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Abstract 

Developing a conceptual understanding of integers is notoriously challenging for 

middle school students. The teaching and learning of integers is predominantly 

approached by extending whole number understanding to negative integers using a 

mathematical model or metaphor. Existing research has investigated the impact of integer 

models on students’ understanding, each with strengths and weaknesses that contribute to 

an overall need for continued research. This study investigated: What characteristics of a 

comprehensive curricular unit best support students’ understanding of integers and 

integer operations? Data was collected and analyzed using Design-Based Research 

methodology. Re-design decisions were informed by theoretical underpinnings from the 

Lesh Translation Model and Universal Design for Learning principles. The final unit 

merged integer models with Floats & Anchors as a unified metaphor. The findings from 

this study revealed six key characteristics that best support students' conceptual 

understanding of integers and integer operations.  
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Preface 

I do not love writing. This is a fun obstacle to navigate during 10 years of 

graduate school. To make it through this program, I had to (1) seek all available writing 

resources and (2) dedicate significant effort to figure out how I learn and what I need in 

order to write. What I learned was the following. Ask experts. Be vulnerable about 

sharing your sticking points. Listen to their advice and suggestions. Try everything. Keep 

trying and revising until you have the arsenal you need. Remember not to judge your 

progress against the pace and accomplishments of the other kids in your cohort, mainly 

because what you see and what they are experiencing are very different things. Everyone 

has sticking points when learning. Writing does not always “look” like writing.  

Naturally, as a subscriber to social constructivism, I did not learn these things on 

my own. Ever the design researcher, my zone of proximal development expanded 

incrementally through iterative lessons from those who have dedicated their career to 

make writing less challenging. (Which I’m guessing is a reward from the universe for 

dedicating my career to making math less challenging.) The biggest and most invaluable 

of those writing experts are consultants at the UMN Writing Center. I have been the 

frequentest of flyers throughout the many years of this doctoral program. As such, my A-

Team of consultants know more about integers and Floats & Anchors than they ever 

imagined or desired. In subjecting them to years of me figuring it out, I am convinced 

that Floats & Anchors is not only an inclusively accessible metaphor for understanding 

integers but for life.  
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Recently, a co-director from the writing center told me a story about a day when 

she, a writing artisan, needed words to convey the emotional depth of an experience; and 

she thought of my dissertation. She summarized the F&A integer model to a group of 

non-mathematicians so she could say, “I feel like I have too many anchors and not 

enough floats.” Simultaneously conveying a relationship between negative values and 

directed magnitude with the inherent solution that removing anchors will get her back 

above water.  

 The concept that anchors represent negative numbers is only possible through an 

imagined opposition where floats represent positive numbers. Indeed, academics have 

argued that one of the reasons integers are notoriously challenging is because negative 

objects are impossible without such imaging. In that way, Floats & Anchors is no 

exception. Nevertheless, when we land on a model that provides language for people who 

navigate language daily, it behooves us to pay attention. In this dissertation, I argue that a 

critical sticking point in students’ conceptual understanding is that unlike positive 

numbers, integer addition and subtraction is bidirectional. Yet, in a matter of minutes, 

Floats & Anchors conveyed two essential concepts that were inherently obvious and 

meaningful to non-mathematicians. Adding negative numbers increases magnitude above 

and below zero and subtracting a negative is a net positive. The wonder of that 

accessibility is the driving factor in the value of this work.    
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Chapter 1: Introduction  

Oh, Floats & Anchors was really awesome. Yeah. I liked that a lot. Like 

those little side activities. Because secretly, you were actually teaching 

usébut in a fun way. So we understood it.   

-Former 7th Grade Student (Stack, 2016) 

This is a study about integers; what middle school students understand, what they 

find challenging, and how instructional strategies and/or curricular materials impact 

students’ understanding. At the heart of this study is a specific strategy called Floats & 

Anchors (F&A). 

The quotation at the beginning of this section was recorded in a YouTube video 

made for an assignment during my masters coursework in curriculum design. All students 

signed a media release, which allowed me to ask, “What do you like about your math 

class?” This particular response illustrates why a dissertation on F&A was worth 

investigating.   

Teaching F&A 

In 2014, I was a middle school mathematics teacher in New York City. That year, 

our school reorganized to accommodate more students with special education services. 

Many general education classes were changed to an Integrated Co-Teaching model, and a 

number of students who received special education services in a self-contained setting 

(with a maximum of 12 students) transitioned into those co-teaching classes. For the first 

time, I was co-teaching seventh-grade mathematics courses with a special education 

teacher full-time. I had heterogeneous groups of students whose backgrounds ranged 
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from years spent in self-contained special education settings to the most advantageous 

academic opportunities a Manhattan family could obtain short of private school. I also 

had integers (ordering, comparing and performing operations with negative and positive 

values) as the first seventh grade unit.  

 F&A changed everything about the way I teach and the way I understand 

teaching. For years I tried to understand what detracking and differentiation looked like 

in a practical setting. When integrating F&A, I was able to watch students from the self-

contained setting access, discovery, and discuss integer concepts on equal footing with 

students from the “advanced” track. On its own, the F&A game is an intervention 

strategy that will be discussed in more detail in the following sections. However, my co-

teacher and I soon found F&A to be more than just a game. It became a unified metaphor 

that provided consistent imagery and modeling throughout the integer unit and the 

subsequent unit on algebraic equations. In other words, F&A became an essential 

component of our lesson plan. The informal curricular design was strongly influenced by 

a wide range of student needs and the learning outcomes from my Curriculum and 

Teaching masters programs at Columbia: Teachers College.  

What is Floats & Anchors? 

F&A was originally designed by Glancy and Pettis (2014) as an intervention 

game for contextualizing integer subtraction. The board game, F&A game, has dueling 

pirate ships positioned on either side of a vertical number line (see Figure 1 and 

Appendix B). Next to the vertical number line is a treasure chest on a dock 10 feet above 

sea level. The ships start at sea level without cargo. To play, students draw from a deck of 
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cards with instructions to add or remove yellow and red game pieces known as floats and 

anchors (see Appendix C, Appendix D). Yellow counters with a picture of a life 

preserver ring represent floats. Adding a float underneath the ship causes it to raise up 

one unit, while removing a float causes the ship to move down one up. Red counters 

represent anchors and include a corresponding nautical picture. Adding an anchor causes 

the ship to move down one unit. Removing an anchor causes it to move up one unit. The 

first ship to reach the treasure wins.  

Figure 1 

Floats & Anchors Game 

 

Note. This figure reflects curricular materials that I re-designed before and during this 

study.  

Over time, the context of F&A evolved from a game to mathematical tool that 

Glancy and Pettis struggled to summarize in a single term (e.g., model, metaphor). 

Throughout this dissertation, I use F&A as an overarching term for the individual and 
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interconnected design elements such as the elevation of ships on water and adding or 

removing floats and anchors. When referencing the board game specifically, I use the 

term F&A game. The term F&A Unit (often accompanied with a specific design cycle) is 

used to describe the comprehensive curricular unit and corresponding iteration produced 

in the design process. In chapters four and five, I use the term F&A merged model to 

discuss concepts related to the findings of this study and.     

Why Design a Unit With F&A?  

My co-teacher and I began highlighting features from Glancy and Pettis’ 

materials throughout our integer unit. Yet, my dedicated and hard-working colleagues 

were resistant to integrating F&A in their own integer units. I was so surprised by their 

collective response that I investigated their opinions about F&A in my Master of 

Education thesis project. What I found was that although the F&A game has a number of 

rich learning opportunities for students to discover integer concepts, they are embedded 

in divergent small group experiences and disconnected from formal integer lessons. For 

my colleagues, playing the F&A game and completing the student handout (see 

Appendix E) was a fun three days for their students, but it did not impact students’ 

conceptual understanding. The teachers could not capitalize on those experiences without 

integrating F&A throughout an integer unit.  

Moreover, our principal at the time was hyper-focused on data from the state’s 

standardized mathematics assessment. That data was used to quantify the overall success 

of the school in a district where students and families applied to public schools, rather 

than attend their neighborhood school. The school’s overall success was also a significant 
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factor in students’ high school application process. In other words, losing three days of 

instruction on a game, or designing lessons around that game that might be more effective 

than approaching integers with rules and procedures was too big of a risk.  

The F&A game also has a significant sticking point, which ultimately became an 

important part of this study. During the game, students could draw a card that required 

them to remove a certain amount of floats or anchors. If students did not have enough (or 

any) of the required cargo, they had to discover adding zero pairs in order to play their 

card. This led to students playing incorrectly and/or having their ship at a location that 

did not match the cargo. This made “a fun integer game” even less effective because the 

ability to discover integer concepts was dependent on each group’s ability to play 

correctly. My colleagues and their students needed a comprehensive curricular design to 

implement the integer concepts available in the F&A in practice. This encouraged me to 

design a dissertation study aimed at understanding the elements of our lesson plans that 

impacted students’ learning.  

This study was designed to investigate how a research-based curricular unit with 

F&A impacts students’ conceptual understanding of integers and integer operations. As a 

teacher, I wanted to learn how I could design a curricular unit that maximizes the rich 

learning opportunities available in the F&A game. As a researcher, I wanted to learn how 

research in mathematics education can create empirical evidence that will help students in 

any classroom develop a conceptual understanding of integers.   
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Chapter 2: Integer Literature Review 

[Undergraduate students] did not attend to direction. This is a surprising 

result to us because this exam question came after weeks of instruction 

focused on problem solving and reasoning with number concepts and 

operationséour results indicate that even when presented with a familiar 

context, like temperature, the context may not be taken into accounté   

-Jennifer Tobias et al (2018, p. 227)  

As the opening quotation demonstrates, the complexities of integers are such that 

even undergraduate students find it challenging to demonstrate conceptual understanding 

that attends to nuanced integer concepts after weeks of instruction. Developing a deep 

understanding of integers and integer operations is difficult for students of all ages. A 

primary goal of this dissertation is to emphasize the many sticking points, or challenges, 

students encounter when trying to understand integers. Doing so requires opportunities 

for the reader to remember intricacies of mathematical concepts that are foundational, but 

by no means easy (Ma, 1999, 2010). Creating these opportunities, in many ways, 

conflicts with the precise and concise language that scholarly audiences expect in 

academic writing. To cultivate what I believe is imperative empathy for educators, this 

dissertation is written to highlight the complexities of integers and present characteristics 

that support student understanding as they occur in the learning process.    

The following literature review includes an in-depth analysis of three prominent 

integer models. The discussion of these models, while extensive and nuanced, is vital to 

understand the preeminent finding: the models have to be merged. Sections that analyze 
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each model are organized with 16 types of arithmetic problem structures (e.g., 

Bofferding, 2018a; Kilhamn, 2018; Marthe, 1979, 1982). These types are intended to help 

the reader understand strengths and weaknesses across models and will be revisited 

throughout the dissertation.  

Defining Integers 

Clearly describing the attributes of integers with mathematically accurate but 

accessible language for middle school students reveals a predominant theme. In a world 

where numbers and operations (i.e., addition, subtraction, multiplication, and division) 

are overwhelmingly tied to positive numbers, understanding integers is surprisingly 

complicated. In this section, I use hierarchical rational number subsets to organize 

mathematical definitions related to integers. There are two purposes for this approach. 

The first is to highlight distinguishing characteristics of mathematical definitions for 

readers who are less familiar with mathematical language. The second is to reveal why 

defining, and even describing, integers is challenging for students.  

Classifying Real Number Sets 

In the real number system, natural numbers and whole numbers are a subset of 

integers, all three of which are hierarchical subsets of rational numbers (see Figure 2). 

Each subset is explicitly defined with mathematical language and nuanced distinctions 

that become increasingly important as students advance through the discipline. Natural 

numbers, sometimes referred to as counting numbers, are exclusively positive numbers 

where the lowest value is one and subsequent elements follow an n + 1 pattern 

indefinitely (i.e., 1, 2, 3…). Whole numbers include all natural numbers and zero (i.e., 0, 
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1, 2, 3…). Integers are whole numbers and their negative opposites (i.e., 0, 1, 2, –1, –2). 

Rational numbers are positive and negative numbers that can be expressed as a fraction  

where a and b are integers and b ḕΞίέ 

Figure 2 

Rational Number Hierarchical Sets 

 

The embedded classification system means that values can belong to more than 

one set. For instance, 40 is a natural number, a whole number, an integer, and a rational 

number; on the other hand, – 40 is an integer and a rational number. Hierarchically, 

integers are situated between whole numbers and rational numbers. 

Whole Numbers & Positive Rational Numbers 

In the United States, elementary school mathematics generally focuses on whole 

numbers and positive rational numbers. Students are rarely introduced to each set in 

sequential order, nor do they regularly use mathematical terminology in practice. 

Consequently, elementary students often overgeneralize their conception of “normal 

numbers” (e.g., Bofferding, 2014) to mean whole numbers, and bypass negative integers 

to engage with positive fractions and decimals. This progression of exclusively positive 
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rational number subsets lead to mental models where negative numbers do not exist, are 

omitted, or are positioned in a divided number line (Aqazade & Bofferding, 2021).  

Integers and negative rational numbers are formally introduced in middle school. 

Integer research with participants spanning from early elementary school to 

undergraduate students report themes of students ignoring the negative sign, describing 

negative values of varying magnitudes as being “nothing,” and changing mathematical 

problems to exclusively positive terms (Tsang et al., 2015). In the preface to Exploring 

Integer Addition and Subtraction Landscape: Perspectives on Integer Thinking (2018), 

editors Bofferding and Wessman-Enzinger wrote, “Even experts can find some 

landscapes difficult to cross; we know that secondary and university students find 

thinking and learning about integers challenging” (p. viii).  

In fact, mathematicians argued about whether modeling negative values was 

possible (Vlassis, 2008). The official APA style guide seemingly overlooks negative 

numbers that are not statistics or elements in an equation. Outlining, “In general, use 

numerals to express numbers 10 and above and words to express numbers below 10” 

(American Psychological Association, 2020, p. 119), without additional clarification for 

negative numbers that are between 0 and –9, or less than –10. This means that, 

colloquially, students and adults alike conflate “numbers” and whole numbers without 

attending to precise mathematical language. For the purpose of this dissertation, I use the 

term negative integer(s) to contextualize situations that are unique from whole numbers, 

and integers for situations that apply to the entire set.  
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What is an Integer? 

Engaging with whole numbers without regularly calling them “whole numbers” 

means that even describing integers in introductory lessons can be challenging. Integers 

are positive and negative numbers that can be represented as whole units, but they are not 

“whole numbers.” Similarly, integers do not have additional fractional or decimal parts, 

but as a subset of rational numbers, they can be expressed as fractions and decimals. For 

instance, – 2 can be written as –  and – 2.0. This means that integers cannot be described 

as whole numbers or counting numbers (associated with natural numbers), but they also 

cannot be described as numbers that are not fractions or decimals. Even defining integers 

as “whole numbers and their negative opposites” requires the caveat that despite being a 

whole number, zero is neither negative nor positive and therefore does not have a 

negative opposite. All of this leads to a situation where prompting middle school students 

to finish the sentence “an integer is…” with mathematically precise language can be a 

frustrating and complicated task, and it is only the beginning.  

Critical Sticking Points 

  While the complexities of mathematically defining integers are often not 

emphasized in integer research, the challenges of conceptually understanding integer 

addition and subtraction are well documented. This section highlights three of those 

challenges. The first are symbolic homographs or mathematical symbols with multiple 

meanings that are revealed through—and integral to—standard integer notation (Vlassis, 

2004, 2008). The second, difference, is a homograph within mathematical language 

which Kilhamn (2018) describes as sometimes conflicting and inaccurate. The third are 
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extensive problem structures where relative magnitude, sign, and the operation, relative 

magnitude can influence nuanced patterns and model representations (e.g., Marthe, 1979, 

1982; Tobias et al., 2018). 

Symbolic Homographs 

The ability to understand symbolic homographs is an inherent complexity of 

integers because the symbol used to indicate negative integers (“–”) is the same notation 

used for subtraction. Addition and the notation for positive integers are also symbolic 

homographs (i.e., “+”), but standard mathematical notation assumes understood 

positivity. The complexities of symbolic homographs are amplified, yet again, because 

while there are multiple meanings, each individual symbol only has one meaning which 

must be inferred by context.  

Multiple Meanings of Symbolic Homographs. Vlassis (2004, 2008) examined 

the multiple meanings for the  “ – ” symbol as the three functions of negativity: unary, 

binary, and symmetry. The unary meaning refers to situations when the “–” functions as 

the symbolic representation of negative values, such as –20. I use the term sign to refer to 

written (i.e., “–”) and understood notation (i.e. “+”) used to describe whether an integer is 

positive or negative. The binary meaning represents the act of subtracting. For example, 

20 – 5 can be translated into phrases like, “20 take away 5” or “5 less than 20” that 

describe subtraction. The third meaning is symmetry, which describes mathematical 

notation for a reflection or the opposite of a number. Binary and symmetry both function 

as operational representations, although it can be argued that the binary meaning 

indicates subtraction while the symmetry meaning relates to multiplying by a negative or 
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the concept of additive inverses. The unary meaning is a structural function. However, all 

three are used in standard mathematical notation without any additional symbolic 

information to indicate the specific meaning.  

Standard Mathematical Notation and Assumed Positives. Prior to learning 

about negative numbers, students have typically only interacted with the “–” sign as a 

symbolic representation of subtraction. Anecdotally, I have even seen elementary 

teachers use an instructional strategy where students apply an if-then relationship where 

“–” is always read with word or phrase for subtraction. Bofferding (2014) argued that one 

of the reasons integers are challenging for students is because negative integers are not 

formally introduced until middle school. Thus, elementary students have few 

opportunities to understand that negative integers exist, and they use the same notation as 

the subtraction symbol.  

This is further complicated by the fact that the “+” symbol also has unary and 

binary meanings, however, standard mathematical notation uses an assumed unary 

meaning. Positive symbols “+” are almost never written. In other words, the standard 

symbolic representation of positive integers is simply the number (i.e., 10), not a number 

with the positive sign (i.e., +10). The assumption is that numbers are positive because 

negative numbers require explicit notation (i.e., –10), therefore positive notations are 

“understood” rather than written. This can be seen in existing literature where the 

researchers include positive symbols to help students recognize the understood unary 

notation. For example, writing the expression, 2 – (– 3), as +2 – (– 3), or even ƻ2 – (⁻3) to 
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distinguish the unary symbols from binary symbols (e.g., Kilhamn, 2018; Pettis & 

Glancy, 2024). 

Decoding Symbolic Meaning. Vlassis (2004, 2008) argued that students need 

contexts that demonstrate all three functions of the “–” sign to develop conceptual 

understanding of number sense and operations that include negative values. The 

underpinnings of this argument indicate that decoding symbolic homographs is an 

essential component of understanding integers, given that integer expressions and 

equations often have multiple “–” symbols with different meanings. In the earlier 

example, 2 – (– 3), has two “–” symbols. Those symbols mean subtraction and then 

negative, in that order. The expression is not “positive two negative, subtract three.”  

Confusing the two symbols is a common occurrence when middle school students 

use scientific calculators where the subtraction and negative symbols have two different 

buttons. Calculators often distinguish the negative symbol by adding parenthesis, (–). A 

“syntax error” is displayed when students use the negative button instead of subtraction. 

However, in my experience students are more likely to think the calculator is broken than 

to realize they confused symbolic homographs. Furthermore, an individual symbol cannot 

have two meanings at the same time. For example, the equation, 2 – 3, cannot be read as 

“positive two subtract negative three,” where a single “–” is assigned both a unary and 

binary meaning at the same time. Understanding integers means decoding context clues 

in expressions and equations and using mathematical tools to read symbolic homographs.  
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Mathematical Language Homograph  

In addition to symbolic homographs, the mathematical word difference also has 

multiple meanings, creating another integer homograph. Elementary and middle school 

standards generally frame “difference” as the answer or result of a subtraction problem 

(Kilhamn, 2018, p. 145). However, Kilhamn explained that difference is also applied to 

comparison problems where subtraction is approached as how many more or how much 

less one set has in comparison to another. This is particularly confusing when negative 

integers are introduced because the difference of two quantities only corresponds with 

how far apart the two integers are on a number line when both quantities have the same 

sign. For example, the difference between 3 and 2 is 1, and the comparative difference 

between –3 and –2 is also 1.  

Since comparison problems conflate difference with distance, both examples 

implicitly apply absolute value to the solution where | 3 | – | 2 | = 1 and | –3 | – | –2 | = 1. 

However, the difference between –2 and 3 is 5 (not 1). This is because comparing the 

difference between a positive value and a negative value corresponds with absolute value 

addition, not subtraction. Comparisons that “cross zero” or are on opposite sides of zero 

must be approached as | –2 | + | 3 | to get 5. Kilhamn argued, “Data suggests that although 

teacher, textbook, and students all used the same words, these had different metaphorical 

underpinnings and therefore created different narratives” (2018, p. 160). Students must be 

able to distinguish whether the word difference means subtraction, addition, or something 

else entirely.        



15 

Integer Addition and Subtraction Problem Structures 

Throughout this dissertation addition and subtraction tasks will consistently refer 

to binomial integer arithmetic (e.g., a + b, a – b). Table 1 provides an overview of the 16 

arithmetic structures identified for this study. In addition problems, the first term (a/A) is 

the addend and the second term (b/B) is the augend 1. In subtraction problems, the first 

term (a/A) is the minuend and the second term (b/B) is the subtrahend. Magnitude refers 

to the absolute value of an integer. For example, in the problem, 2 + (–3), the magnitude 

of the addend is two and the magnitude of the augend is three. Lower and upper case 

letters are used to indicate relative magnitude between the two terms. For instance, the 

problem 2 – 3 is an example of the problem structure, a ï B, with a lowercase “a” and an 

uppercase “B” because the magnitude of the minuend is less than the subtrahend (| a | < | 

B |). 

Table 1 

16 Types of Integer Arithmetic Equations 

 
1 The commutative property of addition enables the addend and augend to be reversed 

without changing the result. However, as the highlighted examples will illustrate, the 

order, magnitude, and sign (i.e., positive or negative) of both terms impact patterns in 

integer addition and subtraction. 
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Type Structure Example 
A 

(or a) 

Add or 

Subtract 

B 

(or b) 

Flowing 

Models 

Sticking 

Models 

I A + b = C 3 + 2 = 5 (+) 3 + (+) 2 O, L, D n/a 

II a + B = C 2 + 3 = 5 (+) 2 + (+) 3 O, L, D n/a 

III A + (–b) = c 3 + (–2) = 1 (+) 3 + – 2 L O 

IV a + (–B) = –c 2 + (–3) = –1 (+) 2 + – 3 L, D O 

V –A + b = –c –3 + 2 = –1 – 3 + (+) 2 L O 

VI –a + B = c –2 + 3 = 1 – 2 + (+) 3 L, D O 

VII –A + (–b) = –C –3 + (–2) = –5 – 3 + – 2 O, L, D n/a 

VIII –a + (–B) = –C –2 + (–3) = –5 – 2 + – 3 O, L, D n/a 

IX A – b = c 3 – 2 = 1 (+) 3 – (+) 2 O n/a 

X a – B = –c 2 – 3 = –1 (+) 2 – (+) 3 L, D O 

XI –A – b = –C –3 – 2 = –5 – 3 – (+) 2 L, D O 

XII –a – B = –C –2 – 3 = –5 – 2 – (+) 3 L, D O 

XIII A – (–b) = C 3 – (–2) = 5 (+) 3 – – 2 D* O, L 

XIV a – (–B) = C 2 – (–3) = 5 (+) 2 – – 3 D* O, L 

XV –A – (–b) = –c –3 – (–2) = –1 – 3 – – 2 O L, D 

XVI –a – (–B) = c –2 – (–3) = 1 – 2 – – 3 NONE O, L, D 

Note. A capital “C” is used to indicate solutions that are a sum of magnitudes (e.g., | 5 |). 

Lower case “c” indicates a directed difference (e.g., | a | ï | b |). O = object models, L = 

location models, D = directed distance models. All positive terms have (+) before the 

value to indicate assumed positive symbols that are not written in the structure or 

example. D* = directed distance models with the contingency that this model is only a 

flowing point if students understand why subtracting a negative moves in a positive 

direction (which is a fairly large “if.”)     
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Research Question 

Given the many sticking points that occur when attempting to understand integer 

concepts, this study seeks to investigate one overarching research question: What 

characteristics of a comprehensive curriculum best supports students’ conceptual 

understanding of integers and integer operations?    

Integer Models 

A substantial portion of the integer literature focuses on instructional 

models and metaphors for supporting integer thinking around addition and 

subtraction. In some cases, there are subtle (or not so subtle) arguments for 

one versus another. We need to continue gaining insight into when and how 

these models support studentsô learning and when they break down.  

-Nicole Wessman-Erzinger & Laura Bofferding (2018, p. viii) 

Studies focused on the teaching and learning of integers have investigated 

strategies aimed at mitigating these challenges and supporting students’ conceptual 

understanding, particularly as they relate to integer addition and subtraction (e.g., 

Fuadiah, 2015; Khalid & Embong, 2019; Schindler & Hußmann, 2013). A key theme 

among these strategies is the use of models/metaphors. Indeed, in a commentary about 

the landscape of research, Stacey (2018) posited the prevalence of integer models 

“...draws attention to the fact that there are many models for teaching about integers and 

that it is almost universally agreed that teaching with a model is essential for this topic” 

(Stacey, 2018, p. 269). 

https://www.zotero.org/google-docs/?broken=QMv7u1
https://www.zotero.org/google-docs/?broken=aenimf
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The language in existing research is inconsistent about what constitutes a 

metaphor compared to a model. The term, metaphor, is used to describe instructional 

strategies that draw from real-world contexts, such as temperature or assets and debts, 

and model is used to emphasize multiple representations in mathematical understanding. 

Specifically, I apply Murray’s (2018) definition of models, which draws on the work of 

Beswick (2011) and Jones (2010). “Models are symbols, pictures, diagrams, graphs, or 

concrete materials that help students manage, document, communicate, or interpret 

mathematical ideas and phenomena ” (Murray, 2018, p. 231). In the landscape of integer 

addition and subtraction there are three main categories of models: (1) integer objects, (2) 

integer locations, and (3) measurements of directed distance. Object models extend 

manipulative-based representations (e.g., physical counters and pictures with counters), 

emphasizing collecting objects with addition and a takeaway conception of subtraction. 

The number line model draws on integer locations and is often paired with count-on and 

count-back strategies. Directed distance measures integer lengths on a number line using 

rays to indicate magnitude and direction.  

In this section of the literature review, I describe each of the three categories of 

integer models, highlighting the respective strengths and weaknesses with examples. All 

example problems use ±2 and ±3 with the algebraic notation described with Table 1. 

Integer Object Models   

Integer object models, such as the chip model, use concrete representations of 

positive and negative objects to demonstrate adding and taking away collection sets. 

Object representation builds on whole number strategies where addition and subtraction 
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is concrete manipulatives such as colored chips, counting bears, and base ten blocks. For 

example, to model 3 + 2 with chips, an elementary student would likely start with three 

chips, then add two more to get five (see Figure 3). To model a subtraction problem such 

as 3 – 2, students would start with a set of three objects and remove two, using a 

takeaway model of subtraction to get one.  

Figure 3 

Chip Model Addition and Subtraction with Whole Numbers 

Type I: A + b   Example: 3 + 2 = 5 

Start with 3 positive chips  

3 

Add 2 positive chips  

+ 2 

5 positive chips total 

= 5 

 

  

Type IX: A – b   Example: 3 – 2 = 1 

Start with 3 positive chips  

3 

Remove 2 positive chips 

 – 2 

1 positive chip left 

= 1 

  

 

 
 

 

Note. A dashed rectangle indicates addition; a solid rectangle indicates subtraction.  

Extending object models to integer operations has many benefits for student 

understanding. One benefit is that concrete representations create entry points for 

students to use physical actions and one–to-one correspondence. This aligns with the 

concrete-representational-abstract instructional sequence demonstrated to support 

understanding, particularly for students who receive special education services (e.g., 

Maccini & Gagnon, 2006). Another benefit is that physically adding and taking away 
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objects enables students to conceptualize integer addition and subtraction as distinct 

operations in a meaningful way (e.g., Pettis & Glancy, 2014).  

A critique of integer object models is that negative objects do not exist in real-

world contexts (e.g., Bishop et al., 2014). Students must be able to accept or imagine 

negative objects as the opposite of positive objects. The Interactive Math Project (Fendel 

et al., 2015), for example, presents the story of a chef with hot  (+1°)  and cold (–1°) 

cubes that retain their temperature when added to a cauldron. The chip model uses two-

color circular counters where one color (e.g., yellow) indicates a positive object (+1) and 

a second color (e.g., red) represents a negative object (–1). A variation of the chip model 

represents objects with “+” and “–” symbols or tiles signs in a t-chart.   

A common theme across integer models finds that developing a conceptual 

understanding of integer addition is relatively manageable. Integer subtraction, on the 

other hand, is notoriously difficult (e.g., Nurnberger-Haag, 2018; Pettis & Glancy, 2014). 

The next section illustrates integer objects models using the chip model with 

progressively more challenging addition problem structures.   

Adding Two Negative Integers 

Most curricular materials introduce integer addition using problem structures 

where both terms are negative (Types VII and VIII). That is because modeling integer 

addition where the addend and augend are either both positive or both negative values is 

fairly straightforward with all models, including the chip model. For instance, the first 
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example in Figure 3 illustrates whole number addition problems2 (e.g., A + b) with 

positive chips. Figure 4 illustrates two types of integer addition problems where both 

terms are negative. The first problem, (–3) + (–2), follows the (ïA) + (ïb) structure 

where the relative magnitude of the first term is greater than the second term (| A | > | b 

|). The second problem, (–2) + (–3), is an example of the (ïa) + (ïB) problem structure 

where the relative magnitude is | a | < | B |. In both cases, the sum is –5.  

Figure 4 

Chip Model Addition with Two Negative Values 

Type VII: (–A) + (–b)   Example: (–3) + (–2) = –5 

Start with 3 negative chips  

(–3) 

Add 2 negative chips  

+ (–2) 

5 negative chips total 

= –5 

 

 
 

 

Type VIII: (–a) + (–B)   Example: (–2) + (–3) = –5 

Start with 2 negative chips  

(–2) 

Add 3 negative chips  

+ (–3)   

5 negative chips total 

 = –5 

 

 

 

 

Note. Dashed rectangles indicate addition.  

 

Strengths. An important strength of object models is the ability to transfer 

conceptual understanding from whole number addition to negative integers. Students 

have explicitly learned in elementary school that adding positive integers lead to “bigger 

 
2 The addition structure, a + B (type II), follows the same patterns as the other structures 

highlighted in this section.  
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numbers” (e.g., Beswick, 2011; Bofferding, 2018b). This is often demonstrated by 

combining sets of objects in a collective sum (e.g., Liebeck, 1990; Nurnberger-Haag, 

2018). Addition problems with the structures described above highlight situations where 

conceptual understanding of whole number addition can be extended to negative integers. 

Adding two sets of positive integers creates a larger positive sum. Adding two sets of 

negative integers creates a “larger” set of negative integers. Therefore, modeling integer 

addition with objects provides entry points for students to understand magnitude and 

direction, while retaining their understanding of addition as the union of two sets.  

Weaknesses. While the chip model supports students’ understanding of negative 

magnitudes, the collective sum (i.e., the sum of two sets that does not produce zero pairs) 

is only a greater magnitude in problems where the addend and augend are both negative 

integers (or both positive). As a result, it is often difficult for students to understand how 

adding integers can lead to “smaller numbers.” The other four structures of addition 

problems (i.e., types: III, IV, V, VI) are more challenging. While adding two negatives 

can support students’ understanding of magnitude, it can also lead students to the 

misconception that all integer addition problems follow whole number properties but in a 

negative direction (e.g., Karp et al., 2014). The emphasis on magnitude can also lead to 

synthetic mental models (Bofferding et al., 2018) where students conflate magnitudes 

with integer order. For instance, a common sticking point that occurs after negative 

magnitudes are introduced is the misconception that integers with greater negative 

magnitudes are greater in general (e.g., –3 > –2).  
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Adding One Positive and One Negative  

Addition problems where one term is positive and the other term is negative (i.e., 

Types III, IV, V, VI) require students to understand the concept of zero pairs (also called 

counterbalance or neutralization in integer object models). In integer object models, zero 

pairs are subsets with one positive chip (+1) and one negative (–1) chip because 1 + (–1) 

= 0. Figure 5 illustrates three examples where adding the augend creates zero pairs. The 

number of zero pairs created always matches the smaller magnitude for structure types 

III, IV, V, and VI. Given that all example problems use magnitudes of two and three, 

these problems will two zero pairs and the solution c = ±1.   

Figure 5 

Chip Model Addition with One Positive and One Negative Value 

Type V: (ïA) + b   Example: (–3) + 2 = –1 

Start with 3 negative chips 

(–3) 

Add 2 positive chips 

+ 2 

2 zero pairs 

(+2) + (–2) = 0 

1 negative chip left 

= –1 

 

 

 

 

 

Type VI: (–a) + B   Example: (–2) + 3 = 1 

Start with 2 negative chips 

(–2) 

Add 3 positive chips 

+ 3  

2 zero pairs  

(+2) + (–2) = 0 

1 positive chip left 

= 1 

 
 

  

 

 

Type III: A + (–b)   Example: 3 + (–2) = 1 

Start with 3 positive chips 

3 

Add 2 negative chips 

+ (–2)  

2 zero pairs  

(+2) + (–2) = 0 

1 positive chip left 

= 1 
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Note. Vertical lines indicate zero pairs, (+1) + (–1) = 0. Some students “cancel” these out 

in their mind, others physically remove them.  

 

The example problems highlighted in Figure 5 illustrate the phenomena of zero 

pairs. The first problem, (–3) + 2, is an example of the structure (ïA) + b, where the 

addend is negative with a greater relative magnitude and the augend is positive. In this 

situation, the solution is negative one (–1). When the relative magnitudes are reversed 

(i.e., (ïa) + B) in the second problem, (–2) + 3, the solution is positive one (+1). The 

third problem, 3 + (–2) is similar to the first example, except the addend is positive and 

the augend is negative, A + (ïb). However, because the addend is positive and has a 

greater magnitude then the augend, the solution is positive one.  

In problems where a positive set and a negative set are combined (Types III, IV, 

V, VI) like those shown in Figure 5, the solution is always the difference of the relative 

magnitudes3, | a | – | b |. The addend or augend with the greatest relative magnitude 

determines whether the solution is positive or negative (i.e., the “sign” of the solution). 

The sign of the greater relative magnitude and the sign of the solution always match. In 

other words, since all example problems use ±2 and ±3, the solution is positive when 3 is 

positive, and the solution is negative when the 3 is negative because | ±3 | > | ±2 |. This is 

because problem structures that combine a positive and negative set will always create 

 
3 The solution is determined by the sign of the term with the greater relative magnitude. 

 



25 

zero pairs. Whichever set has a larger magnitude will be the set that remains once the 

zero pairs are removed. In this type of integer addition problems, the number of zero 

pairs always matches the term with the smallest magnitude (i.e., | a | or | b |). Removing 

zero pairs enables the remaining chip(s) to match the solution.  

Strengths. The concept that zero pairs can be added or removed without affecting 

the value is critical for students’ understanding of integers and their future understanding 

of algebraic properties. Zero pairs illustrate the identity property of addition where any 

number plus zero retains its value. In other words, the equation 1 + 0 = 1 can be 

represented with any number of zero pairs (n) without impacting the solution because 1 ± 

[n + (ïn)] = 1. A strength of the chip model is its ability to concretely illustrate how 

removing all zero pairs aligns the objects in a set with its integer value. 

Weaknesses. While illustrating zero pairs is a strength of the object model, 

requiring zero pairs to be removed before the objects match the solution creates 

additional cognitive attention and fundamentally changes the meaning of the problem. 

What starts as a binary addition problem is modeled with addition and subtraction. For 

example, (–2) + 3 = 1, in Figure 5 is modeled by adding three positive chips to two 

negative chips. The collected sum has five objects, but the solution is positive one (+1). 

In order to have the correct solution, students have to remove two zero pairs. Removing 

the zero pairs changes the symbolic representation from (–2) + 3 = 1 to (–2) + 3 – [2 + (– 

2)] = 1. It also creates a sticking point where students are adding and removing in an 

addition problem. This diminishes a key strength of the chip model, which is that the 

actions in the model help students retain the meaning of addition and subtraction. 
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Moreover, some researchers (e.g., Schwarz et al., 1994) argued that negative values can 

only be represented with the absence of objects and cardinality with negative objects is 

impossible as all objects lead to positive cardinality.  

Subtracting Two Negative Integers 

Subtraction problems where the minuend and the subtrahend are either both 

positive (see Figure 3) or both negative enable students to make sense of integer 

subtraction. Figure 6 illustrates problem structures where integer subtraction concretely 

models what it means to subtract a negative value.  

Figure 6 

Chip Model Subtraction with Two Negative Values 

Type XV: (–A) – (–b)   Example: (–3) – (–2) = –1 

Start with 3 negative chips 

(–3) 

Remove 2 negative chips 

– (–2) 

1 negative chip left 

= –1 

  

 

 
 

Note. Solid rectangle indicates subtraction.  

Strengths. One of the most valuable strengths of object models like the chip 

model is its ability to illustrate subtraction as distinctly different from addition. 

Moreover, the chip model concretely illustrates why subtracting a negative leads to an 

increased sum (i.e., type XV). For instance, given the problem, –3 – (–2), two negative (–

2) chips are subtracted (removed or taken away) from the minuend set (see Figure 6). 

This is easily done because the minuend set (–3) has more than two negative chips. 

Removing two negative chips from a set of three negative chips enables students to 

conceptualize both what it means to subtract a negative and why the solution is –1. 
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Weaknesses. Modeling integer subtraction with objects is only clear and concise 

with type XVI and X problems when the minuend and the subtrahend are both negative, 

and the subtrahend has a greater magnitude (| A | > | b |). When the minuend has a greater 

magnitude, the model breaks down (e.g., Nurnberger-Haag, 2018; Vig et al., 2014). This 

occurs in problems with the structure, ïa + (ïB), where | a | < | B |. For instance, the first 

example in Figure 7 attempts to model the problem (–2) – (–3), but there is a clear 

sticking point. How does one remove three negative chips if you only have two negative 

chips to start with? “Such problems not only contradict the generalization from whole 

numbers by having solutions greater than the minuends, but students must accept that 

what began as a negative number became a positive solution” (Nurnberger-Haag, 2018, 

p. 111). The same sticking point occurs when two positive integers are subtracted and the 

minuend has a larger magnitude (a ï B, Type X) such as 2 – 3 (Pettis & Glancy, 2024). 

Elementary mathematics standards avoid these situations with whole number subtraction 

by inaccurately generalizing that the minuend must be “the bigger number” (e.g., 

Kilhamn, 2011, 2018).   

Figure 7 

Chip Model Subtraction with When | a | < | B | 

Type XVI: (–a) – (–B)   Example: (–2) – (–3) = 1 

Start with 2 negative chips 

(–2) 

Remove 3 negative chips 

– (–3) 

1 positive chip left 

= 1 

 
 

 

 

Type X: a – B   Example: 2 – 3 = –1 

  

  

? 

https://www.zotero.org/google-docs/?broken=gzb2G4
https://www.zotero.org/google-docs/?broken=gzb2G4
https://www.zotero.org/google-docs/?broken=CWh098
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Start with 2 positive chips 

2 

Remove 3 positive chips 

– 3 

1 negative chip left 

= –1 

 
 

 

 
 

Note. Solid rectangles indicate subtraction.   

 

Subtracting One Negative and One Positive 

The second instance where the chip model breaks down is any subtraction 

problem where the minuend and the subtrahend are represented with opposite objects 

(types: XI, XII, XIII, XIV). In other words, the minuend is a positive set, and the 

subtrahend is a negative set, or vice versa. Figure 8 illustrates two examples. The first 

problem, –3 – 2 = –5, is modeled by removing two positive chips from a set of three 

negative chips. Since the minuend (–3) is represented with negative chips, there are no 

positive chips to remove. The reverse situation occurs when the minuend is positive and 

the subtrahend is negative, illustrated with the second example in Figure 8, 2 – (–3) = 5. 

In this case, the problem is modeled by removing three negative chips, – (–3), from the 

minuend set of positive chips (+2). Once again, it seems as if there are no negative chips 

to remove.  

Figure 8 

Chip Model Subtraction with One Positive and One Negative Value 

Type XI: –A – b  Example: –3 – 2 = –5 

Start with 3 negative chips 

–3 

Remove 2 positive chips 

– 2  

5 negative chips total 

= –5 

 
 

 

 

 

  

          

? 
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Type XIV: –a – (–B)  Example: 2 – (–3) = 5 

Start with 2 positive chips 

2 

Remove 3 negative chips 

– (–3) 

5 positive chips total 

= 5 

  
 

 

   

Note. Solid rectangle indicate subtraction.  

 

In both instances (Figure 7 and Figure 8), the chip model can only work if zero 

pairs are added to the minuend set, invoking both the identity property of addition (e.g., 3 

+ 0 = 3) and the additive inverse property before modeling the subtraction in the problem 

(see Figure 9). The additive inverse property states that the sum of any number and its 

opposite is equal to zero, x + (ïx) = 0 and (ïx) + x = 0. Problems where B > a use the 

additive inverse property to inform how many zero pairs need to be added. Curricular 

materials that use the chip model, such as CMP2 (Lappan et al., 2006), often refer to this 

as optimal renaming (Murray, 2018).  

Figure 9 

Chip Model Subtraction with Zero Pairs 

Type XVI: (–a) + (–B)  Example: (–2) – (–3) = 1 

Start 2 negative chips  

(–2) 

Add 1 zero pair 

(+1) + (–1) = 0 

Remove 3 negative 

– (–3)  

1 positive chip left 

= 1 

 

 

 
 

 

 

 

Type X: –a – B   Example: 2 – 3 = –1 

Start 2 positive chips 

2 

Add 1 zero pair 

(+1) + (–1) = 0 

Remove 3 positive 

– 3 

1 negative chip left 

= –1 
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Type XI: –A – b   Example: –3 – 2 = –5 

Start 3 negative chips 

–3 

Add 2 zero pairs  

(+2) + (–2) = 0 

Remove 2 positive 

– 2  

5 negative chips left 

= –5 

 

 

 
 

 

 

Type XIV: a – (–B)   Example: 2 – (–3) = 5 

Start 2 positives chips 

2 

Add 3 zero pairs 

(+3) + (–3) = 0 

Remove 3 negative 

– (–3) 

5 positive chips left 

= 5 

 
 

  

 

Note. Dashed rectangles indicate addition, solid rectangles indicate subtraction.  

Optimal renaming focuses on the magnitude of the subtrahend to inform the 

number of zero pairs that need to be added to the minuend. The optimal number of zero 

pairs provides enough chips to remove, without extra pairs that are left over that keep the 

remaining chips from matching the solution. Figure 9 illustrates adding zero pairs with 

optimal renaming using different structures. The first example, (–2) – (–3) = 1, needs 

three negative chips to remove the subtrahend. Since the minuend starts with two 

negative chips, only one zero pair is added. The fourth example, 2 – (–3) = 5, also needs 

three negative chips to remove the subtrahend. However, in this case the model needs to 

add three zero pairs because the minuend starts with positive chips only. 

Strength. Just as removing zero pairs in addition problems provides concrete 

examples and context for the identity property of addition, subtraction problems with the 
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structures in Figure 9 create an opportunity for students to explore the additive inverse 

property. Adding zero pairs to the minuend can help students see that all integer values 

have an infinite amount of understood zero pairs. “Teachers think that students can gain 

deeper understanding of the nature of integer operations by determining the optimal 

number of zero pairs needed to solve a given problem” (Murray, 2018, pp. 251–252). 

Unfortunately, many students find the concept of adding in order to subtract challenging, 

especially when they are in the process of developing a conceptual understanding of 

integers and integer subtraction (e.g., Bofferding, 2018b; Tobias et al., 2018).   

Weakness. Of the eight subtraction structures, six of them (Types: X, XI, XII, 

XIII, XIV, XVI) require adding zero pairs to the minuend set before the subtraction in the 

problem can be modeled with objects. “Although Liebeck (1990) promoted a cancellation 

model, she also noted that students found these problem types, in which they needed to 

add more chips before subtracting, the most difficult” (Nurnberger-Haag, 2018, p. 112). 

Similar to addition problems where zero pairs are removed, subtraction problems that 

require additional zero pairs change the meaning and the symbolic representation of the 

problem. For instance, the first example in Figure 9 models the equation (–2) – (–3) = 1. 

However, the actual modeling in this problem represents the equation (–2) + [3 + (–3)] – 

3 = 1. The actions also complicate what it means to subtract within the chip model 

context. Subtraction problems should align with a single takeaway (or removing) action. 

Instead, half of the subtraction problem structures require adding and subtracting, 

violating mathematical rules with artificially formed solutions (Nurnberger-Haag, 2018; 

Vig et al., 2014). 

https://www.zotero.org/google-docs/?broken=Po4yFJ
https://www.zotero.org/google-docs/?broken=SrfWQa
https://www.zotero.org/google-docs/?broken=9n3BpV
https://www.zotero.org/google-docs/?broken=9n3BpV
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The concept of adding zero and zero pairs can be challenging when negative 

integers are introduced because it conflicts with whole number cardinality. Cardinality is 

the principle that the number of elements in a set corresponds with the value of the set 

(e.g., Clements & Sarama, 2021). For example, the value 21 can be represented with a set 

of exactly 21 objects. Sets with a different number of objects are not equal to 21. 

Representing negative integers with objects means that the number of objects in a set 

does not always align with the integer value (Recall Figure 5). This means that students 

need to revise their conceptual understanding of zero and cardinality at the same time 

they are trying to understand integer subtraction. These mathematical ideas (zero, 

cardinality, subtraction, and addition) are concepts that students assumed they had 

mastered for numbers that are not fractions or decimals.  

Integer Location Models 

Number lines are an alternative model that represent integers as locations rather 

than objects. Number line models support understanding by emphasizing ordinality, or 

the sequence and positional relationship of integers and rational numbers in general (e.g., 

Beswick, 2011; Bofferding, 2018b). Like counters, number lines are a standard 

representation in mathematics teaching and learning (e.g., Freudenthal, 1973; Thompson 

& Dreyfus, 1988). The most common form is a horizontal line with labeled notches at 

equidistant intervals and distances4. Horizontal number lines are aligned with the x-axis 

of the coordinate plane with positive values to the right of the zero and negative values to 

the left. Elementary school classrooms often have a horizontal number line that may or 

 
4 Sometimes referred to as a “closed” number line.  
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may not include negative integers displayed on a wall (Beswick, 2011), and sometimes 

on students’ desks.  

Number Line Models. Integer location models, often referred to as the number 

line model, are typically situated on a horizontal number line. These models build on 

whole number understanding by extending the number line to the left of zero and 

applying addition and subtraction notational strategies (e.g., hops, arrows right/left). 

“[Researchers’] publications refer to ‘the’ number line model as though students and 

educators use the representation of a number line in a uniform way” (Nurnberger-Haag, 

2018, p. 112). There are variations in how integer addition and subtraction are annotated, 

and there are two models that use number lines in distinctly different ways. The model 

discussed in this section supports conceptual understanding by using one term as a 

reference point and framing addition and subtraction in relation to that point. I use the 

term, integer location models, because they emphasize ordinality using distinct integer 

locations on a number line. On the other hand, directed distance models (discussed later) 

use the number line to measure magnitudes and indicate direction.   

There are also empty (or open) number lines that enable students and teachers to 

communicate mental strategies by writing their own numbers at varying intervals (e.g., 

Bobis, 2007). Beswick (2011) argues that the horizontal number line is commonly used 

in classrooms and textbooks because they do not require a lot of space. Engaging with 

positive integers and fractions on a horizontal number line is a standard strategy in 

elementary school mathematics. Researchers have argued that extending the number line 

to the left of zero supports students' conceptual understanding of integers (e.g., 

https://www.zotero.org/google-docs/?broken=BmRkke
https://www.zotero.org/google-docs/?broken=BmRkke
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Bofferding, 2018b; Tsang et al., 2015). As such, integer units often start with horizontal 

number lines to plot, compare, and order integer values (e.g., IMPACT, 2009; Lappan et 

al., 2006; Larson & Boswell, 2014). Number lines support unary and binary 

understanding of the “–” symbol (Vlassis, 2004). They can also represent integer 

operations using direction and movement along empty and closed number lines or 

visually demonstrating line segments that correspond to the problem (Akyüz et al., 2012).  

Vertical Number Lines. Vertical number lines that position positive values 

above zero and negative values below zero like the y-axis of a coordinate plane are less 

common in classroom practice. However, vertical number lines can be more meaningful 

to students if they are tied to context because moving “up” and “down” the number line is 

more intuitive to students than moving left or right (Akyüz et al., 2012; Stephan & 

Akyüz, 2018). In a study about early childhood students’ ability to reason with negative 

integers, Bofferding and colleagues (2018) suggested that students who conceptualized 

negatives in informal ways need additional experiences exploring integers on a 

continuum. The authors provided three contexts as examples: elevation (e.g., Swanson, 

2010), temperature (e.g., Mathematics Assessment Resource Service, 2015; Pratt & 

Simpson, 2004), and assets and debts (e.g., Stephan & Akyüz, 2012, 2018), all of which 

are presented on a vertical number line in their respective studies.  

Number Lines and Location Models. Whole number learning trajectories 

(Clements & Sarama, 2021) suggest introducing number line representations after 

counting and counters (i.e., object representation). As such, number line strategies 

https://www.zotero.org/google-docs/?broken=0NFhRM
https://www.zotero.org/google-docs/?broken=0NFhRM
https://www.zotero.org/google-docs/?broken=6FfYIq
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inherently draw on students’ existing number sense of positive whole numbers (e.g., 

Altiparmak & Özdoğan, 2010).  

Because of students’ recent experience, explicit teaching of addition and 

subtraction of negative and positive integers was designed [in this study] to build upon 

existing understandings developed in the context of positive numbers. That is, (positive) 

numbers can be regarded as distances to the right of zero. Addition is movement in a 

forward direction and subtraction is movement in the opposite (backwards) direction. The 

result is the number represented by the distance from the beginning of the first number to 

the end of the second (Beswick, 2011).  

Number line models aimed at supporting ordinal understanding (rather than 

measurement) are generally modeled with three components: (1) the starting location, (2) 

a magnitude to the right or left, and (3) the location where the magnitude stops. For 

example, the count-on strategy can demonstrate addition by starting at the addend and 

using the augend to count “up” with movement to the right. The count-back strategy can 

illustrate subtraction by starting at the minuend and counting down with movement to the 

left based on the subtrahend.  

Whole Number Addition and Subtraction 

A common number line strategy situates the first term (i.e., addend or subtrahend) 

as a starting location and counting on or counting back the magnitude of the augend or 

subtrahend (see Figure 10). For instance, the addition problem, 2 + 3 = 5, starts at 

positive two (+2), and moves three (3) hops to the right. The final “hop” lands on positive 

five (+5), indicating the solution. Whereas, the subtraction problem, 3 – 2 = 1, starts at 
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positive three (+3), and moves two (2) hops to the left, landing on positive one (+1). In 

both situations, students draw on their previous knowledge of addition, subtraction, and 

counting to determine whether the hops move right or left. Addition with whole numbers 

corresponds to rightward movement, and subtraction leftward movement. Subtraction 

problems can be illustrated with rightward movement using the count-on strategy. 

Mathematically, this strategy changes subtraction problems where, a ï b = ?, into the 

addition problem, b + ? = a.    

Figure 10 

Whole Number Addition and Subtraction 

Structure                         Number Line Model Direction 

Type II 

a + B = C 

2 + 3 = 5 

 

 

2 + 3 = 5  

Add (+) 3 ᵼ right 

Type IX 

A – b = c 

3 – 2 = 1 

 

 

 

3 – 2 = 1 

Subtract (+) 2 ᵼ left 

Note. The first term (A or a) is indicated as the starting location with a point directly on 

the number line. The magnitude is illustrated as individual “hops” (or one unit jumps) 

above the number line with arrows indicating whether the movement was to the right or 

the left. The integer that the last hop “lands on” (the location where the magnitude stops) 

represents the solution. 

 

Strengths. Illustrating addition and subtraction on a horizontal number line 

enables students to use a familiar strategy while developing new conceptual 

understanding. As a result, most students are able to extend their understanding of whole 
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number addition and subtraction with positive solutions (types I, II, IX) to integers. For 

instance, in elementary school, students are often explicitly taught to avoid whole number 

subtraction problems with negative solutions, such as 2 – 3 = –1 (type X). However, 

introducing integer subtraction where | a | < | B | simply requires students to continue 

expressing the magnitude to the left of zero. The problem, 2 – 3 = –1, still starts on the 

minuend (+2), with subtraction moving to the left three (3) hops (see Figure 11). The 

only difference is that the solution lands on a negative integer to the left of zero. This is 

easier than solving a ï B problems with the chip model, where zero pairs must be added 

before subtracting B (Recall Figure 9). As such, an overall strength of the number line 

model is its ability to illustrate problems with the same structure (e.g., 3 – 2 and 2 – 3) 

without attending to relative magnitude. In the number line model, the direction of the 

magnitude is the same whether | A | > | b | or | a | < | B |. 

Figure 11 

Whole Number Subtraction 

Structure Number Line Model Direction 

Type X 

a – B = –c 

2 – 3 = –1 

 

 

 

2 – 3 = –1 

Subtract (+) 3 ᵼ left 

 

Type IX 

A – b = c 

3 – 2 = 1 

 

 

 

3 – 2 = 1 

Subtract (+) 2 ᵼ left 

 

Note. The second example, A – b = c, is repeated from Figure 10 for comparison.  



38 

Adding and Subtracting a Positive Integer 

Building on whole number understanding with a number line model enables 

students to develop an understanding of integer operations by comparing new elements. 

For instance, integer addition and subtraction can be introduced together using problem 

structures where the first term is negative (“ïA” or “ïa”), but the augend or subtrahend 

are still positive such as (–2) + 3. These cases (types V, VI, XI, XII) align with students’ 

existing number line strategies by framing the first term as a starting location. If the first 

term with whole number addition and subtraction indicates a location, then problems 

where the first term is negative simply start to the left of zero instead. For instance, if 2 + 

3 starts on positive two (2) and moves three (3) hops to the right, then (–2) + 3, starts on 

negative two (–2), and moves three (3) hops to the right (see Figure 12).  

Figure 12 

Adding Positive Integers with ñïAò or ñïaò 

Structure Number Line Model Direction 

Type II 

a + B = c 

2 + 3 = 5 

 

 

 

2 + 3 = 5 

Add +3 ᵼ right 

 

Type VI 

–a + B = c 

–2 + 3 = 1 

 

 

 

–2 + 3 = 1 

Add +3 ᵼ right 

 

Note. The first example, A + b = c, is repeated from Figure 10 for comparison.  

Similarly, subtracting a positive integer from a negative minuend starts at a 

negative location, but maintains whole number subtraction by moving to the left (see 

Figure 13). For example, the problems, 3 – 2 and –3 – 2, both subtract positive two from 
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the minuend. As such, both problems are illustrated in the number line model with two 

hops to the left. The only difference between these problems is that the minuend in –3 – 2 

is negative, which means the two hops left start at a negative location.   

Figure 13 

Subtracting Positive Integers with ñïAò or ñïaò 

Structure                           Number Line Model Direction 

Type IX 

A – b = c 

3 – 2 = 1 

 

 

 

3 – 2 = 1 

Subtract (+) 2 ᵼ left 

 

Type XI 

–A – b = –c 

–3 – 2 = –5 

 

 

 

–3 – 2 = 1 

Subtract (+) 2 ᵼ left 

 

Note. The first example, A – b = c, is repeated from Figure 10 for comparison.  

Strengths. Using whole number subtraction to understand integer subtraction 

creates a meaningful connection for why the solution to –3 – 2 is negative five (described 

above). This particular structure, ïA ï b (type XI), where b is a positive integer and | a | < 

| B | is particularly challenging for students. The most common incorrect answer is –3 – 2 

= –1. This mistake is rooted in a synthetic mental model that ignores the negative symbol 

and overgeneralizes whole numbers subtraction to integers (Bofferding et al., 2018).  

In the case of ï A ï b,  the relative magnitude impacts students’ ability to make 

sense of integer subtraction. When | a | < | B |, such as –2 – 3, students are generally able 

to reason that the solution is less than negative two. This is likely because students are 

trained to notice when the minuend has a smaller relative magnitude to avoid negative 

solutions for whole number subtraction. As such, the relative magnitude in ï a ï B 
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problems like –2 – 3, encourages students to consider what it means to subtract from a 

negative number. Whereas, when the minuend has a larger relative magnitude, students 

are more likely to overgeneralize from whole numbers. In the case of –3 – 2 = –1, 

students likely temporarily ignored the negative sign (i.e., –3) to solve 3 – 2 = 1, then 

applied the negative from the minuend to the solution to get –3 – 2 = –1.   

A strength of the number line model is its ability to create conceptual entry points 

from whole number subtraction to understand why –3 – 2 corresponds with leftward 

movement to get negative five instead of negative one. The same problem, illustrated 

with the chip model, would need two zero pairs before subtracting positive two makes 

sense. The number line model has a more accessible entry point for ïA ï b problems 

(type XI) than the chip model, which requires adding zero pairs.  

Weakness. In order to maximize transfer from whole numbers with the number 

line model, students have to consistently “read” the first term as a starting location. This 

shifts number lines from representations that enable students to communicate different 

ways of thinking to a more prescriptive approach. Moreover, whole number addition and 

subtraction are illustrated on the number line as unidirectional operations. Addition 

always moves to the right and subtraction always moves to the left. Building on whole 

number strategies by introducing integer problems that follow these directional patterns5 

 
5This sequence introduces addition and subtraction where the first term is negative and 

the second term is positive before adding and subtracting negative terms (i.e., B or b). 

Some instructional sequences introduce all problem structures for addition before 

subtraction. There are strengths and weaknesses to both approaches.   
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creates a false assumption that all integer addition and subtraction problems have the 

same directional movement as their whole number counterpart.   

Adding Negative Integers 

An alternative to introducing negative integers with adding and subtracting 

positive integers, is to introduce all addition structures before subtraction (i.e., types III, 

IV, VII, VIII). This is common in textbooks (e.g., Larson & Boswell, 2014). This 

approach continues to understand the first term as a starting location and frames 

conceptual understanding of the operation and second term as the opposite of whole 

numbers. For example, if 2 + 3 starts at two and moves right to add positive three, then 2 

+ (–3) starts at two and moves to the left to add negative three (see Figure 14) In other 

words, if adding a positive value increases the sum, then adding a negative decreases the 

sum. Adding two negative integers (types VII, VIII) combines this logic with negative 

starting locations discussed in the previous section to explain why problems like the third 

example in Figure 14 start at a negative location and move to the left.   

Figure 14 

Adding A Negative Integer 

Structure                            Number Line Model Direction 

Type II 

a + B = c 

2 + 3 = 5 

 

 

 

2 + 3 = 5 

Add (+) 3 ᵼ right 

 

Type VI 

a + (– B) = –c 

2 + (–3) = –1 

 

 

 

2 + (–3) = 1 

Add (–3) ᵼ left 

 

https://www.zotero.org/google-docs/?broken=jgnQD5
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Type VIII 

–a + (–B) = –C 

–2 + (–3) = –5 

 

 

 

–2 + (–3) = –5 

Add + (–3) ᵼ left 

 

Note. The first example, A + b = c, is repeated from Figure 10 for comparison.  

Subtracting a Negative Integer 

Thus far, the number line model has supported conceptual understanding for 12 

structures of integer addition and subtraction. Despite these strengths, students continue 

to struggle with integer operations. This means that the number line model alone is not 

effective in supporting students’ conceptual understanding for all problem structures. The 

critical sticking point with this model occurs when subtracting a negative subtrahend (i.e., 

types XIII, XIV, XV, XVI). Middle school students can conceptualize that adding 

negative integers would have the opposite effect of adding positive integers. It is 

significantly more difficult for students to understand that subtracting negative integers is 

the opposite of subtracting positive integers and therefore illustrated with rightward 

movement (see Figure 15).   

Figure 15 

Subtracting A Negative Integer 

Structure Number Line Model Direction 

Type XI 

–A – b = –C 

–3 – 2 = –5 

 

 

 

–3 – 2 = –5 

Subtract (+) 2 ᵼ left 

 

Type XV 

–A – (– b) = –C  

–3 – (–2) = –1 

 

 

 

–3 – (–2) = –1 

Subtract (–2) ᵼ right 
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Note. The first example, ïA ï b = ïC, is repeated from Figure 13 for comparison.  

Strengths. Figure 15 illustrates that subtracting a positive, such as –3 – 2, is 

demonstrated on the number line as leftward movement. Therefore, subtracting a 

negative leads to rightward movement, as shown with –3 – (–2). Rightward movement 

with subtraction adheres to the same logic that explains adding negatives as the opposite 

of adding positives. This illustrates the symmetric meaning of the “–” symbol by 

reversing direction (e.g., Nurnberger-Haag, 2018; Vlassis, 2008)  

Weaknesses. However, numerous studies have found that subtracting a negative 

is notoriously challenging for students, despite consistent reasoning across problem 

structures (e.g., Bofferding & Hoffman, 2014; Kilhamn, 2011, 2018; Stavy et al., 2002). 

Proponents of object models have argued that students need concrete representation to 

conceptually understand what it means to subtract a negative value (e.g., Murray, 2018). 

Critics have argued that rather than supporting students’ understanding of integers, the 

number line model supports a set of procedures that rely on whole number relationships. 

“One potential reason is that students simply learned procedures of their respective model 

to answer these skill-based problems with little conceptual understanding” (Nurnberger-

Haag, 2018, p. 137). When pressed to explain why subtraction corresponds with 

rightward movement, secondary and undergraduate students often cite rules and 

mnemonics (e.g., Bishop et al., 2018; Lamb et al., 2012; Tobias et al., 2018)  rather than 

conceptual understanding.  

That these relationships have the same movement is further complicated by the 

fact that subtracting a negative can still have a negative solution if the relative magnitude 
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of the minuend is greater than the subtrahend (see Figure 15) (Periasamy & Badioze 

Zaman, 2009).  

Summary of the Number Line Model 

The benefit of using a standard representation like the horizontal number line is 

the ability for students to transfer their experiences to new situations. On the other hand, 

a potential underlying reason for the lack of conceptual understanding with the number 

line model is that it implicitly draws on the relationship between the operation (i.e., 

addition or subtraction) and the sign (i.e., positive or negative) of the augend or 

subtrahend. This is a distinct difference from object models, which considers the 

operation and the second term (i.e., augend or subtrahend) as two distinct components. 

Adding a positive chip is a different action than removing a negative chip.   

The number line model combines these components to determine whether the 

magnitude moves to the right or the left. Addition and subtraction are no longer 

unidirectional operations as they are with whole numbers. Instead, students must 

understand that both addition and subtraction can lead to rightward or leftward 

movement, depending on what is being added or subtracted. In fact, it is impossible to 

determine whether the problem illustrated is addition or subtraction because each 

illustration relates to two problem structures (see Figure 16).  

Figure 16 

Number Line Model Addition and Subtraction 

Addition Subtraction Number Line Model 
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Type I  

 A + b = C 

 3 + 2 = 5 

Type XIII 

A – (–b) = C 

3 – (–2) = 5 
 

Start at: +3, count on (right) 2 hops, end on: +5 

Type II 

 a + B = C 

 2 + 3 = 5 

Type XIV 

a – (–B) = C 

2 – (–3) = 5 
 

Start at: +2, count on (right) 3 hops, end on: +5 

Type III  

 A + (–b) = c 

 3 + (–2) = 1 

Type IX  

A – b = c 

3 – 2 = 1 
 

Start at: +3, count back (left) 2 hops, end on: +1 

Type IV   

 a + (–B) = –c 

 2 + (–3) = –1 

Type X 

a – B = –c 

2 – 3 = –1 

 

Start at: +2, count back (left) 3 hops, end on: –1 

Type V  

–A + b = –c 

 –3 + 2 = –1 

Type XV 

–A – (–b) = –c 

–3 – (–2) = –1 

 

Start at: –3, count on (right) 2 hops, end on: –1 

 Type VI   

 –a + B = c 

 –2 + 3 = 1 

Type XVI 

–a – (–B) = c 

–2 – (–3) = 1 
 

Start at: –2, count on (right) 3 hops, end on: +1 

Type VII   

 –A + (–b) = –C 

 –3 + (–2) = –5 

Type XI  

–A – b = –C 

–3 – 2 = –5 
 

Start at: –3, count back (left) 2 hops, end on: –5 

Type VIII  

 –a + (–B) = –C 

 –2 + (–3) = –5 

Type XII  

–a – B = –C 

–2 – 3 = –5 

 

Start at: –2, count back (left) 3 hops, end on: –5 

Note. This table illustrates one example of a number line model notation.   
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When adding and subtracting negative integers are introduced, students have to 

(1) recognize they were acting on an implicit relationship, and (2) use that relationship to 

understand how subsequent structures compare. This creates an argument for why it is 

difficult for students to understand that subtracting a negative has the same directional 

movement as adding a positive. Moreover, it calls into question the extent that location 

models support students’ conceptual understanding of integer subtraction. It is possible 

that while students can model integer subtraction on a number line, they are in fact 

leaning on equivalent addition structures. 

Directed Distance Model   

The directed distance model is similar to integer location models as both use a 

number line and directional movement to illustrate integer addition and subtraction. 

However, rather than framing the first term as a single location, the directed distance 

model represents both the first and second term as measurements (i.e., distance) of the 

magnitude in a given direction (e.g., Bishop et al., 2018; Bruno & Martinon, 1999; 

Kilhamn, 2018; Nurnberger-Haag, 2018). Like the other models, there is no standard 

notation for the directed distance model. I use vectors to illustrate magnitude and 

direction6, which is the notation I encountered most often as a teacher7.  

 
6 This notation uses vectors, which look the same as rays. As students are generally not 

introduced to vectors until high school, representing magnitudes with vectors may lead to 

misconceptions about rays. A variation that avoids this contradiction uses line segments 

instead. However, neglecting the direction undermines an essential component and 

unique strength of this model.  
7 Variations include line segments instead of vectors, hops above and below the number 

line, and labeling segments. 
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The magnitude of the first term (i.e., addend or subtrahend) is illustrated as a 

distance starting at zero, with an arrow indicating the direction (or sign). The magnitude 

of the second term is illustrated as a distance that continues in the same direction, or 

changes directions based on the relationship between the operation and the augend or 

subtrahend. The relationship between the operation and the augend or subtrahend applies 

the same logic to inform direction as location models. For example, adding a negative 

results in movement to the left. Whereas, subtracting a negative results in movement to 

the right (Sari et al., 2020).  

Magnitudes in the Same Direction 

The directed distance model illustrates integer addition and subtraction as two 

distances enables students to recognize patterns related to directed magnitude. 

Magnitudes that continue in the same direction (types I, II, VII, VIII, XI, XII, XIII, XIV) 

demonstrate arithmetic structures where the solution is the sum of magnitudes. For 

example, Figure 17 compares representations from the location (e.g., number line) and 

directed distance models using problem, –3 + (–2) = –5. Both models illustrate “adding 

negative 2” by moving two units to the left from the addend (i.e., –3). The location model 

counts-back two hops, while the directed distance model has a left vector two units long, 

with both models ending at the sum (i.e., –5). However, rather than starting at a single 

point, the directed distance model starts by representing the addend (i.e., –3) as a left 

vector from zero to negative three. This simultaneously illustrates the magnitude as a 

measurement (i.e., distance) and the sign (i.e., positive or negative) as a direction. In this 

example, adding negative two continues in the same direction as the addend. The solution 
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is a directed sum, or the sum of the magnitudes (i.e., | 3 | + | 2 | = 5), where five is 

negative because the direction of those distances is left.      

Figure 17 

Location Model versus Directed Distance: Adding Two Negatives 

Model –A + (–b) = –C 

–3 + (–2) = –5 
Element Representation 

Integer 

Location      

A = (–3) 

add (ïb) 

| b | = |–2| 

start on –3 

hop left 

2 hops 

Directed 

Distance 
    

A = (–3) 

add (ïb) 

| b | = |–2| 

left vector, (0, –2) 

 right vector 

 2 units, (–3, –5)8 

Note. The rightmost column indicates the relationship between the elements in the 

problem and representations in the given model. For example, the number of hops or the 

distance of the second vector is always | b |. The direction of the hops or vector is 

determined by the relationship between the operation and the sign of b. Adding a 

negative b corresponds with movement to the left.  

 

The previous example highlights directed distance problems where the vectors 

continue in the same direction. This occurs in half of the problem structures (see Figure 

18). The solution for each of these structures is a directed sum (e.g., | 3 | + | 2 | = | 5 |). 

The algebraic notation for these problem structures use a capital C to indicate solutions 

that are a sum of magnitudes. The sign of the sum depends on the direction of both 

 
8 Standard interval notation is written from least to greatest, such as (–5, –3). I break from 

this convention to emphasize that the vector starts at –3 and ends at –5.  
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distances. Two right vectors lead to positive solutions (i.e., C) and two left vectors lead to 

negative solutions (i.e., ïC) (Stavy et al., 2002). 

Figure 18 

Directed Distance Model: Sum of Magnitudes 

Addition Subtraction Directed Distance Model 

Type I 

A + b = C 

3 + 2 = 5 

Type XIII 

A – (–b) = C 

3 – (–2) = 5 

 

 

start at: 0, right: 3 units, continue right: 2 units, end at: +5 

Type II 

  a + B = C 

  2 + 3 = 5 

Type XIV 

a – (–B) = C 

2 – (–3) = 5 

 

 

start at: 0, right: 2 units, continue right: 3 units, end at: +5 

Type VII 

 –A + (–b) = –C 

 –3 + (–2) = –5 

Type XI 

–A – b = –C 

–3 – 2 = –5 

 

 

start at: 0, left: 3 units, continue, left: 2 units, end at: –5 

 Type VIII 

 –a + (–B) = –C 

 –2 + (–3) = –5 

Type XII 

–a – B = –C 

–2 – 3 = –5 

 

 

start at: 0, left: 2 units, continue left: 3 units, end at: –5 

 

Each representation in the directed distance model corresponds with an addition 

structure and a subtraction structure. This is a shared characteristic between number 

location models and directed distance (see Figure 17). For instance, the first example in 

Figure 18 illustrates 3 + 2 = 5 and 3 – (–2) = 5. Integer instructional strategies are often 

combined with explicit directions to rewrite subtraction problems as addition problems 
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with the same representations. The mnemonic, “Keep, change, change," for example, 

prompts students to rewrite subtraction problems such as, 3 – (–2), as 3 + 2 because both 

problems have equivalent solutions (i.e., +5). The structures in Figure 18 are sometimes 

taught as “same sign” problems because both terms are either positive or negative when 

rewritten as an equivalent addition problem. This classification is often used to 

emphasize that “same sign” problems result in a directed sum of magnitudes (e.g., Bishop 

et al., 2018).   

Opposing Magnitudes 

Representations with magnitudes in opposing directions lead to a directed 

difference, where the solution is the difference between magnitudes (i.e., | a ï b |) and the 

sign is determined by the relative magnitude of a and b (types III, IV, V, VI, IX, X, XV, 

XVI). For example, Figure 19 represents the type VI structure, –2 + 3 = 1. The addend is 

negative two (i.e., a = –2), which means that the first vector starts at zero and extends to 

the left (i.e., – a) with a magnitude of two units (i.e., |–2| = 2). The direction of the second 

vector is determined by the relationship between the operation and the second term (as in 

the location model examples). This example, –2 + 3, is adding a positive augend, which 

corresponds with movement to the right. The second vector starts above –2, has a 

distance of three units (i.e., | b | = 3) in the opposite direction and ends above the solution 

(i.e., +1). All example problems use relative magnitudes of three (±3) and two (±2), as 

such, any instance where the solution is ±1 is an example of a directed difference because 

the difference of these relative magnitudes is one.       
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Figure 19 

Directed Distance Model: Opposing Magnitudes 

Structure                  Directed Distance Model Element Representation 

Type VI 

–a + B = c 

–2 + 3 = 1 

 

 

a = (–2) 

add (+) B 

| B | = | 3 | 

 left vector, (0, –2) 

 right vector 

 3 units, (–2, 1) 

Note. “Element” deconstructs the algebraic notation for this structure to illustrate how 

each component informs the model representation. These patterns can be applied to types 

III, V, VI, IX, X, XV, XVI. 

 

In this model, the distance where opposing magnitudes overlap is a number line 

representation of zero pairs. The object model for –2 + 3 is illustrated by adding three 

positive objects to a set of two negative objects. The result is one positive chip with two 

extraneous zero pairs (recall Figure 5). The directed distance model illustrates those two 

zero pairs as the distance between –2 and 0 where the overlapping magnitudes (or 

vectors) essentially cancel each other out. Representing magnitudes as directed distances 

instead of objects encourages students to create mental models that connect the 

relationship between the greater relative magnitude and the solution.  

For example, Figure 20 illustrates two directed distance representations with 

opposing magnitudes. Each representation corresponds with an addition and subtraction 

structure with an equivalent solution (indicated by the first two columns). Since each 

vector illustrates the magnitude of a term (i.e., | a | and | b |), the longest vector 

corresponds with the greatest relative magnitude. In the first example, 2 + (–3) and 2 – 3, 

the second term has a greater magnitude (i.e., | 2 | < | 3 |). As such, the vector to the left 
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(i.e., + (–3) or – 3) is longer than the first vector (+ 2), which means that the solution is 

negative. This is because in any situation where the leftward vector is longer, that 

magnitude will overlap the entire distance of the right vector, leading to a negative 

solution. Conversely, problems where the rightward vector is longer will overlap the 

entire left vector leading to a positive solution (see the second example in Figure 20). The 

direction of the longer vector always determines the sign of the solution.       

Figure 20 

Greater Relative Magnitude and the Solution 

Addition Subtraction Directed Distance Model 

 Type IV 

  a + (ïB) = ïc 

  2 + (–3) = –1 

Type X 

a ï B = ïc 

2 – 3 = –1 

 

 

                                                              start at: 0, right: 2 units, reverse LEFT: 3 units, end at: –1 

  Type III 

  A + (ïb) = c 

  3 + (–2) = 1 

Type IX 

A ï b = c 

3 – 2 = 1 
 

 

                                                         start at: 0, RIGHT: 3 units, reverse LEFT: 2 units, end at: +1         

Note. Similar patterns occur with types V, VI, IX, X, XV, XVI.  
 

Representations from the directed distance model share many characteristics with 

integer location models because both models are situated on a number line. As such, 

many of the strengths and weaknesses discussed with the location model are true for this 

model as well. This includes the pros and cons of the underlying logic that determines 

whether the second vector leads to leftward or rightward movement, repeated 

representations for equivalent addition and subtraction structures, and requisite direct 

instruction.   
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Strengths. A distinguishing characteristic of the directed distance model is that it 

illustrates binomial addition and subtraction as two directed magnitudes. This enables 

students to develop conceptual understanding based on the relationship between two 

magnitudes rather than counting strategies. Which, in turn, reframes the number line as a 

continuum of values rather than contextualizing integer addition and subtraction as a 

comparison of specific locations. Both of these characteristics encourage students to 

construct generalizable mental models.  

Directed Sum or Directed Difference 

Framing addition and subtraction as a combination of two magnitudes emphasizes 

the concept that the solution is either a directed sum or a directed difference, which is not 

informed by the operation. There are addition and subtraction problem structures that 

lead to a greater magnitude, or directed sum (recall Figure 18). Conversely, there are 

subtraction and addition structures where combining magnitudes leads to a directed 

difference or solutions that are the difference of relative magnitudes (e.g., Figure 20). The 

notion that addition can lead to a “smaller” solution, such as 2 + (–3) = –1, and 

subtraction can lead to a “larger” solution, like –3 – 2 = – 5, is often a critical sticking 

point in students’ conceptual understanding of integer operations (e.g., Karp et al., 2014; 

Periasamy & Badioze Zaman, 2009). Existing literature posits that this critical sticking 

point is the result of an overgeneralization from whole number operations. For example, 

building on Karp, Bush, and Dougherty (2014) and Periasamy and Zaman (2009), 

Nurnberger-Haag (2018) states, 

https://www.zotero.org/google-docs/?broken=261rtK
https://www.zotero.org/google-docs/?broken=LJiPSW
https://www.zotero.org/google-docs/?broken=PH3Ny4
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Another reason that subtraction of integers is problematic is that students 

typically generalize from whole-number operations and often have been 

explicitly told that adding makes a number have a greater solution, whereas 

subtracting makes a smaller number…Such problems [types X and XVI] 

not only contradict the generalizations from whole numbers by having 

solutions greater than the minuends, but students must accept that what 

began as a negative number became a positive solution. (p. 111) 

I use the term bidirectional operations to describe this problematic contradiction between 

students’ previous knowledge and integer addition and subtraction as the critical sticking 

point.  

Relative Magnitude and Unary Signs 

The directed distance model encourages mental models that focus on whether the 

solution ends in the negative or positive side of the number line. This is supported by 

emphasizing direction with relative magnitudes. It is possible that students will notice a 

pattern with object models, where the set with more objects has the same sign as the 

solution. However, that observation is limited to problems with relative magnitudes small 

enough for object representation. Further, it is likely overshadowed by the necessity of 

adding zero pairs when | a | < | B | or the relative magnitudes have opposite signs and 

removing extraneous zero pairs. Therefore, developing mental models to understand 

number sense with integers is best supported by the directed distance model because it 

emphasizes relative magnitude where the number line serves as a continuum 

(Nurnberger-Haag, 2007, 2018).  
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Weaknesses. As with location models, equivalent addition and subtraction 

structures lead to identical representations in the directed distance model. This 

encourages students to develop a conceptual understanding around integer addition and 

contextualize integer subtraction with equivalent behavior in addition problems. It may 

also contribute to challenges with directed distances. For instance, when prompted to 

consider subtraction as distance, preservice teachers “did not attend to the direction” 

(Tobias et al., 2018, p. 227). This may contribute to an overall lack of conceptual 

understanding for integer subtraction prevalent in integer research. Directed distance 

representations with opposing magnitudes that are not accompanied by other 

representations such as symbols or words can be visually overwhelming for students. It is 

not intuitive for students to understand where the representation starts or ends, which 

means that students are unlikely to comprehend the meaning without explicit instruction.  

Moreover, directed distance representations with magnitudes in opposite 

directions illustrate additive inverses. Therefore, the argument can be made that the 

overlapping section is extraneous and may need to be removed for students to understand 

that the solution is the directed difference of relative magnitudes. Removing overlapping 

magnitudes would lead to representations that look nearly identical to half of the location 

model representations (types: III, IV, V, VI, XI, XII, XIII and XI).  This is essentially the 

same weakness as having to remove zero pairs when adding one positive and one 

negative value with object representations for the collected sum and the solution to match 

(types: III, IV, V, VI). The process of overlapping magnitudes can support the 

development of mental models, but that process may not elicit a generalizable pattern 
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about directed differences for all students because the resulting representation has 

extraneous information.           

Metaphors 

One of the reasons integers are challenging is because negative objects do not 

exist. Wessman-Enzinger (2018) wrote in her research about children playing with 

integer concepts, “...they did the thinking and learning most important to integers: 

imaginative and creative play” (p. 44). Tobias and colleagues (2018) argued that 

metaphors are required for integers because not all whole number contexts are 

generalizable to negative integers. Mathematicians themselves disagreed about how—or 

even if—it is possible to model negative numbers (e.g., Bishop et al., 2014; Freudenthal, 

1973; Stephan & Akyüz, 2012; Vlassis, 2008). Stephan and Akyüz emphasize the role of 

imagery and context to approach integers for students with special education services. 

The integer models discussed thus far predominately draw on mathematical approaches.  

The value of using metaphors is that it creates space for students to be imaginative 

in a way that is central to integers themselves. It follows that metaphors are a common 

approach for integer teaching and learning. Metaphors that are discussed most commonly 

include: temperature (e.g., Mathematics Assessment Resource Service, 2015; Tobias et 

al., 2018), assets and debts or bags of money (e.g., Bishop et al., 2018; Stephan & Akyüz, 

2012, 2018), balloons or hot air balloons with sandbags added and dropped (e.g., Open 

Educational Resources Commons, 2007; Reeves & Webb, 2004), hot and cold cubes 

(Fendel et al., 2015), scores and forfeits or points won and lost (e.g., Burkhart, 2007; 

Liebeck, 1990; Ponce, 2007; Wessman-Enzinger, 2018), digging and piling mounds of 
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dirt (e.g., Bishop et al., 2018), elevation (e.g., Lappan et al., 2006), walking up and down 

stairs (e.g., Bofferding, 2018b), and walking on a number line (e.g., Nurnberger-Haag, 

2007, 2018). This section discusses some of the metaphors related to integers.  

Games 

A number of integer studies involve playing with integer concepts in games (e.g., 

Burkhart, 2007; Liebeck, 1990; Ponce, 2007; Wessman-Enzinger, 2018). Liebeck's 

(1990) study investigated a game where students received cards with scores and forfeits. 

In the study, two groups of students engaged in the same integer lessons. One group of 

students tied those lessons to the scores and forfeits game and the other used a number 

line model. Liebeck argued that the students who engaged with integer concepts with the 

game demonstrated significantly higher understanding. Wessman-Enzinger (2018) 

designed a card game where students draw and discard positive and negative cards. The 

game was played with young children who were able to reason that discarding a negative 

card led to positive points. Glancy and Pettis (Pettis & Glancy, 2024, 2014) developed 

the F&A game, where students add and remove floats and anchors to a ship. In general, 

the research on integrating games and linear board games, in particular, has been found to 

support students’ development of cardinality, ordinality, and operations with integers 

(e.g., Aylar Çankaya et al., 2022; Bofferding & Hoffman, 2014, 2019; Ramani & Siegler, 

2008). 

Strengths. One benefit of engaging with a challenging concept, like integers, 

through games is that it creates an atmosphere of play (e.g., Ginsburg, 2006; Ginsburg et 

al., 2008). When students are playing it is acceptable to make mistakes, to try again, and 
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there is generally an element of probability that can help students process the social 

emotions elements of losing. Games also allow students to consider mathematical 

intuition that can be discouraged in the process of formal schooling. Ginsburg and 

colleagues argued that all children start school with rich mathematical ideas, insight, and 

curiosities.  

Weaknesses. One of the potential downsides of games is that students may not 

recognize experiences from the game in formal mathematical learning (Siegler & 

Ramani, 2009). Anecdotally, this was my colleagues’ experience when implementing the 

F&A game as a separate integer activity. For instance, Wessman-Enzinger (2018) 

described three fifth grade students playing a card game where positive and negative 

values are drawn or discarded from students’ total points. During the game, students 

recognized that discarding a negative card led to an overall increase in total points. The 

three students also engaged in thoughtful discussions about the meaning and sign of zero 

and conceptions of directed magnitude such as whether –4 is greater or less than –8. 

Later, the students created “pretend” points by rearranging their positive cards but not 

their negative cards. Each of these examples are evidence that the students were able to 

engage with sophisticated integer concepts through the context of a game.  

At the same time, only one student’s conceptions aligned with the ordinality of 

negative integers (e.g., –4 is higher than –8). During their discussion, the students did not 

come to a consensus about directed magnitude or zero. Wessman-Enzinger argued that 

the depth of their conversation indicates that elementary students can and should be 

formally introduced to integers (rather than waiting until middle school mathematics). 
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The noteworthy implication in that argument is that although games have the potential to 

inspire meaningful discoveries about integers, students may need scaffolding to connect 

mathematical ideas from playful experiences to integer concepts.         

Assets and Debts (Financial) 

One study that led to a proposed theory of instruction integrated a metaphor of 

assets and debts. Students used a vertical number line to model adding and “owing” 

assets and debts (Stephan & Akyüz, 2012, 2018). In the study, students who received 

special education services demonstrated positive contributions to classroom discussions 

about integers. The assets and debts metaphor allowed students to make sense of directed 

magnitude by recognizing that there is a significant difference between whether a 

magnitude is owed or owned. The researchers argued that financial metaphors aligned 

with the Concrete-Representation-Abstract approach where learning activities with 

concrete entry points support students’ ability to develop abstract mathematical ideas.  

Strengths. The underlying principles of this approach can be used to explain why 

object models and games have been shown to help students with integer concepts. 

Stephan and Akyüz also argued that pairing the financial metaphor with a vertical 

number line “matches better with the concept of ‘going up’ and ‘going down’ in finance 

contexts [and] could serve as a helpful tool during reasoning with integer problems” (p. 

105). Students were able to use an open vertical number line to model large magnitudes 

of negative and positive values which enabled them to develop a conceptual 

understanding of integer addition and subtraction through directed magnitude.  
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Weaknesses. However, there are a few downsides to financial metaphors. First, 

only positive values can be modeled with concrete representations. Negative values 

indicate the absence of currency, which cannot be physically modeled. When Glancy and 

Pettis studied integer contexts, they observed students inventing the concept of “a 

negative penny” to represent money owed in a concrete representation (Pettis & Glancy, 

2014). Glancy and Pettis argued that students benefit from concrete representations of 

negative objects. The lack of negative objects seems to conflict with the underlying 

Concrete-Representation-Abstract approach in the assets and debts metaphor, which may 

have been offset by integrating a color-coded vertical number line (i.e., a black y-axis for 

positive values and red y-axis for negative values.)  

Another downside is that the dividing line between having and owing money is 

not a neutral zero. Starting with zero dollars is not associated with a neutral feeling and 

financial balances rarely return to zero as an exact amount. Stephan and Akyüz have also 

considered critical feedback that inherent conceptions about debt may potentially 

contribute to conceptions social wealth inequities.  

Review of Strengths and Weaknesses in Integer Models and Metaphors 

Integer models support student understanding by exploring mathematical ideas 

through representations. “Nevertheless, the use of models does not guarantee successful 

mathematical learning… mathematics does not exist in models themselves; rather, the 

model allows for the exploration of mathematics” (Murray, 2018, p. 231). As this review 

demonstrates, each of these models provide meaningful opportunities to understand 
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integers. They also all have problem structures where the model breaks down or is closer 

to a procedure than conceptual understanding.  

Object models (e.g., the chip model) have the ability to highlight integer 

subtraction as a distinct operation. “...students in our study overwhelmingly thought of 

subtraction as takeaway. However, taking away negatives only makes sense when there is 

something to be taken away…” (Pettis & Glancy, 2014, p. 14). Therein lies the 

predominant strength and weakness of object models. When there are enough objects to 

take away the subtrahend, object models align with students’ preferred approach as 

observed by Pettis and Glancy. However, some problem structures require adding zero 

pairs to the minuend or removing zero pairs from the collected sum. Doing so interrupts 

the operational meaning and changes the symbolic representation of the problem (even if 

the zero pairs are not transparently recorded). Critics have argued that because it is 

impossible for negative objects to exist in the real-world, chip models are manufactured 

for mathematical instruction (e.g., Sfard, 2007; Uttal et al., 1997, 2009; Vig et al., 2014). 

Some have even argued against a take away approach for understanding integer 

subtraction (e.g., Kilhamn, 2018).   

Location (e.g., number line models) and directed distance models support integer 

ordinal number sense and mental models by extending standard whole number 

representations and strategies. However, both models produce the same representation 

(respectively) for equivalent addition and subtraction structures (see Appendix G and 

Appendix H.) Although the respective strengths of these models develop understanding 

for integer operations in general, they do not provide opportunities to develop deep 
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conceptual understanding for integer subtraction as a distinct operation. Given the 

overwhelming evidence that students continue to struggle with integer subtraction, it 

follows that number line models which potentially conflate addition and subtraction may 

not best support students’ conceptual understanding.       

Metaphors and games provide real-world contexts for understanding integer 

concepts. Like integer models, however, predominant metaphors each have respective 

strengths and weaknesses. Students may learn that discarding negative cards or forfeiting 

losses positively influence overall points or wins. Those experiences create a valuable 

association. However, they do not necessarily uncover what it means to subtract a 

negative value or support nuanced problem types where subtracting a negative leads to an 

overall increase - but still have a negative solution (i.e., –3 – (–2) = –1). Elevators, hot air 

balloons, and assets and debts can all be meaningfully situated on a vertical number line; 

but what does zero mean in these contexts? Temperature is a real-world example of 

integers that relates to daily life and has the potential to evoke embodied cognition. 

Students in Minnesota are likely able to understand that –20° feels different than –1°. 

Does that entry point exist for students in climates that rarely experience negative 

temperatures? 

The combined strengths and weaknesses have led to the “subtle (or not so subtle)” 

(Bofferding & Wessman-Enzinger, 2018, p. viii) arguments about integer models and 

metaphors that ultimately led to my overarching research question. What characteristics 

of a comprehensive curriculum best supports students’ conceptual understanding of 

integers and integer operations?         
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Chapter 3: Theoretical Framework 

Authenticity requires the existence of the nonauthentic: to say who we are 

and what we are focusing on. The naming of difference, then, whether in 

activist communities or inclusive curricula, can serve less to describe who 

a group is, and more to prescribe who a group ought to be.  

-Kevin Kumashiro (2002, p. 57)  

To create an integer unit where all students have the opportunity to be successful, 

the theoretical framework was constructed by defining four elements of curriculum 

design embedded in my research question. First, I define curricular characteristics using 

van den Akker’s (2006) curricular spider web. Then, I situate conceptual understanding 

within the five braided strands of mathematical proficiency (National Research Council, 

2001). Next, I define conceptual understanding as the ability to make connections within 

and across representations using the Lesh Translation Model (Lesh et al., 1979), which 

will focus on representations of integer concepts in the findings chapter. Finally, I define 

accessibility and inclusive curriculum design using the Universal Design for Learning 

framework (CAST, 2024; Hitchcock et al., 2002). Each of these frameworks share 

constructivist underpinnings by building on theorists such as Bruner (1961, 1966, 1985), 

Piaget (1970), and Vygotsky (1978a, 1978b). Furthermore, all four share a common 

theme of interconnectivity within the elements of their respective frameworks.     

Curricul ar Characteristics: Curriculum Spider Web  

In this study, I follow Walker and Soltis’ (1997) definition of curriculum to mean 

the “purposes, content, activities, and organization of an educational program” (p. 1). The 
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characteristics of curriculum is defined by ten components in van den Akker’s (2013; 

2006) curricular spider web and the interconnectivity of these components (see Figure 

21) Those components are: (1) curriculum aims and objectives, (2) content, (3) learning 

activities, (4) educator role, (5) materials and resources, (6) accessibility, (7) location, (8) 

time, (9) assessment, and (10) rationale.  

Figure 21 

Curricular Spider Web 

 

Note. Open source (Plomp & Nieveen, 2013, p. 59)  

Van den Akker applies the image of a spider web to illustrate not only the 

interconnectivity but also the precarious balance between characteristics. Van den Akker 

and colleagues (2006) argued that “efforts to reform, (re)design, develop, or implement 

curricula must therefore devote attention to balance and linkages between these ten 
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components” (p. 68). They apply the metaphor that although there is room within a spider 

web for areas to stretch or bend, long-term imbalances and pressure will destroy the 

entire structure. As van den Akker’s components are interconnected, it is important to 

note that all three of these characteristics influence one another and that additional 

components that are not specifically named in the discussion are also inherently present. 

In the United States, mathematics education “curriculum” is often defined by a 

textbook that positions dictates instructional sequences, pacing, and computational 

materials (e.g., Clements, 2007; Remillard, 2005; Stein et al., 2007). Textbooks outline a 

“laundry list” of mathematical content that typically serves as a blueprint for covering the 

curriculum (e.g., Burns, 2014; Schmidt et al., 2002). This highly procedural, highly 

repetitive approach to mathematics curriculum is often cited as a key reason why 

mathematics education is failing in the United States (e.g., Goodlad, 2004; National 

Research Council, 2001; Schoenfeld, 2004). Data from the Trends in International 

Mathematics and Science Study (TIMSS) compared textbooks in the United States with 

other countries (Hiebert et al., 2003).  

For example, where a textbook in the United States would include 30 different 

mathematical concepts, a textbook from Japan would have ten. This has been equated to 

the “inch deep, mile wide” analogy (Schmidt et al., 2002). Curriculum in the United 

States covers content standards that are a mile wide at a depth that is only an inch deep. 

Countries like Japan, on the other hand, have curriculum that covers only an inch of 

content, but student understanding is a mile deep. The pressure to “cover” that laundry 
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list of content standards has led to large-scale trends in mathematics curriculum design 

that tend to emphasize skill production over deep understanding (Rezat et al., 2021).  

Five Strands of Mathematics Proficiency in Curriculum Design 

Historically, the rationale (at the center of van den Akken’s web) for curriculum 

design in mathematics education has been shaped by the reigning definition of what it 

means to be proficient in mathematics (e.g., Kilpatrick, 2009; Kliebard, 1970; National 

Research Council, 2001; Schoenfeld, 2004).  

The text, Adding it Up: Helping Children Learn Mathematics (2001) argued that 

proficiency does not have to be an either or between computation and understanding. 

Instead, the researchers posited that there are five strands of proficiency that must be 

interwoven like a braid within an instructional program, including curriculum design and 

instructional materials. The five strands include procedural fluency and conceptual 

understanding, as well as strategic competence, adaptive reasoning, and productive 

disposition. Strategic competence describes an ability to problem-solve using 

representation and tools flexibly. Adaptive reasoning considers inductive, deductive, and 

informal reasoning that can be used to create a mathematical argument. The last strand, 

productive disposition, highlights the role of mathematics self-efficacy. Students must be 

able to see themselves as being capable of doing mathematics, being able to make sense 

of mathematics, and believe that their continued effort will have a positive outcome.  

The five strands of mathematical proficiency is important for two main reasons. 

First, the authors stress that an essential underlying theory to their work is the belief that 

all students can be mathematically proficient. Second, there is a theme of 
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interconnectedness emerging as an approach to inclusive curriculum design which can be 

seen in both van den Akken’s spider-web and the five interwoven strands braided 

together.  

The central notion that strands of competence must be interwoven to be 

useful reflects the finding that having a deep understanding requires that 

learners connect pieces of knowledge, and that connection in turn is a key 

factor in whether they can use what they know productively in solving 

problems (National Research Council, 2001, p. 118) 

The idea that an interconnected, inclusive, balanced, approach to curriculum design can 

meet the needs of all learners, is a central theme for this study. 

Research-Based Curriculum Design 

Assessments and a repetitive, procedural approach to content are two examples of 

characteristics that indicate points of discontinuity between research and curriculum 

design in mathematics education. The lack of research to inform curricular decisions and 

the absence of a peer-reviewed curriculum design process prompted Clements’ (2007) to 

develop the Curriculum Research Framework. Clements’ framework outlines a ten-phase 

development process for new and revised curricula in order to “warrant the claim that a 

curriculum is based on research” (Clements, 2007, p. 40). The ten-phases are organized 

into three overarching categories: (I) A Priori Foundations, (II) Learning Model, and (III) 

Evaluation. The first three phases of curriculum development are in the A Priori 

Foundations category. These phases take a wide-lens approach to investigating research 

related to the curriculum topic including the content, theories and learning activities. The 
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next phase, structure according to specific learning models, is the only phase in the 

learning models category. The remaining six phases are all in the evaluation category. 

This is one of the most important concepts in the framework. Clements argues that in 

order for curriculum to meet the threshold of a research-based design, the design process 

must undergo extensive evaluation phases. These phases allow for the curriculum to be 

implemented, analyzed, and redesigned based on empirical evidence and peer-reviewed 

feedback.  

Clements’ second category, learning models, aligns with the van den Akker and 

colleagues (van den Akker et al., 2013) curriculum characteristic, learning activities. 

Learning activities are tasks and other experiences where students are engaging with the 

content. It can be framed by the question: how are the students learning? Examples 

include: solving tasks as a group, playing a game, and completing a worksheet. From a 

big-picture approach, learning activities reflect choices that are informed by the 

underlying theory.  

Researchers who study curriculum design have also investigated the impact of 

curriculum on student understanding. For example, Stein and colleagues (2007) 

conducted a comprehensive literature review on that topic and found that there are four 

temporal phases of curriculum use: (1) written, (2) intended, (3) enacted, and finally (4) 

student learning. At key points between and during these phases, research has 

demonstrated transformations that have impacted the curriculum for student learning. 

Those transformations have been largely explained by (a) organizational and policy 

contexts, (b) classroom structures and norms, and (c) factors related to teachers such as 
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their beliefs, knowledge, orientation towards curriculum, professional identity and 

community. It is important to note the relationship between teachers and the curriculum 

because research has found that how teachers enact curriculum has a significant impact 

on student understanding (e.g., Remillard, 2005; Taylor, 2013). 

Lesh Translation Model  

The Lesh Translation Model (Lesh Model) is a framework that positions 

representational fluency as an essential component of conceptual understanding for 

mathematical ideas (Cramer, 2003; Lesh et al., 1979). Building on Bruner’s (1961, 1966, 

1985) constructivist theory of three modes of representations, the Lesh model (1979) 

described five representations of expressing a mathematical idea: real-life contexts, 

pictures, verbal symbols, written symbols, and manipulatives (see Figure 22). Expanding 

on these five representations, Johnson (2018) posited that the abstract nature of 

mathematics requires representations in order to access mathematical ideas. 

Representations create entry points for students to develop mathematical understanding 

by “constructing, describing, explaining, manipulating, or predicting…as external 

embodiments of internal conceptual systems” (Cramer, 2003, p. 23).  

Figure 22 

The Lesh Translation Model 
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Note. From Using a translation model for curriculum development and classroom 

instruction: Models and modeling perspectives on mathematics (p. 449) by Cramer. 

Copyright 2003. Lawrence Erlbaum Associates. 

 

Curriculum projects that follow the Lesh Translation Model as a design principle 

(e.g., Cramer et al., 2002; Johnson, 2018; Pettis & Glancy, 2024, 2014) intentionally 

integrate multiple representations and activities aimed at translating mathematical ideas 

between representations to help students develop conceptual understanding. The ability to 

express a mathematical idea in multiple ways indicates a dynamic reinterpretation of the 

idea across and between modes of representations (Cramer, 2003). This description of the 

theoretical underpinnings of the Lesh Model and the associated definitions of 

representations and translation are a design principle in this study. As such, 

representation(s) refers to multiple modes of expressing a mathematical concept and 

translation(s) refers to reinterpretations of a concept within and across representations.  

Representations are highlighted in the National Council of Teachers of 

Mathematics teaching practice standards and the mathematics process standards for 
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student learning (National Council of Teachers of Mathematics, 2000, 2014). For 

instance, the third teaching practice standard, “use and connect mathematical 

representations” and the fourth mathematical practice standard for student learning, 

“model with mathematics," position the essential role representation has in student 

understanding. Cramer (2003) argued that middle school mathematics standards require 

three big representations: (1) tables, (2) graphs, and (3) algebraic equations, which are 

superimposed across the five modes named in the Lesh Model. Others have expanded the 

model to include distinct representations, such as technological animations (e.g., Johnson, 

2018).  

A primary goal of this study is to explore the ways in which multiple 

representations align with or inform key characteristics that support students' 

understanding of integer concepts (see Table 2). 

Table 2 

Modes of Representations in F&A Metaphor 

Term Description Example 

Manipulative 

representation 

Color-coded circular counters (e.g., chips) used to 

represent concrete objects and cardinality. In this 

study, yellow counters represent a float or (+1).  

Red counters represent an anchor or (–1). Sets of 

manipulatives were associated with ships printed 

on transparency paper.    
 

Number Line 

representation 

A vertical number line where positive integers 

extend upwards from zero and describe positive 

locations ordinally as “xò feet above sea level. 

Negative integers extend downward from zero 

and describe negative locations ordinally as x feet 

below sea level. Sea level acts as a natural zero 

that is neither positive nor negative.       

https://www.zotero.org/google-docs/?broken=iZ27YX
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Physical 

representation 

Real-world physical objects used to represent 

floats and anchors. Life jackets, yellow pool 

“floaties” and yellow yoga blocks were used to 

represent floats. Anchors were represented with 

red, one-pound hand weights.  
 

 

Pictorial 

representation 

Figures, drawings, and stickers used to illustrate 

concepts in the F&A metaphor. For example, 

yellow and red circles indicated floats and 

anchors, while ships indicated a set of floats and 

anchors.    

Symbolic 

representation 

Standard mathematical notation for written 

symbols and numerals used individually or in 

expressions, equations, and inequalities.   

(+1) (–1) 

Word 

representation 

Formal and informal language used to describe 

integer concepts and behaviors.  

“Float” 

“Above 

sea level” 

“Anchor” 

“Below 

sea level” 

 

Universal Design for Learning 

Inclusive and accessible curricula that have been designed for all learners without 

the need to add on accommodations or modifications have the potential to improve 

academic achievement for all learners (Valle & Connor, 2011). This aligns with Biklen 

and Burke’s (2006) idea of presumed competence. When educators start with the 

assumption that students are capable of academic success, they create opportunities for 

students to demonstrate understanding. This framing puts the responsibility of equitable 

equational opportunities on teachers and curricular designers.  

Yet, there is still the question of what a high-quality inclusive curriculum looks 

like. How do teachers differentiate instruction to accommodate a range of academic 

ability? The Universal Design for Learning framework argues that inclusive curricula 

integrates supports for all learners rather than forcing students to fit the existing 

curriculum or retrofitting accommodations based on individual needs (Hitchcock et al., 
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2002; Lambert et al., 2021; Meyer et al., 2014). More importantly, when Universal 

Design Principles are applied to curricula design, all students benefit. 

Universal Design for Learning is a curriculum reform framework that considers 

the question: What does it mean for all students to have access to the curriculum? It was 

originally modified from the concept of universal design in architecture as an approach to 

meet the diverse needs of all people in the initial design. Just as closed captioning is a 

useful tool that is not limited to viewers with hearing related dis/Abilities, integrating 

supports for learning needs can lead to overall improved conditions for learning. It is a 

curriculum framework with ties to multiple fields including cognitive neuroscience, 

developmental psychology, and dis/Abilities Studies in Education (Ferri & Connor, 

2005).  

Starting from the perspective of varying student needs, curriculum designers 

using Universal Design for Learning creates lesson-, unit-, and year-long plans by 

diversifying three learning guidelines using multiple means of engagement, 

representation, and action and expression (e.g., CAST, 2024; Hitchcock et al., 2002; 

Jackson & Harper, 2005). Universal Design for Learning starts with designing curriculum 

to meet the needs of all learners. Doing so requires examining the needs of students who 

are traditionally marginalized such as multilingual learners and students who receive 

special education services. 

In this study, I follow the three Universal Design for Learning design principles 

outlined in the CAST matrix 3.0 to inform curricular design decisions and instructional 

strategies from an equity perspective (see Appendix I) (CAST, 2024). The three 
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principles are multiple means for (1) engagement, (2) representation, and (3) action and 

expression. Engagement considers affect in the learning process to support students’ 

interests and identities, effort and persistence, and socioemotional capacity. 

Representation in the context of Universal Design for Learning differs from modes of 

representations in the Lesh Model as all three design principles emphasize the role of 

multiple means in understanding. As such, this framing focuses on the ways learning and 

information are perceived, communicated, and developed. The third principle, action and 

expression, focuses on students’ interactions with materials and tools and learning goals. 

These principles are intended as a holistic approach that values the diverse needs of all 

students and the multifaceted components that impact learning. This means that I applied 

all three principles and their supporting guidelines collectively when considering design 

decisions from a curriculum equity perspective.    

Interconnectivity in Theoretical Framing  

Interconnectivity is an essential theme across all four components of the 

theoretical framework. Curricular characteristics, strands of mathematical proficiency, 

modes of representations, and multiple means for a Universal Design for Learning are all 

framed as interdependent elements that enable students to develop understanding by 

making connections. Together, this approach presumes that all students can develop a 

conceptual understanding of integers. It is the role of the researcher to identify, 

investigate, and resolve the sticking points that are preventing students from developing 

that understanding. them from doing so.  
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Chapter 4: Methods 

ñDesign research is an approach that aims to build theory and practiceé 

Specifically, we are concerned with the efforts within the field to link 

learning theory, pedagogy, and designò 

-Jacob McWilliams & William R. Panuel (2017, pp. 98ï100) 

As the opening quotation suggests, curricula is a concrete representation at the 

intersection of theory and practice. Examined from a critical praxis perspective (Freire, 

1970), that intersection is, in reality, a complex web of sociocultural factors, political 

systems, and theoretical ideologies. It follows that design research, as a practical 

enactment of theoretical applications, has the potential to influence widespread 

educational and social change. That potential can be seen in current political movements 

to restrict and control curricula.      

Design-Based Research 

This study examines the process and impact of designing a middle school 

mathematics unit on integers that integrates the F&A metaphor. It follows the iterative 

process to design a curricular product using Design-Based Research methodology, 

sometimes referred to as Educational Design Research (e.g., McKenney & Reeves, 2012; 

van den Akker et al., 2006, 2013). To answer the research question: What characteristics 

of a comprehensive unit on integers and integer operations best support student 

understanding? The goal was to integrate strengths from multiple mathematics 

representations embedded in the F&A metaphor with Universal Design for Learning 
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principles to design curricular materials for heterogeneous settings that support students’ 

conceptual understanding.  

...the educational design research process advances both theory and practice 

simultaneously, even synergistically. It is important to note that theoretical 

understanding in design research: (a) underpins the design of an 

intervention; (b) frames the scientific inquiry; and (c) is advanced by 

findings generated through empirical testing of the intervention (McKenney 

& Reeves, 2012, p. 18).  

Combining the theoretical underpinnings of the Lesh model and Universal Design for 

Learning to inform design decisions with Design-Based Research methodology creates 

research-based curricula.  

A key component of Design-Based Research is that both the problem and solution 

are grounded in the realities of practice (McKenney & Reeves, 2012; van den Akker et 

al., 2006). Design-Based Research methodology “design(s) and develop(s) an 

intervention as a solution to complex education problem…to advance our knowledge 

about the characteristics of these interventions and the process to design and develop 

them…” (Plomp & Nieveen, 2013, p. 15) The final outcome can be a curricular product, 

professional development, or theory that seeks to find a balance between theoretical 

ideals and the realities of practice (Plomp & Nieveen, 2013). To achieve this, Design-

Based Research involves iterations of design cycles that include analysis, design, 

evaluation, and revision (see Figure 23).  
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Figure 23 

Iterations of Systemic Design Cycles 

 

Note. Open source (Plomp & Nieveen, 2013, p. 17)  

The culminating goal is to employ iterations of a design cycle to develop an 

outcome that can be implemented systemically. To do that, Design-Based Research 

studies employ multiple design cycles (i.e., design, evaluate, revise, analyze). The design 

cycles then repeat with progressively larger participant groups until systematic 

implementation. Design cycles generally start with small groups of students, then in a 

small-scale study such as a few full classes of students, followed by a large-scale study 

with multiple classes and/or schools, and finally systemic integration. The scale of this 

dissertation was limited to small group participants with the goal that future studies 

would continue the design process through large-scale implementation.  

Study Design 

This study was designed with three iterative design cycles following Design-

Based Research methodology to produce a comprehensive integer curriculum (i.e., F&A 

Unit). The methodological decision to apply Design-Based Research was informed by 
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two primary goals of the study and reflects the influence of pre-study experiences with 

the F&A game and metaphor. The first goal was to design and practically evaluate 

integer curricular materials that integrate representations from the F&A metaphor with 

feedback from students, teachers, and experts. The second goal was to analyze initial and 

formal findings that emerged using mathematics education and curriculum theory (i.e., 

dis/Ability studies) to understand why those characteristics support conceptual 

understanding from an equity-driven perspective.  

Design Cycles and Stages 

To achieve these goals, each design cycle included four stages: (1) initial analysis, 

(2) expert feedback, (3) classroom implementation, and (4) teacher interview(s). Figure 

24 provides an overview of the design cycles and stages at the beginning of data 

collection. Design Cycle 1 starts at the center of the spiral pathway and progresses 

outward, culminating in a final curriculum design (i.e., F&A Unit). The overall study 

design prioritizes feedback from a different stakeholder perspective at each stage: the 

researcher (initial analysis), experts (expert feedback), students (classroom 

implementation), and teachers (teacher interview). An on-going analysis occurred 

throughout all three design cycles and were recorded in reflexive and analytic researcher 

memos. The analysis is reflected in major and minor curricular re-design decisions 

between lessons (i.e., lesson-to-lesson), stages (i.e., stage-to-stage), or design cycles (i.e., 

cycle-to-cycle).  

Figure 24 

Study Design (Cycles and Stages) 
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Note: The spiral graph starts in the middle with “Initial Analysis 1”, proceeds clockwise 

through Design Cycles 1, 2, and 3, and ends with the final design of the F&A Unit.   

Initial Analysis Stage 

Each design cycle started with the initial analysis stage to guide curricular design 

decisions by identifying sticking points and flowing points. The general term, points, 

refers to learning tasks, curricular material designs, and/or instructional strategies that 

correspond with evidence of students’ confusion (i.e., sticking) or understanding (i.e., 

flowing). Sticking points reflect any instance where there is a potential barrier in student 

understanding. Flowing points are points that supported students’ conceptual 

understanding or positively contributed to students’ learning experience. The primary 
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outcome of the initial analysis stage was to produce a summary of sticking and flowing 

points to guide design decisions and identify two critical sticking points for that cycle. 

Critical sticking points are prioritized points of discontinuity where initial evidence 

suggests students’ ability to construct meaning is impacted by the curriculum.  

There are two important factors that enabled design cycles to start, rather than 

end, with an initial analysis stage. First, the original design for Glancy and Pettis’ F&A 

game and metaphor was the product of a Design-Based Research study (Pettis & Glancy, 

2014). Dr. Glancy designed and investigated four different contexts for an integer gamer. 

Of those, the F&A game and metaphor were the most successful in supporting integer 

subtraction (personal communication, July 25, 2023). Glancy and Pettis continued an 

iterative design process to improve the F&A game and metaphor while investigating 

students’ understanding of integer subtraction in a decade of subsequent research. There 

were elements of key characteristics found in this study that were present or originated in 

materials available at the beginning of Design Cycle 1.  

The second factor is that, collectively, the expert participants and I had years of 

experience integrating the metaphor in integer lessons with students and teachers. The 

goal of this study was to build on sticking and flowing points in existing materials and 

our (experts and my) previous experience to empirically design a comprehensive integer 

curriculum. The remaining three stages in each cycle included audio and video recordings 

to document feedback from expert, student, and teacher participants, respectively.    
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Expert Feedback Stage 

A core process of Design-Based Research iterative cycles are stages for analytical 

and creative perspectives from “a network of critical friends” (McKenney & Reeves, 

2012, pp. 91–92). The expert feedback stage informed re-design decisions by providing 

opportunities to ask for ideas and critical feedback. The expert feedback stage facilitated: 

(1) critical discussions of curricular materials, (2) collaborative brainstorming and 

problem solving for future design decisions, and (3) an analysis of student understanding 

using artifacts of student work samples. At the beginning of the study, this stage was 

designed as a two-hour zoom meeting with four experts (three mathematics and one 

special education). The expert feedback stage in Design Cycle 1 was intended to evaluate 

the initial F&A Unit (Design Cycle 0), with subsequent expert stages dedicating the first 

hour to analyzing student work samples and the second hour to elicit feedback on re-

designed curricular materials. As Design-Based Research methodology employs on-

going initial analysis to inform and adjust iterative design cycles, details about the tasks, 

timing, and participants for each expert feedback stage will be discussed with data 

collection. Feedback from the experts was used to re-design curricular materials in the 

F&A Unit, which consisted of 12-16 integer lessons. The expert feedback meetings were 

audio and video recorded for transcription. 

Classroom Implementation Stage 

In the classroom implementation stage, I co-taught all lessons in the 

corresponding F&A Unit for that design cycle with a teacher participant(s) in a middle 

school classroom setting. At the beginning of the study, this stage was intended to have 
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one small group of students (less than 10 students) with each design cycle implemented 

in a different middle school setting. The principal or an administrator at each school 

identified a class in their existing schedule that supported students in either a 

mathematics resource or special education class. The teacher(s) assigned to that class 

setting were the teacher participants in this study. The lessons were recorded with student 

and guardian consent and student assignments throughout the unit were collected. Student 

assignments served as evidence of understanding and were analyzed for sticking and 

flowing points to inform findings and the final curricular design. The two goals of this 

stage were to evaluate a practical implementation of the corresponding curricular design 

(i.e., F&A Unit) and analyze student feedback using lesson videos and understanding 

demonstrated in assignment artifacts.  

Teacher Interview Stage 

Finally, the teacher interview stage provided feedback from participating teachers 

who engaged with the F&A Unit implemented in the corresponding design cycle. The 

goal of this stage was to solicit feedback from the teacher(s) to guide the next design 

cycle. The interview questions solicited teacher feedback from the four overarching 

themes that directed the next round of re-design decisions. Those areas were: (1) what 

worked (flowing points), (2) what did not work (sticking points), (3) what should be 

changed for the next cycle (critical sticking points and re-design decisions), and (4) an 

overall evaluation of the impact the F&A Unit had on students’ conceptual understanding 

of integers. At the end of the classroom implementation stage, a brief (10-15 minute), 
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semi-structured interview was conducted in-person and audio and video recorded for 

transcription.  

Participants, Settings, and Methods 

The participants, settings, and methods were dependent on the design cycle and 

stage. They will be discussed with greater detail in a stage-by-stage description of data 

collection. The goal of this section is to provide a general overview.  

This study included 59 participants: five experts, five teachers, and 49 middle 

school students in grades six (n = 4), seven (n = 28), and eight (n = 17). During all three 

design cycles, a subset of participants engaged in every stage, except the initial analysis. 

The study started with four experts, who generally participated in all three design cycles. 

However, the experts met in separate groups (i.e., mathematics education, special 

education) after Design Cycle 1 to increase opportunities for expert feedback and a fifth 

expert was added in Design Cycle 3.  

The classroom implementation stage occurred in a different middle school setting 

each design cycle. All three schools were geographically located within the same 

Midwest metropolitan area with two schools in the same school district (Design Cycles 2 

and 3). The student and teacher participants at each school engaged with the entire F&A 

Unit designed at the time of implementation. Design Cycle 1 had one group of students 

and one teacher. Design Cycles 2 and 3 each had two groups of students and two 

teachers. At the end of each classroom implementation stage, the participating teacher(s) 

were interviewed at their respective school. Throughout data collection, an on-going 

analysis of sticking and flowing points informed re-design decisions which occurred at 
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the three transitions: (1) lesson-to-lesson, (2) stage-to-stage, and (3) cycle-to-cycle. A 

thorough analysis of the data was conducted after Design Cycle 3.     

Researcher Positionality 

My participation and role(s) were determined by the context of (and within) a 

specific stage. In the initial analysis stage, I prioritized my role as a researcher to identify 

patterns of sticking and flowing points. In the expert feedback stage, I balanced my role 

as a researcher with my experiences as a classroom teacher. I assumed a researcher role 

to facilitate a critical discussion, while drawing on my teaching perspective in 

collaborative discussions (e.g., brainstorming, co-designing, reviewing student work.) 

During the classroom implementation stage, I took a lead co-teaching role to prepare and 

execute F&A lessons. In this stage, my teaching observations influenced lesson-to-lesson 

re-design decisions9. In the teacher interview stage, I balanced a researcher and co-

teaching role. The primary aim was to collect teacher feedback to reduce researcher bias 

in the subsequent initial analysis phase. I drew on my co-teaching experience to foster a 

peer-to-peer conversation that created space for teachers to answer with an “insider”. 

My experiences implementing the F&A game and metaphor as a classroom 

teacher influenced my approach for integrating models in integer lessons. Those 

experiences also helped me see things that students often struggle with (after 10 years of 

teaching integers). My philosophy of teaching, which aligns with the theoretical framing, 

impacted the decision to design a rigorous unit for heterogeneous student groups that 

 
9 These were later coded as sticking and flowing points from a researcher perspective 

during initial and post-data collection analyses by tracking curricular changes.   



85 

focused on inclusivity from a special education approach. My own identity as a special 

education learner impacted the belief that all students could be successful, the issue may 

be that some students need more time. My experience as a co-teacher and mentor teacher 

is evident in the collaborative approach. I saw this project as a joint collaboration (and 

often find myself saying “we” and “our” instead of “me” or “I”.)  

Data Collection and On-Going Analysis  

The nature of Design-Based Research methodology as an iterative revision 

process encourages contextualized data analysis. “Design-based research is not so much 

an approach as it is a series of approaches, with the intent of producing new theories, 

artifacts, and practices that account for and potentially impact learning and teaching in a 

naturalistic setting” (Barab & Squire, 2004, p. 2). The impact of a methodology that is a 

series of approaches is that an on-going, contextualized analysis process occurs 

throughout data collection to determine re-design decisions. This section will discuss the 

participants, setting, data collection, and on-going analysis at each stage, across all three 

design cycles. I will discuss each stage during data collection (see Figure 25), which 

differed at times from the original study design (see Figure 24). Note: The spiral graph 

starts in the middle with “Initial Analysis (1.A)”, proceeds clockwise through Design 

Cycles 1, 2, and 3, and ends with the final F&A Unit design.   

Table 3 provides an overview of data collected from each source during the three 

design cycles. 

Figure 25 

Data Collection & On-Going Analysis (Cycles and Stages) 
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Note: The spiral graph starts in the middle with “Initial Analysis (1.A)”, proceeds 

clockwise through Design Cycles 1, 2, and 3, and ends with the final F&A Unit design.   

Table 3 

Data Sources and Data Collection Amounts 

Stage Data Source 
Design 

Cycle 1 

Design 

Cycle 2 

Design 

Cycle 3 
Post Total 
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Initial Analysis curricular changes 1 1 1 1 4 

Initial Analysis analytic memos - 1 1 18 20 

Expert Feedback transcripts, videos 1 2 3 1 7 

Classroom Imp. lesson videos 12* 12* 32 - 56 

Classroom Imp. student work 23 17 35 - 75 

Teacher Interview transcripts, videos 1 2 2 - 5 

All reflexive memos 23 15 6 1 45 

Note: Student work refers to the number of assignments collected. “-” means n/a. Lesson 

1 was not recorded. 2.C.2 was not collected. 

 

Design Cycle 1 

Design Cycle 1 occurred between August and October, 2023, over a 12-week 

period. This design cycle followed the original data collection plan (recall Figure 24). 

The initial analysis (1.A) and expert feedback (1.E) were conducted in August. The 

classroom implementation stage (1.C) started in the second week of the 2023-2024 

academic school year and ended in mid-October. The F&A Unit included 13 lessons in a 

multi-grade mathematics intervention class with one special education teacher, Coach 

Fox. The teacher interview stage was conducted at the end of October.     

Initial Analysis Stage 

In Design Cycle 1, I revisited pre-study sources that shaped the research question 

and goals of this study (see appendix Previous Experience). The goal of the initial 

analysis stage (1.A) was to build on apparent strengths and weaknesses to design the 

initial F&A Unit (Design Cycle 0). To do this, I started by reviewing documented pre-

study sources such as lesson materials, artifacts of student work, and conversations with 
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educators10. Pre-study sources were coded for sticking and flowing points by identifying 

patterns and significant examples that may have impacted students’ conceptual 

understanding.    

Sticking Points. I used a low-threshold, wide-net approach to code sticking 

points, primarily focusing on evidence of student errors, challenging tasks or concepts, 

and common misconceptions. For example, between 2014 and 2023 my curricular 

materials demonstrate a range of instructional strategies (e.g., exit tickets, fish bowl 

activity, assigned student roles) aimed at discovering zero pairs. This suggested that 

understanding zero pairs was a sticking point because there was a pattern of re-design 

decisions with no indication that any of the strategies best supported students. The 

sticking point code was liberally applied because further investigation at those points 

could, potentially, improve the overall curricular design.  

Flowing Points. Conversely, any indication of a strategy that supported student 

understanding, such as an activity, lesson, or instructional progression was coded as a 

flowing point. For instance, all of my integer lessons since 2016 include a four-column 

graphic organizer (i.e., ship log) for students to symbolically record their turns while 

playing the F&A game. This revealed a longitudinal pattern in curricular materials, which 

suggested that the ship log might be a strategy that best supports student understanding. 

At this stage, the flowing point code was used to identify potential flowing points that 

were integrated or inspired ideas for the initial F&A Unit (Design Cycle 0). The impact 

 
10That occurred in the weeks preceding data collection or recorded conversations 

collected for my masters thesis.   
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of flowing points were evaluated during the on-going analysis in Design Cycle 1 (and 

future cycles).  

Post-data collection analysis identified 12 flowing points that best supported 

students’ development of conceptual understanding. Eight of those flowing points were 

present, to some extent, in this stage. The F&A game and the vertical number line were 

identified as “likely” flowing points. Color-coding, classifying types, the ship log, cargo 

cards, and up/down (movement) were “developing” as potential flowing points. Finally, 

the “origin” of identifying real-world (representations) can be traced to the first lesson in 

F&A Unit (0.L.1). Evidence that supported how these flowing points were identified at 

the varying levels of confidence (e.g., likely, developing, origins) apparent in this stage 

will be discussed in the findings chapter.     

Critical Sticking Points. After pre-study sources had been coded, the list of 

sticking points were reviewed in a second round of analysis to identify two critical 

sticking points that serve as sub research questions for the design cycle. I examined 

evidence related to each sticking point and determined a priority level based on potential 

impact. The two sticking points with the strongest indications of potential impact were 

then verified using existing integer literature. For instance, the second analysis suggested 

that “discovering zero pairs” was a high-priority, critical sticking point. I reviewed 

Exploring the Integer Addition and Subtraction Landscape: Perspectives of Integer 

Thinking (Bofferding & Wessman-Enzinger, 2018) for references to zero pairs. The study 

in chapter ten (Murray, 2018) investigated the chip model and found tension around 

understanding optimal renaming, or adding zero pairs to a minuend set in order to model 
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subtraction. This led to identifying zero pairs or adding to remove as a critical sticking 

point for Design Cycle 1.  

A similar process identified the ability to transfer integer understanding in 

different contexts (e.g., temperature, elevation, horizontal number lines) and future 

mathematics experiences as the second critical sticking point. The two critical sticking 

points became the following sub-research questions for Design Cycle 1.  

● What characteristics of integer curricular design best supports students’ 

understanding of adding zero pairs in order to model subtracting a given 

subtrahend with objects?  

● What characteristics of integer curricular design best supports students’ 

ability to transfer integer understanding to different contexts and 

educational settings?  

The first sub-research question determined the learning objective for lesson two 

(0.L.2). The second sub-research question was used to guide the expert feedback 

discussion. When a sub-research question was not sufficiently answered in the 

corresponding design cycle, investigation continued in addition to the two critical 

sticking points identified for the new cycle.  

Expert Feedback Stage 

The expert feedback stage (1.E) in Design Cycle 1 had four expert participants 

who met for two hours on zoom two weeks before the first classroom implementation 

(1.C) stage. The F&A expert, Dr. Glancy, was one of the original F&A game designers 

and had extensive experience leading professional development and continued research 
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on the F&A merged model (e.g., Pettis & Glancy, 2024). The Curriculum Expert 

specialized in mathematics coaching and curricula analysis for oppressive bias and 

conceptual understanding. The Classroom Expert was a master middle-school teacher 

who had previously designed her own version of integer lessons that integrated the F&A 

metaphor (which had been observed by the Curriculum Expert). The Special Education 

Expert specialized in curricular strategies and accommodations for special education 

students. This expert was my former co-teacher (2014-2017) and had experience 

designing and teaching seventh grade integer lessons that integrated the F&A merged 

model.  

Goals. At this point in the design process, the first five lessons of the F&A Unit 

(Design Cycle 0) were fully developed and I had an overview of the scope-and-sequence 

for the remaining five to seven lessons. I wrote a reflexive memo that recorded the goals, 

critical sticking points, and agenda (or tasks) before the meeting. The first goal of this 

meeting was to solicit critical feedback by evaluating the curricular materials (i.e., lesson 

plans and lesson slides) in the first five lessons. The second goal was to collaboratively 

brainstorm ideas for the remaining lessons in the unit. I used the two sub-research 

questions for this cycle to facilitate critical feedback and design ideas discussions that 

prioritized zero pairs and learning transfer. The transcript and audio/video recording of 

the meeting was collected as data and analyzed after Design Cycle 3. 

Takeaways. A reflexive memo after the meeting documented my initial 

impressions of the three main takeaways from the expert discussion as part of the on-

going data analysis process. The first was a consensus from the experts to prioritize and 
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emphasize “multiple representations” in lesson designs, especially matching integer 

locations with cargo (i.e., integer objects). The second, related takeaway, suggested that 

the lessons after five should be designed with activities that make connections between 

symbols and language in both directions. In other words, reading integer equations 

symbols with F&A merged model language, and writing equations from contexts in the 

F&A merged model. The third takeaway advised consistently going back to the vertical 

number line to support students’ conceptual understanding. At the time, I was concerned 

that only using a vertical number line could create a future sticking point if students are 

asked to demonstrate integer understanding using a horizontal number line (a common 

integer task on the New York state assessment). The expert advice was to focus on the 

power of the vertical number line, which was already identified as a “likely” flowing 

point. The flowing points observed in expert feedback data at this stage, revealed in post-

data analysis, were the vertical number line, cargo cards, color-coding, the ship log, real-

world, and up/down.  

The main takeaways from the expert feedback stage and associated flowing points 

influenced re-design decisions that marked the change point between the F&A Unit 

(Design Cycle 0, pre-expert feedback) and first full iteration of the F&A Unit used in the 

first classroom implementation (1.C) stage. In the first five lessons, this involved minor 

re-designs and adding an activity with life jackets and weights (i.e., real-world). The next 

two lessons (1.L.6-1.L.7) were designed following the experts’ advice to read and write 

integers connecting symbols with representations in F&A. The remaining lessons would 



93 

be designed after lesson seven, based on the needs of the students. The intent was to have 

at least two lessons on multiplication and division and a summative assessment.  

In addition to the takeaways that influenced curricular re-design decisions, this 

stage also inspired a methods-based change. The experts were an invaluable resource 

whose feedback and discussions significantly improved the overall unit. I decided that 

subsequent design cycles needed more than two hours of expert feedback data. After 

Design Cycle 1, there was a two-hour meeting with the mathematics experts (i.e., 

Curriculum Expert, Classroom Expert, and Dr. Glancy), and a separate two-hour meeting 

with the Special Education Expert.   

Classroom Implementation Stage 

The classroom implementation stage (1.C) was practically evaluated in a multi-

grade mathematics intervention class (n = 14) at a private, religious, secondary school 

(grades 7-12). The class had sixth (n = 4), seventh (n = 8), and eighth (n = 2) grade 

students. All of the students were identified by the school or their family as needing 

additional support in mathematics. The class met for 70 minutes every other day during 

last period (i.e., before dismissal). The teacher, Coach Fox, was a first-year special 

education teacher and football coach who recently changed careers. This was his only 

section of mathematics and his only section with middle school students. As a result, the 

class met in a social studies classroom that had a television screen (without dynamic 

technology) and white boards that were generally covered with writing.   

This iteration of the F&A Unit had 13 lessons that started during the second week 

of the academic year. A total of 12 lesson videos were audio and video recorded for data 
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collection, the first lesson was not recorded due to consent forms. The lessons were 

typically 50 minutes long to accommodate 20 minutes for students to work on homework 

assignments. The F&A Unit was the first time the sixth and seventh grade students 

formally engaged with integer lessons. Many of the seventh-grade students started 

integers in their primary mathematics class around the end of the classroom 

implementation stage. The seventh-grade students only participated in the first 10 lessons 

because of an overnight field trip that coincided with the end of the F&A Unit. The sixth 

and eighth grade students participated in all 13 lessons. Table 4 shows an overview of the 

F&A Unit lessons implemented in Design Cycle 1 with the assignments collected and 

analyzed for evidence of student understanding.  

Table 4 

Design Cycle 1 Lesson Overview 

Lesson Primary Objective Highlighted Activity Collected 

Assignments 

1.L.1 Move the ship up and down to 

integer locations by adding 

and removing floats and 

anchors.  

Matching (cargo, location) 

Notice & Wonder 

F&A Game 

 

1 

1.L.2 Discovering zero pairs to 

model subtraction with 

integer objects.  

Class VNL 

Life jackets and weights 

Behind the box 

Problem solve zero pairs 

1 

 

1.L.3 Understanding integers with 

cargo card stations.  

Closest to the treasure 

Furthest from sea level 

Boat Race 

Matching (representations) 

3 
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1.L.4 Formalizing comparing and 

ordering integers.  

Who won? (treasure) 

Behind box (mystery card) 

Boat Race 

Inequality symbols 

Absolute value 

3 

 

1.L.5 Exploring integer concepts 

with the F&A merged model.  

F&A Game w/ship log 

F&A Desmos (move the ship,  

behind the box, above/below) 

2 

1.L.6 Operational equivalence - Part 

1. Adding floats is the same 

as removing anchors.  

Cartoons 

Move the ship up 

Equation spotlight [16 - (-8)] 

Always, sometimes, never? 

2 

1.L.7 Operational equivalence - Part 

2. Adding anchors is the same 

as removing floats.    

Equation, 8 - (-2) 

Cartoons 

Same as (+F, -A) (+A, -F) 

2 

1.L.8 Reading and classifying 

addition and subtraction 

equations.  

Sorting equations 

Online F&A game (blooket) 

1 

 

1.L.9 Reading and writing integers 

with F&A kahoot.  

Sorting (up/down) 

Same as? Solve subtraction 

Online F&A game (kahoot) 

2 

1.L.10 Writing addition and 

subtraction equations from 

F&A. 

Make Your Own 

Sorting (above/below) 

Notice & Wonder 

2 

 

1.L.11 Adding and subtracting 

integers.  

 

Practice (solving) 

Sorting (same/different signs) 

Modeling with F&A 

Summative assessment (7th) 

2 

1.L.12 Solving integer addition and 

subtracting the without F&A. 

Online add/sub game (kahoot) 1 

1.L.13 Summative assessment Summative assessment (6th, 8th) 1 

Note: The assignment on day one was analyzed for overall patterns and returned (consent 

forms), 7th graders did the summative assessment during lesson 10.  

Lesson-to-lesson re-design decisions were made during the classroom 

implementation stage based on the on-going analysis of sticking and flowing points. For 
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example, in lesson 6, sticking points were observed during the cartoon activity intended 

to support making connections between symbols and F&A. The cartoon was re-designed 

with new variations for lesson 7.   

Teacher Interview Stage 

The teacher interview (1.T) stage occurred two weeks after classroom 

implementation (1.C) and two weeks before Design Cycle 2 classroom implementation 

(2.C) started. Scheduling challenges required Coach Fox to be interviewed after the initial 

analysis stage (2.A) and the mathematics expert feedback meeting (2.E.1) of Design 

Cycle 2 had started. However, Coach Fox provided verbal feedback after every lesson 

which were documented in reflexive researcher memos. The initial analysis stage (2.A) 

that occurred before Coach Fox’s interview was informed by his daily feedback.   

Coach Fox was interviewed in-person in the school library. He was asked about 

the four main areas for feedback: (1) what worked (flowing points), (2) what did not 

work (sticking points), (3) what should be changed for the next cycle (critical sticking 

points and re-design decisions), and (4) an overall evaluation of the impact the F&A Unit 

had on students’ conceptual understanding of integers. I asked three additional follow-up 

questions about his observations from integer review lessons that he taught after the F&A 

Unit. These lessons were designed to support the seventh-grade students while they 

learned integers in their primary mathematics class.  

The interview was audio and video recorded, transcribed, and analyzed after 

Design Cycle 3. After the interview, I wrote a reflexive memo about my initial 

impression of Coach Fox’s interview with two main takeaways. The first was that Coach 
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Fox reported a noticeable improvement in students’ understanding of integers between 

the beginning and the end of the F&A Unit. The second was that Coach Fox identified 

technology (e.g., kahoot) as a strategy that stood out as particularly helpful. This 

feedback prompted my third follow up question in the previous paragraph.  

Design Cycle 1: Data Collection and On-Going Analysis Summary 

The data collected in Design Cycle 1 was as follows: (a) two-hour expert 

feedback video and transcript, (b) 12 lesson videos, (c) 23 student assignments, (d) 18 

reflexive memos, (e) tracked curricular changes for all 13 lessons, and (f) a 12-minute 

teacher interview video and transcript. Flowing points were formally identified in the 

post-data collection analysis. An important data source for documenting the on-going 

analysis of sticking and flowing points was the tracked “curricular changes” that 

documented re-design notes for every slide and handout used during the classroom 

implementation stage. This data enabled me to trace the progression of flowing points 

over the study during the post-data collection analysis.  

Table 5 provides an overview of flowing points present during Design Cycle 1 

with six classifications of design status: (a) origins, (b) developing, (c) sticking, (d) re-

design, (e) likely, and (f) identified. I used origins and developing to code early evidence 

of a flowing point that was not fully realized until later in the study. Origins signifies 

evidence that inspired or had hints of a flowing point. Developing indicates that some 

elements existed but were still in the testing phase of potential flowing points. Sticking 

was used to signify stages when the flowing point was not working and could have been 

identified as a sticking point. Re-design indicates that the flowing point was changed 
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during that stage. Likely indicates stages where a flowing point aligned with strong 

evidence, but not enough to make a conclusive determination. Finally, identified indicates 

the stage that a flowing point was formally identified and was integrated in lesson designs 

for all subsequent stages. Stages where the flowing point did not change are indicated by 

a dash (-), while stages where a flowing point is not yet present is indicated with “n/a”.     

Table 5 

Design Cycle 1 Flowing Points 

 

 

 

Flowing Point 

Design Cycle 1 

Initial Analysis 

(1.A) 

Expert Feed. 

(1.E) 

Classroom Imp. 

(1.C) 

Teacher Int. 

(1.T) 

F&A game likely - re-designed - 

VNL likely identified - - 

Color-coding developing likely identified - 

Classifying  developing - sticking - 

Ship log developing - re-designed - 

Cargo cards developing re-designed identified - 

Up/Down developing developing developing - 

Real-world origins re-designed sticking - 

Anno. circles n/a n/a origins - 

Sentence starter n/a origins origins - 

Boxes n/a n/a origins - 

10 is my friend n/a n/a n/a n/a 

Note. The flowing points in this table influenced curricular re-design decisions 

implemented in Design Cycle 2.  
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Design Cycle 2 

Design Cycle 2 occurred between October 2023 and January 2024, over an 11-

week period. There were two main changes from the original data collection plan (recall 

Figure 24) during this design cycle. First, there were two expert feedback meetings, one 

with the mathematics experts (2.E.1) and another with the special education expert 

(2.E.2). Second, the participating school asked for the F&A Unit to be implemented in 

two seventh grade mathematics intervention sections, which met on alternating days 

(2.C.1, 2.C.2). Both classes were taught by a seventh-grade mathematics teacher, Ms. 

Feeny, with a support teacher, Ms. Johnson. The F&A Unit included 12 lessons that 

started in the second week of November and ended the day before winter break.     

Initial Analysis Stage 

The initial analysis stage (2.A) was approximately two weeks long and 

overlapped with the teacher interview stage (1.T) from Design Cycle 1. Before the 

teacher interview was conducted, the initial analysis focused on Coach Fox’s daily 

feedback recorded in reflexive memos. As well as evidence of student understanding 

documented in 12 lesson videos and assignments during the classroom implementation 

stage (1.C). The analysis process and initial findings were recorded in a cycle-to-cycle 

analytic memo. The initial analysis stage identified integer addition and subtraction as the 

critical sticking points for Design Cycle 2.  

In Design Cycle 1, addition and subtraction was approached with two main 

strategies. The first was emphasizing equivalency with two different ways to make the 

ship move up or down. The second was classifying problem types as magnitudes in the 
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same or opposing directions and/or ending above or below water. These approaches had 

some success, but the initial analysis determined that the corresponding lessons (L.6-

L.10) should be re-designed to evaluate if a different approach better supports student 

understanding. This led to a sub-research question about addition and subtraction. 

● What strategies best support students’ conceptual understanding of integer 

addition and subtraction?  

I was particularly interested in investigating how to practically integrate learning 

tasks aimed at procedural fluency without compromising conceptual understanding. This 

question became the focus of the mathematics expert feedback discussion. Absolute value 

was identified as the second critical sticking point that influenced the special education 

expert feedback discussion. The related sub-research question asked:  

● To what extent does understanding absolute value support conceptual 

understanding of integers and vice versa?    

These critical sticking points and sub-research questions were the primary focus 

of Design Cycle 2. However, the initial analysis stage (2.A) also determined that both 

critical sticking points from Design Cycle 1 should continue as sub-research questions in 

subsequent design cycles. At this point in the design process, the initial and on-going 

analysis suggested that adding zero pairs to model subtraction (the first critical sticking 

point from Design Cycle 1) may be supported by the lesson aimed at discovering zero 

pairs (1.L.2). The initial analysis (2.A) determined that additional data needed to be 

collected before it could be concluded that the lesson best supported students’ 

understanding of zero pairs. The expert feedback from Design Cycle 1 suggested that the 
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other critical sticking point (i.e., transfer) may sufficiently be addressed by focusing on 

conceptual understanding with F&A rather than intentional scaffolding for other contexts. 

Expert Feedback Stage 

 The expert feedback stage in Design Cycle 2 included a mathematics expert 

meeting (2.E.1) and a special education expert meeting (2.E.2). Both meetings were 

recorded on zoom and transcribed. The mathematics expert feedback meeting included 

three participants (the curriculum expert, the classroom expert, and Dr. Glancy), and 

occurred two weeks before the classroom implementation stage (2.C). The special 

education expert and I met for a separate feedback discussion approximately four weeks 

after Design Cycle 1 classroom implementation finished (the morning Design Cycle 2 

classroom implementation started).  

Mathematics Feedback Goals and Takeaways. Feedback from the mathematics 

experts focused on advice and re-design ideas for integer addition and subtraction, 

aligning with the sub-research questions for this cycle. To facilitate the discussion, I 

asked, “How do you teach addition and subtraction of integers? Even if it’s not Floats & 

Anchors, how do you approach addition and subtraction? How do you move from 

conceptual to procedural (lesson aims)?” The experts advised: (a) reading integer 

addition and subtraction equations with consistent F&A language, (b) emphasizing the 

differences between addition and subtraction, rather than equivalence, and (c) researching 

deliberate practice strategies to integrate procedural fluency.    

Special Education Feedback Goals. Feedback from the special education expert 

focused on evidence of conceptual understanding demonstrated on the summative 
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assessment (1.C). I used a modified student work sample protocol (D’souza, 2012) to 

guide the discussion. I selected four student assessment samples, identified during the 

initial analysis stage (2.A) that represented a range of overall integer mastery. The four 

samples included two examples of mastery (student 1.8.a, student 1.7f), one approaching 

mastery (student 1.7.d), and one needs more support (1.7.c). The special education expert 

and I critically discussed each sample individually using a google slide deck with images 

from four sections of the students’ assessment. For each section, we determined the 

student’s mastery level on the related integer concepts and documented our justification 

in a textbox.    

Each student had four slides that were discussed in the following order. A section 

from the beginning of the assessment which asked students to: compare values, explain 

their answers, and plot values on an open horizontal number line given integers and 

integers written with absolute value notation. An open-ended task from the end of the 

assessment that asked students to explain if –6 – (–3) could be rewritten as –6 + 3. Then 

three integer subtraction problems from the middle of the assessment that asked students 

to solve and explain their reasoning. Finally, we discussed six addition and subtraction 

equations that also asked students to solve and explain. 

Special Education Feedback Takeaways. After we evaluated conceptual 

understanding of individual students, we discussed overall patterns and re-design 

decisions for the summative assessment implemented in Design Cycle 2. These, in turn, 

informed re-design decisions for cycle 2 lessons. The sample student work protocol was 

repeated with the special education expert after Design Cycles 2 and 3 using sections 
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from the most recent summative assessment implemented. At this stage, the special 

education expert and I determined that students needed explicit choices and scaffolding to 

explain their reasoning. We also determined that students consistently struggled with 

absolute value, which aligned with the second sub-research question of this cycle. The 

sticking point was verified by reviewing the absolute value questions on all student 

assessments from the classroom implementation stage in Design Cycle 1. 

Flowing points that are evident in the data from both expert feedback meetings in 

Design Cycle 2 (revealed in post-data analysis) are: the vertical number line, color-

coding, classifying, the ship log, up/down, and the sentence starter. 

Classroom Implementation Stage 

In Design Cycle 2, the F&A Unit was implemented in two seventh-grade 

mathematics intervention classes (n = 12, n = 8) with a mathematics teacher (Ms. Feeny) 

and a support teacher (Ms. Johnson). Ms. Feeny was an experienced teacher who taught 

seventh grade mathematics and intervention classes. Ms. Johnson was a former high 

school English teacher who also supported students during their primary mathematics 

class with the school’s other seventh grade teacher. The classes met in the afternoon on 

alternating days. This iteration of the F&A Unit had 12 lessons, taught in November and 

December of 2023. The lessons were typically 50 minutes long. However, both groups 

had 30 minutes of dedicated homework time each week. Students in this design cycle 

engaged with the CMP integer unit, Accentuating the Negative, (Lappan et al., 2006) and 

the F&A Unit concurrently.  

https://www.zotero.org/google-docs/?broken=jkAex9
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Altogether, there were 20 seventh-grade participants divided in two groups with 

only one male-presenting student. The first student group (2.C.1) started with nine 

students, with three additional students enrolled mid-way through the unit. The second 

group (2.C.2) had eight students for the entire unit. A total of 12 lesson videos were audio 

and video recorded for data collection using lessons with the first student group (2.C.1) to 

reduce the data analysis demand caused by adding a second group of students. Data was 

collected from the second group (2.C.2), but it was limited to standard teaching practices 

of observing patterns in student work and reflexive memos. Table 6 shows an overview 

of the F&A Unit lessons implemented in Design Cycle 2 with the assignments collected 

and analyzed for evidence of student understanding. Lesson-to-lesson re-design decisions 

were made between the first and second groups. The overview in Table 6 outlines lessons 

as they occurred with the first student group to align with data from lesson videos. 

Table 6 

Design Cycle 2 Lesson Overview 

Lesson Primary Objective Highlighted Activity Collected 

Assignments  

2.L.1 Move the ship up and down 

to integer locations by adding 

and removing floats and 

anchors.  

F&A Game w/ship log 

Notice & Wonder 

Pool floaties 

Different ships 

1 

2.L.2 Discovering zero pairs with 

F&A game and matching 

integer cargo with locations.  

Matching (find the mistake) 

Behind the box 

Problem solve zero pairs 

1 

2.L.3 Discovering zero pairs to 

model subtraction with 

integer objects.  

Up/Down, Zero Pairs 

F&A Game w/ship log 

2 
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2.L.4 Understanding integers with 

cargo card stations.  

Closest to the treasure 

Furthest from sea level 

Matching (representations) 

2 

2.L.5 Formalizing absolute value 

and opposites using distance 

and direction.   

Direction v. distance (| x |) 

Opposite location (F&A card) 

Opposites v. direction (HNL) 

1 

 

2.L.5 

re-design 

Exploring directed 

magnitude with ordering and 

absolute value in the F&A 

merged model.  

Who won? (treasure/furthest) 

Furthest from sea level  (| x |) 

Absolute value 

1 

2.L.6 Reading, writing, and 

representing integers with the 

F&A merged model and 

operational equivalence. 

Cartoons (what happened?) 

Cartoons (up, same as?) 

Cartoons (down, same as?) 

Up/Down 

3 

2.L.7 Reading and writing integers 

for addition and subtraction.  

Spotlight equations (-F) 

Equations (anno, sent., VNL) 

Notice & Wonder 

Up/Down 

2 

2.L.8 Writing addition and 

subtraction equations using 

F&A metaphor, ordering 

integers and absolute value.  

Yoga Blocks & Weights 

4 Types of problems 

Ordering (open VNL, | x |) 

Practice (add/subtract) 

1 

2.L.9 Reading, classifying, and 

solving addition and 

subtraction equations with 

the F&A metaphor. 

Sorting (4 Types) 

Carousel walk (solving) 

Open middle 

10 is My Friend 

1 

 

2.L.10 Reading and writing integers 

with F&A kahoot.  

Online F&A game (kahoot) 

10 is My Friend 

 

1 

2.L.11 Multiplying and dividing 

integers with boxes graphic 

organizer 

Boxes (roll, multiply) 

10 is My Friend 

1 

2.L.12 Summative assessment Summative Assessment 1 

Note: Highlighted activities are not listed in the order they occurred in the lesson.  
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Teacher Interview Stage 

Ms. Johnson was interviewed in-person at the school after lesson 11. The 12-

minute interview was recorded, transcribed, and was the primary data source of the 

Design Cycle 2 teacher interview stage (2.T). The semi-structured interviews asked the 

same overarching questions with individualized follow-up questions. Ms. Johnson’s 

answers provided evidence of sticking and flowing points that included her observations 

of students using the F&A merged model in their primary mathematics class instead of 

the CMP curricula and reflections about teacher integers for the first time. After several 

attempts to arrange an in-person interview, Ms. Feeny was emailed the four consistent 

questions with two additional questions about her background and participation in the 

study. Ms. Feeny provided brief, written responses to all questions. The questions were 

emailed two weeks after classroom implementation and her responses were received five 

months after Design Cycle 2 classroom implementation finished.  

Flowing points associated with this stage were: vertical number line, up/down, 

real-world, boxes, and 10 is my friend. 

Design Cycle 2: Data Collection and On-Going Analysis Summary 

The data collected in Design Cycle 2 was as follows: (a) two expert feedback 

videos and transcripts, (b) 12 lesson videos, (c) 17 student assignments, (d) 15 reflexive 

memos, (e) tracked curricular changes for all 24 lessons, (f) one 12-minute teacher 

interview video and transcript, (g) one written teacher interview, and (h) one cycle-to-

cycle analytic memo. Table 7 outlines the design progression of flowing points during 

Design Cycle 2. Flowing points that were identified in an earlier design cycle either 
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remained the same, or are reflected as amplified. Amplified is a new design status 

classification for this cycle that indicates increased activities with that flowing point.   

Table 7 

Design Cycle 2 Flowing Points 

 Design Cycle 2 

Flowing Points Design Cycle 

1 Status 

Initial Analysis 

(2.A) 

Expert Feed. 

(2.E) 

Classroom 

Imp. (2.C) 

Teacher Int. 

(2.T) 

F&A game re-designed re-designed - developing developing 

VNL identified - amplified amplified amplified 

Color-coding identified - - amplified - 

Classifying sticking re-designed re-designed developing - 

Ship log re-designed - developing likely - 

Cargo cards identified - - amplified - 

Up/Down developing developing developing likely identified 

Real-world sticking - - re-designed identified 

Anno. circles origins developing developing likely - 

Sentence origins developing re-designed likely - 

Boxes origins - - likely likely 

10 is my friend n/a n/a n/a developing likely 

 

Design Cycle 3 

Design cycle 3 occurred over a seven-week period in January and February of 

2024. This cycle included two additional expert feedback discussions and a fifth expert 

participant (Elementary Expert). Scheduling constraints with expert participants meant 

that the expert feedback stage overlapped with the classroom implementation stage. Like 
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Design Cycle 2, this cycle also included two groups of student participants and two 

teacher participants.  

Initial Analysis Stage 

The initial analysis stage (3.A) in Design Cycle 3 followed the same protocol of 

reviewing evidence to identify sticking and flowing points. As the table above illustrates, 

many of the flowing points were recognized as likely or identified by this point in the 

design process. This initial analysis stage also determined there was sufficient evidence 

to answer three of the four identified critical sticking points from the previous design 

cycles. As a result, the sub-research questions about transfer, approaching addition and 

subtraction, and absolute value were not actively investigated in Design Cycle 3. 

Evidence related to the remaining critical sticking point suggested that discovering zero 

pairs may best support conceptual understanding when the aim is aligned with integers 

rather than addition and subtraction. The shift was investigated in Design Cycle 3.  

In this design cycle, integer multiplication and integer division were the two 

identified critical sticking points. This was largely influenced by the fact that the 

investigation of critical sticking points in earlier design cycles meant that the 

corresponding F&A Units only had one, combined lesson on multiplication and division. 

The sub-research questions had the same framing, with one question aimed at 

multiplication and the second aimed at division.  

● To what extent, if at all, can the F&A metaphor be applied to support the 

conceptual understanding of integer multiplication?  
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● To what extent, if at all, can the F&A metaphor be applied to support the 

conceptual understanding of integer division?    

Both sub-research questions became the focus for the mathematics expert 

feedback discussions.   

Expert Feedback Stage 

At the beginning of Design Cycle 3, the expert feedback stage intended to collect 

data from a discussion with the mathematics experts and the student work sample 

protocol with the special education expert. As with the previous cycles, expert feedback 

data was video recorded and transcribed. In this cycle, the expert feedback stage 

overlapped with the classroom implementation stage for reasons that will be discussed in 

the next two paragraphs.  

Mathematics Feedback Goals. The goal of the mathematics expert (3.E.1) 

feedback discussion was to collaboratively design a model for integer multiplication and 

division using F&A. The curriculum expert, classroom experts, and I met for a two-hour 

collaborative design discussion one week before the classroom implementation stage 

(3.C) started. The discussion involved referencing existing curricula, brainstorming ideas, 

and successfully produced a model for integer multiplication using F&A. The second 

sub-research question asking whether a model could be developed for division remained 

unanswered. As a result, an additional two-hour feedback meeting (3.E.2) was arranged 

with a fifth mathematics expert. The Elementary Expert specialized in instructional 

strategies that support conceptual understanding of whole numbers and fractions, 

including division. Since the additional expert discussion was unexpected, the meeting 
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occurred during classroom implementation (3.C), a week before starting multiplication 

and division lessons. The two-hour collaborative design discussion (3.E.2) followed the 

same format as the multiplication meeting (3.E.1) and successfully produced a model for 

division with F&A.  

Special Education Feedback Goals. The special education feedback discussion 

(3.E.3) was originally slated for the student work sample protocol. Unfortunately, 

scheduling conflicts meant that the discussion did not occur until the last week of 

classroom implementation. At that point in the design process, re-designing the 

summative assessment with special education considerations was more important. The 

special education expert and I briefly reviewed student samples from the summative 

assessment in Design Cycle 2 to assess students’ understanding of the assessment tasks 

(rather than integer concepts).  The two-hour meeting successfully produced the 

summative assessment implemented during the last lesson (3.L.16). The student work 

protocol was conducted with the special education expert (3.E.4) nine months after the 

classroom implementation stage using summative assessment samples from Design Cycle 

3. For the purpose of this study, video and transcription data from the final special 

education feedback discussion was only analyzed for initial findings, which provided 

sufficient evidence to evaluate the overall impact of the F&A Unit on conceptual 

understanding.     

All twelve flowing points are evident in the data across the four expert feedback 

discussions. 
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Classroom Implementation Stage 

Design Cycle 3 had two groups of eighth grade students (n = 8, n = 7) and two 

special education teachers (Ms. Honey, Mr. Bombay). The third design cycle was 

implemented in two eighth-grade special education math classes (3.C.1, 3.C.2). The 

students in these classes received mathematics instruction in small class sizes with a 

special education teacher. There were eight students in 3.C.1 (with only one female-

presenting student11) and seven students in 3.C.2. These classes met every day and were 

the students’ primary mathematics class, rather than an additional resource class. Ms. 

Honey was an experienced teacher who had taught middle school special education 

mathematics for a number of years. Mr. Bombay, was an impressive first-year special 

education teacher. 

The first group (3.C.1) met for 50 minutes during first period. The second group 

(3.C.2) met for 60 minutes before lunch. This iteration of the F&A Unit had 16 lessons 

implemented in January and February of 2024. Compared with the previous classroom 

implementation stages, there are three and four additional lessons respectively to evaluate 

the multiplication and division models and accommodate extra time for special education 

students. Fortuitously, the integer unit was scheduled to start in January and coincided 

with the first classroom implementation lesson. As a result, student participants in Design 

Cycle 3 only engaged with integer topics through the F&A Unit. All 16 lessons were 

recorded for a total of 32 lesson videos.  

 
11 Presenting genders of student participants are included in situations when there is only 

one student with a different presenting gender to provide additional information that may 

have impacted group dynamics.      
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Table 8 shows an overview of the F&A Unit lessons implemented in Design 

Cycle 3 with the assignments collected and analyzed for evidence of student 

understanding. Lesson-to-lesson re-design decisions were made between the first and 

second groups. The overview in Table 8 outlines lessons as they occurred with the first 

student group (3.C.1) as minimal re-design decisions were made between the second 

group (3.C.2) and the final unit design. All twelve flowing points are evident in the 

classroom implementation data. 

Table 8 

Design Cycle 3 Lesson Overview 

Lesson Primary Objective Highlighted Activity Collected 

Assignments  

3.L.1 Move the ship up and down 

to integer locations by adding 

and removing floats and 

anchors.  

Notice & Wonder 

Different Ships 

F&A Game w/ship log 

Yoga Blocks & Weights 

10 is My Friend 

3 

3.L.2 Move the ship up and down 

to integer locations by adding 

and removing floats and 

anchors.  

Spotlight Equation 

F&A Game w/ship log 

Yoga Blocks & Weights 

10 is My Friend 

2 

3.L.3 Understanding integers with 

cargo card stations.  

Closest to the treasure 

Furthest from sea level 

Matching (representations) 

10 is My Friend 

2 

3.L.4 Understanding integers with 

zero pair cargo cards and 

real-world objects. 

Compare, plot, order 

F&A Game w/ship log 

Cargo card number talk 

10 is My Friend 

2 
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3.L.5 Exploring directed 

magnitude with ordering and 

absolute value in the F&A 

merged model.  

Who won? (treasure/furthest) 

10 is My Friend Assessment 

Cooperative Quiz 1 

F&A Game w/ship log 

Notice & Wonder 

10 is My Friend 

4 

3.L.6 Reading and writing integers 

addition and subtraction with 

the F&A merged model. 

Spotlight Equations 

Read & Sort (boxes, 4 types) 

 

2 

3.L.7 Reading and writing integers 

addition and subtraction with 

the F&A merged model. 

Spotlight Equations 

Read & Sort (anno, 4 types) 

My favorite no 

10 is My Friend 

2 

3.L.8 Reading, classifying, and 

solving addition and 

subtraction equations with 

the F&A metaphor. 

Spotlight Equations 

Online F&A game (kahoot) 

Practice solving (add/subtract) 

10 is My Friend 

 

3 

3.L.9 Solving addition and 

subtraction equations with 

deliberate practice. 

Spotlight Equation 

Spin and solve (add/subtract) 

4 types of problems 

10 is My Friend 

2 

 

3.L.10 Understanding addition and 

subtraction integer equations 

and solving. 

Spotlight Equations 

Collaborative quiz 2 

Make Up Your Own 

10 is My Friend 

3 

3.L.11 Multiplying and dividing 

integers with boxes graphic 

organizer 

Spotlight Equations (open VNL) 

Boxes (roll, multiply) 

Boxes (multiply/divide) 

10 is My Friend 

3 

3.L.12 Reading and solving integer 

multiplying and dividing 

integers with boxes graphic 

organizer. 

Spotlight Equations (open VNL) 

Boxes (reading) 

10 is My Friend 

2 

3.L.13 Understanding integer 

division with F&A merged 

model. 

Modeling Equal Groups (F&A 

chips) 

Boxes (reading) 

Triangle strategy 

10 is My Friend 

2 
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3.L.14 Multiplying and dividing 

integers with boxes graphic 

organizer 

Boxes (reading, solving) 

10 is My Friend 

1 

3.L.15 Integer and integer operation 

concepts review 

Integers review 

10 is My Friend 

1 

3.L.16 Summative assessment Summative Assessment 1 

Note: Highlighted activities are not listed in the order they occurred in the lesson.  

Challenges. Ms. Honey and Mr. Bombay met with both classes for the first five 

lessons. At which point, Ms. Honey had the unexpected opportunity to transfer to her 

children’s elementary school in the same school district. Mr. Bombay was asked to join 

Ms. Honey’s class at the beginning of the F&A to aid in the transition and continue as the 

lead teacher for the remainder of the year. Changing teachers mid-year is challenging for 

all students. It can be especially challenging for students who receive special education 

services and need additional support to feel safe in classroom environments. Ms. Honey 

was an exceptional teacher with close relationships with all of the students. As a result, 

additional attention to students’ social-emotional needs were prioritized during this 

classroom implementation stage. The benefit was that by joining at the same time, Mr. 

Bombay and I had the opportunity to collaboratively foster a new classroom community 

after Ms. Honey left and students had three teachers for the first five lessons. 

Teacher Interview Stage 

The teacher interviews (3.T) were both conducted in-person, recorded, and 

transcribed. The semi-structured interviews asked the same overarching questions with 

individualized follow-up questions. Ms. Honey’s interview was conducted after the fifth 

lesson on her last day at the school. Mr. Bombay was interviewed after lesson 16 on the 
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last day of classroom implementation. The interviews were between 10 and 12 minutes. 

The main takeaway from both interviews was the overall success of the F&A Unit in 

supporting students’ understanding.  

Design Cycle 3: Data Collection and On-Going Analysis Summary 

The data collected in Design Cycle 3 was as follows: (a) four expert feedback 

videos and transcripts, (b) 32 lesson videos, (c) 35 student assignments, (d) 6 reflexive 

memos, (e) tracked curricular changes for all 32 lessons, (f) two teacher interview videos 

and transcripts, and (g) one cycle-to-cycle analytic memo. Table 9 outlines the design 

progression of flowing points during Design Cycle 3.  

Table 9 

Design Cycle 3 Flowing Points 

 Design Cycle 3 

 

Flowing Points 
Design Cycle 

2 Status 

Initial Analysis 

(3.A) 

Expert Feed. 

(3.E) 

Classroom Imp. 

(3.C) 

Teacher Int. 

(3.T) 

F&A game developing re-designed - identified - 

VNL amplified amplified amplified amplified - 

Color-coding amplified amplified - - - 

Classifying developing developing - identified - 

Ship log likely re-designed - identified - 

Cargo cards amplified - - amplified - 

Up/Down identified amplified amplified amplified - 

Real-world identified amplified - amplified - 

Anno. circles likely re-designed - identified - 

Sentence  likely - re-designed identified - 
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Boxes likely re-designed - identified - 

10 is my friend likely re-designed developing identified - 

 

Post-Data Collection Analysis 

Post-data collection analysis was an extensive review of all the data in the months 

following Design Cycle 3 to identify and/or verifying sticking and flowing points. I 

started by reviewing lesson videos, expert feedback videos and transcripts, teacher 

interviews, and the tracked curricular changes. From these, I generated a list of sticking 

and flowing point codes. Those codes were then condensed and prioritized to four general 

sticking points (discussed in chapter 2) and 12 flowing points.  

Flowing Points 

At this point in the analysis process, I thought flowing points were characteristics 

that answered the research questions, prompted by the need to re-design and test solutions 

to the four general sticking points. The process was documented in analytic memos. 

However, the original design for Floats & Anchors was the product of a Design-Based 

Research study. This means that the line between flowing points discovered in this study 

and flowing points that were discovered in Glancy and Pettis’ studies is blurry.  

However, when I started using flowing point codes to identify evidence, I noticed 

that the argument for each flowing point was grounded by two important factors. It was 

not only why the flowing point best supported students, but when in the learning process 

students needed to engage with the flowing point to master integer concepts. This 

realization prompted shifted the focus to the conceptual understanding component of the 
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research question. That enabled the key characteristics to align with the learning process 

reflected in the final curricular design which differs from existing curricula.   

Flowing Points to Key Characteristics 

The 12 flowing points were then considered by essential learning objectives. I 

considered the sequencing of learning activities from the F&A Unit in Design Cycle 3, 

which was an overall success. This led to understanding key characteristics as they 

occurred in the learning process of the F&A Unit. Structuring the findings in this way 

also enabled me to write general key characteristics that should best support students’ 

understanding of integers even when aligned with a model other than F&A, which was 

intentionally left out of the research question. These key characteristics are presented as 

the findings of this study in chapter 5. Of these, the first key characteristic is a theoretical 

finding about integer models as well as a central component to the curricular design 

produced from this study.  

Key Characteristics Literature Analysis 

As previously mentioned, the key characteristics and curricular design differ from 

existing integer curricular, which primarily frame integer understanding around 

operations. This created an analytical need to connect key characteristics that emerged 

with existing research to understand why they support understanding. This led to the 

extensive review of integer literature in Chapter 2 and approaching the existing integer 

research as its own version of data. I did a close re-rereading of Exploring the Integer 

Addition and Subtraction Landscape: Perspectives on Integer Thinking (Bofferding & 
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Wessman-Enzinger, 2018) and used specific sticking and flowing point codes to analyze 

the existing literature.  

Students’ Conceptual Understanding of Integers and Integer Operations   

The final phase was to analyze evidence from artifacts of students’ work to 

determine if the F&A Unit implemented in Design Cycle 3 met the threshold for 

characteristics that best support students’ conceptual understanding. I analyzed two open-

ended tasks from Design Cycle 3 which represented challenging integer questions. The 

analysis was then compared with findings from existing integer literature and tasks from 

Design Cycles 1 and 2 in order to suggest that the key characteristics in the final unit best 

supports understanding.  The analysis process is detailed in the next sections.  

Artifacts of Student Work: Open-Ended Equations or Expressions 

Two open-ended tasks that required students to create their own equation or 

examples during Design Cycle 3 were analyzed for evidence of student understanding. 

The first task asked students to write two values in empty boxes that make the equation 

true. Students were given one addition and one subtraction equation with the structure, 

  ŀ  +   ŀ   = – c,  and   ŀ   –   ŀ   = – c, where both equations had the same solution (e.g., –5). 

Students were asked to complete this type of problem in three tasks during the unit: 

cooperative quiz two (c = ï6), the unit review assignment (c = ï4), and on the 

summative assessment (c = –5). The cooperative quiz required students to complete the 

quiz individually and have a picture of their work scanned with my phone. Students then 

discussed the quiz in pairs or trios with the option to revise their answers before 

submitting the quiz.      
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The “Make Up Your Own” task directed students to write their own problem (i.e., 

expression) using language from F&A. The student handout had an empty table with two 

columns and four rows. Each row specified one of the four types of problems: add floats, 

add anchors, remove floats, and remove anchors. The left column specified whether 

students should make up problems with a positive starting location (i.e., positive leading 

term), while the right column asked for a negative starting location (i.e., negative leading 

term). The four types of problems will be discussed in detail in the fourth finding section.  

The task was an early finisher activity following the second cooperative quiz in 

lesson 10. As an early finisher activity, students were given the task without a model 

problem or additional directions while their classmates completed the quiz. The two 

sections had a 15-minute difference in daily instructional time because of the school’s 

lunch schedule. The first group (3.1) had a 45-minute class period, while the second 

group (3.2) had a 60-minute period. The disparity between instructional time meant that 

all seven students in 3.2 completed the activity (one student was absent), whereas only 

half of the students in 3.1 had time following the quiz. Of the eight students in 3.1, two 

(3.1.a, 3.1.d) completed the entire activity, two students (3.1.b, 3.1c) completed about 

half, three students spent the entire period working on the quiz (3.1.e, 3.1.f, 3.1.g), and 

one student (3.1.h) was absent.            

Analysis of Open-Ended Tasks 

The open-ended tasks were analyzed for evidence of students’ conceptual 

understanding of integer addition and subtraction. First, I identified and analyzed valid 

student responses from assignments with empty box equation questions. Then, I analyzed 
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all student responses on the “Make Up Your Own” early finisher task. Finally, I 

combined the two sets to analyze overarching patterns as well as individual student 

responses.    

Empty Box Equations. I reviewed all student work with empty box equation 

questions and recorded all valid equations with the corresponding student identification 

code. For example, given,   ŀ  +  ŀ   = – 5, the student response, –2 + (–3) = –5 (3.1.c), 

would be recorded, while 12 + 5 = –5 (3.2.a) would not because 12 + 5 ≠ –5. When the 

same equation was repeated by different students, I referenced additional information to 

determine whether or not the students worked together. For instance, two students (3.1.a, 

3.2.b) had the equation, –1 + (–5) = –6 on Cooperative Quiz 2. These students were in 

different classes as indicated by the second number in the student identification code (the 

first number denotes the design cycle.) Since these students could not have worked 

together, the equation was coded as an independently repeated response. On the other 

hand, three students (3.1.b, 3.1.c, and 3.1.e) had the equation, –3 + (–3) = –6. These 

students did work together. Therefore, the equation was coded as collaboratively 

repeated. I reviewed lesson videos to verify instances when it was unclear whether or not 

students worked together. Altogether, 49 empty box equations were analyzed. Of those, 

40 were unique, nine were independently repeated, and five were collaboratively 

repeated. 

To analyze conceptual understanding, valid empty box equations were first coded 

by arithmetic structure. The practice of classifying arithmetic structures to analyze 

patterns in integer understanding has been used in a number of studies (e.g., Marthe, 
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1979, 1982; Peled, 1991; Peled & Carraher, 2017). The number of identified structures 

varies between studies and often focuses on subtraction (e.g., 16 types of subtraction 

problems). Generally speaking, classifications for arithmetic structures are based on 

combinations of positive and/or negative terms, the relative magnitude of those terms, 

and the operation (i.e., addition or subtraction). For this study, I identified 16 structures 

with eight types of addition problems and eight types of subtraction problems. All 49 

responses to the empty box task were coded with the corresponding structure and roman 

numeral. For instance, the previously referenced equation, –2 + (–3) = – 5 (3.1.c), was 

coded with the structure, (–a) + (–B), and that structure’s identifying roman numeral, X.    

Patterns in apparent strategies were identified in second round coding of this task. 

The eight most common apparent strategies are listed in Table 10 with a description, 

example, the student(s), and number of occurrences. Instances where an equation had 

more than one apparent strategy, all appropriate codes were applied. The equation, –8 + 4 

= –4, in Table 10 is listed as an example of Below go up because –8 is lower than –4. 

However, this equation is also an example of 2b = a because the magnitude of b (4)  is 

half the magnitude of a (8).      

Table 10 

Empty Box Apparent Strategy Codes 

 Strategy Code Example Student(s) n Description 

–1 ± B, 1 ± B  (–1) + (–5) = –6  3.2.b n = 10 a is 1 or –1. 

Add/remove 1 (–4) + (–1) = –5 3.1.h n = 4 b is 1 or –1. 

2a = b, 2b = a 6 – 12 = –6 3.1.g n =9 The magnitude of a is half 

of b, or twice b. 
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(–a) + (–a), –a – a (–3) + (–3) = –6 3.1.b/c/e n = 5 The same magnitude is 

repeated for a and b.  

Makes 10 4 + (–10) = –6 3.2.f n = 7 The magnitude of two 

elements (a, b, c) add to 10. 

Below go up –8 + 4 = –4 3.2.e n = 4 a is a negative integer that 

is less than the solution.  

Positive go down 2 – 6 = –4 3.2.a n = 12 a is a positive integer ± B. 

Start @ 0 0 – 4 = –4 3.1.d n = 8 The first term is 0. 

Note. The sum of n values is more than 49, because some equations were coded with 

more than one strategy.  

 

Make Up Your Own Expression or Equation. For the open-ended “Make Up 

Your Own” responses, I collected all equations or expressions, the assignment section, 

the identifying student code, and whether or not the response had errors. The directions 

for this task prompted students to write problems without solving them (i.e., write 

expressions). However, a number of students chose to solve their problems, making their 

responses equations rather than expressions. The responses were coded with the 16 

structures, but it is important to note the assignment directions led students to general 

types of problems (without attention to relative magnitude). For example, the top right 

section of the graphic organizer asked students to create an “adding floats” problem with 

a negative starting location. Student 3.2.c wrote the expression, –20 + 27. This is an 

example of the –a + B structure. The only correct alternative would be –A + b.  

The Make Your Own responses were also coded for apparent strategies in second 

round coding. However, there is a central difference in the type of conceptual 

understanding analyzed from this assignment. Whereas, the primary goal from the empty 
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box task focused on balancing equations with integers. The Make Your Own task was 

intended to demonstrate how students translated contexts from F&A into problems, 

without solving them. In this assignment, we (Mr. Bombay and I) were interested in 

whether or not students knew what adding floats problems were and the difference 

between positive and negative locations.        
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Chapter 5: Findings  

The research question investigated characteristics that best supported students’ 

conceptual understanding of integers in order to design a comprehensive integer unit. The 

findings are six key characteristics discovered and designed in the F&A Unit 

implemented in Design Cycle 3. The six key characteristics are: (1) a merged model, (2) 

understanding integers as locations and objects, (3) reading and writing integers, (4) four 

types of addition and subtraction problems, (5) a model that extends to multiplication and 

division, and (6) counting routines. These characteristics reflect the iterative design 

process and on-going analysis from investigating critical sticking points and patterns in 

flowing points that were determined as essential elements to answer the research 

question.  

The key characteristics are organized with a nod to backwards design. The first 

key characteristic – and preeminent finding – demonstrates that a merged model with 

scaffolded instructional strategies supported students’ overall conceptual understanding 

using evidence from teachers, experts, and student work. The remaining key 

characteristics are organized by essential learning objectives and are generally discussed 

as they progress in the learning process. Although each finding varies slightly, evidence 

for the subsequent key characteristics are generally structured with the following 

components: (a) essential learning objective(s), (b) flowing and/or sticking points, and (c) 

a design process example. Rather than attempting to detail how the entire unit was 

designed, most key characteristics highlight one design decision to illustrate how iterative 

data collection and analysis informed the final curriculum design for the F&A Unit. 
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A Note About Interconnected Language and Findings 

A predominant theme in this study is the notion of interconnectivity. This is 

largely a result of the theoretical underpinnings, particularly the Lesh Translation Model 

and Universal Design for Learning. It is not surprising, then, that the preeminent finding 

of this dissertation argues that students’ conceptual understanding of integers is best 

supported by a merged model. The downside of interconnectivity is that findings, 

evidence, and language are also inherently connected. A co-director at the writing center 

once described writing individual findings from this study like attempting to pick up a 

single paperclip. Therefore, there are times when key characteristics or flowing points are 

first introduced (or referenced) from a broad perspective. When this occurs, the reader 

can expect a detailed discussion later in the chapter.  

Similarly, there are multiple overlapping meanings associated with Floats & 

Anchors. As previously discussed, Glancy and Pettis created the F&A game, where the 

context of that game could be used as an integer model. In this study, I make connections 

between my data analysis and existing literature to argue that the most important 

characteristic that supports integer learning is a merged model. I define a merged model 

as any model that intentionally integrates integer object, location, and directed distance 

models with a unified metaphor. The findings are written to generalize that a merged 

model with any unified metaphor and subsequent key characteristics will support student 

understanding. I use the term F&A merged model to indicate a specific merged model 

where the unifying metaphor expands on Glancy and Pettis’ Floats & Anchors.  
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By the third design cycle, the F&A merged model was intrinsically connected to 

the overall curriculum design to such an extent that “Floats & Anchors” became 

synonymous with both the merged model and the unit. As such, I use the phrase F&A 

Unit to indicate situations that are specifically tied to curricular design. These are 

curricular materials that were re-designed and implemented in classroom settings 

throughout the iterative design process. They were scaffolded simultaneously and 

sequentially in learning activities, which is discussed in more detail throughout this 

chapter. Some of those curricular materials include the original F&A game as a learning 

activity.            
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Key Characteristic 1: A Merged Model 

Use of conceptual models, ways of reasoning, and strategies can help 

clarify studentsô mental models. Do we need all of these ways of describing 

integer problems and integer thinking? Are there ways of merging them?  

 -Nicole Wessman-Erzinger & Laura Bofferding (2018, p. 291) 

Integrating representations in a merged model creates opportunities to draw on the 

respective strengths of integer models and metaphors to help students develop an 

understanding of what integers and integer operations mean. By the third design cycle, 

the F&A Unit integrated strengths from (1) object, location, and directed distance 

models, (2) metaphors and games, and (3) multiple representations. The findings 

illustrate how the combined strengths supported students’ understanding of integers and 

integer operations.  

F&A combines multiple representations using real-world imagery in a unified 

story. Glancy and Pettis intentionally designed F&A based on the theoretical 

underpinnings of the Lesh Translation Model which posit that students construct 

understanding by translating mathematical concepts between and within representations. 

The original F&A Game incorporated four representations: (1) integer locations on a 

vertical number line, (2) integer objects using positive (i.e., float) and negative (i.e., 

anchor) manipulatives, (3) directed distance where adding and removing floats and 

anchors cause a ship to move up and down the number line, and (4) F&A game cards that 

use integer words and pictures to direct each turn. Glancy and Pettis’ accompanying 

student handout (see appendix B) further encouraged students to make connections 
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between representations, including using cartoon pictures with actions from the game to 

write integer equations with symbolic representations. As such, their original F&A had 

two forms, a game and a model or metaphor.    

My reflections as a classroom teacher were that the F&A game and handout were 

brimming with opportunities for students to explore integer concepts. However, as 

chapter one discusses, I found that students (and my colleagues) need a comprehensive 

curriculum in order to make meaningful connections between formal integer concepts 

and their experiences with F&A. In its original form, Glancy and Pettis’ F&A is a 

metaphor that provides opportunities for students to discover integer concepts with 

multiple representations. Conversely, the integer models discussed in chapter two are 

instructional strategies that focus on a consistent representation to approach conceptual 

understanding. Glancy and Pettis’ F&A needs stronger connections to instructional 

practices, while existing integer models are restricted by their limited representations.  

Vignette: They Get It Conceptually 

Each design cycle included a semi-structured interview with participating 

teachers. In Design Cycle 3, the F&A Unit was implemented in two eighth-grade special 

education mathematics classes. The lead teacher, Ms. Honey, was an exemplary special 

educator who taught mathematics and English Language Arts with students who received 

special education services in small group settings for a number of years. Unlike the first 

two design cycles, the third F&A Unit was implemented during students’ primary 

mathematics class and aligned with the beginning of their unit on integers. This ideal 

timing and setting meant that students engaged with integer concepts entirely through the 
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F&A Unit during their dedicated mathematics class with a master teacher who excelled at 

fostering a supportive learning environment.  

Ms. Honey had an unexpected opportunity to transfer within the district to her 

children’s elementary school. To prepare for the mid-unit transition, a first-year, special 

education teacher at the school joined the classroom community at the beginning of the 

F&A Unit and took over as lead teacher when Ms. Honey left. As a result, Ms. Honey, 

Mr. Bombay, and I co-taught the first five lessons before she changed schools. The 

following vignette is from Ms. Honey’s interview on her last day as she was asked to 

reflect on the F&A Unit and how it impacted her students’ understanding of integers.  

I think [Floats & Anchors] is great. It’s a really cool idea. They get it 

conceptually. The idea of being able to picture something going up and 

down clicks for them. Then the vertical number line, and below water or 

above water, makes a lot of sense. Being able to go back to those words, 

just a float or an anchor. It’s such a concrete concept. Then, “Would I be 

going up or down?” It’s four things to remember instead of [for example]: 

a negative minus a negative is a positive. If it’s a bigger negative and I’m 

subtracting it [trails off]. There’s too many rules. This is just: Up or down? 

Float or anchor? Done. 

 

They’re writing equations in the ship log as they play and it was like it 

clicked. They don’t even know they’re doing the equation yet. I was 

working with [Student 3.2.a] today. They put a float on their ship, but wrote 



130 

a negative number in the ship log. As soon as I asked, “What does a float 

look like?” they immediately changed [the second term] to a positive 

number. Later, I was listening to something else, and I drew [a card with 

anchors]. I said, “Oh, anchoring,” and I moved the ship down. [Student 

3.2.a] said, “No. You’re removing it. It goes up.” Then, I made the same 

mistake a few minutes later. [Student 3.2.a] corrected me. Twice! 

 

It’s beautiful because there’s no having to reteach. I don’t feel like I have to 

fix misunderstandings. Students that I’ve typically seen struggle are not 

struggling. Students who generally keep to themself are talking with their 

classmates and volunteering. The scaffolding with very in-depth layering 

for how you slowly introduce difficulty, I’m just like, “This is good. They’re 

getting it.” 

Integrating Representations in a Merged Model Supported Understanding 

In the vignette, Ms. Honey references seven flowing points identified during data 

analysis that supported students’ conceptual understanding. They are: (1) picturing 

mental models with up and down movement, (2) the vertical number line, (3) consistent 

language, “being able to go back to those words," (4) floats and anchors as a concrete 

concept, (5) 4 types of problems, (6) writing symbols in a ship log, and (7) instructional 

scaffolding. By citing these flowing points, Ms. Honey demonstrates how multiple 

representations in a merged model created entry points for students to make sense of 

integer concepts. These flowing points (and others) are discussed throughout chapter 
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four. However, evidence supporting each individual flowing point is more meaningful 

when contextualized by related key characteristics.  

In this section, I draw attention to the fact that Ms. Honey cites numerous flowing 

points as elements in a unified collection. She said, “I think itôs a really cool idea,” 

thereby, framing each of her examples as components of a singular idea, or merged 

model. Ms. Honey does not clarify that certain flowing points are best for specific 

students, or insinuate that multiple representations are overwhelming for students. Rather, 

the examples serve as evidence for how “Floats & Anchors” as a merged model was 

“great.”         

Students Demonstrated Understanding in Mathematical Arguments 

The vignette from Ms. Honey’s interview illustrates how the F&A Unit positively 

impacted her students’ conceptual understanding even after only five lessons. To put this 

in context of the unit overview, reading and solving integer equations did not become the 

primary learning goal until lessons six through ten. Yet, the F&A merged model enabled 

students to develop conceptual understanding before they were formally introduced to 

integer operations (what Ms. Honey referred to as “equations”). As Ms. Honey says, 

“They’re writing equations in the ship log as they play and it was like it clicked. They 

don’t even know they’re doing the equation yet.”  

A Conceptual Understanding of Integer Subtraction. Ms. Honey supports this 

claim with two examples where the actions she did in her turn that did not match the 

situation and the student she was playing with corrected her. “I drew [a card with 

anchors]. I said, ‘Oh, anchoring,’ and I moved the ship down.” Adding anchors cause the 
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ship to move down. Which means Ms. Honey’s actions demonstrated an addition 

equation with a negative augend, such as ± a + (ïb). However, Ms. Honey had actually 

drawn a card prompting her to remove anchors, which is a subtraction problem with a 

negative subtrahend, or ± a ï (ïb). Student 3.2.a corrected Ms. Honey, saying, “No. 

You’re removing it. It goes up.” The student’s comment demonstrates impressive 

markers of conceptual understanding. First, student 3.2.a says, “No. You’re removing it.” 

This indicates the student recognized subtraction as a distinct operation with a 

fundamentally different meaning than addition. Second, the student demonstrated 

conceptual understanding that adding a negative is different than subtracting a negative. 

By saying, “It goes up," student 3.2.a demonstrates an understanding that the relationship 

between the operation and augend or subtrahend affects the location of a ship. This is 

impressive as challenges around understanding integer subtraction are documented 

throughout existing integer research. 

Students Disagreed with Teachers and Justified Mathematical Arguments 

Perhaps the most impressive indication from the previous example is the fact that 

student 3.2.a felt confident enough about their conceptual understanding to correct their 

math teacher. Ms. Honey quotes student 3.2.a as saying, “No. You’re removing. It goes 

up.” The student did not hedge their reaction by asking if the ship goes up or down, or 

insert ambiguity with a phrase like, “I think...” Instead, the student confidently disagrees.  

Student 3.2.a’s personality contributed to their ability to expressly disagree with a 

teacher. However, similar behavior was demonstrated by a student (3.1.d) who was so 

shy that their voice is almost inaudible in lesson videos. Figure 26 shows the spotlight 
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equation(s) task from lesson 11 (3.1.L.11), aimed at developing mental models to 

generalize integer operations to larger magnitudes. The curricular materials given to the 

first group of students (3.1) had a mistake where none of the answer choices for the 

equation, –45 + 100 =, were correct. Student 3.1.d wrote, “60 + 40 = 100, so 45 + 65 = 

110, so really I think the answer is 55.” The student also wrote and circled “If I’m 

wrong” instead of circling one of the answer choices.  

Figure 26 

Understanding that Questions Authority 

 

By disagreeing with curricular materials, student 3.1.d was, by extension, 

disagreeing with their teacher. Moreover, the justification implies an impressive 

mathematical argument, communicating that the magnitude of the solution and the 

addend should have a sum that is equivalent to the augend. In other words, if a + b = c, 

where a = –45 and b = 100, then | c | + | a | = 100. The student wrote, “60 + 40 = 100, so 

45 + 65 = 110,” indicating that only the last two answer choices are reasonable. The 

student built on an existing relationship of ways to make 100 by writing, 40 + 60 = 100. 
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They continued by writing the sum of the addend, | –45 | and the reasonable answer 

choices, | ± 65 | is 110. “So really, I think the answer is 55.” Students in Design Cycle 3 

exclusively engaged with the F&A Unit to learn integer concepts. Therefore, it is 

reasonable to conclude that student 3.1.d was able to construct a sophisticated 

mathematical argument using conceptual understanding developed with the F&A Unit.      

Teachers Generalized the F&A Unit as a Positive Experience for All Students  

This vignette illustrates that Ms. Honey observed conceptual understanding across 

all of her students, not just student 3.2.a. Ms. Honey says, “They get it conceptually.” She 

supports this claim with instructional decisions (e.g., reteaching) and student behaviors 

(e.g., struggling, or volunteering) associated with understanding or misunderstanding. 

“...there’s no having to reteach. I don’t feel like I have to fix misunderstandings.” She 

literally says, “It’s beautiful,” indicating a sense of joy from watching her students learn. 

Moreover, Ms. Honey’s reflections about student behaviors indicate that their experience 

with the F&A Unit was not only comparatively positive for learning integers, but 

mathematics standards in general. Ms. Honey said, “Students that I’ve typically seen 

struggle are not struggling. Students who generally keep to themself are talking with their 

classmates and volunteering.” These observations are particularly meaningful from an 

equity and inclusion perspective. All of Ms. Honey’s students received special education 

services with instructional setting accommodations. Therefore, it is reasonable to 

conclude that the F&A Unit and merged model inclusively: (1) supported students who 

often struggle and (2) enabled reluctant students to participate in small group and whole 

group discussions.   
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Teachers in All Three Design Cycles Agreed. Teachers in all three design 

cycles expressed similar sentiments with Ms. Honey. For example, lesson videos from 

Design Cycle 1 record Coach Fox (1.T) repeatedly saying, “This is so cool” while 

circulating during learning activities. This suggests that Coach Fox considered learning 

experiences with F&A to be uniquely positive. The reflexive memo after lesson ten 

documented Coach Fox saying, “I can really see a change from what they understood at 

the beginning and what they understand now,” echoing Ms. Honey’s evaluation that the 

F&A merged model (and F&A Unit) supported conceptual understanding.  

Reflexive memos from Design Cycle 2 document similar opinions. For instance, 

after the fourth lesson (2.1.L.4), Ms. Feeny said, “I wish we could do that with a whole 

class12. It was great. It was so much fun. Even [student 2.1.a], who hates math, said, ‘I 

can’t believe the period is already over.” Later, Ms. Feeny asked if I could redesign their 

next CPM unit as well. This suggests that even midway through the design process, an 

experienced mathematics teacher believed the F&A Unit (and merged model) was better 

at supporting students’ understanding than their existing curriculum. During the teacher 

interview, Ms. Johnson discussed their observations of how engaging with the F&A Unit 

(and merged model) positively impacted student understanding.  

They seem to be really loving it…I’ve really seen a difference with these 

students because I’m in the [primary math] class with them…I see them 

 
12In this context “whole class” is referring to traditional mathematics classes with a large 

group of students. Recall, Design Cycle 2 was implemented with two math intervention 

classes with limited class sizes.   
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using those tools…we had a couple of kids who joined in the middle of the 

[unit]. I noticed them already doing better. 

Ms. Johnson’s quotation echoes a number of themes reported by teachers. Those 

are: students “love” engaging with the unit to explore integer concepts, applied “tools” in 

traditional math settings that were using a different curriculum, and demonstrated 

improved understanding when they had access to the F&A merged model. Finally, 

perhaps one of my favorite moments during data collection occurred at the end of lesson 

10 (3.2.L.10), when Mr. Bombay turned to me and simply said, “It’s working.”               

The Classroom Expert Echoed the Benefits of a Merged Model. The 

classroom expert independently designed her own integer lessons that incorporated F&A 

prior to the start of this study. Obviously, the designs of those lessons differed from the 

F&A Unit ultimately produced from this study. What is meaningful is that even with 

different design decisions, the classroom expert’s experiences and observations align 

with those in this study. During the math expert panel meeting in Design Cycle 2, the 

classroom expert explained what they like about F&A, compared to other curricula.       

The reason why I like Floats & Anchors is that I think it teaches them how 

to understand math. I'm not doing [F&A] this year because we're piloting a 

new curriculum. I feel like the curriculum that we're piloting is teaching 

them how to do math versus understand it. I feel like there's a lot of texts 

out there…curriculum where they teach rules. I think that's very common 

for integers, like “change every subtraction problem to an adding problem 

and change the second number to its opposite sign," something like that.  I 
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feel like Floats & Anchors gets them to understand the why by being able 

to think about, “Am I going up or down the number line?” That is the key 

and why I like it so much…I would say that most 7th graders still need the 

metaphor throughout the whole unit. I don't think I'll ever take it away. 

In this quotation, the classroom expert references “going up and down the number line,” 

which is the essence of a merged model. In order to move on the number line in F&A, 

students have to connect objects, location, and directed distance.  

The classroom expert goes on to say that “most 7th graders still need the 

metaphor throughout the whole unit.” This comment had a significant impact on the final 

design because it gave me permission to keep the F&A metaphor throughout the entire 

unit. As previously discussed, I originally thought that scaffolding from the F&A 

metaphor would be gradually removed over the scope of the unit. I worried that if 

students only engaged with integer concepts with the F&A metaphor, they would not be 

able to apply that understanding to tasks with a different metaphor. What I 

underestimated was the strength to which “Floats & Anchors…teaches them how to 

understand the math.” This ultimately led to the analytical decision to connect data and 

initial findings from this study with existing integer research, which revealed that the 

F&A metaphor was actually a merged model.        

Design Process Example: Color-Coding  

Color-coding in a merged model enables students to make associations and 

distinctions with different representations of integers. I define color-coding as the 

intentional design decision to integrate visual representations of integer concepts with 
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consistent color associations throughout curricular materials (e.g., slides, handouts, 

manipulatives). There were four color-coded visual representations for integers. Positive 

objects (i.e., floats) were represented by yellow circles/icons, and negative objects (i.e., 

anchors) were represented by red circles/icons. Positive locations on the number line (i.e., 

above sea level) had a white background, and negative locations (i.e., below sea level) 

had a blue background, illustrating the concept of being underwater. 

Color-Coding Creates Visual Organization 

The Special Education Expert and Ms. Honey (a master special education teacher) 

both identified color-coding as an essential support for students’ understanding. Data 

from recorded conversations reveal that integrating color-coding throughout curricular 

materials enables students to create a visual organization system to support connections 

within and between representations. In the first expert panel discussion (1.E), the Special 

Education Expert explained how building color-coding into curricular materials creates 

an organizational structure.   

I'm just thinking about the kids with ADHD and all of those organization 

structures can be built in for them. Instead of looking at a chart and the 

student thinking, I don't know where to put my floats. Oh, they're yellow. 

They go in the yellow column, or something silly like that. I have found the 

pull of…color-coding. It's like a snap instead of 20 minutes [spent] 

remembering what color their anchor is.  

Although the Special Education Expert references students with ADHD, color-coding 

and pictorial representations also create entry points for multilingual students and 
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students who benefit from processing, decoding, and textual support (such as students 

with dyslexia). The Special Education Expert reiterated similar themes during the expert 

feedback discussion in Design Cycles 2 and 3.     

Similarly, Ms. Honey, identified the consistent use of yellow and red color-coding 

as the characteristics that stood out as most helpful during her teacher interview (3.T.1). 

Ms. Honey elaborated by saying that whether students were engaging with anchors as 

manipulatives in the game, in a graphic organizer, or physical hand weights (etc.), the 

fact that those representations were always color-coded was helpful for students. Both 

experts provide evidence that a color-coding structure supports student understanding by 

creating visual associations.   

Students Indicated Color-Coded Associations in Design Cycle 1 

 Students demonstrated evidence that the visual organization system developed 

with color-coded floats and anchors played a role in their understanding. During Design 

Cycle 1, students voted between two learning activities for the final 20 minutes of 

instructional time. The winning activity was an online quiz game (i.e., blooket) that 

integrated the F&A metaphor based on design choices made by Desmos. Unlike the 

curricular materials developed in this study, the Desmos’ version red floats, blue anchors, 

and the vertical position of a yellow submarine is described based on its change from a 

starting location (rather than sea level). The vignette below captures the class’s reaction 

to color when engaging with that activity.     
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Vignette: Why Are the Floats Red?! 

Kamie: You can play a blooket because there’s with Floats & 

Anchors. Now. I will tell you that when Desmos used [F&A 

game], they changed it a little bit. So the colors for the 

anchors and the floats are different. So don't get confused 

because red actually means floats- 

[3 students shout] What?! 

Kamie: I know. I know.  

[1.7.f]  Why would they do that?! 

1.T.1:  *laughs* 

Kamie: Thank you. I also think that that was not the right choice. I 

think [the designers] wanted to make floats look more 

realistic.  

Student A: *sarcasm* Yeah. That definitely makes it more realistic. 

Kamie: They decided that buoys are red [gestures floating up]. So 

they made floats red. Also, there's no sea level. 

Student B: That makes no sense. 
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10 Minutes Later 

Student C: Why are the floats red? 

Student D: 

[immediately after] 

WHY ARE THE FLOATS RED?! 

 

1.T.1 Yeah. Remember she said that. They switched it.  

The students’ reaction to an activity where floats and anchors were color-coded 

differently indicates that color did play a role in their understanding. In the exchange, 

multiple students demonstrated outrage and sarcasm that the colors were not consistent 

with the curricular materials in the F&A Unit. Moreover, the two comments that occurred 

ten minutes into the activity suggest that students had answered a question based on the 

assumption that anchors (rather than floats) are red. This supports the Special Education 

Expert and Ms. Honey’s opinion that students use color-coded visual structures to decode 

mathematical contexts.       

Color-Coded Design Decisions 

The evidence supporting color-coding as a flowing point and valuable scaffold for 

inclusive curricular designs led to amplified color-coded design decisions throughout all 

three cycles. Color-coding elements in the F&A merged model help students recognize 

and associate concepts visually with cues that are not necessarily (or directly) dependent 

on language. Instructional slides, student handouts, and learning activity materials 

integrated color-coding to the extent that purchasing a color printer became a necessity 

during data collection. Two examples of the progression of color-coded materials from 
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Glancy and Pettis’ original materials (see Appendix B through Appendix E) through 

Design Cycle 3 are illustrated in Figure 27 and Figure 28.  

Figure 27 

Re-designing the Playing Cards for F&A: The Game 

Glancy & Pettis Design Cycle 1 Design Cycle 3 

   

   

 

Figure 28 

Re-designing the Board for F&A: The Game 

Glancy & Pettis Design Cycle 1 
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Key Characteristic 2: Understanding Integers as Locations and Objects 

Students will be able to: conceptualize the meaning of ñintegerò as 

locations on a number line that (1) have ordinal value that is determined by 

magnitude and direction, and (2) can be represented with infinite sets of 

positive and negative objects by adding zero pair.     

F&A Curricular Unit, Lessons 1-5 

Essential Learning Objective: Understanding Integers as Locations and Objects  

There are two critical differences between integers and whole numbers that are 

essential learning objectives in order for students to develop a conceptual understanding 

of what integers mean. First, integer ordinality is determined by magnitude and direction. 

Second, integer locations can be illustrated with infinite equivalent sets of positive and 

negative objects by adding zero pairs. This study found that connecting integer locations 

on a vertical number line with equivalent object sets helped students develop mental 

models for integer number sense. These concepts should be sequenced with 

understanding what integers are before formally introducing addition and subtraction. 

Ordinality and Directed Magnitude 

The relative value of an integer is determined by its location on a number line, or 

ordinality. Elementary mathematics standards emphasize magnitude to develop number 

sense with whole numbers.  

Figure 29 

Comparing Directed Magnitudes with Ordinality 

Negative Magnitudes  Positive Magnitudes 
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3 feet 

below sea level 

 10 feet 

below sea level 

 3 feet 

above sea level 

 10 feet 

above sea level 

Note. 1 anchor = –1; 1 float = +1 

Cardinality and Zero Pairs 

The findings in this study revealed that zero pairs are an essential learning 

objective that should be sequenced with understanding integers instead of adding and 

subtracting integers. Therefore, learning activities aimed at understanding integers should 

emphasize that integer locations can be modeled with infinite equivalent sets of negative 

and positive objects. 

Figure 30 

Different Sets, Equivalent Location 

Three feet below sea level (–3) 

   

Floats: 0, Anchors: 3 

3 feet below sea level 

Floats: 1, Anchors: 4 

3 feet below sea level 

Floats: 4, Anchors: 7 

3 feet below sea level 
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Note. One float = +1; one anchor = –1. 

Understanding Integer Equations with Locations and Objects 

A merged model allows students to read integer expressions and equations with 

locations and objects. The F&A Unit curricular materials contextualized the first term 

and the solution as integer locations, while the operation and second term were tied to 

object models. This design choice started in Design Cycle 1 (1.L.8) and was integrated as 

a key characteristic in Design Cycle 3. By sequencing zero pairs before addition and 

subtraction, students develop mental models where integer locations have an infinite 

number of floats and anchors. For example, Figure 31 shows student 3.2.d using location 

and object models to read the equation, 7 – 10 = –3, as, “Start at 7, then remove 10 floats. 

The ship ends at –3.” This spotlight equation was an independent warm-up that occurred 

in the first formal lesson on addition and subtraction (3.2.L.8). Which means that even 

though this task was the first time students focused on solving integer subtraction, student 

3.2.d was not at all fazed by a subtrahend (i.e., 10) with a greater relative magnitude than 

the minuend (i.e., 7).     

Figure 31 

Understanding Equations with Locations and Objects 



147 

 

Understanding that locations have infinite floats and anchors eliminates the 

critical sticking point of having to add zero pairs in order to subtract. This enables 

students to draw on the strengths of object models when addition and subtraction is 

formally introduced to develop a conceptual understanding of what it means to 

add/subtract floats/anchors. Therefore, understanding the relationship between zero pairs 

and integer locations is an essential learning objective that needs to be mastered before 

formally introducing addition and subtraction.  
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Design Process Example: Connecting Integer Representations 

In this key characteristic, I start with an abridged design process example with 

evidence that revealed valuable attributes of integers to support conceptual 

understanding. The findings in this study suggests these attributes require intentional 

scaffolding and are prerequisites to integer operations. The design process example 

highlights flowing points that connect integer representations with a vertical number line.  

Extending F&A Representations to Connect Locations and Objects 

The first expert panel meeting focused on a critical discussion of the initial 

curricular materials (0.L.1-5). The critical sticking point identified for Design Cycle 1 

was situations in the F&A game when students had to add zero pairs in order to play a 

“remove” card. Therefore, the first iteration of curricular materials (Design Cycle 0) were 

designed to support students’ conceptual understanding of integer number sense and zero 

pairs. From an equity perspective, I knew that I wanted to expand on pictorial 

representations from the original F&A game/model to create visual entry points for 

students who are multilingual and/or need decoding support.  

For Design Cycle 1, I designed cargo cards that illustrate integer locations using 

pictorial representations of float and anchor sets. The cargo cards were incorporated in 

three activities intended to support comparing, ordering, and plotting integers. The 

comparing activity, closest to the treasure, is a variation of the card game “war” where 

students determine which set of integer objects has the greater ordinal value. Race is an 

ordering activity where students work together to determine the current standings of five 

racing ships. The third activity, matching, incorporated multiple representations of 
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integer locations such as, “4 feet below sea level," –4 plotted on a horizontal and vertical 

number line, and varying combinations of floats and anchors that correspond with four 

feet below sea level.         

Vignette: The Floats, The Anchors, The Cargo, The Position 

A stage-to-stage initial analysis conducted between the first expert panel meeting 

and the first classroom implementation stage revealed that experts collectively identified 

"multiple representations” as an essential aim for understanding integers. In this context, 

the phrase “multiple representations” was used to describe connections between a vertical 

number line, locations, objects (i.e., floats and anchors), and reading integer symbols. 

The following vignette highlights expert opinions that led to learning activities 

intentionally aimed at connecting vertical integer locations with infinite equivalent sets of 

integer objects and directed magnitude. 

Kamie: 

 

The ideas of greater and less, and bigger and smaller don't 

always carry the same precision in real-world context as 

they do in math context. That's okay, but we have to be 

explicit about it. That’s my concern. 

Dr. Glancy: 

 

If I said, which is bigger, $5 or $1 million in debt, the 

answer is $5. Most people in the real world would 

probably say $1 million in debt because that's such a huge 

amount of owed money. 
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Kamie: 

 

I think it depends on the question, right, which is bigger 

in what sense? 

Dr. Glancy: 

 

I think the key idea is that there's the connection between 

the floats, the anchors, the cargo, and the position. 

Classroom Expert: 

 

Yes, I think that would be, maybe, a way to change the 

[closest to the treasure] game too. Not who wins, but who 

would be higher. You win by having a higher position, and 

then that way you could still go back to the position of the 

cargo. 

Dr. Glancy: 

 

Yes. Higher is great. That's one of the advantages of the 

vertical number line, is that there is a much more natural 

up and down in a vertical number line than left and right 

being positive and negative. Up very intuitively matches 

to positive, and down very intuitively matches to negative. 

Whereas, that's not as easy for kids with the left and right. 

Kamie: 

 

I think that's for sure what we found. The vertical number 

line, I think, was one of the selling points for me as a 

teacher. Right, [Special Ed. Expert]? 

Special Ed. Expert: For sure.  
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Classroom Expert: I really like this one piece [race] right here. I just wanted 

to say that. I know that you went through both of them at 

once, but I really like this one right here. 

Dr. Glancy: I was going to say if you gave the sets, if you gave one set, 

and the questions were, which one is the highest, which 

one is the lowest, and which one is closest to zero, a 

number line would be a great way to summarize all of the 

information, and then be able to have that conversation. If 

you ask multiple questions about the same set, it might be 

a way to say, "Look how powerful this number line is for 

showing--" I think adding in the closest to zero might not 

be a bad question. 

Curriculum Expert: I really like the [matching] multiple representations one. It 

was my favorite. 

Dr. Glancy: I like that one too. 

Classroom Expert: Another idea to get at the other representations, and one of 

the sticking points to me is: what's the simplest way to 

write it?...I think that that could be refined. Whatever the 

goal is, if it's like, is the simplest way whatever way that 

they find easiest? I guess that's what I'm wondering 
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because that's getting at the multiple representations, 

right? 

The Vertical Number Line and Multiple Representations 

The discussion highlighted in the above vignette demonstrates that expert 

participants identified multiple representations that are tied to a vertical number line to be 

an important factor of integer understanding. Chief among these representations is the 

vertical number line which allows ordinal integer number sense to be framed as height on 

the number line. The curriculum expert said, “I think that would be, maybe, a way to 

change the [closest to the treasure] game too. Not who wins, but who would be higher. 

“greater than and less than (i.e., inequalities). However, I originally designed these 

activities to incorporate representations within and beyond the F&A metaphor. This was 

based on concerns related to my experience as a classroom teacher, where my students 

used the F&A metaphor to learn integer concepts, but the state assessment used integer 

location and directed distance models with a horizontal number line. My students’ 

experiences were tied to the vertical number line, and they found it overwhelming and 

even unfair that the assessment question did not allow them to show what they 

understood about integers. The conversation in this vignette helped me let go of the 

pressure to scaffold learning experiences toward the existing models between Design 

Cycle 1 and 3. As the experts said, the vertical number line is one of the most powerful 

representations of the F&A metaphor. The key was to tie everything back to the vertical 

number line.   

The learning activities discussed in this vignette emphasized connections between 
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the ship's location, the cargo on the ship, and distance traveled on the number line as up 

and down movement. The classroom expert’s suggestion to reframe the winner as “who 

is higher,” and Dr. Glancy’s suggestion to emphasize “closest to zero” inspired a fourth 

game. The fourth game, furthest from sea level, was the same as closest to the treasure, 

except the winner was not the highest ship, but the ship that had traveled the farthest. 

This created an opportunity for students to make sense of directed magnitude with the 

vertical number line, which was consistently integrated in all three design cycles (lessons 

3 and 4). 

Closest to the Treasure. Furthest from Sea Level. Approaching magnitude in 

two different ways became an important shift in recognizing the ways students can 

develop an understanding of integers before formally introducing addition and 

subtraction. This ultimately led to a seventh (or eighth) grade F&A Unit that was 

noticeably different from the existing curricular materials. Most textbooks and integer 

curricula have one or two lessons that focus on integer number sense by plotting, 

comparing, and ordering. The majority of the unit focuses on operations. The findings in 

this study suggest that a key to understanding integer operations is to spend a significant 

amount of time focusing on integers before operations. The first five lessons in the F&A 

Unit are aimed at developing mental models tied to the vertical number line with 

individual integers by connections between location, cargo, and movement from zero. 

Students informally engage with addition and subtraction as the catalyst for changing a 

ship’s location, without emphasizing the operation. This allows students to develop 
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mental models of integers by engaging with concepts that are uniquely different from 

whole numbers.  

The closest to the treasure and furthest from sea level games proved to be 

incredibly helpful for supporting students’ understanding of directed magnitude (as well 

as zero pairs). The first two lessons of the F&A generally focus on the F&A game 

because it is the unified element of the merged model. The next three lessons shifted to 

the cargo card games (i.e., closest, furthest, matching, and race.) The closest and furthest 

games help students understand that an integer’s value depends on the question, “Which 

is bigger in what sense?” Once the class demonstrated mastery of the two games as 

separate learning activities, the activity shifted to play both games at once.  

Figure 32 shows an artifact of student work where students played both 

magnitude games at the same time during Design Cycle 2. In partners, each player drew a 

cargo card. They then wrote both ships’ locations as integers in the comparing table and 

the furthest table, which can be seen in each row across both tables. Students then had to 

decide which ship won in the context of both games. The inequality symbols show that 

students were able to compare the same two integers in terms of ordinality and directed 

magnitude. For example, the fourth row shows this student comparing –9 and –4. In the 

“closest” column, the student has –9 < –4 because when comparing ordinal values, the 

ship at –4 is closer to the treasure. In the “furth” column, the student has | –9 | > | – 4 | 

because the ship at –9 has a larger negative magnitude than –4. This handout was 

modified before the second lesson in Design Cycle 2 to include a column in the middle 

for students to write the inequality symbol.  



155 

Figure 32 

Closest to the Treasure and Furthest from Sea Level 

 

Playing closest to the treasure and furthest from sea level at the same time had the 

added bonus of introducing absolute value notation organically. The initial findings after 

Design Cycle 2 indicated that lessons directly aimed at absolute value did not support 

students’ understanding of integers. The main takeaway was that the aims of absolute 

value made it harder rather than easier to understand integers. However, when I added the 

activity comparing both simultaneously, students were able to consider absolute value 

through directed magnitude. When the activity was used in Design Cycle 3, the co-

teachers and I were able to have a mini-lesson about absolute value notation as a way to 

show how the winner depends on the question. As the figure shows, students added 

absolute value signs to the furthest game as a way to show that negative magnitude is 
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only the winner when considering distance. This led to the finding that connecting 

directed magnitude with objects and locations supports students’ conceptual 

understanding of integers. 

In Design Cycle 3, Ms. Honey added a variation when students were ready for a 

challenge. While still playing closest and furthest as separate games, Ms. Honey let 

students draw two cards and decide which card they wanted to play. This added a level of 

complexity where students were comparing three locations/cargo: both of their cards and 

the card their partner plays. By the end of these activities, students had developed a 

strong understanding of directed magnitude and ordinality.  

Flowing Points: Zero Pairs with Locations 

The cargo card activities use pictures to show a ship’s cargo. These cards had 

cargo in the simplest form and cards with zero pairs. Focusing on the winner helped 

students consider what the overall location meant. Using cargo cards to have students 

determine where each ship was located in the first place embedded zero pairs and 

equivalent representations. This led to the finding that students need to make sense of 

zero pairs with integer number sense rather than “adding zero pairs to subtract.” Shifting 

zero pairs from operations to integers was determined by continued sticking points when 

students used zero pairs with operations. 

Zero Pairs with Subtraction. In the initial F&A Unit that was critically 

discussed in the first expert panel meeting, I thought I had “figured out the problem of 

adding to subtract.” There were lessons that focused on having to add zero pairs as a 

problem solving task. That helped some students, but others were still overwhelmed. 
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Initial analysis after Design Cycle 1 and between Design Cycles 2 and 3 led me to 

consider that addressing zero pairs with subtraction (i.e., as a way to play remove cards in 

the F&A game) may not be the right sequencing. The excerpt below is taken from my 

reflexive memos during Design Cycle 2.  

During the second group’s lesson (2.2.L.3) of playing [F&A game], 

some students were still confused about adding zero pairs at the beginning 

of their turn. Some groups had a bunch of cards when they were playing 

where they had to add zero pairs. It felt like students were getting 

confused/frustrated/disappointed with adding F/A pairs and then doing the 

card. I don’t think this is necessary anymore. It feels like misplaced “muddy 

points”...Figure out a different way to do zero pairs…Now that it’s being 

turned into a unit, can/should we shift zero pairs to something else?…We 

still think zero pairs are important. We also think they can be done a 

different way, outside of the game, which has the potential to give zero pairs 

more meaning and solidify the value of the game. The game would then be 

able to really focus on the movement of the ship. 

In this memo, I tried to make sense of zero pairs. The “game” in this 

context is the F&A game. My reflection shows that adding zero pairs in the 

context of subtraction does not support understanding. This is in line with existing 

critiques about object models.  

However, zero pairs are still an important component of integers. I wrote, 

“We still think zero pairs are important. We also think they can be done in a 
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different way, outside of the game, which has the potential to give zero pairs more 

meaning…” By considering zero pairs outside of the F&A game, I was able to 

understand zero pairs as a learning objective that is separate from subtraction. The 

sum of opposites is zero. All models reflect this in some way, whether that is zero 

pairs, distance from zero, or combining opposite equivalent magnitudes. This 

means that students have to make sense of the symmetric function of the “ – “ 

symbol, but it does not mean that they have to do it with activities aimed at 

making sense of the binary meaning of that symbol.  

Zero Pairs with Locations 

As a merged model, F&A has the ability to connect zero pairs to integer concepts 

that are not tied to removing objects. The original F&A materials included activities 

where students engaged with zero pairs by making connections between the ship’s cargo 

and location. The observations from reflexive memos and the experts advice to 

emphasize multiple representations of an integer led to activities that focused on 

connecting the ship’s cargo and location. Two activities that supported students' 

understanding involved: determining if a ship’s location and cargo matched and showing 

different ships at the same location.  

Find the Mistake. Figure 36 shows a student determining if four ships match the 

location. Ship C is located at –3 but it should be at –2 because there are two floats and 

four anchors. Ship D is at +2, but it should be at +1 because it has three floats and two 

anchors. The student circled both ships and justified their answer by writing, “I counted 
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the floats and anchors they are both off by one!” This shows that the student was able to 

make sense of how zero pairs align with locations on the number line.  

Figure 33 

Find the Mistake 

 

The student’s argument shows another instance where the F&A merged model 

supported conceptual understanding that enabled students to construct arguments that 

demonstrated they were able to critically question curricular materials. The task directs 

students to “Circle the ship that has an oppsies [sic]” and “Argue your answer. Why do 

you know that ship has a mistake?” Both prompts suggest that only one ship is at the 

wrong location. The design was intended to assess if directed magnitude impacted 

students' understanding of zero pairs. However, all students in this group circled both 
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ships. In the next design cycle, this activity was re-designed to include a ship at the 

correct location with zero pairs to further assess students’ nuanced understanding.        

Different Ships, Same Location 

The second activity that supported students' conceptual understanding of zero 

pairs, asked students to create equivalent sets of integer objects. This task was repeated 

multiple times throughout the unit to assess students' ability to create equivalent sets for 

any location. Figure 34, shows students 3.1.b using representations of floats and anchors 

to create three equivalent sets of cargo all located at –2. On the first ship, the student has 

two anchors and no floats. The second ship has four anchors and two floats. The third 

ship has five anchors and three floats. In each case, there are two more anchors than 

floats illustrating that the student was able to use zero pairs to create equivalent sets on an 

assessment (i.e., quiz 1). This was a pattern across almost all students in Design Cycle 3 

on quiz 1.               

Figure 34 

Different Ships at the Same Location 
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This artifact is also a good example of how a unified merged model enables 

students to develop representational fluency. The task includes: (1) the words, “at two 

feet below sea level,” (2) the symbolic representation “show –2,” (3) an open vertical 

number line with –2 as a location, (4) the concept of floats and anchors as a way to get to 

–2, and (5) pictorial representations of floats and anchors with stickers.  

Removing Zero Pairs 

Students also demonstrated that they could create equivalent sets by removing 

zero pairs. They did this during the F&A game and during the cargo card games. During 

the F&A game (3.L.2), student 3.1.g, spontaneously decided to clear their ship. The 

lesson video records our interaction. I said, “You took everything off your ship, but it’s 

still in the same place.” To which the student replied, “Mmm-hmmm.” I asked, “Do you 

know why that worked?" The student replied, “because I had four floats and four 

anchors.” The merged model and activities that emphasize a connection between objects 

and locations created an opportunity for student 3.1.g to understand that a ship without 

any cargo and a ship with an equal number of floats and anchors are both located at zero 

on the number line.  

Removing zero pairs became a pattern observed in students’ behavior, particularly 

with cargo card activities. During these games, students consistently and organically 

started covering zero pairs, essentially isolating the magnitude. This shows that students 

understood zero pairs as a representation of opposites whose sum is zero. It also further 

demonstrates that students were able to make connections between floats and anchors 

(i.e., objects) and locations.  
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Figure 35 shows student 3.1.h removing zero pairs to compare, plot, and order 

integers. The student circled each set of zero pairs. The student correctly compares, plots, 

and orders all eight integers. This includes two points at –4, demonstrating that the 

student understood equivalent representations as well as zero pairs. The student was also 

able to order the integers from least to greatest at the bottom of the page, demonstrating 

an understanding of directed magnitude, even without a number line. Similar patterns 

were observed across both student groups in Design Cycle 3. Which means that 

connecting representations in a merged model helps students with integer standards. The 

curricular materials do not need to make connections to a horizontal number line.        

Figure 35 

Compare and Plot Integers 
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Overall Conceptual Understanding 

Connecting objects, locations, and directed magnitude in the merged model 

enabled students to develop a conceptual understanding of integers. Table 11 highlights 

four examples where all or most students were able to compare integers with zero pairs. 

The first two rows illustrate that 13/15 students correctly compared equivalent 

representations (i.e., –4 = –4) and directed magnitude (i.e., –7 < 8). Mastery of these 
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concepts are also shown from a similar task on the first quiz shown in the last two rows. 

All students (i.e., 12/12) who completed this task had accurate responses. The number of 

students is smaller than the number of participants because two students (3.2.b and 3.2.c) 

did not understand the directions. Both students wrote the correct symbolic representation 

of each ship but missed the direction to compare them with inequality or equal signs. This 

task was re-designed between the first and second group in Design Cycle 3 to make the 

directions clearer.  

Table 11 

Whole Group Mastery Comparing with Zero Pairs 

Inequality 

 

A B Task Accurate 

Responses*  

–4 = –4  

 

 

 

 

Comparing 

 

13/15 

–7 < 8  

 

 

 

 

Comparing 

 

13/15 

–7 > 7 

  

Quiz 1 12/12 

0 = 0 

  

Quiz 1 12/12 
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Note. *The denominator of the proportion accounts for students who were absent or 

misunderstood the directions.  

 

The data discussed in this section led to the finding that connecting locations, 

objects, and directed magnitude in a merged model supports students’ understanding of 

integer concepts (i.e., comparing, plotting, ordering). These learning objectives require 

more than the standard one or two lessons at the beginning of the unit. Students need to 

make sense of zero pairs as an essential component of integer understanding. Engaging 

with a representation of opposite sums (i.e., –3 + 3 = 0) is important for mastery of 

integers, but that does not have to be included in subtraction models. In fact, shifting 

object representations of zero pairs to integer understanding was a significant factor in 

eliminating the sticking point of having to “add in order to subtract.” The second factor, 

reading equations with a merged model will be discussed with more detail with Key 

Characteristic 3.  

One of the most important findings related to this key characteristic is that 

understanding zero pairs as equivalent representatives of a location enables students to 

develop mental models. This enables students to know that all locations have an infinite 

amount of zero pairs. That understanding is essential when students are formally 

introduced to addition and subtraction with a merged model that allows them to read the 

first term as a location and the second term as objects. If the first number is a location and 

locations have infinite zero pairs, then it does not matter if there are enough object to 

model subtraction problems where | a | < | b |. This is evident in Figure 33, which was 

discussed at the beginning of this section. The student was able to subtract 10 floats from 
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a ship that starts at seven feet above sea level. At no point, in Design Cycle 3, did a 

student say, “I can’t subtract, I don’t have enough.” Students were able to draw on 

locations, zero pairs, and object models to understand subtraction because of the learning 

that happened before formally introducing addition and subtraction. They were able to 

make further connections by using directed distance to determine where the ship ends, 

which will be discussed with Key Characteristic 4.      
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Key Characteristic 3: Reading and Writing Integers 

Students will be able to: interpret the conceptual meaning of integers and 

integer operations by writing and reading elements of expressions and 

equations and making connections between each element and 

representations from a merged model.  

F&A Curricular Unit, Lessons 1ï16 

Essential Learning Objective: Connecting Representations for Symbolic 

Homograph Comprehension 

In order to develop a conceptual understanding of adding and subtracting, 

students need to be able to comprehend, or read, the meaning of symbolic representations 

by making connections to other representations in a merged model. The fundamental skill 

of reading and writing integers is a critical sticking point because symbolic 

representations of integers are symbolic homographs for addition and subtraction. In 

other words, “addition” and “positive” are notated with the same symbol (i.e., +), while 

“subtraction," “negative," and “reflection” (or “opposite”) are all notated with a “–”.  

This section highlights evidence that contributed to three facets of the design 

process aimed at symbolic homograph comprehension. The first vignette shared will 

highlight conversations with mathematics education experts that contributed to (1) 

identifying symbolic comprehension as an essential learning objective and (2) 

approaching comprehension strategies by connecting representations. The second 

vignette in this section illustrates the process of collaboratively re-designing curricular 

materials with a special educator. Finally, I spotlight two flowing point strategies for 
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decoding context clues, ship logs and annotation circles, using evidence of student 

understanding with standard mathematical notation.  

Vignette: That’s A Key Component; Being Able to Translate  

The following vignette is from the first expert panel meeting at the beginning of 

Design Cycle 1 and the mathematics expert panel meeting at the beginning of Design 

Cycle 2. These meetings were bookends for the first classroom implementation cycle. 

More importantly, they significantly influenced learning objectives and instructional 

strategies incorporated throughout all three classroom implementation stages.  

Dr. Glancy: 

Aug. 2023 

[The Curriculum expert] mentioned earlier, the hot and 

cold cubes, which I really liked. That was when the 

teachers at [middle school] asked…"Hey, we want 

something for integers." The teachers loved [hot and cold 

cubes], and there are some good things about it, but what 

I didn't like about it was I didn't see the kids using the 

model to support their reasoning. What I saw was: kids 

who knew the answer could use the model, and the kids 

who didn't know the answer couldn't make sense of the 

model. The goal with Floats & Anchors was to create a 

model that kids could actually reason about, which means 

that they have to be able to translate from, - I'm using my 

language there - they need to be able to translate from the 

model to the other representation. I definitely think that's 
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a key component: being able to translate, so, being explicit 

about that. 

Curriculum 

Expert: 

Aug. 2023 

Yes, and that's one of the powerful things about this 

particular model is that it pulls that [translating] out 

with the vertical number line and the cargo. The 

position and the cargo. 

Dr. Glancy: 

Oct. 2023 

It goes back to the whole Lesh Translation Model idea 

of it. You introduce the model in the direction of 

metaphor to symbols because that's how you're going 

to help give the kids the intuition, but really, it's going 

to be useful if they can go: symbols to metaphor, so they 

have to go the other direction [emphasis added]. That's 

where I find the practice is. That's where spending the 

time and committing to it, sticking with it will, 

hopefully, pay off. 

Kamie:  

Oct. 2023 

If you do have days that are more symbolic and then 

going backward, how do you approach those learning 

days? Or [for experts who are not currently teaching 

integers], how would you approach those learning 

days? 
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Classroom Expert: 

Oct. 2023 

I can start. I would have to look to see exactly, but I'm 

pretty sure that the very first day we start with naked 

numbers, it's just numbers that are less than 10 so that 

if they have to draw it out, they can, or if they need to 

use the number line, they can. Those are the days that - 

for the kids who are struggling - I'm going around the 

room and saying, "Okay, this is óstart atô, what's the 

ómoveô, what's the óend atô?" [emphasis added] 

Then after that, they are large numbers and they are the 

naked number problems. We ask them to draw it on an 

open number line, let's say it's like 53 minus 173. Just 

to be saying, again, you're taking away floats, so where 

are you going to go? Up or down? That's the transition, 

but again, using that language throughout. 

Dr. Glancy: 

Oct. 2023 

I like to be really intentional about translating the 

number sentences back into the story. I would spend 

time not even trying to solve the problems. Just taking 

the number sentences and translating them back into 

the Floats & Anchors story. I think it’s worth the time. 

Give them completely solved ones and have them 
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translate them. I think that's a good one. [I’m] A big 

fan. 

Translating Representations in a Merged Model 

The excerpts highlighted in this vignette demonstrate the expert panel collectively 

agreed that making connections, or “translating," between representations is a key 

characteristic, further supporting a merged model as the preeminent finding. Dr. Glancy 

says, “It goes back to the whole Lesh Translation Model idea of it," emphasizing the 

theoretical underpinnings to make connections (i.e., “translate”) across and between 

representations. I use the term read, or reading, to describe the practice of translating 

between representations to emphasize comprehension as an inherent aim of scaffolding 

such connections.  

The curriculum expert adds on saying, “Yes, and that's one of the powerful things 

about this particular model is that it pulls that [translating] out with the vertical number 

line and the cargo. The position and the cargo.” The strength of the F&A metaphor is 

such that even when considering two representations, (e.g., metaphor and symbolic), 

students are able to engage with additional representations to develop understanding. This 

is further strengthened by the fact that the two representations the curriculum expert 

mentioned, the vertical number line and “cargo” (i.e., manipulatives) are central elements 

of object, location, and directed distance models. Once again highlighting a merged 

model as a key characteristic, which, in turn, supports students’ ability to construct 

meaning with symbolic representations.   
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Understanding Symbols in a Distinct, Essential Objective 

Zooming in on symbolic representations, this vignette demonstrates that the 

experts identified connecting “number sentences” and “naked numbers” with the F&A 

metaphor as an essential learning object for conceptual understanding. Dr. Glancy said, 

“You introduce the model in the direction of metaphor to symbols because that's how 

you're going to help give the kids the intuition, but really, it's going to be useful if they 

can go: symbols to metaphor, so they have to go the other direction.” In this quotation, 

Dr. Glancy emphasized the importance of building on “intuition” developed with the 

metaphor to understand symbols, citing a bidirectional relationship.  

Reading Symbols ñBack Intoò the Floats & Anchors Story 

 Dr. Glancy went on to distinguish understanding symbolic representations as a 

separate learning objective from solving symbolic representations. “I like to be really 

intentional about translating the number sentences back into the story. I would spend time 

not even trying to solve the problems. Just taking the number sentences and translating 

them back into the Floats & Anchors story.” Here, he specifically suggests, “...spend time 

not even trying to solve problems," emphasizing that dedicating instructional time to 

develop meaning for symbolic representations is essential and different from solving 

operations. Adding on later to say, “That's where spending the time and committing to it, 

sticking with it will, hopefully, pay off.” The “it” in this case, referred to the F&A 

metaphor.  

Later in this vignette, the classroom expert provides an example for how she 

supports reading symbolic representations. “We start with naked numbers…that are less 
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than 10 so that if they have to draw it out, they can, or if they need to use the number line, 

they can…” This quotation highlights two design decisions that were ultimately 

identified as flowing points. The first are learning activities that start with integer 

expressions or equations and ask students to make connections with representations in the 

F&A metaphor. The curriculum expert references using the number line and “[drawing] it 

out," which I understand as using floats and anchors as objects to create picture 

representations.  

Small Magnitudes. The second design decision embedded in the above quotation 

is specifying “numbers that are less than 10," or numbers with a magnitude less than 10. 

The curriculum expert explains that using small numbers enables students to use other 

representations. This aligns with my own observations, particularly during the classroom 

implementation stage in Design Cycle 2. In this cycle, students were engaging with the 

F&A Unit and CMP Accentuating the Negative (Lappan et al., 2006) at the same time. It 

was a standard routine in that mathematics intervention class to dedicate one class session 

each week for students to complete homework assignments. To mitigate frustration from 

students and families, the co-teachers and I reserved half of a lesson each week for 

homework. This gave me the opportunity to support and observe students as they worked 

on assignments related to the CMP curriculum.  

What I took from that experience was (1) how reluctant students were to use other 

representations (even if they were struggling) to solve problems with magnitudes greater 

than 10 and (2) how quickly the curricular materials jumped to problems with large 
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numbers and even rational numbers. This led to the conclusion that reading symbolic 

representations is an essential objective that should be sequenced before solving.      

Reading Symbols with Language from the Merged Model 

In this vignette, the classroom expert provides examples of language that she uses 

to help students read integer symbols. “...I'm going around the room and saying, ‘Okay, 

this is ‘start at’, what's the ‘move’, what's the ‘end at?’...you're taking away floats, so 

where are you going to go? Up or down?’” This scaffolding incorporates all four 

elements of the merged model, the fourth being consistent language from the F&A 

metaphor. By identifying, “this is ‘start at’," and asking, “what’s the ‘end at’” she makes 

connections with integer location models. She incorporates object models by saying, 

“you’re taking away floats.” Finally, questions like, “what’s the move?," “...where are 

you going to go?” and “Up or down?” draw on the directed distance model. Altogether, 

the discussion with experts helped me identify reading symbolic representations as an 

essential learning objective that precedes solving. Their collective suggestions helped me 

design learning activities aimed at reading symbols. Moreover, the classroom expert’s 

examples significantly contributed to my ability to recognize the other integer models in 

F&A.  

Flowing Points That Support Reading and Writing Integers 

There are three main flowing points that support reading and writing integers as 

an essential learning objective: (1) ship logs and boxes, (2) annotation circles, and (3) the 

sentence starter. These flowing points were identified, re-designed, and co-designed 

throughout Design Cycles 2 and 3.  
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Ship Logs: Writing Integers 

One of the first identified flowing points that helps students develop meaning for 

symbolic representations is a ship log. The concept for the ship log was originally 

developed with my co-teacher (and special education expert) when we were classroom 

teachers. Glancy and Pettis had 3-cell cartoon tasks in the original students’ handout (see 

Figure 36; Appendix E). These tasks were designed to help students make connections 

between metaphor, language (i.e. words), and symbolic representations. The first cell 

describes a ship’s starting location. The middle cell illustrates adding or removing a set of 

floats or anchors. The last cell describes where the ship ended.  

Figure 36 

Glancy & Pettis Cartoon 

 
 

Sticking Points: Cartoons 

Using cartoons to connect representations is an innovative approach. 

Unfortunately, my co-teacher and I encountered three sticking points when using activity 
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with our students. The first was that students struggled to represent situations when the 

middle cell required both a binary and unary symbol (types III, IV, VII, VIII, XIII, XIV, 

XV, XVI). For example, the cartoon in Figure 39 illustrates the type IV equation, 2 + (–4) 

= –2, where “+ (–4)” corresponds with the middle cell. Students had a hard time writing 

two adjacent symbols and would often leave one out. The second sticking point was that 

the cartoon tasks were a separate learning activity from the F&A game. We wanted an 

activity that helped students make connections with symbolic representations while they 

were playing the F&A game. From a practical standpoint, we also needed a task that 

helped middle school students stay on task and be accountable when a whole class was 

playing F&A for the majority of the period. The third sticking point was that the prompt 

to write a “math sentence” did not align with the vertical cells of the cartoon.  

Flowing Point: A Graphic Organizer with Four Cells 

The sticking points in the previous paragraphs prompted my co-teacher and I to 

design a graphic organizer with four cells. We called it a ship log because students would 

use the graphic organizer to record their turns while playing the F&A game (see Figure 

37). Incorporating the ship logs was an instant flowing point. Separating the operation 

and integer in two different columns helped students develop both a binary and unary 

meaning for symbols. This was particularly meaningful when removing anchors (i.e., 

subtracting a negative) required two adjacent symbolic homographs (see last row in 

Figure 37). Additionally, we were able to use completed ship logs during addition and 

subtraction lessons to help students recognize patterns. The ship log in Figure 37 reflects 

re-design decisions in cycles 1 and 2, which added color-coded pictures of floats and 
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anchors and used the words “how many?” instead of cargo. The latter was informed by 

very clear student feedback from Design Cycle 1.    

Figure 37  

Ship log (Design Cycle 2) 

Where did your 

ship start? 

Add (+) 

Remove (–) 

How Many? 

1    –1 

Where did your 

ship end? 

0 + –3 –3 

–3 – –1 –4 

 

Identifying the ship log as a flowing point was supported by teacher feedback. For 

instance, when asked if anything stood out as particularly helpful, Ms. Honey specifically 

singled out the ship log.  

This is so random…when you asked what was a really good thing, I feel 

like that ship log, when [they’re] playing the game. When you transfer that 

in, like that’s obvious, and it’s like, “Oh, here’s the equation,” but they don’t 

even know they’re doing the equation yet…It was like it clicked, but they’ve 

been doing it [for a few lessons], but because they’re doing it [with F&A,] 

I feel like that is a really huge transfer to the math equation, that log.  

This quotation reinforces how simultaneously engaging with the F&A game and the ship 

log helps students write and develop meaning for integer symbols. Even though each row 

creates an equation, the ship log scaffolds reading and writing symbols by connecting 

symbolic homographs with meaning from the F&A game without emphasizing solving.  

Both teachers in Design Cycle 3 talked about the impact of writing integers with 

the ship log. Ms. Honey said, “I was working with [Student 3.2.a] today. They put a float 
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on their ship but wrote a negative number in the ship log. As soon as I asked, “What does 

a float look like?” they immediately changed [the second term] to a positive number.” 

Mr. Bombay said, “This new boxes format is awesome! Something about it makes it so 

clear that the negative goes with the anchors even when we’re adding.” This was in 

response to the new daily equation handout (3.L.2). 

Ship logs and Boxes 

Separating binary and unary symbols in a graphic organizer is further supported 

by external curricular materials such as “open middle” tasks (Kaplinsky, 2019). Integer 

open middle tasks have a graphic organizer that uses boxes for the first term, second 

term, and solution. The operational (or binary) symbol is written between the first two 

boxes and an equal sign is written between the second term and the solution. I 

incorporated the open middle tasks and a similar graphic organizer from teachers-pay-

teachers with multiplication during Design Cycles 2 and 3. In each instance, the teachers 

commented on how helpful it was to visually separate the operation from the sign of the 

second term. The boxes in these graphic organizers were incorporated with the ship log 

and other learning activities in Design Cycle 3 (discussed with Key Characteristic 4).  

For example, Figure 38 illustrates the first three turns recorded by student 3.1.b 

while playing the F&A game during lesson 5 (3.1.L.5). This was the first time in the 

F&A Unit students played with both add and remove cards in the deck. Using the ship 

log, student 3.1.b was able to navigate three different problem structures while playing, 

(1) adding a positive, (2) adding a negative, and (3) subtracting a positive. It is interesting 

to note that the student only wrote a “+” symbol for positive integers in some instances, 
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illustrating the sticking points associated with symbolic homographs and understood 

positive signs.      

Figure 38 

Ship log with Boxes 

        

Design Process Example: Cartoons to Annotation Circles  

One of the flowing points found was color-coded annotation circles. This strategy 

helps students isolate and assign meaning to each element of integer expressions and 

equations written with standard notational conventions. In this section, I present an 

abridged design process example that led to identifying annotation circles as an impactful 

flowing point for reading integers. 

Sticking Points with Symbolic Homographs in Cartoons 

Unwritten positive signs and symbolic homographs for subtraction and negative 

symbols are critical sticking points for reading and writing integers. One approach used 
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by some educators and researchers is to write unary signs with a higher vertical alignment 

and include positive signs that are understood with standard notational conventions. For 

example, the equation, 2 – (–1) = 3, might be written as ƻ2 – ⁻1 = ƻ2. However, this 

approach does not scaffold entry points when students are given expressions and 

equations written with standard notation. Writing integer symbols in this way may also 

lead to negative experiences if future mathematics teachers or standardized assessments 

strictly adhere to standard conventions as a mathematical language. 

Inserting Unnecessary Symbols. The annotation circle strategy was first 

implemented during Design Cycle 2 (2.L.7) following a re-designed cartoon activity 

(2.L.6) that did not support students’ ability to write symbols. Figure 39 illustrates a 

common sticking point observed in artifacts of student work from that activity. In this 

example, student (2.1.c) is using the re-designed cartoon to represent the equation, –1 – 3 

= –4, with pictures, words and symbols. Building on the flowing points identified with 

the ship log, the cartoon vertically aligns the representations with four columns to 

separate the operation from the augend or subtrahend. The student used pictures and 

words that illustrate “remove three floats," aligning with the meaning of the problem. 

However, in the symbols row, the student wrote “– – 3 floaties” instead of “– 3” or “– 

+3”. This was a common sticking point observed in student work. Students often inserted 

a negative sign when reading and/or writing subtraction expressions or equations with a 

positive subtrahend.  

Figure 39 

Re-Designed Cartoons, ñSubtract a Positive" 
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Avoiding Adjacent Symbols. Similar challenges were observed with subtracting 

a negative. In these problems, students were often hesitant to write adjacent symbolic 

homographs, despite doing so (inaccurately) with positive subtrahends. For instance, 

Figure 40 illustrates an artifact of student work for student work for the problem, –1 – (–

4). Student 2.1.d writes a “–” symbol under the “add or remove” column but uses a 

picture of an anchor next to “4.” This suggests that the student wanted to indicate four 

anchors rather than four floats but did not use a negative sign13. There are also conflicting 

representations for “add” and “remove.” The student colors in the arrow for “add” and 

adds three additional anchor circles in the ending location picture. However, they write a 

subtraction (or possibly a negative) sign in the symbols row and use symbols (i.e., “–4”) 

instead of words, repeating representations for “negative four” in both the “add or 

 
13Student 2.1.d did not use pictures of floats in the symbols section for problems with 

positive augends or subtrahends on the same assignment.  
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remove” and “how many?” columns. Whether the student intended to add or remove 

negative four is unclear and their ending location (also –4), is incorrect in either case.  

Figure 40 

Re-Designed Cartoons to Read and Write, ñSubtract a Negativeò 

 

Moving Away from Cartoons 

A lesson-to-lesson initial analysis (between 2.L.6 and 2.L.7) of student work with 

the re-designed cartoon activity revealed sticking point patterns that were similar to the 

two examples discussed with Figure 39 and Figure 40.  This led the co-teachers and I to 

determine that this particular version of the cartoon activity was not the best way to 

support students’ understanding of reading and writing integers. In the second expert 

panel meeting, Dr. Glancy shared that he also noticed sticking points when using 

cartoons. “I love the [cartoons], but also struggled with [them] for similar reasons, I 
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think…which is why I don't really emphasize them anymore. Not that I don't think they're 

any good.” In that conversation, Dr. Glancy and I agreed that we think some of the 

sticking points come from trying to connect a series of movements with static 

representations (i.e., pictures, words, symbols).   

Shift from Cartoons to Annotation Circles 

The lesson-to-lesson analysis encouraged me to try a different approach. I 

reviewed expert panel meetings videos as well as my post-meeting memos. Rather than 

using pictures and words as an entry point for symbolic representations, I designed an 

activity that started with an integer expression. A pattern in student feedback (1.L.5, 

2.L.6) was that they found it unnecessarily repetitive and taxing to draw, describe, and 

write an equation in a single cartoon. This led me to design an activity where students 

could make connections between representations, while also incorporating distinct 

strategies.  

The new activity incorporated annotations, a sentence starter (see Appendix J), 

and a vertical number line (2.L.7) to read and solve integer expressions. As the classroom 

expert said, “If they're ever struggling, then I just do exactly what you just said. ‘Where 

are you going to be starting? Does this sign mean I'm going to go up or down the number 

line?’” Figure 41 illustrates two of the four subtraction tasks implemented during Design 

Cycle 2. The tasks started with an integer expression written with standard notation. 

Students used the “special pens14” to annotate the minuend with a blue circle. This was 

 
14 The pens had four different ink colors, including red and yellow to align with floats and 

anchors.   
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read as the starting location in the sentence starter (i.e., “starts @ ___”) and illustrated as 

a point on the number line. The operation15 was annotated with yellow ink and was 

connected to the phrase, “then, ________” with “add/remove” written under the blank 

line. Isolating the minuend and operation with annotations helped students read the 

remaining symbols (i.e., subtrahend) as “how many floats or anchors.” If the remaining 

element has a negative sign, then anchors (i.e., negative integers) are being added or 

removed. If the remaining element is a whole number, it means there is an understood 

positive sign and we are removing (or adding) floats. The final stage in this activity was 

to use the meaning of the expression to figure out where the ship ends. In student 2.1.a’s 

work, this can be seen with both hops and as a directed distance on the vertical number 

line.         

Figure 41 

Reading Integer Expressions with Annotations 

Subtracting a Negative Subtracting a Positive 

  

     

 
15 In Design Cycle 2, the operation for all four tasks was subtraction.  
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Annotation Circles in Design Cycle 3 

Using color-coded annotation circles to assign meaning to each element of an 

integer expression and equation proved to be a successful strategy. More than half of the 

students in Design Cycle 2 used annotation circles on their final assessment without 

prompting. In fact, they became so attached to the “special pens” that I went back to give 

each of the students (2.1, 2.2) a pen after Design Cycle 3. Additionally, pairing 

annotation circles with the sentence starter and a vertical number line help students read 

and understand integer symbols with the F&A metaphor. This confirms the experts’ 

suggestion that reading symbols with consistent language from the metaphor helps 

students develop a conceptual understanding of integers. In Design Cycle 3, these 

strategies and boxes were combined in a daily equation task which was ultimately 

identified as a flowing point.  

Two re-design decisions were made between Design Cycle 2 and 3. The first was 

to add a color-coded annotation for the augend or subtrahend that aligned with floats and 

anchors. The second was to dedicate a lesson to reading equations using annotation 

circles before students were formally introduced to addition and subtraction.  

Re-Designed Color-Coded Annotations. In Design Cycle 3, the operation was 

changed from a yellow to a black annotation circle. This enabled students to demonstrate 

if the remaining symbols represented floats or anchors using yellow or red annotation 

circles respectively. This, in turn, helped students make stronger associations between 

floats and anchors and standard symbolic representations of positive and negative 

integers.  
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For example, Figure 42 shows an open-ended task completed by student 3.2.e 

where students wrote their own integer equations (3.L.10). Without modeling or 

prompting, student 3.2.e chose to include color-coded annotation circles. The meaning of 

each element aligns with the annotation and is written with standard notation. This 

suggests that annotation circles helped this student read and write integer symbols. For 

instance, the writing inside all of the yellow circles are positive integers (without a 

positive sign) and the writing inside the red circles are negative integers. The equations 

also match the given context, with one exception. This demonstrates that the student was 

able to apply conceptual meaning to symbols using the F&A metaphor.  

Figure 42 

Reading and Writing with Annotation Circles 
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Moreover, the annotation circles indicate that the one equation which does not 

match the given context is likely an oversight rather than a misconception. The student 

wrote a removing floats equation, (–100) – 90 = –190, rather than removing anchors. 

However, the student circled positive 90 with a yellow circle, not a red circle. The 

solution also goes down (instead of up) from –100, which aligns with the meaning of 
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removing floats. This means that the student knew their equation was removing floats and 

they were able to use annotation circles to prove it. The student also wrote a valid 

equation for removing anchors with a positive starting location, 60 – (–50). Since this 

error occurred in the last section of an early finisher activity (given after a two-part 

cooperative quiz), it is likely that the student was rushing to finish before the end of the 

period.  

Reading and Sorting with Annotation Circles. The second design decision 

between Design Cycles 2 and 3 was to use annotation circles to read integer equations 

without solving. Annotation circles were first introduced with the daily equation task in 

lesson six (3.L.6). In lesson seven, students were given 30 integer equations written with 

standard notation conventions. The equations had a black rectangle covering the solution 

to encourage students to focus on reading rather than solving. The first part of the activity 

asked students to annotate each equation using the color-coded circles previously 

discussed. Students then worked in small groups to sort the annotated equations into four 

types of problems: (1) adding floats, (2) adding anchors, (3) removing floats, and (4) 

removing anchors. Finally, the student groups worked with a teacher to discuss patterns 

within and across the four types of problems.  

The annotating and sorting activity was identified as an overall flowing point that 

helped students read and understand integer equations. The first indication was that all 

students were able to sort their annotated equations into four groups demonstrating that 

students were able to distinguish between symbolic homographs and recognize 

understood positive integers. Secondly, students were able to identify patterns in small 
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group discussions. For example, the lesson videos (3.1.L.7, 3.2.L.7) record students 

saying, “all of the removing floats problem have a yellow circle," “the removing ones 

have a subtraction sign in the black circle," “the adding anchors problems and the 

removing anchors have red circles," and “the first number can be negative or positive.” 

These comments show that students could read equations with meaning and separate 

them into four overarching groups.   

Furthermore, students were able to read integer expressions and equations with 

multiple models (i.e., a merged model). The first term is read as a starting location on the 

number line and was circled in blue to remind students about above and below water. The 

operation and second term draw on object models where adding and removing is an 

action and the augend or subtrahend is a set of floats or anchors. Isolating the operation 

proved to be a powerful strategy as students in Design Cycle 3 rarely inserted additional 

negative symbols or avoided adjacent symbols after annotation circles were introduced 

(3.L.6). Merging models and focusing on reading and writing symbolic representations, 

helped students assign meaning to symbolic elements and develop understanding around 

what it means to add or subtract positive and negative integers. In other words, adding 

floats and removing anchors makes the ship move up. Adding anchors and removing 

floats makes the ship go down.  

This was evident in lesson eight (3.L.8) when students answered questions about 

expressions and equations with a clicker-response formative assessment. The formative 

assessment had 30 questions related to reading and understanding integer expressions 

(see Table 12). The assessment included time for students to think before selecting an 
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answer choice. After the first class session (3.1.L.8), the co-teacher and I agreed that the 

class as a whole was approaching mastery with reading integer equations. This was 

particularly evident with questions about the four types of problems, the starting location, 

and whether the ship will go up or down. As such, we concluded that activities aimed at 

reading equations, like the annotation and sorting activity, supported students’ conceptual 

understanding. To verify our observations, the co-teacher and I recorded students’ 

individual responses in the afternoon session (3.2.L.8). The average accuracy of their 

responses is included in Table 12.           

Table 12 

Clicker Response Formative Assessment 

Question 

Type 

Example Question Example Answer 

Choices 

Questions 

(n = ) 

Average 

Success 

Number 

Sense 

What is “down” from –

10 on the number line?  

[A] –11 

[B] –9 

7 67% 

4 Types of 

Problems 

What type of problem 

is 16–(–10)? 

[A] Adding Anchors 

[B] Removing Anchors 

[C] Adding Floats 

[D] Removing Floats 

4 67% 

Starting 

Location 

Where does this 

problem start at? 

(–15) + (–8) 

[A] –15 

[B] –8 

[C] 15 

[D] –23 

6 92% 

Direction 28 – 60  

Will your ship go up or 

down? 

[A] Up 

[B] Down 

4 64% 

Solving Where does the ship 

end? 2 – 10 

[A] 12 

[B] –8 

[C] 8 

6 65% 

Mental Model –9 – (–2)  

Is the answer above or 

below 0?  

[A] Above 

[B] Below 

3 100% 
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Note. Averages were determined by dividing the total number of correct responses by the 

total correct answers possible, taking the number of problems and the number of students 

into account.  

 

A meaningful component for me as a researcher is how focusing on reading 

impacted students’ overall conceptual understanding. The formative assessment in Table 

12 was the first time solving integer equations or using mental models to determine a 

reasonable solution was an explicit part of the lesson objective. The first eight lessons in 

the F&A Unit focused on understanding integers. However, students were ready for a 

cooperative quiz on adding and subtracting integers by lesson 10 (3.L.10).  

This means that, Ms. Honey’s observation about “The scaffolding with very in-

depth layering for how you slowly introduce difficulty” effectively supported students’ 

conceptual understanding. Introducing negative integers requires students to develop 

multiple meanings for symbols that elementary standards prioritize for fluency with 

operational meaning. In other words, integers require students to “undo” an if-then 

relationship where “+” means “add” and “–” means subtract. The evidence illustrated in 

this section support the argument that (1) comprehending symbolic representation is a 

key characteristic and (2) instructional strategies should be sequenced with integer 

understanding before formally introducing integer operations.    
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Key Characteristic 4: Four Types of Addition and Subtraction Problems 

Students will be able to: demonstrate conceptual understanding of integer 

operations by explaining the relationship between addition/subtraction and 

the unary signs of the augend/subtrahend with directional movement on a 

vertical number line, and applying that relationship to solve binary addition 

and subtraction equations.  

F&A Curricular Unit, Lessons 5-10 

Essential Learning Objective: Integer Operations as Directed Movement 

The findings in this study suggest that the best support for students’ conceptual 

understanding of integer operations is to focus on how adding and subtracting integers 

affects directed movement. In the F&A Unit, students consistently connect draw on 

adding and removing floats and anchors to arrive at integer locations with movement up 

or down. This means that students are informally engaging with integer addition and 

subtraction in order to make sense of reading, writing, and conceptualizing integers  

One of the most impactful features of a merged model is that it creates flexibility 

to accentuate the respective strengths of each model while offsetting their weaknesses. As 

integer models are primarily intended to support addition and subtraction, their collective 

strengths are particularly meaningful for this learning objective. Location models frame 

the addend or minuend as an ordinal starting point that is not limited by cardinality. 

Object models not only contextualize the difference between addition and subtraction, 

they separate the operation and augend/subtrahend as two distinctive elements. Directed 

distance models help students develop mental models for integer number sense by 
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emphasizing magnitude. Merging models allows students to read individual components 

of an integer equation with different models.  

The F&A curricular materials developed in Design Cycles 2 and 3 drew on object 

models to read the operation and second term, while the first term and solution were 

framed as locations. The relationship between the operation (i.e., adding or removing) 

and the second term (i.e., floats or anchors) creates directed movement up or down. By 

connecting integer locations with infinite sets of understood zero pairs before formally 

introducing addition and subtraction, students are able to remove any magnitude of floats 

or anchors without optimal renaming. They have already developed mental models to 

understand that a ship is at a certain location and it comes with as many floats or anchors 

as they need. This allows formal addition and subtraction lessons to focus on what it 

means to add or subtract positive and negative integers by emphasizing directed 

movement.  

Framing integer equations in this way creates four types of problems: (1) adding 

floats, (2) adding anchors, (3) removing floats, and (4) removing anchors. The evidence 

in this chapter highlights influential factors that led to emphasizing four types of 

problems in the F&A Unit and how that approach supported students' conceptual 

understanding of integer operations.   

Sticking Point: Bidirectional Operations 

A fundamental difference between whole numbers and integers is that integer 

addition and subtraction is bidirectional. The complexities of integer addition and 

subtraction that leads to 16 types of problem structures, makes it challenging for students 
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to recognize and generalize bidirectional patterns. These critical sticking points became 

the primary focus of Design Cycle 2. The following vignette illustrates an abridged 

discussion with the mathematics experts (2.E.1) that ultimately identified directed 

movement as an essential learning objective.     

Vignette: Does That Mean I Go Up or Down? 

Kamie: 

 

…[the special education expert and I] found that students 

struggled with calling something an addition 

problem…[when it] didn't work with their [existing] 

understanding of addition. Or if we call something a 

subtraction problem, but what they're seeing is that those 

numbers are actually being added together, which isn't 

exactly true, but…[classifying equations as] adding and 

subtracting was not helpful for students. 

Dr. Glancy: 

 

Can you say more about that? I'm not 100% sure I'm 

following. 

Kamie: 

 

When students see –9–1, and we tell them that's a 

subtraction problem or we work through [–9–1] as a 

subtraction problem…[students] would reject calling it 

subtraction because it seems like adding. What they 

know from elementary school would carry over in this 

relationship between whole numbers and subtraction… 
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Dr. Glancy:  

 

They would think of –9 – 1 as adding? 

Curriculum Expert: 

 

Yes. Because you get –10. 

Dr. Glancy: 

 

Got it. Yes. 

Kamie: 

 

Or the flip being, if they see…–10+2, which is officially 

addition, but in their heads…sometimes [students think 

it is] actually subtracting because [they think], …“10–2 

gets me to 8.” 

Classroom Expert: 

 

You're right. I can see the kids already like, "Oh, so I add 

the numbers, but I keep the negative sign." If they say 

that, so be it. Because that's just them talking through 

what's happening…I think that to solve that problem 

though, instead of focusing on the adding and 

subtracting, is to keep going back to the metaphor. Not 

say, “it's like minus,” but, “I'm taking away.” “What are 

you taking away?” “I am taking away a float.” “Does 

that mean I go up or down?” And eliminating that talk of 

subtraction or adding.  Just keeping it on the 

metaphor…If you're asking for advice, that would be my 

advice. 
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Sticking Point Confirmation. This vignette starts with challenges that I observed 

when teaching integer addition and subtraction. I posited that these sticking points 

occurred because they conflicted with students’ understanding of whole number 

subtraction in elementary school. The curriculum expert and the classroom expert added 

to the discussion, indicating that they had observed similar sticking points in their own 

experiences with students. Together, our collective experiences confirmed that some 

students conceptualize integer addition and subtraction by focusing on the resulting 

magnitude as a sum or difference, rather than the meaning of addition or subtraction.  

Keep Going Back to the Metaphor 

The vignette ended with advice from the classroom expert that ultimately tied 

directional movement to students’ conceptual understanding of integer operations. 

Focusing on directional movements led to four types of problems, which was identified as 

a key characteristic during data analysis. In the advice, the classroom expert provided 

questioning examples that made explicit connections between elements in an equation 

and F&A. These connections became the overarching approach for integrating the F&A 

merged model with multiple representations. The most important theme from the 

classroom expert’s advice was to “keep going back to the metaphor.”  

Triangular Relationship: The Operation, ñBò, and Movement 

The remaining advice approached understanding by focusing on a triangular 

relationship between: the operation, the sign of “B” (i.e., augend or subtrahend), and the 

resulting directed movement. For example, the expert said, “[Don’t] say…’minus’...but, 

‘I’m taking away.’” This frames the operation as adding or taking away (i.e., removing) 
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in the F&A merged model. The question, “What are you taking away?” positions the 

augend or subtrahend as floats or anchors. The directed movement of the ship is 

determined by the relationship between the operation and floats or anchors. As such, the 

classroom expert’s final question, “Does that mean I go up or down?” ties conceptual 

understanding to the resulting movement. In other words, because integer operations are 

bidirectional, it is not just whether you are adding and subtracting, but what you are 

adding and subtracting. Therefore, determining and justifying whether a ship will move 

up or down is one way for students’ to demonstrate a conceptual understanding of what 

integer addition and subtraction “means.ò  

Flowing Point: Classifying Four Types of Problems (Not 16)  

The triangular relationship between the operation, augend/subtrahend, and 

directed movement became how we (experts, teachers, me) defined conceptual 

understanding of integer addition and subtraction. This led to four types of problems 

based on the combinations of the operation (i.e., addition or subtraction) and the augend 

or subtrahend (i.e., floats or anchors). Those four types are: (1) adding floats, (2) adding 

anchors, (3) removing floats, and (4) removing anchors. Focusing on these elements 

helped define how students would demonstrate mastery. For instance, are students able to 

read symbolic representations with the four types of problems? Are students able to use 

the relationship between the operation and the second term to determine the resulting 

direction? These questions influenced design decisions for learning activities and 

assessments of integer operations.  
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There were two consistent themes in flowing point learning activities that helped 

students develop a conceptual understanding of addition and subtraction. The first was to 

use the classroom expert’s advice to “keep going back to the metaphor.” This was done 

by making connections between the four types of problems and other representations in 

the merged model. For example, the sentence starter supported students by consistently 

read integer equations as: the starting location, add or remove, floats or anchors, and the 

ending location. The second theme integrated real-world representations with directed 

movement.  

One of the strategies that helped students connect the four types of problems with 

representations in the F&A merged model were learning charts16 (see Figure 43). These 

charts were progressively updated to include representations over the course of the F&A 

Unit in Design Cycle 3. They are a relatively simple but effective flowing point.  

Figure 43 

Four Types of Problems - Learning Charts 

 
16Learning charts are most commonly referred to as anchor charts because they “anchor” 

the learning for students. I could not let the opportune connection go without any 

recognition.     
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Mr. Bombay specifically named the learning charts as a meaningful flowing 

point. At one point in the unit (3.L.9), we split the students into two groups and Mr. 

Bombay took his group to a different classroom. After the lesson, Mr. Bombay said, “The 

biggest thing that held them back was not having the four posters.” The learning charts 

were introduced with the F&A game, which started with only “add” cards and later 

included “remove” cards. The first iteration only included the words, the ship log boxes 

(without color), and pictures to help students visualize floats going underneath the ship. 

Color-coding was added to the second iteration to help students read the second term as 

floats or anchors. A negative symbol was added to the inside of the second box to support 

writing integers. The charts were consistently referenced during reading to help students 
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distinguish between locations (i.e., the first and last box), the operations (i.e., between the 

first two boxes), and objects (i.e., the second box). They also supported students during 

sorting activities aligned with four types of problems. The vectors were added to indicate 

corresponding directed movement when students started formal addition and subtraction 

lessons. Finally, the charts were paired with “groups of” charts to help students make 

connections between the four types of problems and multiplication  

Design Process Example: Real-World Representations and Directed Movement 

The second theme in flowing points that supported students' conceptual 

understanding of integer operations are related to embodied cognition. This theme 

connected directed movement (up or down) with real-world representations that drew on 

students’ intuitive understanding of floating and sinking in water. For example, language 

representations that describe integer locations as “above” or “below” sea level and 

pictorial representations of vectors enables students to make connections with real-world 

elevation measurements. The real-world representation that was, by far, the most 

effective at helping students recognize intuitive embodied cognition were red hand 

weights (i.e., anchors) and yellow yoga blocks (i.e., floats). In Design Cycles 2 and 3, 

students literally stood on yoga blocks and held hand weights to conceptualize directed 

movement.  

Vignette: Iôm Taking Away a Heavy Thing from You 

The inspiration to incorporate real-world representations of floats and anchors 

came from the invaluable contributions of the classroom expert. The following vignette 
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captures an abridged design process example that combines conversations from the first 

expert panel meeting and Ms. Johnson’s teacher interview. 

Classroom Expert: 

 

Can I add one other model that I've used that I think 

resonates with kids…We have a canoe. I've got life 

jackets. I bring them in, and then I [have] hand weights 

that have like five little one-pound weights in 

them…That seems to resonate with kids a little more 

because as they're holding like eight weights, then they 

feel heavy, they almost want to shrink down so it's a 

little bit like the number line in that way. 

Dr. Glancy:  I love that. That's awesome. 

Curriculum Expert: 

 

I've seen this in [the classroom expert’s] classroom and 

it's awesome. The kids really get into it and it's this 

physical model that they're seeing in front of them, of 

one of their classmates. 

Dr. Glancy:  

 

I love just the-- It's like a visceral feeling. I can imagine 

right now sitting here the feel of a life jacket pulling me 

up [laugh] in the water. Yes, that's great. 

Kamie: 

 

Can you describe the beginning of it one more time? 
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Classroom Expert: 

 

Yes. I bring in…life jackets…and little weights…I will 

have one kid be the model and we'll have the number 

line on the board, just like this picture right here [0.L.1]. 

“What would happen if I would give you two anchors? 

What would that do?” And we just model it. 

*** 

Kamie: 

 

Is there anything that you thought stood out as helpful that 

I should do again? 

Ms. Johnson: 

 

 

…I loved when you brought in the little weights and the 

boogie boards [yoga blocks]. I loved [students] literally 

being able to see, “When you stand on this you're taller. 

Take it away, what happens?” 

Kamie:  I agree…I thought that was a big change too. 

Ms. Johnson: 

 

 

That was an awesome idea. That made it concrete for them 

especially because the “taking away negatives” is such a 

beyond abstract concept. Being like, “I'm taking away a 

heavy thing from you. What does that do to you?”...I think 

that visualization was really awesome. 
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Feeling Integer Concepts with Embodied Cognition 

At the beginning of this vignette, the classroom expert described an activity where 

students engaged with life jackets and weights as real-world representations of floats and 

anchors. The activity asked a student volunteer to physically wear life jackets and 

weights while standing next to the vertical number line. Integrating real-world 

representations enabled students to feel the heaviness of a negative object. Moreover, 

students were able to feel the relationship between adding anchors and downward 

movement because holding weights was intuitively connected with shrinking down. 

The curriculum expert substantiated the resonance by confirming, “I've seen 

this…and it's awesome…it's this physical model that they're seeing in front of them.” To 

which, Dr. Glancy responded by saying, “...It's like a visceral feeling. I can imagine right 

now sitting here the feel of a life jacket pulling me up in the water.” A common theme 

across these responses is the impact embodied cognition can have on understanding. The 

experts use words like “feel," “shrink," “physical," “visceral," and “pulling me up” to 

accentuate the value of somatic learning. This conversation led to re-design decisions that 

intentionally integrated real-world representations to create entry points for students to 

explore integer concepts with movement or embodied cognition.           

Sticking Points with Directed Movement. Sticking points related to directional 

movement identified in lesson-to-lesson analyses prompted me to revisit the life jacket 

and weights activity. Students in Design Cycle 2 made individual vertical number lines, 

and they often engaged with them voluntarily. For example, Ms. Johnson shared a 

heartwarming story where an shy student proudly showed their vertical number line to 
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the other 7th grade math teacher. These observations led the co-teachers and I to identify 

individual vertical number lines as a flowing point. However, we also observed that 

students did not consistently align the type of problem (e.g., adding anchors) with the 

corresponding directed movement.  

Real-World Representations: Yoga Blocks and Hand Weights 

I decided to incorporate hand weights and yoga blocks wrapped in yellow tape as 

a station activity. Students took turns standing on the “floats,” imagining the floats being 

kicked out from underneath them, holding anchors, and having someone take anchors 

“off their hands.” The co-teachers facilitated small group discussions about what the real-

world representations “felt like” and how it impacted their movement up and down. The 

result was almost instantaneous. Ms. Johnson went so far as to identify it as a strategy 

that was especially helpful. She said, “I loved [students] literally being able to see, ‘When 

you stand on this you’re taller. Take it away, what happens?...I'm taking away a heavy 

thing from you. What does that do to you?’...that visualization was really awesome.”  

The collective feedback from the experts, co-teachers, and my own observations, 

indicate that real-world representations that evoke embodied cognition through directed 

movement are a powerful flowing point. Moreover, consistently integrating movement, 

the yoga blocks and weights, and four types of problems in Design Cycle 3 was 

positively associated with overall conceptual understanding of addition and subtraction.   
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Open-Ended Problems Revealed Variation in Students’ Thinking 

One indication that the key characteristics (present in the F&A Unit implemented 

in Design Cycle 3) best support students’ conceptual understanding was demonstrated in 

open-ended tasks.       

Make-Up Your Own Equation 

In the Make-Up Your Own task (3.L.10), students wrote 73 unique, valid 

equations. This was an earlier finisher task after a quiz. Four students in 3.1 and six 

students in 3.2 completed the task. Every student in group 3.2 wrote at least six valid 

equations and two of the students in 3.1 wrote eight valid equations. Each valid equation 

matched the prompt, demonstrating that students could use the context of the F&A 

metaphor to write an equation. For instance, in the area that asked students to write a 

removing anchors equation with a negative starting location, students 3.2.d wrote the 

equation, –26 – (–25) = –1. Demonstrating that students could use the four types of 

problems to develop conceptual understanding of what adding and subtracting integers 

means in a real-world context.   

Evidence of Mastery: Empty-Box Tasks 

Students had opportunities in the summative assessment to demonstrate 

conceptual understanding of integer arithmetic problems using a vertical number line and 

a sentence starter with the F&A merged model. However, because we (Ms. Honey, Mr. 

Bombay, and I) used these representations routinely throughout the unit, it is possible that 

students internalized strategies into a procedure. By selecting open-ended tasks, we were 

able to assess student work without the potential for formulaic reproductions. We did not 



206 

give students a model problem or have identified examples posted in the room for either 

open-ended task. The 4 Types of Problems learning charts were posted during the 

assessment. The open boxes task required students to create one addition and one 

subtraction equation. There were two learning charts for each operation without numeric 

examples. This means that even if students referred to the learning charts, they would still 

have to discern between those two choices. The volume of unique equations created in 

both tasks indicate understanding rather than formulaic reproductions.      

Understanding Addition and Subtraction. Figure 44 shows all student 

responses on empty-box tasks with valid equations. Collectively, students wrote 49 true 

equations across the three opportunities, and 40 unique equations when repetitions 

without collaboration are removed. Every student wrote at least one correct equation, 

including the student with chronic attendance concerns. Twelve students wrote at least 

three correct equations.  

Figure 44 

Open Ended Equation Responses 

 



207 

Equations Reflected 16 Types of Problems. The equations represent seven of 

the 16 types of problem structures, types: IV, V, VII, VIII, X, XII, XV. This suggests that 

approaching addition and subtraction with four types of problems created opportunities 

for students to create problems with a variety of structures. The responses also include six 

equations where students used the same magnitude for the first and second term, which 

was not one of the 16 identified structures. This means that students actually used eight 

different structures in their work.    

Coding the responses by strategy shows that students were able to make sense of 

addition and subtraction problems with 13 different approaches (see Figure 45). These 

approaches vary from efficient to sophisticated. For example, a number of students used 

zero for one of the terms, which is an efficient assessment strategy. What is interesting 

about those responses is that even when using zero, students approached the equation in 

different ways. To get to a negative sum, some students added anchors (e.g., 0 + (–5) = –

5), while others removed floats, (e.g., 0 – 4 = –4). Only two students used zero as the 

second term (e.g., –5 – 0 = –5) and both instances were used with subtraction. This 

suggests that even when selecting an efficient strategy, students did not use the identity 

property of addition. 

Figure 45 

Empty-Box Equation Strategies 
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Subtracting a Negative (Type XV) 

The complexities of other responses are impressive. For instance, the strategy 

“positive remove floats” creates an equation where the magnitudes have different signs 

(e.g., 2 + –6 = –4). The strategy “below go up,” models an equation where the ship goes 

down, passes the intended sum, and then removes anchors or adds floats to go back up. 

Changing directions is already a sophisticated approach; that two of those equations 

subtracted a negative (e.g., –9 – (–3) = –6) rather than adding floats to get back up is 

remarkable. In fact, the fact that students chose to write equations that involve subtracting 

a negative at all demonstrates conceptual understanding that was not consistently 

demonstrated in existing integer research. That 10 of the 49 equations showed equations 

with subtracting a negative is even more impressive.     
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Subtracting a Positive with Larger Magnitude (Type X) 

The equations also demonstrate students’ mastery for subtracting a positive 

number. 12 of the 49 equations aligned with type X problem structures, where the 

comparative magnitude is | a | < | b |. This is one of the most challenging types of 

subtraction problems. When represented exclusively with objects, these problems require 

students to add zero pairs before they can model subtraction; the sticking point of “adding 

to remove” was solved by reading equations with the merged model. Figure 46 illustrates 

that 22% of the equations were type X subtraction problems and type X problems were 

used in 48% of all subtractions. Type XV problems, a ï (ïb), account for 12% of 

subtraction equations. This means that 60% of those problems reflected two of the most 

challenging integer subtraction problems.     

Figure 46 

Empty-Box Equations with 16 Types of Problems 
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The evidence related to the open-ended tasks, particularly the empty-box 

equations, present a strong argument that the characteristics in the F&A merged model 

(and F&A Unit) support students’ conceptual understanding of integer addition and 

subtraction. Strategies for addition and subtraction were interconnected with 

understanding integers. Building understanding around integers means that students were 

able to demonstrate this level of mastery in addition and subtraction with only two formal 

lessons. These findings demonstrate that the first eight lessons supported integer 

understanding in such a way that adding and subtracting made sense to students.  
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Key Characteristic 5: A Model that Extends to Multiplication and Division 

Students will be able to: extend the relationship between 

addition/subtraction and the sign of the second term to integer 

multiplication and division by conceptualizing the sign of the solution as 

directional movement.  

F&A Curricular Unit, Lessons 11-14 

Essential Learning Objective: Multiplying and Dividing  

When conceptual understanding of integer addition and subtraction is approached 

with a triangular relationship that aligns with the four types of problems, it can be 

extended to multiplication and division. There are also four types of problems for those 

operations, and they align with directed movement in the four types of addition and 

subtraction problems. The results of this study show that the F&A merged model can be 

applied to both multiplication and division in a meaningful way.  

Extending Four Types of Problems 

Framing addition and subtraction as four types of problems creates an integer 

model that can be extended to multiplication and division through repeated addition and 

subtraction. It is not a coincidence that there are four types of addition and subtraction 

problems, and four types of multiplication and division problems (see Table 13). The 

factor signs align with the types of addition/subtraction problem. The corresponding 

directional movement determines the sign of the product. For instance, the multiplication 

structure, (–a) ● (–b), aligns with removing anchors. Removing anchors causes the ship 

to move up, which is why multiplying a negative by a negative has a positive solution.     
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Table 13 

Four Types of Multiplication Problems 

First Factor  

(# of groups) 

Second Factor  

(# of objects in each group) 

 Product Sign 

Add/Remove Floats/Anchors Up/Down  

Add Floats Up + 

Add Anchors Down – 

Remove Floats Down – 

Remove Anchors Up + 

 

Groups of Floats & Anchors 

Figure 47 shows how learning charts with four types of problems were extended 

for lessons on multiplication to include the number of groups and how many objects are 

in each group. Whole numbers multiplication can be modeled as repeated addition, while 

division is repeated subtraction. Integer multiplication is modeled with both repeated 

addition and subtraction, reiterating the argument that whole number operational 

relationships are different than integer relationships.     

Figure 47 

Four Types of Multiplication Learning Charts 
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Reading Multiplication Equations 

Multiplication equations were consistently read with the following framing. The 

first factor is read as the number of groups that are added or removed. The sign indicates 

adding or removing and the magnitude indicates how many groups. For example, (–5) ● 

(2), is read as “removing five groups.” The sign of the second product describes whether 

the groups are floats or anchors. The magnitude describes how many (floats or anchors) 

are in each group. The second factor in the previous example (2), indicates that each 

group has two floats. Removing five groups of two floats causes the ship to move down 

10 units. Or, (–5) ● (2) = –10, where “down” is indicated as the sign of the product. The 

equation, (5) ● (–2) = –10, is read as “adding five groups of two anchors makes the ship 

move down ten units.” Each of the four types of problems corresponds with a 

multiplication structure, and the merged model framing where the second term describes 

objects is extended to the second product.       
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Making Sense of Float and Anchor Groups 

A number of flowing points were extended to multiplication (and division) to 

support students' conceptual understanding of repeated addition and subtraction. For 

instance, learning charts for four types of problems, reading equations with a sentence 

starter, and the ship log/boxes graphic organizer. A meaningful learning activity for 

multiplication used the red and yellow manipulatives from the F&A game. In the activity, 

students were first given 12 anchor manipulatives (i.e., red counters with an anchor 

picture) and the graphic organizer illustrated in Figure 48. The students were asked to 

make equal groups with the 12 anchors. Figure 48 shows that student 3.2.c made: six 

groups of two anchors, three groups of four anchors, two groups of six anchors, and four 

groups of three anchors. These groups were then modeled with repeated addition on the 

vertical number line starting at 0, where each hop showed the number floats or anchors in 

a group and the number of hops showed the number of groups. 

Figure 48 

Groups of Floats and Anchors 
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Brief Discussion of Division 

The additional meeting with the elementary education expert was added in Design 

Cycle 3 to figure out how this approach would work with division. Briefly, division is 

framed as working backward where the dividend describes where the ship ended (the 

product in multiplication) and always started at zero. The divisor describes the number of 

groups that were added or removed to end up at the dividend. Students then used the 

relationship of signs between the dividend and divisor to determine if the groups were 

floats or anchors (and how many). For example, given the equation τ, the sentence 

starter would describe that situation as: “If I go backwards, I know the ship ended at –12 

and 3 groups were removed. If the ship started at zero, there had to be (four floats) in 

each group.” This is because removing and ending at a negative location (i.e., –12) means 

the objects had to be floats, because removing floats makes the ship go down.   

Evidence of Student Understanding 

Students were able to demonstrate conceptual understanding of multiplication on 

the summative assessment. For example, Figure 49 shows student 3.1.g’s answer to the 

question: “Why does a negative integer multiplied by a negative integer have a positive 

solution?” The student answered “because you are taking away anchors.” The student 

was able to connect four types of problems to multiplication to understand that taking 

away anchors causes the ship to go up, which explains why (–6)(–7) = 42.  

Figure 49 

A Negative Multiplied by A Negative 
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What is interesting about this response is that the student has a drawing of a 

triangle that they crossed out. The triangle is a procedural strategy that the co-teacher and 

I showed students at the end of the multiplication and division lessons to help generalize 

to future learning. The fact that the student started with a triangle and crossed it out 

indicates that the procedure could not explain why but floats and anchors could. The idea 

that removing anchors can explain why a negative multiplied by a negative is positive is a 

significant finding for integer research. It is also significant that it can explain why a 

positive multiplied by a negative is a negative, and works when the first term is negative 

is also significant.  
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Key Characteristic 6: Counting Routines 

Students will be able to: develop mental models and integer counting 

fluency by counting up and down the vertical number line with instructional 

counting routines (e.g., 10 is My Friend).  

F&A Curricular Unit, Lessons 1ï16 

Essential Learning Objective 

A key finding of this study emphasizes the importance of counting. Many 

curricular materials begin middle school units on integers with plotting, ordering, and 

comparing integers. We found that these skills do not sufficiently scaffold students’ 

transfer from whole numbers to integers or develop number sense, particularly for 

students who need additional support and/or receive special education services. 

Furthermore, plotting, ordering, and comparing are often structured around a horizontal 

number line, but our study found that vertical number lines are more intuitive.  

Overgeneralizing whole number principles and tasks intended to develop 

understanding through a horizontal number line led some students to focus on magnitude 

rather than what negative integers mean. By the middle of Design Cycle 2, it was clear 

that vertical number lines significantly helped students develop that understanding of 

what a negative integer means. The lead teacher at the second school reported that they 

even started using vertical number lines in integer lessons with students who were not 

participating in the F&A Unit. However, the new sticking point that we needed to address 

was how to support number line fluency as students moved away from needing a physical 

number line. This is when we realized that another way to describe “number line fluency” 
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is counting. Students need integer counting activities in order to master integers and 

integer operations.  

Integer Mental Models with a Vertical Number Line 

The vertical number line aligns with students’ intrinsic conceptualization of the 

relationship between integers and up and down movement. This is amplified when 

vertical number lines are incorporated in the F&A merged model where sea level (or 

zero) creates a tangible distinction between negative values that are in the water and 

positive values are in the air (with floats supporting the ship from underneath). We found 

that consistently connecting integer tasks with a vertical number line is an effective 

strategy to support integer understanding.  

One of the strongest sources of evidence was observed during the tenth lesson in 

the third design cycle. In this lesson, students were independently solving addition and 

subtraction problems. Each student had their own laminated vertical number line from –

20 to 20 in their cubby, the classroom also had both a large horizontal and vertical 

number line displayed. The video shows more than half of the students in both sections 

spontaneously go to their cubby and bring a vertical number line back to their desk. They 

did this without prompting or interacting with a teacher and at various points during the 

work time.  

Progression of Ordinal Mastery 

There was one student (3.2.c) who was a notable exception. This student 

struggled with ordering and comparing at the beginning of the unit. For example, their 

response to ordering a given set from least to greatest was, “1, –7, 5, –2, 8, –9, 8”. At the 
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same point in the unit, that student (3.2.c) was asked to count down from 10 to –10 with a 

teacher in the hallway, to which they said, “10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0, –10, –9, –8, –7, 

–6, –5, –4, –3, –2, –1.” However, by the time this student was engaging with addition and 

subtraction in the tenth lesson, they had integrated using the vertical number line with 

every integer task. On the summative assessment, this student was not only able to 

accurately compare and order integers, but they were also able to skip-count by intervals 

of 2, 5, and 10 in both directions (decreasing from a positive integer and increasing from 

a negative integer).  

These examples demonstrate that vertical number lines are effective not only in 

supporting students’ understanding of integers where horizontal lines were insufficient 

for some students, but also integer operations. Vertical number lines mitigate 

overgeneralizing whole number sense by building on existing conceptions of up and 

down rather than left and right. Experts in this study supported these observations by 

adding that vertical number lines are especially useful for students with dyslexia and 

students whose first language is read from right to left.  

Design Process Example: Ten is My Friend 

After counting was identified as an essential learning objective, I started every 

integer lesson with a game called, Ten is My Friend. Ten is My Friend is a kindergarten 

counting routine that I observed as an elementary education teacher candidate supervisor. 

When I needed a counting routine for this study, I modified the game to include negative 

integers. To play, students stand in a circle and take turns counting down from 10 to –10 

in a circle. The person that says, “–10” sits down and the game repeats until there is one 
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student left standing. The game is also played in the opposite direction where students 

start at –10 and count up to 10.  

Incorporating Ten is My Friend as a daily counting routine revealed that integer 

counting activities are essential to mastering integers. Moreover, it verified that just 

because students can count whole numbers, that does not mean they can count integers. If 

that were true, students would have demonstrated mastery the first time they played. That 

was not the case. In the first days of playing, most students needed support from the 

teacher and/or the vertical number line when it was their turn to say the next number. 

This was particularly true when counting up from –10. Whichever student whose turn 

was after –10 almost always said “–11” instead of “–9.” It was also common for a student 

to say an integer that was in the opposite direction. For instance, when counting up from 

–10 to 10, the student succession might be, “–7," “–6," “–5," “–6”. The second student 

who said “–6” would need support to understand that counting in an increasing direction 

means the integer after “–5” is “–4”. Sometimes the students even needed a teacher to 

show them where the previous integer was on the vertical number line and remind them 

which direction we were counting before they could accurately say the next integer. 

Some students were so nervous about their ability to accurately count integers in front of 

their peers, the co-teachers and I created a routine where those students could play with a 

teacher in the hallway.  

Students also needed additional time to think as the succession approached zero 

and transitioned from negative to positive or vice versa. This was evident in the overall 

rhythm of the game. Students would say the first eight or nine integers with a relatively 
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quick tempo. Then, regardless of where it occurred in the circle, the tempo always slowed 

down between 1 and –2. The tempo then picked back up for the last eight or nine 

integers. In that interval where the rhythm slowed down, students would often say 

“umm” and look up (or at a teacher/vertical number line) before saying their integer. 

However, by the end of the unit, students were able to collectively count up and down the 

number line and adapt to new challenges like alternating directions each round, using a 

spinner to determine the first integer, and skip-counting by twos, fives, and tens in both 

directions.  

More surprisingly, the students enjoyed playing Ten is My Friend. They regularly 

asked to play and they frequently joked that, “ten is not my friend” because it meant they 

were out. The first time I incorporated the game in the middle of Design Cycle 2, students 

asked if they could play again the next day. One of my reflexive memos from Design 

Cycle 3, reflected on individual skip-counting assessments in the hallway. This oral 

assessment was aligned with multiplication lessons. At the beginning of the unit, Student 

3.1.g, struggled when counting by ones. Yet, by the time they were assessed at the end of 

the unit, that student not only demonstrated mastery counting ones. They could also skip-

count in both directions by: twos (–20, 20), fives (–30, 30), and tens (–100, 100). At the 

end of the game (i.e., assessment), the students said, “That was kinda fun.” 

Incorporating counting routines in the unit’s curricular design supported students’ 

development of mental models for integers. Ms. Feeny and Ms. Honey said they had 

never seen their previous students in intervention or special education settings achieve 

mastery the way students did after the F&A Unit. Mr. Bombay said, “I can’t believe how 
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well they did on the summative assessment." In terms of integer understanding, the 

findings from this student suggest that expecting students to transfer whole number 

understanding to integers and using horizontal number lines activities to develop integer 

mental models does not sufficiently support integer understanding for all students. 

Expecting students to transfer whole number understanding to integers and using 

horizontal number lines activities to develop integer mental models does not sufficiently 

support integer understanding for most students.         
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Chapter 6: Discussion 

In this study, I investigated the question: What characteristics of a comprehensive 

curriculum best supports students’ conceptual understanding of integers and integer 

operations?  Using an iterative design and analysis process that identified sticking and 

flowing points, I found six key characteristics. These characteristics illustrate necessary 

features of a curricular unit that support middle school students’ understanding of integer 

concepts. Those key characteristics are: (1) a merged model, (2) understanding integers 

as locations and objects, (3) reading and writing integers, (4) classifying four types of 

addition and subtraction problems, (5) a model that extends to multiplication and 

division, and (6) counting routines.  

In this chapter, I discuss central arguments from the findings using overarching 

themes of an inclusive integer curriculum design experienced in this study. I argue that 

integers require a merged model that connects multiple representations in a unified 

metaphor. Next, I argue that an essential feature of a merged model unified by F&A is the 

integration of embodiment, or drawing on somatic learning experiences, as a distinct 

mode of representation. Then, I argue that integers are fundamentally different from 

whole numbers. Curricular designs need to mirror the whole number learning process 

rather than approach integers as an extension of whole numbers to address those 

fundamental differences. Doing so enables the mental effort to be redistributed as a 

scaffold that supports students’ development of conceptual understanding. Finally, I 

consider curricular materials as a mode of representation that can influence change for 

equity-driven education through praxis. 
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Implications and Limitations 

As the arguments above suggest, the implications of this study inform 

mathematics education research and practice for integers and inclusive curricula designs. 

The limitations of this study relate to the classroom implementation and teacher interview 

stages. In these stages, data was collected from a single geographical region with lessons 

that were primarily taught by the researcher with small groups of students. 

The Landscape of Integer Research 

A common theme in integer research argues that instructional approaches which 

connect integers with conceptual models or metaphors are more successful at supporting 

students’ thinking compared to procedural or abstract strategies (e.g., Baroody, 2018; 

Chiu, 2001; Stacey, 2018). Yet, each of the predominant integer models and metaphors 

have unique characteristics that support student understanding and arithmetic structures 

where they break down. I posit that although those studies present arguments in favor of a 

specific approach, they all include findings or implications that align with the outcomes 

and themes in this study.  

All of the researchers were correct. Students need to play with integer concepts in 

games (e.g., Wessman-Enzinger, 2018), particularly games like Integers: Discard or 

Draw, which separate the symbolic homographs of adding and subtracting from positive 

and negative values. This is also a strength of modeling integer addition and subtraction 

with integer objects (e.g., chips) (e.g., Liebeck, 1990; Murray, 2018). Conceptualizing 

integer behavior as movement from a starting location and distance on a number line 

supports students’ mental model of integers (e.g., Bofferding, 2018b; Bofferding et al., 
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2018; Nurnberger-Haag, 2018). Homographs in mathematical language (i.e., 

“difference”) creates sticking points (e.g., Kilhamn, 2018). Directed magnitude and 

aligning the meaning of an integer expression or equation with symbolic representations 

are challenging for students of all ages, including preservice teachers (e.g., Tobias et al., 

2018). The findings in this study suggest that it was the assumption of competing 

approaches and the emphasis on integer operations rather than developing understanding 

for integers that prevented researchers from realizing a whole that was greater than the 

sum of its parts.  

Are There Ways of Merging Existing Models? Reflecting on landscape of 

integer research, editors Bofferding and Wessman-Enzinger (2018), ask if there are ways 

of merging the existing models. The preeminent finding from this study reveals that 

merging models is not only possible, it is essential for understanding integers. However, 

like the previous paragraph, this finding is consistent with existing research in that text 

where two separate studies found evidence of student understanding using instructional 

strategies that combined an integer model with a metaphor. The first study found that a 

financial metaphor with a color-coded vertical number line supported integer thinking 

with students who receive special education services (Stephan & Akyüz, 2018). The 

second argued that directed distance with embodied movement (i.e., walking) supported 

student understanding better than the chip model (Nurnberger-Haag, 2018). Together, 

these studies provide evidence for: vertical number lines, color-coding, and movement in 

a given direction. Stephen and Akyüz’s work also aligns with the theoretical framing that 
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rigorous, inclusive integer curricula can support conceptual understanding for students 

who receive special education services.   

Interconnectivity  

The interconnectivity of a merged model, like F&A, enables students to flexibly 

select representations and strategies across and within integer contexts. This explains how 

the existing integer research was valid, while simultaneously missing the big picture. 

Objects, number lines, and directed distance all support students’ ability to engage with 

integer concepts. Approaching these models as discrete strategies, however, requires 

substantial instructional time and limits student selection to a single approach for any 

given task. The evidence in this study demonstrates that a merged model enables students 

to draw on multiple representations within the same task. When reading and writing a 

single integer equation, students are able to conceptualize arithmetic elements as a 

location, objects that are added or removed, and the resulting directed distance. When 

developing a conceptual understanding of integer operations, students are able to focus 

on how the relationship between the operation and what is added or removed affects 

directed movement.   

Merged Models and Key Characteristics 

Merging models with a unified metaphor creates opportunities for students to 

access a variety of interconnected representations and strategies rather than 

compartmentalizing each as a separate approach. This was possible in the F&A merged 

model because of the theoretical underpinnings of the Lesh Translation Model. The 

evidence from open-ended tasks discussed with Key Characteristic 4 (i.e., four types of 
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addition and subtraction problems) further supports the argument that conceptual 

understanding is developed by making connections between and within modes of 

representations. The six key characteristics of this study are intentionally written with 

generalized language that can be applied to any comprehensive integer curriculum that 

integrates a merged model. Those key characteristics are: (1) a merged model, (2) 

understanding integers as locations and objects, (3) reading and writing integers, (4) four 

types of problems, (5) a model that extends to multiplication and division, and (6) 

counting routines. 

The F&A Merged Model 

However, this study also revealed inherent strengths of the F&A merged model 

that support understanding. Primary among these are (1) positioning integer locations on 

a vertical number line, (2) framing sea level as zero creates a natural and neutral starting 

point that is neither positive nor negative, (3) the ability to evoke embodied cognition 

through the movement of floating and sinking, (4) connecting relationships between 

integer locations, objects, and directed distance, (5) maintaining operational differences 

between addition and subtraction, and (6) contextualizing meaning with a consistent 

metaphor for symbolic homographs. Findings from this study also supports findings 

about the impact of color-coding in the learning process from cognitive, computer 

science, and education research (e.g., Amarin & Al-Saleh, 2020; Bird et al., 2014; Liu et 

al., 2021; Ozcelik et al., 2009; Pett & Wilson, 1996). Consistent color-coding in 

instructional materials helps students create a visual organization system and make 

connections between representations to support the learning process.   
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The F&A merged model even provides scaffolding to clearly define integers by 

connecting integer objects with integer locations. As discussed in chapter two, defining 

integers with precise but accessible mathematical language is surprisingly difficult. 

However, in the F&A merged model, an integer is any location on a number line that can 

be represented with a set of floats and anchors. Natural numbers are locations that can be 

represented using only floats. Whole numbers are locations that can be represented with 

only floats and sea level. 

 

The F&A metaphor is also intrinsically connected to the F&A game, which 

creates a low-stakes entry point for students to explore integer concepts while playing 

(e.g., Ginsburg et al., 2008; Ramani & Siegler, 2008). Ginsberg and colleagues argue that 

the starting learning opportunities with games and puzzles has significant social-

emotional benefits because they inherently create an environment where mistakes are 

expected. This aligns with the socioemotional considerations detailed in the engagement 

design principle from the Universal Design for Learning framework. That framework 

also informed flowing points like annotation circles, graphic organizers with a ship log 

and/or boxes, and the sentence started that support students’ ability to decode language 

and symbols and build knowledge. These theoretical underpinnings led Key 

Characteristics 2-6 and the final F&A Unit design which argue that the integer learning 

process should mirror rather than extend understanding from whole numbers.    
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Number Lines 

Horizontal number lines are a meaningful instructional strategy that are integrated 

throughout elementary and middle school mathematics. It follows that building on 

students’ previous experiences with horizontal number lines enables students to develop 

number sense for integers and integer operations with a familiar tool. However, this study 

found that plotting, ordering, and comparing integers on a horizontal number line are not 

sufficient for all students to develop a conceptual understanding of integers. One 

explanation is that a continuum of values that positions negative integers to the left of 

zero and associates increasing direction with rightward movement are arbitrary decisions 

informed by the Cartesian plane and Western cultures. Students who are able to plot, 

order, and compare integers using a horizontal number line may be demonstrating 

mastery of number lines as a mathematical tool rather than integers.  

Vertical Number Lines 

Vertical number lines, on the other hand, align with students’ natural conceptions 

of increasing and decreasing directions. In fact, a close examination of the existing 

research with number lines reveals evidence of students saying “up” and “down” to 

explain their thinking, even when working with a horizontal number line. In Playing with 

Integer Concepts: A Quest for Structure, , Bofferding and colleagues (2018) suggests 

continuums such as elevation, temperature, and staircases to develop formal mental 

models of directed magnitude, all of which are vertically situated. These findings echo 

Stephen and Akyüz’s conclusions (Akyüz et al., 2012; Stephan & Akyüz, 2012, 2018) 

that vertical number lines and color-coded vertical number lines best support integer 
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understanding. The comparative strength of integrating vertical number lines in the F&A 

merged model over a financial metaphor, however, is concept that sea level is a natural 

and neutral zero.  

All student participants in Design Cycle 3 were observed voluntarily using the 

vertical number line on integer tasks at least once. In that cycle, curricular materials 

integrated vertical number lines on printed curricular materials. The artifacts of student 

work have consistent evidence of students annotating vertical number lines even when 

they had the option not to. For example, annotations on the summative assessment 

indicate that multiple students used a vertical number line from previous problems to 

solve integer arithmetic in a different section.   

Embodiment 

One reason that vertical number lines better align with students’ natural 

conceptions of increasing and decreasing directions is grounded in the theory of 

embodied cognition (e.g., Bergen & Feldman, 2008; Goldin-Meadow et al., 2009; Lakoff 

& Núñez, 2000). The tenets of embodied cognition argue that somatic experiences are an 

essential component to constructing knowledge and a world-view (Bickhard, 2008; 

Fincher-Kiefer, 2019). Nurnberger-Haag (2007, 2018) argued that modeling integer 

addition and subtraction with the physical movements of walking and turning in a given 

direction influences students’ achievement and understanding. Applying that perspective 

to a vertical continuum of values explains why ordinality and movement on a vertical 

number line supports students’ ability to develop integer understanding. Vertical number 
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lines align with students’ somatic experiences that associate upward movement with 

increasing values and downward movement with decreasing values.  

The F&A merged model connects intrinsic associations of increasing and 

decreasing directions with embodied cognition of floating and sinking in water. Aligning 

sets of floats and anchors with integer locations and movement on a vertical number line 

helped students develop a conceptual understanding of integers. The F&A Unit 

implemented in Design Cycle 3 amplified flowing points related to embodied cognition. 

In that iteration, the triangular relationship between integer objects, integer locations on a 

vertical number line, and directed distance with vertical movement became an essential 

component of all key characteristics.  

Students physically stepped on yoga blocks and held weights to connect integer 

objects with vertical movement and directed magnitude. The cargo card activity where 

students simultaneously played “closest to the treasure” and “furthest from sea level” was 

particularly effective in helping students recognize the importance of directed magnitude. 

These conceptions supported students’ development of integer ordinality by connecting 

objects and movement with counting routines. That foundation became the basis for 

understanding integer operations as a relationship between the operation, the sign of the 

second term and the resulting directed movement. The overall impact of integrating 

embodiment in the key characteristics is evident in the conceptual understanding 

demonstrated in the analysis of open-ended tasks.  

I posit that the F&A merged model is the best option currently available because 

of its ability to emphasize embodied cognition with a neutral representation of zero. 
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Furthermore, the findings in this study suggest that embodiment is a distinct 

representation that should be included in the Lesh Translation Model. 

Integers Are Fundamentally Different Than Whole Numbers 

Middle school learning standards and curricular materials in the United States 

predominantly approach integer concepts by extending and applying students’ previous 

understanding of numbers and operations with fractions (e.g., Gallardo, 2002). As a 

result, existing research often frames integer misconceptions as a product of whole 

number overgeneralization. Not only does this explanation have the potential for a 

student-deficit mindset when considered from an equity perspective, the overall approach 

fails to recognize fundamental differences between integers and whole numbers.  

When integer learning experiences are approached as an extension of whole 

numbers, students are inherently encouraged to apply generalizations from their previous 

understanding. But whole numbers have unidirectional patterns and operational 

relationships. Whole number place value, ordinality, counting, addition, subtraction, 

multiplication, and division all maintain patterns that increase or decrease in a single 

direction. Finally, object representations of whole numbers have one-to-one 

correspondence and an equivalent relationship between magnitude and cardinality.  

Integers have bidirectional relationships. Place value, ordinality, and magnitude 

have a reflection point at zero where the increasing or decreasing pattern changes 

directions. Modeling integers with objects requires positive and negative representations 

that counterbalance to illustrate zero pairs. As a result, each integer location has an 

infinite amount of equivalent sets when modeled with objects. Adding integers and 
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subtracting integers can both lead to movement in an increasing or decreasing direction. 

The direction depends on the relationship between the operation and the sign of the 

second term. Moreover, integer addition can lead to a solution that is smaller than the 

addend (e.g., 2 + (–3) = –1), and integer subtraction can lead to a solution that is larger 

than the minuend (e.g., (–2) – (–3) = 1). Integer multiplication and division also 

corresponds with movement in both directions.  

In short, whole number understanding is based on unidirectional relationships, 

while integers have bidirectional relationships. As such, there are numerous critical 

sticking points related to integers that conflict with students’ existing understanding of 

numbers. Approaching integer concepts as an extension of the whole numbers inherently 

encourages students to apply overgeneralizations that fail to recognize fundamental 

differences of integers. This can lead to adverse prediction errors (e.g., Garrison et al., 

2013) where there is a contraction between what students expect to happen and the 

mathematical behavior of integers. Integer curricula that best support students’ 

conceptual understanding of integers enable students to make sense of these fundamental 

differences with intentional scaffolding. The findings in this study demonstrate that cargo 

card activities, counting routines, and classifying four types of problems are all examples 

in the F&A Unit that supported conceptual understanding of bidirectional integer 

relationships.  

Mirroring the Whole Number Learning Process 

The underlying assumption of extending whole numbers suggests that students are 

able to transfer previous understanding to integers without additional support. As a result, 
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integer activities aimed at counting, equivalent sets, and reading and writing arithmetic 

equations are notably absent from most integer units and instructional approaches the 

middle school level (Rips, 2008; Sarnecka & Carey, 2008) Sixth grade integer units often 

consist of one or two introductory integer lessons with horizontal number lines. The 

remaining lessons focus on tangential concepts such as graphing on a coordinate plane 

and absolute value. Seventh grade units generally focus on operations, which is why 

integer models and existing research are primarily concerned with integer addition and 

subtraction.  

Redistribute Mental Energy to Understanding Integers 

The findings in this study argue that rather than extending whole number 

understanding, integer curricula should mirror the whole number learning process. Doing 

so creates opportunities for the mental energy to be distributed throughout the learning 

process rather than compounding around integer operations. For instance, the critical 

sticking point of adding zero pairs in order to model subtraction required students to 

understand that integers have infinite equivalent representations (with objects) while also 

conceptualizing bidirectional integer subtraction. By sequencing activities with zero pairs 

before formally introducing addition and subtraction, students were able to separate the 

mental energy into two distinct learning objectives. In fact, four of the six key 

characteristics in this study found that students need intentional scaffolding aimed at 

understanding integers before developing a conceptual understanding of integer 

operations.  
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Middle school students need the same activities that early childhood and 

elementary students use when learning numbers. These concepts progress 

simultaneously, but they should be mastered before integer operations. The first eight 

lessons in the final F&A Unit integrate activities aimed at: equivalent integer 

representations, exploring directed movement, reading and writing symbolic 

homographs, and counting routines. Integer addition and subtraction is present in these 

lessons, but only to the extent that they support students’ understanding of integers.  

Dedicating the first half of the unit to understanding integers enabled instructional 

activities and sequencing to redistribute the mental energy previously compounded with 

integer operations. For instance, counting routines developed integer ordinality and the 

symmetric meaning of “–” through place value patterns reflected at zero. The cognitive 

demand of decoding the unary and binary meaning of “–” aligned with activities aimed at 

reading and writing symbolic homographs. While the cognitive demand of zero pairs and 

directed magnitudes were aligned with understanding integers as objects and locations. 

This sequencing enabled students to demonstrate mastery with integer addition and 

subtraction within two to three lessons.   

Potential Implications for Integer Praxis 

Misconceptions about integers caused by focusing on positive rational numbers in 

elementary school has led some researchers to argue for negative integers to be formally 

introduced before middle school. For example, previous studies have shown that some 

elementary students are able to develop integer reasoning when engaging with metaphors 

like temperature, staircases, and games with gains and losses. The sticking points 
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examined in this study demonstrate that middle school students need intentional 

scaffolding to understand the fundamental differences of integers related to symbolic 

homographs and bidirectional relationships. These findings suggest that formal 

instruction of integer operations should occur after students have demonstrated 

understanding of number sense and operations with whole numbers.  

However, future studies should investigate elementary learning activities that 

integrate negative integers. For instance, counting routines that include small magnitudes 

of negative integers and plotting temperatures on a vertical number line can be integrated 

in morning meeting routines throughout elementary school. This may create entry points 

for acknowledging whole number subtraction with negative solutions (again with small 

magnitudes) that can potentially mitigate the misconception that it is impossible to 

subtract a subtrahend with a larger magnitude than the minuend. Furthermore, an 

examination of learning trajectories may reveal that integers should be sequenced before 

operations with fractions and decimals, as suggested by Bofferding and Wessman-

Enzinger.  

Theoretical Considerations 

The findings in this study demonstrate that producing an inclusive and rigorous 

mathematical unit requires a substantial amount of time to test, analyze and determine re-

design decisions. The responsibility of integrating theory in a daily teaching practice 

should be assigned to researchers (or academics) and educational leaders outside of the 

classroom. It is not a reasonable expectation to include interpreting and implementing 

research with classroom teachers’ lesson planning responsibilities.  
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The F&A Unit produced from this study has the potential to contribute to 

overarching theoretical considerations related to equity and curriculum design. In 

particular, there is evidence that an inclusive, rigorous curriculum can support conceptual 

understanding for all students when Universal Design for Learning and the Lesh 

Translation Model design principles are applied. The conceptual understanding 

developed by integrating multiple representations argues that rather than prioritizing a 

single “learning style”, students need representational fluency and scaffolding connecting 

representations. This suggests that impact of a merged model can contribute to arguments 

against Gardner’s theory of Multiple Intelligences (Gardner, 2011).  

Concluding Thoughts 

I did not start a doctoral program because I wanted to be a researcher. I was a 

seventh-grade math teacher who saw students struggling to understand integers. I taught 

seventh-grade in multiple schools, in multiple states, with students who represented every 

combination privilege and marginalization. When I introduced students to integers 

through Floats & Anchors, it made sense to them in a way that exceeded all the other 

curricular resources available to me. I was largely driven by what felt like a disconnect 

between research and practice; and the recognition that my co-teacher and I were able to 

implement strategies that helped our students understand a difficult concept.  

In that way, research became a necessity. I needed to understand why Floats and 

Anchors worked in our classroom. As a teacher, I felt a clear disconnect between the 

learning activities in curricular materials and what our students needed to understand 

integers. This is because the predominate approach of extending whole number 
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understanding does not appropriately address that integers are fundamentally different. 

For example, one of the strategies my co-teacher and I used to approach integer 

operations was to teach students to categorize problems as either: same signs or different 

signs problem structures. It was a procedure-driven approach that did not align with my 

overall teaching philosophy, but it seemed to help students reconceptualize integer 

operations as bidirectional (not that I knew that word at the time.) I learned through this 

study that even when it seems like teachers are leaning into procedural or rote 

approaches, there is probably an underlying and unrealized sticking point guiding those 

instructional decisions.  

F&A represented a fundamental shift in my teaching because it enabled me to 

conceptualize differentiation as a holistic approach. It gave me the conviction to know, 

without a doubt, that all students could make sense of rigorous mathematical ideas when 

the curriculum was intentionally designed with all students in mind. One of the things 

that sets me apart as an integer researcher is that I did not create Floats & Anchors. My 

allegiance to this particular merged model is because I used it with my students, and it 

changed everything about how I taught. Now it has changed how I approach research. 
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Appendix A 

Glossary 

Addend: First term in an addition problem, notated as “Aò or “a.”  

 

Additive Inverse Property: x + (–x) = 0, (–x) + x = 0. 

 

Anchor: An object or representation of an object that moves a ship down one unit (–1) 

when added to a ship. Indicated with the word anchor, pictures of a nautical anchor, red 

circles, and/or physical weights.  

 

Augend: Second term in an addition problem, notated as “Bò or “b.”  

 

Binary (Symbolic Meaning): Refers to situations where a dash (i.e., –) represents the 

operational act of subtracting. For example, given the expression, 20 – 15, the dash (–) 

indicates subtraction.  

 

Collected Sum: The union of two sets, often used to describe summation sets with subsets 

that are equal to zero. This occurs in situations where the solution includes zero pairs or 

overlapping distances.   

 

Directed Difference: Instances where combining magnitudes lead to smaller magnitudes 

in an increasing or decreasing direction. This occurs with magnitudes in opposite 

directions, which can be simplified by removing overlapping magnitudes, leaving only 

the difference of relative magnitudes. For example, the problem, (ï20) + 15 = ï5, can be 

represented with a magnitude five units long because |ï20 + 15| = 5. The solution is 

negative because ï20 has a greater relative magnitude than 15. The same occurs in the 

subtraction problem, 15 ï 20 = ï5.  

 

Directed Movement: Up and down movement, generally tied to a vertical number line, 

directed distance integer models, and integer locations.   

     

Directed Sum: Instances where combining magnitudes lead to larger magnitudes (or sum 

of magnitudes) in an increasing or decreasing direction. For example, the problem, (ï20) 

+ (ï15), leads to a combined magnitude of 35 in a decreasing direction from zero (i.e., ï

35). The subtraction problem, ï20 ï 15 = ï35, also leads to a combined magnitude in a 

decreasing direction.         

 

Equations: A symbolic representation of equivalent terms and operations. For example, 3 

– 2 = 5. It is helpful to note that all equations (and expressions) have one operation unless 

otherwise noted.    
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Expressions: A symbolic representation with terms and operations that does not include 

an equal sign. For example, 3 – 2.  

 

Float: An object or representations of an object that moves a ship up one unit when added 

under a ship. Indicated with the word float, pictures of a yellow life preserver, yellow 

circles, and/or physical buoyant objects.  

 

Floats & Anchors Game (F&A Game): The original intervention game designed by 

Glancy and Pettis.   

 

Floats & Anchors (F&A Metaphor): Anything related to the merged model of Floats & 

Anchors which at its heart is a ship that is situated next to a vertical number line. Sea 

level indicates 0. Positive values are above water (or sea level) and negative values are 

below sea level or under water. The ship moves up or down by adding or removing floats 

or anchors. Floats make the ship go up when they are added and down when they are 

removed. Anchors make the ship go down when added and up when removed.  

 

F&A Merged Model: An integer model that intentionally connects the existing integer 

models with the F&A metaphor as a unifying context.  

 

Floats & Anchor Unit (F&A Unit): The iterative and final curricular materials in a 

comprehensive integer unit designed for middle school mathematics.  

 

Identity Property of Addition: a + 0 = a. 

 

Integers: Monomials that are whole numbers and their negative opposites with the caveat 

that zero is neither negative nor positive and therefore does not have a negative opposite.  

 

Integer Operations: Symbolic expressions and equations with integers and operations. In 

this study, integer operations refers to binary equations, that is symbolic representations 

with two terms, an operation, and a solution.   

 

Magnitude: The absolute value of an integer.  

 

Minuend: First term in a subtraction problem, notated as “Aò or “a.”  

 

Operation: Addition, subtraction, multiplication, division. 

 

Problem Types (Arithmetic Structure): Identified types of binary integer arithmetic 

problems (e.g., a + b, a – b) using information about the respective integers sign, 

magnitude, and the operation. Problem structures are a common approach for analyzing 

common sticking and flowing points in students' understanding, however, the number of 

identified structures varies in the research. I have identified 16 types of problem 

structures.  
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Relative Magnitude: A comparison of magnitudes between two or more elements. This is 

often used to describe situations where the magnitude of the first (A/a) or second (B/b) 

term are important components of patterns or behaviors for conceptual understanding. 

Capital letters are used to indicate terms with a greater relative magnitude and lowercase 

letters indicate a smaller relative magnitude (|A| > |b|) and (|a| < |B|).  

 

Sea Level: The water line, 0, separating measurements above water (positive locations) 

and below water (negative locations).  

 

Signs: Negative and positive signs. This is often used to describe whether a term and/or 

the solution is positive or negative.  

 

Subtrahend: Second term in a subtraction problem, notated as “Bò or “b.”  

 

Symbolic Homographs: Mathematical symbols that look the same but have different 

meanings based on contextual information. For example, a dash (i.e., –) can indicate a 

negative number (i.e., unary meaning), subtraction (i.e., binary meaning), as well as a 

reflection or the opposite of a number (i.e., symmetric meaning). However, like words, 

symbolic homographs can only have one meaning at a time. A single dash can mean 

“subtract” or “negative," but never both at the same time. Subtracting a negative requires 

two consecutive dash symbols, such as 15 ï (ï20).  

 

Symmetry/Symmetric (Symbolic Meaning): Describes situations where a dash (i.e., –) 

indicates a reflection or the opposite of a number. For example, a vertical or horizontal 

reflection of 20 centered at zero is –20.   

 

Unary (Symbolic Meaning): Refers to situations where a dash (i.e., –) functions as a 

symbolic representation of negative values, such as –20.  

 

Vector: A notational representation with a line segment and an arrow that conveys 

magnitude and direction. In this study, vectors are used with a number line, generally in 

connection to the directed distance model. The length (or line segment) illustrates the 

measure of magnitude. The arrow indicates direction, which can reference unary signs 

(i.e., positive or negative) or an operational relationship (e.g., adding a negative 

corresponds with leftward movement, subtracting a negative with rightward movement.)   

 

Vertical Number Line (VNL): A number line that is oriented vertically (e.g., the y-axis 

on a cartesian plane) with positive integers above zero and negative integers below zero. 

 

Whole Numbers: Exclusively positive numbers plus zero where elements follow an n + 1 

pattern indefinitely (i.e., 0, 1, 2, 3…) In F&A language, whole numbers are any location 

on a number line that can be represented using only floats, plus sea level. 
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Appendix B  

Glancy and Pettis’ Original Floats & Anchors Game Board 
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Appendix C 

Glancy and Pettis’ Original Floats & Anchors Game Directions 
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Appendix D 

Glancy and Pettis’ Original Floats & Anchors Card Deck 
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Appendix E 

Glancy and Pettis’ Student Handout 
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Appendix F 

Pre-Study Experiences with F&A 

The table below provides a general overview of my experiences with F&A before the 

start of this study. Altogether the interactions included teaching experiences with 520 

students (middle school and undergraduate) and 30 middle and high school teachers, 

collaborative design or feedback with 24 practicing or pre-service teachers, three 

academic courses, and one thesis project.   

Table F.1 

Pre-Study Experiences Related to Teaching and Learning with F&A 

Year(s) Teaching or Learning Interaction Approximate Number 

2014 Personal teaching development n/a 

2014-2018 Teaching integers with 6th grade students 240 students 

2014-2018 Co-Teaching integers with 7th grade students 160 students 

2014-2018 Collaborating with special education co-teachers 2 educators 

2014-2018 Collaborating with preservice math teachers 17 graduate students 

2014-2018 Academic coursework on UDL and math ed. 3 courses* 

2015 Leading PD for middle school teachers 10 teachers 

2017-2018 EdM thesis on teachers’ perspective of F&A 5 teachers 

2021 Academic coursework integrating F&A in Desmos 1 course* 

2021-2022 Teaching pre-service elementary teachers 105 undergrad students 

2022 Leading PD for high school algebra teachers 20 teachers 

2022 Playing F&A game with incarcerated students**  15 undergrad students 

Note. PD = professional development. * is used to indicate coursework on Universal 

Design for Learning and/or curriculum design that was directly related to this study. ** 

indicates incarcerated students who chose to play F&A rather than return to their living 

space during the last session of Math in Liberal Arts course.  
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Appendix G 

Location Model Representations 

Addition Subtraction Number Line 

A + b = C 

3 + 2 = 5 

A ï (ïb) = C 

3 – (–2) = 5  
 

Start at: 3, 2 hops right (count on), end at: 5 
 

a + B = C 

2 + 3 = 5 

a ï (ïB) = C 

2 – (–3) = 5  
 

Start at: +2, 3 hops right (count on), end at: 5 
 

A + (–b) = c 

3 + (–2) = 1 

A – b = c 

3 – 2 = 1  
 

Start at: +3, 2 hops left (count back), end at: 1 

a + (ïB) = ïc 

2 + (–3) = –1 

a ï B = ïc 

2 – 3 = –1  
 

Start at: +2, 3 hops left (count back), end at: –1 

ïA + b = ïc 

–3 + 2 = –1 

–A – (–b) = –c 

–3 – (–2) = –1  
 

Start at: –3, 2 hops right (count on), end at: –1 
 

ïa + B = c 

–2 + 3 = 1 

ïa ï (ïB) = c 

–2 – (–3) = 1  
 

Start at: -2, 3 hops right (count on), end at: 1 
 

-A + (-b) = -C 

-3 + (-2) = -5 

-A - b = -C 

-3 - 2 = -5  
 

Start at: –3, 2 hops left (count back), end at: –5 

–a + (–B) = –C 

–2 + (–3) = –5 

–a – B = –C 

–2 – 3 = –5  
 

Start at: –2, 3 hops left (count back), end at: –5 
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Appendix H 

Directed Distance Representations 

Addition Subtraction Directed Distance Model 

A + b = C 

3 + 2 = 5 

A ï (ïb) = C 

3 – (–2) = 5 

 

 

 

start at: 0, right: 3, continue right: 2, end at: +5 
 

a + B = C 

2 + 3 = 5 

a ï (ïB) = C 

2 – (–3) = 5 

 

 

start at: 0, right: 2, continue right: 3, end at: +5 
 

A + (ïb) = c 

3 + (–2) = 1 

A ï b = c 

3 – 2 = 1 

 

 
 

start at: 0, right: 3, reverse left: 2, end at: +1 
 

a + (ïB) = ïc 

2 + (–3) = –1 

a – B = –c 

2 ï 3 = ï1 

 

 
 

start at: 0, right: 2, reverse left: 3, end at: -1 
 

ïA + b = ïc 

–3 + 2 = –1 

ïA ï (ïb) = ïc 

–3 – (–2) = –1 

 

 
 

start at: 0, left: 3, reverse right: 2, end at: -1 
 

 ïa + B = c 

 –2 + 3 = 1 

ïa ï (ïB) = c   

–2 – (–3) = 1 

 

 
 

start at: 0, left: 2, reverse right: 3, end at: +1 
 

 

–A + (–b) = –C 

–3 + (–2) = –5 

ïA ï b = ïC 

–3 – 2 = –5 

 

 
 

start at: 0, left: 3, continue left: 2, end at: -5 
 

 

ïa + (ïB) = ïC 

–2 + (–3) = –5 

ïa ï B = ïC 

–2 – 3 = –5 

 

 
 

start at: 0, left: 2, continue left: 3, end at: -5 
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Appendix I  

CAST Universal Design for Learning Matrix 
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Appendix J 

Sentence Starter Design Example 

Kamie: 

Nov. 2023 

Something similar where they have a number of 

problems that they will have to show in some sort of 

way, but I don't want to tell them how they have to show 

it. I think it should say something like: “you can use 

words, you can use a number line, you can use Floats & 

Anchor pictures, like circles.” Would that work? I don't 

know. Something about giving them options. 

 

Special Ed. 

Expert: 

Nov. 2023 

How are we talking about opportunities to show the same 

concept across different ways of representing it? With 

[1] the multiple choice versus writing, [2] explaining 

your answer or [3] giving the visual. Maybe make it in a 

way that they have to do one or two of these. 

Kamie: 

Nov. 2023 

Words on the line, drawing floats and anchors, and 

maybe even that cartoon picture - but I don't know if they 

can do that without exhausting them. They might need a 

graphic organizer. Or matching? 

Special Ed. 

Expert: 

Nov. 2023 

Oh, yes. You can have a list of something like three 

options and you have to draw a line to the correct. 

Kamie: 

Nov. 2023 

Yes, matching. They have to maybe solve because that's 

what they're going to have to do on a state assessment, 

but also and then match to or something like that, yes. 

Maybe also like a sentence starter that had like-- 

Special Ed. 

Expert: 

Nov. 2023 

Ooh. I like that. 

Kamie: 

Nov. 2023 

Start at da da da. 

Special Ed. 

Expert: 

Nov. 2023 

I like [the sentence starter.] They can write their answer, 

draw their answer, match their answer, and then there's 

no debate for mastery of the skill. 



276 

Kamie: 

Nov. 2023 

Would you do like “add”, “remove”, and have them 

circle one here? Or would that be too much prompting? 

Special Ed. 

Expert: 

Nov. 2023 

Maybe “Floats or Anchors”? Instead of “add”. I don't 

know if that'll work. My thought is if in their mind if they 

don't have add remove in their mind, if it's on the paper 

and they're like, "Wait, what am I adding or removing 

that might like--" 

Kamie: 

Nov. 2023 

Then just get used to saying, "Okay. Start at?" 

Special Ed. 

Expert: 

Nov. 2023 

“Start at: this.” 

 

 

 


