AVERAGED MOTION OF CHARGED PARTICLES UNDER THEIR
SELF-INDUCED ELECTRIC FIELD

AVNER FRIEDMAN* AND CHAOCHENG HUANGT

Abstract. In this paper we consider the averaged equations for a large number of small balls of uniform
mass and charge moving under the force of their self-electric field. These equations are

Ap(z,t) = —P(x,t), d*¢/dt* = =V (i, 1)

subject to ¢(x,0) = &, ¥+(x,0) = ¢1(x) where ¢ is the electric potential and P is the limit concentration of the
small balls as their number increases to infinity (and their radius goes to zero). The evolution of P is given by

P($’t) = P0(1/)_1(l‘,t))J(1/)_1)(l‘,t)

where P, is the initial concentration, 1/~! is the inverse of the mapping = — ¥ (z,t) and J(x)~!) is its Jacobian.
It is proved that if the initial data are in C'*® then there exists a unique local solution with ¢ in C'*®. The
solution can be extended globally in time as long as v and %! remain uniformly bounded in C'. There are
however smooth initial data for which a global solution does not exist. One of the main results of the paper is
that if [Py — xp,| and |¢1(2) — bpz| are small enough, where xp, is the characteristic function of the unit ball
and bg i1s a positive real number, then there exists a unique global solution.

§1. The averaged equations. Let 2 be a domain in R? and consider disjoint balls
B.(2:(t)) in Q of radius € and centers x3(¢) which vary in time . We assume that each ball
carries electric charge, uniformly distributed within the ball, with total charge equal to its
volume times a fixed constant. We denote by p.(x,?) the electric potential in §; it is generated
by the electric charges of the balls and by the boundary conditions that are imposed at 0.

Then, for all ¢+ > 0,
(1.1) Ap. = =L

where &, is the characteristic function of the disjoint union

U Bulai(t)

where N. = number of balls.
The centers of the balls vary according to Newton’s law

d*as

(1.2) hm = ][ Ve(z,t)dx
B:(z7 (1))

where p is a positive constant and ][ means the average. We also impose initial conditions

da®
(13 w0 =z, 0 oy

and write x5 = ¥y (a5,).
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We are interested in the limiting behavior of the distribution of the balls as ¢ — 0. We
assume that there exists a limiting distribution FPy(z) of the initial positions of the balls as

e —0,1.e.,
(1.4) 253 (5) = [ Pol)é(e)de v EeC@).

We further assume that a limiting distribution P(x,1) exists for each time ¢ > 0, that is,
N. _
(1.5) S (0) = [ Ple,E(e)de V& C@)
as ¢ — 0. We wish to determine the evolution of P(x,1).
Formally, Ap. = —¢&. will approach
(1.6) Ap=—-P,

and ¢ satisfies the same boundary conditions as ¢.. Let y7(t) be the solution of

d*y
1. A v 1

with the initial conditions (1.3). Assuming that D?*p and D?*p. are uniformly bounded (inde-
pendently of ), one can verify that

|25 (t) —yi(t)| =0 if e—=0,Vt>0,
and therefore, for any ¢ € (1),

(18) 2}%@ﬂH/P@ﬁ&@M-

Q

Denote by #(x,t) the solution of

d*i
= V() ,
" e(,t), t>0,

(1.9)
Then

and, by (1.8), (1.4),

[ Platia)de = SSEE(D) = X (s, 1)
= [ Po(a)eli(e,t)de



for any £ € C(Q), as e — 0. By change of variables 1’(z,t) = y, the last integral takes the form

J B )T )y

where (2, ) is the inverse ¢)(z,t) (for ¢ fixed) and J denotes the Jacobian of the mapping.
We then conclude that

(1.10) Pla,t) = P0(¢_1(x,t))J(¢_l)(x,t) :

Thus the limiting distribution P(x,t) evolves according to the system (1.6), (1.9), (1.10),
with some prescribed boundary conditions on ¢. More generally we may include some hydrody-
namic effects. Thus, we can include Stokes’ drag by adding a friction terms in the ODE (1.9).
The system then becomes:

Ap=—-FP in Q,

P(xvt) = P0(¢_1(x,t))J(¢_1)(x,t) )

(1.11) &y Ay

;/)(1'70) =, %(to) = 77/)1(1')

with prescribed boundary conditions for ¢ on 0f).

In the formal derivation of (1.11) we excluded collision of balls; this implies that 0 < P <
1. However, we shall henceforth admit any nonnegative P; this means that we allow “soft”
collisions in the approximating model.

The system (1.11) may also be viewed as plasma with uniformly distributed mass and non-
uniformly distributed electric charge P(x,t). Equation (1.10) is then a conservation law for the
charge density.

§2. The main results. The results of this paper will be established in n-dimensional
space for any n > 2. For simplicity we shall consider here only the case

(2.1) Q=r", and ¢(z,t)—0 if |z]—o0.
We assume that

(2.2) i(x) € CTT(RT)

Qp is a bounded domain in R" given by
(2.3) Qo = {go(2) > 0}, 9% = {go(x) =0}, go € CTT(R") ,
Vgo(x) #0 on 099,

Po(z) >0 if 2€Qp, Po(x)=0 if zer™\y,

(2.4) and  Pylg, € C(Qo) .



Note that if Py is a nonnegative C'*(R") function with compact support, then (2.4) is
satisfied for suitable Qg as in (2.3). Another special case is

(2.5) Fo = Xq,

where € satisfies (2.3).

Denote by €, the image of (g under the mapping ¢ (-,t), that is, @, = {¢(x,t) : @ € Qo}.
Since P(z,t) = 0 if = ¢ €, we shall consider the functions ¥(z,¢) only for x € Qo and ™ (x,#)
only for € Q,. We shall denote by |¢(+,t)|, (or briefly by |¢|,) the a-Hélder coefficient of
Y(x,t) in x € Qo, and by [tp~(-,t)|, (or briefly by [127!|,) the a-Holder coefficient of 1~ (x, t)

in z € ;. We also write

[0 Dloree = [0 D) + [VE (s D] + V(5 1o

where the gradient is taken with respect to x and | |, refers to the a-Hélder coefficient in @ € Q;
the L*-norms are taken for = in €y. Similarly we define

[ ) eva for € Q.

THEOREM 2.1. If (2.2)—(2.4) hold then the system (1.11), (2.1) has a unique solution for
some time interval 0 <t <ty (top > 0) such that

(26) sup |77Z)('7t)|01+°‘ < 00, sup |77Z)_1('7t)|01+°‘ < .
0<t<to 0<t<to
THEOREM 2.2. Under the assumptions of Theorem 2.1, if for some T' > 0 there exists a
solution of (1.11), (2.1) for all t < T such that

(27) |v¢('7t)|L°° <, |v¢_1('7t)|/3°° <C (C < OO)

for all 0 <t < T', then the solution is unique and can be extended to 0 <t < T + ¢ for some
6 > 0 depending only on C and the initial data, and (2.6) holds with to =T + 6.

Thus the & priori estimate (2.7) is sufficient for global existence. Theorems 2.1 and 2.2 are
proved in §5 and §6 respectively; auxiliary estimates are established in §§3—4. In §7 it is shown
that the estimate (2.7) is not always satisfied and, in fact, for some smooth radially symmetric
initial data, the Jacobian J(¢)~!) may blow up in finite time.

The remaining part of the paper is devoted to the case where the data are nearly radially
symmetric:

Po=xp tcloe (Bi={zeR" [z[<1}),
(2.8)
Yi(2,0) = box + by (), bp >0

where ¢ is positive and small. If A = 0, ¢ = 0 then there exists a unique global solution, and 2
has the form ¢ (x,t) = f(t)x.

THEOREM 2.3. If Poy € C*(R"™), suppPys C By,by € C'*(R™) and A\ = 0, then for
any ¢ sufficiently small there exists a unique global solution of (1.11), (2.1) with initial data
Py, ¢i(x,0) given by (2.8).

The proof, given for simplicity only for the case p = 1,n = 3, is presented in §§8-13.
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We conclude this section with some remarks on the case g =0, A = 1. In this case,

dy )
o = Vel ), (e, 0) =

It is well known [3; p.25] that

¢ e
J() = expo/ trace (— Fedr, c,o) (¢, t)dt

so that

J() = exp [[=Ap(,Odt = exp [ P, 1)

by (1.11). It follows that

and thus
The system (1.11) then becomes

Ap = —Fo(y =) (1 + th(v 7)),

(2.9) W G t) (e, 0) =

dt
If Py is given by (2.5), then
1 .
AS«Q = _1—_|_t 11 Qt .
Specializing to n = 2 we can then write
T —y 1
Vc,o = — 2 1 1 4 ’
— 141
(2.10) o eyl 1
g = _v¢(¢7t) ’ 77/)(1',0) =z

This problem is nearly identical to the vortex patch problem for the 2-d Euler equation; in the
latter case

Vo= [——1dy,
(2.11) g 1Ty
dip L

where V¢ = (—¢,, ¢, ). Global existence and uniqueness of C''** solution for the vortex patch
problem was established by Chemin [2]. A simpler proof was recently given by Bertozzi and
Constantin [1]; see [1] [2] for further references regarding weak solutions.
Our proofs of Theorems 2.1-2.3 use potential theoretic estimates established by Friedman
and Velazquez [4] in a work on electrophotography, as well as some estimates from [1].
5



§3. Auxiliary Lemmas. Let Q be a bounded domain in R™ given by
Q={g(x)>0)}, 09 ={g(x) =0}, where

3.1

(3.1) g € CHr(r") | i£‘|vg| >0 .

We denote by | |re(py the L=(D)-norm and by | |ca(p) the a-Holder coefficient in D. Set
inf [Vg|\ "/*
(3.2) b=
2|Vgla

where |Vg|o = [Vg|oan.
Introduce the function

(3.3) W(:z;):/ TV gy, eeq.
S e =yl

We denote by d(2) the diameter of Q and by M any number > max{1,d(Q)}.
LEMMA 3.1. There exists a constant C' depending only on n,a and M such that

(3.4) VW @) < C(2+ [log]) |
C
(3.5) VW louga) < 52+ [ logd])

Proof. The estimate (3.4) for n = 2 is precisely Proposition 1 in [1]; its proof depends on
the Geometric Lemma in [1]. Both the lemma and the proposition easily extend to n > 2.

To prove (3.5), we shall first estimate the Holder coefficient of VW on 9f). Take any point
2% € 09 and choose the coordinates such that 2° = 0 and

Go (%) =0 if i=1,....n—1.

Then, for any x € Bs(2%) N 99,

L.
(3.6) 9o (@) 2 92, (0) = [2[*[Vgla > 5 inf [V .

Write @’ = (21, ...,2,-1); then . = (2/, 2,,). From (3.6) it follows, by the implicit function
theorem, that there exists a unique function x,, = f(z’) such that

o0 N Bs(z%) is given by =z, = f(2'),

g(x/,f(x/)) =0,
and
fecd* f0)=0, |, f(z")] <6
Clearly



Therefore

|9z |a| (2", FEDI™ [Vl

inf [Vy| — inf|Vy|

(3.7) | foi ()] < 67 < 1.

Also
|fxl($/) N f% (T’)| < |gxi(x’7f(x/)) — o (Tlvf(fl)”

|92, (27, f(2))]
|9z, (§/7 f(fl)”

Flgan (s N gan (s F] 9o (/D) = 0T TN

and using (3.7) we easily conclude that

4|v9|a
inf [Vy|

|a" — 7|*

(3.8) | foi(2") = fo, (T)] < 5o

|x/ . T/|oz —

If n = 2 then by [4; Lemma 3.1] the tangential derivative of W along 9 is in C''*®  and

d d C(1+|logé
(3.9) o Wl [(@n) = = W, [(@))] < o - ww :
here (3.7) and (3.8) have been used. It follows that
d C(1+][logd])

(310) [W(on, F0)) = 0V (21, 1)) =W o, f() - (=] < ey oo S
This estimate is valid uniformly for x,y € 9Q provided |z — y| < é (with a parametrization f
which depends on x); if | — y| > 6 then, by (3.4), (3.10) is again true if C' is large enough.
The proof of (3.9) can be extended to the case n > 2; see Remark 3.1 below. Hence
(3.10) can also be extended to n > 2. Each component of W is harmonic function (since

A [ |z —y|*"dy = const. if n > 2 and A/log |z — y| = const. if n = 2). Therefore we can

apply C'** estimates (Theorem 3.1 of Widman [6]) to deduce the assertion (3.5).

Remark 3.1. Lemma 12.1 (in §12) provides a proof of (3.9) for n = 3 in the more compli-
cated case where ( is replaced by ¥)(B;). If in that proof we replace the balls B, (yo), By(7o) by
half spaces IL,(x¢), I1,(%o) tangent to dv(By), then we obtain a proof of (3.9) for n = 3, which
is the extension of the proof of [4; Lemma 3.1] for n = 2; the proof for n > 3 is the same.

Set

2
(3.11) K(2) = (Ky(x)), Kilz) = ax?axj |x|1_2 _ o

2]
and consider
Glo) = [ (e = y)(h(x) = hly)wly)dy -
m’n
We shall need later on the following lemma due to Bertozzi and Constantin [1; p. 26]:
LEMMA 3.2. Ifh € C*(R") and w € L>(R"™) then
|G|Co¢(mn) S C|h|co¢(mn) |:|[( >k w|Loo(mn) —I_ |w|Loo(mn):|

where (' is a constant depending only on n, a.
7



64. A priori estimates. For simplicity we shall prove Theorems 2.1, 2.2 only in case
A = 0; the proof for A # 0 is similar.

We can solve
Ap=—P inR" =0 at infinity

by
1 1
(1.1 plet)= e [Pl dy
mn
if n > 2, and then

(4.2) Vi /P y|” dy (’yn = win)

where w, is the surface area of the unit sphere in R"; for n = 2, (4.1) is replaced by

1 1 1
IRY - /P 1 d ( :_:_)
(4.1) plz,y) =7 / (y)log Rl n= =5
but (4.2) remains the same.
Setting
(13) 0 = 0, 1) = [ 1) 1 7 € D)

we can rewrite (4.2) in the form

r—y

|z —y|"

Vila,t) = - /f% 00675, 0) y

(4.4)
T —(zt)
= Po( d
/ of |:1; (= t)|” :
The original problem (1.11), (2.1) then reduces to

82¢($,t) ¢(xvt)_¢(27t)
(+5) r = = | PO i

(4.6) P(2,0) =z, Pu(2,0) = Pi(x).
In this section we assume that there exists a solution to (4.5), (4.6) with
€ C'(Qg) and J(3p) # 0 for 0 <t < T for some T >0 .

Then ~Y(x,t) exists and it belongs to C1**(Q;). We shall derive C''1** estimates which will
be used in the next section to prove existence and uniqueness for (4.5), (4.6).

8



Set

(4.7) (2.1) /PO vl )(y,t);__?jn dy |

For any 2° € Q; choose p > 0 small enough so that B,(2°) C Q,. For any = € B,(2°) we
write

V= [ R ) T D dy
0\ By () g
T —y

Then

VoV(a,t) = / P0(¢_1(yvt))J(¢_l)(y7t) Tl(?x—_yfn) W

+/ (B 00100 = Bal )0 )] Ty

- l|x —yl ] Po(y™ (@, )T (07 (1) d5,

9By(z0)

where o = (0y;), o;; as in (3.11), and v is the outward normal. Taking z = 2° and letting
p — 0, we get

va(l'Oat) = hmp—>0 / P0(¢_1(y7t))J(¢_l)(y7t) Tif __yfn) dy
Qe\Bp(2%)

Fen Bl (2, )6 (w0, 1)1
where [ is the identity matrix. Therefore, by (4.4), (4.7), for any x € Qy,

L OV t), 1) = YV £),1)) = TV ((z, 1), £) V(1)

n

o . ol —y) )
(4.8) _ﬁ*%Amémm}M¢ ()T 67 ) T V()

—|—wnP0(x)J(;/)($, t))_IV;/)(x, t) )

here we used the relation J(¢»~*(¢(z,t)) - J(¥(z,t)) = 1. Changing variables, y = ¥(z,t), and
setting



we obtain from the last formula,

1 A — T Lol )= bzt) o
" (Tl (e, 0),1) L%\g /MPO()' e ()

+w, Po(2)J (¢(2, 1)) Vip(x, 1) = AV + BV .

We shall denote the diameter of €, by d(£2;) and denote by M any positive constant such
that

(4.10) max{l,d()} < M .

LEMMA 4.1. There exists a constant ' depending only on n,« and M such that, for all
t >0,

IV(Ve (), 1)) pse < C(1+ [Polreo) Vi |peo |1
(4.11)

@l log (14 |Pola + V811 + (V07 + [V, )]

Proof. In view of (4.9) it suffices to estimate the term A, which can be written as A = lim A,

where o
_ o(th(x,t) = (z,1))
A= [ IR - REESEE S
Qo\Bo(¥(x,t))
(4.12)
U(@/)(l’,t)—@/)(z,t)) _ 7 -
Py(x dz = K| + Py(z)K, .
S B o e R O
Qo\Bp(¥(z,t))
Clearly
C
K1l 1R o)) = Aol s V(e dy

Q
(1.13) C‘](MW{ /o ]
Q\Bpy (¥(2,t)) By ((w,t))

= C|J(77Z)_1)|Loo([(11 + [(12) (fOI’ any po > 0) 5

and

d(Q) 1

K1 < C|PO|L°° / o r"tdr = C|P0|L°°|10g P0| )

Po

(4.14)
. _ 1 _ o
Ko<C o [ IR@™. = < CIR( ) apf -
[ih(2,t) — y|
By (¥(2,t))



Choosing

o 1
o = T R0 )

and using the inequality
[Po(™ )] < [Polal Vi
we find that
(4.15) || < C(1 A+ [Polr)[J (7)1 (1 + log(1 + [Pola[ Ve ) -

To estimate K3 we introduce a small parameter p; > p to be determined later on, and write
Ky = Ky(p) in the form

Ky = Ky(p1)+ 11 where
(4.16)

_ U(¢(x7t) — ¢(th)) P
h= / (2, 1) = (z, )" .

here B, = ET(¢(x,t)) By change of variables,

R C
e O P ey R
Qo\Bp,
(117) S o e A L
Q\By, (¢(,t)) ’ Y

d(§2)
_ c _
S s [ < O s Tog pal

and
_ o(p(z,t)) —y) »
! _Qm(Bp \B,) [ (x,t) —y|” J(7 )y, t)dy
where B, = B,((x,1)).
Write
- w -1 . -1 T
I = Q:(Bpy \By) |tp(x,t) — y|» [J(™ )y, t) — J(7) (P (x,1),1)]dy

(4.18)

+ Qt”(BZ\Bp) [ (2, t) — y|” dyJ (™) ((x,t),t) = Iy + L .

11



Then
dy
) =yl

(4.19) Il < W [ oy < CLI st -

B \Bp
Next, if p < d where d = dist (¢(x,t),08;), then

o(y(e,t) — y)

420 ]12:
(4.20) TG0 -

Qtﬁ(Bpl \Bd

dyJ (™) (¥(,1),1)

since

(e t)—y)
/ Tl =yl =0

Qtﬁ(Bd\B

(The spherical average of o is zero).
We can represent 9€2; in the form

09, = {gle,t) = 0)
where
(4.21) g(z,t) = go(vp™!(x,1)), go as in (2.3).

From the proof of Proposition 1 in [1; p. 23], if n = 2 then I3, defined by (4.20), can be
estimated in the form

5
4.22 Inl<c{1+]1 J(™ Y| e
(122 ol = € (14 low o) W60
where
inf |[Vyg|
4.23 5o = L
( ) |v9|a

The proof is based on the geometric lemma in [1; p. 23] (or on Lemma 10.1 in §10), and it
easily extends to n > 2.
From (4.21) we get

Vg =V~ V™), ViVg= Vg,
so that
inf Vgl = [Vi[z inf [Voo| > CIVIzn, € >0
Also

IVgla < VY| Vo™ ]a + VY a [ Vgol e

< OV +[VYa) -
1



Using these estimates we can obtain a lower bound on the ¢ in (4.23), namely,

1
(4.24) = SOUVET I + Ve ) Vel

We then conclude from (4.22) that
112 < Clog(2+ [V e + [V e + VO (407 1o

Combining this with (4.19) and choosing

-1/«

pr= (Ve V)
we deduce from (4.18) and from (4.16), (4.17) that

S )la

4.25)| K| < C [[J (71| pes
( )| < [ J(70)|r +|v¢_1|1+a|v¢|a

[1og [2+ 19t + 190 o 419071 ]

If we expand the determinant J(¢)™') as sums of product of its elements, we find that
(4.26) [T )= < OV 1s
and
(™ )]a < OV VY o
Further, dropping ¢,
Ve~ (4 (2) = Vo ()] _ [Ve(a)™ = Vi(y) ™|

() — ¥(y)]” e =y
_ V()T IV (y) — V()] [V(y) ™|
R
so that
(4.27) V6 g < IVl [V 2
It follows that
(1.25) )] < OV [ Vg,

Using this and (4.26) in (4.25) we obtain
(4.29) | Ko < OV e log[2 + [V o + [V 1o + (VL] -

Recalling (4.15), we find that AV = lir%(ApV;/)) (where A, is defined in (4.12)) is bounded
p—

by the right-hand side of (4.11). Since the same is true for BV (defined in (4.9)), the proof
of (4.11) is complete.
The next lemma provides C, estimates on V(Vp(t(x,1),1). We shall use the notation

(430) \I}1 == |V;/)|Loo, \IIQ = |V¢_1|Loo, U = maX{\Ill,\Ilg} .
13



LEMMA 4.2 There exists a constant C' depending only on n,a and M such that

IV(Ve( (e, ), 1))la < O+ [Folre + [Fola) W2 (1 + [Viblo)

(4.31)
xlog(2+ |Pola + ¥ + |Vs) -

Proof. We shall use (4.9). By (4.24), (4.26),

(1.32) BVl < C(Polie + [Pl )0™2(1 + V)
Next
(4.33) |AV], < Al |V o + |Alo] Vib| e

and |A|pe is bounded by the right-hand side of (4.11), so that

(4.34) Al [Vela < O+ | Plre )W [Vp|olog2 + [Polo + W + [Vibla] -

We write A in the form (4.12) with p = 0 and proceed to estimate |Ky|,. Since Kj is a
function of ¢ (x,t), we can write Ky = V(¢(x,1)) where

wwzﬂ%m—%w*@mﬁ@lﬂﬁﬁw

FERTIEE
oz —y) -1
—/% = B e ), Tty

By Lemma 3.2,
Ve < ClPo( ™ a )]all T (7 e + K # J (7 L]

Observe that (K « J(»71))(¢(x,t)) is equal (after change of variables in the integral) to K, as
defined in (4.12) with p = 0. Therefore it can be estimated by (4.25). Using also (4.26), 4.27)

we conclude that
(4.35) |Kilo = [V(h(2,1))|a < ClPola UTWEF log[2 + W + [Vib,] .

Next we need to estimate Py K. Since K3 is a function of ¢ (x,1), we can write Ky = U(¢(x, 1))
where

i) - /é§ﬁ>w1mmw

/ € - yl” P70, ) = J@THE Oldy
e [,
F AT [ dy = Hy
By Lemma 3.2

[Hilo < ClJ(&7)]a
14



By Lemma 3.1

C
[Holo < [T(07 )12 (2 4 [Tog 8]) + [T (7)o C(2 + [log 8])

and ¢ is bounded below by (4.24). Using (4.26)—(4.28) and (4.24), we easily deduce for K, =
U((x,t)) the bound

|Kalo < (|Hila + [Ha|a)| V| T e
(4.36)
S CUSWITIH L 4 (14 Uy Vb | o)Wy log(2 + U + [Vih|,)].

Recalling also (4.25), we find that
131 1Pl < C( Bl + [P0 (14 [Vl log2 + 0 4 VL]

From (4.35), (4.37) and (4.12) (with p = 0) we see that |A|, is bounded by the right-hand
side of (4.37). Combining this fact and (4.34) we find that the right-hand side of (4.33) is also
bounded by the right-hand side of (4.37). Together with (4.32) and (4.9) the assertion (4.31)

then follows.
Remark 4.1. From (4.29), (4.35) and (4.36) we obtain a more accurate Holder estimate for
the function A defined in (4.9) (and given also in the form (4.12) with p = 0):

|Ala < CU3[|Polpeo W0y + (| Pola UT W5 + [ o)
(4.38)
[P0l o Uy FOWL T 4 [Pl Wy T W Vo log (2 + W + [Vibla)]
This estimate will be used in the proof of Theorem 2.3.

§5. Proof of Theorem 2.1. In this section we prove Theorem 2.1. In order to apply the
proof step-by-step so as to get a global solution, we shall consider more general initial conditions
than (4.6), namely,

(5.1) Y(x,0) =tpo(x), i(x,0) =1py(2)
where g, 1, belong to C1*%(Q). We can rewrite (4.5), (5.1) in the form
(5.2) V(. t) = o)+t (x) + Ay = B
where

= [ In (2, 7) = ¥(z7) dzdrds
) A= L] RN s o e

By Lemmas 4.1, 4.2,

(5.4) Vo Ap|pee < CTH(L+ [ Po|peo )W log[2 + [FPolo + W + [Vi)]o]
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(5 5) |v1’~’4¢|a S Ct2(1 —I' |PO|L°° —I' |P0|oz)q}n+5(1 —I' |v77b|oz)
' % 10g[2 + [Polo + W + |V, .

THEOREM 5.1. Suppose

|v77b0| S a, |v77b0|oz < a, |V77Z)1|L°° S a , |v77z)1|a S a and |v77b0_1|Loo S b .

Then there exists a unique solution of (5.2) for 0 <t < 1y, for some ty > 0 depending only on
a and b.
Proof. For T, ky, ky positive and T' < 1, define a set

K = K(ki, kg, T) = {t(z,t) € C'(Qo x [0,T7) ,
vl’77b S Cg?v |v9077b|L°° S kla |vx¢|a S kl ,
|Dt¢| Sklv |vl’¢_vx¢0| §k2} .

1
Notice that d(€;) < d(Qo) 4+ k41T and choose M =3+ d(Qo) + k. Let ky = TR Then

1

Hence |V 71| < 2b.
From (5.4), (5.5) we deduce that

(VB <a(l+1t)+ Ct?
IVaBi|o < [Virola + £ Vihi]a + C17

|DtB77Z)|Loo S |v77Z)1|Loo + Ct 5 and
|V BBt — Vpo| e < H|Vihy|pee + C1?

where (' is a constant depending only on M, ky,a and b. If k4 = 2a then for T small enough
(depending only on a,b) B maps the set K into itself.
Next take any two functions 1, in K and set

5($,t) = ¢(xvt) - E(xvt) )
g(xvt) = (By)(a,t) —
o(t)

Il
=
—~
\'@6-
=
~

3

=
—~

o~

Il
—~

%
—~
\'@6-
=
~

3

We shall estimate & in terms of §. Write
pla,t) —d(zt)  dla,t) = P(z,1)

8(, 1) :/% Po(2) l

- [+ [ =n+n

QoNBp, ()  Qo\Bp (2)

(5.6)

16



where p; will be determined later on.
By the mean value theorem,

(5 7) |V¢—1|Loo|§/)(:li,t) — @/J(Z,t)| > |x _ Z| 7
VO oo [, t) — (2, 1) > | — 2] .

It follows that

C
(5.8) L] < / Y g <Cp.
|l — 2|1

QoNB,, ()

Next,

1 I = / o(x,t) — 6(z,1) &

T N e e e
@(%t)—E(Zat))W(%t)—E(Z D" = [9(z,8) = (=)
i (1) = 0 D (e, 1) — (5, )
=1+ 1.
By (5.7),
il s2s() [ de S Con(1+ g pl)
QO\Bm(l’)
and
1] < RS0 0 < caty + ol
QO\Bm(l’) ! ?
Hence
(5.9) || < Co(t)(1+ [log pa) -

Choosing p; = é(t) we conclude from (5.9), (5.8) and (5.6) that

S

cj/5 )1+ | log 6(7)[Jdrds .

| N

Since 6(t) < Ct?,|log §(7)| > 1 if 7 is small enough and, consequently,
¢

(5.10) 8(1) < 0/5(T)|1og 8(r)|dr .
0

Choose any % in K and define

¢ (74+1) BL/)

17



Then the 1) belong to K and, setting
Sjpa(t) = [DUHD( 1) = (- ) |peo
we have, by (5.10),

6i1(1) < € [ 85(5) log 8;(s)lds .

By [4; §9] this implies that the full sequence 1) is uniformly convergent to a fixed point of B,
which is of course a solution of (5.2). Uniqueness also follows from (5.10), as in [4; §9].

66. Proof of Theorem 2.2. Recall that the solution ¢ has the form

Pl t) = o) + (@) + [ [ (M), 7)drds

where

¢(xvt) — ¢(th)
(2, 1) = (z, )"

(M)(a,1) = [ Ff2)

Q

Introducing ( = ——, we have

dt

6 v ) =(50) (W)L (e)

For any ,7 in (g,

VC(x,t) o VC(Tvt) = v¢1(x) o V¢I(T)
+/[V(M¢)(x,s) = V(My)(T,5)]ds .

Hence, by Lemma 4.2 and (2.7)

IV¢(ant) = VC@ )] < [V lale — 7°
t
+C [ Clogl2 + VLIl + [Vibla] 2 — 7|7t
0
Hence
t
(6:2) [VCla < CVila+C [logl2 + VLI + [Vi]uJdt
0
From (6.1) we also have

(6.3) [Vila < CVola +C [ [9¢|adt

18



Setting
G(t) =2+ |V(|a + Vs
we conclude that G(t) > 2 and

Git) < Oy + C [ Gt log Gltydt = R(1)

where C1 = 14 C(|Vipgla + |Vi)1|s). Since G < R,

R' =CGlogG < CRlog R .
It follows that

Rloglog kR <loglogCy 4+ Ct
and

G(t) < R(t) < exp[log C1e“"] .

This gives a priori bound on |V |, and |V, for 0 < ¢ < T in terms of |Vbo|o + [Vidi]a.
One can also obtain (more easily) a priori bound on |V | and |Vipy|re for 0 < ¢t < T. We
can then apply the proof of Theorem 5.1 in order to extend the solution from ¢t = T — ¢ (¢

arbitrarily small) to t = T 4 ¢ for some 6 > 0 (independent of ). This completes the proof of
Theorem 2.2.

§7. Radially symmetric solutions. In this section we give a counterexample to global

existence. We consider radial solutions, taking n = 3.
Setting

— x

¢($,t> = 77/)(|$|,t)—

]

one can compute directly that

07 t) =T el )
and
o N 1) d

J()(rt) = UL i;t)) 71
Writing ¢ = ¢(r,t), P = P(r,t) (r = |z|), and taking ¢ (z) = EI(T)% , the system (1.11) for
=1, A =0 becomes

2
Prr + ; Pr = —P(T,t) )
1 ) d

(7.1) P(r,t) = Po(¢) (r,t))w}r?) |% Y (r, )],

d*p(r,t) _

di2 - _¢T(¢7t) )
— dib(r,0 —
(r,0) =r ¢Elt7 ) = y(r)



Imposing the boundary condition ¢(r,t) — 0 if r — oo, we can solve the first equation:

1 T
or(r,t) = —3 /SZP(S,t)dS
0

- L [er@ eyl (ﬁ’_ W)) is

7

Changing variables and noting, by symmetry, that ¢/(0,¢) = 0, we get

T (rt)

(72) N = S
so that
a1,
(7.3) A2 Ez(r,t) 0//) FPo(p)dp .
Hence
(7.4) O(r,t) =1+t (r) + 0/0/ Ez( | p)dpdrds.

It follows that

(7.5) . (r,t)=1 —I—t;/)l( + 12 Po(r / _deS //% /szPo(p)dpdeS .

0 o U(rT
Assume that ¢, (r) > 0 and ¥,(0) = 0. We see from (7.4) that (r,#) > r. Hence the
right-hand side of (7.3) is < Cyr, and from (7.4) we then get
(7.6) r < p(r,t) < Ci(1+ ).

Consider now the question of global existence of solutions, and set
=d(r,1), b /PQPO
Then @ >0, b> 0 and a(0) = b(0) = 0, and F(r,t) satisfies:
F// — Cl(r) / — i
F2(r,t) dt )’

F(r,0) = r, F'(r,0)=b(r) .

(7.7)

Since ¥, (r,0) = 1 > 0 and we are considering only solutions with ,(r, %) # 0 (i.e., J(¥p™!) # 0),

we need to impose the additional condition

(7.8) Fy(r,1)> 0.
20



From (7.6) we have the a priori estimates
(7.9) r< F(r,t) < Ci(1+H)r .

Rewriting (7.7) in the form

C o

(7.10) F(rt) = r+ th(r) + / / FE‘T drds

)
b T)2

and using (7.9), one can easily establish global existence for (7.10), or (7.7). Thus in order to
get global solution for (1.11), (2.1), it remains to verify the inequality (7.8).
For simplicity we shall specialize to

T3

Py = X(0,1), so that a(r) = 3

THEOREM 7.1. Let Py = x(o,1). Then (i) there exists a global solution to (1.11), (2.1) if
either b(r) =0, or

2
(7.11) b(r) >0, b(r)b'(r) + 37 >0 Vo<r<1;
(ii) if b(r) > 0 for 0 < r < 1 but
2
(7.12) b(ro)b'(ro) + 3 ro <0 forsome 0<ryg<l1,

then there does not exist a global solution to (1.11), (2.1).
Proof. To prove (i) we only need to verify (7.8). If b(r) = 0 then F' = f(¢)r where

//_L _ ! —

It is clear that f() remains positive for all ¢ > 0, so that F, = f > 0.
To consider the case where b(r) > 0 for 0 < r < 1, we multiply both sides of the differential
equation in (7.7) by F’ and integrate. We obtain

1 1 1/2
F (G- )
T r I ’

or

F(r,
(r,t) de

o=

Taking the derivative with respect to r and recalling that a = r*/3, we easily find that

(7.13) t=

F.(r,t)>0 (<0) if and only if
(7.14)




Consequently, under the assumptions of (7.11), F, > 0.
Consider the case (ii). Then (7.14) is still valid. Also

F(TO ,t)

dx
! P @I
F(ro,t) dx
Z 1/2
4 @%@+§%)VW*MMW(%‘§”/
:;22 by (7.13).

62(7"0) —|— g TO

Recalling (7.12), it follows that at r = rg

F(rz)
l+(bb’+f)/ de
b 3 1 1\]%?
el
T X

C)#
U

if ¢ is sufficiently large. Hence (by (7.14)) F,.(ro,t) < 0 if ¢ is sufficiently large.
Remark 7.1. Consider the one dimensional case with Q@ = {—c < 2 < o0}, Py = Xg, » $lo =
(a,b) where —¢ < a < b < oo. Then

§%+<bb’+ <0

Ypr(x,t) = —P(x,t) in Q,

Yu(r,t) = —pu(¥(x,1),1) in o,

Pla,t) = P~ (e, O ey 1) in Q= (0, 1)
and, assuming ¢, (—c¢,t) = 0, we find that

d’_l ($7t)

pulaty=— [ Plende=— [ Py,
¥(at)

a

so that
pet) = o+ tin(e) + 5 [ Ry

With whatever boundary condition we take at @ = oo, global solution (with ¢, # 0) exists if
and only if

2

Gl t) = 14 04(0) + 5 o) >0,

i.e., if and only if ¢ (z) > —v/2.
22



68. Proof of Theorem 2.3. For simplicity we give the proof in case n = 3, p = 1. Set

r=lzl,
1 if 0<r<«1
X”’”(x):{ 0 if r>1,
and
(8.1) Por = v, (r) -

Let f(¢) be the solution of

1

(8.2) KORSY

for t>0, f(0)=1, f(0)=by>0.

Denote by (¢1, %1, P1) the solution to (1.11), (2.1) corresponding to the initial data (2.8)
when ¢ =0, i.e.,

AS‘Ql = _Pl )
d2
(83 = Ve t)

Py= Por(y ) (1)

As seen from the calculations in §7, the solution exists globally, and it is given by

(8. (1) = 10
r/£(t)
(85 L= [ FPalndn

It is easy to check that

ft)y>1,0< f'(t) <c¢ forallt>0,

(8.6)
ft)y=ct(14+0o(1)), f'(t)=c(l +0(1)) as t— o0

9 1/2
where ¢ = <§ + bg) , o(1) = 0 as t — oo. By assumption,

(8.7) Po = Por + e Py

where

(8.8) suppPog C By, Poy € C°(R) |

and

(8.9) % (2,0) = box +eby(x) , by € CTT(R?) .
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We wish to solve (1.11), (2.1) by writing ¢ in the form

(8.10) = hi(@, 1) + ea(x,1) 5
1y depends, of course, on . Then 1 must satisfy (cf. (4.5))

2y 1 )=t P
at T n / Pout P e =m0 @~ ae

(8.11)
Po(x,0) =0, a4(x,0) = by(a) .

1
LEMMA 8.1. There exists a small constant A € (0, 5) such that for any solution of (1.11),
(2.1) for 0 <t < T, written in the form (8.10), if

(5.12) £V ) < AP, [V Dl < M)
then
(8.13) [Vaba(-, ) [pee < CF(1), [Viba(-, )| < Cf(1)

provided ¢ is small enough, where C' is a constant independent of ¢ and T
Assuming that the lemma is true we can complete the proof of Theorem 2.3 as follows.

Proof of Theorem 2.3
From (8.4) and (8.10) we have the following identity:

(8.14) V() = [V, t) = Vib(a, 7)] = [£(8) = S]] + V(e 7)

for any t,7 > 0.
By Theorem 2.1 there exists a unique solution for 0 < ¢ < T (for some T > 0) for any
0<e<1,and

|v¢('7t)|L°° < C? |V77/)(',t)|a <C ) |V77/)_1(',t)|Loo <C.
By the identity (8.14) with 7 = 0 we have (since f(0) =1)
(8.15) Vo, t)|nee < IVY(- 1) = V(- 0)[pee + [f(1) — 1] + €|V |10
(5.16) Tl o < V(1) = T 0+ 2|V

We can estimate the first terms on the right-hand sides of (8.15) and (8.16) by using the
representation (5.2) of ¢ and the estimates (5.4), (5.5), to obtain the inequalities (8.12) for
0<t<T,provided T is small enough.

Now let T' be any positive number such that (8.12) holds for 0 < ¢t < T. Then, by

Lemma 8.1, (8.13) holds. Since
eV -
(5]

[

(8.17) Vi (ih(a,1),1) = (Vib(x, 1)) =

24
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we have

1 2
(8.18) IV e < Ok

Hence, by the proof of Theorem 2.2, the solution can be uniquely extended to an interval
t < T+ 6 for some 6 > 0 depending only on €', and

V()] < 20 F(1), V(s 1)]o < 2Cf(1) [V (- 1)1 < 2Cf(1)

for T'<t < T + 6. By the same arguments as before, we may choose §(C') such that
1
V(1) = Vi Tl < 5 M)

|v¢('7t)_v¢('vT)|a < )‘f(t) ’

for T'<t < T+ 6. Using (8.14), it follows that
eV (s ) pee < |f() — F(T) 4+ 1eVaba(-, T + % Af(L)
Vsl < Ve T 5 AT

1
for T<t<T+6. By (86) |[f()—f(T)| < t=T]|f"] < 1 Af(t) if 6 is small. Therefore, if we

A
take 6 = 6(C') small, ¢ < ¢1(C') small such that eC < T and use (8.13) for ¢t = T', then (8.12)

follows for T' <t < T + 6. Since 6 = §(C') and &1(C') were independent of T, a step-by-step
argument establishes global existence and uniqueness, as well as the estimates in (8.13). This
completes the proof of Theorem 2.3.

The remaining part of the paper is devoted to the proof of Lemma 8.1. Various positive
constants independent of ¢ and T" will be denoted by the same symbol C'.

Remark 8.1. The proofs of Lemma 8.1 and Theorem 2.3 can be extended to the case where
A # 0 and to more general radially symmetric functions Fy; and functions Fps.

§9. Proof of Lemma 8.1. We shall often suppress the variable ¢, writing 1 (x) instead of
Y(x,1), etc. We shall denote by C' constants independent of ¢ and A.
Observe that (8.12) implies that

(9.1) VUl < 26(1) , [Vl = Vsl < (2)
From (8.14) and
J(p7h) = det(Vy) ™!

we get

(9-2) (7)o <




Recalling (4.28) we then also have (using (9.1))

C|Vyl, CleVsl, C
(9.3) T < J'Mj/;' < ';jﬁ' <

Note (cf. (4.5)) that

d*py / r(x,t) — i (2,1)
dt*  Ax W)l x,t) — (2, 1)

and (cf. (4.4), (4.5), (4.9))

PV |1 o(¥n(2) = ¢i(2))
e { /P (b1 () — ()P

Applying V to (8.11) we can reduce the problem (1.11), (2.1) (as in (4.5), (4.6)) to

dZ—|—P01J(77Z)1_1) V@Z)l .

PV _ 1(#) =¥n(=)
e 47-‘-5[/ W} |3 d / W)l ) ¢1 Z)|3 d ]V¢1( )
‘|‘$ /(Pm + e Fy2) |£Z)(§;§;) Jé)’i;)?))dz - Viba(a)
1, el - )
(9.4) -|-4ﬂ_ B/1P02 (z) — b (=) dz - V()
_|_ﬁ ](¢—1)[P02V¢1(x) + (Po1 4 € Po2) Viha(2)]

2 Pu V@)l — I

=h+L+L+0L+15,
with
(95) v¢2($,0) =0 5 v#)zﬂg(l',()) = Vbl(l') .

Note that in the above and later, all the singular integrals are understood as the principle value
(in the sense of (4.9)).

In the remaining part of this section we estimate I, I3, I and [5; [; will be estimated in
the subsequent sections.

Step 1. L*™ estimates.

In the same way that we introduced AV in (4.9) and then decomposed A, as in (4.12),
we write

o(ip(x) —(z))
[9(x) =9 (2)P

dmly = lim / (FPor + €Fo2)

p—0

Bi\B,(4(x))

dz - Vipa(x)

= lim (K1 + Pol) - Viba(w)
2



where

- e =)
s S RO REIGET
o o(la) = #(2)
= / AEEETCI

BI\B,(s(x

By (4.25), (4.26), (4.29) we obtain
K1+ Pols| < OV 2 log[2 + [V poe + [V oo + [Vi)[a] .

Using (8.15), (9.1), and recalling (9.6), we find that

C
(97) |]2|Loo S Flog(Z + f)|V;/)2|Loo .
Next
. o(P(x) —¥(2))
9.8 47T]3 = lim P02 dz - V 1
o i | Py ep e
Bi\Bp(¥(x))

can be treated in the same way as [;. This leads to

[Ta]zee < CIVO T oo [ Vib Lo log 2 + [V | [V T oo + [V o]

(9.9)
lo
f2 g(2+f)
By (9.1), (9.2) we deduce that
(9.10) Ll < 55+ I Viloo

Finally, to estimate I5, consider

T — () = - [1 — det (1 n ewz) _1] .

£ /
Writing D = Vi)y/f and noting that (I + D)™t =1 —eD(I + D)™, it follows that

() — I = %u —det(I - eD(I + D))

(9.11)

]g; leD| < 5 - [Viba| .
Hence
(9.12) | L] < |V¢2|Loo :
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Combining the estimates (9.7), (9.9), (9.10) and (9.12), we get

C'log(2 + f) (1 + |w2|m) |

(9.13) Iy + I3+ Ly 4 Is|p~ < 72 7

Step 2. C, estimates.
Writing [, = AV, we have

ol < |ALa Vo] + Al [Vibalo -

By (9.7)
Al < & log2 4 1) .
7
and by (4.38) and (8.15), (9.1)
(9.14) 1A, < % log(2 + f) .
It follows that
(9.15) TANE fﬁ log(2 + £)(| Vsl + |Vibala) -

Similarly we write I3 = AV, so that
[ Iala < 1ALl Vb1 |noe + Al [V -

|A],, can be estimated in the same way as |A|, in (9.14), whereas |V |o = |f(£)I], = 0. Hence

C
(9.16) [ 3]o < Flog@ +/).

From the definition of /4 we have
Lo < CLIW ™) oIV ] + [Vida| )
O™ 1= (Vo + [Vibala + [V |pe + [Viba|ree) -
Using (9.2), (9.3), it follows that

C C
7 + F(W%hw + |Vibela) -

(9.17) |14]o <
Finally, from the definition of I5,
1 _ _
sla < — [Por Vibr]al J (41 D = (7 e

1
‘|'g |P01v¢1|L°°|J(¢1_1) - J(¢_1)|a = I51 + Iz
28



and
C
I5 < 7 |Viba|peo
by (9.11). Since J(x7') = 1/f% is a function of ¢ only,

C
I5 < f

|‘]( )|OZ — |V77Z)2|oz

f3—|—oz
by (9.3). It follows that

(9.18) |15] < (IV%ILOO + [Vibala) -

Combining this with (9.15)—(9.17), we conclude that

Clog(2+ f) (1 n [Viba|pe + |V¢2|a)
Ik / |

§10. Auxiliary results. In this section we prove three lemmas that will be needed for

(9.19) I+ I3+ 14 + I5], <

estimating /.
LEMMA 10.1. Let z = &(x,y) (1 = 1,2) be C'* surfaces such that & (2o, y0) = &a(xo, yo),
Véi(o,y0) = Va(xo,yo) and let B, (xq, yo, o) be a ball of center (xq, yo, to), ug € R. Set

(
T(61, &) = {(x,y,2); 6z, y) < 2 < &lw,y) il &i(x,y) < &le,y)
Loz, y) <z < &(xy) if &lry) < lz,y)}
and T, = T(&,£2) N B(x0,y0,uo). Then

or

(10.1) < OV(& = &)lar®

/ dw
T |w - (x07y07u0)|3 N

where C' is a universal constant.
Proof. By the mean value theorem,

(e, y) = Lol y)| = (&, y) = alw, y)) — (Eu(wo, yo) — a0, o))
< V(& = &)@ D) (2 = 2o,y = yo)]

where (Z,7) is a point in the segment connecting (z,y) to (xg,yo). Since V(& —&2)(xo, yo) = 0,
we get

(2, y) = &E(z,y)] < V(& — &)lal(z — 20,y — yo)|'F .
Therefore the left-hand side of (10.1) is bounded by

&2 1’71/

dz
d:z;d‘/
/ y (2, 2) — (0, Yo, 20)

/ V(& — &)|al(z,y) — (20, yo) |1+
(z,y) — (20, yo) ]2
29
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LEMMA 10.2. Let zo = (0,0, —d), 0 < d <1 and let
Si={a*+y*+22=1}, S;={"+y’+(z—e)’=(14¢)*}, 0<e<1.
Consider a ray
C:U(t) =z0+ t(a,b,e), t >0

with a® +b*+¢? = 1, and denote by z, and z, the intersections of { with Sy and S5, respectively.
Then

5
(10.2) - al << (et Tmgran)

Proof. The parameters ¢; for which ((¢;) = z are given by
t = (Ad* +1 - d*)V?
ty=[Ad* +1 —d* + (23 d + 2 — 2d + ec®)]Y?* + ed + c= .
We now directly compute that |21 — z3| = |1 — 3] is bounded by the right-hand side of (10.2).

LEMMA 10.3. The function

(10.3) / oy=2) 4,

is constant in B,(0), and the constant is independent of r.
Proof. For any y € B,(0) the gradient of

/ dz
ly — 2|

B,(0)\B,(0)

is identically zero in B,(0) (by Newton’s theorem [5; p. 22]). On the other hand the gravitational
field of uniform mass distribution in B,(0) in the exterior of B,(0) is the same as if the entire
mass were concentrated at the origin:

3
v/ dz :v(ﬁ‘—”’)—).
ly — 2| 3 |yl

B,(0)

It follows that

d
(10.4) v / L oy
oo ==l
()

where ¢ is a constant independent of r. Since the gradient of the left-hand side of (10.4) differs
1

from the integral in (10.3) by = I, the proof of the lemma is complete.
s
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§11. Estimating |/1|~. We can write

(11.1) ansy = 10 L [ A=) gy~ [ =) lel)(y)dy]
(B1 1(By

) 1ol =P gy [P1(2) =yl
_ m o(y(r) —y) -1 _ -1 "
wh=o B/1> =P T = T )y
(11.2) +@ J(@/}l)(@b(l‘)){/ To(e) — o y|3 / |¢1 _y|3 ]
2 o ote - st [ W@

=l + L+ s

We shall use (11.2) to estimate |[1|z~ in this section, and |[;|, in the next section.
Writing

(11.3) I = @ L / + / ] = @(Kn + Ki2) ,
(B1)

\Bpy (¥(2))  ¥(B1)NBp, (¢(x))

we can proceed to estimate K11, K12 as in (4.14). First,
[K1i| < Cflog pi sup [T~ (y) = T (7 (@ (2))] -

Since J(z7") is independent of the space variable,

7™ () = T @) < [T@7)() = T ()]

C
HI @™ (2) = T () ((2))] < if—4 | V1bs]
by (9.11). Hence
(11.4) | K1 <= 7i |V¢2|L°°|10g/>1| :
Next,
| K| < / |aw()d% <Ol )]apt
Bm(d’(l’
(11.5)

¢ o
S f3_|_a |v¢2|0lp1
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by (9.3). Taking p; = f(t) we obtain

C
(11.6) 11| < 7 log(2 + [)(IVibalre + [Vibala) -
Later on we shall need to use Lemma 3.1 with @ = ¢(B(0)). We can write B1(0) =
{z; go(z) < 0} where go(x) = 1 — |z|*>. Then Q = {;9(z) < 0} where g(y) = 1 — >~ (y)|*, and

Vgla
Since
y=1(z) = [z + (v (y)
we have
1
(11.7) Y (y) = ?[?J — (¥ (Y))]
and, using (4.24) and (4.27), we then easily find that
1 C
11. — < .
( 8) 5oz - foz
Hence,
(11.9) (3.4) in Lemma 3.1 holds for €, = (11 + etb3)(B1(0),1)

with 6 replaced by f(¢) and C independent of (e < 1).

Using (11.9) with ¢ = 0 and (9.11), we get
C
(11.10) |113] < 7 log(2 4+ f)|Viba|pe .

To estimate [13 at any point xg € ¥(Bi), let ¥ € 91 (By) be a point on di¢(By) such that
|l’0 — §0| == dlSt(l’, a¢(B1)) .

Choose a point yo and n > 0 such that the ball B,(yo) is tangent to di¥(By) at Zy. Clearly
and yo lie on the inner normal to d¢(By) at Zo; 1 (or yo) will be chosen later on.
For any pg > 0 we can write, by Lemma 10.3,

Sf Iy = / o(z0=2) , / o0 =2)

zo — 2|3 zo — 2|3
sy (P07 iy 17077

(11.11) — { / % dz — / % dz]
¥ (B1)

\Bpg (70) By (y0)\Bpq (7o)

N / olzo—2) , / A k) BN
|9€0—Z|3 |9€0—Z|3
(B1)NBgg (7o) By (yo)NBpg (z0)
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To estimate .J, we note that

(11.12) T, < % dz .
[(BOABy (w)MBry (o) 0
We now recall that ¢(B;) = {g < 0} where, by (11.7),
o) = 1= @) =1 = | = 7 (@)
(11.13)
1 2 -1 2
= [P =l —ehaT @]

From (3.6) we know that if

(11.14) po <6

then 9y(B1) N B,y (x¢) can be represented in the form
xy = & (1, 29) .

where the coordinates are chosen such that Vg(Zo) = (0,0,¢). On the other hand we can write
~ - 1
Bylyo) = {=§ <0} where g(x) = 5" |z = yol]
and represent 0B, (yo) N B,, (o) in the form

T3 = 52(51?1751?2) .

We wish to apply Lemma 10.1 and we therefore need to ensure that V& = VE; at xg, i.e., that

(11.15) V(o) = V§(To) .
Since
Vo) = —= 24 = b(a)
(11.16) ];2 e
Vi(x) = —F(l' — Yo)
where
(11.17) O(x) = 2¢a( (@) + V(o (1)) - (2 — eha (7 ()

equation (11.15) becomes
Making this choice for yo also determines 7:

n =1%o —y| = |To — c0(Zo)| .
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Since g(%o) =0, (11.13) gives
= [To — etha(¥™(T0))]

so that

(11.19) 1=+ %0 = e(F)| - 70 - ea(b™!(E))]
| =f+ 50(%0) ,

where

(11.20) 0(x)] < Cf(1)

by (8.12) (8.18).
We now apply Lemma 10.1 to get

(11.21) 2| < CIV(& = &)laps

and it remains to estimate |V(& — &)]a.
To do that we begin by noting that (11.16) and (11.18) imply that

Vg — Vgl < — |0(z) — 0(Zo)| = ,

< f2
Vg — V§|a < P |‘9|a .

(11.22)

Using (8.12), (8.18), (8.19) and the fact that diam (B;) < C'f (which follows from (8.12)), we

easily establish the estimates

(11.23) 0(2) = 0(Fo)|Lee < C[Vipa|pe
1 1
(11.24) 0], < C (—a [Viba|pe + |V¢zla) :
f f
It follows that
(11.25) Vg — Vil < — |V¢2|Loo ;
eC

(11.26) Vg - Vil < F( Vbl + |w2|a).

The function #(x) in (11.7) is bounded by Cf (by (8.12), (8.19)). Therefore, from (3.6)
and (11.16),

C 1
(11.27) 7 1nf|Vg| < mf 1922 | < |Vl <
Next we derive lower bound on |Vg|a. By (11.16) and (11.24),
- 2 O(x)— 0
Vg(e) = Vo)l 2 [|51? e 10(@) (y)|]
|z — yl f |z =yl

2 oyl _ [Viby| e |V¢2|a)]
ZF[I | 60( o Ty .

khIQ
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Since diam ¢ (B;) ~ cf, using (8.12) we obtain that

Vg(z) = Vy(y)l o
11.28 V|, = su >
(11.28) Vol = sup SO

C
— fl—l—oz ’

fl a fl aAc]
1
provided we choose A such that A\(' < —. We can now fix this A and proceed to estimate

|V (&1 — &)]a (on the right-hand side of (11.21)). The é¢-th component of V& — V§; is

Gzi — Ga; . G, (gxs - gl’s)

gl’g 91’3:&1’3
Therefore
Vv _v~oz Vg—VilrelV o
Ve - Vel < V9= Vila V9 = Vi~ V|
inf|g.. | inf |g.., |2
_|_2|v.g|L°°|v.g - VQ|LOO|Vg|a
inf |ga, |
< eC [% LIS M]
f 6o e Vqla

where we have used (11.27), (11.26) and the definition of ¢. Using (11.28) and (11.26) we

conclude that

(11.29) |V€1 _ v£2|a < 55_2 (|v@/}2|L°° n |V¢2|a) ‘

[ f2-a
Substituting this into (11.21) and choosing po = ¢ (cf. (11.14)), we then obtain

|Vha |10 |V¢2|a)
7 )

Estimating .J; (defined in (11.11)) is easier. Observe that if we choose the origin to be at
etp1(0,1) then

(11.30) )| < 50(

Brl C 77Z)(B17t) C BT2
where
ri=f—e|Vipi|pe , ra = f+e[Vipi|pe .
Hence
Al < / ; < / s / o
|51?0 - Z| g p
P(B1)ABg(yo))\Bs(zo)

(S = surface of the unit sphere) where

|772 — 771| S €C|V¢Q|Loo
35



by Lemma 10.2. It follows that

772 ~— 771 < €C|77Z)2|Loo < €CV/I7Z)2|LOO 7
< 5 < 7
where (11.8) was used. Combining this with (11.30) and (11.11) we get:
LEMMA 11.1. If ¢ is sufficiently small, then

<C

71| < Clog 2
™

1

C
(11.31) |112] < F(|v¢2|L°° +[Vibala) -

Using this and (11.6), (11.10) in (11.1), we conclude that

Clog(2 +
(11.32) il < SEEED (0l 4 (90
§12. Estimating |[;|,. Since J(¢7') is a constant, (9.3) gives
_ _ O |Vapgl,
67 = Tl < CFF lepl, = o L2

Also, by Lemma 10.3, the integral in /13 is independent of the space variable and by (11.9), it
is bounded by C'log(2 4 f). Hence

Cllog2+ /) C_[Vinl _ Clog2+ /)
€ A I?
Next, by Lemma 3.2 and the first part of Lemma 3.1 (as formulated in (11.9)) and (11.8)),

(12.1) |113] < |Vbal, -

C
1lo < D10 dog2 + [Vl + V0 + (V0L
(12.2)

C
< & log(2 + [)[Vela

where (9.3) was used in the last inequality.
To estimate |[13], we introduce the function

(123) w(:z;) — / 0'(1‘ - y) dy _ / 0'(77/)1(1') — y) dy

— 3 _ 3
(B1) |$ y| 1 (B1) W)l(l') y|

Then by the definition of I12 (in (11.1)) and by (11.9),
cf

e

-1 C
Wl los(2 4+ )+ o

Using (9.3) and the estimate |w(¢(2))]s < Clw]a| V)|, we then get

|]12|oz S

|w(t(2))]o -

C 1 C
(12.4) [12]a < e - |wla + Fore log(2 + f)|Vtala .
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LEMMA 12.1. The following estimate holds:
eC

(12.5) |wlo < @(W%MLOO + [Vola)

Assuming the lemma, we conclude that
eC
[L12]o < F(W%MLOO + [Vibala)

and then, together with (12.2), (12.1),

Clog(2+ f)
IE

Proof of Lemma 12.1. The proof is somewhat similar to the proof of (3.5); however, instead

(12.6) |11]o < (IVaba| oo + [Viha|a) -

of integrating over Q we integrate over ¥(By). The main step consists in estimating
(12.7) |w(xg) — w(Fo)| for wxo,79 on OY(By), Tg € B% (x0) .

As in §11 we introduce two balls B, (yo) and By(yo) such that B,(yo) is tangent to 9v(B)
at g and Bfnv(ﬂo) is tangent to 0y (B;) at Zg, and

Yo = 59(51?0)7 Yo = 59(50) )

(12.8)
n=f+eb(xo), = f+:20(3) .
We write
U(l’o—y) U(l’o—y)
w(%) _w(%) N [// |51?0—?J|3 - / |=7€0—?J|3
(B1) n
(12.9)
_ / o(To—y) / o(To —y)
_ .3 _ .3
o(B1) |51?0 ?J| B, |=’1?0 ?J|
o(xg — o(xg — ~
R = I R
¥ (B1)ABy(yo) P(B1)AB~(yo)
and
o(zo—y) o(zo—y)
](:1;0) a |51?0—?J|3 * / |=71?0—?J|3
(¥(B1)ABy(yo )\ Bs(0) (¥(B1)ABy(y0))NBs(xo)
= wl(l’o) —|— wg(l’o) 5
(12.10)

J(o) = o(Fo—y) o(%0 —y)
” |=’1?0 - y|3 ~
(¥ (B1)ABx(y0))\Bs(xo) (¥ (B1)ABx(y0))NBs(0)
= W (%9) + We(To) ,
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where the integral / is understood as /— /

_ AAB A B
We can write

wy (7o) — Wi (To) = / [U(*’L’O ) - UE% —Y)

&0 20—y |70 — y[?
(12.11)
7(z0 —y) 7%~ v) =my + ma +ms3
|=7‘?0—?J|3 |=7‘?0—?J|3

where

Qo = [(V(B1)ABy (y0))\Bs(wo)] N [((B1)AB;(50) \ Bs(0)]

Qo1 = [(¥(B1)AB, (o) )\ Bs (o) \[(¢(B1)AB;(50) \ Bs(0)]

Qoz = [(¥(B1)AB5(50))\ Bs (o) \[((B1) A By (y0) )\ Bs(o)] -
Note that

Qo C Bn(yo)AB;;@O)\BS(l'O) )
Qoz C By(yo)AB;(¥0)\ Bs(o) -

From (11.24), (11.19) we get

Y

_ o Vibgliee |Vl -
o=l el o — o < e (T2 4 (T2l g, g

Iy — i1l < elflalwo — Fol < e (10]o + Vibalre| V™ 1 ) 0 — Fol”

v 0 v o ~ |a
< 50 (| ¢,2|L | ¢f2| ) |l‘“ _— l‘()| 9

(12.12)

It follows that

~ ~ v o v o ~
ummm&MMSCFM—%Pst('%ﬁ-+'%'y%_%a.
Hence
1 _
[ma| + [ma| < 5 53 |B,(y0) AB;(Yo)]
(12.13)

= f1+a(|v¢2|f4°° + [Vipo|a) o — Zo|”
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To estimate mq we use the mean value theorem to get

o(ro—y) olFo—y)| [ dol(zo—y)t+(1—1)(F—y))

2 — ~ dt
o —yl> [Zo—yP 1 S dl |(wo—y)t+ (1 = 1)(To —y)P
(12.14)
1
C 1
< -7 < Clag—7 .
< kool | o Gy < oo a
0 ly —xo| — =
2
Hence
i r2dr
lmy| = /C|:1;0 — §O|ﬁ (using polar coordinates centered at )
P1 r— -
4
- 1 1 )
< Clag — Tl (— - —) (since py > 9)
£1 P2
< C|l’0 — %0| p2 pl
P1P2
and
\Y o0 Voo
lp2 — 1| <eC (| ZZZJL + | ZZZQ| )
by (12.12) and Lemma 10.2. We thus get
&":C - V ©o V o
|m1| < ﬁ |$0—$0| (| iiiJL + | 77;2| ) 7
and |xg — To| < |z — To|*6' 7. Using this and (12.13) in (12.11), we find that
[ eC N
(12.15) w1 (o) — w1 (To)] < I ([Viba|eo + [Vibala) [xo — To|*
We next estimate wq(x9) — W2(%0), writing
o(xg —
w2($0) = 7( o yS)
|51?0 - ?J|
(¥(B1)ABn(yo))NBs(wo)NBy(x0)
(12.16)
o(xg —
+ / ﬁ = way(20) + waa(xo)
((B1)ABy (1) Bs(z0)\Bo(zo)
and
oy U(fo—y)
alo) = N e
(¥(B1)AB~(y0))NBa(x0)NBp(w0)
(12.17)
o(dg — - . S
+ / 507?13) = Wa1(To) + Waa(To)
|51?0 - ?J|

(#(B1)AB~(40))NBs (0)\ Bo(o)
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where p = 4|zg — To|.

Using Lemma 10.1 and (11.29), (11.8), we find that

w21 (x0)| + [Wa1(To)| < C|VE — Vs|p®
(12.18)
eC
< =
- fl—l—oz

To estimate waz(wg) — Wa2(Tp) it is helpful to refer to Figure 1.

(IViha|ree + [Vibala)|wo — Zo|™ .

oW By)

28y o) /
\

DW(By)

DU EY !
Figure 1

The set (¢(B1)AB,(y0)) N (Bs(x0)\B,(x0)) is broken into three parts:

Qr* inside B,(&o), QF outside Bs(%o), and Q4 in Bs(Zo)\B,(Z0).
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For Q7* we use Lemma 10.1, (11.29) and the fact that 1/6 < 1/f:

(12.19) ‘/L)

< |v€1 v€2|ap

(|V¢2|Loo + [Vibala)|wo — Tol

— fl—l—oz

In O the integrand is < (/6. Since the centers of the balls Bs(x¢) and Bs(Zg) are distance
|zo — Zo| apart, we get, by the proof of Lemma 10.1 and (11.29),

5+|l’0—f7:’/0|
To — ) o ks ol
‘/ |x00_ FaE & VG~ Vel < 2 e g,
&
(12.20)
C ~ (o}
= f1+a (IVealree + [Vibala) [0 — To

where z = £ represents 0y (B;) and z = & represents dB,(yo).
Similarly, the set (¢/(B1)AB(go)) N (Bs(x0)\B,(Zo)) can be broken into three parts:

Q3" inside B,(x0), 25 outside Bs(xo), and Qg in Bs(xo)\B,(20).

Estimates similar to (12.19), (12.20) hold for the corresponding integrals over 25 and Q5*.
Hence

(12.21) |wa2(w0) — Waa(To)| < f1+a (IVtha|ree 4+ |Vihala) [wo — wo|* + K
where
(12.22) [x_‘/ (ro—2) folfo—2))

' jwo — x> S |To— P I

here, as mentioned following (12.10), / is understood as / — /, where
951

Qi = ((B)\By(y0)) N (Bs(x0)\By(x0)) N (Bs(70)\ B,(T0)) ,
Qiz = (By(yo)\(B1)) N (Bs(20)\ By(x0)) N (Bs(70)\ B,(T0)) ,

and/:/—/,where
Q2 Q21 Qa2

Qo1 = ((B)\B5(10)) N (Bs(20)\B,(T0)) N (Bs(w0)\ B,(20)) ,
Qo2 = (B5(H0)\(B1)) 0 (Bs(20)\ B,(70)) N (Bs(20)\ By(x0)) -

Hence

K= ‘ / :1;0—:1; / :1;0—:1; / :1;0—:1; / :1;0—:1; ‘
a |51?0 —axf? |51?0 - 51?|3 |70 — a? |To — a?



By the proof of Lemma 10.1, (11.29) and (12.14), for any subset QCQ,UQLUQnU Qaq, we

have
Q

o(xo—x) o(To— )d:zj < C|:1:0—:1;0|/

|9€0—9C|3 |9€0—9C|3

< /C|:1:o i 752'“ P2
p/2
(12.23)
< Cleo — 70| V6 — Véul, (i— 1 )
-~ pl—oz 51—0(

= f1+a(|v¢2|13°° + [Visa)|zo — o™,

o
since p = 4|xg — To| < 1 Furthermore,

(201\Q21) U (222\12) = (B5(0)\ By (y0)) N Bs(o)\X1
(Q21\Q11) U (212\Q22) = (B, (y0)\ B(¥0)) N Bs(20)\X2 ,

where ¥; and X, are contained in (B,(xo) U B,(Zo)) N [(@/}(Bl)ABfnv(yo)) U (¢(B1)AB,(y0))] -
Using (12.23) and the fact that the corresponding integrals over ¥; and ¥, are bounded as in
(12.19), we find that

K< ‘ / UE%O —x) B / o(xg — )
~ _ e —af ~ 7o — 2
(B(v0)\Bn(0))N(Ba(z0)\Bp(w0)) (Bn(yo)\Bx(v0))N(Ba(20)\Bp(w0))
(12.24)

f1+a(|V¢2|Loo + [Vibala)|wo — Zol

From the definitions of n and 7 (see (11.19)) and the fact that f < ¢§ < Cf (see (11.8) and
(11.27), (11.28)), we have

lyo — Gol SACS, In—n] < ACS, |np— fI<ACS and [ — f]<ACS

1
if A is small. Hence for A small such that AC' < — where ¢ > 1, B,(yo) N Bx(jo) # ¢ and
q

(12.25)

Consider first the case where

(12.26) zo ¢ Bfnv(ﬂo) and %o ¢ By,(yo) -



We shall choose a point z. in dBx(Jo) N 9B,(yo) and denote by 7(y) and 7(yo) the tangent
planes to dBx(yo) and 9B,(yo) at w., respectively. Consider first the case n = 2. In this case
dB(o) N OB, (yo) consists of two points, and z. is chosen to be the nearest one to zo; see
Figure 2.

’aBn(yo)

ﬂ(yo)

, ny,)
Figure 2

In the triangle T'(yo, x«, Jo) with vertices (yo, x.,Jo) the angle § at x. goes to zero if ¢ — oo.
Hence in the triangle T'(xg, 2., ¥o) with vertices (xq, €., To) the angle at x. goes to 7 if ¢ — oo,
and, therefore,

(1227) |$0—$*| S |$0—%0| 5 |§0—$*| S |$0—§0|

if ¢ is large (actually, ¢ > 8 if |xo — Zo| is small enough).

Consider next the 3-dimensional case, and introduce a plane 7 passing through z¢, rg and
Yo. Then 0B,(yo) N 7 is a circle of center yo and radius 5. Denote by 7; and 7; the center and
radius of the circle dBx(y0) N 7. By (12.25),

" 1 ~ C - - »
|yl_yO|§§f7 Im—nlég (11 =" — |Jo — yol?) -

We choose the point z. in the intersection of the circles 9B, (yo) N7 and dB;(yo) N7, near o,
and then the estimates in (12.27) remain true (if ¢ is large enough).
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Similarly to (12.23) we can derive the estimates

| / S |

(B(50)\ By (0))N(Bs(w0)\ Bo(x+))

- eC
— fl—l—oz

| / Srer vl

(Bn(y0)\B(0))N(Bs(x0)\ By(x+))

(IViha|ree + [Vibala)|wo — Zo|

and

- eC
— fl—l—oz
Using these estimates in (12.24), we obtain

eC
fl—l—oz

(IViha|ree + [Vibala)|wo — Zo|™

(1228) K S [(1 + [(2 + (|V¢Q|L‘X’ + |V¢2|a)|:1;0 — %0 .

where

K = / oz, —x) / o(x. — )

2. — 2 2. — 2

(B;{§0)\Bn(y0))035(900) (Bn(yO)\B;{§0))ﬁBé($0)

K, — o(x. — ) B / o(x. — ) ‘
e P e —ap

(B{0)\Bn(y0))"Bp(s) (Bn(yo)\B(y0))NBo(xx)

Since z. € B, (yo) N B;(Yo), by adding and subtracting the integral

/ o(x. — )
. |7 — 2
B(y0)"Bn(vo)

and using Lemma 10.3 we get

K < ‘ / oz, —x) / o(x. — )

. 7. — 2|3 8 7. — 2|3
(B(v0)\Bn(y0))\Ba(wo) (Bn(yo)\Bx(v0))\Bs(w0)

C
(1229) < o [(B{Io) AB, (uo))\Bs
C [|Vibalrs  |Vibala -
S—gf (| iJL —I—| ZZZ| )|:Jco—:]co|cy

since, by (2.12), the “width” of Bx(70)AB,(yo) is bounded by
Vipo|ree  [Vibola SO,
&":C (| i?oJL —|— | 77;2| ) |$0—$0| .
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To estimate K; let X7 and X3 denote the two components of the set lying between the

planes 7(yo) and 7(yo); see Figure 2.
By symmetry, we have

K, < ‘ / (x.— ) o(x. — )
v 2P T —ap
S
(x.— ) o(x. — ) : :
-I-‘ / - = Ko + Koo
w2 ) T —ap
E**
2

where
27 = (By(yo)\B5(90)) N By(2™)\X]
57 = (SI\(By(90)\B5(50))) N B,(«7) .
25" = (B5(50)\ By (y0)) N By(2™)\X5
(X\(By(y0)\ B5(50))) N B, (7).

Let A be a rotation about x. such that Ax(yo) = #(yo). From (12.12) we deduce that

Vibaleo | Vdala 1
|¢y +|%|w%_%|_

% %
22 =

(12.30) |A— 1| <eC ( 7

where [ is the identity matrix. By change of variables (recalling (3.11))

o(x. — ) o(x. — )
/ Jo. — 2P _~/ Jo. — 2P

kX ok
1 b3

| [ ) et
oe=P ) ") Ter =l

*ok
E1

Observe that AZT*AET* lies between two spheres that are tangent at z,. Hence we can apply
Lemma 10.1 in order to estimate the integral of o(x. — 2)/|z. — z|* over this set. Using also
(12.30) we conclude that

(12.31) [Kan| < f1+a(|v¢2|L°° + [Vipo|a) |0 — Zo|”
provided
o(rs —y)
12.32 — <.
(12:82) |z =yl 17

AXE

The proof of (12.32) follows by noting that if we complete AXY into half a ball BT with its

planer boundary on 7 (%), then the integral of o(x. — y)/|7. — y|® over BY is equal to half the

integral over the complete ball, which is constant by Lemma 10.3. Hence it suffices to prove
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that (12.32) holds when AX* is replaced by BT\ AY3, and this follows by Lemma 3.1 (after we
scale by f).

Having proved (12.31) we note that K3, and then also K3, can be estimated in the same
way. Recalling (12.28), (12.29), we conclude that

(12.33) K <

f1+ (|V¢2|L°° + [Vibe|a)|wo — ol

So far we have assumed that (12.26) holds. If 2o € B;;(ﬂo) (or if Tg € B,(yo)) then we can
proceed as before, in fact more simply, by choosing . = x¢ (or x. = Z).

From (12.33) and (12.21) we obtain

(|V¢2|Loo + [Vibala)|wo — Tol

|w22(:1;0) - w22($0)| >

fl—l—oz

Recalling (12.18) and (12.16), (12.17), we also get the same bound for |ws(xo) — Wa(To)|. Using
(12.15) and recalling (12.9), (12.10), we get the same bound also for |w(xg) — @(To)], i.e.,

(12.34) |w(o) — w(Z)| < (IW)zlLoo + [Vibala) w0 — ol

fl—l—oz

)
provided xg, To € 0Y(B1) and |xg — To| < —.

Observe that since 11 (x) = f(t)x, the second integral in (12.3) is a constant (by Lemma 10.3)

w(z) = / Mdy_ / Mdy

x—yl? N x—yl?
$(B1) | | Y1(B1) | |

where ;El(:z;) =~x, v = f(t) + e|z|ne < 2f(1). Since (By) C ;Zl(Bl), the function
dy dy
Z(x) = —
w(é) |z =y ~/ |z =y

1(B1)
is harmonic in ¢ (B;). Consider its gradient V =V Z, i.e.,

:_/ —y|3 /

11/1 (B1)

and

Let 29 € 0v¢(By) and consider in a E—neighborhood of x¢ a representation x3 = h(xq1,12) =
h(z") of 0¢(By). Then

V() = wle) (1,0,h) (= (@)

)
If # = (%', h(Z")) is another point in the E—neighborhood of xg, then

0 0 - -
o= Vi (') = 5= VIE(E)] < (o)~ w(@)][Vh
(12.35)
ool by () = b (#)]
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Since g(¢p~1)(2', h(2")) = 0, we have

and (cf. §11)
c _C

12. holpe <1, [hoilo < — < = |
(12.36) |hay [Loe < I 5o = fo
Recalling the definition of w and of 15 (in (11.2)) and using Lemma 11.1, we have
eC
(12.37) ol < 22 (9l + 90le)
Using also (12.34) and (12.36), we obtain from (12.35) the estimate
0 0 C
(12.38)  |=— V(2 h(2")) — =— V(2', h(2"))| < c (IVibalnes + |Vibala) |2" — &'

8:1;1 81'1 - fl-l—a

)
provided |2" — 7’| < 6 A similar estimate holds for 9V/dx,.
We now rescale V' by

Viz) == V(fx).

~| =

V is then harmonic in % Y (By), and its boundary 0 (% ;/)(Bl)) can be represented locally by

1
x, =0(2') = = h(f2') .
(2) f(f)
From (12.38) it follows that
0 = 0 = eC
v ' ny Y = < 2 . AT
— V) = 5 VEOED)| € (Tl + [l = 7

5 -

for |2" — ¥'| < 67 The same estimate holds for STV Combining this estimate with (12.36)
T2

and the fact that 6/f > 1, we conclude that the tangential derivatives of V' on the boundary of

1
— (By) is a-Holder continuous with the a-Holder coefficient M = eC' f~1(|Vaba|pe + [Viba|a ).

/
1 1
Note the 7 Y (B;) C By and by (8.12) the C'*< of 7 Y (By) is also uniformly bounded. We can

therefore apply [6; Theorem 2.4 and its Remark] to M‘lf/(:]c) to obtain the C''*° estimate
V(M) < C

where C' is independent of ¢. By scaling back we conclude that for x,& € ¢(By),

IVV(z) — VV(F)| = [VV (;) . va% (;) ‘

|z — x|

foz
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It follows that
eC
[VV]a < @(W%hw + [Vibela)

and this completes the proof of Lemma 12.1.

§13. Completion of the proof of Lemma 8.1. We shall need the following lemma.
LEMMA 13.1. If

a"(1) = h(tyu(t) (k1) 2 0)

fort > 0 and u(0) > 0, «/(0) > 0, then u(t) > 0 for all t > 0.

Indeed, otherwise there is a first £p > 0 such that u(to) = 0. For 0 <t < to, v’ > 0 and
therefore also u’ > 0, so that u(tg) > u(0) > 0, a contradiction.

Set

R(t) = [V, )|ee + VY (s 1)la

From (9.4), (9.13), (11.32) and (9.19) and (12.6) we get

R(t <a—|—bt—|—//010g2+T (1+M)d7d8.

1to 147
Introduce
t s
Clog(2+ 7 R(7)
13.1 F(t)=a+ bl // | drds .
(3) () a+ —I_O 1_|_7-1+oz(+1_|_7-)7—8

Then 0 < R(t) < F(t) and F' satisfies

(13.2) p%wgcﬁf%:?(1 ffD,IW®:a>Q}W®:b.
Let
,  Clog(2+1) H
(13.3) H:W<1+l——l—t)7t>07
(13.4) HO)=a+1, H(0) =t +1.

By Lemma 13.1,
F(t)y< H(@) .
Clearly H and H' remain positive for all ¢ > 0 and therefore, for any Ty > 0,

(13.5) 0< F()< H(Ty) it 0<t<Ty.
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By (13.1) we then have

C'log(2+1) H(Ty)
F'(t) < 1 = k(1
()— (1—|—t>1+a ( 1—|—t ()7
and we easily deduce that
To
(13.6) F'(t) < B(Ty) it t<Ty (B(TO) — b+/k)
0
We next introduce a function
(13.7) Gt)=A2(14+t)—(1+1)] for t>Tp,
where 0 < v <1 and A > 1 are constants. Then
Clog(2+1) [ G ] Clog(2 +1)
1 < 142A
(1_|_t)1-|—oz i +1—|—t — (1_|_t)1-|—a( + )
(13.8)
L, [Clog(2+1)
(14172 | 2221 +24
N ]

Choose 1 — a < v and Ty so large that
—g fgt()za:i < i Y1 =) if t>T,.
Then the right-hand side of (13.8) is
< Ayl = )1 4177 = G(t)

Hence (i is a supersolution to equation (13.3). Choosing Ty and A such that also
G(To) = AR(1+To) — (1 +Tp)" ] > A> H(Ty) ,
G'(To) =2A— Ay(1+ Tp)"' > A > B(Ty) ,

and recalling (13.5), (13.6), we can apply Lemma 13.1 to u = GG — F. We deduce that
R(t) S F(t) <G(t) <2A(14¢t) if t>1T5.

This together with (13.5) completes the proof of (8.13).
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