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Abstract. In this paper we consider the averaged equations for a large number of small balls of uniform

mass and charge moving under the force of their self-electric �eld. These equations are

�'(x; t) = �P (x; t); d2 =dt2 = �r'( ; t)

subject to  (x; 0) = x;  t(x; 0) =  1(x) where ' is the electric potential and P is the limit concentration of the

small balls as their number increases to in�nity (and their radius goes to zero). The evolution of P is given by

P (x; t) = P0( 
�1(x; t))J( �1)(x; t)

where P0 is the initial concentration,  
�1 is the inverse of the mapping x!  (x; t) and J( �1) is its Jacobian.

It is proved that if the initial data are in C1+� then there exists a unique local solution with  in C1+�. The

solution can be extended globally in time as long as  and  �1 remain uniformly bounded in C1. There are

however smooth initial data for which a global solution does not exist. One of the main results of the paper is

that if jP0 � �B1
j and j 1(x)� b0xj are small enough, where �B1

is the characteristic function of the unit ball

and b0 is a positive real number, then there exists a unique global solution.

x1. The averaged equations. Let 
 be a domain in R3 and consider disjoint balls

B"(x
"
i (t)) in 
 of radius " and centers x"i (t) which vary in time t. We assume that each ball

carries electric charge, uniformly distributed within the ball, with total charge equal to its

volume times a �xed constant. We denote by '"(x; t) the electric potential in 
; it is generated

by the electric charges of the balls and by the boundary conditions that are imposed at @
.

Then, for all t > 0,

�'" = ��"(1.1)

where �" is the characteristic function of the disjoint union

N"[
i=1

B"(x
"
i (t))

where N" = number of balls.

The centers of the balls vary according to Newton's law

�
d2x"i
dt2

= �
Z
�

B"(x"i (t))

r'"(x; t)dx(1.2)

where � is a positive constant and
Z
� means the average. We also impose initial conditions

x"i (0) = x"io ;
dx"i (0)

dt
= x"i1(1.3)

and write x"i1 =  1(x
"
io).

� Institute for Mathematics and its Applications, University of Minnesota, Minneapolis, Minnesota 55455,
y University of Minnesota, School of Mathematics, Minneapolis, Minnesota 55455.



We are interested in the limiting behavior of the distribution of the balls as " ! 0. We

assume that there exists a limiting distribution P0(x) of the initial positions of the balls as

"! 0, i.e.,

N"X
i=1

"3�(x"io)!
Z



P0(x)�(x)dx 8 � 2 C(
) :(1.4)

We further assume that a limiting distribution P (x; t) exists for each time t > 0, that is,

N"X
i=1

"3�(x"i (t))!
Z



P (x; t)�(x)dx 8 � 2 C(
)(1.5)

as "! 0. We wish to determine the evolution of P (x; t).

Formally, �'" = ��" will approach

�' = �P ;(1.6)

and ' satis�es the same boundary conditions as '". Let y
"
i (t) be the solution of

�
d2y

dt2
= �r'(y; t)(1.7)

with the initial conditions (1.3). Assuming that D2' and D2'" are uniformly bounded (inde-

pendently of "), one can verify that

jx"i (t)� y"i (t)j ! 0 if "! 0 ; 8 t > 0 ;

and therefore, for any � 2 C(
),
N"X
i=1

"3�(y"i )!
Z



P (x; t)�(x)dx :(1.8)

Denote by  (x; t) the solution of

�
d2 

dt2
= �r'( ; t) ; t > 0 ;

 (0) = x ;
d (0)

dt
=  1(x) :

(1.9)

Then

y"i (t) =  (x"io; t)

and, by (1.8), (1.4),

Z



P (x; t)�(x)dx 
N"X
i=1

"3�(y"i (t)) =
N"X
i=1

"3�( (x"io; t))

!
Z



P0(x)�( (x; t))dx
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for any � 2 C(
), as "! 0. By change of variables  (x; t) = y, the last integral takes the formZ



P0( 
�1(y; t))J( �1)(y; t)�(y)dy

where  �1(x; t) is the inverse  (x; t) (for t �xed) and J denotes the Jacobian of the mapping.

We then conclude that

P (x; t) = P0( 
�1(x; t))J( �1)(x; t) :(1.10)

Thus the limiting distribution P (x; t) evolves according to the system (1.6), (1.9), (1.10),

with some prescribed boundary conditions on '. More generally we may include some hydrody-

namic e�ects. Thus, we can include Stokes' drag by adding a friction terms in the ODE (1.9).

The system then becomes:

�' = �P in 
 ;

P (x; t) = P0( 
�1(x; t))J( �1)(x; t) ;

�
d2 

dt2
+ �

d 

dt
= �r'( ; t) ;

 (x; 0) = x;
d (0)

dt
=  1(x)

(1.11)

with prescribed boundary conditions for ' on @
.

In the formal derivation of (1.11) we excluded collision of balls; this implies that 0 � P �
1. However, we shall henceforth admit any nonnegative P ; this means that we allow \soft"

collisions in the approximating model.

The system (1.11) may also be viewed as plasma with uniformly distributed mass and non-

uniformly distributed electric charge P (x; t). Equation (1.10) is then a conservation law for the

charge density.

x2. The main results. The results of this paper will be established in n-dimensional

space for any n � 2. For simplicity we shall consider here only the case


 = R
n ; and '(x; t)! 0 if jxj ! 1 :(2.1)

We assume that

 1(x) 2 C1+�(Rn) ;(2.2)


0 is a bounded domain in Rn given by


0 = fg0(x) > 0g; @
0 = fg0(x) = 0g; g0 2 C1+�(Rn) ;

rg0(x) 6= 0 on @
0 ;

(2.3)

P0(x) � 0 if x 2 
0; P0(x) = 0 if x 2 Rnn
0 ;

and P0j
0 2 C�(
0) :
(2.4)
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Note that if P0 is a nonnegative C�(Rn) function with compact support, then (2.4) is

satis�ed for suitable 
0 as in (2.3). Another special case is

P0 = �

0

(2.5)

where 
0 satis�es (2.3).

Denote by 
t the image of 
0 under the mapping  (�; t), that is, 
t = f (x; t) : x 2 
0g.
Since P (x; t) = 0 if x =2 
t, we shall consider the functions  (x; t) only for x 2 
0 and  

�1(x; t)

only for x 2 
t. We shall denote by j (�; t)j� (or brie
y by j j�) the �-H�older coe�cient of

 (x; t) in x 2 
0, and by j �1(�; t)j� (or brie
y by j �1j�) the �-H�older coe�cient of  �1(x; t)

in x 2 
t. We also write

j (�; t)jC1+� = j (�; t)jL1 + jr (�; t)jL1 + jr (�; t)j�

where the gradient is taken with respect to x and j j� refers to the �-H�older coe�cient in x 2 
0;

the L1-norms are taken for x in 
0. Similarly we de�ne

j �1(�; t)jC1+� for x 2 
t :

Theorem 2.1. If (2.2){(2.4) hold then the system (1.11), (2.1) has a unique solution for

some time interval 0 � t � t0 (t0 > 0) such that

sup
0�t�t0

j (�; t)jC1+� <1 ; sup
0�t�t0

j �1(�; t)jC1+� <1 :(2.6)

Theorem 2.2. Under the assumptions of Theorem 2.1, if for some T > 0 there exists a

solution of (1.11), (2.1) for all t < T such that

jr (�; t)jL1 � C; jr �1(�; t)jL1 � C (C <1)(2.7)

for all 0 � t < T , then the solution is unique and can be extended to 0 � t � T + � for some

� > 0 depending only on C and the initial data, and (2.6) holds with t0 = T + �.

Thus the �a priori estimate (2.7) is su�cient for global existence. Theorems 2.1 and 2.2 are

proved in x5 and x6 respectively; auxiliary estimates are established in xx3{4. In x7 it is shown
that the estimate (2.7) is not always satis�ed and, in fact, for some smooth radially symmetric

initial data, the Jacobian J( �1) may blow up in �nite time.

The remaining part of the paper is devoted to the case where the data are nearly radially

symmetric:

P0 = �
B1

+ "P02 (B1 = fx 2 Rn; jxj < 1g) ;
(2.8)

 t(x; 0) = b0x+ "b1(x); b0 > 0

where " is positive and small. If � = 0; " = 0 then there exists a unique global solution, and  

has the form  (x; t) = f(t)x.

Theorem 2.3. If P02 2 C�(Rn), suppP02 � B1; b1 2 C1+�(Rn) and � = 0, then for

any " su�ciently small there exists a unique global solution of (1.11), (2.1) with initial data

P0;  t(x; 0) given by (2.8).

The proof, given for simplicity only for the case � = 1; n = 3, is presented in xx8{13.
4



We conclude this section with some remarks on the case � = 0; � = 1. In this case,

d 

dt
= �r'( ; t) ;  (x; 0) = x :

It is well known [3; p.25] that

J( ) = exp

tZ
0

trace

 
� @2

@xi@xj
'

!
( ; t)dt ;

so that

J( ) = exp

tZ
0

[��'( ; t)]dt= exp

tZ
0

P ( ; t)dt

= exp

tZ
0

P0(x)J( )
�1(x; t)dt

by (1.11). It follows that

d

dt
J( ) = J( )P0(x)J( )

�1 = P0(x)

and thus

J( ) = 1 + tP0(x) :

The system (1.11) then becomes

�' = �P0( �1)(1 + tP0( 
�1))�1 ;

d 

dt
= �r'( ; t) ;  (x; 0) = x :

(2.9)

If P0 is given by (2.5), then

�' = � 1

1 + t
in 
t :

Specializing to n = 2 we can then write

r' = �
Z

t

x� y
jx� yj2

1

1 + t
dy ;

d 

dt
= �r'( ; t) ;  (x; 0) = x :

(2.10)

This problem is nearly identical to the vortex patch problem for the 2-d Euler equation; in the

latter case

r' = �
Z

t

x� y
jx� yj2 dy ;

d 

dt
= �r?'( ; t);  (x; 0) = x

(2.11)

where r?' = (�'y; 'x). Global existence and uniqueness of C1+� solution for the vortex patch

problem was established by Chemin [2]. A simpler proof was recently given by Bertozzi and

Constantin [1]; see [1] [2] for further references regarding weak solutions.

Our proofs of Theorems 2.1{2.3 use potential theoretic estimates established by Friedman

and Vel�azquez [4] in a work on electrophotography, as well as some estimates from [1].
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x3. Auxiliary Lemmas. Let 
 be a bounded domain in Rn given by


 = fg(x) > 0)g ; @
 = fg(x) = 0g ; where

g 2 C1+�(Rn) ; inf
@

jrgj > 0 :

(3.1)

We denote by j jL1(D) the L
1(D)-norm and by j jC�(D) the �-H�older coe�cient in D. Set

� =

0@ inf@
 jrgj
2jrgj�

1A1=�

(3.2)

where jrgj� = jrgjC�(Rn).

Introduce the function

W (x) =
Z



x� y
jx� yjn dy ; x 2 
 :(3.3)

We denote by d(
) the diameter of 
 and by M any number � maxf1; d(
)g.
Lemma 3.1. There exists a constant C depending only on n; � and M such that

jrW jL1(
) � C(2 + j log �j) ;(3.4)

jrW jC�(
) �
C

��
(2 + j log �j) :(3.5)

Proof . The estimate (3.4) for n = 2 is precisely Proposition 1 in [1]; its proof depends on

the Geometric Lemma in [1]. Both the lemma and the proposition easily extend to n > 2.

To prove (3.5), we shall �rst estimate the H�older coe�cient of rW on @
. Take any point

x0 2 @
 and choose the coordinates such that x0 = 0 and

gxi(x
0) = 0 if i = 1; : : : ; n� 1 :

Then, for any x 2 B�(x
0) \ @
,

gxn(x) � gxn(0) � jxj�jrgj� >
1

2
inf
@

jrgj :(3.6)

Write x0 = (x1; : : : ; xn�1); then x = (x0; xn). From (3.6) it follows, by the implicit function

theorem, that there exists a unique function xn = f(x0) such that

@
 \ B�(x
0) is given by xn = f(x0) ;

i.e.,

g(x0; f(x0)) = 0 ;

and

f 2 C1+� ; f(0) = 0 ; j(x0; f(x0)j � � :

Clearly

fxi(x
0) = � gxi(x

0; f(x0))

gxn(x
0; f(x0))

:
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Therefore

jfxi(x0)j �
jgxi j�j(x0; f(x0))j�

inf
@

jrgj � jrgj�

inf
@

jrgj�

� � 1 :(3.7)

Also

jfxi(x0)� fxi(x0)j �
jgxi(x0; f(x0))� gxi(x0; f(x0))j

jgxn(x0; f(x0))j

+
jgxi(x0; f(x0))j

jgxn(x0; f(x0))kgxn(x0; f(x0))j
jgxn(x0; f(x0))� gxn(x0; f(x0))j ;

and using (3.7) we easily conclude that

jfxi(x0)� fxi(x0)j �
4jrgj�
inf
@

jrgj jx

0 � x0j� = jx
0 � xj�
��

:(3.8)

If n = 2 then by [4; Lemma 3.1] the tangential derivative of W along @
 is in C1+�, and

j d
dx1

W (x1; f(x1))�
d

dx1
W (x1; f(x1))j � jx1 � x1j�

C(1 + j log �j)
��

;(3.9)

here (3.7) and (3.8) have been used. It follows that

jW (y1; f(y1))�[W (x1; f(x1))�
d

dx1
W (x1; f(x1)) � (y1�x1)]j� jx�yj1+�

C(1+j log �j)
��

:(3.10)

This estimate is valid uniformly for x; y 2 @
 provided jx� yj < � (with a parametrization f

which depends on x); if jx� yj > � then, by (3.4), (3.10) is again true if C is large enough.

The proof of (3.9) can be extended to the case n > 2; see Remark 3.1 below. Hence

(3.10) can also be extended to n > 2. Each component of W is harmonic function (since

�
R jx � yj2�ndy = const. if n > 2 and �

Z
log jx � yj = const. if n = 2). Therefore we can

apply C1+� estimates (Theorem 3.1 of Widman [6]) to deduce the assertion (3.5).

Remark 3.1. Lemma 12.1 (in x12) provides a proof of (3.9) for n = 3 in the more compli-

cated case where 
 is replaced by  (B1). If in that proof we replace the balls B�(y0); Be�(ey0) by
half spaces ��(x0); ��(ex0) tangent to @ (B1), then we obtain a proof of (3.9) for n = 3, which

is the extension of the proof of [4; Lemma 3.1] for n = 2; the proof for n > 3 is the same.

Set

K(x) = (Kij(x)); Kij(x) =
@2

@xi@xj

1

jxjn�2 =
�ij

jxjn(3.11)

and consider

G(x) =
Z
Rn

K(x� y)(h(x)� h(y))w(y)dy :

We shall need later on the following lemma due to Bertozzi and Constantin [1; p. 26]:

Lemma 3.2. If h 2 C�(Rn) and w 2 L1(Rn) then

jGjC�(Rn) � CjhjC�(Rn)

h
jK � wjL1(Rn) + jwjL1(Rn)

i
where C is a constant depending only on n; �.
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x4. A priori estimates. For simplicity we shall prove Theorems 2.1, 2.2 only in case

� = 0; the proof for � 6= 0 is similar.

We can solve

�' = �P in Rn; ' = 0 at in�nity

by

'(x; t) =
1

(n� 2)!n

Z
Rn

P (y)
1

jx� yjn�2 dy(4.1)

if n > 2, and then

r'(x; t) = �
n
Z
Rn

P (y)
x� y
jx� yjn dy

�

n =

1

!n

�
(4.2)

where !n is the surface area of the unit sphere in Rn; for n = 2, (4.1) is replaced by

(4:10) '(x; y) = 
2

Z
R2

P (y) log
1

jx� yj dy
�

2 =

1

!2
=

1

2�

�

but (4.2) remains the same.

Setting


t =  (
0; t) = f (x; t) ; x 2 
0g(4.3)

we can rewrite (4.2) in the form

r'(x; t) = �
n
Z

t

P0( 
�1(y; t)J( �1)(y; t)

x� y
jx� yjn dy

(4.4)

= �
n
Z

0

P0(z)
x�  (z; t)
jx�  (z; t)jn dz :

The original problem (1.11), (2.1) then reduces to

�
@2 (x; t)

@t2
= 
n

Z

0

P0(z)
 (x; t)�  (z; t)
j (x; t)�  (z; t)jn dz ;(4.5)

 (x; 0) = x;  t(x; 0) =  1(x) :(4.6)

In this section we assume that there exists a solution to (4.5), (4.6) with

 2 C1+�(
0) and J( ) 6= 0 for 0 � t < T for some T � 0 :

Then  �1(x; t) exists and it belongs to C1+�(
t). We shall derive C1+� estimates which will

be used in the next section to prove existence and uniqueness for (4.5), (4.6).
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Set

V (x; t) =
Z

t

P0( 
�1(y; t))J( �1)(y; t)

x� y
jx� yjn dy :(4.7)

For any x0 2 
t choose � > 0 small enough so that B�(x
0) � 
t. For any x 2 B�(x

0) we

write

V (x; t) =
Z


tnB�(x0)

P0( 
�1(y; t))J( �1)(y; t)

x� y
jx� yjn dy

+
Z

B�(x0)

P0( 
�1(y; t))J( �1)(y; t)

x� y
jx� yjn dy :

Then

rxV (x; t) =
Z


tnB�(x0)

P0( 
�1(y; t))J( �1)(y; t)

�(x� y)
jx� yjn dy

+
Z

B�(x0)

h
P0( 

�1(y; t))J( �1)(y; t))� P0( �1(x; t))J( �1)(x; t)
i �(x� y)
jx� yjn dy

�
Z

@B�(x0)

"
x� y
jx� yjn 
 �

#
P0( 

�1(x; t))J( �1)(x; t) dSy

where � = (�ij); �ij as in (3.11), and � is the outward normal. Taking x = x0 and letting

�! 0, we get

rxV (x
0; t) = lim�!0

Z

tnB�(x0)

P0( 
�1(y; t))J( �1)(y; t)

�(x0� y)
jx0 � yjn dy

+!nP0( 
�1(x0; t))J( �1)(x0; t)I

where I is the identity matrix. Therefore, by (4.4), (4.7), for any x 2 
0,

� 1


n
r(r'( (x; t); t) = r(V ( (x; t); t)) = rV ( (x; t); t)r (x; t)

= lim
�!0

Z

tnB�( (x;t))

P0( 
�1(y; t))J( �1)(y; t)

�( (x; t)� y)
j (x; t)� yjn dyr (x; t)(4.8)

+!nP0(x)J( (x; t))
�1r (x; t) ;

here we used the relation J( �1( (x; t)) � J( (x; t)) = 1. Changing variables, y =  (z; t), and

setting

eB�( (x; t)) =  �1(B�(x); t) ;
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we obtain from the last formula,

� 1


n
r(r'( (x; t); t)) = lim

�!0

Z

0neB�( (x;t))

P0(z)
�( (x; t)�  (z; t))
j (x; t)�  (z; t)jn dzr (x; t)

+!nP0(x)J( (x; t))
�1r (x; t) � Ar +Br :

(4.9)

We shall denote the diameter of 
t by d(
t) and denote by M any positive constant such

that

maxf1; d(
t)g �M :(4.10)

Lemma 4.1. There exists a constant C depending only on n; � and M such that, for all

t > 0,

jr(r'( ; t))jL1 � C(1 + jP0jL1)jr jL1
�
1

(4.11)

+jJ( �1)jL1 log

�
1 + jP0j� + jr jL1 + jr �1jL1 + jr j�

��
:

Proof . In view of (4.9) it su�ces to estimate the termA, which can be written asA = lim
�!0

A�

where

A� =
Z


0neB�( (x;t))

[P0(z)� P0(x)]
�( (x; t)�  (z; t))
j (x; t)�  (z; t)jn dz

(4.12)

+P0(x)
Z


0neB�( (x;t))

�( (x; t)�  (z; t))
j (x; t)�  (z; t)jn dz � K1 + P0(x)K2 :

Clearly

jK1j �
Z

t

jP0( �1(y; t))� P0(x)j
C

j (x; t)� yjn jJ( 
�1)jL1 dy

= CjJ( �1)jL1

264 Z

tnB�0( (x;t))

+
Z

B�0( (x;t))

375(4.13)

= CjJ( �1)jL1(K11 +K12) (for any �0 > 0) ;

and

K11 � CjP0jL1
d(
t)Z
�0

1

rn
rn�1dr = CjP0jL1j log �0j ;

(4.14)

K12 � C
Z

B�0( (x;t))

jP0( �1)j�
1

j (x; t)� yjn�� � CjP0( �1)j���0 :
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Choosing

��0 =
1

1 + jP0( �1)j�
and using the inequality

jP0( �1)j� � jP0j�jr �1j�L1 ;

we �nd that

jK1j � C(1 + jP0jL1)jJ( �1)jL1(1 + log(1 + jP0j�jr �1jL1)) :(4.15)

To estimate K2 we introduce a small parameter �1 > � to be determined later on, and write

K2 � K2(�) in the form

K2 = K2(�1) + I1 where

(4.16)

I1 =
Z


0\(eB�1n
eB�)

�( (x; t)�  (z; t))
j (x; t)�  (z; t)jn dz ;

here eBr = eBr( (x; t)). By change of variables,

jK2(�1)j �
Z


0neB�1

C

j (x; t)�  (z; t)jn dz

�
Z


tnB�1( (x;t))

C

j (x; t)� yjn jJ( 
�1)(y; t)jdy(4.17)

� jJ( �1jL1
d(
t)Z
�1

C

rn
rn�1dr � CjJ( �1)jL1j log �1j ;

and

I1 =
Z


t\(B�1nB�)

�( (x; t))� y)
j (x; t)� yjn J( �1)(y; t)dy

where Br = Br( (x; t)).

Write

I1 =
Z


t\(B�1nB�)

�( (x; t)� y)
j (x; t)� yjn [J( 

�1)(y; t)� J( �1)( (x; t); t)]dy

(4.18)

+
Z


t\(B�1nB�)

�( (x; t)� y)
j (x; t)� yjn dyJ( �1)( (x; t); t) � I11 + I12 :
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Then

jI11j � CjJ( �1)j�
Z

B�1nB�

dy

j (x; t)� yjn�� � CjJ( 
�1)j���1 :(4.19)

Next, if � < d where d = dist ( (x; t); @
t), then

I12 =
Z


t\(B�1nBd)

�( (x; t)� y)
j (x; t)� yjn dyJ( �1)( (x; t); t)(4.20)

since Z

t\(BdnB�)

�( (x; t)� y)
j (x; t)� yjn dy = 0

(The spherical average of � is zero).

We can represent @
t in the form

@
t = fg(x; t) = 0g

where

g(x; t) = g0( 
�1(x; t)); g0 as in (2.3):(4.21)

From the proof of Proposition 1 in [1; p. 23], if n = 2 then I12, de�ned by (4.20), can be

estimated in the form

jI12j � C
 
1 + j log �

d(
t)
j
!
jJ( �1)jL1(4.22)

where

�� =
inf
@
t

jrgj
jrgj�

:(4.23)

The proof is based on the geometric lemma in [1; p. 23] (or on Lemma 10.1 in x10), and it

easily extends to n > 2.

From (4.21) we get

rg = r �1rg0( �1) ; r rg = rg0 ;

so that

inf
@
t

jrgj � jr j�1L1 inf
@
0
jrg0j � Cjr j�1L1 ; C > 0 :

Also

jrgj� � jr �1jL1jrg0( �1)j� + jr �1j�jrg0jL1
� C(jr �1j1+�L1 + jr �1j�) :

12



Using these estimates we can obtain a lower bound on the � in (4.23), namely,

1

��
� C(jr �1j1+�L1 + jr �1j�)jr jL1 :(4.24)

We then conclude from (4.22) that

jI12j � C log(2 + jr jL1 + jr �1jL1 + jr �1j�)jJ( �1)jL1 :

Combining this with (4.19) and choosing

�1 =
�
jr �1j1+�L1 jr j�

��1=�
we deduce from (4.18) and from (4.16), (4.17) that

jK2j � C

"
jJ( �1)jL1 +

jJ( �1)j�
jr �1j1+�jr j�

#
log

h
2 + jr jL1 + jr �1jL1 + jr �1j�

i
:(4.25)

If we expand the determinant J( �1) as sums of product of its elements, we �nd that

jJ( �1)jL1 � Cjr �1jnL1(4.26)

and

jJ( �1)j� � Cjr �1jn�1L1 jr �1j� :

Further, dropping t,

jr �1( (x))�r �1( (y))j
j (x)�  (y)j� =

jr (x)�1�r (y)�1j
j (x)�  (y)j�

=
jr (x)�1j jr (y)�r (x)j jr (y)�1j

j (x)�  (y)j�

so that

jr �1jC�(
t) � jr j� jr �1j2+�L1 :(4.27)

It follows that

jJ( �1)j� � Cjr �1jn+1+�L1 jr j� :(4.28)

Using this and (4.26) in (4.25) we obtain

jK2j � Cjr �1jnL1 log[2 + jr jL1 + jr �1jL1 + jr j�] :(4.29)

Recalling (4.15), we �nd that Ar = lim
�!0

(A�r ) (where A� is de�ned in (4.12)) is bounded

by the right-hand side of (4.11). Since the same is true for Br (de�ned in (4.9)), the proof

of (4.11) is complete.

The next lemma provides C� estimates on r(r'( (x; t); t). We shall use the notation

	1 = jr jL1; 	2 = jr �1jL1 ; 	 = maxf	1;	2g :(4.30)

13



Lemma 4.2 There exists a constant C depending only on n; � and M such that

jr(r'( (x; t); t))j� � C(1 + jP0jL1 + jP0j�)	n+5(1 + jr j�)
� log(2 + jP0j� +	+ jr j�) :

(4.31)

Proof . We shall use (4.9). By (4.24), (4.26),

jBr j� � C(jP0jL1 + jP0j�)	n+3(1 + jr j�) :(4.32)

Next

jAr j� � jAjL1jr j�+ jAj�jr jL1(4.33)

and jAjL1 is bounded by the right-hand side of (4.11), so that

jAjL1jr j� � C(1 + jP jL1)	njr j� log[2 + jP0j� +	+ jr j�] :(4.34)

We write A in the form (4.12) with � = 0 and proceed to estimate jK1j�. Since K1 is a

function of  (x; t), we can write K1 = V ( (x; t)) where

V (x) =
Z

0

[P0(z)� P0( �1(x; t))]
�(x�  (z; t))
jx�  (z; t)jn dz

=
Z

t

[P0( 
�1(y; t))� P0( �1(x; t))]

�(x� y)
jx� yjn J( �1)(y; t)dy :

By Lemma 3.2,

jV j� � CjP0( �1(x; t))j�[jJ( �1)jL1 + jK � J( �1)jL1 ] :

Observe that (K � J( �1))( (x; t)) is equal (after change of variables in the integral) to K2 as

de�ned in (4.12) with � = 0. Therefore it can be estimated by (4.25). Using also (4.26), 4.27)

we conclude that

jK1j� = jV ( (x; t))j� � CjP0j�	�
1	

n+�
2 log[2 + 	 + jr j�] :(4.35)

Next we need to estimate P0K2. Since K2 is a function of  (x; t), we can write K2 = U( (x; t))

where

U(�) =
Z

t

�(� � y)
j� � yjn J( �1)(y; t)dy

=
Z

t

�(� � y)
j� � yjn [J( 

�1)(y; t)� J( �1)(�; t)]dy

+ J( �1)(�; t)
Z

t

�(� � y)
j� � yjn dy � H1 +H2 :

By Lemma 3.2

jH1j� � CjJ( �1)j� :
14



By Lemma 3.1

jH2j� � jJ( �1)jL1
C

��
(2 + j log �j) + jJ( �1)j�C(2 + j log �j) ;

and � is bounded below by (4.24). Using (4.26){(4.28) and (4.24), we easily deduce for K2 =

U( (x; t)) the bound

jK2j� � (jH1j� + jH2j�)jr j�L1
(4.36)

� C	�
1	

n+1+�
2 [1 + (1 + 	2jr j�)	1 log(2 + 	 + jr j�)]:

Recalling also (4.25), we �nd that

jP0K2j� � C(jP0jL1 + jP0j�)	n+1(1 + jr j�) log[2 + 	 + jr j�] :(4.37)

From (4.35), (4.37) and (4.12) (with � = 0) we see that jAj� is bounded by the right-hand

side of (4.37). Combining this fact and (4.34) we �nd that the right-hand side of (4.33) is also

bounded by the right-hand side of (4.37). Together with (4.32) and (4.9) the assertion (4.31)

then follows.

Remark 4.1. From (4.29), (4.35) and (4.36) we obtain a more accurate H�older estimate for

the function A de�ned in (4.9) (and given also in the form (4.12) with � = 0):

jAj� � C	n
2 [jP0jL1	�

1	
1+�
2 + (jP0j�	�

1	
�
2 + jP0j�)

(4.38)

+jP0jL1	1+�
1 	1+�

2 + jP0jL1	1+�
1 	2+�

2 jr j� log(2 + 	 + jr j�)] :

This estimate will be used in the proof of Theorem 2.3.

x5. Proof of Theorem 2.1. In this section we prove Theorem 2.1. In order to apply the

proof step-by-step so as to get a global solution, we shall consider more general initial conditions

than (4.6), namely,

 (x; 0) =  0(x);  t(x; 0) =  1(x)(5.1)

where  0;  1 belong to C
1+�(
0). We can rewrite (4.5), (5.1) in the form

 (x; t) =  0(x) + t 1(x) +A � B (5.2)

where

A =

tZ
0

sZ
0

Z

0


n

�
P0(z)

 (x; � )�  (z; � )
j (x; � )�  (z; � )jn dzd�ds :(5.3)

By Lemmas 4.1, 4.2,

jrxA jL1 � Ct2(1 + jP0jL1)	n+1 log[2 + jP0j� +	+ jr j�] ;(5.4)

15



jrxA j� � Ct2(1 + jP0jL1 + jP0j�)	n+5(1 + jr j�)
� log[2 + jP0j� +	+ jr j�] :

(5.5)

Theorem 5.1. Suppose

jr 0j � a; jr 0j� � a; jr 1jL1 � a ; jr 1j� � a and jr �10 jL1 � b :

Then there exists a unique solution of (5.2) for 0 � t � t0, for some t0 > 0 depending only on

a and b.

Proof . For T; k1; k2 positive and T � 1, de�ne a set

K � K(k1; k2; T ) = f (x; t) 2 C1(
0 � [0; T ]) ;

rx 2 C�
x ; jrx jL1 � k1; jrx j� � k1 ;

jDt j � k1; jrx �rx 0j � k2g :

Notice that d(
t) � d(
0) + k1T and choose M = 3 + d(
0) + k1. Let k2 =
1

2b
. Then

jrx rx 
�1
0 � Ij � jrx 

�1
0 jk2 <

1

2
:

Hence jrx 
�1j � 2b.

From (5.4), (5.5) we deduce that

jrxB jL1 � a(1 + t) + Ct2 ;

jrxB j� � jr 0j� + tjr 1j� + Ct2 ;

jDtB jL1 � jr 1jL1 + Ct ; and

jrxB �r 0jL1 � tjr 1jL1 + Ct2

where C is a constant depending only on M;k1; a and b. If k1 = 2a then for T small enough

(depending only on a; b) B maps the set K into itself.

Next take any two functions  ; in K and set

�(x; t) =  (x; t)�  (x; t) ;
e�(x; t) = (B )(x; t)� (B )(x; t) ;

�(t) = j�(�; t)jL1 ; e�(t) = (e�(�; t)jL1 :

We shall estimate e� in terms of �. Write

e�(x; t) = Z

0


n

�
P0(z)

"
 (x; t)�  (z; t)
j (x; t)�  (z; t)jn �

 (x; t)�  (z; t)
j (x; t)�  (z; t)jn

#
dz

=
Z


0\B�1(x)

+
Z


0nB�1(x)

� I1 + I2

(5.6)
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where �1 will be determined later on.

By the mean value theorem,

jr �1jL1j (x; t)�  (z; t)j � jx� zj ;
jr �1jL1j (x; t)�  (z; t)j � jx� zj :

(5.7)

It follows that

jI1j �
Z


0\B�1(x)

C

jx� zjn�1 dz � C�1 :(5.8)

Next,

�


n
I2 =

Z

0nB�1(x)

�(x; t)� �(z; t)
j (x; t)�  (z; t)jn dz

Z

0nB�1(x)

( (x; t)�  (z; t))[j (x; t)�  (z; t)jn � j (x; t)�  (z; t)jn]
j (x; t)�  (z; t)jnj (x; t)�  (z; t)jn dz

� I21 + I22 :

By (5.7),

jI21j � 2�(t)
Z


0nB�1(x)

C

jx� zjn dz � C�(t)(1 + j log �1j)

and

jI22j �
Z


0nB�1(x)

Cj�(x; t)� �(z; t)j
jx� zjn dz � C�(t)(1 + j log �1j) :

Hence

jI2j � C�(t)(1 + j log �1j) :(5.9)

Choosing �1 = �(t) we conclude from (5.9), (5.8) and (5.6) that

e�(t) � C

tZ
0

sZ
0

�(� )[1 + j log �(� )j]d�ds :

Since �(t) � Ct2; j log �(� )j > 1 if � is small enough and, consequently,

e�(t) � C

tZ
0

�(� )j log �(� )jd� :(5.10)

Choose any  (0) in K and de�ne

 (j+1) = B (j) :
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Then the  (j) belong to K and, setting

�j+1(t) = j (j+1)(�; t)�  (j)(�; t)jL1 ;

we have, by (5.10),

�j+1(t) � C

tZ
0

�j(s)j log �j(s)jds :

By [4; x9] this implies that the full sequence  (j) is uniformly convergent to a �xed point of B,
which is of course a solution of (5.2). Uniqueness also follows from (5.10), as in [4; x9].
x6. Proof of Theorem 2.2. Recall that the solution  has the form

 (x; t) =  0(x) + t 1(x) +

tZ
0

sZ
0

(M )(x; � )d�ds

where

(M )(x; t) =
Z



P0(z)
 (x; t)�  (z; t)
j (x; t)�  (z; t)jn dz :

Introducing � =
d 

dt
, we have

d

dt

 
r�
r 

!
=

 
rM 

r�

!
;

 
r�
r 

!
t=0

=

 
r 1
r 0

!
:(6.1)

For any x; x in 
0,

r�(x; t)�r�(x; t) = r 1(x)�r 1(x)

+

tZ
0

[r(M )(x; s)�r(M )(x; s)]ds :

Hence, by Lemma 4.2 and (2.7)

jr�(x; t)�r�(x; t)j � jr 1j�jx� xj�

+C

tZ
0

C log[2 + jr j�][1 + jr j�]jx� xj�dt :

Hence

jr�j� � Cjr 1j� + C

tZ
0

log[2 + jr j�][1 + jr j�]dt :(6.2)

From (6.1) we also have

jr j� � Cjr 0j� + C

tZ
0

jr�j�dt :(6.3)
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Setting

G(t) = 2 + jr�j� + jr j�
we conclude that G(t) > 2 and

G(t) � C1 + C

tZ
0

G(t) logG(t)dt � R(t)

where C1 = 1 + C(jr 0j� + jr 1j�). Since G � R,

R0 = CG logG � CR logR :

It follows that

R log logR � log logC1 + Ct

and

G(t) � R(t) � exp[logC1e
Ct] :

This gives a priori bound on jr j� and jr tj� for 0 < t < T in terms of jr 0j� + jr 1j�.
One can also obtain (more easily) a priori bound on jr jL1 and jr tjL1 for 0 < t < T . We

can then apply the proof of Theorem 5.1 in order to extend the solution from t = T � " ("

arbitrarily small) to t = T + � for some � > 0 (independent of "). This completes the proof of

Theorem 2.2.

x7. Radially symmetric solutions. In this section we give a counterexample to global

existence. We consider radial solutions, taking n = 3.

Setting

 (x; t) =  (jxj; t) xjxj
one can compute directly that

 �1(x; t) =  
�1
(jxj; t) xjxj

and

J( �1)(r; t) =
( 

�1
(r; t))2

r2
d

dr
 �1(r; t) :

Writing ' = '(r; t); P = P (r; t) (r = jxj), and taking  1(x) =  1(r)
x

jxj , the system (1.11) for

� = 1; � = 0 becomes

'rr +
2

r
'r = �P (r; t) ;

P (r; t) = P0( 
�1
(r; t))

( 
�1
)2

r2
j d
dr

 
�1
(r; t)j ;(7.1)

d2 (r; t)

dt2
= �'r( ; t) ;

 (r; 0) = r;
d (r; 0)

dt
=  1(r) :
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Imposing the boundary condition '(r; t)! 0 if r!1, we can solve the �rst equation:

'r(r; t) = �
1

r2

rZ
0

s2P (s; t)ds

= � 1

r2

rZ
0

s2P0( 
�1
(s; t))jd 

�1
(s; t)

ds
j
0@ �1(s; t)

s

1A2

ds :

Changing variables and noting, by symmetry, that  (0; t) = 0, we get

'r(r; t) = �
1

r2

 
�1

(r;t)Z
0

�2P0(�)d� ;(7.2)

so that

d2 

dt2
=

1

 
2
(r; t)

rZ
0

�2P0(�)d� :(7.3)

Hence

 (r; t) = r + t 1(r) +

tZ
0

sZ
0

1

 
2
(r; � )

rZ
0

�2P0(�)d�d�ds:(7.4)

It follows that

 r(r; t) = 1 + t 
0

1(r) + r2P0(r)

tZ
0

sZ
0

d�ds

 
2
(r; � )

�
tZ

0

sZ
0

2 r(r; � )

 
3
(r; � )

rZ
0

�2P0(�)d�d�ds :(7.5)

Assume that  1(r) � 0 and  1(0) = 0. We see from (7.4) that  (r; t) � r. Hence the

right-hand side of (7.3) is � C1r, and from (7.4) we then get

r �  (r; t) � C1(1 + t2)r :(7.6)

Consider now the question of global existence of solutions, and set

F =  (r; t); b =  1(r); a(r) =

rZ
0

�2P0(�)d� :

Then a � 0; b � 0 and a(0) = b(0) = 0, and F (r; t) satis�es:

F 00 =
a(r)

F 2(r; t)

 
0 =

d

dt

!
;

(7.7)

F (r; 0) = r; F 0(r; 0) = b(r) :

Since  r(r; 0) = 1 > 0 and we are considering only solutions with  r(r; t) 6= 0 (i.e., J( �1) 6= 0),

we need to impose the additional condition

Fr(r; t) > 0 :(7.8)
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From (7.6) we have the a priori estimates

r � F (r; t) � C1(1 + t2)r :(7.9)

Rewriting (7.7) in the form

F (r; t) = r + tb(r) +

tZ
0

sZ
0

a(r)

F (r; � )2
d�ds(7.10)

and using (7.9), one can easily establish global existence for (7.10), or (7.7). Thus in order to

get global solution for (1.11), (2.1), it remains to verify the inequality (7.8).

For simplicity we shall specialize to

P0 = �(0;1), so that a(r) =
r3

3
:

Theorem 7.1. Let P0 = �(0;1). Then (i) there exists a global solution to (1.11), (2.1) if

either b(r) � 0, or

b(r) > 0; b(r)b0(r) +
2

3
r � 0 8 0 � r � 1 ;(7.11)

(ii) if b(r) > 0 for 0 < r � 1 but

b(r0)b
0(r0) +

2

3
r0 < 0 for some 0 < r0 < 1 ;(7.12)

then there does not exist a global solution to (1.11), (2.1).

Proof . To prove (i) we only need to verify (7.8). If b(r) � 0 then F = f(t)r where

f 00 =
1

3f2
; f(0) = 1 ; f 0(0) = 0 :

It is clear that f(t) remains positive for all t > 0, so that Fr = f > 0.

To consider the case where b(r) > 0 for 0 < r � 1, we multiply both sides of the di�erential

equation in (7.7) by F 0 and integrate. We obtain

F 0 =
�
b2 + 2a

�
1

r
� 1

F

��1=2
;

or

t =

F (r;t)Z
r

dx�
b2 + 2a

�
1

r
� 1

x

��1=2 :(7.13)

Taking the derivative with respect to r and recalling that a = r3=3, we easily �nd that

Fr(r; t) > 0 (< 0) if and only if

(7.14)

1

b(r)
+

�
bb0 +

2

3
r

� F (r;t)Z
r

dx�
b2 + 2a

�
1

r
� 2

x

��3=2 > 0 (< 0) :
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Consequently, under the assumptions of (7.11), Fr > 0.

Consider the case (ii). Then (7.14) is still valid. Also

F (r0;t)Z
r0

dx�
b2(r0) + 2a(r0)

�
1

r0
� 1

x

��3=2

�
F (r0;t)Z
r0

dx�
b2(r0) +

2

3
r20

� �
b2(r0) + 2a(r0)

�
1

r0
� 1

x

��1=2

=
t

b2(r0) +
2

3
r20

by (7.13):

Recalling (7.12), it follows that at r = r0

1

b
+

�
bb0 +

r

3

� F (r;t)Z
r

dx�
b2 + 2a

�
1

r
� 1

x

��3=2

� 1

b
+
�
bb0 +

r

3

�
t�

b2 +
2

3
r2
� < 0

if t is su�ciently large. Hence (by (7.14)) Fr(r0; t) < 0 if t is su�ciently large.

Remark 7.1. Consider the one dimensional case with 
 = f�c < x <1g ; P0 = �

0
; 
0 =

(a; b) where �c < a < b <1. Then

'xx(x; t) = �P (x; t) in 
 ;

 tt(x; t) = �'x( (x; t); t) in 
0 ;

P (x; t) = P0( 
�1(x; t)) �1x (x; t) in 
t =  (
0; t)

and, assuming 'x(�c; t) = 0, we �nd that

'x(x; t) = �
xZ

 (a;t)

P (�; t)d� = �
 �1(x;t)Z
a

P0(�)d� ;

so that

 (x; t) = x+ t 1(x) +
t2

2

xZ
a

P0(�)d� :

With whatever boundary condition we take at x = 1, global solution (with  x 6= 0) exists if

and only if

 x(x; t) = 1 + t 01(x) +
t2

2
P0(x) > 0 ;

i.e., if and only if  01(x) � �
p
2.
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x8. Proof of Theorem 2.3. For simplicity we give the proof in case n = 3; � = 1. Set

r = jxj,

�
(0;1)

(x) =

8<: 1 if 0 � r < 1

0 if r > 1 ;

and

P01 = �
(0;1)

(r) :(8.1)

Let f(t) be the solution of

f 00(t) =
1

3f2
for t > 0; f(0) = 1; f 0(0) = b0 � 0 :(8.2)

Denote by ('1;  1; P1) the solution to (1.11), (2.1) corresponding to the initial data (2.8)

when " = 0, i.e.,

�'1 = �P1 ;
d2 1

dt2
= �r'1( 1; t) ;(8.3)

P1 = P01( 
�1
1 )J( �11 ) ;

As seen from the calculations in x7, the solution exists globally, and it is given by

 1(x; t) = f(t)x ;(8.4)

@

@r
'1(r; t) = �

1

r2

r=f(t)Z
0

�2P01(�)d� :(8.5)

It is easy to check that

f(t) > 1; 0 < f 0(t) � c for all t > 0;

f(t) = ct(1 + o(1)); f 0(t) = c(1 + o(1)) as t!1
(8.6)

where c =
�
2

3
+ b20

�1=2
; o(1)! 0 as t!1. By assumption,

P0 = P01 + "P02(8.7)

where

suppP02 � B1 ; P02 2 C�(R3) ;(8.8)

and

@

@t
 (x; 0) = b0x+ "b1(x) ; b1 2 C1+�(R3) :(8.9)
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We wish to solve (1.11), (2.1) by writing  in the form

 =  1(x; t) + " 2(x; t) ;(8.10)

 2 depends, of course, on ". Then  2 must satisfy (cf. (4.5))

"
d2 2

dt2
=

1

4�

Z
B1

(P01 + "P02)
 (x; t)�  (z; t)
j (x; t)�  (z; t)j3 dz �

d2 1

dt2
;

(8.11)

 2(x; 0) = 0 ;  2;t(x; 0) = b1(x) :

Lemma 8.1. There exists a small constant � 2
�
0;
1

2

�
such that for any solution of (1.11),

(2.1) for 0 � t � T , written in the form (8.10), if

j"r 2(�; t)jL1 � �f(t); j"r 2(�; t)j� � �f(t)(8.12)

then

jr 2(�; t)jL1 � Cf(t); jr 2(�; t)j� � Cf(t) ;(8.13)

provided " is small enough, where C is a constant independent of " and T .

Assuming that the lemma is true we can complete the proof of Theorem 2.3 as follows.

Proof of Theorem 2.3

From (8.4) and (8.10) we have the following identity:

"r 2(x; t) = [r (x; t)�r (x; � )]� [f(t)� f(� )]I + "r 2(x; � )(8.14)

for any t; � � 0.

By Theorem 2.1 there exists a unique solution for 0 � t � eT (for some eT > 0) for any

0 < " < 1, and

jr (�; t)jL1 � C; jr (�; t)j� � C ; jr �1(�; t)jL1 � C :

By the identity (8.14) with � = 0 we have (since f(0) = 1)

"jr 2(�; t)jL1 � jr (�; t)�r (�; 0)jL1 + jf(t)� 1j+ "jrb1jL1 ;(8.15)

"jr 2(�; � )j� � jr (�; t)�r (�; 0)j�+ "jrb1j� :(8.16)

We can estimate the �rst terms on the right-hand sides of (8.15) and (8.16) by using the

representation (5.2) of  and the estimates (5.4), (5.5), to obtain the inequalities (8.12) for

0 � t � eT , provided eT is small enough.

Now let T be any positive number such that (8.12) holds for 0 � t � T . Then, by

Lemma 8.1, (8.13) holds. Since

r �1( (x; t); t) = (r (x; t))�1 = 1

f

 
I +

"r 2
f

!�1
;(8.17)
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we have

jr �1jL1 �
2

f(t)
:(8.18)

Hence, by the proof of Theorem 2.2, the solution can be uniquely extended to an interval

t � T + � for some � > 0 depending only on C, and

jr (�; t)jL1 � 2Cf(t); jr (�; t)j� � 2Cf(t); jr �1(�; t)jL1 � 2Cf(t) :

for T � t � T + �. By the same arguments as before, we may choose �(C) such that

jr (�; t)�r (�; T )jL1 �
1

2
�f(t) ;

jr (�; t)�r (�; T )j� �
1

2
�f(t) ;

for T � t � T + �. Using (8.14), it follows that

j"r 2(�; t)jL1 � jf(t)� f(T )j+ j"r 2(�; T )jL1 +
1

2
�f(t) ;

j"r 2(�; t)jL1 � j"r 2(�; T )j� +
1

2
�f(t) ;

for T � t � T + �. By (8.6) jf(t)� f(T )j � jt�T j jf 0j � 1

4
�f(t) if � is small. Therefore, if we

take � = �(C) small, " � "1(C) small such that "C <
�

4
, and use (8.13) for t = T , then (8.12)

follows for T � t � T + �. Since � = �(C) and "1(C) were independent of T , a step-by-step

argument establishes global existence and uniqueness, as well as the estimates in (8.13). This

completes the proof of Theorem 2.3.

The remaining part of the paper is devoted to the proof of Lemma 8.1. Various positive

constants independent of " and T will be denoted by the same symbol C.

Remark 8.1. The proofs of Lemma 8.1 and Theorem 2.3 can be extended to the case where

� 6= 0 and to more general radially symmetric functions P01 and functions P02.

x9. Proof of Lemma 8.1. We shall often suppress the variable t, writing  (x) instead of

 (x; t), etc. We shall denote by C constants independent of " and �.

Observe that (8.12) implies that

jr j � 2f(t) ; jr j� = j"r 2j� � f(t) :(9.1)

From (8.14) and

J( �1) = det(r )�1

we get

jJ( �1)jL1 �
C

f3(t)
:(9.2)
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Recalling (4.28) we then also have (using (9.1))

jJ( �1)j� �
Cjr j�
f4+�

� Cj"r 2j�
f4+�

� C

f3+�
:(9.3)

Note (cf. (4.5)) that

d2 1

dt2
=

1

4�

Z
B1

P01
 1(x; t)�  1(z; t)
j 1(x; t)�  1(z; t)j3

dz

and (cf. (4.4), (4.5), (4.9))

d2r 1
dt2

=

264 1

4�

Z
B1

P01
�( 1(x)�  1(z))
j 1(x)�  1(z)j3

dz + P01J( 
�1
1 )

375r 1 :
Applying r to (8.11) we can reduce the problem (1.11), (2.1) (as in (4.5), (4.6)) to

d2r 2
dt2

=
1

4�"

� Z
B1

�( (x)�  (z))
j (x)�  (z)j3 dz �

Z
B1

�( 1(x)�  1(z))
j 1(x)�  1(z)j3

dz

�
r 1(x)

+
1

4�

Z
B1

(P01 + "P02)
�( (x)�  (z))
j (x)�  (z)j3 dz � r 2(x)

+
1

4�

Z
B1

P02
�( (x)�  (z))
j (x)�  (z)j3 dz � r 1(x)(9.4)

+
1

4�
J( �1)[P02r 1(x) + (P01 + "P02)r 2(x)]

�1
"
P01r 1(x)[J( �11 )� J( �1)]

� I1 + I2 + I3 + I4 + I5 ;

with

r 2(x; 0) = 0 ; r 2;t(x; 0) = rb1(x) :(9.5)

Note that in the above and later, all the singular integrals are understood as the principle value

(in the sense of (4.9)).

In the remaining part of this section we estimate I2; I3; I4 and I5; I1 will be estimated in

the subsequent sections.

Step 1. L1 estimates.

In the same way that we introduced Ar in (4.9) and then decomposed A� as in (4.12),

we write

4�I2 = lim
�!0

Z
B1neB�( (x))

(P01 + "P02)
�( (x)�  (z))
j (x)�  (z)j3 dz � r 2(x)

(9.6)

= lim
�!0

(K1 + P0K2) � r 2(x)
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where

K1 =
Z

B1neB�( (x))

[P0(z)� P0(x)]
�( (x)�  (z))
j (x)�  (z)j3 dz ;

K2 =
Z

B1neB�( (x))

�( (x)�  (z))
j (x)�  (z)j3 dz :

By (4.25), (4.26), (4.29) we obtain

jK1 + P0K2j � Cjr �1j3L1 log[2 + jr jL1 + jr �1j1 + jr j�] :

Using (8.15), (9.1), and recalling (9.6), we �nd that

jI2jL1 �
C

f3
log(2 + f)jr 2jL1 :(9.7)

Next

4�I3 = lim
�!0

Z
B1neB�( (x))

P02
�( (x)�  (z))
j (x)�  (z)j3 dz � r 1(x)(9.8)

can be treated in the same way as I2. This leads to

jI3jL1 � Cjr �1j3L1jr 1jL1 log[2 + jr jL1jr �1jL1 + jr j�]
(9.9)

� C

f2
log(2 + f) :

By (9.1), (9.2) we deduce that

jI4jL1 �
C

f2
+
C

f3
jr 2jL1 :(9.10)

Finally, to estimate I5, consider

J( �11 )� J( �1) = 1

f3

241 � det

 
I +

"r 2
f

!�135 :

Writing D = r 2=f and noting that (I + "D)�1 = I � "D(I + "D)�1, it follows that

jJ( �11 )� J( �1)j = 1

f3
j1� det(I � "D(I + "D)�1)j

(9.11)

� C

f3
j"Dj � "

C

f4
jr 2j :

Hence

jI5j �
C

f3
jr 2jL1 :(9.12)
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Combining the estimates (9.7), (9.9), (9.10) and (9.12), we get

jI2 + I3 + I4 + I5jL1 �
C log(2 + f)

f2

 
1 +
jr 2jL1

f

!
:(9.13)

Step 2. C� estimates.

Writing I2 = Ar 2 we have

jI2j� � jAj�jr 2jL1 + jAjL1jr 2j� :

By (9.7)

jAjL1 �
C

f3
log(2 + f) ;

and by (4.38) and (8.15), (9.1)

jAj� �
C

f3
log(2 + f) :(9.14)

It follows that

jI2j� �
C

f3
log(2 + f)(jr 2jL1 + jr 2j�) :(9.15)

Similarly we write I3 = eAr 1 so that

jI3j� � j eAj�jr 1jL1 + j eAjL1jr 1j� :
j eAj� can be estimated in the same way as jAj� in (9.14), whereas jr 1j� = jf(t)Ij� = 0. Hence

jI3j� �
C

f2
log(2 + f) :(9.16)

From the de�nition of I4 we have

jI4j� � CjJ( �1)j�(jr 1jL1 + jr 2jL1)

+CjJ( �1)jL1(jr 1j� + jr 2j� + jr 1jL1 + jr 2jL1) :

Using (9.2), (9.3), it follows that

jI4j� �
C

f2
+
C

f3
(jr 2jL1 + jr 2j�) :(9.17)

Finally, from the de�nition of I5,

jI5j� �
1

"
jP01r 1j�jJ( �11 )� J( �1)jL1

+
1

"
jP01r 1jL1 jJ( �11 )� J( �1)j� � I51 + I52
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and

I51 �
C

f3
jr 2jL1

by (9.11). Since J( �11 ) = 1=f3 is a function of t only,

I52 �
Cf

"
jJ( �1)j� �

C

f3+�
jr 2j�

by (9.3). It follows that

jI5j �
C

f3
(jr 2jL1 + jr 2j�) :(9.18)

Combining this with (9.15){(9.17), we conclude that

jI2 + I3 + I4 + I5j� �
C log(2 + f)

f2

 
1 +
jr 2jL1 + jr 2j�

f

!
:(9.19)

x10. Auxiliary results. In this section we prove three lemmas that will be needed for

estimating I1.

Lemma 10.1. Let z = �i(x; y) (i = 1; 2) be C1+� surfaces such that �1(x0; y0) = �2(x0; y0),

r�1(x0; y0) = r�2(x0; y0) and let Br(x0; y0; u0) be a ball of center (x0; y0; u0); u0 2 R. Set

T (�1; �2) = f(x; y; z); �1(x; y) � z � �2(x; y) if �1(x; y) � �2(x; y) ;
or �2(x; y) � z � �1(x; y) if �2(x; y) < �1(x; y)g

and Tr = T (�1; �2) \Br(x0; y0; u0). ThenZ
Tr

dw

jw � (x0; y0; u0)j3
� Cjr(�1 � �2)j�r�(10.1)

where C is a universal constant.

Proof . By the mean value theorem,

j�1(x; y)� �2(x; y)j = j(�1(x; y)� �2(x; y))� (�1(x0; y0)� �2(x0; y0))j
� jr(�1 � �2)(x; y)j j(x� x0; y � y0)j

where (x; y) is a point in the segment connecting (x; y) to (x0; y0). Since r(�1� �2)(x0; y0) = 0,

we get

j�1(x; y)� �2(x; y)j � jr(�1 � �2)j�j(x� x0; y � y0)j1+� :

Therefore the left-hand side of (10.1) is bounded by

Z
Br(x0;y0)

dxdy

����
�2(x;y)Z
�1(x;y)

dz

j(x; y; z)� (x0; y0; z0)j3
����

�
Z

Br(x0;y0)

jr(�1 � �2)j�j(x; y)� (x0; y0)j1+�
j(x; y)� (x0; y0)j3

dxdy � Cjr(�1 � �2)j�r� :
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Lemma 10.2. Let z0 = (0; 0;�d); 0 � d � 1 and let

S1 = fx2 + y2 + z2 = 1g; S"1 = fx2 + y2 + (z � ")2 = (1 + ")2g ; 0 < " < 1 :

Consider a ray

` : `(t) = z0 + t(a; b; c); t � 0

with a2+b2+c2 = 1, and denote by z1 and z2 the intersections of ` with S1 and S
"
1, respectively.

Then

jz1 � z2j � "
�
c+

5

1� d2 + c2d2

�
:(10.2)

Proof . The parameters ti for which `(ti) = zi are given by

t1 = (c2d2 + 1� d2)1=2 ;

t2 = [c2d2 + 1 � d2 + "(2c2d + 2� 2d + "c2)]1=2+ cd + c" :

We now directly compute that jz1 � z2j = jt1� t2j is bounded by the right-hand side of (10.2).

Lemma 10.3. The function Z
Br(0)

�(y � z)
jy � zj3 dz(10.3)

is constant in Br(0), and the constant is independent of r.

Proof . For any y 2 Br(0) the gradient ofZ
Br(0)nB�(0)

dz

jy � zj

is identically zero inB�(0) (by Newton's theorem [5; p. 22]). On the other hand the gravitational

�eld of uniform mass distribution in B�(0) in the exterior of B�(0) is the same as if the entire

mass were concentrated at the origin:

r
Z

B�(0)

dz

jy � zj = r
 
4�

3

�3

jyj

!
:

It follows that

r
Z

Br(0)

dz

jy � zj = cy(10.4)

where c is a constant independent of r. Since the gradient of the left-hand side of (10.4) di�ers

from the integral in (10.3) by
1

4�
I, the proof of the lemma is complete.
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x11. Estimating jI1jL1. We can write

4�I1 =
f(t)

"

264 Z
 (B1)

�( (x)� y)
j (x)� yj3 J( �1)(y)dy �

Z
 1(B1)

�( 1(x)� y)
j 1(x)� yj3

J( �11 )(y)dy

375(11.1)

or

4�I1 =
f(t)

"

Z
 (B1)

�( (x)� y)
j (x)� yj3 [J( 

�1)(y)� J( �1)( (x))]dy

+
f(t)

"
J( �1)( (x))

264 Z
 (B1)

�( (x)� y)
j (x)� yj3 dy �

Z
 1(B1)

�( 1(x)� y)
j 1(x)� yj3

dy

375(11.2)

+
f(t)

"

h
J( �1)( (x))� J( �11 )( 1(x))

i Z
 1(B1)

�( 1(x)� y)
j 1(x)� yj3

dy

� I11 + I12 + I13 :

We shall use (11.2) to estimate jI1jL1 in this section, and jI1j� in the next section.

Writing

I11 =
f(t)

"

264 Z
 (B1)nB�1( (x))

+
Z

 (B1)\B�1( (x))

375 = f(t)

"
(K11 +K12) ;(11.3)

we can proceed to estimate K11;K12 as in (4.14). First,

jK11j � Cj log �1j sup
x;y
jJ( �1)(y)� J( �1)( (x))j :

Since J( �11 ) is independent of the space variable,

jJ( �1)(y)� J( �1)( (x))j � jJ( �1)(y)� J( �11 )(y)j

+jJ( �1)( (x))� J( �11 )( (x))j � "C

f4
jr 2j

by (9.11). Hence

jK11j �
"C

f4
jr 2jL1 j log �1j :(11.4)

Next,

jK12j �
Z

B�1( (x))

jJ( �1)j�
dy

j (x)� yj3�� � CjJ( 
�1)j���1 ;

(11.5)

� C

f3+�
jr 2j���1
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by (9.3). Taking �1 = f(t) we obtain

jI11j �
C

f3
log(2 + f)(jr 2jL1 + jr 2j�) :(11.6)

Later on we shall need to use Lemma 3.1 with 
 =  (B1(0)). We can write B1(0) =

fx; g0(x) < 0g where g0(x) = 1� jxj2. Then 
 = fx; g(x) < 0g where g(y) = 1� j �1(y)j2, and

�� =
inf
@

jrgj
jrgj�

:

Since

y =  (z) = fz + " 2( 
�1(y)) ;

we have

 �1(y) =
1

f
[y � " 2( �1(y))] ;(11.7)

and, using (4.24) and (4.27), we then easily �nd that

1

��
� C

f�
:(11.8)

Hence,

(3.4) in Lemma 3.1 holds for 
t = ( 1 + " 2)(B1(0); t)

with � replaced by f(t) and C independent of "(" < 1).
(11.9)

Using (11.9) with " = 0 and (9.11), we get

jI13j �
C

f3
log(2 + f)jr 2jL1 :(11.10)

To estimate I12 at any point x0 2  (B1), let ex0 2 @ (B1) be a point on @ (B1) such that

jx0 � ex0j = dist(x; @ (B1)) :

Choose a point y0 and � > 0 such that the ball B�(y0) is tangent to @ (B1) at ex0. Clearly x0
and y0 lie on the inner normal to @ (B1) at ex0; � (or y0) will be chosen later on.

For any �0 > 0 we can write, by Lemma 10.3,

"fJ( �1)I12 =
Z

 (B1)

�(x0 � z)
jx0 � zj3

dz �
Z

B�(y0)

�(x0 � z)
jx0 � zj3

dz

=

264 Z
 (B1)nB�0(x0)

�(x0 � z)
jx0 � zj3

dz �
Z

B�(y0)nB�0(x0)

�(x0 � z)
jx0 � zj3

dz

375(11.11)

+

264 Z
 (B1)\B�0(x0)

�(x0 � z)
jx0 � zj3

dz �
Z

B�(y0)\B�0(x0)

�(x0 � z)
jx0 � zj3

dz

375 � J1 + J2 :
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To estimate J2 we note that

jJ2j �
Z

[ (B1)�B�(y0)]\B�0(x0)

j�(x0 � z)j
jx0 � zj3

dz :(11.12)

We now recall that  (B1) = fg < 0g where, by (11.7),

g(x) = 1 � j �1(x)j2 = 1�
����xf � "

f
 2( 

�1(x))

����2
(11.13)

=
1

f2

h
f2 � jx� " 2( �1(x))j2

i
:

From (3.6) we know that if

�0 � �(11.14)

then @ (B1) \B�0(x0) can be represented in the form

x3 = �1(x1; x2) :

where the coordinates are chosen such that rg(ex0) = (0; 0; `). On the other hand we can write

B�(y0) = f�eg < 0g where eg(x) = 1

f2
[�2 � jx� y0j2] ;

and represent @B�(y0) \B�0(x0) in the form

x3 = �2(x1; x2) :

We wish to apply Lemma 10.1 and we therefore need to ensure that r�1 = r�2 at ex0, i.e., that
rg(ex0) = reg(ex0) :(11.15)

Since 8>>><>>>:
rg(x) = � 2

f2
x+

"

f2
�(x) ;

reg(x) = � 2

f2
(x� y0)

(11.16)

where

�(x) = 2 2( 
�1(x)) +r( 2( �1(x))) � (x� " 2( �1(x))) ;(11.17)

equation (11.15) becomes

y0 = "�(ex0) :(11.18)

Making this choice for y0 also determines �:

� = jex0 � yj = jex0 � "�(ex0)j :
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Since g(ex0) = 0, (11.13) gives

f = jex0 � " 2( �1(ex0))j
so that

� = f + [jex0 � "�(ex0)j � jex0 � " 2( �1(ex0))j]
= f + "e�(ex0) ;(11.19)

where

je�(x)j � Cf(t)(11.20)

by (8.12) (8.18).

We now apply Lemma 10.1 to get

jJ2j � Cjr(�1 � �2)j���0 ;(11.21)

and it remains to estimate jr(�1 � �)j�.
To do that we begin by noting that (11.16) and (11.18) imply that8>>><>>>:

jrg �regj � "

f2
j�(x)� �(ex0)jL1 ;

rg �regj� � "

f2
j�j� :

(11.22)

Using (8.12), (8.18), (8.19) and the fact that diam  (B1) � Cf (which follows from (8.12)), we

easily establish the estimates

j�(x)� �(ex0)jL1 � Cjr 2jL1 ;(11.23)

j�j� � C

 
1

f�
jr 2jL1 +

1

f
jr 2j�

!
:(11.24)

It follows that

jrg �regj � "C

f2
jr 2jL1 ;(11.25)

jrg �regj� � "C

f2

 
1

f�
jr 2jL1 +

1

f
jr 2j�

!
:(11.26)

The function �(x) in (11.7) is bounded by Cf (by (8.12), (8.19)). Therefore, from (3.6)

and (11.16),

C

f
� 1

2
inf
@
t

jrgj � inf
@
t

jgx3 j � jrgjL1 �
C

f
:(11.27)

Next we derive lower bound on jrgj�. By (11.16) and (11.24),

jrg(x)�rg(y)j
jx� yj� � 2

f2

"
jx� yj1�� � " j�(x)� �(y)jjx� yj�

#

� 2

f2

"
jx� yj1�� � "C

 
jr 2jL1
f�

+
jr 2j�
f

!#
:
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Since diam  (B1) � cf , using (8.12) we obtain that

jrgj� = sup
x;y2
t

jrg(x)�rg(y)j
jx� yj� � 2

f2

h
f1�� � f1���C

i
� C

f1+�
;(11.28)

provided we choose � such that �C � 1

2
. We can now �x this � and proceed to estimate

jr(�1 � �2)j� (on the right-hand side of (11.21)). The i-th component of r�1 �r�2 is

�gxi � egxi
gx3

� egxi(egx3 � gx3)
gx3 egx3 :

Therefore

jr�1 �r�2j� �
jrg �regj�
inf jgx3 j

+ 2
jrg �regjL1jrgj�

inf jgx3 j2

+2
jregjL1jrg �regjL1 jrgj�

inf jgx3j

� "C

"
jr 2jL1

f

1

��
+

1

��
jrg �regj�
jrgj�

#

where we have used (11.27), (11.26) and the de�nition of �. Using (11.28) and (11.26) we

conclude that

jr�1 �r�2j� �
"C

��

 
jr 2jL1

f
+
jr 2j�
f2��

!
:(11.29)

Substituting this into (11.21) and choosing �0 = � (cf. (11.14)), we then obtain

jJ2j � "C
 
jr 2jL1

f
+
jr 2j�
f

!
:(11.30)

Estimating J1 (de�ned in (11.11)) is easier. Observe that if we choose the origin to be at

" 1(0; t) then

Br1 �  (B1; t) � Br2

where

r1 = f � "jr 1jL1 ; r2 = f + "jr 1jL1 :

Hence

jJ1j �
Z

 (B1)�B�(y0))nB�(x0)

C

jx0 � zj2
�
Z
S

dS

er2Z
er1

d�

�

(S = surface of the unit sphere) where

jer2 � er1j � "Cjr 2jL1
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by Lemma 10.2. It follows that

jJ1j � Cj log
er2er1
���� � C

���� er2 � er1er1
���� � "Cj 2jL1

�
� "Cr 2jL1

f
;

where (11.8) was used. Combining this with (11.30) and (11.11) we get:

Lemma 11.1. If " is su�ciently small, then

jI12j �
C

f3
(jr 2jL1 + jr 2j�) :(11.31)

Using this and (11.6), (11.10) in (11.1), we conclude that

jI1jL1 �
C log(2 + f)

f3
(jr 2jL1 + jr 2j�) :(11.32)

x12. Estimating jI1j�. Since J( �11 ) is a constant, (9.3) gives

jJ( �1)� J( �11 )j� � Cf3 j"Dj� =
C

f3
"
jr 2j�
f

:

Also, by Lemma 10.3, the integral in I13 is independent of the space variable and by (11.9), it

is bounded by C log(2 + f). Hence

jI13j �
Cf log(2 + f)

"

C

f3
"
jr 2j�
f

� C log(2 + f)

f3
jr 2j� :(12.1)

Next, by Lemma 3.2 and the �rst part of Lemma 3.1 (as formulated in (11.9)) and (11.8)),

jI11j� �
Cf

"
jJ( �1)j� log[2 + jr jL1 + jr �1jL1 + jr j�]

(12.2)

� C

f3
log(2 + f)jr 2j�

where (9.3) was used in the last inequality.

To estimate jI12j� we introduce the function

w(x) =
Z

 (B1)

�(x� y)
jx� yj3 dy �

Z
 1(B1)

�( 1(x)� y)
j 1(x)� yj3

dy :(12.3)

Then by the de�nition of I12 (in (11.1)) and by (11.9),

jI12j� �
Cf

"
jJ( �1)j� log(2 + f) +

C

"f2
jw( (x))j� :

Using (9.3) and the estimate jw( (x))j� � Cjwj�jr j�L1, we then get

jI12j� �
C

f2��
1

"
jwj� +

C

f3+�
log(2 + f)jr 2j� :(12.4)
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Lemma 12.1. The following estimate holds:

jwj� �
"C

f1+�
(jr 2jL1 + jr 2j�) :(12.5)

Assuming the lemma, we conclude that

jI12j� �
"C

f3
(jr 2jL1 + jr 2j�)

and then, together with (12.2), (12.1),

jI1j� �
C log(2 + f)

f3
(jr 2jL1 + jr 2j�) :(12.6)

Proof of Lemma 12.1. The proof is somewhat similar to the proof of (3.5); however, instead

of integrating over 
 we integrate over  (B1). The main step consists in estimating

jw(x0)� w(ex0)j for x0; ex0 on @ (B1); ex0 2 B �
16
(x0) :(12.7)

As in x11 we introduce two balls B�(y0) and Be�(ey0) such that B�(y0) is tangent to @ (B1)

at x0 and Be�(ey0) is tangent to @ (B1) at ex0, and
y0 = "�(x0); ey0 = "�(ex0) ;

(12.8)

� = f + "e�(x0); e� = f + "e�(ex0) :
We write

w(x0)� w(ex0) =
264 Z
 (B1)

�(x0 � y)
jx0 � yj3

�
Z

B�(y0)

�(x0 � y)
jx0 � yj3

375
(12.9)

�

26664
Z

 (B1)

�(ex0 � y)
jex0 � yj3 �

Z
Be�(ey0)

�(ex0 � y)
jex0 � yj3

37775
=

Z
 (B1)�B�(y0)

�(x0 � y)
jx0 � yj3

�
Z

 (B1)�Be�(ey0)
�(ex0 � y)
jex0 � yj3 � I(x0)� J(ex0) ;

and

I(x0) =
Z

( (B1)�B�(y0))nB�(x0)

�(x0 � y)
jx0 � yj3

+
Z

( (B1)�B�(y0))\B�(x0)

�(x0 � y)
jx0 � yj3

� w1(x0) + w2(x0) ;

(12.10)

J(x0) =
Z

( (B1)�Be�(ey0))nB�(x0)

�(ex0 � y)
jex0 � yj3 +

Z
( (B1)�Be�(ey0))\B�(x0)

�(ex0 � y)
jex0 � yj3

� ew1(ex0) + ew2(ex0) ;
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where the integral
Z

A�B

is understood as
Z
A

�
Z
B

.

We can write

w1(x0)� ew1(ex0) = Z

0

"
�(x0 � y)
jx0 � yj3

� �(ex0 � y)
jex0 � yj3

#

(12.11)

+
Z

01

�(x0 � y)
jx0 � yj3

�
Z

02

�(ex0 � y)
jex0 � yj3 � m1 +m2 +m3

where


0 = [( (B1)�B�(y0))nB�(x0)] \ [( (B1)�Be�(ey0))nB�(x0)] ;


01 = [( (B1)�B�(y0))nB�(x0)]n[( (B1)�Be�(ey0))nB�(x0)] ;


02 = [( (B1)�Be�(ey0))nB�(x0)]n[( (B1)�B�(y0))nB�(x0)] :

Note that


01 � B�(y0)�Be�(ey0)nB�(x0) ;


02 � B�(y0)�Be�(ey0)nB�(x0) :

From (11.24), (11.19) we get

jy0 � ey0j � "j�j�jx0 � ex0j� � "C
 
jr 2jL1
f�

+
jr 2j�
f

!
jx0 � ex0j� ;

j� � e�j � "je�j�jx0 � ex0j � " �j�j� + jr 2jL1 jr �1jL1� jx0 � ex0j�
(12.12)

� "C

 
jr 2jL1
f�

+
jr 2j�
f

!
jx0 � ex0j� ;

�; e� � Cf :
It follows that

jB�(y0)�Be�(ey0)j � Cf2jy0 � ey0j2 � "Cf2
 
jr 2jL1
f�

+
jr 2j�
f

!
jx0 � ex0j� :

Hence

jm2j+ jm3j �
1

�3
jB�(y0)�Be�(ey0)j

(12.13)

� "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j� :
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To estimate m1 we use the mean value theorem to get�����(x0 � y)jx0 � yj3
� �(ex0 � y)
jex0 � yj3

���� =
tZ

0

d

dt

�((x0 � y)t+ (1 � t)(ex0 � y))
j(x0 � y)t+ (1 � t)(ex0 � y)j3 dt

(12.14)

� jx0 � ex0j 1Z
0

C

j(x0 � ex0)t+ (ex0 � y)j4 � Cjx0� ex0j 1����jy � x0j � �

2

����4 :
Hence

jm1j =

�2Z
�1

Cjx0 � ex0j r2dr����r � �

4

����4
(using polar coordinates centered at x0)

� Cjx0 � ex0j
 
1

�1
� 1

�2

!
(since �1 > �)

� Cjx0 � ex0j �2 � �1
�1�2

;

and

j�2 � �1j � "C
 
jr 2jL1
f�

+
jr 2j�
f

!

by (12.12) and Lemma 10.2. We thus get

jm1j �
"C

�2
jx0 � ex0j

 
jr 2jL1
f�

+
jr 2j�
f

!
;

and jx0 � ex0j � jx0 � ex0j��1��. Using this and (12.13) in (12.11), we �nd that

jw1(x0)� ew1(ex0)j � "C

f1+�
(jr 2jL1 + jr 2j�) jx0 � ex0j� :(12.15)

We next estimate w2(x0)� ew2(ex0), writing
w2(x0) =

Z
( (B1)�B�(y0))\B�(x0)\B�(x0)

�(x0 � y)
jx0 � yj3

(12.16)

+
Z

( (B1)�B�(y0))\B�(x0)nB�(x0)

�(x0 � y)
jx0 � yj3

� w21(x0) + w22(x0) ;

and

ew2(ex0) = Z
( (B1)�Be�(ey0))\B�(x0)\B�(ex0)

�(ex0 � y)
jex0 � yj3

(12.17)

+
Z

( (B1)�Be�(ey0))\B�(x0)nB�(ex0)
�(ex0 � y)
jex0 � yj3 � ew21(ex0) + ew22(ex0) ;
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where � = 4jx0 � ex0j.
Using Lemma 10.1 and (11.29), (11.8), we �nd that

jw21(x0)j+ j ew21(ex0)j � Cjr�1 �r�2j��
(12.18)

� "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j� :

To estimate w22(x0)� ew22(ex0) it is helpful to refer to Figure 1.
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The set ( (B1)�B�(y0)) \ (B�(x0)nB�(x0)) is broken into three parts:


��1 inside B�(ex0); 
�1 outside B�(ex0), and 
1 in B�(ex0)nB�(ex0):
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For 
��1 we use Lemma 10.1, (11.29) and the fact that 1=� � 1=f :���� Z

��1

�(x0 � x)
jx0 � xj3

���� � jr�1 �r�2j��� � "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j� :(12.19)

In 
�1 the integrand is � C=�3. Since the centers of the balls B�(x0) and B�(ex0) are distance
jx0 � ex0j apart, we get, by the proof of Lemma 10.1 and (11.29),

���� Z

�1

�(x0 � x)
jx0 � xj3

���� �
�+jx0�ex0jZ

�

C

�3
�2��jr�1 �r�2j� �

jx0 � ex0j
�1��

jr�1 �r�2j�

(12.20)

� "C

f1+�
(jr 2jL1 + jr 2j�) jx0 � ex0j�

where z = �1 represents @ (B1) and z = �2 represents @B�(y0).

Similarly, the set ( (B1)�Be�(ey0)) \ (B�(x0)nB�(ex0)) can be broken into three parts:


��2 inside B�(x0);

�
2 outside B�(x0), and 
2 in B�(x0)nB�(x0):

Estimates similar to (12.19), (12.20) hold for the corresponding integrals over 
�2 and 
��2 .

Hence

jw22(x0)� ew22(ex0)j � "C

f1+�
(jr 2jL1 + jr 2j�) jx0 � x0j� +K(12.21)

where

K =

���� Z

1

�(x0 � x)
jx0 � xj3

�
Z

2

�(ex0 � x)
jex0 � xj3

���� ;(12.22)

here, as mentioned following (12.10),
Z

1

is understood as
Z

11

�
Z

12

, where


11 = ( (B1)nB�(y0)) \ (B�(x0)nB�(x0)) \ (B�(ex0)nB�(ex0)) ;

12 = (B�(y0)n (B1)) \ (B�(x0)nB�(x0)) \ (B�(ex0)nB�(ex0)) ;

and
Z

2

=
Z

21

�
Z

22

, where


21 = ( (B1)nBe�(ey0)) \ (B�(x0)nB�(ex0)) \ (B�(x0)nB�(x0)) ;


22 = (Be�(ey0)n (B1)) \ (B�(x0)nB�(ex0)) \ (B�(x0)nB�(x0)) :

Hence

K =

����
0B@ Z

11

�(x0 � x)
jx0 � xj3

�
Z

21

�(ex0 � x)
jex0 � xj3

1CA�
0B@Z

12

�(x0 � x)
jx0 � xj3

�
Z

22

�(ex0 � x)
jex0 � xj3

1CA ���� :
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By the proof of Lemma 10.1, (11.29) and (12.14), for any subset e
 � 
11 [
12 [
21 [
22, we

have Z
e

�����(x0� x)jx0 � xj3

� �(ex0 � x)
jex0 � xj3

����dx � Cjx0� ex0j Ze

dx�

jx0 � xj �
�

4

�4

�
�Z

�=2

Cjx0� ex0j jr�1 �r�2j�
r4

r2+�dr

(12.23)

� Cjx0 � ex0j jr�1 �r�2j�
 

1

�1��
� 1

�1��

!

� "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j� ;

since � = 4jx0 � ex0j < �

4
. Furthermore,

(
11n
21) [ (
22n
12) = (Be�(ey0)nB�(y0)) \B�(x0)n�1 ;

(
21n
11) [ (
12n
22) = (B�(y0)nBe�(ey0)) \B�(x0)n�2 ;

where �1 and �2 are contained in (B�(x0) [ B�(ex0)) \ [( (B1)�Be�(y0)) [ ( (B1)�B�(y0))] .

Using (12.23) and the fact that the corresponding integrals over �1 and �2 are bounded as in

(12.19), we �nd that

K �
���� Z
(Be�(ey0)nB�(y0))\(B�(x0)nB�(ex0))

�(ex0� x)
jex0 � xj3 �

Z
(B�(y0)nBe�(ey0))\(B�(x0)nB�(x0))

�(x0 � x)
jx0 � xj3

����
(12.24)

+
"C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j� :

From the de�nitions of � and e� (see (11.19)) and the fact that f � � � Cf (see (11.8) and

(11.27), (11.28)), we have

jy0 � ey0j � �Cf; j� � e�j � �Cf; j� � f j � �Cf and je� � f j � �Cf
if � is small. Hence for � small such that �C � 1

q
where q� 1; B�(y0) \Be�(ey0) 6= � and

jy0 � ey0j � 1

q
f � � �

 
1 +

1

q

!
f ; j� � e�j � 1

q
f ;

and

 
1� 1

q

!
f � e� �  1 + 1

q

!
f :

(12.25)

Consider �rst the case where

x0 =2 Be�(ey0) and ex0 =2 B�(y0) :(12.26)
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We shall choose a point x� in @Be�(ey0) \ @B�(y0) and denote by �(ey0) and �(y0) the tangent

planes to @Be�(ey0) and @B�(y0) at x�, respectively. Consider �rst the case n = 2. In this case

@Be�(ey0) \ @B�(y0) consists of two points, and x� is chosen to be the nearest one to x0; see

Figure 2.
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In the triangle T (y0; x�; ey0) with vertices (y0; x�; ey0) the angle � at x� goes to zero if q ! 1.

Hence in the triangle T (x0; x�; ex0) with vertices (x0; x�; ex0) the angle at x� goes to � if q!1,

and, therefore,

jx0 � x�j � jx0 � ex0j ; jex0 � x�j � jx0 � ex0j(12.27)

if q is large (actually, q � 8 if jx0 � ex0j is small enough).

Consider next the 3-dimensional case, and introduce a plane e� passing through x0; ex0 and
y0. Then @B�(y0) \ e� is a circle of center y0 and radius �. Denote by ey1 and e�1 the center and
radius of the circle @Be�(ey0) \ e�. By (12.25),

jey1 � y0j � 1

q
f ; je�1 � �j � C

q
(e�21 = e�2 � jey0 � y0j2) :

We choose the point x� in the intersection of the circles @B�(y0) \ e� and @Be�(ey0) \ e�, near x0,
and then the estimates in (12.27) remain true (if q is large enough).
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Similarly to (12.23) we can derive the estimates���� Z
(Be�(ey0)nB�(y0))\(B�(x0)nB�(x�))

 
�(ex0 � x)
jex0 � xj3 � �(x� � x)

jx� � xj3
!����

� "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j�

and ���� Z
(B�(y0)nBe�(ey0))\(B�(x0)nB�(x�))

 
�(x0 � x)
jx0 � xj3

� �(x� � x)
jx� � xj3

! ����

� "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j� :

Using these estimates in (12.24), we obtain

K � K1 +K2 +
"C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j�(12.28)

where

K1 =

���� Z
(Be�(ey0)nB�(y0))\B�(x0)

�(x� � x)
jx� � xj3

�
Z

(B�(y0)nBe�(ey0))\B�(x0)

�(x� � x)
jx� � xj3

���� ;

K2 =

���� Z
(Be�(ey0)nB�(y0))\B�(x�)

�(x� � x)
jx� � xj3

�
Z

(B�(y0)nBe�(y0))\B�(x�)

�(x�� x)
jx� � xj3

���� :

Since x� 2 B�(y0) \Be�(ey0), by adding and subtracting the integral

Z
Be�(ey0)\B�(y0)

�(x� � x)
jx� � xj3

and using Lemma 10.3 we get

K1 �
���� Z
(Be�(ey0)nB�(y0))nB�(x0)

�(x� � x)
jx� � xj3

�
Z

(B�(y0)nBe�(ey0))nB�(x0)

�(x� � x)
jx� � xj3

����

� C

�3
j(Be�(ey0)�B�(y0))nB�j(12.29)

� "C

f

 
jr 2jL1
f�

+
jr 2j�
f

!
jx0 � ex0j�

since, by (2.12), the \width" of Be�(ey0)�B�(y0) is bounded by

"C

 
jr 2jL1
f�

+
jr 2j�
f

!
jx0 � ex0j� :
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To estimate K2 let ��1 and ��2 denote the two components of the set lying between the

planes �(y0) and �(ey0); see Figure 2.
By symmetry, we have

K2 �
���� Z
���1

�(x� � x)
jx� � xj3

�
Z
e���
1

�(x� � x)
jx� � xj3

����
+

���� Z
���2

�(x� � x)
jx� � xj3

�
Z
e���
2

�(x� � x)
jx� � xj3

���� = K21 +K22 ;

where

���1 = (B�(y0)nBe�(ey0)) \B�(x
�)n��1 ;

e���1 = (��1n(B�(y0)nBe�(ey0))) \ B�(x
�) ;

���2 = (Be�(ey0)nB�(y0)) \B�(x
�)n��2 ;

e���2 = (��2n(B�(y0)nBe�(ey0))) \ B�(x
�) :

Let A be a rotation about x� such that A�(ey0) = �(y0). From (12.12) we deduce that

jA� Ij � "C

 
jr 2jL1
f�

+
jr 2j�
f

!
jx0 � ex0j� 1

f
;(12.30)

where I is the identity matrix. By change of variables (recalling (3.11))Z
���1

�(x� � x)
jx� � xj3

�
Z
e���1

�(x� � x)
jx� � xj3

= A�1

0B@ Z
A���1

�(x� � y)
jx� � yj3

1CAA� Z
e���
1

�(x� � x)
jx� � xj3

:

Observe that A���1 �
e���1 lies between two spheres that are tangent at x�. Hence we can apply

Lemma 10.1 in order to estimate the integral of �(x� � x)=jx� � xj3 over this set. Using also

(12.30) we conclude that

jK21j �
"C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j�(12.31)

provided ���� Z
A��1

�(x� � y)
jx� � yj3

���� � C :(12.32)

The proof of (12.32) follows by noting that if we complete A��1 into half a ball B+ with its

planer boundary on �(ey0), then the integral of �(x�� y)=jx� � yj3 over B+ is equal to half the

integral over the complete ball, which is constant by Lemma 10.3. Hence it su�ces to prove
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that (12.32) holds when A��1 is replaced by B+nA��1, and this follows by Lemma 3.1 (after we

scale by f).

Having proved (12.31) we note that K22, and then also K2, can be estimated in the same

way. Recalling (12.28), (12.29), we conclude that

K � "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j� :(12.33)

So far we have assumed that (12.26) holds. If x0 2 Be�(ey0) (or if ex0 2 B�(y0)) then we can

proceed as before, in fact more simply, by choosing x� = x0 (or x� = ex0).
From (12.33) and (12.21) we obtain

jw22(x0)� ew22(ex0)j � "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j� :

Recalling (12.18) and (12.16), (12.17), we also get the same bound for jw2(x0)� ew2(ex0)j. Using
(12.15) and recalling (12.9), (12.10), we get the same bound also for jw(x0)� ew(ex0)j, i.e.,

jw(x0)� w(ex0)j � "C

f1+�
(jr 2jL1 + jr 2j�)jx0 � ex0j�(12.34)

provided x0; ex0 2 @ (B1) and jx0 � ex0j < �

16
.

Observe that since  1(x) = f(t)x, the second integral in (12.3) is a constant (by Lemma 10.3)

and

w(x) =
Z

 (B1)

�(x� y)
jx� yj3 dy �

Z
e 1(B1)

�(x� y)
jx� yj3 dy

where e 1(x) = 
x; 
 = f(t) + "j 2jL1 � 2f(t). Since  (B1) � e 1(B1), the function

Z(x) =
Z

 (B1)

dy

jx� yj �
Z

e 1(B1)

dy

jx� yj

is harmonic in  (B1). Consider its gradient V = rZ, i.e.,

V (x) = �
Z

 (B1)

x� y
jx� yj3 dy +

Z
e 1(B1)

x� y
jx� yj3 dy :

Let x0 2 @ (B1) and consider in a
�

16
-neighborhood of x0 a representation x3 = h(x1; x2) =

h(x0) of @ (B1). Then

@

@x1
V (x0; h(x0)) = w(x) � (1; 0; hx1) (x = (x0; h(x0))) :

If ex = (ex0; h(ex0)) is another point in the
�

16
-neighborhood of x0, then���� @@x1 V (x0; h(x0))� @

@x1
V (ex0; h(ex0))j � jw(x)� w(ex)jjrhj

(12.35)

+jwjL1 jhx1(x0)� hx1(ex0)j :
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Since g( �1)(x0; h(x0)) = 0, we have

hx1 = �
g( �1)x1
g( �1)x3

;

and (cf. x11)

jhx1jL1 � 1 ; jhx1j� �
C

��
� C

f�
:(12.36)

Recalling the de�nition of w and of I12 (in (11.2)) and using Lemma 11.1, we have

jwj � "C

f
(jr 2jL1 + jr 2j�) :(12.37)

Using also (12.34) and (12.36), we obtain from (12.35) the estimate���� @@x1 V (x0; h(x0))� @

@x1
V (ex0; h(ex0))���� � "C

f1+�
(jr 2jL1 + jr 2j�) jx0 � ex0j�(12.38)

provided jx0 � ex0j � �

16
. A similar estimate holds for @V=@x2.

We now rescale V by

eV (x) = 1

f
V (fx) :

eV is then harmonic in
1

f
 (B1), and its boundary @

 
1

f
 (B1)

!
can be represented locally by

xn = �(x0) =
1

f
h(fx0) :

From (12.38) it follows that���� @@x1 eV (x0; �(x0))� @

@x1
eV (ex0; �(ex0))���� � "C

f
(jr 2jL1 + jr 2j�)jx0 � ex0j�

for jx0 � ex0j � �

16f
. The same estimate holds for

@ eV
@ex2 . Combining this estimate with (12.36)

and the fact that �=f � 1, we conclude that the tangential derivatives of eV on the boundary of
1

f
 (B1) is �-H�older continuous with the �-H�older coe�cientM = "Cf�1(jr 2jL1 + jr 2j�).

Note the
1

f
 (B1) � B2 and by (8.12) the C1+� of

1

f
 (B1) is also uniformly bounded. We can

therefore apply [6; Theorem 2.4 and its Remark] to M�1 eV (x) to obtain the C1+� estimate

jr(M�1 eV )j� � C
where C is independent of ". By scaling back we conclude that for x; ex 2  (B1),

jrV (x)�rV (ex)j = jr eV  x
f

!
�r eV  ex

f

! ����
�MC

jx� exj�
f�

:
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It follows that

jrV j� �
"C

f1+�
(jr 2jL1 + jr 2j�) ;

and this completes the proof of Lemma 12.1.

x13. Completion of the proof of Lemma 8.1. We shall need the following lemma.

Lemma 13.1. If

u00(t) � h(t)u(t) (h(t) � 0)

for t > 0 and u(0) > 0; u0(0) > 0, then u(t) > 0 for all t > 0.

Indeed, otherwise there is a �rst t0 > 0 such that u(t0) = 0. For 0 < t < t0; u
00 > 0 and

therefore also u0 > 0, so that u(t0) > u(0) > 0, a contradiction.

Set

R(t) = jr (�; t)jL1 + jr (�; t)j� :

From (9.4), (9.13), (11.32) and (9.19) and (12.6) we get

R(t) � a+ bt+

tZ
0

sZ
0

C log(2 + � )

(1 + � )1+�

 
1 +

R(� )

1 + �

!
d�ds :

Introduce

F (t) = a+ bt+

tZ
0

sZ
0

C log(2 + � )

(1 + � )1+�

 
1 +

R(� )

1 + �

!
d�ds :(13.1)

Then 0 � R(t) � F (t) and F satis�es

F 00(t) � C log(2 + t)

(1 + t)1+�

 
1 +

F (t)

1 + t

!
; F (0) = a > 0; F 0(0) = b :(13.2)

Let

H 00 =
C log(2 + t)

(1 + t)1+�

�
1 +

H

1 + t

�
; t > 0 ;(13.3)

H(0) = a+ 1 ; H 0(0) = jbj+ 1 :(13.4)

By Lemma 13.1,

F (t) � H(t) :

Clearly H and H 0 remain positive for all t > 0 and therefore, for any T0 > 0,

0 � F (t) � H(T0) if 0 < t < T0 :(13.5)
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By (13.1) we then have

F 00(t) � C log(2 + t)

(1 + t)1+�

 
1 +

H(T0)

1 + t

!
� k(t) ;

and we easily deduce that

F 0(t) � B(T0) if t � T0

0@B(T0) = b+

T0Z
0

k

1A :(13.6)

We next introduce a function

G(t) = A[2(1 + t)� (1 + t)
] for t � T0 ;(13.7)

where 0 < 
 < 1 and A > 1 are constants. Then

C log(2 + t)

(1 + t)1+�

�
1 +

G

1 + t

�
� C log(2 + t)

(1 + t)1+�
(1 + 2A)

(13.8)

� (1 + t)
�2
"
C log(2 + t)

(1 + t)�+
�1
(1 + 2A)

#
Choose 1 � � < 
 and T0 so large that

C log(2 + t)

(1 + t)�+
�1
� 1

4

(1� 
) if t � T0 :

Then the right-hand side of (13.8) is

� A
(1� 
)(1 + t)
�2 = G00(t) :

Hence G is a supersolution to equation (13.3). Choosing T0 and A such that also

G(T0) = A[2(1 + T0)� (1 + T0)

] � A > H(T0) ;

G0(T0) = 2A�A
(1 + T0)

�1 � A > B(T0) ;

and recalling (13.5), (13.6), we can apply Lemma 13.1 to u = G � F . We deduce that

R(t) � F (t) � G(t) � 2A(1 + t) if t � T0 :

This together with (13.5) completes the proof of (8.13).
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