (
2 eBY /v
~Fro (Bcosvy' +wsiny') .

Hence (5.3) determines v by the following formulas:

Beosy +wsiny)

2 ef1w
1_—(a_ﬂr—/“’(ﬁcosv+wsm'y)-—a(u +8)+p8 if —-wr<y<0,
2¢87/w

5.5 =
(5.5) T

+2ePOFTH@Y (B cos v + wsin )

=aW+p) -8 if —»%1: <y < -~

Since
0

/ h(T — syuo(s) ds = Re{ fo e FHNT=9) 0 (s) ds}

0
= Re{e‘mﬁw)r /hg(—S)Uo(S) ds}

and the last integral is equal to the expression in braces in (5.4), we find that

T*(r,) = e [Beon(y — ) + |
%) = T 21 = e=BeTe) cos(y — wT) + wsin(y — wr)
e P7
- 2(ﬁcoswr—wsmwr)+][h(s|ds if —-7m<y<0,
*(r0) = o [Bcoaly — wr) + weinly —wr)]
@) = T 1 B (1 = AT cos(y — wT) + wsin(y — w7t
-".81'
ﬁ2 T (ﬁcosw‘r—wsmw'r)+/|h(s)|ds
if - 3?” <7y < -

§6. Several constraints. The results of the previous sections can be extended to
the case of several constraints. In fact it all hinges upon generalizing Theorem 2.1 to the
problem:

(6.1 max g(sju(s) ds

—00
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where K, is the set of all measurable functions u(s) satisfying:

(6.2) —-1<u(s) <1 for —x<s<0,

(6.3) f fls)u(s) ds=a;  (i=1,2...,N).

Here g and f; are given functions in L'(—oc0,0)NC°(—o0,0] and o; are given real numbers.

THEOREM 6.1. Assume that fi # 0 a.e. and that, for any real numbers p1,..., N,

N
measure{g = Zp,-f,-} =0.

i=1

Then there exist sequences Um, Ai,m, %im With Uy, — uo weakly in L

10c7 al,m = al 1
aim — a; for 2 <1 < N, where uo is a maximizer of (6.1), and

N
(6.4) um(s) = sgn [9(s) = D im Fi(s)]

i=1

(6.5) / fi(8)um(s) ds = aim (:=1,2,...,N).

Thus, in order to evaluate (6.1) we need to analyze the u,, from (6.4), (6.5) and then
0
compute [ gum, noting that

-0

0 0

f 9(s)um(s) ds — /0 g(s)uo(s) ds = max f g(s)u(s) ds.

—oa —00

Proof. For any small 5 > 0 introduce the “penalized” functional

0

N [¢]
(6.6) Ty(u) = ] gsyu(s) ds =+ Y| ] fi(sYu(s) ds — aq]?

—oo =2 e

and consider the problem:
(6.7) maximize Jp(u) for v € K

15



where K consists of all functions u satisfying:

0
-1<u(s) <1, / fi(s)ds=a; .

Proceeding as in the proof of Theorem 2.1 we deduce that if |i| < 1 where @ is defined by
(2.6) with ug = u,, then (2.6) implies

N O
A1g(t1) + Aag(ts) — % DA / fittgds — a;i)(A1fi(t1) + A2 fi(t2)) < o2(bo)

=2 oo

where u, is a solution of (6.7) and o3(8) — 0 if 6o — 0. Taking § — 0 we get the
inequality

N
Adg(t) =Y Aigfity)]

=2

N
+ A2fg(t2) = ) N filta)] S0

=2

for some scalars A;,. We can now proceed as in §2 to deduce that meas{[u,| < 1} = 0;
furthermore,

N
(6.8) uq(s) = sgn [9(s) = D~ Ainfils)] -

We note that
Jo(uy) 2 Jy(#) Vi€ K ;

From the inequality Jy(uy) > Jy(4) for some 4 € K, it follows that

N 0 2
E Z {/fi(s)u,,(s)ds—a.'] <C, € independentof 7.
n =2 o
Hence, as n — 0,
0
(6.9) Qg = / fi(8)uy(s) ds - a; (2<i<N).
—00
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1t is also easy to verify that for any convergent subsequence uy,, (weakly in L{..), the
limit ug is a solution to problem (6.1). Indeed

0 0 0
(6.10) Jp(ug) € /gu,, ds € max guds = /gﬁ,, ds
uGKa,,
e —_—0 -_—
where K, is defined as K, but with
Qy = Q2 9y, AN = AN g .

Since a; , — @j, if we take 5 to vary in a subsequence of n, such that 4, — @& weakly in
0

0
LL., then [ gi,— [ gi and @ € K, (ie., @ satisfies (6.2), (6.3)). Denoting by u; any
—0o —oo

solution of (6.1) — (6.3) we then have

0 0
/gﬁ ds < [gulds;
—oo —oo

also, by maximality of u, (see (6.7))

0
/ guids = Jp(ur) € Jy(uy) .

Using these relations in (6.10) and noting that

0 0
jgu,,d.s—r/guods,
- —o0

we conclude that

0 0 0
'/guods=/gu1d.s=51€1?(.}i/guds.
-0 —co -0

Thus ug is a solution to (6.1)—(6.3). Recalling also (6.8), (6.9), the proof of Theorem 6.1
is complete.

REMARK 6.1. The A, ,, satisfy

fi(s) ds - / fi(s) ds = a;

{g>ZAimfi} {9<ZX m i }
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From these equations one should be able to determine the A; ,,, at least in some relatively
simple examples, and show that A; , — A; (J; finite) as m — oo; consequently

N
uo = sgalg(s) ~ > Aifi(s)] -

f=1
0
and ] fi(s)uo(s)ds =a; for 1<j<N.

REMARK 6.2. Since uniqueness has not been established for (6.1), it is worth noting

that any solution ug of (6.1) can be recovered as a weak limit of maximizers u, provided
we modify the definitions of J,(u) in (6.6), adding the term

(v — ug)?

59 ds

to the right-hand side. One can then show that
0

R
%)—dswo if n—0.

-0

The only differences occurs in (6.8): In the first inequality we have to replace A; , f1(s) by
A1, f1(s)+7(n) and in the second inequality we have to replace Ay, f1(s) by A1, f1(s)—7(n),
for some function ¥(n) — 0if n — 0; furthermore, (6.8) holds a.e. except for set of measure
< #(n) where ¥(n) = 0if n — 0.

REMARK 6.3. Theorem 2.1 can actually also be proved using the penalized functional

0

0 0
1 2 (v — ug)?
fguds n(ffuds—a) / T2 ds .
-0

—0 —-00
REMARK 6.4. Consider the problem

(6.11) max Jr(u)

where K is the set of all inputs u that satisfy

tj

(6.12a) j h(t; — s)u(s) ds = o, j=1,...,N,

bt o]
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and where J-(u) is defined by (1.2) and 0 =t; <t2 < -+ <ty-y <IN =T
Set

(6.13a) ot(T;t1,01,.. ., IN,ON) =runea.f:{cJ,.(u),
(6.13b) e (rit1,a1,...,tN,aN) = nélfr(l J-(u).

Then there exists a solution to (6.11) if and only if

o0
eal < [ IA(s)l ds,
0
o~ (it 00, b, 1) S < ot (tiit1, 00,5000 b, @-1),
l1<j<N.

(6.14)

Assuming h(s) = 0 for s < 0 (6.12a) can be written as

r

(6.15) i / h(t; — s)u{s) ds = oy, j=1,...,N,

-0

so that Theorem 6.1 implies that

sgn [A(T — 3) — ZAih(ti —38)l, ti<s<tjn
(6.16) u(s) = e
sgn [h(r —s) = >_Aih(t; —8)], s <t

i=1

where A1,...,An are chosen to satisfy (6.12a). In general, it is necessary to resort to
numerical techniques to compute Aq,...,AN.
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