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1 Introduction

When an interconnection network contains possible linktfdnere are two fault-tolerance mea-
sures in the literature.

The deterministic measure is the maximum number of faullysliwhich, in any case, cannot
disconnect the network. This measure is calleditie2connectivity

The probabilistic measure is the probability of the netwlogikng connected when links fall
with certain probabilistic distribution. L&t be the family of all line-cuts of a digrapfi. By the

exclusion-inclusion principle,

Prob(G connectedl = 1 — Prob(G disconnectefl

= 1-) Prob(c)+ > Prob(c;Ucy) ...

ceEF c1,c2€F,c1#£ca
When all links are independent, Pr@h (respectively Prolic; U ¢3)) is a product of failure
probabilities of links inc (respectively inc; U ¢2). Therefore, if every link has the same fault
probability of a small number, then Pr¢&' connecte@l depends mainly on the number of the
minimum line-cuts.

Consider a digraplt; with line-connectivityc. If a vertex of G hasc in-links (or ¢ out-
links) other than loops, then thosén-links (out-links) form a line-cut of size. Those line-cuts
are callednatural line-cuts A digraphG is said to havesuperline-connectivityc if its line-
connectivity isc and every line-cut of sizeis natural. Clearly, the super line-connected digraph,
in some sense, reaches maximum fault-tolerance.

Given a degree bound, many constructions have been found in the literature tdemeh
the maximum connectivityl and near-minimum diameter [16, 5], including Kautz digraph
cyclically-modified de Bruijn digraphs, generalized cy;letc. Do they also have super line-
connectivity? This is an interesting question. Indeedes®velated research works have been
published in the literature [17, 3].

In this paper, we study the super line-connectivity wittelgigraph iterations. In fact, many
interconnection networks can be constructed with lineatigriterations, such as de Bruijn di-
graphs [2], Kautz digraphs [12], some of generalized dejBrdigraphs [5, 13], Imase-Itoh
digraphs [10, 11, 9], large bipartite digraphs[15], andéageneralized cycles[7]. We will show

that the super line-connectivity can be generally estiabtighrough line digraph iterations.



2 Main Results

Consider ad-regular digraph’, that is, every vertex off has in-degreel and out-degred.
Suppose each vertex 6f has at most one loop. A vertex with a loop is callelda@p-vertex A
cyclic modificationof G is a digraph obtained fror&@ by deleting all loops and connecting all

loop-vertices into a cycle.

Lemma2.1. Letd > 2. Supposé& is ad-regular digraph that each vertex has at most one loop.
Then every cyclic modification 6t has super line-connectivity if and only if G satisfies the

following conditions:
(&) G has super line-connectivity at leagt- 1, and

(b) every line-cut of sizé breaks the vertex set 6f into two partsA and B such that either

every part contains a loop-vertex or onesfand B is a singleton.

Proof. For sufficiency, assumé& has properties (a) and (b). Consider a line€udf sized in
a cyclic modificationG* of G. Suppose&” breaks the vertex set ¢f* into two partsA and B
such that every link fromd to B belongs taC. By (b), we have two cases.

Case 1 Both A and B contain at least one loop-vertex. Th&hmust contain a linke from
the cycleG* \ G. Then,C — {e} forms a line-cut ofz. By (a), C — {e} must be natural. Thus,
either A or B contains only one vertex, €6 must be natural ird7*.

Case 2 Either A or B contains only one vertex. ThuS, must be natural id*.

For necessity, we first assume tliatloes not have property (b). This means that there exists
a line-cutC of sized which breaks the vertex set 6finto two parts4 and B such thatA| > 2,
|B| > 2, and eitherA or B contains no loop-vertex. Clearlg is also an evidence to witness
thatG* has no super line-connectivity

Now, we assume tha¥ does not have property (a). Suppdsés a line-cut of sizel — 1
which breaks the vertex set 6finto two parts4 andB such thatA| > 2, |B| > 2, and all links
from A to B belong toC'. We connect all loop-vertices iA into a pathP, and all loop-vertices
in B into a pathPg, and then connect two path into a cyéle With this cycle, we can obtain a
cyclic modificationG* of G such thatC together with the link in the cycl€ from A to B form

a line-cut of sizel for G*, which witnesses thai™* has no super line-connectivity O

We should be careful with the cagde= 1. In fact, Lemma 2.1 does not hold fdr= 1. For

a counterexample, consider a digra@ttonsisting of disjoint union of two loops and a cycle of



size three. The cyclic modification 6f is not connected. In fact, wheh— 1 = 0, the condition
(a) is vague.

It is worth mentioning that if7 has no loop, then conditions (a) and (b) are equivalent to the
fact thatG has super line-connectivity. In fact, it follows from (a) thatz has line-connectivity
d. It then follows from (b) that every line-cut of sizéis natural. Hence(G has super line-
connectivityd. Conversely, ifG has super line-connectiviy, then (a) and (b) hold trivially.

For any digraph? = (V, E), we denote by.(G) the line digraph of7 defined as follows:
The vertex setol.(G) is E. For(a, b), (¢,d) € E, there exists alink i, (G) from (a, b) to (¢, d)
if and only if b = c. For any natural number > 1, recursively defind.*(G) = L(LF—1(@G)),
whereL’(G) = G.

Theorem 2.2. Let G be ad-regular digraph where each vertex has at most one loop. dfyev
cyclic modification of7 has super line-connectivity, then fork > 1, every cyclic modification

of L*(@) also has super line-connectivityunlessd = 2 and G contains a loop.

Proof. Ford = 1, sinceG is d-regular,G consists of disjoint union of cycles. @ has no loop,
thenG is a cycle sinces has super line-connectivity 1. Thus, for evéry 1, L*(G) is a cycle
and hence has super line-connectivityf G has a loop, then every cycle @his a loop because
every cyclic modification ofy has super line-connectivity 1. This means that every vartex
has a loop and so does every vertexl6{G) for £ > 1. Hence, every cyclic modification of
L*(@) has super line-connectivity 1.

Next, we assumé > 2. By Lemma 2.1, it suffices to show thatdf has properties (a) and
(b), thenL(G) has properties (a) and (b). The fact tfi&{G) satisfies (a) and (b) then follows
by induction.

To do so, consider a minimum line-cat of L(G). SinceG is d-regular, L(G) is alsod-
regular. Hence, the line-connectivity 6{G) is at mostd, i.e., |C| < d. Suppose” breaks the
vertex set ofL(G) into two partsA and B such that no link other than those @his from A to

B. Let

U = {(u,v)] ((u,v),(v,w)) € C, for some vertexw of G }
= {(v,w) | ((u,v), (v,w)) € C, for some vertex. of G }

V = {v|((u,v),(v,w)) € C, for some vertices,, w of G }

Our plan is to first show that' is a natural line-cut of.(G) of size at least — 1, namelyL(G)

satisfies condition (a). We show several claims as follows.



Claim 1. If |V| > 2, then|A| > |C|and|B| > |C]|.

Proof. Note that for eaclv € V, there ared out-links andd in-links atv. Each of the out-
links belongs to eithef¥ or A and each of the in-links belongs to eitHéror B. Moreover,
for eachv € V, there exists at least one in-link #h and at least one out-link i. Therefore,
when|V| > 2 and no loop-vertex exists i, we have/A| > 2(d + 1) — |C| > |C| and
\B| > 2(d+1)—|C| > |C|. When there exists loop-vertex in, L(G) must have a loop-vertex.
—|C| > |C|land|B| > 2d — |C| > |C|. O

Therefore, — 1. Therefore,

Clam2. |V| = 1.

Proof. For contradiction, suppos® | > 2. By Claim 1,|A| > |C| and|B| > |C|. Since|A| >
\C|, U is a vertex-cut of.(G) and hence a line-cut @F. If G has no loop, thety has super line-
connectivityd. Thus,|U| > d. Note thatU| < |C| < d. Therefore|U| = |C| = d and hence
U is a natural line-cut of7. If G has a loop, the.(G) has a loop. Hencel/| < |C| < d — 1.
Ul=|C|=d—-1andU

is a natural line-cut o7. Similarly, we can show tha¥’ is natural andW| = d if G has no loop

andd — 1 if G has a loop. Hence, we ha\€| = = |W]|. It follows that any two links in

\/

Figure 1: |C| = |U| = |W| = |V|.

U cannot share the same ending vertex (recall the assumptaofvt > 2). Thereforel/ must
consist of out-links at a vertex and W must consist of in-links at a vertex(Fig. 1). It also
follows that|V| = |C|. We next show that anyin V' is not a loop-vertex. In fact, for otherwise,
suppose some € V has aloop. Then the loop beinghwould introduce a linK (v, v), (v,y))
from A to B, but not inC', and the loop being i would introduce a link (z, v), (v, v)) from

A to B, but not inC, a contradiction.



Note that at each € V, every in-link other thariz, v) belongs taB and every out-link other
than (v, y) belongs toA. Those links inducéd — 1)? links in L(G) from B to A. Therefore,
there exist at leastC|(d — 1)? links in L(G) from B to A. However, ad.(G) is d-regular, every
vertex in L(G) has the same in-degree and out-degree. It follows that @) the number of
links from B to A equals the number of links from to B. Therefore,|C|(d — 1)? < |C|. It
follows thatd = 2 (Fig. 2). SincdC| = |V| > 2, we must haveC| = 2. Thus, we may write

V = {v1,v9}. Note that every path from; to y in G, not containing link(v,y), must pass

Figure 2: d = 2.

through vertex: and hence must contain lirl, v9). To see this, supposk is a path fromu,

to y not going throughe. It is clear thatP must go throughvs. The first link in P is an out-link
of v; and thus it is inA. The last link inP is (v, y) which is in B. Hence, there must be a
transition fromA to B along the way. Thus? induces a link ofZ.(G) connectingA to B which

is not inC. This means thatv,, y) and(z, v2) form a line-cut of sizeC| = d = 2, which is not
natural. HoweverC| = d implies thatL(G) has no loop and hena& has no loop. It follows
thatG has super line-connectivity, contradicting the existence of an un-natural line-cutizé s

d. O
Clam3. [U|=1or|W|=1.

Proof. For contradiction, supposé/| > 2 and|WW| > 2. By Claim 2,

Vi=1,ie,V = {v}.
This means that for anyu,v) € U and (v,w) € W, ((u,v),(v,w)) € C. It follows that
ul-wi=|cCl.

Since|U| > 2 and|W| > 2, we havelC| — |[W| = (|[U| — 1)|W| > |W]| and|C| — |U| =
\U|(|W] —1) > |U|. Therefore,(|C| — |U)(|C| — |W]|) > |U|-|W| = |C|. Note thatv has

at least|C| — |U| in-links not inU, which must belong td3, and at leasfC| — |IW| out-links




not in W, which must belong tod. Those links at induce at least|C| — |U|)(|C| — |W])
links in L(G) from B to A. However, the number of links fron® to A equals the number of
links from A to B, which equaldC|. Therefore,(|C| — |U|)(|C| — |W]) < |C|. This means
that (|C| — |U|)(]C| — |[W]) = |C| and all links fromB to A in L(G) are also located at in
G (Fig. 3). (An link of L(G) is said to beocatedat a vertex ofG if the link is in the form

Figure 3: All links in C are located ai.

((u,v), (v,w)).) Now, consider a linKu,v) ¢ U, which is not a loop at. Such a link exists
becauseC| — |U| > |U| > 2. Then(u,v) must belong taB and all in-links atu must also
belong toB. Note that the number of in-links atother than those i isd — |U| < d — 2

and@ is at least(d — 1)-line-connected. Therefore, after deleting all in-links avhich are not
in U, the remaining digraph is still connected. Hence, therstex path from; to v passing

through a link inU. This path would induce a link i.(G) from B to A, not located ab, a

contradiction. O
Claim 4. C'is a natural line-cut ofL(G).

Proof. By Claim 3,|U| = 1 or |W| = 1. It follows that if |C| = d, thenC is natural. Next, we
assuméC| < d — 1. First, we consider the case that| = 1. Note thatW| < |C| < d — 1. Let
V = {v}. There exists at least one out-link (possibly a loopy abt in W. Suppos€v, w) is
an out-link atv not inW. Then(v, w) must belong toA.

If (v,w) is not a loop, thertv, w) ¢ U, i.e.,A — U # (). Define

= {z|(u,x) € A— U for some vertex. of G}

Y = {y](y,w) € Bfor some vertexv of G}.

Then any vertex not in X U Y must satisfy property that all in-links atbelong toB and all
out-links atz belong toA. Thus, the existence of such a verteinducesd? links from B to A

in L(G). Since the number of links from to B equals the number of links from to A, we



haved? < |C| < d — 1, a contradiction. ThereforeY andY form a partition of the vertex set
of G. Note that every link fromX to Y belongs taJ. Moreover,X N'Y must be empty, as the
non-emptiness ak N'Y implies the existence of a link from to B in L(G) which is not inC.
Therefore,U is a line-cut ofG. Since|U| = 1, we haved — 1 < 1 and hencel = 2. This falls
into the case that we wanted to avoid.

If (v,w) is aloop, i.e.,(v,w) = (v,v), then(v,v) must belong taU/. Otherwise, from
(v,v) to other out-links at> would induce more links of.(G) from A to B, but not inC, a
contradiction. Summarizing the above arguments, we cdeditatl/ contains only one element
(v,v) which is a loop inG and all out-links at» except the loop belong td/. Therefore,C
containsd — 1 links from U to W and at(v, v) there is a loop((v,v), (v,v)). Hence,C' is
natural.

The case whefi¥| = 1 can be done similarly. O
Claim 5.

d if G has no loop
C| =
d —1 otherwise

Proof. If G has no loop, ther.(G) has no loop. Thus, every natural line-cut bfG) has
cardinalityd. By Claim 4,|C| = d. If G has a loop, then this loop will induce a loop b(G).

Therefore, the line-connectivity df((G) is at mostd — 1. However, since each vertex @fhas at
most one loop, so does each vertexL¢f7). Thus, every natural line-cut @f(G) has cardinality

atleastd — 1. By Claim 4,|C| = d — 1. O

By Claims 4 and 5, ifG has no loop, ther.(G) has super line-connectivity; if G has a
loop, thenL(G) has super line-connectivity — 1, i.e., L(G) satisfies condition (a). Thus, it
remains to show that if has a loop and > 2, L(G) satisfies condition (b). To do so, consider
a line-cutC* of sized in L(G). Suppose’™ is not natural and’* breaks the vertex set @f(G)

into two partsA* and B* such that no link other than thosedfi is from A* to B*. Let

U* = {(u,v) | ((u,v), (v,w)) € C*, for some vertexw of G }
w* = {(v,w) | ((u,v),(v,w)) € C*, for some vertex, of G }
vV = {v]((u,v),(v,w)) € C*, for some vertices, w of G }

We show the following claims.



Claim 6. A* — U* # Q) and B* — W* # ().

Proof. If |V*| > 2, then by an argument similar to the proof of Claim 1, we canshuat
A* —U* # QandB* — W* £ 0. If |V*| = 1, then asC* is not natural, it must be the
case thatU*| > 2 and|W*| > 2. Since|C*| = |U*| - |W*|, we have|C*| — |U*| > |U*| and
C*|— |W*| > |W*|. Hence(d—1) — |U*| > |U*| -1 >1and(d—1)— |W* > |[W* —-1> 1.
Assumel* = {v}. Then at, there exist at leagt! — 1) — |U*| in-links not inU*, which must
belong toB* — W*, and there exist at leagl — 1) — |W*| out-links not in/*, which must

belong toA* — U*. Therefore A* — U* # )l andB* — W* # (). O

Clam7. If A* — U* # 0 and B* — W* # (), then bothA* and B* contain at least one

loop-vertex.

Proof. Define

= {z|(u,x) € A* — U", for some vertex. of G}

Y = {y|(y,w) € B*, for some vertexw of G}.

Similar to the proof of Claim 4, we can show that every linknfr&X to Y belongs toU*, that
X andY form a partition for the vertex set a&, so thatU* is a line-cut ofG. Note that

\U*| < |C| = d. SinceG has properties (a) and (b), we hgl&| > d — 1 and either
(ul) U*is a natural line-cut irt7, or

(u2) |U*| = d and bothX andY contain at least one loop-vertex. (When eiti&or Y is a

singleton, case (ul) applies.)

If (u2) holds, then botd* and B* contain a loop-vertex. Thus, we may assume that (ul)
holds.

Similarly, we may assume thd* is a natural line-cut o7. Note thatd — 1 < |U*| < d
andd — 1 < |W*| < d. Therefore, we have four cases as Figure 4 illustrated.

Case 1.|U*| = |W*| = d — 1. Since|C*| = d, in L(G) there is exactly one element bf
incident to two links ofC*. Meanwhile, there is exactly one element/Bf incident to two links
of C*. This happens only i > 4. Note that at each € V*, all in-links not inU* must belong

to B* and all out-links not i/ * must belong tod*. Therefore, there are totally

(d—4)(d—1)2+2(d—2)(d—1) = (d* = 3d)(d — 1)
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Case 1 Case 2 Case 3 Case 4
Figure 4: The proof of Claim 7.

links in L(G) from B* to A* located at vertices ifiv*. Since the number of links from* to B*

equals the number of links frol* to A*, we have
(d* —3d)(d — 1) <|C*| = d.

This inequality cannot hold faf > 4.

Case 2|U*| = d — 1 and|W*| = d. In this case there is exactly one elemenVihincident
to two links inC* and none of the elements @f* is incident to more than one link i@™*. This
occurs only ifd > 3 (recall thatd > 2). In this case, there are totally — 2)(d — 1) + (d —
2)(d—1) (=d(d—2)(d—1))links in L(G) from B* to A* located at vertices iV *. Since the

number of links fromA* to B* equals the number of links frofa* to A*, we have
did—-2)(d—1) <|C*| =d.

This inequality cannot hold faf > 3.

Case 3.[U*| = d and|WW*| = d — 1. A contradiction can be found by an argument similar
to that in Case 2.

Case 4.|U*| = |W*| = d. By an argument similar to the proof of Claim 2, we can find a

contradiction. O
By Claims 6 and 7.(G) satisfies condition (b), completing the proof of Theorem 2.2

The following is a special case of Theorem 2.2, since eveticynodification of ad-regular

digraphG with super line-connectivityl is the same a§'.

Corollary 2.3. If a d-regular digraphG has super line-connectivity, then L*(G) has super

line-connectivityd for everyk > 1.

What would happen to Theorem 2.2df= 2 andG contains a loop? In this exceptional
case, Theorem 2.2 does not hold. A counterexample is shoWwigirb. However, with certain

additional condition, we can still establish the same tesul

10



A0 of | e

G L(G)
Figure 5: Exceptional case in Theorem 2.2.

Corallary 2.4. Consider a 2-regular digrapltz with some loops. Suppoge has super line-
connectivity one and no path of length two is between two-l@vfices. If every cyclic modifi-
cation ofG has super line-connectivity two, then every cyclic modificeof L (G) (k > 1) has

super line-connectivity two.

Proof. Going over the proof of Theorem 2.2, we may find that only ingheof of Claim 4 we
need to avoid the exceptional case ttiat 2 andG contains a loop. The proof cannot proceed
because in this cag¢/| = |W| = 1. AssumeU = {(u,v)} andW = {(v,w)}. Then, both
U andW can be natural line-cuts @f while v andw are loop-vertices, but € V is not. This

produces a path of length two between two loop-vertices. O

3 Applications

We look at several examples in this section.

Example 3.1. The Kautz digraphK (d, 1) is the complete digraph o + 1 vertices without
loop and in generaK (d, D) = LP”'(K(d,1)) [12]. We claim thatK (d, 1) has super line-
connectivityd. Consider a line-cut’ of sized in K (d, 1), which breaks the vertex set &f(d, 1)
into two partsA and B such that every link fromA to B belongs toC. Note that there are
|A|(|A| —1) links from A to A and each vertex hakout-links. Therefore,A|d—|A|(|A|—1) =
d. Thatis,(J]A] — 1)(d — |A|]) = 0. Thus,|A| = 1 or|A| = d. Since|A| = d implies|B| = 1,

C'is a natural line-cut.
Corollary 3.2. The Kautz digraptK (d, D) has super line-connectivity.
Example 3.3. The de Bruijn digrapiB(d, 1) is the complete digraph ahvertices with all loops

and in generaB(d, D) = L”~1(B(d, 1)). We claim that every cyclic modification d@#(d, 1)

11



has super line-connectivity. In fact, every vertex of3(d, 1) has a loop and hence it has property
(b). Moreover, removal all loops dB(d, 1) results inK (d — 1, 1) and hence3(d, 1) has super
line-connectivityd — 1. By Lemma 2.1, every cyclic modification d#(d, 1) has super line-
connectivityd for d > 2. By Theorem 2.2, every cyclic modification @&f(d, D) has super
line-connectivityd for d > 3. Ford = 2, we may directly verify that every cyclic modification

of B(2,2) and B(2, 3) (Fig. 6) have super line-connectivity 2. Note that the diseabetween

oo o X )r

B(2, 2) B(2, 3)

Figure 6: B(2,2) andB(2, 3).

two loop-vertices inB(2, D) is at leastD — 1. By Corollary 2.4, every cyclic modification of

B(2, D) for D > 4 also has super line-connectivity 2. Therefore, we have

Corollary 3.4. Every cyclic modification of the de Bruijn digrapB(d, D) has super line-

connectivityd.

Example 3.5. Fiol and Yebra [8] defined a family of bipartite digraphsD(d,n) as follows:

The vertex set iZ9 x Z,, = {(o,1) | @ € Zy,i € Z,}. There is a link from(«, ) to (1 —

a, (—1)%d(i + o) +t) foreveryt =0, 1,....d — 1. This family of digraphs has a property that
D(d,dn) = L(BD(d,n)). We will show the following.

Corollary 3.6. Ford > 3andD > 1, the bipartite digraph3 D(d, d”) has super line-connectivity
d.

Proof. Itis easy to see thdt D(d, d) is the complete bipartite digraph. Fée> 3, BD(d, d) has
super line-connectivityl. Note that a simple digraph without loop has super line-ectinity

d if and only if every line-cut of size at mostis natural. Thus, it suffices to show that every
line-cut of size at mosi in BD(d, d) is natural. To do it, supposB D(d,d) has a line-cut’
with cardinality at mostl. We will prove thatC' is a natural line-cut and hen&g must have
cardinality d. Suppose’' breaks the vertex set @ D(d, d) into two partsA and B such that
every link from A to B belongs toC'. Let (P;, P,) be the partition of the vertex set such that

12



every link is betweer; andP,. Denoter = |[ANP;|andy = |ANP,|. Thend—z = |BN P |
andd — y = |B N P,|. Note that there are(d — y) links from AN P, to B N P, and there are
y(d — ) links from A N P, to BN P;. Therefore

z(d—y)+yld—z) <d

We claim that one of, y, d — =, andd — y must be 0. For contradiction, suppase- 0,y > 0,

d— x> 0,andd —y > 0. Note thaty > 2 ord — y > 2. Thus,
z(d—y)+yld—2x)>x+ (d—2x) =d,

a contradiction. Now, without loss of generality, assume 0. Thend—y = d andz = |A| > 0.

Note thatz(d — y) < d. This impliesz = 1. Hence,C is a natural line-cut. O

It is worth mentioning thaBBD(2, 2) does not have super line-connectivity
The bipartite digraph3D(d,d?> + 1) = (P, P, E) has the property that for each vertex

v € Py (orv € Py),
{w | Ju such thalv, u), (u,w) € E} = P, —{v} (or P, — {v}).

Now, we show that forl > 3, BD(d, d’ + 1) has super line-connectivity. To do so, letC'
be a line-cut of size at mogt which breaks the vertex set into two nonempty patrtand B
such that every link fron¥ to B belongs taC'. Denoter = |A N P;| andy = |A N P»|. Then
(d>+1) —x=|BnP|and(d’* + 1) — y = |B N P,|. Note thatr + y = |A| > 1. Without
loss of generality, we may assume> 1. For eactw € A N Py, lett, be the number of links
from AN P, to BN P,. Denotet = uerﬁiﬂnpl t,. Suppose* € AN P, achieveg,~ = t. Then
there argd — t) vertices inA N P, adjacent ta*. From thosed — ¢) vertices, there are at least
d(d —t) — (x — 1) links to B N P,. Therefore, there are at least+ d(d — t) — (z — 1) links

from A to B. This means that
wt+d(d—t)—(z—1) <d.
If £t > 1,then(z — 1)(¢t — 1) > 0, i.e.,zt > = + t — 1. It follows that
z+t—1+dd—1t)—(z—1) <d.
Therefore(d — 1)(d —t) < 0. Hence¢ = d. So,xd — (x — 1) < d, thatis,(z — 1)(d — 1) < 0.

This impliesz = 1.
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If t =0, thend? + 1 — d < z. Similarly, if (d> + 1) — z > 0, then eithe(d?> + 1) —z = 1
or (d*> + 1) —x > (d* + 1) — d. This implies that: has only three possible valuesdf, and
d* + 1. Similarly, each ofy, (d*> + 1) — z, and(d?> + 1) — y has four possible values 0, @2,
and(d? + 1).

Supposer = 1. Thent = d and hencéd? + 1) —y = d? ord? + 1. If (d%2 +1) —y = d?,
theny = 1. This would imply the existence a@flinks from A N P, to B N P;. Therefore, there
are totally2d links from A to B, a contradiction. This means tl‘(ﬁ +1)—y= d? + 1. Hence,
y = 0. Thus,C is natural.

Note that by the same argument, we can showthatl or (d*+1) —z = 1 or (d*+1) —y =
1 implies thatC' is natural. Thus, it remains to prove that we must have 1 ory = 1 or
(d>+1) —z = 1or(d®> +1) —y = 1. For contradiction, suppose none of them equals 1.
Then they must equal 0 @ + 1. Thatis,z = d* + 1, (d* + 1) — y = 0 (sincet = 0), and
(d>+1) —x =0. Hence|B| = (d*> + 1) — = + (d*> + 1) — y = 0, a contradiction.

Corollary 3.7. For d > 3 and D > 2, the bipartite digraphBD(d, d” + dP—2) has supper

line-connectivityd.

Example 3.8. Ferrero and Padro [7] studied two families of digragh&C(p,d,n) = C, ®
B(d,n) andKGC(p,d,n) = C, ® K(d,n) whereC, is a directed cycle of length and oper-
ation® is defined as follows. Le& = (V, E) andG' = (V', E'). ThenG ® G’ has vertex set
V x V'and link set{ ((u,u), (v,v")) | (u,v) € E, (d',0v") € E'}.

With arguments similar to those in Example 3.5, we can shadfdhowing:
Corollary 3.9. Ford > 3, BGC(p, d,d*) has supper line-connectivity.

Corollary 3.10. For d > 3, KGC(p,d,d"** + d*) (= L¥(KGC(p,d,d" + 1))) has supper

line-connectivityd.

4 Discussion

The line digraph iteration preserves the degree, thatedjle digraph of al-regular digraph is

still d-regular. This is a very important property different framel graph iteration. This property
enable the line digraph iteration to become a very usefulttostudy interconnection networks.
Many important properties can be preserved through lineaglyiterations [8, 6, 4, 14] under

certain conditions. Those conditions should be carefidtalgished.
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