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Asymptotic Integration of Navier-Stokes

Equations with Potentlial Forces. I

* * X
C. Foias( ) J. C. Saut( )

Introduction

In a previous work [4], we derived an asyﬁptotic exXpansion
and a normal form for the Navier-Stokes equations with potentigl
forces. 1In the non resonant case, this normal form is the linear
Navier-Stokes system.

More precisely let us consider the Navier-Stokes systen

du

Je (u'V)u - vAu + Vp = 0

(0.1) divu =20
u(x,0) = uo(x)

in { x (0,0) where {1 is a smooth bounded domain in K®™,
n = 2,3 or the cube (O,L)n . This system is supplemented with -

the Dirichlet boundary condition
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(0.2) “lan = ©

(0.3) u(x + Lej) = u{x) Vi e R, 1< j<n

where (e.), 1 € j < n is the canonical basis in R" .

The unknowns are the velocity field u(x,t) =
(ul(x,t),...,un(xtt) and the scalar pressure. p(x,t) B

The normalization mapping W built in [4] assdciates to a
function u belonging to a natural space of initial data an

(¢}

element W(uo) of a Fréchet space ?A in such a way that for

every solution u(t) or {0.1), the function v(t) = W(u(t))
satisfies the equation in ?A {ncrmal fornm):
{0.4) %’é—t) + VAV + (V) = 0O

Here A 1is the Stokes operator (see §1 for a precise
definition and other classical notations). @& is a (generally)
nonlinear operator which involves only terms corresponding to
resonances in the spectrum of the Stokes operataor. Moreover,
(0.3) is equivalent to an infinite triangular system of non
homogeneous linear ordinary differential equations, each in some
Rk space. This system can be elementarily integrated.

Moreover, the components of ® can be expressed in terms of a

-~



sequence of polynomials {Pj)?zl and B .

The main purpose of the present work is to derive other

properties of the normalizing mapping W and of the normal form

(0.3). Namely we shall prove uniqueness of the polynomials Pj
and give a way to compute them by induction. Hence, given f}
and the viscosity ¢ , the normal form (0.3) is canonical. Also,

in the periodic case and under a technical assumption, we
determine the inverse of the normalizing map W . Let us
furthermore emphasize that our construction of the polynomials
Pj could be'used to compute asymptoticailyAfhe flow associated
to (0.1), although the algorithm which gives the Pj's is
somewhat complicated.

Our methods and results are not only relevant to the
Navier-Stokes equations. They can be used for other nonlinear
"parabolic équations (such as the Kuramoto-Sivashinski equation or
reaction-diffusion equations) or for ordinary differential
equations, but we shall not develop this here. The applications

of the methods of [4] to other nonlinear parabolic equations has

been made in [1].

The content of the paper is as follows:

1. Notations and sonme previous results.
2. The algebra of the asymptotic expansion.

3. Computation of the Pj's

4. The image and the inverse of the normalizing map.



1. Notations and vbrevious results.

We firstly recall a classical functional setting for the

Navier-Stokes system (0.1). This setting is developed e.g. in

[2] and [5].
Let ! be either a bounded regular open set in R or the

cube (O,L)rl , where n = 2,3 . In the first case, we set

v = {u € C%(Q)n; div u = 0)
and in the second case
¥ = {u = trigonometric polynomials with values in

R" ; @iv u = 0, A udx = 0, u satisfy (0.3)}

In both cases we introduce the spaces

H = closure of ¥ in Lz(ﬂ)n

V = closure of ¥ in Hl(ﬂ)n |
where HI(Q) ({, =1,2,...) denotes the Sobolev spaces of
functions u iﬁ Lz(ﬂ) such that p%a € Lz(ﬂ), la! < £ .

EN®) = 1N EV@)", Q) = g ENQ), nQ.g o .
m>0

Also we set
We shall use the notations:
2 2 2 2
‘u' = [lu(x)l ax “v“ = |Vv(x)| ax ,
& Q
(u € H, v € V) for norms in H (resp. V). The corresponding

scalar products will be denoted by (.,.), resp. ((.,.)) .  The

norm in H'(f)) is indicated as ”'”m .
Let P be the orthogonal projection in H in Lz(Q)n , and

let Au = -PAu, B(v,w) = P((v.V)w), defined for u,v,w € E2(1) N

V = D(A) and H-valued. We also set b(u,v,w) = (B(u,v),w) ,



and recall that b(u,v,w) = -b{u,w,v) .

The operators A and B can be extended by continuity to
linear (resp. bilinear) operators from V(resp. V x V) into the
dual Vv D H OV of V.

The eqguations (0.1) completed with (0.2) or (0.3) are

equivalent to

du

at vABu + B{(u,u) = 0 u(0) =u, €V

(1.1)

We will be interested mainly in regular solutions of (1.1); that

is solutions u such that u € C(R+; V) . Such solutions are

smooth and unique (actually u € c®(r.t.,+m): E(Q)NV, Vt. > 0) .
q 0 0

0’
There exists an open set &« in V, such that if u, €« , the
corresponding solution u(t) = S(t)u0 of (1.1) lies in » . 1If
n=2,«=vV, and if n =3, & contains 0 . -

Finally, let us recall that A is the Stokes operator: the
equations

—vhu + Vp = £ , £ € L2@)®

V.u=0 in
completed with the boundary conditions (0.2) or (0.3) are

equivalent to
vAu = Pf in H .
We shall denote by 0 < 4, £ 4, £ ... the increasing
sequence of the eigenvalues of A , and by 0 < Al < A2 < ...

the sequence of distinct eigenvalues of A, Ak having



multiplicity m, 21 .
Let also (wm)i_1 be the orthonormal (in H or V) Dbasis
of the associated eigenvectors

W o= A w
A m m m’

The orthogonal projection on H on the linear span of

wl,...,wm will be denocted by Pm : Rj will stand for the
orthogonal projection on the eigenspace of Aj :
ij = 2 (w,wk)wk -
Ik )
Then, we have of course
Rij=O if j #k and R, + Ry+... =1T.

We shall also consider the Fréchet space containing H

Sp = R1H® R2H$ e,

equipped with the topology of convergence of components. The

Stokes operator A and the semi-group e t generated by A

extend in the obvious way to ¢

A

A few more notions are also needed. We call resonance in

the spectrum of A a relation of the type

(1.2) aiAl + a2A2 + ...+ akAk = Ak+1 where a,€ N, 1Si£k

Finally we shall denote

0 <p, =Ah <p, < ...
the elements of the additive semi-group ¢ generated by the

[
Ak s and



k. = Max{k, A, < n.
j { g S Ay

The following Theorem summarize some of the main results of {[4].

Theorem 1.1

(i) There exists a one-to-one, analytic mapping W : & = Pp

satisfying W’(0) = Ie¢ , such that for every regular solution

u(t) of (1.1), vv(t) = W{u(t)) satisfies the equation

(1.3) gfc—’(t) + pAV(t) + 2(v(t)) = O

where

(1.4) a (v) = R@(v)= :E: REB(B (V) e vy 1BV ey ),
def e 3

#yte =y

(ii) In (1.4), for jJ 1,2,3,... , Pj are ET(f1) N v-valued

polynomials defined on R.H ®...@ R, H depending on the spectrum
J

of A, B, v . Moreover if m(xl,...,xk )} is a monomial in

J

Pj(xl,...xk.)~ of degree ml,...{mk' in Xl""’xk.

J J : J

. ] — -
respectively, then mln1+ +mk.Ak. = ﬂj . Furthermore, if ﬂj
J J

is an eigenvalue Ak , i.e., ﬂj = Akj then Pj(xl""’xk) =%, +
higher order terms in xl,...,xk_1 . a



Actually the mapping W was constructed in [4] from a asymptotic
expansion of every solution u of (1.1). We recall in the next
theorem the properties of this expansion which will be used in

the present paper.

Theorem 1.2
For each N € § the solution u(t) of (1.1) admits the

expansion in H

(1.5) wrw, e 1w (e T2 aeem (e v ()
; u(t)=w e + e S RRRE e +v
[ 2 [ N '

where wﬁ (t) (1 € j<N) is a E®(Q) N V-valued polynomial in

J
t and v € C({0,m):V) N Cm({to,m); E%@Q) nwv) , t, > 0 . This
expansion satisfies the following properties:
—u(pN+cN)t
(1) ”vN(t)”m = 0(e ) . for some ¢, >0, and all
m=0,1,2,...

4]
(11) d; = degw <£3j-1,3j=1,...,N.

J gef j

(iii) 1If Aj < ty 1s a nonresonant eigenvalue, Wy is a
J
constant in t and ijAj = WAj .



is not a nonresonant eigenvalue, W (t)
b

(1v)  If g < ky
J

satisfies the eguation

aw
(1.6) —E%L‘%U(A—ﬂjﬂu + }; B(W (t).,W (t)) =0
i, = “x
#[+Fk_pj

If A, is a resonant eigenvalue, one has

(1.7) deg W, <  Max (@ + dg) + 1
J ﬂ[+ﬂk=Aj

(v) For any ﬂj €,

Wﬂ.(o;uo) =

J \ J
Pj(“1(uo"Wz(uo)"‘f'“kj(uo))
where the Pj's are the polynomials defined in Theorem 1.1 and

W, (u,.) R W, (0;u_.) ’
k*0 def k Ak 0

are the components of the normalizing mapping W .

(vi) Let 7, : ¥, - R H e ... 8@ R H be the canonical
Then the range of rNW contains a

projection, N =1,2,... .

ball centered at O .

We will henceforth use the notation

Remark 1.1.
-y .t
F3

m
sS{t,u ~Y W (t,u))e
( o) - ”j 0

for the asymptotic expansion (1.3).



2. The algebra of the asymptotic expansion

Proposition 2.1. For every u € % , the asymptotic expansion

(1.3) can be rewritten as follows

w
(2.1) S(t)jue~ X Py(W (S(t)u), ..., W, (S(t)u))

j=1 J
Proof. We recall that kj = sup{k, Ak < pj} . Let u €=
Then S(t)u has the asymptotic expansion

' ® —vpjt
S(t)uw~ XY e W (t;u)
j=1 3

where

W (0;u) = P_(W,(u),...,W
ﬂj( u) J( 4 (0) kj(u))
(See Theorem 1.2). We alsc have for any t, tg 20
o -rvp. (t+t. )
s(t+t ;u) » Y e J 0w (t+t_;u)
S 0 j=1 pj 0

. o -vp.t
S(t+t ;u) ~ N e J W (t;sS(t.)u)
0 s _ [ o
Jj=1 J
By the uniqueness of the expansion (1.3), we obtain therefore
-vp .t

W o (t;S(tj)u) =e 7 0
3 j
0 leads to

Wﬁ.(t+t0;u) ,

which, when evaluated at t
) -vp .t

W (0;S(t)u) =e YW (t;u) Vt>o0
So by Theorem 1.2,

10



ijt
(2.3) W (t;u) =e P.(W,(s(t)u),...,W, (S(t)u))
ﬂj jta Lj

Vt 2 0, VYu € =%
which obviously implies formula (2.1). This formula, although a
simple consequence of [4] was not explicitely stated there. a

The next Proposition gives further properties of the Pj's .

Proposition 2.2

(i) 1If ﬂj € ¥ 1is the eigenvalue Ak . then
J -

Pj(fltle--°:£kj) - fkj + ij(£1l""£kk_1 r

where dOQk > 2 and

J

R, Q (£gr---rfp _q) =0 .
J J J

(ii) For u € % denocte fk(t) = Wk(u(t)) . Then, for every J

k.
(2.4) Z(Dij)me = p(A - ILJ)PJ + 2 B(Pi,P[)
m=2 ”iﬂ‘l:“j

when Dm is the derivative with respect to the mth component.

In {(2.4) the poliynomials are evaluated at fl(t),...,{k (t)
J

but the formula is valid for arbitrary fl,...,fk since
J

W/ (0) =T .

Proof. Part (i) is a direct consequence of Lemma 7 and formula

(4.29) in [4].

11



We now prove Part (ii). From (1.4) and (2.1) we derive for

every fy € ¥

d vp;it . )
d_te Pj(tl(t)l---ltkj(t))
vp; t . -
(2.5) + v(Ap e PSP e (o) gy (o))

J
va .t ve,t
+ Y Ble ] By(E; () -onEy (£)) e e e t), gy (x))=0.

n i+l& l = j

Using Theorem 1.1, (2.5) can be rewritten as

a l/Alt VAkjt
—d_tPj(e tl(t)l“‘le tkj(t))
vh t VAk4t
- J
+ V(A Ilj)Pj(e fl(t)l"‘le {kj(t))
o vlilt yAkiAt vA-lt :
+ Y BEjle g (t),....e i (01 Py (e T g (00
pi+ﬂi=ﬂj
VAktt
e £,(€))) =0
uAkt
Now we compute the time derivative of e fk(t), k=1,2,...".
- g yAkt S vA t vh t
Sele £ (0)) =whe S i(t) ve T (1)
and, by (2.4), |
d . 3
L - g (t) = A, - 3, (£(1)
so that
4 yAkt pAkt
Ef(e {k(t)) = —e %y,

12



Coming back to (2.6) we aobtain the formula

ki
:E:(Dij)wm = u(A~pj)Pj + :E: B(P,.P,)
m=1

ﬂi+#[:/‘j
The summation starts up at m = 2 since %, 0= 0.
3. Construction of the leg
In what follows we will denote R = Rk if k = kj
3 .
R = 0 otherwise, Q =TI -R and we are given
B P B s
J J J
o o ;
fl € R1H P 62 € R2H . -

The basic result concerning the construction of the Pj's

following

Theorem 3.1. We define a sequence of polynomials qj - as

follows:

q,(t) = fg

and then by induction

n-1,4d .n

[qj(t) D WEV ITSINS RS L) W TR
n2o : !

(3.1) #i+ﬂg=ﬂj
lif ks ¢ s(R)

and

is the



—~

O~ rt

qy(t) = £§ +

)y R Blay (1) g (r))ar s

J ﬂi+ﬂ[=ﬂ1
3.2)1 n -n-1,4 .n o
( ) 2(—1) [I/(A—;Lj)(I—Rkj)] (3¢) z (I—Rkﬂ')n(qi
n>0 Byt =ty -
it py =4,
L J
Then
o o 0 .0 _
(3-'3) ‘_Ij(t) = Pjo(fll"‘lfkj + tle(fll---:fkj) + e oo T
j-1 el o) ,
t Pj'j_l(gllo--:gk.) 1
J
. . C o :
where Pj j are polynomial maps in fl,...,fk and
’ j .
o o, - o ,0
Pj(gl”"'5k.) - Pjo(fl""’gk.) :

J J
Proof. We start with a simple algebraic lemma

Lemma 3.2. Let L be an invertible (not necessarily bounded)

\

linear operator in some Hilbert space H . Then for any H-valued

polynomial b(t) , the equation

(3.4) q’ = -Lq + b

has a unique polynomial solution given by

14



s1]
(3.5) at) = 3, 0¥ e (g
k=0

Proof of Lemma 3.2. An immediate computation shows that (3.5)

solves (3.4). On the other hand, if d, and q, are two
polynomial solutions of (3.4), the difference g = d5 ~ 94

solves the equation
(3.6) q’ = -L_ .

Since g 1is a polynonmial, q(n) =0 for n > deg.q which with

(3.6) yields 0 = Lq(n—l) , and since IL 1is invertible

q(nfl) = 0 . Inductively one gets gq =0 . - a
Let ué.go\ﬁaék to the proof of Theorem 3.1. We assume first =

that Fy € ¢(A) . Let us consider the equation, when dj is a

polynomial in t ,

(3.7) ’ q‘fj + I/(A—[l-j)qj + 2 B(q,.q,) =0
I‘i+ﬂl=ﬂj
_ o o]
(3.8) qj(o) - Pj(fll‘-.rfkj) -

By Lemma 3.2 we get exactly the expression (3.1), and of

course (3.3).

15



(ii) Assume now that ﬂj = Ak € ¢(A) . We write
J
q;(t) = vj(t) ey qj(t)
J K,
where p_(t) € R H and Q = I - R
N Akj Akj Akw’

The evolution of qj(t) is immediate and gives the integral

contribution in (3.2). It suffices now to apply Lemma 3.2 to

~

QA qj(t) to get (2.2) and of course (3.3) . a
k -

Theorem 3.1 has the obvious conseguence:

Corollary 3.3. The polynomials Pj's are unique.

Remark 3.4. Theorem 3.1 could be used to get the asymptotic

integration of the Navier-Stokes equations (0.1).

4. The image and the inverse of the normalizing map

We start this section by giving a reinterpretation of the

asymptotic expansion given in Proposition 2.1. First let us

recall that the set Mk = {u € =, w}(u) = - = wk—i(u) = 0} is

an analytic, invariant under S{t), manifold in = . of
codimension m, + ... + m, ([31).: characterized alsc by the
condition
-vA t
S(tju = o(e X*1,

i6



Also, setting Mo = &% , one has

—uAkt
u € M, \M, = ‘S(t)u‘ = 0(e )
and
—VAkt
e = O(IS(t)ul)
Therefore, if u € Mk—l , the expansion (2.1) takes the form
(4.1) S(t)u n~ :E: P.(O,...,W (S(t)u),...W_ (S(t)u) .
j k k
k. Ok J

= R

We want now to show that (4.1) can be viewed as an asymptotic
expansion of v = S(t)u in terms of its coordinates Wk(vyfi
Wepg (Ve on s Indeed for N fixed, with kg 2k, let a

N
denotes the degree of the polynomial

. :E: Pj(0,-..,Wk(v),...,Wk.(v)) .
kak J

N
Then it is easy to check using Theorem 1.1 (ii) that

dy £ by/A, - Therefore, if v € M, _;\M, , we can write

d +e. /A
(4-2) [v = 3 PiO,. W (), W (9] = o(fu] NONTER)
- xSk : j - S

<N

where ¢ is as Theorem 1.2 (i). In particular, if v € %\M1 R

then



N ayten/Ay
(4.3)  [v - 3 BLH (V)W (V)] = O([y )
j=1 J
when dN now is the degree of the polynomial
N
:E: Pj in Wl(v),...,wk (v)
" N
J=1

Notice that the asymptotic expansions (4.2), (4.3) hold on

trajectories. With our present knowledge we don't know if they
are giocbal. Anyway, they strongly suggest that

a
(W, (V) W, (V) ,...) — 2 Pj(wl“’"“-""kj("”

Jj=1

is a natural candidate for the inverse map of the normalizing map
W . Here below we'll give a result which enforces this belief.
Namely, we exhibit a subset in the range of W for which the
asymptotic expansion is a convergent series and indeed provides
the\inverse of the normalizing map. However, there is a caveat
to be made, namely, we were not able to prove that our subset of
the range of W is not reduced to zero.

In what follows, we take ()} = (0,21)3 , hence Al =1,

2 N, and v =1 .

: r s : 0 0 .
Proposition 4.i. Let ¢ = ({1,...,{k,...) € ¥, satisfies

18



(4.4)

Then, there exists a

L

< + o .

o o] -1
,APj‘l(fl,---.fkj),e (3)

€ # such that

3

u

(unique) 0

W(vo)

The corresponding soclution of the Navier-Stokes equation is given

by

I 8

(4.5) S(t)u,

where the qj's

Proof. We prove that

define a regular solution of the Navier-Stokes equations.

have by Theorem 3.1,

We set

and compute

d

at ﬁj = —”jpj + e

_A?

—A?j

LW

I M8

Pj(Wl(u(t)).-- k. (u(t))

0 j

are defined in Theorem 3.1.

the series in (4.5) converges in D(A)} and

We

ay(t) -

gt

pylt) = e J a;(t)

ta

at

¢
J q. = (See proof of Theorem 3.1)

J

2 e B{g;.q,)
ﬂi+ﬂl=ﬁj

J

2.t -2 ,t
D Be tapefap -

Bithg=p

19



= —Apj - :E: B(q;.q,)

.l‘j+/‘1=ﬂ'j
We therefore obtain the estimate
udﬂJx o | As
P R L I VR LN LYY
#j+#l=ﬂj

But (see (3.3)),

_ 1y it
'Apj(t)} = |t§0 e t AP.'ll
(4.6) ‘
j-1 -—g.t
R 4
< {EO e t |APj‘£| .

At this stage, we are going to use the fact that {l = (0,2:4')3 '
so that P j . In other situations it seems difficult fo get
precise enocugh information on the semi group '¥ in order fo
carry on the following estimates.

t i

By an elementary property of the function e It we can

therefore deduce from (4.6) that
(4.7) | a¢

and we obtain

20



W

(4.8) L o|ap(t)] £ x
j=¢ = Y
o dgi 2
(4.9) Y o|gE (0] $x o+ oex”
Jj=0
where Yy was defined in (4.4). In particular the series in
= = o o
(4.5) converges and we set u,. = X qg.(0) = X P.({.,---.&. ) -
® 30 j=o 41 “3

The fact that S(t)uO actually solves the Navier-Stokes equation
is now an immediate consequence of (3.6) and Theorem 1.1 (ii).
It remains to show that (4.5) is the asymptotic expansion,

i.e. to prove the correct decay estimate for the remainder.

Let us evaluate

Q . LT
Y e lqu(t)I .

J=n+1
One has
o _ o _se d-
#(6) = 5 eI aqun) = £ eI m qar, it -

def j=n+1 J j=n+1 {=0 Je

© j-1 -3t ¢

- ¥ y et (4l L, =

j=n+1 {=0 (%;-)]'e"1 J %25, 41

m j;1 -jt { ™ j-1 . .
> L oa,,tgg7= % T oa,,e ity

j=n+1 £{=0 3o (3) j=n+1 £{=0 3

Where we have set

21



L, L. ¢
ey = e (AP 4] -
Note that by (4.2),
w Jj-1
¥ X ay, < 4w
j=0 {=0 *"

Since the function et],! is increasing in { for t > 1 its
-7 g z

J

derivative has the sign of Log T + Log t) , we have
13 _ . . . J-1
g(t) < % e jt(f%i et)yd™t 7% @sp =
j=n+1 J t=o0 J
19 . s s s j-1
-3 (e fer)dzn I Zh H 8 ey,
j=n+1 J J et =0 J
™ e s J1
$(t) e, I liete™Hd 'p ey
j=n+1 =0 J
Since
-1/2, _ ntl/2, - _ n#1/2,
ete ¥ = ete®tl o DYl ec,e n+1 Vvt > 0,
we have
n+i/2 . .
@ . - =225t j-1
$(t) € %l by cg e M = as, =
j=n+1 t=0 4
© - . —(n+1/2)(=Lyt j-1
_ &t e—(n+1/2)t > cd e n+1 T 4.
t | jent1 2 . t=0 I
But
j +1/2
 —(n+1/2) (== -1)t _ n+1/2,
cge n+i < cg+1(02e ntl )J—(n+1)

22



< 02+1 for t sufficiently large.

We have therefore proven that

§(t) = O(e—(n+1/2)t

) as t =2 +4m

which shows that

- L —pat
s(t) T q (o)~ % e’tig (t)
I o}
n=1 n=1
snd completes the proof.
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