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Abstract

Machine Learning algorithms are being deployed to aid the decision-making process of
high-stakes domains such as hiring, education, and medical trials. Under the influence
of these substantial algorithmic decisions, individuals (i.e., the decision-subjects) are
more aware of their role and capabilities in dictating the outcome of Machine Learning
algorithms. On the other hand, the social planner (i.e., the decision-maker) deploying
these machine learning algorithms has to consider the incentives of individuals who
are unwilling to follow the algorithmic decisions given to them unquestioningly. This
dissertation focuses on incentive-aware machine learning under uncertainty through the
lens of a centralized social planner deploying the algorithms for decision-making.

Naturally, some tension exists between the goals of these different stakeholders: an
individual’s action often springs from self-interested motives. At the same time, the
social planner wants to optimize for better social welfare across all individuals in the
population. Therefore, the primary focus of this dissertation is to design incentive-aware
Machine Learning algorithms that align with the incentives of the decision-subjects while
obtaining the desired total outcomes. Concretely, I study the problem of incentivized
exploration in the context of online recommender systems, where the social planner can
only provide signals to facilitate the individual’s action choices. Mainly, I extend the
existing literature of incentivized exploration in three trajectories: structured action sets,
heterogeneous populations, and practical applications.

Beyond incentivized exploration, this dissertation also examines other settings where
incentives play an essential role in the agent’s decision-making process. First, I study
the problem of strategic learning, where the decision-subjects are strategic and may
modify their input to obtain a more favorable prediction outcome. Secondly, I examine
how a centralized server can incentivize participation in a collaborative learning setting.
Finally, I investigate the setting where the downstream decision-makers face uncertainty
in choosing an accurate and loss-minimizing predictor suitable for their downstream task.
These works bring a greater understanding of how to create incentive-aware machine
learning algorithms under uncertainty that both (1) align with each decision-subject’s

belief and (2) maximize cumulative social welfare.
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Chapter 1

Introduction

In modern machine learning (ML) algorithms, learning the latent model under uncertainty
is at the heart of the decision-making process. For example, a social planner might want to
estimate the effectiveness of a new vaccine. Many studies on causal effect estimation rely
on randomized trials, in which the social planner randomly assigns each decision-subject
to a control group or a treatment group and then estimates the causal effect by comparing
the outcomes across different groups. However, in many real-world domains, participation
is voluntary and is often susceptible to non-compliance. For instance, patients may
hesitate to try a new vaccine when assigned to receive the treatment. Furthermore,
voluntary participation may stem from inherent selection bias, e.g., healthier participants
are more willing to test out a new vaccine in a medical trial. A naive assignment of
interventions based on these brittle stereotypes is often problematic, as it may prompt
individuals to modify their attributes strategically to receive more favorable decisions. As
a result, their strategic responses may cause a distributional shift and lead to degraded
performance of ML models in social domains.

These issues stem from the need to consider individual incentives in machine learning
models more. In this dissertation, I provide an overview of various results in the incentive-
aware machine learning literature and show how to resolve the tension of conflicting
goals between the agents and the social planner deploying these machine learning models.
Specifically, this dissertation addresses the following research question: how to design
incentive-aware machine learning algorithms under uncertainty to mazimize social welfare.

I investigate this question through two main principle approaches: (1) resolving the
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uncertainty in decision-subjects’ belief about the current state of the system, and (2)
resolving the uncertainty in the social planner’s intervention choice given the decision-
subjects’ incentives to best-respond.

Concretely, this dissertation first focuses on the problem of incentivized exploration:
how to incentivize self-interested individuals (henceforth, agents) to explore in an online
learning setting (Chapter 3, 4, 5, and 6). In this problem, a social planner interacts
with myopic agents by providing recommendations but cannot force the agents to always
comply with these recommendations. The incentive constraint comes from the agents’
need for more certainty about the available alternatives. Specifically, the social planner
wants the agents to trade off exploration to acquire new information and exploitation,
making optimal near-term decisions based on the current information. Conversely, the
agents prefer to exploit and maximize their expected benefits. The critical insight in
this setting is that the social planner can incentivize the agents to explore by leveraging
the essential notion of information asymmetry: the social planner observes the entire
(long-term) history of action choices and realized reward from the previous agents. In
contrast, each agent only knows about their own (short-lived) interaction with the social
planner. The literature on incentivized exploration was initialized by Kremer et al.
(2014b) and Slivkins (2019a, Ch. 11) offers a comprehensive overview of the problem in
various settings.

This dissertation expands on the base model of incentivized exploration in multiple
trajectories. In Chapter 3, I study how the social planner can incentivize exploration
when the action set is large and structured in the combinatorial semi-bandit setting.
Here, the central theme is to take advantage of such a known structure to enable the
incentive-compatible algorithm to work with many feasible actions. In Chapter 4, I
investigate how to incentivize agents from different subpopulations with different beliefs
over the rewards of each action to explore less-known options. We later leverage the
idea and techniques in this work to study synthetic control for the panel data setting,
where the goal is to estimate counterfactual outcomes for a group of units under different
interventions (Chapter 5). Previous work on synthetic control assumes that the test unit’s
potential outcomes may be expressed 'reasonably well” by the observed outcomes of the
donor units. However, despite their ubiquity, such an assumption may only sometimes

hold when the test and donor units come from different subpopulations with different
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beliefs about the rewards. My contribution here is an algorithm that incentivizes units
who initially prefer treatment to take control in the post-treatment period instead, thus
alleviating the need for the ’overlap’ assumption described above. Finally, I leverage
the key ideas and techniques from the literature of incentivized exploration to solve
incentive issue in determining the optimal matching of two-sided matching markets
(Chapter 6, where the agents and the arms are self-interested individuals with personal
preferences over their match. In this two-sided matching setting, it is generally insufficient
to consider only the incentives from the agents, as is the case in prior work in incentivized
exploration. Hence, the main goal is to provide an algorithm that incentivizes both sides
of the matching markets to comply with the social planner’s (in this case, the matching
platform) recommendation and explore alternative matches.

Beyond incentivized exploration for myopic agents (and arms), this dissertation also
considers other online learning settings where incentives play a crucial role in decision-
making. One such notable setting is that of strategic learning: how to recover the causal
relationship between observable attributes and outcome of interest in evaluating strategic
individuals (Chapter 7). A social planner interacts with strategic agents, who, upon
receiving an intervention, have incentives to modify their observable features to obtain
a more favorable predicted outcome. A challenge in this setting lies in the unobserved
confounding variables that simultaneously influence the agents’ observable attributes
and outcomes. One key observation is that we can adopt the technical tools from the
literature of instrumental variable regression in Chapter 4 to account for the effect of
these confounders by viewing the sequence of interventions (e.g., assessment rules in
this setting) as valid instruments which only affect the observable features but do not
directly influence their outcomes. This problem has been studied in the context of
performative prediction Perdomo et al. (2020) for a broad setting in which predicting
influences the prediction target and generally lies within the intersection of machine
learning and causality.

Another practical setting where a decision-maker wants to learn the latent model under
uncertainty is centralized collaborative learning, where a set of clients (e.g., mobile devices,
hospitals) want to jointly learn a model without directly sharing their data (Chapter 8).
However, the costs of joining collaborative training (e.g., latency in the network, privacy

cost from sharing private information) may dissuade clients from participating in the
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learning process. Here, the goal is to study the dynamic of the client’s participation
incentive in collaborative learning to help the service provider design better solutions
and clients make more well-informed decisions.

Finally, in Chapter 9, I study the uncertainty in the social planner’s intervention
choice when the downstream decision-subjects have incentives to best-respond to this
intervention through the problem of model multiplicity. In many modern domains, a
ubiquitous task is to learn an underlying model to make individual probability predictions.
For example, a hospital may want to predict the probability that a patient will contract
a disease using an image dataset of skin lesions. In this setting, it is common for the
hospital to have access to multiple predictive models with nearly equivalent accuracy
but disagree on their predictions on many individual samples. This disagreement in
outcome prediction may disparate impact the subpopulation if the decision-maker has to
choose one predictor over another to make critical downstream decisions. For example,
the hospital may have to rely on a single predictor to suggest treatment for each patient.
Prior work in model multiplicity has mainly focused on resolving prediction disagreements
between models. Here, I aim to leverage tools from the literature of multi-calibration to
update predictors such that they approximately agree on (1) individual predictions and

(2) best-response actions for each individual in the downstream decision-making tasks.



Chapter 2

Background and Related Work

2.1 Background: Incentivized Exploration

In this section, I provide the general framework of incentivizing exploration in the multi-
armed bandits setting as a gentle introduction to the central theme of my research. In
multi-armed bandits, we consider the interaction between a principal (i.e., the social
planner) and a sequence of agents over a time horizon T'. The set of feasible arms
(actions) A is known and fixed. In each round, a new agent with index ¢ arrives and
chooses an action a; from A. After selecting this action, agent ¢ receives a reward r, for
this action (and nothing else). We are interested in a setting where agents are myopic
self-interested individuals and prefer to ’exploit’, i.e., choose an action that maximizes
their expected reward. At the same time, the principal wants to maximize the social
welfare, i.e., the cumulative reward from all agents across the time horizon. Hence, the
role of the principal is to provide each agent with a signal containing information about
interactions with past agents in the form of a recommendation to encourage them to
explore alternative options. This tension of explore-exploit tradeoff between the principals
and the agents has been studied in Mansour et al. (2015a) for the classical setting of
multi-armed bandits.

In this dissertation, I discuss multiple extensions of the standard incentivized explo-
ration problem in multi-armed bandits to capture the population heterogeneity and a
more complex structure of the action-reward formulation. Specifically, my contributions

to the incentivized exploration problem are:
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1. In Chapter 3, I study the incentivized exploration problem in combinatorial semi-
bandits, a pragmatic, well-studied setting with structured actions. Each arm is a
subset of some ground set, whose elements are called atoms. In each round, the
algorithm chooses an arm and observes/collects a reward for each atom in this arm.
The reward for each atom is drawn independently from some fixed (but unknown)
distribution specific to this atom. The set of feasible arms reflects the structure of
the problem, e.g., it can comprise all subsets of atoms of a given cardinality or all
edge paths in a given graph. Since the number of arms (K) can be exponential in
the number of atoms (d), the central theme is replacing the dependence on K in

regret bounds for “unstructured" K-armed bandits with a similar dependence on d.

2. In Chapter 4, I focus on the incentivized exploration problem in the multi-armed
bandit setting when the population is heterogeneous, i.e., agents have different
beliefs about the reward of choosing each action. First, I study a stylized setting
with binary actions, i.e., control (action 0) and treatment (action 1) when there
are two types of agents, where each type initially prefers a different action. That
is, agents of type 0 prefer control, and agents of type 1 prefer treatment initially.
For example, in COVID-19 vaccine trials, healthier patients in the population may
prefer to take the vaccine (treatment). In contrast, some less healthy patients might
be more skeptical about the vaccine’s effectiveness and would initially prefer not to
take it (and prefer control instead). Furthermore, I would extend this framework
to allow the agents to choose between finitely many treatments with unknown
effects (and no control intervention). The results in this direction are a set of
incentive-aware algorithms that can convince agents who initially are non-compliant

to explore different actions and achieve sub-linear regret over the time horizon T

3. In Chapter 5, I study the incentivized exploration problem in the panel data setting
where there are non-overlapping sub-populations with different prior beliefs and
preferences. Prior work in synthetic control methods assumes that the outcome
of a test unit (agent) can be expressed 'reasonably well’ in terms of the outcome
of donor units. However, this assumption may not hold in settings where units
belong to non-overlapping sub-populations. In this work, my goal is to provide an

algorithm that can incentivize units that initially prefer treatment to instead take
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control in the post-treatment period, which allows valid counterfactual estimation

of the outcome for these units.

4. Finally, in Chapter 6, I focus on a practical setting of two-sided matching markets,
where both sides of the market have preferences over their potential match. Prior
work in incentivized exploration for matching markets mainly focuses on resolving
the incentive constraint on the agent’s side, as the arms are often inanimate
objects (e.g., restaurants, movies, treatment choices). However, we observe that
it is generally insufficient only to incentivize one side of the matching market to
comply with the platform’s recommendation, thus requiring a more careful study of
two-sided incentive constraints in this setting. The main contribution of this work
is a novel notion of incentive compatibility and an oracle-efficient recommendation

policy that can guarantee full compliance for two-sided matching markets.

2.2 Related Work

Incentivized Exploration Our work draws on techniques from the growing literature
of incentivizing exploration (IE) Kremer et al. (2013); Mansour et al. (2015b, 2016);
Immorlica et al. (2019); Sellke and Slivkins (2020), where the goal is also to incentivize
myopic agents to explore arms in a multi-armed bandit setting (Auer et al., 2002) using
information asymmetry techniques from Bayesian persuasion Kamenica and Gentzkow
(2011). While our mechanisms are technically similar to those in Mansour et al. (2015b),
our work differs in several key aspects. First, prior work in IE —including Mansour et al.
(2015b)— does not capture selection bias and cannot be directly applied in our setting
to recover causal effects. The mechanism in Mansour et al. (2015b) aims to enforce full
compliance (also called Bayesian incentive-compatibility) that requires all agents to follow
the planner’s recommendations: as a result, the mechanism needs to cater to the type of
agents that are most difficult to convince. By contrast, our mechanism relies only on the
compliance of a partial subset of agents in order to obtain accurate estimates.

There has also been a line of work on mechanisms incentivizing exploration via
payments Frazier et al. (2014b); Chen et al. (2018a); Kannan et al. (2017). Several known
disadvantages of such payment mechanisms include potential high costs and ethical
concerns Groth (2010). See Slivkins (2017) for a detailed discussion.
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Most related to our combinatorial semi-bandit result in Chapter 3 is Sellke and
Slivkins (2021b), which obtains similar BIC results for the special case of multi-armed
bandits with independent priors, both for Thompson Sampling and for initial exploration.
A yet unpublished working paper of Simchowitz and Slivkins (2021b) provides a BIC
algorithm for initial exploration in reinforcement learning; we build on this result in
one of ours. Similar but technically incomparable versions have been studied, e.g., with
time-discounted rewards and creating incentives via money (Frazier et al., 2014a).

On the machine learning side, this result is related to the work on combinatorial
semi-bandits, starting from Gyorgy et al. (2007), e.g., (Chen et al., 2013; Kveton et al.,
2015, 2014), and the work on Thompson Sampling, see Russo et al. (2018) for a survey. In
particular, near-optimal Bayesian regret bounds have been derived in Russo and Van Roy
(2014, 2016), and frequentist ones in (Agrawal and Goyal, 2017; Kaufmann et al., 2012).
Thompson Sampling has been applied to combinatorial semi-bandits, (e.g., Gopalan
et al., 2014; Wen et al., 2015; Degenne and Perchet, 2016; Wang and Chen, 2018), with
Bayesian regret bounds derived in Russo and Van Roy (2016).

Instrumental Variable In Chapter 4, we design mechanisms that strategically select
instruments to incentivize compliance over time so that we can apply tools from IV
regression (Angrist and Krueger, 2001; Angrist and Imbens, 1995; Imbens et al., 1996)
to estimate causal effects. Although IV regression is an established tool to estimate
causal effects where there is non-compliance in observational studies (see e.g. Bloom et al.
(1997a); Angrist (2005)), our results deviate significantly from previous works, due to the
dynamic nature of our model. In particular, even if all agents are initially non-compliant,
our mechanism can still incentivize compliance over time and estimate treatment effects
—whereas directly applying standard IV regression at the onset cannot.

Thematically, our work relates to work on “instrument-armed bandits” by Kallus
(2018), which also views arm recommendations as instruments. However, the compliance
behavior (modeled as a fixed stochastic mapping from instrument to treatments) is static
in Kallus (2018): it does not change over time —even if the planner has obtained accurate
estimate(s) of the treatment effect(s). By comparison, since all agents eventually become
compliant in our setting, we can achieve sublinear regret w.r.t. the best treatment, which

is not achievable in a static compliance model.
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Causal Inference and Synthetic Control Methods In Chapter 5, we study incen-
tivized exploration in panel data setting. Popular methods for counterfactual inference
using panel data include synthetic control methods Abadie and Gardeazabal (2003);
Abadie et al. (2010), difference-in-differences Angrist and Pischke (2009); Ashenfelter
and Card (1984); Bertrand et al. (2004), and clustering-based methods Zhang et al.
(2019); Dwivedi et al. (2022). Within the literature on synthetic control, our work builds
off of the line of work on robust synthetic control Amjad et al. (2018, 2019); Agarwal
et al. (2020a,b, 2023), which assumes outcomes are generated via a latent factor model
(e.g. Chamberlain (1984); Liang and Zeger (1986); Arellano and Honore (2000)) and
leverages principal component regression (PCR) Jolliffe (1982); Massy (1965) to estimate
unit counterfactual outcomes. Our work falls in the small but growing line of work at the
intersection of synthetic control methods and online learning Chen (2023); Farias et al.
(2022); Agarwal et al. (2023), although we are the first to consider unit incentives in this
setting. The model used by Agarwal et al. (2023) is particularly relevant to our work,
which extends the finite sample guarantees from PCR in the panel data settings to online
settings. While Harris et al. (2022) also consider incentives in synthetic control methods
(albeit in an offline setting), they consider a principal who can assign interventions to
units (e.g. can force compliance). As a result, the strategizing they consider is that
of units that modify their pre-intervention outcomes to be assigned a more desirable
intervention. In contrast, we consider a principal who cannot assign interventions to
units, but instead must persuade units to take different interventions by providing them
with incentive-compatible recommendations.

More broadly, there has been recent interest in causal inference in characterizing
optimal treatment policies, which must satisfy some additional constraint(s). For exam-
ple, Luedtke and van der Laan (2016) study a setting in which the treatment supply
is limited. Much like us, Qiu et al. (2021) consider a setting where intervening in the
treatment is impossible, but encouraging treatment is feasible. However, their focus is
on the setting where the treatment is a limited resource, so their goal is to encourage
treatment to those who would benefit most. Since they do not consider panel data and
place different behavioral assumptions on the individuals under intervention, the tools
and techniques we use to persuade units in our setting differ significantly from theirs.

Finally, Qiu et al. (2022); Sun et al. (2021) consider settings with some uncertain cost
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associated with treatment.

Two-sided matching market. The literature on the two-sided matching market is
first studied in the seminal work by (Gale and Shapley, 1962). The two-sided matching
market has many applications, ranging from streaming platforms to payment systems
(Rysman and Wright, 2014) and loan market (Chen and Song, 2013). For a broad
overview of these applications, see Rochet and Tirole (2003). The formulation of the
two-sided matching problem as a combinatorial semi-bandits problem has been studied
by Kasy and Teytelboym (2022). There is a line of work on incentivized exploration in
two-sided markets (Li et al., 2024b; Dai et al., 2022; Li et al., 2024a). However, similar to
other prior work in incentivized exploration, they only consider the agents’ incentives in
their algorithms. However, many real-world applications of two-sided matching markets
have human decision-subjects on both sides whose incentives need to be considered when
the platform designs a matching algorithm. In Section 6.3, we describe a counterexample
to illustrate the necessity of a novel incentive mechanism design for two-sided matching

markets.

Strategic Learning An active area of research on strategic learning aims to develop
machine learning algorithms that are capable of making accurate predictions about
decision subjects even if they respond strategically and potentially untruthfully to the
choice of the predictive model (Dong et al., 2018; Hardt et al., 2016; Mendler-Diinner
et al., 2020; Shavit et al., 2020; Chen et al., 2020; Cummings et al., 2015; Cai et al., 2015;
Meir et al., 2012; Hu et al., 2019). Generalizing strategic learning, Perdomo et al. (2020)
propose a framework called performative predictions, which broadly studies settings
where the act of predicting influences the prediction target. Several recent papers have
investigated the relationship between strategic learning and causality (Shavit et al., 2020;
Bechavod et al., 2021; Miller et al., 2020).

The setting most similar to our result in Chapter 7 is that of Shavit et al. (2020). They
consider a strategic classification setting in which an agent’s outcome is a linear function
of features —some observable and some not. While they assume that an agent’s latent
attributes can be modified strategically, we model the agent as having an unmodifiable

private type. Both of these assumptions are reasonable, and some domains may be better
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described by one model than the other. For example, the model of Shavit et al. may
be useful in a setting such as car insurance pricing, where some unobservable factors
related to safe driving are modifiable. On the other hand, our model captures settings
like university admissions, where confounding factors (e.g., socioeconomic background)
are not easily modifiable. Both models are special cases of a broader causal graph. Note
that in the model of Shavit et al., 8 violates the backdoor criterion and therefore cannot
serve as a valid instrument. Bechavod et al. (2021) consider a setting simpler than
ours in which there are no confounding effects from agents’ unobserved types on their
observable features and outcomes. As a result, the authors can apply standard least
squares regression techniques to recover causal parameters.

This work is also related to Miller et al. (2020) shows that designing good incentives
for agent improvement in strategic classification is at least as hard as orienting edges in
the corresponding causal graph. In contrast to their work, we observe that the assessment
rule deployed by the principal can be actively used as a valid instrument, which allows
us to circumvent this hardness result by performing an intervention on the causal graph

of the model.

Incentives in collaborative learning. Prior works that study incentive mechanisms
in the context of collaborative learning typically aim to encourage clients to join in training
in a one-time setting. Here, we list the most relevant works and defer readers to Tu
et al. (2022) for a comprehensive discussion of work in the area. Works on collaborative
learning such as Blum et al. (2017); Haghtalab et al. (2022); Sim et al. (2020) describe
the approach of handling heterogeneous data to learn a common concept by iteratively
gathering more data. For the application of federated learning, Donahue and Kleinberg
(2021c,a,b) analyzes the coalition structure for federated mean estimation and linear
regression problems using hedonic game theory, and Cho et al. (2022) proposes a new
FL objective that aims at increasing the number of incentivized clients. Our method
differs from the above works in that apart from utility gain; our work considers the cost
of joining the federated network as a factor that can dynamically affect client behavior.

More related to our result in Chapter 8 are the works of Blum et al. (2021), which
analyzes a framework for incentive-aware data sharing in FL under the notion of envy, and

Karimireddy et al. (2022), which introduces an accuracy-based algorithm to maximize
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the amount of data contributed by each client to learn their local mean parameter. While
these two works share some similarities with ours in that they encode some form of
joining cost, our method focuses on studying the population dynamics and analyzing the
equilibrium when clients best respond to public information.

Finally, we note that the use of financial incentives as a means of motivating clients
has been a topic of extensive research. Various economic approaches have been proposed
to incentivize participation monetarily, e.g., via auctions/reversed auctions (Kim, 2020;
Thi Le et al., 2021), contract theory approaches Saputra et al. (2020), public good
approaches Tang and Wong (2021). Our work adds a new perspective to this area by
studying how participation changes over time and considering payments only at tipping

points of the dynamic.

Network effects. Our work draws inspiration from literature on network effects games
(e.g., Katz and Shapiro, 1985; Shapiro and Varian, 1999; Easley and Kleinberg, 2010),
where the utility of a client using a service depends on the number of other clients
participating in the same service. This effect is often positive, as clients gain more utility
from others joining the network. Our model considers accuracy improvement from having
more data in a coalition as a natural incentive mechanism. As clients join the FL process,
they expect to obtain a more accurate estimator from the combined data of all clients in
the coalition. To the best of our knowledge, we are the first to model network effects in
FL in this manner, and our work is the first to study the behavior of rational clients in FL
under the network effects model. In formulating and analyzing this dynamic perspective
on client incentives, we hope our work can lead to future study and development of FL

incentive mechanisms that more closely mirror practical FL applications.

Model multiplicity. Within the literature on predictive diversity, our work builds off
the line of work focusing on predicting individual probabilities (Marx et al., 2020; D’ Amour
et al., 2022; Black et al., 2022; Breiman, 2001), where solving an error minimization
problem for some prediction tasks can lead to multiple solutions with roughly similar
performance in terms of accuracy. Sandroni (2003) showed that one cannot empirically
distinguish the outcomes from a predictor encoding the true individual probabilities from

one without in isolation, while Al-Najjar and Weinstein (2008); Feinberg and Stewart
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(2008) provided comparative tests to differentiate between the true probability predictor
and one that is not. Mainly, Feinberg and Stewart (2008) relied on cross-calibration,
i.e., calibration conditional on the predictions of both models to falsify one of them
empirically. For downstream decision-making, Garg et al. (2019) worked on refining
predictors and provided an algorithm that produces a predictor f3 that is cross-calibrated
with respect to both f; and fo. An alternative framework studied by Globus-Harris
et al. (2022b) seeks to update sub-optimal models for different subsets of the population,
following the ‘bug bounties’ approach used by the software and security communities.
Towards the same goal, Roth et al. (2023) proposed an algorithm (“Reconcile”) that aims
to reconcile different predictors with equivalent errors such that the updated predictors
both have lower errors compared to the initial models and approximately agree on their
prediction on almost all units. Our work follows the reconciliation idea from Roth et al.
(2023) but focuses on predictive accuracy and downstream decision-making. Our model
considers reconciling predictors for regression and multi-class classification problems and
their impact on the downstream decision-making tasks. In Section 9.2.4, we provide
a numerical example where simply reconciling the probability predictions according to

Roth et al. (2023) can lead to additional losses in downstream decision-making tasks.

Multi-calibration. Our work draws on techniques from the growing literature on
multi-calibration (Hebert-Johnson et al., 2018; Kim et al., 2019; Dwork et al., 2019;
Shabat et al., 2020; Jung et al., 2020; Dwork et al., 2021; Jung et al., 2022; Haghtalab
et al., 2023; Deng et al., 2023; Noarov et al., 2023; Globus-Harris et al., 2022a, 2023).
Multi-calibration has been used as a notion of fairness as it guarantees calibration for any
identifiable group. Notably, we leverage the connection between multi-calibration and loss
minimization from the omniprediction literature (Gopalan et al., 2022b,a, 2021) in our
analysis. Within the framework of multi-calibration, the work most related to ours is that
of Zhao et al. (2021), who considered decision calibration with respect to all classes of
loss functions. Similar to us, Zhao et al. (2021) takes the perspective of a decision-maker
who wants to ensure the predictive models are indistinguishable from the true probability
when they are used to make downstream decisions. However, two decision-calibrated
models can still disagree on their individual predictions and best-response actions for

many units. In our motivating example, a hospital with two decision-calibrated predictors
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may still want to make their predictive models approximately agree on their predictions
for almost all individuals in the population and lead to the same downstream decision,
1.e., whether to recommend treatment or not based on the predicted probability that a
patient has contracted a disease. We formalize this example in Section F.I and provide
empirical experiments to show our improvement over their result in Section 4.7.

An independent and concurrent work by Globus-Harris et al. (2024) considers en-
sembling multiple predictive models for high-dimensional downstream decision-making
tasks. While their work also leverages techniques from multi-calibration, their goal is
to output an ensemble predictor whose self-estimated expected payoff is accurate and
whose induced policy has a payoff at least as high as the maximum self-assessed payoff
of individual models. In contrast, our interest is in reducing the downstream decision
losses by resolving the differences between equivalent predictors and mitigating model

multiplicity for decision-making.



Chapter 3

Incentivizing Combinatorial Bandit

Exploration

In this chapter, we focus on the first extension of incentivized exploration: How to
incentivize exploration in combinatorial semi-bandits with a large, structured

action set.

3.1 Introduction

We consider incentivized exploration: how to incentivize self-interested users to explore.
A social planner interacts with self-interested users (henceforth, agents) and can make
recommendations, but cannot enforce the agents to comply with these recommendations.
The agents face uncertainty about the available alternatives. The social planner would
like the agents to trade off exploration for the sake of acquiring new information and
exploitation, making optimal near-term decisions based on the current information. The
agents, on the other hand, prefer to exploit. However, the algorithm can incentivize
them to explore by leveraging the information collected from the previous users. This
problem has been studied since Kremer et al. (2014a), see Slivkins (2019b, Ch. 11) for
an overview.

The basic model of incentivized exploration is very stylized and can be extended
along two “dimension”: more sophisticated economic models for agents’ behavior and

incentives, and more complex machine-learning models for actions’ structures and rewards.

15
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All published work has only dealt with the former, whereas we pursue the latter. In
particular, all published work focuses on small, unstructured action sets. Moreover, the
case of independent priors — when the users’ beliefs are independent across actions — is
emphasized as the main, paradigmatic special case when specific performance guarantees
are derived. However, realistic exploration problems often feature large sets with some
known structure that connects actions to one another. A major recurring theme in the
vast literature on multi-armed bandits is taking advantage of the available structure so
as to enable the algorithm to cope with a large number of actions.

We focus on a paradigmatic, well-studied exploration problem with structured actions:
combinatorial semi-bandits. Here, each arm is a subset of some ground set, whose elements
are called atoms. In each round, the algorithm chooses an arm and observes/collects a
reward for each atom in this arm. The reward for each atom is drawn independently
from some fixed (but unknown) distribution specific to this atom. The set of feasible
arms reflects the structure of the problem, e.g., it can comprise all subsets of atoms of a
given cardinality or all edge paths in a given graph. Since the number of arms (K) can
be exponential in the number of atoms (d), the main theme is replacing the dependence
on K in regret bounds for “unstructured" K-armed bandits with a similar dependence
on d.

We adopt a standard model for incentivized exploration from Kremer et al. (2014a).
The social planner is implemented as a bandit algorithm. Each round corresponds to a new
agent which arrives and receives the arm chosen by the algorithm as a recommendation.
Agents have Bayesian beliefs, independent across the atoms (but highly correlated across
the arms). The algorithm must ensure that following its recommendation is in each
agent’s best interest, a condition called Bayesian incentive-compatibility (BIC'). Each
agent does not observe what happened with the previous agents, but the algorithm does.
This information asymmetry is crucial for creating incentives.

Our contributions. We prove that Thompson Sampling is BIC when initialized with
at least nrg samples of each atom, where nrg is determined by the prior and scales
polynomially in the number of atoms (d). Thompson Sampling (Thompson, 1933) is
a well-known bandit algorithm with near-optimal regret bounds and good empirical
performance. The initial samples can be provided by another BIC algorithm (more on

this below), or procured exogenously, e.g., bought with money.
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Next, we consider the problem of initial exploration: essentially, design a BIC
algorithm that samples each atom at least once. Such algorithms are interesting in their
own right and can be used to bootstrap Thompson Sampling, as per above. We present
two such algorithms, which build on prior work (Mansour et al., 2020a; Simchowitz and
Slivkins, 2021a) and extend it in non-trivial ways. The objective to be optimized is the
sufficient number of rounds Ty, and particularly its dependence on d. To calibrate, prior
work on incentivized exploration in multi-armed bandits with correlated priors does not
provide any guarantees for a super-constant number of arms (K), and is known to have
To > exp(Q2(K)) in some natural examples (Mansour et al., 2020a). In contrast, our
algorithms satisfy Ty < exp(O(d)) for a paradigmatic special case, and Ty < exp(O(d?))
in general.

Finally, what if the prior is not independent across atoms? We focus on two arms

with arbitrary correlation, a fundamental special case of incentivized exploration, and
prove that our analysis of Thompson Sampling extends to the case. This result may be
of independent interest.
Discussion. Like all prior work on incentivized exploration, we consider standard,
yet idealized models for agents’ economic behavior and the machine-learning problem
being solved by the social planner. The modeling captures something essential about
exploration and incentives in recommendation systems, but is not supposed to capture all
the particularities of any specific application scenario. The goal of this paper is to bring
more complexity into the machine-learning problem; advancing the economic model is
beyond our scope.

We focus on establishing the BIC property and asymptotic guarantees in terms of
the number of atoms, without attempting to optimize the dependence on the per-atom
Bayesian priors. Our Thompson Sampling result has an encouraging practical implication:
a standard, well-performing bandit algorithm plays well with users’ incentives, provided
a small (in theory) amount of initial data.

(Stylized) motivating examples of incentivized exploration in combinatorial semi-
bandits include: recommending online content, e.g., for news or entertainment (with
atoms as e.g., specific news articles); recommending complementary products, e.g., a
suit that consists of multiple items of clothing; recommending driving directions. In all

examples, the social planner corresponds to the online platform issuing the respective
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recommendations. Such online platforms are often interested in maximizing users’
happiness, rather than (or in addition to) the immediate revenue, as a way to ensure

user engagement and long-term success.

3.2 Problem Formulation and Preliminaries

Our algorithm operates according to the standard protocol for combinatorial semi-
bandits, with an ancillary incentive-compatibility constraint, standard in the literature
on incentivized exploration.

Combinatorial semi-bandits. There are T rounds, d atoms and K arms, where each
arm is a subset of atoms. The set A of feasible arms is fixed and known. In each round ¢,
each atom /¢ generates reward rét) € [0,1]. The algorithm chooses an arm A® € A and
observes the reward of each atom in this arm (and nothing else). Algorithm’s reward in
this round is the total reward of these atoms.

Formally, we write [T] := {1, ... ,T} for the set of all rounds and [d] for the set
of all atoms, so that arms are subsets A C [d]. Let 6y be the expected reward of atom
¢ € [d], and let p(A) = >, 4 0¢ be the expected reward of a given arm A C [d]. Note
that d-armed bandits are a special case when the feasible arms are singleton sets {¢},
¢ e [d].

Stochastic rewards and Bayesian priors. The reward of each atom ¢ € [0,1] is
drawn independently in each round from a fixed distribution D, specific to this atom.
This distribution comes from a parametric family, parameterized by the expected reward
0p. The (realized) problem instance is therefore specified by the mean reward vector
0 =01, ... ,604). Initially, each 6 is drawn independently from a Bayesian prior P,
with support © C [0,1]. Put differently, the mean reward vector 6 is drawn from the
product prior P =Py x --- X Py.

Incentive-compatibility. The algorithm must ensure that in each round ¢, conditional
on a particular arm A = A® being chosen, the expected reward of this arm is at
least as good as that of any other arm. Formally, the algorithm is called Bayesian

incentive-compatible (BIC) if for each round t € [T7],

E[ u(A) —p(A) | AD =A]>0  Varms A, A € Awith Pr[A® = 4] > 0. (3.1)
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This definition is based on the following stylized story . In each round ¢, a new user
arrives to a recommendation system, observes the arm A® chosen by our algorithm,
and interprets it as a recommendation. Then the user decides which arm to choose (not
necessarily the arm recommended), and receives the corresponding reward. Accordingly,
the user needs to be incentivized to follow the recommendation. We adopt a standard
setup from economic theory (and the prior work on incentivized exploration): each user
has the same prior P, knows the algorithm, and wishes to maximize her expected reward.
We posit that the user does not observe anything else before making her decision, other
than the recommended arm. In particular, she does not observe anything about the
previous rounds. Then, (3.1) ensures that she is (weakly) incentivized to follow her
recommendation, assuming that the previous users followed theirs. We posit that under
(3.1), the user does follow recommendations, and then reports the rewards of all atoms
to the algorithm.

We emphasize that this story is not a part of our formal model (although it can be
expressed as such if needed). In fact, the story can be extended to allow the algorithm to
reveal an arbitrary “message" to each user, but this additional power is useless: essentially,
anything that can be achieved with arbitrary messages can also be achieved with arm
recommendations. This can easily be proved as a version of Myerson’s direct revelation
principle from theoretical economics.

Conventions. Each atom ¢ satisfies Pr[f, > 0] > 0: else, its rewards are all 0, so it can
be ignored.

No arm is contained in any the other arm. This is w.l.o.g. for Bernoulli rewards, and
more generally if Pr[rét) =0|6,>0]>0:if AC A for arms A, A’ then A cannot be
chosen by any BIC algorithm.

W.Lo.g., order the atoms £ by their prior mean rewards 69 := E[6;], so that E[6?] >

- > E[09).

Let A* = argmax 4 4 p4(A) denote the best arm overall, with some fixed tie-breaking
rule.

By a slight abuse of notation, each arm A C [d] is sometimes identified with a binary
vector v € {0,1}% such that v, = 1 < £ € A, for each atom ¢ € [d]. In particular, we

write Ag = Uy.
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Thompson Sampling has a very simple definition, generic to many versions of multi-
armed bandits. Let F; denote the realized history (tuples of chosen actions and realized
rewards of all atoms) up to and not including round ¢t. Write E® [-] = E[- | ;] and
pr®*) [-] =Pr[-| F;] as a shorthand for posterior updates. Thompson Sampling in a given
round ¢ draws an arm independently at random from distribution p(*) (4) = Pr[A* = A],
A € A. If Thompson Sampling is started from some fixed round ¢y > 1, this is tantamount
to starting the algorithm from round 1, but with prior P(- | F,) rather than P. The
algorithm is well-defined for an arbitrary prior P.

While this paper is not concerned with computational issues, they are as follows. The
posterior update P(- | F;) can be performed for each atom ¢ separately: Py(- | F¢¢), where
Fi . is the corresponding history of samples from this atom. A standard implementation
draws 6}, € [0, 1] independently from P(- | F¢), for each atom ¢, then chooses the best
arm according to these draws: argmax e 4 Y 4 0y- The posterior updates Py(- | Fy )
and the argmax choice are not computationally efficient in general, and may require
heuristics (this is a common situation for all variants of Thompson Sampling). A
paradigmatic special case is Beta priors P, and Bernoulli reward distributions Dy, so
that the posterior update Py(- | ;) is another Beta prior.

Composition of BIC algorithms. We rely on a generic observation from Mansour

et al. (2020a, 2022) that the composition of two BIC algorithms is also BIC.

Lemma 3.2.1. Let ALG be a BIC' algorithm which stops after some round Ty. Let ALG'(H)
be another algorithm that initially inputs the history H collected by ALG, and suppose
it is BIC. Consider the composite algorithm: ALG followed by ALG'(H), which stops at
the time horizon T. If Ty is determined before the composite algorithm starts, then this
algorithm is BIC.

3.3 Thompson Sampling is BIC

Our main result is that Thompson Sampling is BIC when initialized with at least nrg
samples of each atom, where nrs is determined by the prior and scales polynomially in d,
the number of atoms.

Theorem 3.3.1. Let ALG be any BIC algorithm such that by some time Ty < T (deter-

mined by the prior) it almost surely collects at least ngg = Crs - d* - e1¢ - log(d7g) samples
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from each atom, where

_ . o / i *
ers = min E[(u(A) — p(A7)+] and  ors = min Pr{A” = A], (3.2)

and Crg is a large enough absolute constant. Consider the composite algorithm which

runs ALG for the first Ty rounds, followed by Thompson sampling. This algorithm is BIC.

Note that Ty and nrg are “constants" once the prior is fixed, in the sense that they
do not depend on the time horizon T', the mean reward vector 6, or the rewards in the

data collected by ALG.

Remark 3.3.2. For statistical guarantees, consider Bayesian regret, i.e., regret in
expectation over the Bayesian prior. Bayesian regret of the composite algorithm in
Theorem 3.3.1 is at most Ty plus Bayesian regret of Thompson Sampling. The latter is
O(y/dT log d) for any prior (Russo and Van Roy, 2016).

Remark 3.3.3. We can invoke Lemma 3.2.1 since T} is determined in advance. So, it
suffices to show that each round ¢ of Thompson Sampling satisfies the BIC condition
(3.1).

Let us clarify the dependence on d. Note that parameters ers and drg may depend on
d through the prior. To separate the dependence on d from that on the prior, we posit
that each per-atom prior Py belongs to a fixed collection C. We make mild non-degeneracy

assumptions:!

Pr[pu(A) <E[p(A)]] >0 for all arms A # A’ (3.3)
Pr[, > 7] >0 for all atoms ¢ € [d] and some 7 € (0,1). (3.4)

Pr[fy < z] > poly(1/z) - exp(—z~%) for all atoms ¢ € [d], z € (0, 1/2), some o > 0.
(3.5)

Corollary 3.3.4. Suppose all priors Py of atoms £ € [d] belong to some fized, finite
collection C of priors and assumptions (3.3-3.5) are satisfied with some absolute con-
stants a, 7. Then nrg = Oc(d3+a logd), where O¢ hides the absolute constants and the

dependency on C.

'For the special case of d-armed bandits, assumption (3.3) is necessary and sufficient for the respective
arm A to be explorable: chosen in some round by some BIC algorithm (Sellke and Slivkins, 2021a).
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Remark 3.3.5. The initial data can also be provided to Thompson Sampling exogenously
(rather than via a BIC algorithm ALG), e.g., purchased with money. More formally, one
would need to provide a collection of (arm, atoms’ rewards) datapoints such that each

atom is sampled at least nrg times.?

Proof Sketch for Theorem 3.3.1. In order to establish the BIC condition in (3.1) for
Thompson Sampling, we first observe that Pr[A* = A] is a positive prior-dependent
constant for all arms A, so it suffices to prove E [E(t) [1(A) — p(A")] - 1as—ay] > 0 for
all A, A’

Next, to show a lower bound on E [ (u(A) — p(A')) - 1ae—ay |, we will leverage the
Harris inequality, which says increasing functions of independent random variables are
non-negatively correlated. Observe that the functions (p(A) — p(A’))+ and 1y4-— 4} are
co-monotone in each coordinate of 6 (i.e., either both increasing or both decreasing in a

coordinate). Then, the mixed-monotonicity Harris inequality implies that:

E[(u(A) —p(A) - 1pacay | = B[ (w(A) — w(A) 4 - 1ascay ] > ers- 64 (3.6)

where 04 = Pr[A* = A] > d1s.

To finish the proof, we show the expected absolute difference between E®[pu(A) —
p(AN] - Lgge—ay and (u(A) — p(A')) - 1 g+—4y is upper bounded by ers - d4. By re-
grouping and using triangle inequality as well as |@ - 1 g«—a3}| = |2] - 1{4+—4}, We can
upper bound this estimation error by sum of E “E(t) [1(A)] = (A)| - 1 ae— gy ] and
E[|E® [u(A")] — pu(A)] - 1{g+—a}]. Since the mean reward of each atom can be esti-
mated by their empirical average, we can apply Bayesian Chernoff and observe that these
two terms are nT_Sl/ ? times O(1)-sub-Gaussian random variables. By the sub-Gaussian

—1/2

tail bound, we upper bound both terms by O(nTs/ 04+/1og(1/64)). We conclude by using

our choices of ntg and observing that drs < 04. O

Proof Sketch for Corollary 3.3.4. To derive the dependence of ntg on d, we investigate
how the prior-dependent constants ers and drs depends on d. First, we can let ¢ be
a version of erg where the min is taken over all ordered pairs of priors in C. Since C is

finite and satisfies the pairwise non-dominance assumption (3.3), ers > ¢ > 0.

2A subtlety: the number of samples of each arm should be known in advance. This is because
otherwise Bayesian update on this data may become dependent on the data-collection algorithm.
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By definition, érs = minge 4 Pr[A* = A] is the minimum probability that arm A is
the best arm overall. Fix an arm A. We observe that the event where arm A is the
best arm is more likely than the event where each atom in A is larger than 7, and all
other atoms not in A is smaller than 7/d. Hence, we can lower bound Pr[A* = A] by
E [LWKE‘LLHZZT} . 1{vx¢A79z§/d}]. Since the prior P is independent across atoms, we can
write the expression above as product of E [1{W€A’9£27}] and E [l{vng,gzgf/d}]. As the
values {6} ¢c[q are independent and co-monotone in each in coordinate of 0, repeated

application of mixed-monotonicity Harris inequality implies that:

Pr{A” = A > [ E [Loon] - [ E[Voem] = [T Prloe > 7] ] Prloe < 7/d]
LeA z¢ A LA T¢A

d
> [ Prl6e > 71 Pr(fe < 7/d]
/=1

By full support assumption (3.4), we define a prior-dependent constant

= min Pr[f, >
pr = minPr(fy > 7] >0

Then, by definition of p, and the non-degeneracy assumption (3.5), the expression above
is lower bounded by p? - poly(d%/(r)4) - exp(—d(7/d)~®). Plugging this bound into nrg,
we obtain nyg = Oc¢(d**log d). O

3.3.1 The two-arm case with arbitrary correlation

What if the prior is not independent across atoms? Our analysis extends to the case
of K =2 arms A, A’ with arbitrary correlation between the atoms. In fact, we do not
assume combinatorial semi-bandit structure, and instead focus on the fundamental special

case of incentivized exploration: when one has two arms A, A’ with arbitrary joint prior
on ((A), p(A")). 3

Theorem 3.3.6. The assertion in Theorem 3.53.1 holds for the case when one has two

arms A, A" and an arbitrary joint prior on (u(A), w(A’)).

3Equivalently, we have d = 2 atoms with an arbitrary joint prior on (61, 62), and the feasible arms
are the two singleton arms {1} and {2}.
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This result completes our understanding of incentivized exploration with two correlated

arms: indeed, a necessary and sufficient condition (and the algorithm) are known for

collecting the initial data (Mansour et al., 2020a). A similar result for two independent
arms is in (Sellke and Slivkins, 2021a).

The analysis is very similar to that of Theorem 3.3.1, and omitted. Unfortunately,

our technique does not appear to extend to a larger number of arbitrarily correlated

armis.

3.4 BIC algorithms for initial exploration

We present two BIC algorithms for initial exploration, where the objective is to sample
each atom at least once (i.e., choose arms whose union is [d]) and complete in Ny rounds
for some Ny determined by the prior. Such algorithms are interesting in their own right
and can be used to bootstrap Thompson Sampling as per Theorem 3.3.1. (To collect
n samples of each arm, repeat the algorithm n times.) Both algorithms complete in
the number of rounds that is exponential in poly(d). The first algorithm completes in
exp(Op(d)) rounds but is restricted to arms of the same size and Beta-Bernoulli priors.
We obtain exp(Op(d?)) for arbitrary sets of arms. The second algorithm sidesteps the

Beta-Bernoulli restriction but completes in exp(Op(d?)) rounds.

3.4.1 Reduction to K-armed bandits

The first algorithm builds a substantial "super-structure" on top of the "hidden ex-
ploration" paradigm from Mansour et al. (2020a). The latter paradigm is defined for
K-armed bandits and is proved to work for arms with independent priors, ordered by
their prior mean rewards. However, for combinatorial semi-bandits, the arms’ priors
are highly correlated. We provide a new interpretation of their analysis in terms of
exploring a generic sequence of arms that satisfies a certain property (P). Our technical
contribution is to construct a sequence of arms and prove that it satisfies Property (P).

Note that it suffices to explore a sequence of arms which collectively cover all the atoms.
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Throughout this subsection, we make the following assumptions:

the prior Py for each atom ¢ is a Beta distribution with parameters (ay, 5¢);  (3.7)

the reward distributions Dy are Bernoulli distributions. (3.8)

This is a paradigmatic special case for Thompson Sampling (and Bayesian inference in
general).

Let vy(n) = a¢ / (ag + Be +n), n > 0 be the posterior mean reward of atom ¢ when
conditioned on n samples of this atom such that each of these samples returns reward 0.

Given any number n € N, let us define a sequence of k(n) < co arms V{*, ... , Vnn(n) €
A. Let V; be a prior-best arm: any arm with the largest prior mean reward. The
subsequent arms are defined inductively. Essentially, we pretend that each atom in each
arm in the sequence so far has been sampled exactly n times and received 0 each time it
has been sampled. The next arm is defined as the posterior-best arm: an arm with a
largest posterior reward after seing these samples. Formally, for each ¢ > 2, we define
arm V" given the previous arms Vi*, ... , V™. For each atom ¢ € [d] define Z]'(¢) = n
if this atom is contained in one of the previous arms in the sequence, and set Z*(¢) = 0
otherwise. Then, define V" as a the posterior-best arm if the posterior mean rewards for

atoms ¢ are given by vy ( Z*(¢)). That is:

V" € argmax » vy (Z(0)). (3.9)
A yea

The sequence stops when the arms therein cover all atoms at least once, and continues
infinitely otherwise; this defines s(n). 4
To state Property (P), we focus on this sequence for a particular, prior-dependent

choice of n.

(P) There exist numbers np € N and 7p, pp € (0, 1), determined by the prior P, which
satisfy the following. Focus on the sequence of arms Vi, ... ,V,, where k = k(np)
and V; = V"? for each i € [k]. Let H}, i € [r] be a dataset that consists of exactly

N € N samples of each arm Vi, ... ,V;, where each sample contains the reward

4In Theorem 3.4.2 and Theorem 3.4.4, we upper-bound k(n) for some prior-dependent n = np.
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for each atom in the respective arm, and H(])V is an empty dataset. Then
Pr[XN >7p] >pp Vie[s]and N > np, (3.10)
where the random variable XiN is defined as

XY= min E[0(0) - u(A) | HY, ].

In intuition, any given arm V; can be the posterior best arm with a margin 7p and
probability at least pp after seeing at least np samples of the previous arms Vq, ... ,V;_1.

Given Property (P), prior work guarantees the following (without relying on assump-
tions (3.7-3.8)).

Theorem 3.4.1 (Mansour et al. (2020a)). Assume Property (P) holds with constants
np, p, pp and k = k(np). Then there exists a BIC algorithm which explores each arm

Vi, ... , Vg at least np times and completes in Ty rounds, where Ty = k- np - (1 +
d)/ (tp - pp).

Next, we establish (P). First we state a result for a paradigmatic case when all
arms have the same cardinality, then relax it in what follows (with a somewhat weaker

guarantee).

Theorem 3.4.2. Assume Beta-Bernoulli priors (3.7-3.8). Further, assume that

The arms are all subsets of [d] of a given size m; (3.11)
Then Property (P) holds with k = k(np) = [d/m] and

np = [Ba/ vl Inax [a] (3.12)

TP =

lve(n) — vp(n')]. (3.13)

min
atomns £#L €[d], n,n’€{0,np}

pp = (1—69)", (3.14)

as long as 7p and pp are strictly positive.

Proof Sketch. For each arm V;, i € [k] we consider the event that the dataset H* from
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Property (P) contains the reward of 0 for each samples of each atom. We take n to be
large enough so that this event makes all arms V7, ... , V;_1 look inferior to V;, in terms
of the posterior mean reward. The key is to lower-bound the probability of this event; a

non-trivial step here requires Harris inequality. O

We show that Tj, the requisite number of rounds, depends exponentially on the
number of atoms d. To this end, we define a suitable parameterization of the priors.
To handle 7p in Theorem 3.4.2, we posit a lower bound that depends on d, but this

dependence is very mild.

Corollary 3.4.3. Assume Beta-Bernoulli priors (3.7-3.8) and that (3.11) holds. Fix
some absolute constants ¢y € N and ¢, € (0,1). Suppose E[0y] < ¢ for all atoms, and
the priors satisfy the following non-degeneracy conditions:
. | <
Jha [Be/ae] - [aw] < co,

i —vp(n)| > @) —d
Z,Z’e[d]ﬁﬂlnlfle{o’%} lve(n) —ve(n')] > Q™)

Then there exists a BIC algorithm which samples each atom at least once and completes
m
No=0(cod- o)

rounds, where ® = c- (1 — ')~ is a constant.

Finally, we handle general feasible sets, i.e., without assumption (3.11). The guarantee

becomes slightly weaker, in that we have d? in the exponent rather than d.

Theorem 3.4.4. Assume Beta-Bernoulli priors (3.7-3.8). Then Property (P) holds with
k(np) < d and

np = [(aqg + Ba)/aal - reréz[ag]( [ag] - d (3.15)

P = min > veng) = > ve(ne)l. (3.16)

’ d
A#A’e Ane{0np} oA Ve

pp = (1—69)", (3.17)

as long as 7p and pp are strictly positive.
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Corollary 3.4.5. Assume Beta-Bernoulli priors (3.7-3.8). Fix some absolute constants
c1 € N and ¢g,c3 € (0,1). Suppose E[0¢] < c3 for all atoms, and the priors satisfy the

following non-degeneracy conditions:

| <
atomI??)lf’e[d] ’V(ag + BZ)/OZA ’Vaf —| Cc1

ZV[ ng Z V[/(ng/)’ > Q(CQ_dz). (3.18)

’ d
A#£A'€A ne{o np} oA Ve

Then there exists a BIC algorithm which samples each atom at least once and completes
m
N020(61d3‘¢d2>

rounds, where ® = co - (1 — ¢3)™ is a constant.

We provide some motivation for why (3.18) is a mild assumption. Our intuition is
that “typically" 7p should be on the order of e=9@ whereas (3.18) only requires it to
be > e~ 2d%)

3.4.2 Reduction to incentivized reinforcement learning

Our second algorithm builds on the Hidden Hallucination approach from Simchowitz
and Slivkins (2021a), which targets incentivized exploration for episodic reinforcement
learning. We use this approach by “encoding" a problem instance of combinatorial
semi-bandits as a tabular MDP, so that actions in the MDP correspond to atoms, and
feasible trajectories correspond to feasible arms. Then we invoke a theorem in Simchowitz
and Slivkins (2021a) and “translate" this theorem back to combinatorial semi-bandits.
More specifically, consider a tabular MDP with deterministic transitions and unique
initial state. Each action in this MDP correspond to some atom ¢; then the action’s
reward is drawn from the corresponding reward distribution D,. In general, only a subset
of actions is feasible at a given state-stage pair of the MDP. Let G be the transition
graph in such MDP: it is a rooted directed graph such that the nodes of G correspond to
state-stage pairs in the MDP (the root node corresponding to the initial state and stage
0). Each edge (u,v) in G corresponds to some MDP action feasible at u, i.e., to some

atom. While different edges in GG can correspond to the same atom, we require that any
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rooted directed path in G cannot contain two edges that correspond to the same atom.
Let Ap be the subset of atoms that corresponds to a given rooted directed path P, and
let Ag = { Ap : rooted directed paths in G } be the family of arms “encoded" by G. A
family of arms A is called MDP-encodable if A = Ag for some transition graph G as
defined above with O(d?) nodes.

Our result applies to all MDP-encodable feasible sets. In particular, the set of all
subsets of exactly m atoms, for some fixed m < d, is MDP-encodable. To see this,
consider an MDP with m stages and d states, where each state ¢ € [d] corresponds to
the largest atom already included in the arm, and actions feasible at a given stage 7 and
state £ correspond to all atoms larger than ¢.

Our result allows for arbitrary per-atom priors Py, subject to a minor non-degeneracy

condition, and reward distributions D, that are supported on the same countable set.

Theorem 3.4.6. Consider a feasible arm set A that is MDP-encodable, as defined
above. Suppose the per-atom priors Py lie in some fized, finite collection C such that
any Py € C satisfies Pr[y < ] > 0 for all e > 0 and E[0y] > 0. Further, suppose all
reward distributions Dy that are supported on the same countable set. Fix parameter
d € (0,1). There is a BIC algorithm such that with probability at least 1 — & each
atom is sampled at least once. This algorithm completes in Ny rounds, where Ny =

CDEdB - Oc (poly(d) -log(671) ) for some constant ®¢ € (0,1) determined by collection C.

Remark 3.4.7. While the guarantee in Theorem 3.4.6 holds with probability 1 — 4,
rather than almost surely, it suffices to bootstrap Thompson Sampling in Theorem 3.3.1.
To see this, let ALG be an algorithm that runs for Ty = Ny - nrs + d - nyg rounds (with
nys from Theorem 3.3.1), and proceeds as follows: first it repeats the algorithm from
Theorem 3.4.6 nrg times, and in the remaining rounds it deterministically plays an
arm with the largest prior mean reward (this algorithm is BIC). Define the “success
event" as one in which ALG samples each atom > nrg times in the first Ny - Ntg rounds.
Consider another algorithm, ALG*, which runs for T rounds, coincides with ALG on the
first Ng- Nrg rounds, and in the remaining rounds coincides with ALG on the success event,
and otherwise plays some arms so as to sample each atom at least once (this algorithm is
not necessarily BIC). Now, if Thompson Sampling is preceded by ALG*, then the analysis
in Theorem 3.3.1 guarantees that each round ¢ of Thompson Sampling satisfies the BIC
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property (3.1), and does so with a strictly positive prior-dependent constant on the right
hand side of (3.1). Therefore, the same holds for ALG, since it coincides with ALG* w.h.p.,

if the failure probability § in Theorem 3.4.6 is chosen small enough.



Chapter 4

Incentivizing Compliance with

Algorithmic Instruments

In this work, we study the second extension of incentivized exploration: How to incen-
tivize exploration in multi-armed bandits when the population is heteroge-

neous.

4.1 Introduction

In many applications, estimating the causal effect of a treatment or intervention is at
the heart of a decision-making process. Examples include a study on the effect of a
vaccine on immunity, an assessment of the effect of a training program on workers’
efficiency, and an evaluation of the effect of a sales campaign on a company’s profit. Many
studies on causal effects rely on randomized experiments, which randomly assign each
individual in a population to a treatment group or a control group and then estimate the
causal effects by comparing the outcomes across groups. However, in many real-world
domains, participation is voluntary, which can be susceptible to non-compliance. For
example, people may turn down a vaccine or a drug when they are assigned to receive
the treatment Wright (1993). Another example is a randomized evaluation of the Job
Training Partnership Act (JTPA) training program Bloom et al. (1997a), where only 60
percent of the workers assigned to be trained chose to receive training, while roughly 2

percent of those assigned to the control group chose to receive training. In many cases,
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non-compliance can cause selection bias: for example, those who choose to receive the
drug or vaccine in a randomized trial tend to be healthier, and those who join the training
program might be more productive to begin with.

Although non-compliance in randomized experiments has been well studied in many
observational studies (Angrist and Pischke, 2008), there has been little work that studies
and models how compliance varies over time. In reality, however, participants’ compliance
behaviors may not be static: they may change according to their time-varying beliefs about
the treatments. If the outcomes from the previous trials suggest that the treatments are
effective, then the participants may become more willing to accept the recommendation.
For example, those initially weary about a new vaccine may change their mind once
they see others take it without experiencing negative symptoms.! Motivated by this
observation, this paper studies the design of dynamic trial mechanisms that map history—
the observations from previous trials—to a treatment recommendation and gradually
incentivize compliance over time.

In this work, we introduce a game theoretic model to study the dynamic (non)-
compliance behavior due to changing beliefs. In our model, there is a collection of
treatments such that each treatment j is associated with an unknown treatment effect 6;.
We study an online learning game, in which a set of 7" myopic agents arrive sequentially
over T rounds. Each agent ¢ has a private unobserved type u;, which determines their
heterogeneous prior beliefs about the treatment effects. Each agent’s goal is to select a
treatment j that maximizes the reward: 6; —|—g£ut) , Where gt(ut) denotes the type-dependent
baseline reward (without taking any treatment). We introduce a social planner whose
goal is to estimate the effects of underlying treatments and incentive the agents to select
the treatment that maximizes long-term cumulative reward. Upon the arrival of each
agent t, the planner provides the agent with a random treatment recommendation, which
is computed by a policy that maps the history of interactions with the previous (¢t — 1)
agents. While agent ¢ does not observe the previous history, they form a posterior belief
over the treatment effects based on the recommendation and then select the action that
maximizes their expected utility.

Under this model, we provide dynamic trial mechanisms that incentivize compliance

1A recent survey shows that many Americans choose to wait before deciding to receive a COVID-19
vaccine Hamel et al. (2021).
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over time and accurately estimate the treatment effects. The key technical insight is that
the planner’s random recommendation at each round can be viewed as an instrument
that is independent of the agent’s private type and only influences the observed rewards
through the agent’s choice of action. By leveraging this observation, we can perform
instrumental variable (IV) regression to recover the treatment effects, as long as some of
the agents are compliant with the recommendations. To create compliance incentives, our
mechanisms leverage techniques from the literature of incentivizing exploration Mansour
et al. (2015b); Slivkins (2019a). The key idea is information asymmetry: since each agent
does not directly observe the previous history, the planner has more information. By
strategically mapping previous history to instruments, the planner can incentivize agents
to explore treatments that are less preferred a-priori.

We focus on the binary action setting, where each agent can select treatment or
control to illustrate our techniques. In the binary setting, we first provide two mechanisms
that works with two initial non-compliance situations.

Complete non-compliance. In Section 4.3, we consider a setting where the planner
initially has no information about the treatment effect 0, so all agents are initially
non-compliant with the planner’s recommendations. We provide Algorithm 1 which first
lets initial agents choose their preferred arms, then constructs recommendations that
incentivize compliance for some later agents. This enables treatment effect estimation
through IV regression.

Partial compliance. In Section 4.4, we consider a setting where the planner has an
initial estimate of the treatment effect 6 (that may be obtained by running Algorithm 1),
so they can incentivize some agents to comply. We provide Algorithm 2, which can be
viewed as the bandit algorithm active arm elimination Even-Dar et al. (2006) which
uses 1V estimates to compare treatments. Samples collected by Algorithm 1 provide an
increasingly accurate estimate 6 and incentivize more agents to comply over time.
Regret minimization. In Section 4.5, we show that if the planner first runs Algorithm 1
to obtain an initial treatment effect estimate 6 and then runs Algorithm 2 to amplify
compliance, then he can achieve O(v/T) regret w.r.t. the cumulative reward given by
enforcing the optimal action for all agents.

Experiments. Lastly, in Section 4.7, we complement our theoretical results with

numerical simulations, which allow us to examine how parameters in agents’ prior beliefs
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influence the convergence rate of our recommendation algorithm.

4.2 Treatment-Control Model

We study a sequential game between a soctal planner and a sequence of agents over T'
rounds, where T is known to the social planner. In this manuscript, we will focus on the
binary setting with a single treatment. In the binary setting, the treatment of interest
has an unknown effect # € [—1, 1]. In each round ¢, a new agent indexed by ¢ arrives with
their private type uy drawn independently from a distribution U over the set of all private
types U. Each agent ¢ has two actions to choose from: taking the treatment (denoted
as r; = 1) and not taking the treatment, i.e. the control (denoted as z; = 0). Upon
arrival, agent ¢ also receives an action recommendation z; € {0,1} from the planner.

After selecting an action x; € {0, 1}, agent ¢ receives a reward y; € R, given by

ye = Oy + g™ (4.1)

where giut) denotes the confounding baseline reward which depends on the agent’s private

type uy; each is drawn from a sub-Gaussian distribution with a sub-Gaussian norm of oy.
The social planner’s goal is to estimate the treatment effect § and maximize the total
expected reward of all T agents.

History and recommendation policy. The interaction between the planner and the
agent t is given by the tuple (2, x4, y:). For each t, let Hy denote the history from round
1 to t, i.e. the sequence of interactions between the social planner and the first ¢ agents,
such that Hy := ((z1,21,y1),- - -, (2¢, Z¢, y¢)). Before the game starts, the social planner
commits to a recommendation policy 7 = (m;)Z_; where each m;: ({0,1}x{0, 1} xR)*~1 —
A({0,1}) is a randomized mapping from the history H;_; to recommendation z;. Policy
m is fully known to all agents.

Beliefs, incentives, and action choices. Each agent ¢ knows their place ¢ in the
sequential game, and their private type u; determines a prior belief P, which is a
joint distribution over the treatment effect 8 and noisy error term ¢(*). Agent ¢ selects

action x; as such:

xgzﬂ[E W\%ﬂ>4. (4.2)
P

ut>77rt
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Figure 4.1: Causal diagram of our setting at any time ¢. Grey nodes are observed, white
unobserved. Recommendation z; influences treatment z;, which influences outcome ;.

Unobserved type u; influences both treatment x; and outcome gy; —the latter via error

term glgut) .

An agent t is compliant with a recommendation z; if the agent chooses the recom-
mended action, i.e. xy = z;. We'll also say that a recommendation is compliant if
Tt = Zt.

Figure 4.1 shows the causal diagram for this setting.

Recommendations as Instruments Unlike the standard multi-armed bandit and
previous models on incentivizing exploration Mansour et al. (2015b, 2016), the heteroge-
neous beliefs in our setting can lead to selection bias. For example, agents who are willing
to take the treatment may also have higher baseline rewards. Thus, simply comparing
rewards across the treatment group (x = 1) and the control group (z = 0) will lead
to a biased estimate of #. To overcome this selection bias, we will view the planner’s
recommendations as instruments and perform instrumental variable (IV) regression to
estimate #. There are two criteria for recommendation z; to be a valid instrument: (1) z
influences the selection x, and (2) z; is independent from the noisy baseline reward g,
See Figure 4.1 for a graphical explanation of how these criteria will be satisfied in our
setting. Criterion (2) follows because planner chooses z; randomly, independent of the
type ug. Our goal is to design a recommendation policy to meet criterion (1).

Wald Estimator. Our mechanism periodically solves the following IV regression problem:
given a set S of n observations (x;, yi, z;)]—,, compute an estimate 65 of 8. We consider
the following two-stage least square (2SLS) or Wald estimator (which are equivalent for

binary treatments):
_ i Wi — ) —2)
Yici(wi — ) (2 — 2)

where Z, 9, Z denote the empirical means of variables x;, y;, and z; respectively.

D>
[9)

(4.3)
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While existing work on IV regression mostly focuses on asymptotic analyses, we
provide a high-probability finite-sample error bound for ég, which is required by our

regret analysis and may be of independent interest.

Theorem 4.2.1 (Finite-sample error bound for Wald estimator). Let z1,z22,...,2, €
{0,1} be a sequence of instruments. Suppose there is a sequence of n agents such that
each agent i has their private type w; drawn independently from U, selects action x;
under instrument z;, and receives reward y;. Let sample set S = (x;,yi, zi)]—,. Let
A:({0,1}" x {0,1}" x R™) — R denote the approximation bound for set S, such that

- QUgW
A(S,0) := IS (i —Z) (2 — 2)|

and the Wald estimator given by (4.3) satisfies

)és - 9) < A(S,4)

with probability at least 1 — 0, for any § € (0,1).

Proof Sketch. The bound follows by substituting our expressions for y;, z; into the IV
regression estimator, applying the Cauchy-Schwarz inequality to split the bound into two
terms (one dependent on { (g, zt)}ﬁll and one dependent on {(x, ;) Lill), and bound
the second term with high probability.

Note that the error rate above depends on the covariance between the instruments
z and action choices z. In particular, when Y " | (z; — Z)(z; — Z) is linear in n, the
error rate becomes O(l /v/n). In the following sections, we will provide mechanisms that

incentivize compliance so that the instruments z are correlated with actions z, enabling

us to achieve such an error rate.

4.3 Overcoming Complete Non-Compliance

In this section, we present a recommendation policy that incentivizes compliance to
enable IV estimation. We focus on a setting where the agents are initially completely
non-compliant: since the planner has no information about the treatment effect in the

initial rounds, the recommendations have no influence on agents’ action selections. For
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simplicity of exposition, we will present our policy in a setting where there are two types
of agents who are initially “always-takers” and ‘“never-takers.” This assumption can be
relaxed to have arbitrarily many types and also allow all types to be “always-takers.”

Formally, consider two types of agents i € {0,1}. For type i, let p; be the fraction
of agents in the population, P the prior beliefs, and g(i) the baseline reward random
variables. Agents of type 1 initially prefer the treatment and type 0 agents prefer control:
their prior means for 6 satisfy u(!) = Ep)[0] > 0 and 40 = Ep [6] < 0.

Our policy (Algorithm 1) splits into two stages. In the first stage, agents take their
preferred action according to their prior beliefs: type 0 agents choose control and type
1 treatment. This allows us to collect ¢y and ¢ observations of rewards for x = 0 and
x = 1, respectively. Let ¢ and §' denote the empirical average rewards for the two
actions, respectively. Note that since the baseline rewards ¢(*) are correlated with the
selections z, the difference (7' — 4°) is a biased estimate for 6.

In the second stage, we use this initial set of reward observations to construct valid
instruments which incentivize agents of one of the two types to follow both control
and treatment recommendations. Without loss of generality, we focus on incentivizing
compliance among type 0 agents. Since they already prefer control, the primary difficulty
here is to incentivize type 0 agents to comply with treatment recommendations.? We
leverage the following observation: according to the prior P(© of type 0 agents, there
is a non-zero probability that the biased estimate (7' — %) is so large that # must be

positive.
Formally, consider the following event for the average rewards 4° and 7':

§= {y1> y + Ug(\/2 10%22/6) + \/2 10g£(12/6)> +GO 4 ;} (4.4)

where G is a constant such that G > Ep) [g(l) — g(o)] and o, is the variance

parameter for ¢(© and ¢(!).

Assumption 4.3.1 (Knowledge Assumption for Algorithm 1). Within Section 4.3, the

following are common knowledge among agents and planner:>

ZWe could instead incentivize type 1 agents to take control. This would require 1) rewriting event ¢
so it indicates that the expectation of @ over P must be negative and 2) rewriting Algorithm 1 so that
control is recommended when exploring. We cannot incentivize both types to comply at the same time.

3 Assumptions do not hold elsewhere, unless explicitly stated.
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1. Type 0 agents prefer control and type 1 agents prefer treatment. The fraction of
agents of type 0 in the population is pg > 0 and the fraction of type 1 is p1 > 0.
2. Type 0’s prior treatment effect mean (0 and the probability of event &, denoted
Pp (€], over the prior PO) of type 0.%
Algorithm 1: Overcoming complete non-compliance
1: Input: exploration probability p € (0,1), £ € N (w.l.o.g. pf € N),
min first stage samples ¢y, ¢; € N, and failure probability 6 < Pp,[£]/8
2: 1st stage: The first 2max (¢y/po, ¢1/p1) agents are given no recommenda-
tion
3: 2nd stage: Using ¢y control and ¢; treatment samples in the first stage:
4: if g > g + ag(\/”oggf/‘” + \/2102(12/5)> +G© + 1 then
5 a*=1
6: else
7 a* =0
' s end if
9: From the next ¢ agents, pick pf agents uniformly at random to
be the explore set F
10: for the next ¢ rounds do
11:  if agent ¢ is in explore set E then
12: z =1
13:  else
14: 2z =a*
15:  end if
16: end for

We prove that Algorithm 1 is compliant for agents of type 0 as long as the exploration

probability p is less than some constant that depends on the prior P(9). When an agent of

type 0 is recommended treatment, they do not know whether this is due to exploration or

exploi

tation. However, with small enough p, their expected gain from exploiting exceeds

the expected loss from exploring. Hence, the agents comply with the recommendation

and take treatment.

4These assumptions (as well as Assumption 4.4.1 and Assumption 4.5.1) require only partial knowledge
of the priors for compliant agents only. They are no more restrictive than the least restrictive (detail-free)
assumptions of Mansour et al. (2015b).
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Lemma 4.3.2 (Type 0 compliance with Algorithm 1). Under Assumption 4.3.1, any
type 0 agent who arrives in the last ¢ rounds of Algorithm 1 is compliant with any

recommendation, as long as the exploration probability p satisfies

4,,0)
p<1+ H

N Ppo) (€] — 4,u(0) (4.5)

where the event £ is defined above in Equation (4.4).

Proof Sketch. The proof follows by expressing the compliance condition for type 0 agents
as different cases, depending on the recommendation. By keeping the exploration
probability p small with regard to type 0 agent’s prior-dependent probability Pp (o) [£] and
the conditional expected treatment effect Epo)[0|¢], the expected gain from exploiting is
greater than the expected loss from exploring. Hence, type 0 agents would comply with
the recommendation. We further simplify the condition on exploration probability p by
applying high probability bound on the samples collected from the 1st stage (where no

recommendations were given). g

We also provide a separate accuracy guarantee for the treatment effect estimate 6 at

the end of the Algorithm 1.

Theorem 4.3.3 (Treatment Effect Confidence Interval after Algorithm 1). With sample
set Sy = (x4, Y, zi)le of £ samples collected from the second stage of Algorithm 1 —run
with exploration probability p small enough so that type 0 agents are compliant (see
Lemma 4.3.2),— approxzimation bound A(Sy,d) satisfies the following, with probability at
least 1 —4:

’és — 9‘ < A(Sp,0) < 2991 2log(5/9)
[ = ’ = 5
p(L— p)poV/T — (3 — p) /218 CID)

for any 6 € (0,1). Recall o4 is the variance of )| po is the fraction of compliant
never-takers in the population of agents,®>and A(Sy,d) is defined as in Theorem 4.2.1.

Proof Sketch. Note that Theorem 4.2.1 applies, so we only have to bound the denominator
term which is dependent on { (x4, zt)}gll We assume that Algorithm 1 is initialized with
parameters (see Lemma 4.3.2) such that type 0 agent is compliant. We bound the term

dependent on {(z, ;) L‘iﬂ' with high probability. O

5We redefine po here to be applicable to more general settings.
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4.3.1 Extensions to General Setting

Algorithm 1 can be extended to handle more general settings:

1. There can be arbitrarily many types of agents that do not share the same prior.
In this case, let Epw) [¢°] and Epq)[g'] denote the expected baseline rewards for
never-takers and always-takers, respectively, over the prior P of any type u and
G > Epwlg' — ¢"]. Then, Algorithm 1 can still incentivize any never-taker
type u agents to comply as long as the planner has a lower bound on Ppw) [§ (®)],
where £ is defined just as € in Equation (4.4), except GO is replaced with G,
Theorem 4.3.3 applies as is.

2. All types can be always-takers (who prefer the treatment). The algorithm can
incentivize some of the agents to take control with an event £ defined without
7% and flipped (i.e. the mean treatment reward is much lower than the expected

baseline reward).

By Theorem 4.3.3, samples collected from Algorithm 1 produce a confidence interval
on the treatment effect § which decreases proportionally to 1/v/t by round t. However,
it still decreases slowly because the exploration probability p is small (see roughly how
small in Section 4.7). In Section 4.4, we give an algorithm for which this confidence

interval improves quicker and works for arbitrarily many types.

4.4 Overcoming Partial Non-Compliance

In this section, we present a recommendation policy which (1) capitalizes on partial
compliance, eventually incentivizing all agents to comply, and (2) determines whether
the treatment effect is positive or not (with high probability). Algorithm 2 recommends
control and treatment sequentially (one after the other). Lemma 4.4.2 gives conditions for
partial compliance from the beginning of Algorithm 2, given access to initial samples which
form a crude estimate of the treatment effect. Theorem 4.4.3 demonstrates how rapidly
this estimate improves throughout Algorithm 2, which solely depends on the fraction
of compliant agents (and not on some fraction like p with Algorithm 1). More (and

eventually all) types of agents progressively become compliant throughout Algorithm 2.
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Assumption 4.4.1 (Knowledge Assumption for Algorithm 2). Within Section 4.4, the

following are common knowledge among agents and the principal:

1. The fraction of agents in the population who prefer control is py > 0; that who

prefer treatment is p1 > 0.

2. For each type u and for some T (which can differ per u), the probability T Ppeu [0 > 7]
is known if Epw)[0] < 0; or T Ppw [0 < —7] is known if Epw) (0] > 0.

Algorithm 2: Overcoming partial compliance

Input: samples Sy := (mz,zz,yz)liol‘ which meet Theorem 4.2.1 conditions,

corresponding IV estimate égo;ﬁ time horizon T'; number of recommendations
for each action per phase h; approximation bound failure probability §;
Split the remaining rounds (up to 7") into consecutive phases of h rounds each,
starting with ¢ = 1;

Let 0y = 05, and Ag = A(So, 9);

while |0, 1| < A, do

The next 2h agents are recommended control and treatment sequentially;
Let Sy be samples up to and including phase ¢, i.e. Sy := (2, 2, yi)ﬁoﬁhq =
S¢—1 + {round ¢ samples}

Let S}?EST be the samples with smallest approximation bound so far, i.e.

S}?EST = argfninsmosrgq A(S,,0);
Define 6y = Ogprest and Ay = A(S};’EST, 9);
q=q+1

end while

For all remaining agents recommend a* = 1 [éq > 0}.

We focus on a setting where agents are assumed to have been at least partially
compliant in the past, such that we may form an IV estimate from the history. The social
planner employs Algorithm 2, which is a modification of the Active Arms Elimination
algorithm Even-Dar et al. (2006). Treatment and control ‘“race”, i.e. are recommended
sequentially, until the expected treatment effect is known to be negative or positive (with
high probability). Then, the algorithm recommends the “winner” (the action with a

higher expected reward) for the remainder of the time horizon 7.

SOperator | - | denotes the cardinality of a set.
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The compliance incentive works as such: when an agent is given a recommendation,
they do not know whether it is because the action is still in the “race” or if the action is
the “winner”. When the algorithm is initialized with samples that form an IV estimate
that is sufficiently close to the true treatment effect (according to the agent’s prior), then
the probability that any recommended action has “won” is high enough such that the
agent’s expected gain from taking a “winning” action outweighs the expected loss from

taking a “racing” one. We formalize this in Lemma 4.4.2.

Lemma 4.4.2 (Algorithm 2 Partial Compliance). Recall that Algorithm 2 is initialized
with input samples Sy = (x;, yi, z,)lliol| For any type u with the following prior preference
(control or treatment), if Sy satisfies the following condition, with probability at least

1 — 0, then all agents of type u will comply with recommendations of Algorithm 2:

Ppw)|0 > 7|/4 if Epw 0] < 0;
A(S0.5) < TPpw [ > 7]/ if Epen 0]

T Pp(u) 0 < —7]/4 if Ep) 0] >0,

for some T € (0,1), where A(Sy,0) is the approzimation bound for Sy and any § € (0,1)
(see Theorem 4.2.1).

Proof Sketch. The proof follows by using a “clean event” analysis where the IV estimated
treatment effect 6 is close to the true treatment effect 6. We split the conditional expected
treatment effect Epe [6] into different cases for the value of #. With an IV estimate
that is sufficiently close to the true treatment effect, the expected gain from exploiting
(taking the “winning” action) is greater than the expected loss from exploring (taking a
recommended action when the “race” is not over) and any agent of type u will comply

with the principal’s recommendation. O

When a nonzero fraction of agents comply from the beginning, the samples gathered
in Algorithm 2 provide treatment effect estimates 6 which become increasingly accurate
over rounds. In the following Theorem 4.4.3, we provide a high probability guarantee of

this accuracy.

Theorem 4.4.3 (Treatment Effect Confidence Interval from Algorithm 2 with Partial
Compliance). With set S = (x;, yi, zi)ﬁll of |S| samples collected from Algorithm 2 where
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pe 18 the fraction of compliant agents in the population, we form an estimate O of the

treatment effect 0. With probability at least 1 — 9,

8g4+/2log(5/0)

pe/1S] — /501og(5/4)

for any 6 € (0,1), where o4 is the variance of g(ui),

]és . 9’ < A(S,8) <

Proof Sketch. Note that Theorem 4.2.1 applies, so we only have to bound the denominator
term which is dependent on {(x, ;) Li'l We assume that Algorithm 2 is initialized with
parameters such that p. > 0 fraction of the population complies with all recommendations.

We bound the term dependent on {(x, zt)}‘till with high probability. O]

Agents become compliant during Algorithm 2 for the same reason others become
compliant from the beginning: they expect that the estimate 0 is sufficiently accurate
and it’s likely they’re getting recommended an action because it won the race. For large
enough T, all agents will become compliant. Note that the accuracy improvement in
Theorem 4.4.3 relies solely on the proportion of agents p. who comply from the beginning
of Algorithm 2, which relies on the accuracy of the approximation bound given by initial
samples Sy. Thus, if the social planner can choose more accurate Sy, then the treatment
effect estimate 6 given by samples from Algorithm 2 becomes more accurate quicker. In
Section 4.5, we present a recommendation policy in which Sy can be chosen by running

Algorithm 1.

4.5 Combined Recommendation Policy

In this section, we present a recommendation policy m., which spans T rounds and
runs Algorithms 1 and 2 in sequence. This policy achieves O(v/T) regret for sufficiently
large T" and produces an estimate 6 which deviates from the true treatment effect 6 by

O(1/VT)."

Assumption 4.5.1 (Knowledge Assumption for Policy 7). In Sections 4.5.1 and 4.5.2,

the following are common knowledge among agents and planner:

"We spare the reader the details of the exact bound.
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1. All prior-dependent constants given in Assumption 4.4.1

2. For each type u which prefers control, prior mean () and a lower bound on the
probability Pp ) (€] (defined in Extension 1 of Algorithm 1 from Section 4.3.1)

4.5.1 Recommendation Policy Formulation

Recommendation policy 7. over T rounds is given as such:

1. Run Algorithm 1 with exploration probability p set to incentivize at least p., > 0
fraction of agents of the population who initially prefer control to comply in
Algorithm 1 and ¢ to make at least p., > 0 fraction of agents comply in Algorithm 2
(see Lemma 4.5.2).

2. Initialize Algorithm 2 with samples from Algorithm 1. At least p., fraction of
agents comply in Algorithm 2.

We first provide conditions on the phase length ¢ to define policy ..

Lemma 4.5.2 (Lower bound on ¢ for Type u Compliance in Algorithm 2). Recall that
Sy denotes the samples collected from the second stage of Algorithm 1. Let Sy be the input
samples So in Algorithm 2. Assume that p., proportion of agents in the population are

compliant with recommendations of Algorithm 1 and length £ satisfies:

2
(TPP(H) [9>7_] + /12) Zf ,P]:F:u) [0] < 0 (4 6)

2
(Wﬁk—ﬂ + "‘2> if E 6] >0

{>

80gy4/210g(5/6 o
N and w2 = (3= p)\/SECEY for any

0 €(0,1). Then any agent of type u will comply with recommendations of Algorithm 2.

for some 7 € (0,1) and where k1 =

Proof Sketch. The proof follows by substituting the value of ¢ into the approxima-
tion bound Theorem 4.3.3 and simplifying. The compliance condition follows from
Lemma 4.4.2. 0

Policy m. shifts from Algorithm 1 to Algorithm 2 as soon as the condition on ¢ above
is satisfied. This is because 1) the treatment effect estimate 0 gets more accurate quicker

and 2) less regret is accumulated in Algorithm 2 than Algorithm 1.
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4.5.2 Regret Analysis

The goal of recommendation policy 7. is to maximize the cumulative reward of all agents.
We measure the policy’s performance through regret. We are interested in minimizing
regret, which is specific to the treatment effect . Since agents’ priors are not exactly
known to the social planner, this pseudo-regret is correct for any realization of these

priors and treatment effect 6.

Definition 4.5.3. [Pseudo-regret| The pseudo-regret of a recommendation policy is given

as such:

T
Ry(T) = Tmax(0,0) — Y _ b (4.7)
t=1

We present regret guarantees for recommendation policy m.. First, policy 7. achieves

sub-linear pseudo-regret.

Lemma 4.5.4 (Pseudo-regret). The pseudo-regret accumulated from policy 7. is bounded

for any 0 € [—1,1] as follows, with probability at least 1 — & for any § € (0,1):
Ry(T) < Ly + O(y/Tlog(T}0)) (4.8)

for sufficiently large time horizon T, where the length of Algorithm 1 is Ly = £ +

b O
2 max (po’pl)'

Proof Sketch. The proof follows by observing that Algorithm 2 must end after some
log(T") phases. We can bound the regret of the policy 7. by at most that of Algorithm 2
plus @ per each round of Algorithm 1, or alternatively, we can upper bound it by 8 per

each round of the policy 7. O

Policy 7. also achieves sub-linear regret, where the expectation is over the randomness
in the priors of the agents. Lemma 4.5.5 provides a basic performance guarantee of our

recommendation policy.

Lemma 4.5.5 (Regret). Policy 7. achieves regret as follows:
E[R(T)] = O(\/T log(T)) (4.9)

for sufficiently large time horizon T .
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Proof Sketch. The proof follows by observing that we can set the parameters in Algo-
rithm 1 and Algorithm 2 in terms of the time horizon T" while maintaining compliance

throughout policy 7. O

These results are comparable to the pseudo-regret of the classic multi-armed bandit
problem, with some added constants factors for the compliance constraints Even-Dar
et al. (2006). The pseudo-regret of our policy 7. is asymptotically equivalent to an
extension of the detail-free recommendation algorithm of Mansour et al. (2015b), which
incentivizes full compliance for all types. However, our policy can finish in a more timely

manner and has smaller prior-dependent constants in the asymptotic bound.

4.6 Many Treatments with Unknown Effects

In this section, we introduce a setting that extends the previous binary treatment setting
by considering k treatments (and no control). We now consider a treatment effect
vector @ € RF; and z,z € {0,1}* are one-hot encodings of the treatment choice and
recommendation, respectively. We assume that E[g(”i)] = 0.% All other terms are defined
similarly to those in Section 4.2. Here, the reward y; € R and action choice z; € {0, 1}*

at round 7 are given as such:’

yi = (0, ;) + g%
- (4.10)
T = argmax(Ep(uﬁ 107z, Z])
1<j<k o

Given sample set S = (z;, x4, yi)[— 1, we compute IV estimate fg of 6 as such:
n -1 n
0s = <Z Zzl‘;r) Z ZiYi (4.11)
i=1 i=1

Next, we state finite sample approximation results which extend Theorem 4.2.1 to

this general setting.

8Without this assumption, we run into identifiability issues: we cannot reconstruct the individual
treatment effects 6%, ..., 0" without fixing some mean E[g(“)]. Yet, for purposes of regret minimization,
assuming E[g(“)] = 0 does not change our results.

9We bastardize notation by writing x; = j instead of x; = e; (the k-dimensional unit vector along
the jth dimension).
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Theorem 4.6.1 (Many Treatments Effect Approximation Bound). Let z1,...,z, €
{0,1}* be a sequence of instruments. Suppose there is a sequence of n agents such that
each agent i has private type u; drawn independently from U, selects x; under instrument

z; and recetves reward y;. Let sample set S = (x4, 4, 2i)1—,. The approzimation bound
A(S, 6) is given as such:*°

A(S.5) = o4/ 2nklog(k/0)

omin (Xiz1 2 )

and the IV estimator given by Equation (4.11) satisfies
o] < 5

with probability at least 1 — 0 for any § € (0,1).

Proof Sketch. See Section B.VIL.3 for the full proof. The bound follows by substituting
our expressions for y, xy into the IV regression estimator, applying the Cauchy-Schwarz
inequality to split the bound into two terms (one dependent on {(gt(ut), zt)}ﬁll and one

dependent on {(z, zt)}gl). We bound the second term with high probability. O

Next, we extend recommendation policy 7. to k treatments (see Definition 4.6.3 in
Section B.VI for details).!!

Assumption 4.6.2 (Knowledge Assumption for General Policy m.). Within Section 4.6,

the following are common knowledge among agents and planner:
1. All agents share a preference ordering over all k treatments, i.e. for any type u,

the prior expected reward Epeu)[0'] > Epw [0%] > -+ > Epe [0%].12

2. Prior-dependent constants Ppu) (€] and Ppw) [GY > 7] for some T € (0,1) (see
Section B.VI1.4).

10The operator omin(-) denotes the smallest singular value.
' Algorithm 3 extends Algorithm 1 and Algorithm 4 extends Algorithm 2.
12This ordering assumption is shared by Mansour et al. (2015Db).
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Extensions of Algorithms 1 and 2 and Recommendation Policy 7. to k& Treat-

ments

We assume that every agent —regardless of type— shares the same prior ordering of the
treatments, such that all agents prior expected value for treatment 1 is greater than their
prior expected value for treatment 2 and so on. First, Algorithm 3 is a generalization of
Algorithm 1 which serves the same purpose: to overcome complete non-compliance and
incentivize some agents to comply eventually. The incentivization mechanism works the
same as in Algorithm 1, where we begin by allowing all agents to choose their preferred
treatment —treatment 1— for the first ¢ rounds. Based on the £ samples collected from
the first stage, we then define a number of events §J(-u) —which are similar to event &
from Algorithm 1— that each treatment j > 2 has the largest expected reward of any
treatment and treatment 1 has the smallest, according to the prior of type w:

¢ = (y} +C < min, 7 —C and max g+ C < uﬁ“)> 7 (4.12)
where C' = 041/ w + i for any § € (0,1) and where g} denotes the mean reward
for treatment 1 over the £ samples of the first stage of Algorithm 3. Thus, if we set the
exploration probability p small enough, then some subset of agents will comply with all
recommendations in the second stage of Algorithm 3.

Second, Algorithm 4 is a generalization of Algorithm 2, which is required to start
with at least partial compliance and more rapidly and incentivizes more agents to comply
eventually. The incentivization mechanism works the same as in Algorithm 1, where we
begin by allowing all agents to choose their preferred treatment —treatment 1— for the
first £ rounds. Based on the ¢ samples collected from the first stage, we then define a
number of events —which are similar to event £ from Algorithm 1— that each treatment
7 > 2 has the largest expected reward of any treatment and treatment 1 has the smallest.
Thus, if we set the exploration probability p small enough, then some subset of agents

will comply with all recommendations in the second stage of Algorithm 3.

Definition 4.6.3 (General recommendation policy . for k treatments). Recommendation

13We set the length of each prhase i of the second stage to be £/p so that we get ¢ samples of each
treatment ¢ and the exploration probability is p.
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Algorithm 3: Overcoming complete non-compliance for k treatments

Input: exploration probability p € (0, 1), minimum number of samples of any
treatment ¢ € N (assume w.l.o.g. (¢/p) € N), failure probability ¢ € (0,1),
compliant type u
1st stage: The first ¢ agents are given no recommendation (they choose
treatment 1)
for each treatment ¢ > 1 in increasing lexicographic order do
if 51(“) holds, based on the £ samples from the first phase and any samples
of treatment 2 < j < i collected thus far then

a; =1
else
*
1 a; =1
end if

From the next ¢/p agents, pick ¢ agents uniformly at random to be in the
explore set F13
for the next ¢ rounds do
if agent t is in explore set E then
Zt = 1
else
z = a*
end if
end for
end for

policy m. over T rounds is given as such:

1. Run Algorithm 3 with exploration probability p set to incentivize at least p., > 1/k
fraction of agents of the population to comply in Algorithm 3. Let Sg be the sample
set given from Algorithm 3. By Corollary B.VIL.5 and Theorem B.VI.6, we can use
So as the initial samples in Algorithm 4 to incentivize compliance for any arm a if
the approxzimation bound A(Sp,0) given by Sp is small enough (see Theorem B.VI.6).
Thus, we run Algorithm 3 long enough (i.e. we set ¢ large enough) so that the
approximation bound is small enough and at least p., > 1/k fraction of agents

comply with recommendations of every treatment in Algorithm 4.

2. Initialize Algorithm J with samples Sy from Algorithm 3. At least p., > 1/k fraction
of agents comply with recommendations from Algorithm 4 from the beginning and

until time horizon T .
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Algorithm 4: Overcoming partial compliance for k treatments

Input: samples Sy := (:nz,z,,yz)liol‘ which meet Theorem 4.6.1 conditions,

corresponding IV estimate g, time horizon 7', number of recommendations
of
each action per phase h, failure probability ¢ € (0,1)
Split the remaining rounds (up to 7') into consecutive phases of h rounds each,
starting with ¢ = 1;
Let éo == éSg and Ao == A(So,(;)
Initialize set of active treatments: B = {all treatments}.
while |B| > 1 do
1 Let é;_l = IaX;cB éé_l be the largest entry ¢ in 9q_1
Recompute B = {treatments i A;_l — éé_l < Aq_l};
The next | B| agents are recommended each treatment i € B sequentially in

lexicographic order;
Let S}?EST be the sample set with the smallest approximation bound so far,

ie. SEEST = argming, o<,<, A(Sr, 6);
Define éq = és(]?EST and A, = A(S?EST, 9);
g=q+1

end while

For all remaining agents, recommend a* that remains in B.

Similar to the control-treatment setting, we provide the compliance lemmas and proof

sketches for Algorithm 3 and Algorithm 2.

Lemma 4.6.4 (Algorithm 3 compliance). Let event €™ be defined such that P[] =
mini]P[ﬁlgu)]. In Algorithm 3, any type u agent who arrives in the last £/p rounds of
Algorithm 3 is compliant with any recommendation if Mgu) >0 foralll <i <k, and the

exploration probability p satisfies:

W ()
8™ _ ¢
b1t (15" = ™)

4.13
B Py pow [€W] (4.13)

Proof Sketch. Let the recommendation policy 7 here be Algorithm 3.

Part I (Compliance with recommendation for treatment i > 1): We first
argue that an agent t of type u who is recommended treatment ¢ will not switch to any
other treatment j. For treatments j > ¢, there is no information about treatments i or j

collected by the algorithm and by assumption, we have ,ul(“) > ,ug-“). Hence, it suffices to



51

consider when j < 4. We want to show that

E [0 —0Y2%=e] P [2=¢e]>0. (4.14)

ﬂtyp(u) 7Tt77)(u>
Part II (Recommendation for treatment 1): When agent ¢ is recommended
treatment 1, they know that they are not in the explore group FE. Therefore, they know
that the event ﬂf’gu) occurred. Thus, in order to prove that Algorithm 3 is BIC for an

agent of type u, we need to show the following for any treatment j > 1:

E [0'—tly=e] P [n=e]= E [0'=07-¢"] P [~”]>0 (415)

e, P () e, P (W) e, P (W) e, P (W)
We omit the remainder of this proof due to its similarity with the proof of Lemma 4.3.2
O

Lemma 4.6.5 (Algorithm 4 Partial Compliance). Recall that Algorithm /4 is initialized
with input samples Sy = (xi,yi,zi)goll. For any type u, if Sy satisfies the following
condition, then with probability at least 1 — § all agents of type w will comply with

recommendations of Algorithm :

A(Sp,0) <7 P [min(
Ppu) ab

6% — ebD > 7]/4
for some T € (0,1), where A(Sy,d) is the approzimation bound for Sy and any § € (0,1)
(see Theorem 4.6.1).

Proof Sketch. Let the recommendation policy m here be Algorithm 4. We want to show
that for any agent at time ¢ with a type ¢ < u in the racing stage and for any two

treatments a,b € B :

E [0@ — Ob\zt = ea] P [Zt = ea] > 0
1, P(W) 7, P()

We omit the remainder of this proof due to its similarity with the proof of Lemma 4.4.2.
O

In order to incentivize agents of any type u to comply with general extensions
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Algorithms 3 and 4, we (again) set exploration probability p and length ¢ to satisfy
some compliance conditions relative to Ppu)[§ )] and T Ppw) [GY > 7], respectively (see
Section B.VI.4). We present the (expected) regret from the k treatment extension of

policy 7. next.

Lemma 4.6.6 (Regret of Policy 7. for k Treatments). An extension of policy 7. achieves

(expected) regret as follows:

E[R(T)] = O (k\/k:T 1og(k;T)) (4.16)
for sufficiently large time horizon T.

Proof Sketch. See Section B.VI.4 for the full proof. The proof follows the same structure
as that of Lemma 4.5.5. 0

Though our analysis covers a more general k treatment setting than Mansour et al.
(2015b) (capturing non-compliance and selection bias), our policy 7, accumulates asymp-
totically comparable regret in terms of T. See Section B.VI for all other results. Next, in

Section 4.7, we implement Algorithm 1 experimentally.

4.7 Numerical Experiments

In this section, we present experiments to evaluate Algorithm 1. We mention previously
in the paper that this approximation bound decreases slowly throughout Algorithm 1,
because the exploration probability p in Algorithm 1 is small. Here, we are interested
in (1) how small the exploration probability p is and (2) how slowly the approximation
bound on the absolute difference | — 0 | decreases as Algorithm 1 progresses (where g is
based on samples from Algorithm 1). These are important to study, because this slow
improvement in accuracy is the primary source of inefficiency (in terms of sample size)
for policy 7., which accumulates linear regret during Algorithm 1 (see Lemma 4.5.4)
for marginal improvements in estimation accuracy. This motivates the social planner
to move to Algorithm 2 —where the estimation accuracy increases much quicker— as
soon as possible in policy m.. Yet, there is also a tradeoff for moving to Algorithm 2 too

quickly: if Algorithm 1 is not run for long enough, then only a small portion of agents
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may comply in Algorithm 2. In order to better inform the choice of hyperparameters in
policy 7. (specifically, the compliance paramters p., and p,), we empirically estimate

these quantities experimentally. We defer experiments on Algorithm 2 to the appendix.

Experimental Description. We consider a setting with two types of agents: type 0
who are initially never-takers and type 1 who are initially always-takers. We let each
agent’s prior on the treatment effect be a truncated Gaussian distribution between —1
and 1. The noisy baseline reward g,gut) for each type u of agents is drawn from a Gaussian
distribution N(ug(u), 1), with its mean L) also drawn from a Gaussian prior. We let
each type of agent have equal proportion in the population, i.e. pg = p;1 = 0.5. We
are interested in finding the probability of event £ (as defined in Equation (4.4)) and
the exploration probability p (as defined in Equation (4.5)). Instead of deriving an
explicit formula for Pp,[£] to calculate the exploration probability p, we estimate it using
Monte Carlo simulation by running the first stage of Algorithm 1 for 1000 iterations
and aggregating the results. After this, Algorithm 1 is run with the previously-found
exploration probability p over an increasing number of rounds. We repeatedly calculate

the IV estimate of the treatment effect and compare it to a naive OLS estimate (that

regresses the treatment onto the reward) over the same samples as a benchmark.

Results. In Figure 4.2, we compare the approximation bound on |0 — é\ between IV
estimate @ versus via a naive estimate for a specific, chosen p = 0.001. In our experiments,
the exploration probability p generally lies within [0.001,0.008]. In Figure 4.2, we let
hidden treatment effect 8 = 0.5, type 0 and type 1 agents’ priors on the treatment
effect be N(—0.5,1) and N(0.9,1) —each truncated onto [—1, 1], respectively. We
also let the mean baseline reward for type 0 and type 1 agents be [g(0) ~ N(0,1) and
Pgty ~ N(0.1,1), respectively. These priors allow us to set the exploration probability
p = 0.001 for Figure 4.2, where IV regression consistently outperforms OLS for any
reasonably long run of Algorithm 1.

To our knowledge, these experiments are the first empirical evaluation of an Incentiviz-
ing Exploration algorithm. Figure 4.2 shows the effect of small exploration probability

p = 0.001: we need to run Algorithm 1 for a while to produce a decently accurate causal

14The code is available here.


https://github.com/DanielNgo207/Incentivizing-Compliance-with-Algorithmic-Instruments
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Figure 4.2: Approximation bound using IV regression and OLS during Algorithm 1 with
p = 0.001. Results are averaged over 5 runs; light blue error bars represent one standard
error. The OLS estimate converges to a value with an approximation error of around 0.1;
whereas the approximation error of our IV estimate steadily decreases over time.

effect estimate.!?

4.8 Conclusion

In this work, we present a model for how noncompliance changes over time based on
beliefs and new information. We observe that recommendations that incentivize (at least
partial) compliance can be treated as instrumental variables (IVs), enabling consistent
treatment effect estimation via IV regression, even in the presence of non-compliance and
confounding. Finally, we provide recommendation mechanisms that provably incentivize

compliance and achieve sublinear regret.

Ethical Considerations around Incentivizing Exploration. In this work, we pro-
vide recommendation algorithms for incentivizing exploration (IE), each of which consists

of two parts with their own ethical considerations: 1) recommending for exploration

15We suspect this weakness is likely endemic to previous works in Incentivizing Exploration, as well.
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and 2) selectively disclosing information. First, in certain contexts, recommending for
exploration of a treatment with unknown effects could place undue risk or harm onto an
individual in order to benefit society or maximize well-being overall.! Because of this,
in certain medical contexts, incentivizing exploration may violate the principle of non-
maleficence. Second, incentivizing exploration requires selective information disclosure.
While selective disclosure may be required in studies where information is protected or
proprietary, it may be (morally) wrong in other settings. Restricting full information
about the history of treatment for the purpose of changing an individual’s behavior may
be manipulative or deceptive and may restrict their autonomy. We do not provide ethical
considerations to discourage incentivizing exploration outright: there may be settings
where the benefits outweigh the harms. We leave it to study designers and policymakers

to weigh these in specific settings.

16Tn moral terms, this may cause a fissure between a utilitarian and a Kantian or purveyor of individual
rights.



Chapter 5
Incentive-Aware Synthetic Control

In this chapter, we examine how to leverage the technical tools from Chapter 4 and
incentive exploration in panel data setting to facilitate accurate counterfactual

estimation.

5.1 Introduction

A ubiquitous task in the internet economy is to estimate counterfactual outcomes for
a group of units (e.g. people, products, geographic regions) under different interven-
tions (e.g. marketing campaigns, discount levels, legal regulations) over time. Such
multi-dimensional data are often referred to as panel data, where the different units may
be thought of as rows of a matrix and the time-steps as columns. A prominent frame-
work for counterfactual inference using panel data is that of synthetic control methods
(SCMs) Abadie and Gardeazabal (2003); Abadie et al. (2010), which aim to estimate
the counterfactual outcome under control, i.e. no treatment, for units that were treated.

In the SCM framework, there is a pre-intervention time period, during which all units
are under control. After which, each unit is given exactly one intervention from a set of
possible interventions, which includes control, and they remain under that intervention
for the remaining time steps, i.e. the post-intervention time period. To estimate the
counterfactual under control for a treated unit during the post-intervention period, SCMs
broadly follow two steps: (i) during the pre-intervention period, linearly regress the

outcomes of a treated unit against the outcomes of the units that remain under control,

56
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i.e. the donor units; (ii) use the learned linear model and the outcomes of the donor
units during the post-intervention period to produce a counterfactual trajectory of the
treated unit under control. The way the linear model is learned can vary across different
SCM estimators. While SCMs were originally applied to public policy domains Mourtgos
et al. (2022); Freire (2018), they are now often used to estimate counterfactuals in various
internet domains, ranging from surge pricing for ride-sharing applications Uber (2019) to
the effectiveness of advertisements across different geographic regions EBay (2022). From
the description of SCMs laid out above, it is clear that for the counterfactual estimate to
be valid, the treated unit’s potential outcomes under control should be linearly expressible
by the observed outcomes of the donor units. To provide statistical guarantees on the
performance of SCMs, such intuition has traditionally been made formal by making an
overlap assumption on the relationship between the outcomes of the donor units and the

test unit; for instance of the following form:

Unit Overlap Assumption. Denote the potential outcome for unit i under intervention
(d)
2,t
w®d) € RNa such that

d at timet byy,, € R. For a given unit i and intervention d, there exists a set of weights

d id)r - d
By} = > o@D Ey\Y]
J€[Na]
for all t € [T], where T is the number of time-steps, Ny is the number of donor units
who have received intervention d. The expectation is taken with respect to the randommness

i the unit outcomes.

More broadly, previous works that provide theoretical guarantees for SCMs assume
there exists some underlying mapping w®® (e.g. linear or convex) through which the
outcomes of a treated unit (unit ) may be expressed by the outcomes of the Ny donor
units. Since such a condition appears to be necessary in order to make valid counterfactual
inference, assumptions of this nature are ubiquitous when proving statistical guarantees
about SCMs (e.g. Abadie et al. (2010); Amjad et al. (2018); Agarwal et al. (2020b, 2023)).!

However, despite their ubiquity, such overlap assumptions may not hold in all domains
in which one would like to apply SCMs. For example, consider a streaming service with

two service plans: a yearly subscription (treatment) and a pay-as-you-go model (control),

!Similar assumptions are also prevalent in the literature on other matching-based estimators such as
difference-in-differences Donald and Lang (2007) or clustering-based methods Zhang et al. (2019).
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and suppose that the streaming service wants to determine the effectiveness of its
subscription program on user engagement (the unit outcome of interest). Under this
setting, the subpopulation of streamers who self-select the subscription plan is most
likely those who believe they will consume large amounts of content on the platform. In
contrast, those who pay-as-they-go most likely believe they will consume less content.
The two subpopulations may have very different experiences under the two business plans
(due to their differing viewing habits), leading to two different sets of potential outcomes
that may not overlap, i.e., are not linearly expressible in terms of each other. This could
make it difficult to draw conclusions about the counterfactual user engagement levels
of one subpopulation using the realized engagement levels of the other.In this work, our
goal is to leverage tools from information design to incentivize the exploration of different
treatments by non-overlapping unit subpopulations in order to obtain valid counterfactual
estimates using SCMs. Specifically, we adopt tools and techniques from the literature
on incentivizing exploration in multi-armed bandits (e.g. Mansour et al. (2015a, 2020b);
Slivkins (2021)) to show how the principal—the platform running the SCM—can leverage
knowledge gained from previous interactions with similar units to persuade the current
unit to take an intervention they would not normally take. The principal achieves this by
sending a signal or recommendation to the unit with information about which intervention
is best for them. The principal’s recommendation policy is designed to be incentive-
compatible, i.e. it is in the unit’s best interests to follow the intervention recommended
to them by the policy. In our streaming service example, incentive-compatible signalling
may correspond to recommending a service plan for each user based on their usage of the
platform in a way that guarantees that units are better off in expectation when purchasing
the recommended service plan. Our procedure ensures that the Unit Overlap Assumption
becomes satisfied over time, which enables the principal to do valid counterfactual

inference using off-the-shelf SCMs after they have interacted with sufficiently many units.

Overview of Results. We introduce an online learning model where the principal
observes panel data from a population of units with differing preferences. We show that
the Unit Overlap Assumption is indeed a necessary condition to obtain valid counterfactual
estimates in our setting. To achieve overlap, we introduce a recommender system for

incentivizing exploration when there are two interventions: treatment and control. At a
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high level, we adapt the “hidden exploration” paradigm from incentivized exploration in
bandits to the panel data setting: First, randomly divide units into “exploit” units and
“explore” units. For all exploit units, recommend the intervention that maximizes their
estimated expected utility, given the data seen so far. For every explore unit, recommend
the intervention for which the principal would like the Unit Overlap Assumption to be
satisfied. Units are not aware of their exploit/explore designation by the algorithm, and
the explore probability is chosen to be low enough such that the units have an incentive
to follow the principal’s recommendations. After recommendations have been made to
sufficiently-many units, we show that with high probability, the Unit Overlap Assumption
is satisfied for all units and either intervention of our choosing. This enables the use of
existing SCMs to obtain finite sample guarantees for counterfactual estimation for all
units under control after running Algorithm 5.

We extend our methods to the setting of synthetic interventions Agarwal et al. (2020b),
in which the principal may wish to estimate counterfactual outcomes under different
treatments in addition to control. We also provide two hypothesis tests for checking
whether the Unit Overlap Assumption holds for a given treated unit and set of donor
units. Finally, we empirically evaluate the performance of our recommender system. We
find that it enables consistent counterfactual outcome estimation when the Unit Overlap

Assumption does not hold a priori while existing SCMs alone do not.

5.2 Model

Notation. Subscripts are used to index the unit and time-step, while superscripts
are reserved for interventions. We use 7 to index units, ¢ to index time-steps, and d to
index interventions. For x € N, we use the shorthand [z] := {1,2,...,2} and [z]o :=
{0,1,...,2 — 1}. y[i] denotes the i-th component of vector y, where indexing starts at 1.
We sometimes use the shorthand T} := T — Ty for T, Ty € Nsg such that 7' > Ty. A(X)
denotes the set of possible probability distributions over X'. 04 is shorthand for the vector
[0,0,...,0] € R% Finally, we use the notation a A b := min{a,b} and a V b := max{a, b}.

Our Panel Data Setting. We consider an online setting in which the principal

interacts with a sequence of m units one-by-one for 7" time steps each. We assume
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Protocol: Incentivizing Exploration for Synthetic Control
For each unit i € [n]:

1. Principal observes pre-intervention outcomes y; pre
2. Principal recommends an intervention d; € {0,1}

3. Unit ¢ chooses intervention d; € {0,1}
(ds)

4. Principal observes post-intervention outcomes y, post
9.

Figure 5.1: Summary of our setting.

that there is a pre-intervention period of Ty time-steps, for which each unit ¢ € [n] is
under the same intervention, i.e., under control. After the pre-intervention period, the
principal either recommends the treatment to the unit or suggests that they remain
under control (possibly using knowledge of the outcomes for units j < 7). We denote
the principal’s recommended intervention to unit ¢ by c/l\, € {0, 1}, where 1 denotes the
treatment and 0 the control. After receiving the recommendation, unit ¢ chooses an
intervention d; € {0,1} and remains under intervention d; for the remaining 7' — T
time-steps.? We use

0 0
Yipre = i1 uip) T € RP

to denote unit ¢’s pre-treatment outcomes under control, and

Yigost = Wi Zyp1se-- Uil € RTTD
to refer to unit ¢’s post-intervention potential outcomes under intervention d. We denote
the set of possible pre-treatment outcomes by V.. See Figure 5.1 for a summary of the
setting we consider.

In order to impose structure on how unit outcomes are related for different units,
time-steps, and interventions, we assume that outcomes are generated via the following

latent factor model, a popular assumption in the literature.

ZWe envision a scenario in which both interventions are available to the units and they are free to
choose between them.
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Assumption 5.2.1 (Latent Factor Model). Suppose the outcome for unit i at time t
under treatment d € {0,1} takes the following factorized form

d d
E[y\7] = (u®, v;)

d d d
yz(,t) = E[yz(,t)] + Ez(,t)

where ugd) € R" is a latent vector which depends only on the time-step t and intervention

(d)

d, v; € R" is a latent vector which only depends on unit i, and &;, 1is zero-mean

sub-Gaussian random noise with variance at most 0. For simplicity, we assume that
Byl <1, Vi€ n],t € [T].d € {0,1}.

While we assume the existence of such structure in the data, we do not assume that
(d) (d)

the principal knows or gets to observe u; ’, v;, or €1 In the literature on synthetic
control, the goal of the principal is to estimate unit-specific counterfactual outcomes under
different interventions. Specifically, our target causal parameter is the (counterfactual)
average expected post-intervention outcome.?

Definition 5.2.2. (Average expected post-intervention outcome) The average expected

post-intervention outcome of unit i under intervention d is

T
_(d 1 d
E[yz(,p)ost] = ?1 Z E[yz(,t)]
t=Tp+1

where the expectation is taken with respect to (€§i)>TO<t§T.

5.2.1 Recommendations and Beliefs

The data generated by the interaction between the principal and a unit ¢ may be
(di)

i,post

characterized by the tuple (y; pre, c/l;-, di,y ), where y; pre are unit i’s pre-treatment

outcomes, c/l\l is the intervention recommended to unit ¢, d; is the intervention taken by

(ds)

unit 4, and y, post A€ unit i’s post-intervention outcomes under intervention d;.
9.

30ur results hold in the more general setting where the target causal parameter is any linear function
of the vector of expected post-intervention outcomes. We focus on the average as it is a common quantity
of interest in the literature.
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Definition 5.2.3 (Interaction History). The interaction history at unit i is the sequence

of outcomes, recommendations, and interventions for all units j € [i — 1]. Formally,
: 7 (d3) yyi—1
H; = {(Yj,pre’ dj, dj, yj,;iost)};'zl‘

We denote the set of all possible histories at unit ¢ as H,;.

We refer to the way the principal assigns interventions to units as a recommendation

policy.

Definition 5.2.4 (Recommendation Policy). A recommendation policy m; : Hi X Vpre —
A({0,1}) is a (possibly stochastic) mapping from histories and pre-treatment outcomes to

interventions.

We assume that before the first unit arrives, the principal commits to a sequence of
recommendation policies {m;}" ; which are fully known to all units. Whenever 7; is clear
from the context, we use the shorthand JZ = m;(H;, yi,pre) to denote the recommendation
of policy m; to unit <.

In addition to having a corresponding latent factor, each unit has an associated belief
over the effectiveness of each intervention. This is made formal through the following

definitions.

Definition 5.2.5 (Unit Belief). Unit i has prior belief Py, which is a joint distribution
over potential post-intervention outcomes

{E[yg?}}ost],E[yl(-zost]}. We use the shorthand ,ugj) = Ep,, [gjﬁj}ost] to refer to a unit’s
expected average post-intervention outcome, with respect to their prior Py, .

Definition 5.2.6 (Unit Type). Unit i is of type T € {0,1} if T = arg maxge(o,1) MS,‘?.
We denote the set of all units of type T as T™) and the dimension of the latent subspace
spanned by type T units as v, = span(v; : j € T(T)).

In other words, a unit’s type is the intervention they would take according to their
prior without any additional information about the effectiveness of each intervention.
We consider the setting in which the possible latent factors associated with each type lie

in mutually orthogonal subspaces (i.e. the Unit Overlap Assumption is not satisfied).*

“Note that do.re ST
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See Section 5.3 for a simple theoretical example of such a data-generating process
and Section 5.7 for an empirical example. If the principal could get the Unit Overlap
Assumption to be satisfied, they could use existing synthetic control methods off-the-shelf
to obtain valid finite sample guarantees.

As is standard in the literature on IE, we assume that units are Bayesian-rational
and each unit knows its place in the sequence of n units (i.e., their index i € [n]).
Thus given recommendation c/l\i, unit ¢ selects their intervention d; such that d; €
arg maxge(o,1; Ep,, [gl(flp)ost]c@], i.e. they select the intervention d; which maximizes their
utility in expectation over their prior Py,, conditioned on receiving recommendation d;

from the principal.

Definition 5.2.7 (Bayesian Incentive-Compatibility). We say that a recommendation d
is Bayesian incentive-compatible (BIC) for unit i if, conditional on receiving intervention
recommendation c?z = d, unit i’s average expected post-intervention outcome under
intervention d is at least as large as their average expected post-intervention outcome

under any other intervention:

PE [?jgi)ost — gjgggstk/l\i =d] >0 foreveryd € {0,1}.

Vi

A recommendation policy is BIC if the above condition holds for every intervention which

1s recommended with non-zero probability.

5.3 Preliminaries

Suppose that the principal would like to estimate counterfactuals for some unit under
intervention d. We begin by showing that the Unit Overlap Assumption must be
satisfied for this unit under intervention d in order for any algorithm to obtain consistent

counterfactual estimates under the setting described in Section 5.2.

Theorem 5.3.1. Fix a time horizon T, pre-intervention time period Ty, and number
of donor units n'%). For any algorithm used to estimate the average post-intervention
outcome under control for a test unit, there exists a problem instance such that the
produced estimate has constant error whenever the Unit Overlap Assumption is not

satisfied for the test unit under control, even as T, Ty, n(0) — cc.
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The proof of Theorem 5.3.1 proceeds by constructing a family of problem instances

under which the Unit Overlap Assumption is not satisfied, before showing that no

(0)

) 4 1.pos .J on all instances in the family.

algorithm can consistently estimate E[y

5.3.1 On Estimating Unit-Specific Counterfactual Outcomes

To infer the unit outcomes in the post-intervention period from outcomes in the pre-
intervention period, we require the following linear span inclusion condition to hold on

the latent factors associated with the pre- and post-intervention time-steps:

Assumption 5.3.2 (Linear Span Inclusion). For each intervention d € {0,1} and time

t > Ty, we assume that

d
ul® © 0)y

0
Espam{ug),u2 N e

Much like the Unit Overlap Assumption, Assumption 5.3.2 is ubiquitous in the
literature on robust synthetic control (see, e.g. Agarwal et al. (2020b, 2023); Harris
et al. (2022)). In essence, Assumption 5.3.2 requires that the pre-intervention period be
“sufficiently informative” about the post-intervention period. Indeed, Assumption 5.3.2
may be thought of as the “transpose” of the Unit Overlap Assumption, where the “overlap”
condition is required to hold on the time-steps instead of on the units.®> To gain intuition
for why such an assumption is necessary, consider the limiting case in which ugo) =0,
for all ¢ < Tpy. Under such a setting, all expected unit outcomes in the pre-intervention
time period will be 0, regardless of the underlying unit latent factors, which makes it

impossible for the principal to infer anything non-trivial about a unit’s post-intervention

outcomes from looking at their pre-intervention outcomes alone.

Vertical vs. Horizontal Regression. The following proposition is an important
structural result for our main algorithm, as it will allow us to transform the problem
of estimating unit counterfactual outcomes from a regression over donor units (verti-
cal regression) to a regression over pre-intervention outcomes (horizontal regression).
While Proposition 5.3.3 is known in the literature on learning from panel data (e.g., (Agar-

wal et al., 2019, 2020b)), we state it here for completeness.

®Note that Assumption 5.3.2 is not a substitute for the Unit Overlap Assumption by Theorem 5.3.1.
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Proposition 5.3.3. Under Assumption 5.2.1 and 5.5.2, there exists a slope vector

09 e RTo such that the average expected post-intervention outcome of unit i under

intervention d is given by

1

(d) )
7 (09, Elyinc)

_(d
E[yz(,p)ost] =

We assume that the principal has knowledge of a valid upper-bound I' on the fo-norm of
0D e |09y <T forde{0,1}.
(d)

we can estimate 8@ as 51

(d)

%,post

Given historical data of the form {Yj,preay]('igo)st 2;117

using some estimation procedure, which in turn allows us to estimate E[y | as

Iﬁ[ggi)ost] = T%(@Ed), Yipre) for d € {0,1}. While this is not a synthetic control method
in the traditional sense, as it does not construct a “synthetic control” trajectory from
the trajectories of the donor units, it turns out that the point estimate it produces (and
assumptions it requires) are equivalent to that of a vertical regression-based SCM in many
settings (including ours). See Shen et al. (2022) for more background on the similarities
and differences between using horizontal regression-based approaches (like ours) and
vertical regression-based approaches (like traditional SCMs) in panel data settings. We
choose to use a horizontal regression-based approach because it is easier to work with
in our setting, where units arrive sequentially (recall Figure 5.1). Importantly, we would
still need the Unit Overlap Assumption to be satisfied for intervention d if we used a
vertical regression-based method.

For the reader familiar with bandit algorithms, it may be useful to draw the following
connection between our setting and that of linear contextual bandits.® In particular,

(d)

i,post] as

it is sometimes helpful to think of E[y; pre] as the “context” of unit ¢, and E[y
the principal’s expected reward of assigning intervention d given E[y; pre]. Since we
observe y; pre instead of E[y; pre] We cannot apply linear contextual bandit algorithms to
our panel data setting out-of-the-box. However as we will show in Section 5.4, one can
combine ideas from incentivizing exploration in contextual bandits with principled ways
of handling the noise in the pre-intervention outcomes to incentivize exploration in panel

data settings.

SFor the reader unfamiliar with bandit algorithms, this paragraph may be skipped without any loss
in continuity.
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Algorithm 5: Incentivizing Exploration for Synthetic Control: Type 1 units
Input: First stage length Ny, batch size L, number of batches B, failure
probability 4, gap C' € (0,1)
1 Provide no recommendation to first Ny units.
2 for batchb=1,2,...,B do

3 Select an explore index 4, € [L] uniformly at random.

4 for j=1,2,...,L do

5 if j =iy then

6 Recommend intervention C/Z\No-s—(b—l)-L-',-j =0 tounit Ng+(b—1)-L+j.
7 else

8 if O —E[i),] > C then

9 Recommend intervention dy; 4 (p—1).1.+; = 0 to unit

No+(b—1)-L+3.

10 else

11 Recommend intervention d, No+(b—1)-L+5 = 1 to unit
No+ (b—1)-L+j.

12 end

13 end

14 end

15 end

Principal Component Regression. The specific algorithm we use to estimate 64
is called principal component regression (PCR). At a high level, PCR “de-noises” the
matrix of covariates (in our case, the set of all pre-treatment outcomes for all donor
units seen so far who underwent intervention d) using hard singular value thresholding,
before regressing the (now-denoised) covariates on the outcomes of interest (in our case,
the average post-intervention outcome under intervention d). See Section C.I for the

mathematical details of how PCR is applied in our setting.

5.4 Incentivized Exploration for Synthetic Control

In this section, we turn our focus to incentivizing type 1 units (i.e. units who a priori
prefer the treatment) to remain under control in the post-intervention period. The
methods we present may also be applied to incentivize type 0 units (i.e. units who

a priori prefer the control) to take the treatment. We focus on incentivizing control
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amongst type 1 units in order to be in line with the literature on synthetic control, which
aims to estimate counterfactual unit outcomes under control.

The goal of the principal is to design a sequence of recommendation policies that
convinces enough units of type 1 to select the control in the post-treatment period, such
that the Unit Overlap Assumption is satisfied for both interventions for all units of type
1. At a high level, the principal is able to incentivize units to explore because they
have more information than any one particular unit (as they view the realized history
H; before making a recommendation), and so they can selectively reveal information
in order to persuade units to take interventions which they would not normally take.
Our algorithm (Algorithm 5) is inspired by the “detail free” algorithm for incentivizing
exploration in multi-armed bandits in Mansour et al. (2015a). Furthermore, through our
discussion in Section 5.3, one may view Algorithm 5 as an algorithm for incentivizing
exploration in linear contextual bandit settings with measurement error in the context.

The recommendation policy in Algorithm 5 is split into two stages. In the first stage,
the principal provides no recommendations to the first Ny units. Left to their own
devices, these units take their preferred intervention according to their prior belief: type
0 units take control, and type 1 units take the treatment. We choose Ny such that it
is large enough for the Unit Overlap Assumption to be satisfied for all units of type 1

under the treatment with high probability.”

In the second stage, we use the initial data collected during the first stage to construct
an estimator of the average expected post-intervention outcome for type 1 units under
treatment using PCR, as described in Section 5.3.1. By dividing the total number of
units in the second stage into phases of L rounds each, the principal can randomly
“hide” one explore recommendation amongst L — 1 exploit recommendations. When the
principal sends an exploit recommendation to unit ¢, they recommend the intervention
which would result in the highest estimated average post-intervention outcome for unit 4,
where unit i’s post-intervention outcomes under treatment are estimated using the data
collected during the first stage. On the other hand, the principal recommends that unit ¢
take the control whenever they send an explore recommendation.

Thus under Algorithm 5, if a type 1 unit receives a recommendation to take the

"The Unit Overlap Assumption will always be satisfied w.h.p. for type 1 units under the treatment
after seeing sufficiently-many type 1 units. The hard part is convincing enough type 1 units to remain
under control so that the Unit Overlap Assumption is also satisfied for control.
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treatment, they will always follow the recommendation since they can infer they must have
received an exploit recommendation. However if a type 1 unit receives a recommendation
to take the control, they will be unsure if they have received an explore or an exploit
recommendation, and can therefore be incentivized to follow the recommendation as
long as L is set to be large enough (i.e. the probability of an explore recommendation is

=(1)

sufficiently low). This works because the sender’s estimate of E[y; post

| is more informed
than unit i’s prior belief, due to the history of outcomes H; that the principal has
observed.

Our algorithm requires the following assumptions on the principal and units’ knowledge

about the interaction:

Assumption 5.4.1. [Unit Knowledge for Synthetic Control] We assume that the following

are common knowledge among all units and the principal:

1. Valid upper- and lower-bounds on the fraction of type 1 units in the population, i.e.
if the true proportion of type 1 units is p1 € (0,1), the principal and units know
pr;pu € (0,1) such that pr, < p1 < py.

2. Valid upper- and lower-bounds on the prior mean for each receiver type and intervention,
i.e. values (B (D € R such that pldmh < ,ug,il) < plmh) for all units i € [NT,
receiver types T € {0, 1}, and interventions d € {0,1}.

3. For some C € (0,1), a lower bound on the smallest probability of the event {c; over
the priors and latent factors of type 1 units, denoted by min;cra) Prp,[£ci] > (o > 0,
where

soi={n” = gl +C}

(1)

2,post

and Y 1s the average post-intervention outcome for unit i under intervention 1.

4. A sufficient number of observations Ny needed such that the Unit Overlap Assumption
is satisfied for type 1 units under the treatment with probability at least 1 — &, for
some 6 € (0,1).

Parts (1), (2), and (4) posit that bounds on various aggregate statistics about the

underlying unit population are common knowledge amongst the principal and all units.
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At a high level, part (3) requires that (i) there is a non-zero probability under each unit

MOJSC)

Ui post i post and (ii) the principal will be able to infer a lower bound on

i’s prior that
this probability given the set of observed outcomes for units in the first phase.®
We are now ready to present our main result: a way to initialize Algorithm 5 to

ensure that the Unit Overlap Assumption is satisfied with high probability.

Theorem 5.4.2 (Informal; detailed version in Theorem C.111.4). Under Assumption 5.4.1,
if the number of initial units No and the batch size L are chosen to be sufficiently large,
then Algorithm 5 satisfies the BIC property (Definition 5.2.7).

Moreover, if the number of batches B is chosen to be sufficiently large, then the
conditions of the Unit Qverlap Assumption will be satisfied simultaneously for all type

1 units under control w.h.p.

Proof Sketch. See Section C.III for complete proof details. At a high level, the analysis fol-
lows by expressing the compliance condition for type 1 units as different cases depending on
the principal’s recommendation. In particular, a type 1 unit could receive recommendation
d; = 0 for two reasons: (1) Under event £c; when control is indeed the better intervention
according to the prior and the observed outcomes of previous units, or (2) when the unit
is randomly selected as an explore unit. Using bounds on the probabilities of these two
events occurring, we can derive a condition on the minimum phase length L such that a
unit’s expected gain from exploiting (when the event {c; happens) exceeds the expected
(unit) loss from exploring. We then further simplify the condition on the phase length L so
that it is computable by the principal by leveraging existing finite sample guarantees for

PCR using the samples collected in the first stage when no recommendations are given. [

Theorem 5.4.2 says that after running Algorithm 5 with optimally-chosen parameters,
the Unit Overlap Assumption will be satisfied for all type 1 units under both interventions
with high probability. Therefore after running Algorithm 5 on sufficiently-many units, the
principal can use off-the-shelf SCMs (e.g. Agarwal et al. (2020b, 2023)) to obtain counter-
factual estimates with valid confidence intervals for all type 1 units under control (w.h.p.).
Note that all parameters required to run Algorithm 5 are computable by the principal

in polynomial time. See Example C.II1.5 for a concrete instantiation of Algorithm 5.

8Such “fighting chance” assumptions are very common (and are usually necessary) in the literature on
incentivized exploration in bandits.
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Algorithm 6: Incentivizing Exploration for Synthetic Interventions: sub-type
T units
Input: Group size L, number of batches B, failure probability ¢, fixed gap
Ce(0,1)
1 Provide no recommendation to first Ny units.
// Loop through explore interventions
2 for ¢ = 7[k],7[k —1],...,7[2] do

3 for batch b=1,2,--- , B do

4 Select an explore index 4, € [L] uniformly at random.

5 for j=1,2,--- L do

6 if j = 4; then

7 Recommend intervention d, No+(b—1)-L+j = ¢

8 else

9 if E[QE;EQ] +C < E[ggi)ost] < &™) — C for every intervention
de{l—1,...,7[k]} then

10 Recommend intervention dy, 4 (p—1).04; = ¢

11 else

12 Recommend intervention d, No+(b—1)-I+j = T[1]

13 end

14 end

15 end

16 end

17 end

5.5 Extension to Synthetic Interventions

Our focus so far has been to incentivize units who a priori prefer the (single) treatment
to take the control in order to obtain accurate counterfactual estimates for all units under
control. In this section, we extend Algorithm 5 to the setting where there are multiple
treatments. Now our goal is to incentivize enough exploration across all interventions
such that the Unit Overlap Assumption is satisfied for every intervention and thus our
counterfactual estimates are valid simultaneously for all units in the population under
every intervention. In order to do so, we use tools from the literature on synthetic
interventions, which is a generalization of the synthetic control framework to allows for
counterfactual estimation under different treatments, in addition to control Agarwal et al.

(2020b, 2023).



71

Our setup is the same as in Section 5.4, with the only difference being that each unit
may choose one of k > 2 interventions after the pre-treatment period. We assume that As-
sumption 5.2.1, Definition 5.2.4, Definition 5.2.5, and Assumption 5.3.2 are all extended
to hold under k interventions. Under this setting, a unit’s beliefs induce a preference or-
dering over different interventions. We capture this through the notion of a unit sub-type,

which is a generalization of our definition of unit type to the setting with k interventions.

Definition 5.5.1 (Unit Sub-type). A unit sub-type T € [k]§ is a preference ordering

over interventions. Unit i is of sub-type T if for every k < k,

_ (d)
T[K] = arg max e
& e[kl T i cn
Unit i’s type is T[1]. We denote the set of all units of sub-type T as T and the dimension
of the latent subspace spanned by sub-type T units as rr := span(v; : j € T(7)).

Intuitively, a unit sub-type 7 is just the preference ordering over interventions such
that intervention 7[a] is preferred to intervention 7[b] for a < b. Since different unit
sub-types have different preference orderings over interventions, we design our algorithm
(Algorithm 6) to be BIC for all units of a given sub-type (in contrast to Algorithm 5,
which is BIC for all units of a given type). Note that can be up to k! possible sub-types,
but the principal will only have to run Algorithm 6 on at most r different sub-types
in order to ensure that the Unit Overlap Assumption is satisfied for all units under all
interventions with high probability, as long as they know which unit sub-populations
overlap and which do not. This is because if the Unit Overlap Assumption is satisfied
for a specific unit sub-type whose latent factors lie within a particular subspace, it is
also satisfied for all other units whose latent factors lie within the same subspace, and
there are of course at most r different subspaces by Assumption 5.2.1.

For a given sub-type 7, the goal of Algorithm 6 is to incentivize sufficient exploration
for the Unit Overlap Assumption to be satisfied for all interventions with high probability.
As was the case in Section 5.4, the algorithm will still be split into two phases, and units
will not be given any recommendation in the first phase. The main difference compared
to Algorithm 5 is how the principal chooses the exploit intervention in the second phase.

When there are only two interventions, the principal can compare their estimate of the

average counterfactual outcome under treatment to the lower bound on the prior-mean
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average counterfactual outcome for control for type 1 units (and vice versa for type
0 units). However, a more complicated procedure is required to maintain Bayesian
incentive-compatibility when there are more than two interventions.

Instead, in Algorithm 6, the principal will set the exploit intervention as follows: For
receiver sub-type 7, Algorithm 6 sets intervention ¢ to be the exploit intervention for
unit 4 only if the sample average of all interventions d € {¢ — 1,...,7[k]} are both (1)
larger than the sample average of intervention 7[1] by some constant gap C' and (2) less
than the lower bound on the prior-mean average counterfactual outcome ugz) by C. If no
such intervention satisfies both conditions, intervention 7[1] is chosen to be the exploit
intervention.

We require the following “common knowledge” assumption for Algorithm 6, which is

analogous to Assumption 5.4.1:

Assumption 5.5.2. We assume that the following are common knowledge among all

units and the principal:

1. Valid upper- and lower-bounds on the fraction of sub-type T units in the population,
i.e. if the true proportion of sub-type T units is pr € (0,1), the principal knows
Pr,L,Pr,H € (07 1) such that Dr,L <pr < Dr.H-

2. Valid upper- and lower-bounds on the prior mean for each receiver sub-type and
intervention, i.e. values p(47M p(ETH € R such that p(@mh < ,ul(d) < plTh) for

all receiver sub-types T, interventions d € [k]o and all units i € T(7).

3. For some C € (0,1), a lower bound on the smallest probability of the event Ec; over
the prior and latent factors of sub-type T units, denoted by min, ) Prp,[Ec;] >
Cc > 0, where

] AT —(J Tk
Eci = {¥j € [Klo\{r[1), 7[k]} : o) + C < &) < ™™ — 0y

i,post [

=(0)
Y ,post

le [[k‘]]o

and is the average post-intervention outcome for unit i under intervention

4. A sufficient number of observations Ny needed such that the Unit Overlap Assump-
tion is satisfied for sub-type T units under intervention T[1] with probability at least

1 -4, for some § € (0,1).
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Theorem 5.5.3 (Informal; detailed version in Theorem C.IV.1). Under Assumption 5.5.2,

if the number of initial units Nog and batch size L are chosen to be sufficiently large,
then Algorithm 6 satisfies the BIC property (Definition 5.2.7).

Moreover, if the number of batches B is chosen to be sufficiently large, then the Unit

Overlap Assumption will be satisfied for all units of sub-type T under all interventions

with high probability.

See Section C.IV for the proof. The main difference compared to the analysis of Al-
gorithm 5 is in the definition of the “exploit” intervention: First, when there are k
interventions, an intervention £ is chosen as the exploit intervention only when the sample
average of each intervention d € {¢ —1,...,7[k]} is (i) larger than the sample average of
intervention 7[1], and (ii) smaller than the prior-mean average outcome of intervention
¢ (with some margin C'). Second, instead of choosing between a “previously best” inter-
vention (i.e., an intervention 7[j] < ¢ with the highest sample average) and intervention
¢ to be the ’exploit’ intervention, Algorithm 6 always choose between 7[1] and ¢. This
is because in the former case, conditional on any given intervention being chosen as the
exploit intervention, it is an open technical challenge to show that the exploit intervention

will have a higher average expected outcome compared to all other interventions.”

5.6 Testing Whether the Unit Overlap Assumption Holds

So far, our focus has been on designing algorithms to incentivize subpopulations of
units to take interventions for which the Unit Overlap Assumption does not initially
hold. In this section we study the complementary problem of designing a procedure for
determining whether the Unit Overlap Assumption holds for a given test unit and set of
donor units. In particular, we provide two simple hypothesis tests for deciding whether
the Unit Overlap Assumption holds, by leveraging existing finite sample guarantees for
PCR. Our first hypothesis test is non-asymptotic, and thus is valid under any amount
of data. While our second hypothesis test is asymptotic and therefore valid only in the

limit, we anticipate that it may be of more practical use.

9This observation is in line with work on frequentist-based BIC algorithms for incentivizing exploration
in bandits. See Section 6.2 of Mansour et al. (2015a) for more details.
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5.6.1 A Non-Asymptotic Hypothesis Test

Our first hypothesis test proceeds as follows: Using the PCR techniques described
in Section C.I, we learn a linear relationship between the first Tj/2 time-steps in the
pre-intervention time period and the average outcome in the second half of the pre-
intervention time period using data from the donor units. Using this learned relationship,
we then compare our estimate for the test unit with their true average outcome in the
second half of the pre-intervention time period. If the difference between the two is larger
than the confidence interval given by PCR (plus an additional term to account for the
noise), we can conclude that the Unit Overlap Assumption is not satisfied with high
probability.

In order for our hypothesis test to be valid we require the following assumption, which

is analogous to Assumption 5.3.2.

Assumption 5.6.1 (Linear Span Inclusion, revisited). For every time-step t such that

To/2 <t < Ty, we assume that

0 0 0
ul® 0 4O

€ span{u . ,uTO/2}.

While Assumption 5.3.2 requires that the post-intervention latent factors for any
intervention fall within the linear span of the pre-intervention latent factors, Assump-
tion 5.6.1 requires that the second half of the pre-intervention latent factors fall within the
linear span of the first half. This assumption allows us to obtain valid confidence bounds
when regressing the second half of the pre-intervention outcomes on the first half. Let
Yipre! = [yl(,ol), e yf% Jols Viprer = [y§?}0 PYSTREE ,yz(,OT)O], and g pren 1= A 30 /241 yf?
Under Assumption 5.6.1 we can estimate E[y; prer] as E[i pre| := (04, Yi pre), Where 6;
is computed using the PCR techniques in Section C.I.

We are now ready to introduce our hypothesis test. In what follows, we will leverage
the high-probability confidence interval of Agarwal et al. (2023) (Theorem C.IIL.1).
Under Assumption 5.6.1, we can apply Theorem C.III.1 out-of-the-box to estimate
E[; prev] using the first Tp/2 time-steps as the pre-intervention period and the next Tp/2

time-steps as the post-intervention period.
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Non-Asymptotic Hypothesis Test. Consider the hypothesis that the Unit Overlap

Assumption is not satisfied for a test unit n.

1. Using donor units Z and test unit n, compute E[gn,pre”] via the PCR method of Sec-
tion C.L

2. Let a(0) be the confidence bound given in Theorem C.IIL.1 s.t.

|E[gi,pre”] - I/E\:[gn,pre”” < 05(5)

with probability at least 1 — §. Specifically, compute a(d) + 20 % for con-

fidence level § by applying Theorem C.III.1 with the first Ty/2 time-steps as the

pre-intervention period and the next Tj/2 time-steps as the post-intervention period.

3. If [E[Unprer] — Gnprer| > () + 20 loggpﬂ then accept the hypothesis. Otherwise,

0
reject.

Theorem 5.6.2. Under Assumption 5.6.1, if the Unit Overlap Assumption is satisfied

for unit n, then

E log(1/4
E[Unpre] = Ynprer| < a(0) + 20 Og;o/)

with probability 1 — O(0), where a(0) is the high-probability confidence interval which is
defined in Theorem C.II1.1 when using the first Ty/2 time-steps as the pre-intervention

period and the next Ty/2 time-steps as the post-intervention period.

Therefore we can conclude that if |E[§,~7preu} —Yipre'| > a(0)+20 %, then the Unit

Overlap Assumption will not be satisfied for unit ¢ w.h.p.

5.6.2 An Asymptotic Hypothesis Test

Next we present a hypothesis test which, while only valid in the limit, may be of more
practical use when compared to the non-asymptotic hypothesis test of Section 5.6.1.
At a high level, our asymptotic hypothesis test leverages Assumption 5.6.1 and the
guarantees for synthetic interventions (SI) in Agarwal et al. (2020b) to determine whether

the Unit Overlap Assumption holds for a given test unit n. In particular, their results
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imply that under Assumption 5.6.1 and the Unit Overlap Assumption, a rescaled version
of E[gn,pre”] — E[Yn prev] converges in distribution to the standard normal distribution
as |Z|,To, T1 — oo. While the rescaling amount depends on quantities which are not
computable, a relatively simple application of the continuous mapping theorem and
Slutsky’s theorem imply that we can compute a valid test statistic which converges in
distribution to the standard normal.

(n.0) ¢ RIZ| be the linear relationship between the test

Notation. In what follows, let w
unit n and donor units Z which is known to exist under the Unit Overlap Assumption, i.e.
E[yﬁf)] =3 ez w™O ] E[yl(g)] Let (™% be the projection of w(™® onto the subspace
spanned by the latent factors of the Z test units. Let &(™0) be the estimate of &(™% and &
be the estimate of the standard deviation of the noise terms {e;; : i € Z,t € [T]} given
by SL.' Finally, let z, be the z score at significance level a € (0,1), i.e. o = P(x < z,),

where 2 ~ N (0,1).

Asymptotic Hypothesis Test. Consider the hypothesis that the Unit Overlap As-

sumption is not satisfied for a test unit n.

1. Using donor units Z and test unit n, compute Iﬁ[ﬂn,pren] and &% using SI.
. . T, ~r_ _

2. Accept the hypothesis only if Wmm[?/nmre”] — Un.pre| > 20.95.

Theorem 5.6.3 (Informal; detailed version in Theorem C.V.1). Under Assumption 5.6.1,

m0) 5 50 4t o sufficiently fast rate, then

if |0y is sufficiently large and @
as |Z|,To, Ty — oo the Asymptotic Hypothesis Test falsely accepts the hypothesis with

probability at most 5%.

5.7 Numerical Simulations

In this section, we complement our theoretical results with a numerical comparison to

standard SCMs which do not take incentives into consideration.

10Recall that we only assume knowledge of an upper-bound ¢? on the variance of €; ;.
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Experiment Setup. We consider the setting of Section 5.4: There are two interventions
and two unit types. Type 1 units prefer the treatment and type 0 units prefer the control.
Our goal is to incentivize type 1 units to take the control so we can obtain accurate
counterfactual estimates of all units under control. See Section C.VI for details about
our data-generating process.

We apply the asymptotic hypothesis test of Section 5.6.2 using all type 0 units as the
donor units and a single type 1 unit as the test unit. We accept the null hypothesis, as the
test statistic W\/%][E[gjn’meu] — Ynprev| = 2.24, which is much larger than the value of
20.95 ~ 1.96 needed for acceptance. That is, the asymptotic test (correctly) returns that
the Unit Overlap Assumption is not satisfied for a test unit of type 1 under control. We
consider a simplified setting with a population of 1000 consisting of two unit types: type 0
units that initially prefer intervention 0 and type 1 units that initially prefer intervention
1. We let each type of unit have an equal proportion in the population, i.e., pg = p1 = 0.5.
We first generate two orthogonal linear subspaces of R?, from which we sample the latent
factors for units of each type. That is, units of type 0 have latent factors v; = [vgo) 0],
where VEO) ~ N(0,1) and units of type 1 have latent factors v; = [0 Vgl)] where
vgl) ~ N(0,1). The time-intervention latent factors ugd) are fixed for the post-treatment
period at [0.1 1.0] for intervention 0 and [1.0 0.1] for intervention 1. We scale these
latent factors by 50 to improve the visibility of the expected outcome. Then, the potential
outcome is generated with added independent Gaussian noise 61(-:? ~ N(0,0.1). Using
Theorem C.II1.4 (the formal version of Theorem 5.4.2), we can calculate a lower bound
on the phase length L of Algorithm 5 such that the BIC condition (Equation (3.1)) is
satisfied for units of type 1 who are recommended the control. We run three different
sets of simulations and compare the estimation error |IAEgj7(32D

1 unit » under control when incentivizing exploration using Algorithm 5 (blue) to the

_(0
ost Eyfz,;ost| for a new type
estimation error without incentivizing exploration (orange). For both our method and
the incentive-unaware ablation, we use the adaptive PCR method of Agarwal et al. (2023)
to estimate counterfactuals. All experiments are repeated 50 times and we report both
the average prediction error and the standard deviation for estimating the post-treatment

outcome of type 1 units under control.
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Figure 5.2: Counterfactual estimation error for units of type 1 under control using
Algorithm 5 (blue) and synthetic control without incentives (orange) with different gaps
between the prior mean reward of control and treatment. Results are averaged over 50
runs, with the shaded regions representing one standard deviation.

Varying Strength of Belief. In Figure 5.2, we explore the effects of changing the

13

units’ “strength of beliefs”. Specifically, we vary the gap between the prior mean outcome

under control and treatment for type 1 units by setting ,ul(-l) — ,u,go) € {0.2,0.4,0.6,0.8}.

As the gap decreases it becomes easier to persuade units to explore, and therefore our

counterfactual estimates improve.

Varying Latent Factor Size. In Figure 5.3, we vary r € {2, 4,6, 8} while keeping all

other parameters of the problem instance constant. Increasing r increases the batch size
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Figure 5.3: Counterfactual estimation error for units of type 1 under control using
Algorithm 5 (blue) and synthetic control without incentives (orange) with increasing
number of units and different lengths of the latent factors. Results are averaged over 50
runs, with the shaded regions representing one standard deviation.

L, so we see a modest decrease in performance as r increases.

5.8 Conclusion

We study the problem of non-compliance when estimating counterfactual outcomes
using panel data. Our focus is on synthetic control methods, which canonically require
an overlap assumption on the unit outcomes in order to provide valid finite sample

guarantees. We shed light on this often overlooked assumption, and provide an algorithm
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for incentivizing units to explore different interventions using tools from information
design and online learning. After running our algorithm, the Unit Overlap Assumption
will be satisfied with high probability, which allows for the principal to obtain valid finite
sample guarantees for all units when using off-the-shelf SCMs to estimate counterfactual
outcomes under control. We also extend our algorithm to satisfy the Unit Overlap
Assumption for all units and all interventions when there are more than two interventions,
and we provide two hypothesis tests for determining if the Unit Overlap Assumption
hold for a given test unit and set of donor units. Finally, we complement our theoretical
findings with numerical simulations, and observe that our procedure for estimating
counterfactual outcomes produces significantly more accurate estimates when compared
to existing methods which do not take unit incentives into consideration.

There are several exciting directions for future research. Recent work (Sellke and
Slivkins (2022); Sellke (2023)) provides lower bounds on the sample complexity of incen-
tivizing exploration in various multi-armed bandit settings. It would be interesting to
prove analogous bounds on the number of units required to incentivize sufficient explo-
ration for the Unit Overlap Assumption to be satisfied for all units and all interventions
in our setting. Another avenue for future research is to design difference-in-differences or
clustering-based algorithms for incentivizing exploration in other causal inference settings.
Finally, it would be interesting to relax other assumptions typically needed for synthetic

control, such as the linear span inclusion assumption on the time-step latent factors.



Chapter 6

Incentivizing Exploration in
Two-sided Matching Markets

In this chapter, we study the final extension of incentivized exploration: how to in-
centivize exploration in the practical setting of two-sided matching markets

where both sides are human decision-subjects.

6.1 Introduction

We consider incentivized exploration: how to incentivize self-interested users to explore
lesser-known options in a bandits setting. In the canonical incentivized exploration
problem (Kremer et al., 2014c¢), a principal interacts with self-interested users and can
provide recommendations but cannot force the agents to comply with these recommen-
dations. The users face uncertainty about the available alternatives and can only rely
on the principal’s recommendation as the primary source of information to drive their
decision. The principal would want the users to trade-off between exploration to obtain
more information and exploitation to make optimal near-term decisions given the current
information. On the other hand, the users prefer to purely exploit. The goal of the
mechanism design question is to incentivize users to explore by leveraging the information
collected by previous users. For a detailed overview of the problem, see Slivkins (2019c).

To the best of our knowledge, prior work in the incentivized exploration literature

81
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focuses on a one-sided setting, where the agents are human decision-subjects (e.g., movie-
goers, customers, etc.) and the arms are inanimate objects (e.g., movies, restaurants,
etc.). However, many realistic exploration problems often feature interactions between
individuals with preferences over their potential matches. One such example is an online
job market where job applicants seek to get matched with employers in a one-to-one
format, i.e., each job opening only accepts a single candidate. Each job applicant has
their preference over which position they want to work in to utilize their skill set best.
Similarly, employers want to match with candidates with well-documented track records
who they can trust to perform well in the new job. This setting is a canonical example
of the one-to-one matching problem studied by Gale and Shapley (1962).

Another prominent example of two-sided matching markets with human decision-
subjects on both sides is the financial advising setting (Rose, 2023). In this setting, new
clients visit an online platform to match with financial advisors from a financial institute
every day. Suppose there are two types of clients: (small) independent businesses and
(big) established businesses. Each client’s goal is to match with a well-established financial
advisor they can trust and provide them with more well-informed investment advice. On
the other hand, the financial institute only has a fixed number of financial advisors who
all prefer to match with more established clients to improve their professional portfolios.
A standard non-incentive-aware platform’s matching protocol is as follows: each client
and financial advisor submits their top choice. Then, the platform would only match
clients and financial advisors who prefer each other while the remaining clients and
financial advisors stay unmatched. Only (big) established businesses can match with
well-known financial advisors without any intervention from the online platform. In this
case, the smaller businesses and new, less established financial advisors would not see
any match. This lack of matches for a significant proportion of the matching platform’s
users is detrimental to both the users and the platform itself.

While preference matching is ubiquitous, it may lead to self-imposed bias where job
applicants (clients) only seek out employers (financial advisors) they know beforehand,
ignoring other options on the market. At the same time, employers (financial advisors)
also need to explore more as they are more favorable to prominent job applicants (clients)
than expanding their search for the most suitable candidates. Moreover, in a large

market, it is improbable that an employer (financial advisor) can form an accurate
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preference ordering over job applicants (clients) without interacting with them first. Our
goal is to incentivize exploration in a centralized matching market, where the platform
provides recommendations to both sides of the users to explore alternative options. Such
exploration is crucial to any learning algorithm that seeks to find the optimal matching

in two-sided markets.

Overview of results. Our main contributions are as follows:

1. To the best of our knowledge, prior work in incentivized exploration only considers
the agents’ incentives. Instead, in this work, we consider the incentive-aware
exploration problem in an online matching market from the perspectives of both
agents and arms. In Section 6.3, we provide a counterexample to motivate the

necessity of these dual incentive constraints in two-sided matching markets.

2. We provide an end-to-end BIC algorithm with two components: ‘warm-start’ and
accelerated exploration. We developed a novel recommendation policy based on
the inverse-gap weighting technique to accelerate exploration with near-optimal
regret guarantees. In Section 6.4, we focus on the fundamental special case of
incentivized exploration with two types of agents and arms. In Section 6.5, we
extend our theoretical results to the setting where multiple types of agents and

arms visit the platform at each time-step.

3. In Section 6.6, we provide a set of numerical simulations on synthetic data and
show that our end-to-end algorithm is both a) incentive-compatible and b) efficient

in terms of regret minimization.

6.2 Preliminary

Notation. We write [N] = {1,2,---,K} for N € N*. We use subscripts 4, j to denote
different agents or arms and superscript ¢ € [T] to denote different time-steps.

We focus on an online two-sided matching market with a time horizon of T. At
time-step t € [T, the principal interacts with a fresh batch of N agents and N arms and
forms N one-to-one matches between agents and arms. If an agent successfully forms a

match with some arms, both the agent and arm in this match report their shared utility
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to the platform and leave. We first focus on the binary type setting, where there are two
types of agents and arms, i.e., i € [2] and j € [2]. We study the more general setting
with k types of agents and arms in Section 6.5. At a high level, the type of agents (or
arms) determines both their preferences over which arms (or agents) they want to match

with initially and the realized reward of their match.

Reward formulation and Bayesian priors. To impose structure on how the shared
utilities of matches are related for different agents and arms across different time-steps,
we assume that the utilities are generated via the following bilinear model. Concretely,
at time-step t, each agent of type ¢ has their user profile a:l(.t) € R?. Similarly, each arm
of type j has profile vector al) € R%. Let ¥ € R9% be a latent matrix with rank r < d.

J
Then, the realized reward of a match between (type i agent, type j arm) is:

t 6 (¢ ¢ t ¢
r@ =00 o0) = @0 Tsa® + ) 6.1)
where nz(tj) ~ subG(o) is independent zero-mean sub-Gaussian noise with variance at most

o. We write p; ; = :L‘iTZaj to denote the expected reward of a match between agents of
©
l’j
assume that Vi, j € [N] : p; ; € [—1,1]. Henceforth, we write x; and a; to refer to agents

type ¢ and arms of type j, and u; ; to denote the prior-mean reward. For simplicity, we

of type ¢ and arms of type j.

Preferences. We first focus on the stylized setting with two types of agents and arms.
Let i,j € [2] denote the type of agents and arms, respectively. We are interested in
two sets of preferences: agent-to-arm and arm-to-agent. In our motivating example,
job applicants want to be matched with compatible employers and employers prefer to
be matched with applicants who can perform well. Wlog, we assume that the initial
preference ordering is ug?% > ug > ,ugg and ug?i > ugg > ug)%. That is, all agents prefer
to match with type 1 arms over type 2 arms, and all arms prefer to match with type 1

agents over type 2 agents.

Incentive-compatibility. Absent incentives and coordination from the platform, the
agents and arms would match each other using their initial preferences. However, the

platform wants to incentivize both the agents and the arms to explore different options
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to find the optimal matching and maximize the cumulative reward. In particular, at each
time step t, the platform can broadcast a signal s as a recommendation to all agents
and arms. By direct revelation principle (Myerson, 2018), this signal is equivalent to

directly telling the agents which arms to match with, and vice versa.

Definition 6.2.1 (Two-sided Bayesian Incentive-Compatible Condition). For time-step
t € [T}, the platform’s recommendation is e—two-sided Bayesian Incentive-Compatible

(e-BIC) for some & > 0 if for all agents and arms in that time-step, it satisfies:

]E[rz(t]) — r§2|rec = (a:z(»t), agt))] >e 6.2
]E[rz(t]) - rg]).|rec = (ajgt), a§t))] > e (6.3)

We assume the following behaviour model of the agents and arms. To ensure that
the platform considers the preferences of both sides, we posit that a pair of (agent, arm)

only successfully forms a match when both the agent and the arm choose each other.

Assumption 6.2.2 (Behavioral Assumption). Agents and arms follow recommendations
for any e9-BIC policy for some fixed €9 > 0. If one side rejects the recommendation, then
both sides of the recommended (agent, arm) pair do not have a match for that time-step,
and the platform receives a reward of 0 for that recommended pair. Both the agents and
the arms are assumed to be myopic, i.e., they will choose the posterior best arms (agents)

at the current time-step to match with.

Reduction to combinatorial semi-bandits. Our first technical insight is to reduce
the online two-sided matching problem to a combinatorial semi-bandits problem. Consider

the following mapping: at each time-step ¢ € [T, the set of all feasible matches between

agents and arms constitutes the action space A C RV*N . An atom (xgt), a§t))

) and o
i J
t is the combination of matches at that round, where Hzél(t)H1 < N. The interaction

is a match

between z;’ and a;’, and there are N2 total atoms. An action A®) € A at time-step
protocol is as follows. At each time-step ¢, a learner arrives at the platform, receives a
recommendation for an action A € A, and chooses an action A®) € A. The platform and
the learner both observe the reward of each atom in this arm (and nothing else). The

algorithm’s reward in this time-step is the total reward of these atoms.
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Under this reduction, a few technical challenges differentiate our result from that of
combinatorial semi-bandits. Particularly, it is unclear how to collect the 'warm-start’
samples, which are input to any efficient incentivized exploration algorithm. For a

detailed explanation, see Section 6.3.

Regret The objective of the platform is to find the optimal matching between the
agents and arms that maximizes the cumulative rewards over the time horizon T' using
a recommendation policy that satisfies the incentive-compatibility constraint (Defini-
tion 6.2.1). We measure the performance of the platform’s recommendation policy
through the standard notion of regret. In essence, the regret incurred at each time-step
is the difference between the reward of choosing the optimal matching and the reward of

the chosen matching at that time step.

Definition 6.2.3 (Regret). Given a time horizon T and a recommendation policy

{s® .t € [T]}, the regret of this recommendation policy is

T
Regret({sEQ[T}}, T) = Z TSZ - rg,)” (6.4)
t=1

where A* is the optimal matching.
Moreover, we also look at the Bayesian regret E[Regret({s(t)}te[T],T)], where the

expectation is taken over the randommness in the priors of agents and arms.

6.3 Necessity of two-sided incentive in matching market

In this section, we provide an example to show the need for two-sided Bayesian incentive-
compatible constraints in a two-sided matching market. Consider the stylized setting
with two types of agents and arms and a time horizon of T'. In the first T time-steps,
we assume that the platform runs a black-box recommendation algorithm such that, at
the end of Ty time-steps, the agents always follow the platform’s recommendation and
take the recommended arm. We show that there exists a problem instance where in the
remaining 7' — T time-steps, the platform would incur regret QT — Tp).

We examine when a stable matching can happen without external incentives from

the platform. The number of possible matchings between 2 types of agents and 2 types
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Figure 6.1: Possible unique matchings between 2 agents and 2 arms. Blue nodes represent
agents, and red nodes represent arms. The directed arrow indicates that the start node
prefers the end node. Among all possible matchings, only the first case with two disjoint
cyclic subgraphs does not need the platform’s interventions to have successful matches
for all agents and arms. In any other case, we can always find a blocking pair of nodes
that prevent all agents and arms from finding a match.

of arms is 2* = 16 (each agent has 2 choices for which arm they prefer, and vice versa).
Due to symmetry among the agents and the arms (e.g., a matching {(z1,a1), (z2,a2)} is
equivalent to the matching {(x1, as), (z2,a2)} by renaming the variables a; to as), there
are 5 possible unique matchings between agents x1, x2 to arms aq, as.

Among these unique matchings, only one is stable according to the initial preferences:
the matching in Figure 6.1(a) where agents of type 1 prefer arms of type 1 (and vice

versa), and agents of type 2 prefer arms of type 2 (and vice versa). If the optimal solution
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falls into this case (or its isomorphic forms), then the platform does not need to run
an incentivized exploration algorithm to achieve optimal matching. However, for the
remaining 4 possibilities, there always exists a possible realization of the rewards such
that the initial preferences of either the agents or the arms will block an optimal matching
(due to incompatible preference from either side) and any non-incentive-aware learning

algorithm would incur linear regret.

6.4 Incentivized exploration for two types of agents and

arms

In this section, we focus on the fundamental special case of incentivized exploration with
two types of agents and arms to show the salient points of our analysis. In essence, the
platform first incentivizes all types of agents and arms to match each other and collect
samples from these matches. These 'warm-start’ samples are then used to compute an
accurate estimate of the true reward from each match using an efficient regression oracle.
Then, the platform leverages these 'warm-start’ samples to accelerate exploration in the

second phase and quickly converge to optimal matching.

6.4.1 Initial exploration with Hidden Exploration

We present our first contribution, a BIC algorithm to collect the ‘warm-start’ samples,
where the objective is to sample each atom, i.e., match between an agent and an arm, at
least once and completes in Tj time-steps for some Ty determined by the prior.

To ensure that the initial exploration can happen, we assume that there exists a
pair of (agent, arm) that initially prefers each other, i.e., even without the principal’s
recommendation, we can always collect samples from this match. We posit that this
assumption is necessary and is a weaker assumption than the one made in incentivized
exploration for multi-armed bandits, e.g., all agents prefer an arm initially so the principal

can always collect samples of this arm at the beginning of the algorithm®. Here, we only

ntuitively, if all atoms are not initially ‘explorable’, then the initial preference graph is Figure 6.1(e)
(and its isomorphic forms). Then, no samples can be collected initially and the agents/arms cannot
update their posteriors. Hence, no incentivized exploration algorithm can start giving out meaningful
recommendations.
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assume that one atom is initially ‘explorable’ by the learner, and all other atoms are not.
Without loss of generality, this ‘explorable’ atom is the match between z; and a;.

In the following algorithm, we show that in the ‘worst case’ with one ‘explorable’
atom initially, we can incentivize both the agents and the arms to explore different
matches. Intuitively, given enough samples of the ‘explorable’ atom, we can split the
remaining time-steps into phases such that in each phase, a new atom, i.e., a match
between an agent and an arm that was previously not ‘explorable’; can be chosen by
the learner upon receiving the principal’s recommendation. The incentivized exploration
technique within each phase builds on the approach from Mansour et al. (2015b), which
is defined for multi-armed bandits. However, the reward priors are highly correlated in
two-sided matching markets, and the set of ‘explorable’ atoms can initially be of size 1.
Furthermore, the intricate incentive interplay between agents and arms requires a more
careful notion of which action to explore. Our technical contribution here is to provide a
sequence of actions and prove that it is possible to incentivize both the agents and the
arms to explore, given a standard non-degeneracy condition on the posterior distribution
of the reward for each atom.

We make the following non-degeneracy assumption: any action Ac,nq can be the
posterior best action with a margin 7p and probability at least pp after seeing at least

np samples of the previous actions.

Assumption 6.4.1 (Fighting chance assumption). There exists number np € N and

p, pp € (0,1) determined by the prior P such that: for a sequence of actions
Al AN? - defined by NextCandidate(A, S, P), Let S be the dataset containing

cand’ » £ *cand

exactly k € N samples of each atom, then
Pr[Ai-C >71p|>pp Vie Aand k> np, (6.5)

wh@r@ Af = minAiAcand ]E[IU’Acand - IU'A|S]

This non-degeneracy assumption is common in the literature on incentivized explo-
ration to ensure compliance from the first sets of agents and arms at time-step ¢t = 0. At
a high level, if the non-degeneracy assumption does not hold, then the algorithm cannot
incentivize any agent or arm to take a new (unexplored) matching even if the previously

taken actions in prior time-steps yield low rewards. In our motivating example, the
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platform can only observe the matching between big businesses (agents of type 1) and
established financial advisors (arms of type 1) in the first few time-steps due to prior
preferences. In the worst case, when this matching yields a realized reward of —1 at
these time-steps, the agents and arms in all future time-steps will still not follow the
platform’s recommendation for any other matching without Assumption 6.4.1.

We state our initial sampling algorithm in Line 1 and its theoretical guarantees in
Theorem 6.4.2. At a high level, Theorem 6.4.2 ensures that all agents and arms will
comply with the recommendation policy by hiding one explore recommendation among
multiple ezploit recommendations. When the probability of being given a exploration
recommendation is low enough, the learner can infer that the expected gain from
exploiting outweighs the expected loss from exploring. Hence, the platform will give
recommendations in batches, where only one learner in each batch receives an exploration
recommendation. As long as the batch size is big enough, i.e., the exploration probability

is small enough, all learners will comply with the given recommendations.

Algorithm 7: Initial sampling: Hidden Exploration
Input: Batch size L € N, target number of samples k € N, gap C' € (0,1).
1: Initialize dataset S = 0;
2: The first k learners choose A = {(x1,a1)} without recommendations.
3: Let ?’il be the sample average of these rewards. Add these k samples to S;
4: for each phase ¢ =1 to N2 do
5: A((:;pr)ld = Ne;;tCandidate(A,S,P);

6: if ?’il < Mil’” — C then

cand

, 7 "Exploit’ action A* = A:f}and.
8: else
: "Exploit’ action A* = {(x1,a1)}.
10:  end if

11:  From a set P of the next L - k learners:

12:  Pick a set @ of k learners uniformly at random,;

13:  Every learner p € P — (@ is recommended the ‘exploit’ action A*;
14:  Every learner p € @) is recommended action Acung.

15:  Add the reward from all p € Q) to S.

16: end for

Given Assumption 6.4.1, we have the following guarantees on the 'warm-start’ algo-

rithm:
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Theorem 6.4.2. Assuming Assumption 6.4.1 holds with constants np,p, pp. Then,
Line 1 is two-sided e-BIC as long as the batch size L is at least

2+ 2 2e }
cpp — 2,0 0 0
TP - pp — 2€ ,ugg + ugf — 2#&}% +7p-pp— 2

L >1 + max { (6.6)

where Tp, pp are defined in Assumption 6.4.1. This algorithm completes in Ty = N? -
C14N?

TP PP
least np times.

np time-steps. At the end of Line 1, all atoms (i.e., matchings) are sampled at

6.4.2 Accelerated Exploration with Inverse Gap Weighting

Given the data collected by Line 1, the platform wants to accelerate exploration and
converge to optimal matching. The platform has to balance exploitation, i.e., recom-
mending the empirical best match to minimize regret, and exploration, i.e., ensuring that
the two-sided BIC condition holds. The theoretical underpinning of our recommendation
policy at this stage is inverse gap weighting, i.e., recommending a match with proba-
bility inversely proportional to the reward gap between that match and the empirical
best match. Formally, we let b() = argmax AcA fg) denote the empirical best action at

time-step t. Then, the probability of an action A being recommended at time-step ¢ is:

——— - ifA# b
Py = N29(7y ) ~74) (6.7)

1=2 sz pg) otherwise

where the hyperparameter v > 0 shows the tradeoff between exploration and exploita-
tion. Intuitively, a smaller v leads to more exploration, while a larger ~ induces more
exploitation. Formally, the algorithm to accelerate exploration is given as follows.

To ensure that « is adaptive to the samples collected in previous time-steps, we set
v=Cy-N \/W , where qﬁ(t) is the mean squared error of the empirical estimate at
time-step ¢. Similar to Foster and Rakhlin (2020), we assume there exists an efficient
regression-oracle that accurately computes & at time-step t. With this recommendation

policy, we state the theoretical guarantee for accelerated exploration:

Theorem 6.4.3 (Informal). Given sufficiently many 'warm-start” samples of all atoms,
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Algorithm 8: Accelerated exploration: Inverse-gap weighting

Input: Dataset S, efficient regression-oracle
1: for time-step t do

2:  Initialize v = Cy - N/1/¢®);
3:  Compute the estimated reward for each action A € A given the samples
: s Hmeosteng: 70
1 collected in § and previous time-steps: 7,”.

Compute the ‘best’ empirical action b®) = argmax 4. 4 ff:).

5. Recommend action A to learner according to Equation (6.7), add the
(t)

reward of the chosen action " to the dataset S.
6: end for

the inverse gap weighting recommendation policy is two-sided e-BIC. The total regret
during this stage is O(N+/dT log(T)), which asymptotically matches the optimal regret

of combinatorial semi-bandits.

The detailed theorem statement and analysis of Line 1 are given in Section D.I.2.

6.5 Incentivized exploration for many types of agents and

arms

Our focus thus far has been on the stylized setting where there are two types of agents
and arms. In this section, we provide a generalization of the previous theoretical results
by considering K types of agents and arms. For simplicity, we assume that the initial
preference ordering of type ¢ agents is N?,l > u?’Q > 2> ,ug - That is, all agents of
type i prefer to match with arms of type 1 over arms of type 2, and so on. Similarly, we
assume the initial preference ordering of type j arms is /‘(1),3' > u% ;2 ---,u(}g i

Our combined recommendation policy is still a combination of two stages: collecting
‘warm-start’ samples, where the goal is to sample each match between an agent of type
i and arm of type j at least once and ‘accelerated exploration’, where the platform
quickly converge to the optimal matching. The main difference compared to Section 6.4
is that in the ‘warm-start’ stage, the platform needs to choose the ‘exploit’ matching
more carefully instead of simply using the prior-best match {(x1,a1)}. We assume the
same non-degeneracy assumption to ensure that our algorithm can incentivize all agents

and arms to comply with the recommendation for any possible matching. Details of
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algorithm 1 and its analysis for the ‘warm-start’ stage with k-types of agents and arms is
deferred to Section D.II.

After running Line 1, the platform has access to a dataset containing np samples of
each matching. Since the recommendation policy in Line 1 and its theoretical guarantee
do not change when we have more actions at each time-step, the platform can still employ
the same recommendation policy in Equation (6.7) to ensure that the two-sided BIC

condition holds for all future learners.

6.6 Numerical Simulations

In this section, we complement our theoretical results with an experiment (Figure 6.2) to
compare the incentive compatibility and regret minimization of our combined algorithm
with a baseline learning algorithm that does not consider two-sided preferences from both

the agents and the arms. For additional experiment details and results, see Section D.III.

Experimental Details We consider a stylized setting with two types of agents and
two types of arms as described in Section 6.2. Initially, all agents prefer to match with
arms of type 1, and all arms prefer to match with agents of type 1. We specify the
prior-mean rewards of these matches as ,u,(1)71 =0.8, M[1)72 = 0.4, M(2)71 = 0.4, and Mg,z =0.2.
Our goal is to incentivize all agents and arms to explore all possible alternative matches
and minimize regret.

We consider an online setting with a time horizon of T'= 10000. At each time-step
t € [T], a batch of N units arrives at the platform. In Figure 6.2, we look at the stylized
setting of N = 2, where there is one agent of each type and one arm of each type at each
time-step. The user profile for each agent of type 1 (resp. type 2) is azgt) =[v® 0] (resp.
xgt) = [0 v®)]) where v® ~ Unif[0,1]. Similarly, the user profile for each arm of type
1 (resp. type 2) is agt) = [u® 0] (resp. agt) =0 u®]) where ul¥) ~ Unif[0,1]. The
latent matrix ¥ is randomly generated to ensure that, in expectation, the optimal match
is {(x1,a2), (x2,a1)}, i.e., it is optimal for agents of type 1 to match with arms of type
2, and agents of type 2 to match with arms of type 1. Finally, the realized reward is
generated by adding independent Gaussian noise 171(3) ~ N(0,0.001) to each inner product

of the user profiles and the latent matrix X.
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Using Theorem 6.4.2, we calculate a lower bound on the phase length L of Line 1 such
that the e-BIC condition (Definition 6.2.1) is satisfied for all agents and arms. Then, we
calculate the number of samples needed to ensure that the efficient oracle in Section 6.4.2
is well-defined. We calculate the regret incurred by the combined algorithm by summing
over the gap between the realized reward of the chosen action and the optimal matching
{(z1,a2), (x2,a1)} at each time-step.
We test the validity of our theoretical algorithm when using different choices of

hyperparameters d and N.

e Varying dimension of user profile vector: In Figure 6.2, we vary the dimension of
the user profile vectors, i.e., d € {8,16,32,64}, while keeping all other parameters
of the problem instance constant. Each experiment is repeated 10 times, and we

report the regret and the standard deviation at each time step.

e Varying number of agents and arms at each time-step: In Figure 6.3, we vary
the number of agents and arms visiting the platform at each time-step, i.e., N €
{4,8,16,32}, while keeping all other parameters of the problem instance constant.
Fach experiment is repeated 10 times, and we report the regret and the standard

deviation at each time step.
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Figure 6.2: Cumulative regret using our proposed two-sided BIC algorithm (Line 1 and
1) in blue and the standard one-sided BIC algorithm in orange. We provide the results
with increasing dimension d of the user profile vectors: d € {8,16,32,64}. Results are
averaged over 10 runs, with the shaded region representing one standard deviation. In all
experiments, we observe the cumulative regret of our proposed algorithm is significantly
lower than that of a one-sided BIC algorithm that does not consider incentives from the
arms. As the dimension of the user profile vectors increases, our algorithm incurs slightly
more regret yet still outperforms the baseline naive method.
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Figure 6.3: Cumulative regret using our proposed two-sided BIC algorithm (Line 1 and
Line 1) in blue and the standard one-sided BIC algorithm in orange. We provide the results
with an increasing number of agents and arms N at each time-step: N € {4, 8,16, 32}.
Results are averaged over 10 runs, with the shaded region representing one standard
deviation. In all experiments, we observe the cumulative regret of our proposed algorithm
is significantly lower than that of a one-sided BIC algorithm that does not consider
incentives from the arms. As the number of agents and arms at each time-step increases,
our algorithm incurs more regret.

Results Our numerical results are consistent with that of prior work in incentivized
exploration. In the first stage of collecting 'warm-start’ samples (Line 1), we observe
linear regret due to the construction of the recommendation policy. In the worst case,
Line 1 only collects a new sample of the optimal matching once every batch, resulting in
linear regret in this stage. Note that linear regret is also the state-of-the-art regret for
the initial sample collection (Mansour et al., 2015b). When the second stage, ‘accelerated
exploration,” begins, we run the inverse gap weighting algorithm (Line 1), and the regret
growth immediately decreases as the platform can explore more efficiently.

In a real-life two-sided matching market, the platform can collect the initial samples
by buying them or using existing historical data, thus incurring no regret for the first
stage. Then, the platform only has to run Line 1 to incentivize agents and arms in the

remaining time-steps and observe sub-linear regret during its running time.

6.7 Conclusion and Future Work

In this work, we present the first results for incentivized exploration in two-sided matching
markets, where the agents and arms are individuals with preferences over their matches.
Prior work in incentivized exploration focused on settings where only the agents are

human decision-subjects (movie-goers, customers, etc.) and the arms are inanimate
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objects (movies, restaurants, etc.) without preferences. We characterize the incentive-
compatibility constraints in two-sided matching markets and provide a reduction to
combinatorial semi-bandits. With this reduction, we present a BIC algorithm that collects
‘warm-start’ samples and then accelerates exploration to minimize regret. Our end-to-
end BIC algorithm asymptotically matches the regret guarantee of the combinatorial
semi-bandits without incentive constraints. Finally, we provide numerical simulations to

support our theoretical findings.



Chapter 7

Strategic Instrumental Variable

Regression

7.1 Introduction

Machine learning (ML) predictions increasingly inform high-stakes decisions for people
in areas such as college admissions (Pangburn, 2019; Somvichian-Clausen, 2021), credit
scoring (Petrasic et al., 2017; Rice and Swesnik, 2013), employment (Sanchez-Monedero
et al., 2020), and beyond. One of the major criticisms against the use of ML in socially
consequential domains is the failure of these technologies to identify causal relationships
among relevant attributes and the outcome of interest (Kusner et al., 2017). The
single-minded focus of ML on predictive accuracy has given rise to brittle predictive
models that learn to rely on spurious correlations—and at times, harmful stereotypes—to
achieve seemingly accurate predictions on held-out test data (Sweeney, 2013; Kusner
and Loftus, 2020). The resulting models frequently underperform in deployment, and
their predictions can negatively impact decision subjects. As an example of the long-
term negative consequences of ML-based decision-making systems, they often prompt
individuals to modify their observable attributes strategically to receive more favorable
predictions—and subsequently, decisions (Hardt et al., 2016). These strategic responses
are among the primary causes of distribution shifts (and subsequently, the unsatisfactory
performance) of ML in high-stakes decision-making domains. Moreover, recent work

has established the potential of these tools to amplify existing social disparities by

97
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incentivizing different effort investments across distinct groups of subjects (Liu et al.,
2020; Heidari et al., 2019; Mouzannar et al., 2019).

The above challenges have led to renewed calls on the ML community to strengthen
their understanding of the connections between ML and causality (Pearl, 2019; Scholkopf,
2019). Knowledge of causal relationships among predictive attributes and outcomes of
interest promotes several desirable aims: First, ML practitioners can use this knowledge
to debug their models and ensure robustness even if the underlying population shifts
over time. Second, policymakers can utilize the causal understanding of a domain in
their policy choices and examine a decision-making system’s compliance with policy goals
and societal values (e.g., they can audit the system for unfairness against particular
populations (Loftus et al., 2018)). Finally, predictions rooted in causal associations
block undesirable pathways of gaming and manipulation and, instead, encourage decision
subjects to make meaningful interventions that improve their actual outcomes (as opposed
to their assessments alone).

Our work responds to the above calls by offering a new approach to recover causal
relationships between observable features and the outcome of interest in the presence of
strategic responses—without substantially hampering predictive accuracy. We consider
settings where a decision-maker deploys a sequence of models to predict the outcome for a
sequence of strategic decision subjects. Often in high-stakes decision-making settings such
as the ones mentioned earlier, there are unobserved confounding variables that influence
subjects’ attributes and outcomes simultaneously. Our key observation is that we can
correct for the effect of such confounders by viewing the sequence of assessment rules
as valid instruments which affect subjects’ observable features but do not directly
influence their outcomes. Our main contribution is a general framework that recovers the
causal relationships between observed attributes and the outcome of interest by treating

assessment rules as instruments.

7.1.1 Our Setting

Next, we describe our theoretical setup in further detail, then proceed to an overview
of our findings. For concreteness, we utilize a stylized university admissions scenario as
our running example for the remainder of this section. However, the reader should note

that our model is applicable to other real-world applications in which confounders taint
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the causal interpretation of predictive models. For example, in credit lending, lack of
access to affordable credit affects not only the applicant’s debt, but also their likelihood
of default (Collard and Kempson, 2005). In university admissions (which will be our
running example), research has shown that the socioeconomic background of a student
can impact both their SAT scores and success in college (Sackett et al., 2009).

With the running example in mind, consider a stylized setting in which a university
decides whether to admit or reject applicants on a rolling basis! based (in part) on
how well they are predicted to perform if admitted to the university (See Figure 7.1).
We model such interactions as a game between a principal (here, the university) and a
population of agents (here, university applicants) who arrive sequentially over T' rounds,
indexed by ¢t = 1,2,--- ,T. In each round t, the principal deploys an assessment rule
0; € R™, which is used to assign agent ¢ a predicted outcome 7; € R. In our running
example, ¥ could correspond to the applicant’s predicted college GPA if admitted. The
predicted outcome is calculated based on certain observable/measured attributes of the
agent, denoted by x; € R™. For example, in the case of a university applicant, these
attributes may include the applicants’ standardized test scores, high school math GPA,
science GPA, humanities GPA, and their extracurricular activities. For simplicity, we
assume all assessment rules are linear, that is, g, = XtT 0, + o, for all t. (Where ¢, is the
current estimate of the expected offset term E[o;].) This linear setup corresponds to an
instance of the partially linear regression model (originally due to Robinson (1988)), a
commonly studied setting in both the causal inference and strategic learning literature
(e.g., Shavit et al. (2020); Kleinberg and Raghavan (2020); Bechavod et al. (2021)).
Measured vs. latent variables. We assume that the agent best-responds to the
assessment rule 6, by strategically modifying their observable attributes x; to receive
a more favorable predicted outcome. Often agents cannot modify the value of their
measured attributes (e.g., SAT score) directly, but only through investing effort in certain
activities that are difficult to measure. For example, a student might take standardized
test preparation courses to improve their SAT scores, or they may spend time studying
the respective subjects to improve their math and humanities GPA.

Latent variables: effort investments. We formalize the above hidden investments

with a vector a; € R?, capturing the unobservable efforts agent t invests in d activities in

!'See Safier (2022) for a list of such universities in the United States.
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Figure 7.1: Graphical model for our setting (left) along with the way it corresponds to
the admissions running example (right). Grey nodes are observed, white unobserved.
Observable features x; (e.g. high school GPA, SAT scores, etc.) depend on both the
agent’s private type u; (e.g. a student’s background) via initial features by (e.g. the SAT
score or HS GPA student ¢ would get without studying) and effort conversion matrix
& (e.g. how much studying translates to an increase in SAT score for student t) and
assessment rule 8y via action a;, which could correspond to studying, taking an SAT prep
course, etc). An agent’s outcome y; (e.g. college GPA) is determined by their observable
features x; (via causal relationship 6*) and type u; (via baseline outcome error term oy,
which could be lower for students from underserved groups due to institutional barriers,
discrimination, etc).

response to the assessment rule 8;. We assume there exists a linear mapping & which
translates efforts to changes in observable attributes for agent t. The (k, j)-th entry of
this effort conversion matrix defines the change in the k-th observable attribute of agent
t, x4, for one unit increase in the jth coordinate of their effort vector a;.

Latent variables: agent types. Each agent ¢ has an unobserved private type uy
that can impact both their observed attributes x; and true outcomes y;. (The type
is the confounder we would like to correct for.) In our running example, the type
may broadly refer to the student’s relevant background factors that cannot be directly
observed or measured. For example, the student’s type can specify their socioeconomic
background factors (including the level of educational support they receive within their
immediate family), as well as their interest and skills in specific subjects such as English

or Mathematics.? Formally, we assume the type u; characterizes several relevant latent

2Note that later in Section 4.7, we use the terminology of agent subpopulations. Subpopulations are
distinct from types in that subpopulations determine the distribution of types, but individual agents
belonging to the same subpopulation may have different types. We will elaborate on this in Section 4.7.
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attributes of the agent, which we refer to using the tuple u; := (b, &, 0¢):

e b, € R™ specifies agent t’s baseline observable attribute values. For example, it can
specify the baseline values of high school grades and SAT score the student would

have received without any effort spent studying or preparing for standardized tests.

o & specifies agent t’s effort conversion matriz—that is, how various effort investments

in unobservable activities translate to changes in observable features.

e 0; summarizes all other environmental factors that can impact the agent’s true
outcome when we control for observable attributes. For example, it may reflect the

effect of the institutional barriers the student faces on their actual college GPA.

We assume agent t’s observable features are affected by their type and effort invest-
ments. In particular, we assume they take the form x; = by + &;a;.
Agent best responses. We assume the agent selects their effort profile a; in order to
maximize their predicted outcome g, subject to some effort cost ¢(-) associated with
modifying their observable attributes. In particular, we assume the cost function is
quadratic, that c(a;) = 1||as||3. (Note that this assumption is common in the strategic
learning literature; see, e.g., Shavit et al. (2020); Mendler-Diinner et al. (2020); Dong
et al. (2018)). Formally, we assume agent ¢ selects their effort a; by solving the following
optimization problem: max, {g)t — %Ha”%} It is easy to see that for a given deployed
assessment rule 6, the agent’s best-response effort investment is a; = StT 0,.
True causal outcome model. After each round, the principal gets to observe the
agent’s true outcome y; € R, which takes the form y; = x[ % + o;. Here 6* is the true
causal relationship between an agent’s observable features and outcome. (Recall that
o¢ € R captures the dependence of agent t’s outcome y; on unobservable or unmeasured
factors.) We are interested in learning 8* € R™, which can be interpreted as specifying
how interventions impacting the value of x lead to changes in y. Therefore, we say that
an observable feature z; is causally relevant if 07 # 0. For convenience, throughout we

denote the subset of causally-relevant features by x¢, where C C [n],Vi € C if 6} # 0.
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7.1.2 Overview of Results

Strategic regression as instruments. Since by, &, and o; may be correlated with
one another, ordinary least squares generally will not produce a consistent estimator
for 8*. We make the novel observation that the principal’s assessment rule 0, is a valid
instrument, and leverage this observation to recover 8" via Two-Stage Least Squares
regression (2SLS). Our method applies to both off-policy and on-policy settings: one can
directly apply 2SLS on historical data {(0y,x¢,y:)}1,, or the principal can intentionally
deploy a sequence of varying assessment rules (e.g., by making small perturbations on a
fixed rule) and then apply 2SLS on the collected data.

Additionally, we show that our recovery of 8* can be utilized to improve decision-
making across several desired criteria, namely, individual fairness, agent outcomes, and
predictive risk.

(Non-)causal assessment rules and fairness. In Section 7.3, we analyze the individual-
level disparities that may result if the assessment rule deviates from @*. Unlike most
existing definitions of individual fairness, which rely on the observed characteristics of
individuals, our definition measures the similarity between two individuals solely by
comparing their b’s and £’s—that is, we consider two individuals to be similar if they have
the same baseline values for causally relevant observable features and similar potentials
for improving these observable attributes through effort investments. Individual fairness
then requires similar individuals to receive similar decisions. (We note that while our
notion of individual fairness may not be easy to estimate using observational data, it is
a more fine-grained—and arguably better justified—mnotion of individual fairness, as it
distinguishes between the causally relevant and causally irrelevant facets of observable
features.) We show that when making predictions using @ = 6, our notion of individual
fairness is satisfied, but when the assessment rule deviates from 8%, i.e., 8 # 8", individual
fairness may be violated by an arbitrarily large amount.

Agent outcome maximization. Note that a decision-maker can use the assessment
rule @ as a form of intervention to incentivize agents to invest their efforts optimally
toward maximizing their outcomes (y). In Section 7.4, we show that utilizing the causal
parameters recovered during our 2SLS procedure, one can find the assessment rule
maximizing expected agent outcomes.

Predictive risk minimization. Another commonly-studied goal for decision-makers is
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predictive risk minimization, which aims to minimize E[(¢; — v¢)?], the expected squared
difference between an agent’s true outcome and the outcome predicted by the assessment.
Compared to standard regression, this is a more challenging objective since both the
prediction g and outcome 1; depend on the deployed rule ;. This leads to a non-convex
risk function. In Section 7.5.1, we show that the knowledge of 8* enables us to compute
an unbiased estimate of the gradient of the predictive risk. As a result, we can apply
stochastic gradient descent to find a local minimum of predictive risk function.
Empirical observations. In Section 7.5, we empirically confirm and illustrate the
performance of our algorithm. In particular, for a semi-synthetic dataset inspired by our
university admissions example, we observe that our methods consistently estimate the
true causal relationship between observable features and outcomes (at a rate of O(1/v/T)),
whereas OLS does not. Notably, OLS mistakenly estimates that SAT is causally related
to college GPA, even though our experimental setup assumes it is not. On the other
hand, our 2SLS-based method avoids this erroneous estimation. We also show that our

methods outperform standard SGD methods in the predictive risk minimization setting.

7.2 IV Regression through Strategic Learning

Instrumental variable (IV) regression allows for consistent estimation of the relationship
between an outcome and observable features in the presence of confounding terms. In this
setting, we view the assessment rules {6;}7_; as algorithmic instruments and perform IV
regression to estimate the true causal relationship @*. There are three criteria for 8; to
be a valid instrument: (1) 6; influences the observable features x;, (2) 6; only influences
the outcome gy, through x;, and (3) 6, is independent from the private type u;. By design,
criterion (1) and (2) are satisfied. We aim to design a mechanism that satisfies criterion
(3) by choosing the assessment rule 8; independently of the private type u;. As can be
seen by Figure 7.1, the principal’s assessment rule 6, satisfies these criteria.

We focus on two-stage least-squares regression (2SLS), a family of techniques for IV
estimation. Intuitively, 2SLS can be thought of as estimating the causal relationship 6*
between x; and y; by perturbing the instrument 8 and measuring the change in x; and
y¢. This enables us to account for the change in y; as a result of the change in x;. 2SLS

does this by independently estimating the relationship between an instrumental variable



104

0; and the observable features x;, as well as the relationship between 6; and the outcome

y via simple least squares regression. For more background on the specific version of
2SLS we use, see Section 4.8 of Cameron and Trivedi (2005).

Formally, given a set of observations {60y, xy, yt}le, we compute the estimate 0 of the

true casual parameters 8* from the following process of two-stage least squares regression

(2SLS). We use 8; to denote the vector [Gt 1}

1. Estimate Q = E[£&,], E[b/] using

~ -1

Q T 7 ~
[T = (Z 9t0t> > 0ix]
b t=1 t=1

2. Estimate A = Q6*, (E[o;] + E[b,']6*) using

T
= (Z 6t5:> Z 5tyt
t=1 t=1

o~

o+b'o*
3. Estimate 6* as 8 = Q"1

~ =T
We assume that Zthl 0,0, is invertible, as is standard in the 2SLS literature.

Theorem 7.2.1. Given a sequence of bounded assessment rules {0;}1_, and the (ob-
servable feature, outcome) pairs {(x¢,yt) Y1y they induce, the distance between the true

causal relationship @* and the estimate 0 obtained via IV regression is bounded as

mT log(1/9)
Omin (ZZ:l O (x: — B)T)

with probability 1 — 6, if o¢ is a bounded random variable.

16— 6%, =0

Proof Sketch. While similar bounds exist for traditional IV regression problems,
they do not apply to the strategic learning setting we consider. The bound follows
by substituting our expressions for x;, y; into the IV regression estimator, applying
the Cauchy-Schwarz inequality to split the bound into two terms (one dependent on
{(6¢,%;)}L_; and one dependent on {(0;,0;)}L;), and using a Chernoff bound to bound
the term dependent on {(6;,0;)}L_; with high probability.
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While in some settings, the principal may only have access to observational (e.g.,
batch) data, in other settings, the principal may be able to actively deploy assessment
rules on the agent population. We show that in scenarios in which this is possible, the

principal can play random assessment rules centered around some “reasonable” assessment
1
o2VT

03 is the variance in each coordinate of 8;. Note that while playing random assessment

rule to achieve an O

) error bound on the estimated causal relationship 5, where

rules may be seen as unfair in some settings, the principal is free to set the variance
parameter 03 to an “acceptable” amount for the domain they are working in. We formalize

this notion in the following corollary.

Corollary 7.2.2. Ifeach0;;, j € 1,...,m, is drawn independently from some distribution
P; with variance Ug, b; and & are bounded random variables, EE," is full-rank, and
Omin(EIEET]) > 0, then

oIVT

10— 6> =0 ( m log(1/ 5)>

with probability 1 — 6.

Proof Sketch. We begin by breaking up omin (EtT:l 0 (x; — B)T> into two terms,
| Allg and 6y, (B), where A and B are functions of 32, 6;(x;—b)T. We use the Chernoff
and matrix Chernoff inequalities to bound ||A||2 and o, (B) with high probability

respectively.

7.3 (Un)fairness of (Non-)causal Assessments

While making predictions based on causal relationships is important from an ML per-
spective for reasons of generalization and robustness, the societal implications of using
non-causal relationships to make decisions are perhaps an even more persuasive reason
to use causally-relevant assessments. In particular, it could be the case that a certain
individual is worse at strategically manipulating features which are not causally relevant
when compared to their peers. If these attributes are used in the decision-making process,
this agent may be unfairly seen by the decision-maker as less qualified than their peers,

even if their initial features and ability for improvement is similar to others.
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One important criterion for assessing the fairness of a machine learning model at
the individual level is that two individuals who have similar merit should receive similar
predictions. Dwork et al. (2012) formalize this intuition through the notion of individual

fairness, which is formally defined as follows.

Definition 7.3.1 (Individual Fairness Dwork et al. (2012)). A mapping M : U — A(Y')

is indwidually fair if for every u,u’ € U, we have
D(M(u), M (1)) < d(u,u),

where u,w’ € U are individuals in population U, A(Y') is the probability distribution over
predictions Y, D(M(u), M (u')) is a distance function which measures the similarity of
the predictions received by u and u’, and d(u,u’) is a distance function which measures

the similarity of the two individuals.

Recall that in the setting we consider, the mapping between individuals and predictions
is defined to be M(u) :==x'0 +6 = (b+EET)"O + 6. The prediction an individual
receives is deterministic, so a natural choice for D(M (u), M (u’)) is |§ — ¢'|. We take
a causal perspective when defining a metric d(u,u’) to measure the similarity of two
individuals u and u’. Intuitively, individuals that have similar initial causally-relevant
features and ability to modify causally-relevant features should be treated similarly.
Therefore, we define d(u,u’) to reflect the difference in causally-relevant components of b
& b’ (initial feature values) and EET & £'E'T (ability to manipulate features). With this
in mind, we are now ready to define the criterion for individual fairness to be satisfied in

the strategic learning setting.

Definition 7.3.2. In the strategic learning setting, individual fairness is satisfied if

‘? - :1)/| S d(u7 u/)
= |lbc — b2 + [(EET)e — (£ T)ell2,
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where

. b; ifieC
C,i — )

0 otherwise

EEM):; ifieCorjecC
(S(ST)CJJ' _ {( ) J f .]

0 otherwise.

Recall that C C {1,...,n} denotes the set of indices of observable features x which

are causally relevant to y (i.e., 87 # 0 for i € C).

Theorem 7.3.3. Assessment @ = 0% satisfies individual fairness for any two agents u

and u’.

Proof Sketch. The full proof follows straightforwardly from the Cauchy-Schwarz
inequality and the definition of the matrix operator norm. (Our results are not dependent
upon the specific matrix or vector norms used, analogous results will hold for other
popular choices of norm.) Throughout the proof we assume that ||@*||2 = 1 by definition,
although our results hold up to constant multiplicative factors if this is not the case.

While @ = 6" satisfies the criterion for individual fairness, this will generally not
be the case for an arbitrary assessment 6 # 0*. For instance, consider the case where
d(u,u’) = 0 for two agents u and u’. Under this setting, it is possible to express |j — ¢/|
using quantities which do not depend on d(u,u’). As these quantities increase, |§ — ¢/|

increases as well, despite the fact that d(u,u’) remains constant.

Theorem 7.3.4. For any deployed assessment rule 0, the gap in predictions between

two agents u and W' such that d(u,u’) =0 is

9 — | = (b — b))b;

igC
+ 3N (EET)i; — (E'€7T)ij)0:0;
igC jec
Note that all components of 8 which appear in Theorem 7.3.4 are outside of the
support of 8.
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In order to illustrate how |j — ¢/| can grow while d(u, u’) remains constant, consider

the following example.

Example 7.3.5. Consider a setting in which the distance d(u,u’) = 0 between agents u
and u’, and there is a one-to-one mapping between actions and observable features for
each agent, with one agent having an advantage when it comes to manipulating features
which are not causally relevant. Formally, let 8% = \/; n /2 ,b=b, & =06I,x,,
and & = §'I,,xp, where § = [\fln/Q 1T/2] and 5’ [ 1;—/2]

Under such a setting, the equation in Theorem 7.3.4 snnphﬁes to

n/2

|—n§:02 —nZHQ

igC

Suppose now that the assessment @ puts weight at least 1/,/n on each observable
feature which is not causally relevant. Under such a setting, |§ — ¢’| > n/2, meaning that
the difference in predictions tends towards infinity as n grows large, despite the fact that

d(u,u’) =0 and y =¥/

7.4 Agent Outcome Improvements

In the strategic learning setting, the goal of each agent is clear: they aim to achieve
the highest prediction g possible, regardless of their true label y. On the other hand,
what the goal should be for the principal is less clear, and depends on the specific setting
being considered. For example, in some settings it may be enough to discover the causal
relationships between observable features and outcomes. However in other settings, the
principal may wish to take a more active role. In particular, when making decisions
which have real-world consequences, it may be in the principal’s best interest to use a
decision rule which promotes desirable behavior Kleinberg and Raghavan (2020); Shavit
et al. (2020); Harris et al. (2021), i.e., behavior which has the potential to improve the
actual outcome of an agent.

In the agent outcome improvement setting, the goal of the principal is to maximize
the expected outcome E[y] of an agent drawn from the agent population. In our college
admissions example, this would correspond to deploying an assessment rule with the goal

of mazimizing expected student college GPA. Formally, we aim to find 84° in a convex
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Figure 7.2: OLS versus 2SLS estimates for SAT effect on college GPA over 5000 rounds.
Results are averaged over 10 runs, with the error bars (in lighter colors) representing
one standard deviation. The red dashed line is the true causal relationship between SAT
score and college GPA.

set S of feasible assessment rules such that the induced expected agent outcome E[y] is
maximized.

049 = arg maxges 0 ' A,

After some algebraic manipulation, the optimization becomes
where A = E[£,&,7]0*.

Note that while the principal never directly observes E[£:&,"] nor 6%, they estimate
X = E[£&,]0* during the second stage of the 2SLS procedure. Therefore, if the principal
has already run 2SLS to recover a sufficiently accurate estimate of the causal parameters
0*, they can estimate the agent outcome-maximizing decision rule by solving the above

optimization.

7.5 Experiments

We empirically evaluate our model on a semi-synthetic dataset inspired by our running
university admissions example. We compare our 2SLS-based method against ordinary
least squares (OLS), which directly regresses observed outcomes y on observable features
x. We show that even in our stylized setting with just two observable features, OLS does
not recover 8%, whereas our method does.

University admissions experimental description We constructed a semi-synthetic

dataset based on the SATGPA dataset, a collection of real university admissions data.?

30Originally collected by the Educational Testing Service, the SATGPA dataset is publicly available
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Figure 7.3: OLS effect estimate error ||5OLS — 0|2 (in orange) and 2SLS estimate error
|@2s1s — 0%]|2 (in blue) over 5000 rounds. Results are averaged over 10 runs. Error bars
(in lighter colors) represent one standard deviation. 2SLS estimate error decreases at a
rate of about % (red dashed line).

The SATGPA dataset contains 6 variables on 1000 students. We use the following:
two features (high school (HS) GPA and SAT score) and an outcome (college GPA).
Using OLS (which is assumed to be consistent since we have yet to modify the data to
include confounding), we find that the effect of [SAT, HS GPA] on college GPA in this
dataset is @* = [0.0015,0.5895] . We then construct synthetic data that is based on this
original data, yet incorporates confounding factors. For simplicity, we let the true effect
0* = [0,0.5]". That is, we assume HS GPA is causally related to college GPA, but SAT
score is not.* We consider two private types of applicant backgrounds: disadvantaged
and advantaged. Disadvantaged applicants have lower initial HS GPA and SAT (b), lower
baseline college GPA (0), and need more effort to improve observable features (£).5 Each
applicants’ initial features are randomly drawn from one of two Gaussian distributions,
depending on background. Applicants may manipulate both of their features.

Results. In Figure 7.2, we compare the true effect of SAT score on college GPA (")
with the estimates of these quantities given by our method of 2SLS from Section 7.2
(B2s1s) and with the estimates given by OLS (QoLs). (An analogous figure for the effects

and can be found here: https://www.openintro.org/data/index.php?data=satgpa.

“Though this assumption may be contentious, it is based on existing research (e.g., Allensworth and
Clark (2020)).

SFor example, this could be due to the disadvantaged group being systemically underserved or
marginalized (and the converse for advantaged group).


https://www.openintro.org/data/index.php?data=satgpa
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of HS GPA is included in the appendix.) In Figure 7.3, we compare the estimation errors
of OLS and 2SLS, i.e. ||ors — 6*||2 and ||B2s1s — 672

We find that our 2SLS method converges to the true causal relationship (at a rate of
about %), whereas OLS has a constant bias. Although our setting assumes that SAT
score has no causal relationship with college GPA, OLS mistakenly predicts that, on
average, a 100 point increase in SAT score leads to about a 0.05 point increase in college
GPA. If SAT were not causally related to collegiate performance in real life, these biased
estimates could lead universities to erroneously use SAT scores in admissions decisions.
This highlights the advantage of our method, since using a naive parameter estimation
method like OLS in the presence of confounding could cause decision-making institutions
to deploy assessments which don’t accurately reflect the characteristics they are trying

to measure.

7.5.1 Predictive Risk Minimization

Analogous to recovering causal relationships and improving agent outcomes, another
common goal of the principal in the strategic learning setting is to minimize predictive risk.
Formally, the goal of the principal in the predictive risk minimization setting is to learn
the assessment rule that minimizes the expected squared difference between an agent’s
true outcome and the outcome predicted by the principal, i.e., f(8;) = E[(7; — v:)?].

Due to the dependence of x; and y; on 6y, f(8;) will be non-convex in general, and
can have several extrema which are not global minima, even in the case of just one
observable feature. When faced with such non-convex optimization problems, gradient
descent is often a popular approach due to its simplicity and convergence to local minima
in practice.

If the effort conversion matrix £ is the same for all agents, the gradient of population

risk function can be written as

Vo f(0:) = 2(B[(Ge — yo)xi] + E[g — y:JEET (8, — 6).

In our college admissions example, this would correspond to the setting in which all
students’ math GPA, SAT scores, etc. improve the same amount given the same effort:

this may be a reasonable assumption if the students being considered have the same
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Figure 7.4: Stochastic Gradient Descent (SGD, takes into account x¢, y;, 4;’s dependence
on 6;) vs Simple Stochastic Gradient Descent (SSGD, does not). In the 1D setting, it is
possible for the gradient of SSGD to have the wrong sign. When both are initialized at
0o = 0.5, SGD is able to follow the gradient and converge to the global minima, while

SSGD is not. We ran each method for 1000 time-steps with a decaying learning rate of
0.001
Nk

ability to learn, despite other differences in background they may have. If E£T is known
to the principal (e.g. through the 2SLS procedure in Section 7.2), then each (0, %y, y:)
tuple can be used to compute an unbiased estimate of Vg, f(6;) for use in online gradient
descent.

Recent work on performative prediction Perdomo et al. (2020); Mendler-Diinner
et al. (2020); Miller et al. (2021) examines the use of repeated gradient descent in the
strategic learning setting and finds that repeated gradient descent generally converges
to performatively stable points. There is no direct comparison between performatively
stable points and local minima in our setting. In fact, performatively stable points can
actually mazimize predictive risk under some settings. (See Miller et al. (2021) for such
an example.) Our methods differ from this line of work because we take xy, y;, and y;’s
direct dependence on the assessment rule 8, into account when calculating the gradient
of the risk function, whereas these performative prediction models (henceforth simple
stochastic gradient descent or SSGD) do not. While SSGD may be satisfactory for some
settings, it produces a biased estimate of the gradient in general, which can lead to
unexpected behavior under our setting; by contrast, our gradient estimate is unbiased
(see Figure 7.4). Even in situations which SSGD does get the sign of the gradient correct,

it may converge at a much slower rate, due to its incomplete estimate of the gradient.
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7.6 Conclusion

In this work, we establish the possibility of recovering the causal relationship between
observable attributes and the outcome of interest in settings where a decision-maker
utilizes a series of linear assessment rules to evaluate strategic individuals. Our key
observation is that in strategic settings, assessment rules serve as valid instruments
(because they causally impact observable attributes but do not directly affect the outcome).
This observation enables us to present a 2SLS method to correct for confounding bias in
causal estimates. We then demonstrate the potential of the recovered causal coefficients
to be utilized for preventing individual-level disparities, improving agent outcomes, and
reducing predictive risk minimization.

While our work offers an initial step toward extracting causal knowledge from auto-
mated assessment rules, we rely on several simplifying assumptions—all of which mark
critical directions for future work. In particular, we assume all assessment rules and
the underlying causal model are linear. This assumption allows us to utilize linear IV
methods. Extending our work to non-linear assessment rules and IV methods is necessary
for the applicability of our method to real-world settings. Another critical assumption is
the agent’s full knowledge of the assessment rule and their rational response to it, subject
to a quadratic effort cost. While these are standard assumptions in economic modeling,
they need to be empirically verified in the particular decision-making context at hand

before our method’s outputs can be viewed as reliable estimates of causal relationships.



Chapter 8

Incentivizing Collaborative Learning
with Network Effects

8.1 Introduction

Collaborative machine learning schemes such as federated learning (FL) enable a set of
clients (e.g., mobile devices, hospitals) to jointly learn a model without directly sharing
their private local data McMahan et al. (2017); Kairouz et al. (2021). In real-world
applications, the performance of the model on a particular client may not be improved
through model sharing due to heterogeneity in the data generated by others in the
networks (Li et al., 2021). Moreover, even if a particular client has improved model
utility on their local data by joining collaborative training, they may suffer from costs
induced by participating. For example, the communication or latency in FL may affect
the quality of clients’ user experience, and a hospital may suffer some privacy costs
for sharing sensitive information about its patients. Understanding client incentives in
collaborative learning (CL) is crucial for the service provider to design better solutions
and for each client to make better decisions.

There is growing literature on incentive mechanisms in collaborative learning. Most
of these works aim to study how to combine the data from all the clients to achieve a low
error rate and ensure fairness for participating clients. However, these works are often
based on a common assumption that all clients are willing participants who will join the

network in order to achieve different learning goals (e.g., minimize the sample complexity

114
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(Blum et al., 2021), learn coalition structures (Donahue and Kleinberg, 2021c), etc.) In
practice, rational clients can decide to either opt-in or opt-out of collaborative training
based on their utility gain and cost as the network grows over time. The formal study of
such a dynamic has not been captured in prior works studying incentives in collaborative
learning.

In this work, we propose to model clients’ behaviors in collaborative learning through
the lens of network effects games (Katz and Shapiro, 1985; Shapiro and Varian, 1999). A
network effects game models the benefit of each individual after aligning their behavior
with the behaviors of others in a coalition. This game closely mirrors expected behavior
in collaborative learning, where model sharing can improve the utility compared to only
training a model on local data. Traditionally, network effects games have not been looked
at in the context of CL or more broadly, data sharing. FExisting work in CL typically
models client participation as a one-time game where clients arrive and make decisions
once before leaving. We instead focus on modeling the dynamics of client participation
in a setting where (1) each client incurs a cost when joining the network, and (2) each
client joins the network if and only if their utility gain outweighs the cost. We then aim
to find and analyze an equilibrium, such that no client has an incentive to alter their
decision.

Based on such a formulation, we consider two settings: (1) a warm-up example of a
stylized global mean estimation problem (Section 8.3) and (2) a more general setting
where the gain from joining the collaborative learning process depends on the composition
of the coalition (Section 8.4). For each setting, we characterize the dynamics of the client
participation game under the network effects model. A key feature of CL is that clients’
utility of joining depends on the number of participants/data points. Since different
clients may have different utilities and costs, it may be easier to gradually incentivize
participation over time. For example, we may target the clients who have lower costs
and are more willing to join, and their participation will increase other participants’
willingness to join, and so on. Based on this characterization, we design a cost-effective
payment scheme that targets a subset of clients over time to reach a desirable equilibrium

in Section 8.5. We summarize our contributions below:

e We propose to model the clients’ behaviors in a dynamic collaborative learning

setting as a network effects game, in which clients’ utilities depend on the number
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of local samples of other participants. We want to find the self-fulfilling expectation
equilibrium in CL, when the outcome of the clients’ best-response strategy matches

the shared expectation.

e We characterize all self-fulfilling expectation equilibria of the collaborative network
effects game in a global mean estimation problem and in a more general learning
problem where the client’s participating decision requires knowledge about the

composition of the coalition.

e We show that as clients continually best respond to public information, their
dynamics naturally converge to an equilibrium where no clients have incentives to

alter their decisions.

e Finally, we provide a cost-efficient payment scheme that incentivizes clients to reach
a desired equilibrium. We show that for the dynamic to converge to a higher point,
the server only needs to give payment until the coalition has reached a tipping point

determined by the dynamics.

8.2 Problem Formulation and Preliminaries

In this section, we first introduce the setup of our collaborative learning problem. We then
characterize the incentive and utility gain for each client from joining the data-sharing
process and their interaction with the server. Finally, we propose a general framework of

collaborative learning as a dynamic network effects game.

8.2.1 Learning Problem Formulation

We consider a collaborative learning setup where there are M clients in the population
who want to solve a common learning problem. For each client ¢ € [M], we assume that
they want to minimize their loss function given by f;(w) = Eeup, [((W,§)], where D;
is the target data distribution of client i, and ¢(w, &) is the loss function for a model
w for data sample £. There are two possibilities: all clients share a target distribution
D; =D, e.g., global mean estimation, and when clients have different target distribution
D;, e.g., personalized local mean estimation. In practice, each client only has access to

its local training dataset with n; data point sampled i.i.d from data distribution D;.
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Personal cost. If a client ¢ in the population decides to join the coalition, they will
incur some cost ¢; > 0 that may depend on the number of local data samples and the
size of the coalition. This cost ¢; contains the enrollment and communication cost of
joining the coalition. The cost may also represent the privacy loss for the client i from
revealing information about their local data to the server. For example, a server can
charge each participating hospital a fixed fee for using the shared model. At each time
step, each hospital needs to communicate with the server to update its knowledge base
and decide to either opt-in or opt-out. Finally, due to the sensitive nature of medical
data and how each individual model is trained, the hospitals will also incur some privacy

loss for sharing their model with the server.

Client Incentive and Utility Gain. The goal of each client ¢ is to find a model
w; that minimize its true loss function, i.e., w; = arg min,, f;(w). We assume that
each client will perform local training on their own dataset to obtain a local model w;.
Since the local dataset has a small size, the local model w; might not generalize well to
the target distribution D;. Hence, a client would consider participating in collaborative
learning if the federated model wf gives a better performance. We define the expected
utility gain of joining a coalition S for a client ¢ as the expected improvement from using

wg minus the cost of joining;:
Ui(S,c1) = Elf (wi) = f(w])] = i
where the expectation is taken over randomness in D;.jcg.

Interaction between clients and server. We assume that at each time step ft,
the server will post information about the clients who are currently willing to join the
coalition, denoted by S). Then based on S, a client has to decide whether to join
the coalition or use only their local data. We assume that if the expected utility gain
from joining the coalition U;(S®), ¢;) is positive for a client 7 € [M], then client i would
join the coalition in the next step. That is, given a coalition S®*) and a client i € [M]
with U;(S®, ¢;) > 0, then client i would opt in the data-sharing process. Otherwise, if
the expected utility gain U;(S ), ¢i) < 0, then client ¢ would opt out of the data-sharing

process. After T rounds, the coalition will be finalized, and the clients send to the server
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some aggregation statistics from its local dataset, e.g., for the mean estimation problem,
the message would be the empirical average of local data samples. The server then

computes and sends back the federated models Wf to all clients in the final coalition.

8.2.2 Collaborative Learning as Dynamic Network Effects Game

We model the dynamics of the population in collaborative learning as a network effects
game. When all clients share an expectation on the coalition S, each client i € [M]
can calculate their expected utility gain as a function of S and their personal cost,
i.e., U;i(S,¢;). After a coalition is formed, all clients can observe the actual coalition
composition {n;};es, denoted h(S), and update their shared expectations for the next
time step. We define the realization mapping between the shared expectation S and
the actual outcome as h : P([M]) — P([M]) where P([M]) is the power set of all clients,
i.e., if the shared expectation is S, then the actual coalition is h(S).

As a result, clients can compute their utility gain with the realized outcome and make
their decision. For example, if the actual coalition is larger than expected, i.e., [h(S®)| >
|S (t)] then the utility gain from joining would increases leading to some new clients joining
and vice versa. We aim to study the dynamic of the population and characterize a suitable

equilibrium under these behaviors.

Definition 8.2.1 (Nash equilibrium). A coalition S is a Nash equilibrium if the coalition

does not change anymore when S is reached at time step t, that is, suppose S = S, then

S(t+1) = 9.

If the clients’ shared expectation is perfect, we can define an equilibrium notion. If
all clients form a shared expectation on the composition of the coalition S, and if each
of them decides to either join or leave the coalition based on this expectation, then
the actual coalition matches their shared expectation S. We call this a self-fulfilling

expectation given a realization mapping h(.S):

Definition 8.2.2 (Self-Fulfilling Expectation Equilibrium). Consider a population where
all clients share an expectation on the composition of coalition S. Given a realization
mapping h(S), if the actual coalition S exactly matches the shared expectation, i.e., h(S) =
S, then S is called a self-fulfilling expectation equiltbrium.
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Characterizing self-fulfilling expectation equilibria is crucial to the server and pol-
icymakers who wish to understand and influence where the dynamic converges. In
Section 8.3, we study the stylized setting of global mean estimation to introduce our
dynamics analysis techniques. Then, in Section 8.4, we look at a more general class
of learning problems whose utility function requires knowledge of the entire coalition
composition, which requires a more careful analysis of the participation dynamics. Finally,
we show that the server can leverage some properties of the equilibria to guarantee that
the final coalition reaches the maximum size equilibrium by strategically paying a subset

of clients.

8.3 Warm-up: Network Effects game in a Global Mean

Estimation Problem

In this section, we investigate how the dynamic behaves in a stylized global mean
estimation problem when the utility gain for joining only depends on the number of
samples in the coalition. First, we formally describe the setup when there all clients
in the population have the same number of local samples. Then, we show that we can
always find a set of self-fulfilling expectation equilibrium in this setting with some simple
cost functions. Finally, we show that the dynamic naturally converges to an equilibrium

where no clients have further incentive to change their decisions.

Mean Estimation Problem Setup. There are M clients in the population who want
to solve a global mean estimation problem. Each client ¢ has a fixed number of samples
n; and a personal cost ¢;'. First, each client ¢ draws their mean parameter y; i.i.d from a
common distribution with mean 6: u; ~ N (6, O'g), then draws their samples i.i.d from a
unit variant Gaussian with local mean p;: z; j ~ N (4, 1). Formally, the clients want to
find an estimator w such that the mean squared error (MSE) E[(§ — w)?] is minimized.
We focus our analysis on the case where all clients have the same number of local data,
i.e., Vi € [M],n; = n.

For a client ¢, without joining the coalition, their estimator is the empirical average

over local data samples w; = 1/n; Z;“Zl x; j. If the client decides to join a coalition S,

1We only assume the personal cost is fixed in this warm-up example for the sake of simplicity
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Figure 8.1: Illustration of a realization mapping h(K) and two possible trajectories
of our payment mechanism Algorithm 9. The black curve represents the realization
mapping h(K) and the gray area represents the region where the cascading behaviors
may occur {K : h(K) > K}. The blue line and the red line show two possible trajectories
of Algorithm 9, where the dashed arrows represent the growth of the coalition due to
cascading behaviors and the solid arrows represent the growth of the coalition due to
payments.

they will send their local estimator w; to the server and receive a weighted average over
S _

the local estimators of participating clients: w? = wg = 1/Ng ZjeS wj - n; where Ng is

the total number of samples in the coalition.
If the expected number of clients in the coalition is K, the utility gain function for a
client 7 is:
K—-1 3K?2-5K+2 ,

U, = UZ‘(K, n, Ci) = Kn + K2 Op — G (8.1)

We abuse the notation and write the expected number of clients in the coalition K as
the shared expectation of all clients. Similarly, we define the realization mapping h(K)

as the number of clients in the coalition in this setting.

8.3.1 Existence of a Self-fulfilling Expectation Equilibrium

Realization mapping h(-). Since all clients have the same number of local samples,
W.L.O.G, we can order them according to their personal cost in ascending order. Moreover,
we assume that the cost of joining for a client ¢ is a positive monotonically non-decreasing
function of their integer value index 14, i.e., ¢; = c(i). If all clients share a common belief
that K clients will join the coalition, then client i would join only if U;(K,n,¢;) > 0.

Hence, if any client would join at all, then the set of clients joining would be between
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1 and h(K), where h(K) = inf{z € R : U;(x,n,¢;) > 0}. Figure 8.1 shows a possible
realization mapping h(K) as a function of the expectation K.

Moreover, we prove that there always exists an equilibrium under some mild as-
sumption on shared expectation K and the actual number of clients in the coalition
h(K). Informally, if the shared expectation K is pessimistic compared to the actual
outcome h(K), then we can always find an equilibrium. The clients would update their
expectations and join the coalition due to a new higher utility gain. However, as the h(-)
function is non-decreasing, there exist some clients whose utility gain is less than the

cost of joining and they do not have incentives to join the coalition.

Lemma 8.3.1. In the mean estimation problem where all clients have the same number
of local samples, for any positive number of clients in the coalition K with h(K) > K,
we can find a self-fulfilling expectation equilibrium h(K*) = K* to the right of K with
K* > K; and for any point in between K' € (K, K*), we have h(K') > K'.

8.4 Collaborative Learning with Coalition-dependent Utili-
ties

In the preceding section, our analysis was predicated on the assumption that the clients’
utility gain is solely determined by the number of samples. Although the number of
samples undoubtedly plays a crucial role, it may not be the sole determinant of the clients’
utility gain. The composition of the coalition, for instance, could also be of consideration.
For instance, having 10 datasets with 1000 samples each may not yield the same utility
gain as having 1000 datasets with only 10 samples each. To further illustrate this point,
we present two specific examples of collaborative learning problems where the utility gain

cannot be adequately determined by the number of data points alone.

Example 8.4.1 (Global Mean Estimation with Heterogeneous clients). Consider the

mean estimation problem defined in Section 8.3 with different n;’s. Then each client’s
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utility gain will depend on the composition of the coalition {n;};cgs as

1 1
Ui(S, ci) = i Ng
B D it njz — (Ns —n;)? ~ 2(Ns —ni) o2 ¢
N? Ns o

Example 8.4.2 (Learning with shared representation). Suppose each client i has a mean
vector p; € R? and all the vectors share common support of size k, i.e., , j1,. .., puar lie
in the same k-dimensional subspace. The clients do not know the low-rank support and
they want to estimate their own mean vector u; by drawing noisy samples of ;. Each
client chooses to join the coalition or not. The server collects some aggregated statistics
from each participating client, estimates the common support, and sends the estimated
support back to the clients. In this problem, the probability of identifying the correct

support depends on the scale of the noises in each participating client’s samples.

In this section, we venture into a wider range of utility functions that incorporate the
coalition composition, offering a more comprehensive approach to accommodate more
general collaborative learning problems. Despite the added complexity introduced by
these utility functions, we still characterize the dynamic by defining a more sophisticated
realization mapping h(-). In particular, we will continue to observe "cascading behaviors"
when h(K) > K, where the participation of some clients triggers a chain effect, leading

to an increasing number of clients joining the coalition.

8.4.1 Utility function and agent model

The dynamics of this network effect game are intrinsically tied to the utility functions
of the clients involved. Without careful modeling of possible utility functions, deriving
meaningful insights for the dynamic becomes an exceedingly challenging task. First of
all, the clients certainly care about the total number of data points and their costs for
participation. In addition, as we have seen in Example 8.4.1 and Example 8.4.2, the
clients may also place significance on the coalition composition. We thus extend our
modeling of client utility to include this dependency on the coalition composition. We
formulate the dependency in a general form to accommodate a wide range of functions,

while keeping the problem tractable. More specifically, we examine a scenario where a
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client ¢’s utility gain, given their decision to join and the set of clients who also choose to

join (.5), depends on two key factors:

(1) The composition of the coalition {n;}cg, represented by a function f({n;}es).
We write f({n;}jes) = f(S) as shorthand and assume that f(-) is monotone: if
S C S, then £(5) < F(S).

(2) A personalized utility change V' (Ng,n;, ¢;) that depends on the total number of
data points Ng, client i’s dataset size n;, and client ¢’s cost of joining ¢; = ¢(Ng, n;),
i.e., the personal cost ¢; is a non-negative function of Ng and n;. We assume that
V(-) is increasing in Ng, that is, with fixed n;, if Ng < Ng, then V(Ng, n;,¢;) <
V(Ng, ns, ¢;). Moreover, this assumption implies that once a client 7 has joined the
coalition at a previous time step, the increase in their cost of staying in a coalition
¢; will not exceed the personal utility gained from being in the coalition when more

clients join the coalition.

More specifically, we assume that when client 7 chooses to join and the set of clients who

choose to join is 5, client ¢’s utility gain can be represented as
UZ(S? Ci) = g(f(S), V(NS) ng, C’i))?

where g(z,y) is a function that captures how each client’s utility gain depends on the
coalition structure f(S) and her personalized utility change V(Ng,n;, ¢;). We assume
that g(x,y) is monotonically increasing in both parameters, that is, g(x,y) > g(2/,y) for
x > 2’ fixing any y and g(z,y) > g(z,y’) for y > ¢/ fixing any x. Examples of such g(-)

functions include:
o Ui(S,ci) = f(S) + V(Ng,ny, ci);
o Ui(S,ci) = f(5) - V(Ns, ni, c;);

e Every client incur the same cost ¢ of joining, and U; (S, ¢) = g(f(S), V(Ns,n;)) — ¢,

where g(x,y) is a function that is increasing in both = and y.

We give several specific collaborative learning problems that align with this framework:
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Mean estimation: For Example 8.4.1, we have U;(S, ¢;) = f(S) + V(Ns, ni, ¢;) with
cgn? 2 ,
f(s) = 7]1\,5 - (ijfénj —3) 03 and V(Ng,n;,c;) = n% + (3\% — %Z)O'g -
¢(Ng, nj).

Learning with shared representation: For Example 8.4.2, suppose each client incurs
a fixed enrollment cost c if they choose to join (e.g. they pay an enrollment fee to
the server to get the shared support), then we have U;(S,¢) = g(f(5),V(n;)) —c=
g (6, ﬁ) — ¢ where the probability that the server fails to learn the shared support

d is a function of {n;};cs. We can show that g (6, ﬁ) is increasing in 1/,/n; for
any 6 € [0,1].

A client decides whether to join or not each time step as described in Section 3.2.
Let S® be the coalition (the set of clients who decide to join) on time step t. Then on

time step ¢t + 1, a client ¢ will join if and only if
U(SY, ci) = g(f(SY), V(N mis i) = 0.

8.4.2 Realization mapping based on inferred coalitions

When the clients’ utilities depend not only on Ng but also on the coalition S, we cannot
use the characterization in the previous section. The straightforward realization mapping
h(-) would be a mapping from a subset of clients to another subset, and there are
exponentially many possible subsets. In this section, we show that, surprisingly, we can
still predict the equilibria and the dynamic by a simple realization mapping h:7Zt > 7+
that takes in an expected total number of data points and outputs a “guess” about the
outcome.

The function A(-) is defined as follows. For an integer K, we define an “inferred
coalition” IC(K) as our guess about the coalition S when we only know that the total

number of data points Ng is equal to K. When Ng = K, client i’s utility is equal to
Ui(S, ¢i) = g(f(S), V(K,ni, ¢;)).

Since f(S) is shared among all the clients, the clients with the highest V' (K, n;, ¢;) are most

willing to join. Therefore we can guess S based on K as follows: we first order the clients
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in decreasing order of V' (K, n;, ¢;), and we define IC(K) = {1,..., 2} as the first z clients
in the ordering who hold at least K data points in total, z = argmin, Z§:1 n; > K.
Now assume that IC(K) is the actual coalition at a particular time step. Then we
can further infer the set of clients who will join the next time step: we define “inferred

outcome” TO(K) to be the set of clients who will join the next time step assuming that
S=1I1C(K) and Ng = K,

T0(K) = {i: g(f(IC(K)), V(K,ni,c;)) = 0},
and we define h(K) as the total number of data points provided by TO(K),

A(E) =D i+ L[g(fUIC(K)), V (K, i, i) = 0]

8.4.3 Characterizing equilibria and dynamic based on the realization
mapping

In this section, we characterize the equilibria and the dynamic by the realization mapping
based on inferred coalition mapping function h : Zt — ZT. We show that (1) the
equilibria (Definition 8.2.1) of the dynamic correspond to the self-fulfilling equilibria
defined by h(-), i.e., , crossing points K with h(K) = K; and (2) we will still observe
cascading behaviors in the region {K : h(K) > K}.

Our first observation is that there is a mapping from the Nash equilibria (Defini-
tion 8.2.1) to the self-fulfilling equilibria defined by A(-).

Theorem 8.4.3. For any equilibrium S, we have h(Ns) = Ng; for any K with h(K) = K,

there exists an S with Ng = K that is an equilibrium.

Characterizing the dynamics becomes more intricate in this context. Firstly, unlike in
the previous section where convergence to equilibrium is guaranteed (as demonstrated in
Lemma 8.3.1), the dynamic SM . 83 may not always converge and can potentially
become trapped in a loop. Secondly, our realization mapping B(K ) does not provide
a perfect prediction for the next time step’s outcome after receiving K data points. It
is possible for the inferred coalition to deviate from the actual coalition, leading to a
realized outcome that differs from h(K). However, we demonstrate that we can still

observe "cascading behaviors" within the region K : h(K) > K.
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We first prove that the realization mapping function B() can serve as a lower bound

of future dataset size in the region of l~1(K ) > K. For simplicity, in the rest of the section,
we write Ny = Ngw).

Lemma 8.4.4. For any t,S®W, SATY if the number of data points Ny falls in the region
{K : h(K) > K} and on time step t + 1, we have Nyy1 > Ny, then we must have
Niga > h(N;) and the number of data points will never drop below h(N;) after time step
t+2, that is, Ny > h(Ny) for all 7 >t + 2.

Based on the lower bound, we prove the cascading behaviors as follows.

Theorem 8.4.5 (Cascading behaviors). Suppose on a time step t, the number of data
points Ny is in the region {K : h(K) > K} and on time step t + 1, we have Nyy1 > Ny,
then within (Z]A/i1 nj — h(N;))? time steps, we will have the number of data points in the
region {K : h(K) < K} and strictly higher than Nj.

8.5 Payment Schemes Aided by Network Effects

In this section, we use our previous characterization in Section 8.4 to design cost-effective
payment schemes that achieve and maintain a desired coalition size. Our approach
leverages network effects by targeting clients who are most willing to join and providing
them with the necessary payments to trigger a chain reaction of more clients joining.
This helps us save costs while reaching and sustaining the desired coalition size.

Suppose the designer can give payments to the clients to encourage participation. If
the designer promises a payment P(Hl)(i) to client 4 if she joins on time step ¢ + 1, then
client 4 will join on time step ¢ 4+ 1 if and only if U;(S®), ¢;) + PA+D(3) > 0.

The objective of the designer is to establish a stable coalition with a minimum of N
data points, while minimizing the overall payment required. A straightforward approach
would involve selecting clients with the lowest costs and fully covering their expenses
until the coalition accumulates at least N data points. In this case, the total payment
required can be expressed as ). ;<w Ci» where W is the minimum value that guarantees
> e;<w i = N. However, not all these payments are necessary, as clients also benefit

from the data contributed by others, and the utility gain increases with a larger coalition.
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We thus propose a payment scheme that leverages network effects and gradually
acquires data by recruiting a small number of clients in each round. The participation
of these clients increases the willingness of other clients to join, enabling us to make
lower payments, and so forth. Specifically, our payment scheme follows an iterative
process, targeting the clients most inclined to join (those within the inferred coalitions)

and providing the necessary payment to initiate cascading behaviors.

Algorithm 9: Network effects aided payment scheme

Input: Clients 1,--- , M with personal cost ¢, -+ ,cy and number of local
samples ny, - ,ny, respectively; target number of data points N; function
S=0, LB=0

while LB < N do
(1) Let Ng be the current number of samples in the coalition.
(2) Let K be the smallest number with K > Ng and h(K) > K, which rep-
resents the closest “tipping point” that will trigger the cascading behaviors.

(3) Target clients in the inferred coalition /C(K') who have not joined yet
and promise them payments so that they will join on the next time step;
that is, for a client ¢ € IC(K) but ¢ ¢ S, promise a payment of —U; (S, ¢;)
if ¢ joins the next time step.
(4) Wait one time step and we have S <— S U IC(K); give the promised
payments.
(5) While h(Ns) < Ng, let more clients join from cascading effect and
update LB < max{LB,h(Ng)} and S < {i : U;(S,¢;) > 0}.

end while

Theorem 8.5.1. Algorithm 9 will end. Suppose Algorithm 9 ends on time step t, then
the number of data points will never drop below N afterward, i.e., we have Ngi-y > N

for all T > t.

Figure 8.1 shows two possible trajectories of Algorithm 9.

8.6 Experiment

In this section, we present numerical experiments to evaluate the payment scheme aided

by network effects described in Section 8.5. When the initial coalition is empty, the
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server can give payment to some clients to offset their costs and encourage participation.
We focus on showing that on average, the payment scheme in Algorithm 9 leads to a
lower total payment amount compared to naively paying the full cost of all clients for

the global mean estimation problem.

Experimental Description We consider the setting of 20 clients learning a shared
global mean parameter. For each client i, we let their local sample size n; be randomly
drawn from a uniform distribution between [1,5]. We consider two cost distributions: (1)
each client 7 has their personal cost ¢; drawn from a uniform distribution between [0, 0.5]
and (2) the personal cost ¢; is drawn from a truncated Gaussian distribution between
[0,0.5] with mean 0.3 and standard deviation 0.1. We assume that at the beginning, all
clients share an expectation that there are no clients in the coalition. The goal of the
server is to have all clients join the coalition. The server can employ a naive payment
method where it pays the entire cost of all clients in the population. Alternatively, the
server can follow the payment scheme aided by network effects in Algorithm 9 until all
clients have joined the coalition. For each cost distribution, we run the simulation for 20
rounds and calculate the total payment by using the naive method and using Algorithm 9.
The results in Figure 8.2 are averaged over 10 random runs and the error bars represent

one standard deviation. Our experiments are run on a 2020 MacBook Air laptop with

16GB of RAM.

Results. In Figure 8.2, we plot the total payment by the naive method and Algorithm 9
on two different cost distributions over time. We observe that when the personal costs ¢;
are drawn from a uniform distribution, the total payment using Algorithm 9 is much
smaller than that of the naive method. On the other hand, when the personal costs ¢;
are drawn from the truncated Gaussian distribution, there is little difference between the
total payments of the two methods. This result is potentially due to the lack of cascading
effect in line (5) of Algorithm 9: given a realization mapping h, if only a few clients join
"for free" at each time step, then the savings on total payment with network effects is

negligible.
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Figure 8.2: Global mean estimation for 20 clients with different local sample sizes and
uniform cost between [0,0.5] (left) and truncated Gaussian cost with mean 0.3 and
standard deviation 0.1 (right). The payments are averaged over 10 random runs and the
error bars represent one standard deviation.

8.7 Conclusion, Limitations, and Future Work

We have initiated the study of clients’ behaviors in collaborative learning under a network
effects game model, where each client’s participation decision changes as the network
grows over time. We showed that whenever the entire population shares an expectation
on the coalition size, we can characterize the dynamics of the client’s participation game
for some classes of learning problems. We identified self-fulfilling expectation equilibrium
points, where the coalition after all clients have computed the best-response strategy
matches the shared expectation. Moreover, we showed that without explicit intervention
from the server, the client’s participation dynamic naturally converges to self-fulfilling
expectation equilibria. Based on this characterization, we proposed a cost-efficient
payment scheme that incentivizes clients so that the final coalition reaches a desirable
equilibrium. The goal of our payment mechanism is to kick-start the participation
dynamic while minimizing the total amount of payment sent by the server. We are
making strict positive improvements on the total population welfare over the setting
where there is no payment and there is no client who wants to voluntarily join the
coalition.

Our framework offers insights into clients’ participation dynamics in FL. A limitation
of our work is that we did not consider more realistic learning problems. However, we
believe that our work provides a meaningful contribution to the study of incentives in FL,

and hope that continuing to understand client participation dynamics can lead to the
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design of explicit incentive mechanisms that induce desirable final outcomes in practical

FL applications.



Chapter 9

Reconciling Model Multiplicity for

Downstream Decision Making

9.1 Introduction

In many applications, individual probability prediction is at the heart of a decision-making
process. For example, in the Job Training Partnership Act (JTPA) training program
(Bloom et al., 1997b), a decision-maker may want to predict whether an individual is
employed or not before assigning them to training; or in medical trials, a doctor wants
to predict the probability that the patient has contracted a disease before recommending
them a treatment. Since the hospital does not know the true individual probability that
a particular patient is ill, they can only evaluate the individual probability predictions
through its average outcome over a sufficiently large sample set. For a predictive task,
the standard convention is to choose the model that maximizes accuracy. However,
previous work has shown that it is common to have multiple predictive models with
similar accuracy but substantially different properties (Chen et al., 2018b; Rodolfa et al.,
2020; D’Amour et al., 2022). This phenomenon is called predictive (or model) multiplicity,
a line of work studied by Breiman (2001); Marx et al. (2020); Black et al. (2022).

In a predictive multiplicity scenario, the decision-maker may have two or more
predictive models that are nearly equivalent in terms of accuracy but disagree on their
predictions on many individual samples. In our motivating example (Figure 9.1), the

hospital has access to two models f; and fy predicting the probability of disease which

131
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are equally accurate on average over the entire population in terms of squared loss, but
their predictions on a subpopulation may vastly differ. This disagreement in outcome
prediction may have a disparate impact on the subpopulation if the hospital has to choose
one predictor over the other to make important downstream decisions. For example, they
might select a treatment based on the predicted probability that a patient has contracted
a disease. Formally, given a predictive model f and a decision-making loss function
{(y,-), the decision-maker wants to choose a best-response action, i.e., the action a that
minimizes Ey~f[((’,a)]. When two models f; and f> have nearly equivalent accuracy but
lead to different best-response actions, the decision-maker would not be able to identify
which best-response action to take for individual patients. While predictive multiplicity
offers great flexibility for the decision-maker in the model selection process, it also places
an additional burden on the decision-maker to correctly navigate such freedom and justify
how they use a predictive model to make downstream decisions.

Roth et al. (2023) attempts to address the model multiplicity issue by resolving
prediction disagreement between models. Adapting techniques from the literature of multi-
calibration (Hebert-Johnson et al., 2018), they provide a procedure called "Reconcile" that
updates the predictive models to minimize their disagreements and improve the accuracy
of each model. However, we show simple settings where the reconciled predictions
from Roth et al. (2023) can lead the downstream decision-makers to take actions with
substantially higher losses. We visually demonstrate this scenario in Figure 9.1. For a
more detailed discussion on the limitation of prior work, see Section 9.2.4 and Section F.I.
This motivates the study of how to reconcile predictive multiplicity with an explicit focus
on its impact on downstream decisions.

In this work, our goal is to leverage tools from multi-calibration (Hebert-Johnson et al.,
2018) to alleviate the model multiplicity issue in high-dimensional decision-making tasks
for multiple decision-makers with multiple decision-making loss functions. Specifically,
we show how the decision-maker can update the input predictors so they approximately
agree on (1) individual predictions and (2) best-response actions for each individual
in the downstream decision-making task. Our procedure ensures that the number of
disagreements in best-response actions decreases over time, which enables the decision-

makers to confidently use either of the updated predictors to justify their decisions.
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Figure 9.1: An illustrative example of the drawback in a prior work’s attempt at addressing
model multiplicity. Consider a stylized binary classification problem on a dataset with
8 units (patients) and the hospital deciding between two actions (treatment vs. no
treatment). Treatment is assigned if the predicted probability is above 1/2. Left: The
true probability that each patient is labeled ‘ill’. Middle: The predicted probability
that each patient is ill according to fi (white) and fo (blue). While these two predictors
have almost the same accuracy (in squared loss), their individual probability predictions
for patients 3 and 6 vastly differ. Right: After running the Reconcile procedure of Roth
et al. (2023), the individual probability predictions agree everywhere. However, the best-
response action of unit 3 changed from correct (no treatment) to incorrect (treatment).
If the hospital uses the updated f; to make their treatment recommendation, they would
incur more loss than before had they not updated the predictor using Reconcile. This
example is formalized in Theorem 9.2.7.

Overview of Paper. We study the problem of reconciling model multiplicity for
multiple downstream decision-making tasks, where the decision-makers have multiple
predictive models with nearly equivalent squared loss but may lead to vastly different
best-response actions for a significant number of individuals in the population. Our key

contributions are summarized as follows.

e In Section 9.2, we formulate the problem of model multiplicity from the perspective
of the decision-makers. In Section 9.2.4, we formalize our motivating example in
Figure 9.1 and show that it is insufficient to only update two predictive models
so that they have improved squared loss and nearly agree on their individual

predictions almost everywhere.

e In Section 9.3, we introduce an algorithm, ReDCal, that outputs predictive models
that are (1) calibrated to a finite set of downstream decision-making tasks and

(2) approximately agree on their predictions and best-response actions almost
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everywhere for each downstream task.

e In Section 9.3.2, we extend our analysis to the setting where one does not have
direct access to the true distribution and instead only has a validation dataset
with samples drawn i.i.d from the underlying distribution. We show that the
guarantees obtained using the empirical distribution can be translated to the

unknown underlying distribution.

e In Section 9.3.3, we extend our analysis to the setting where one has & > 2
predictors that need to be reconciled. We provide an efficient "contestation"
algorithm that only requires approximately k times more samples than the base
model that reconciles 2 predictors. In Section F.V, we further generalize our result
to the setting where the action space of the downstream decision-making tasks is

infinitely large.

e Finally, in Section 9.4, we empirically evaluate the performance of the proposed
algorithm on real-world datasets and show our improvement over the benchmark

prior work in resolving disagreement in downstream decision-making tasks.

9.2 Problem Formulation

Notation. Throughout this paper, we use subscripts ¢ to index different predictions,
superscripts t to index different time-steps, and a to index actions. For K € N, we use
the shorthand [K] :={1,2,--- , K}. A([k]) denote the set of possible distributions over

We consider the prediction problem with random variables z and y, where = € [k]
represents the features and y € ) represents the labels. We focus on the regression
problem in which the label domain is real-valued and bounded: Y C [0,1]¢. Our
formulation also permits the multi-class classification problem by writing the label y’s as
one-hot vectors.

We denote D € A([k] x)) as the true distribution over the pairs of features-label (x, y).
In practice, we will not have access to D, and instead only know a set of n data points D

sampled i.i.d from D. In such case, we consider the dataset D = {(z1,41), ", (Zn,yn)}
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to be the empirical distribution over D, which is a discrete distribution that place uniform
weight 1/n on each sample (z,y) € D.

A predictor is a map f : [k] — [0,1]¢. Our goal is to find the Bayes optimal predictor
f* 2 [k] — [0,1]¢ such that for all z € [k], f*(z) = E(z,y)~ply|7] is the conditional label

expectation given x.

9.2.1 Model Evaluation

Given a predictor f € [0,1]¢, we evaluate f via its squared error, i.e., its expected

deviation from the true label. We formalize this objective in the following definition.

Definition 9.2.1 (Brier Score). The squared error (also known as Brier score) of a

predictor f evaluated on distribution D is given as:

B(.D)= B 17 - ol

When we only have a dataset D = {(x1,y1), -, (Tn,Yn)}, the empirical Brier score is

gilven as:
1 n
B(f,D) =~ lf(x:) — will3
i=1

Note that we use the Brier score as our metric because it can be accurately estimated
given access to only the samples from the distribution. Moreover, among all possible

predictors, the Brier score is minimized by the Bayes optimal predictor f*.

Lemma 9.2.2. Fiz any distribution D and let f*(r) = E(yy)~ply|z] represent the true
conditional label encoded by D. Let f : [k] — [0,1]¢ be any other model. Then we have
B(f*,D) < B(f,D).

Hence, given two predictors fi and fs, if we can verify empirically from the observable
data that B(f1,D) < B(f2,D), then we can empirically falsify that fo encodes the true

conditional label.

9.2.2 Downstream Decision-Making Tasks and Loss Functions

Beyond our initial goal of finding a good estimate for the true conditional predictor f*,

we are also interested in using our predictors for downstream decision-making problems.
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Formally, we consider a loss minimization problem, where the decision-maker has a set of
possible actions A and a loss function £: Y x A — [0,d]. Wlog, we only consider finite
action set A = [A], i.e., there are A possible actions!. In this paper, we assume that the
loss function does not directly depend on the features x and is linear in y. That is, for

each action a € A, there exists some £, € [0, 1]¢ such that

Uy, a) = (y,la) (9.1)

We write £ ={¢:) x A — [0,d]} to denote a finite family of loss functions. We consider
the setting with multiple different decision-makers, each using a different linear loss
function in £. For any loss function ¢ : Y x A — R, we can rescale each coordinate of ¢,
to be between [0, 1].

Given a predictor f and a loss function ¢, the decision-maker selects an action a € A
that minimizes the expected loss. We define the best-response policy taken by the

decision-maker as follows.

Definition 9.2.3 (Best-response policy). Given a loss function ¢, a predictor f and the

action set A, the best-response policy for € is given as

R (f(x)) = argmin(f (z), £4).
acA

9.2.3 Calibration

In our setting, we consider the decision-maker only having access to some pre-trained
predictors f given by a third-party. For instance, a data scientist trained a pair of models
on an image dataset without exact knowledge of how the downstream decision-maker will
use such predictors. We may imagine the decision-maker as a hospital considering whether
to recommend treatment to certain patients based on the predicted probability that the
patient has contracted a skin disease. Since the hospital’s treatment-recommendation
algorithm is not known to the public (and the data scientist), we assume that the data
scientists initially aim to minimize the squared error in their predictions.

Since the hospital believes that the input predictors may not perform well according

!Our technical results can be generalized to a setting with infinitely many actions, i.e., |.A| = co. For
details, see Section F.V.
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to their own loss function, they want the data scientist to convey trust through other
performance guarantees of the predictors. One such guarantee is multi-calibration with
respect to a finite set of loss functions £ = ¢ and a set of events £ on the best-response
policy, i.e., if the loss function ¢ belongs to L, the decision-maker should be able to
accurately compute the expected loss of choosing an action using the best-response policy

7ER. Formally, we let Ey,(f(x),z) denote the action selection events:

Definition 9.2.4 (Best-response Events). Given a predictor f, let € be the set of best-
response events, where each event FEy, € € for some loss function £ and action a € A is
defined as

Eo(f(x),2) = Ha : 7R (f(2)) = a}

Given a set of events &£, we can define an approximate notion of multi-calibration

with respect to £.

Definition 9.2.5 (S-approximate decision calibration). A predictor f is f—decision

calibrated with respect to the set of best-response events & if for all E,, € £, we have:

E [(y—f(2)- Eea(f(2),2)]

(xvy)ND

<p.

2

This definition follows from an equivalent definition of decision calibration in Zhao
et al. (2021). The main difference is we define calibration with respect to a set of events on
the best-response actions following the formulation of multi-calibration for online learning
in Noarov et al. (2023) and a generalization of multi-calibration in Deng et al. (2023).
This definition implies that if a predictor f is f—decision calibrated with respect to the
best-response events £, then the decision-maker can accurately estimate the expected

loss from using f to make decisions.

Lemma 9.2.6 ((Zhao et al., 2021)). For all a,a’ € A, 0 € L, if [ is B-decision-calibrated

with respect to the best-response events £, then the loss estimation satisfies

E [l(y,d)- Eea(f(@),2)] = E [(f(2),w) - Eva(f(2),2)]| < BV

(x’y)N’D IND[k]
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9.2.4 Limitations of Prior Works

In this section, we show that, for the predictive model multiplicity problem under decision-
making, improving the accuracy until the two predictors agree on their predictions almost
everywhere is not a sufficient solution to our problem. In our analysis below, we
consider a stylized problem with J = {0,1} and A = {0, 1}, i.e., binary class and
binary action space. A predictor here is f : [k] — [0,1], and the optimal predictor is
[*(x) = Pr(p y)~ply’ = 12" = x]. As a shorthand, we denote f1(1) as the probability of
unit 1 being labelled 1. The loss is defined as

0(0,0) = £(1,1) =0, £(1,0) = £(0,1) =1, (9.2)

That is, for any z, the best-response policy is to take action 0 if f(z) < /2 and action 1

otherwise.

Reconcile individual predictions. Prior work by Roth et al. (2023) considers the
model multiplicity problem for individual probability predictions. Their proposed algo-
rithm, Reconcile (Line 1), returns a pair of predictors that has a smaller Brier score than
the input predictors and approximately agree on their predictions on almost all units. In
the following theorem, we show that the best-response policy induced by the predictors
updated by Reconcile might lead to a higher expected loss than the ones they started
with.

Theorem 9.2.7. For any a € (0,1/3), n € (0,1), there exists a pair of predictors
fi, f2 such that after running Line 1 (Reconcile), the output models f{,f] satisfy
ff(z) = ff(x),Vx € [k], but there exists a loss function £ such that at least one of f{,

f2T induce worse losses compared to the original models f1, fo. That is, for some i € [2],

E(ua~nly, 7R (f (2))) — £y, 7R (fi(2)))] = 1/2> 0 (9.3)

Proof. Consider a setting with [k] = [2] and Pr[z = 1] = Pr[z = 2] = 0.5. For any
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0 < a<1/3, let ¢ > a, we consider the two predictors fi, fo defined as follows:

V) =1o—o, [Q)=12—%p L) =Yatoh 2= (94)

and the true probability of each unit being labeled 1 are f*(1) =0 and f*(2) =1

The Brier scores of f; and fo differ only by ¢2, but their individual predictions differ
for both features x = 1 and x = 2. We can run Line 1 and patch f; to get the updated
model f{ with

Q) =12+02=f1), fi(2)=12-92=f(2)

Consider the loss function ¢ defined in equation 9.2. The change in expected loss after

patching fi is

E [y, mgR(f] (2)) — Ly, 7R (f1(2)))] = 12 > 0.

(z,y)~D

Therefore, no matter how small we let o and 7 be, the loss of predictor f; increases by a

constant amount after running Line 1. O

Moreover, we provide a counterexample to show that it is insufficient to only ensure
each individual predictor is approximately decision-calibrated using Line 1. For a
detailed description of this counterexample and the theoretical guarantees of Line 1, see

Section F.I.

9.3 Reconcile for Decision Making

Suppose we are given two predictors fi, fo : [k] — [0,1]%. We consider the model
multiplicity problem with respect to downstream decision-making — where f1, fo with
nearly equivalent accuracy in terms of Brier score differ in their induced decision-making
policies, but we cannot falsify either of the two from the data. Informally, our goal is to
return a pair of models f{, f5 such that: (1) for both ¢ € {1,2}, f/ is more accurate than
fi in terms of Brier score; (2) for both ¢ € {1,2}, the best-response policy induced by f/
has no larger expected loss than that of f;; (3) fi and f} approximately agree almost

everywhere, indicating limited room for additional improvement.
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To this end, we are interested in the region where the two predictors disagree
substantially with respect to the downstream decision-making task. We define the

disagreement region as follows:

Definition 9.3.1 (Disagreement Event). For fi, fo, margin a > 0, and a loss function
£, the disagreement event is defined for a pair of best-response actions ay,as € A where

a1 # as as

Ef 0 ap(f1(2), fo(z),2) = H[x € {z 7R (f1(2) = a1, 7% (fo()) = ag,

<f1($)a€a2 - €a1> >« or <f2(x)7€a1 _£a2> > O‘}:|7

As shorthand, we denote Eyq,,4,(2) = Ef,, 4, (f1(2), f2(2),z) when the predictors
f1, fo and the margin « are clear from context. For a finite family of loss functions £, we
can always iterate through £ to identify the tuple (¢, a,az) that defines a disagreement
region between fi and fo.

We say the two models approximately agree with each other when the size of the
disagreement event is small enough, i.e., its probability mass jt(FEy q, q,) on the underlying

distribution D is small.

9.3.1 The Reconcile Procedure

In this section, we propose our main algorithm ReDCal (Line 1). Whenever the decision-
maker observes a large disagreement event Fy,, 4,, the best-response action and its
corresponding expected loss given by at least one of the predictors must be incorrect.
For example, at time step ¢ and unit x, if the gap between the losses of taking a; and ao
according to fo is substantially different from the loss gap observed on the data, then the
decision-maker can induce that fo must have been wrong in its prediction for x. Then,
the decision-maker would want to ’patch’ fy in this time-step.

The calibration procedure within each time-step is divided into two stages. In the
first stage, we update model fo to f} by minimizing the mean prediction error on
the disagreement event, i.e., minimizing E[|| f5(z) — y|E¢q, a,(x) = 1||]. Following the
intuition from multi-calibration, this update operation would improve the Brier score and

produce a more accurate predictor. However, the updated model f} is not guaranteed to
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induce the correct best-response action and could instead induce some other actions that
might lead to a larger expected loss. To cope with this, in the second stage, we further
update f5 to a model f3 that is approximately decision-calibrated within event Ey 4, 4,
using Line 1. Since the loss estimation given by fJ is accurate for all best-response events
within Fy,, ., and we are taking actions to minimize estimated loss, we can now safely
take the best-response action induced by fJ. The formal description of the algorithm is

given by Algorithm 1.

Algorithm 10: Decision Calibration
Input: Predictor f, loss family £, 5 > 0, event F
1: Let fo = f.
2: while f* is not 8-MC w.r.t events E;, N E for some ¢ € £ do
5 Let {1, a = argmaxy, | By pl(y — () Bea(f (@), 2)] 2

1 4 Let (Z)t = E(m,y)wD[y - ft(l‘)|Egt7at(ft(x),l‘) = 1]
5. Patch f'(x) = proj 1ja(f(x) + ¢' Ep ot (f'(x), )
6: t=t+1.
7: end while

Output: f*

Algorithm 11: Reconcile Decision Calibration (ReDCal)
Input: f1, fo,L,7>0,aa>0,6>0
1: Let f{) = fl,f20 = fo and t = 0.
2: while p(Ey 4, q,) > 1 for some aj,a2 € Aand £ € £ do
3 Let (*,al,ab = argmaxy , o (1(Epaa), E' = Ep

aj,ah
4: Pick
i = argmax| E [(*(y,a}) — {'(y,a})|E"(z) = 1]
i€{1,2} (z,y)~D
, — E [(filw),d}) — £ (fi(x),ab)| E'(x) = 1]].

x~[k]

5. Denote f}, as ff. Let ¢' = E(, ) ply|E'(z) = 1] — Eunpy, [fi(z)|EY(x) =
1].
6:  Patch f!(x) = proj [071}d(ff($) + ¢ E(z)).
7: Let ff"H = Decision-Calibration(ft, £, 8, E'). t =t + 1.
8: end while
Output: f{, fi
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We provide the theoretical guarantees of our proposed algorithm below. At a high
level, Line 1 produces a pair of models with improved accuracy and approximately agrees
on the best-response action almost everywhere. Unlike prior work in model multiplicity,
our theoretical guarantees in this section (and their extensions in later sections) do
not require the input predictors fi, fo to have similar accuracy. Using techniques from
multi-calibration, our proposed algorithms can reconcile predictors with distinct accuracy,
which could be beneficial to downstream decision-makers depending on the context. For

the formal proofs of Theorem 9.3.2, see Section F.II.

Theorem 9.3.2. For any pair of models f1, fo : [k] — [0,1]¢, any distribution D, family
of loss functions L, any loss margin « > 0, disagreement region mass n > 0, and decision-
calibration tolerance 8 > 0, Algorithm 1 updates fi and fo for Ty and T time-steps,

respectively, and outputs a pair of models (f{, fQT), such that:

1. Line 1 terminates within T =T, + Ty < 4'd'(B(f1’52);B(f2’D)) time-steps.

2. The Brier scores of the final models are lower than that of the input models (f1, f2):

B(f{,D) < B(f1,D) - T - ij and  B(f7,D) < B(f2,D) _TQ.O‘i”

3. All the downstream decision-making losses of the final models do not increase by
much compared to that of the input models (f1, f2): for each i € {1,2} and for all
le L,

E [0y meR(ff (@) = E [0y, m%(fi(2)] < TEVdA

4. The final models approrimately agree on their best-response actions almost every-
where. That is, the disagreement region Ey,, o, calculated using L fF has small

mass. V¢ € L,

W(Eaya0) <n forallai,ap € A s.tay # as

Remark 9.3.3. In the third result of Theorem 9.3.2, the increase in downstream

decision-making loss at each time-step only depends on the decision-calibrate tolerance
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0, dimension d, and number of actions A. Since the total number of time-steps does not
depend on 3, we can set 5 = @/TdA to ensure the loss of taking the best-response action
does not degrade by more than «. Moreover, in Section 4.7, we empirically observe that

the loss only increases minimally.

9.3.2 Finite Sample Analysis

In Section 9.3.1, we have presented an algorithm, ReDCal, to reconcile two predic-
tors with similar Brier scores, assuming the decision-makers have direct access to the
probability distribution D. In practice, the decision-makers will only have a dataset
D ={(x1,11), -, (Zn,yn)} containing n i.i.d samples drawn from D. In this section, we
will instead run Line 1 on the empirical distribution over D and show that its guarantees
can translate to the underlying distribution D with high probability. To prevent data
leakage, we assume that the dataset D is drawn independently of the predictors f; and
fo, i.e., the dataset contains freshly drawn data that was not used to train either of the
predictors that we want to reconcile. For the formal proofs, see Section F.III.

At a high level, since the samples in D are independently and identically distributed,
we can apply Chernoff-Hoeffding inequality to show that, with high probability, the
in-sample quantities are approximately equal to out-sample quantities. We summarize

the results in the theorem below.

Theorem 9.3.4. Fizx any distribution D and dataset D containing n samples drawn 1.i.d
from D. For any pair of models fi, fo : [k] — [0,1]¢, family of loss functions L, loss
margin o > 0, disagreement region mass n > 0, and decision-calibration tolerance 8 > 0,
Line 1 run over the empirical distribution D updates fi and fo for T1 and Ty time-steps,
respectively, and outputs a pair of predictors (fi, f1) such that, with probability at least

1 — 9 over the randomness of D ~ D",

1. The total number of time-steps for Line 1 and Line 1 is

2d
min{ 3, na?/4d}

T =T, + Ty < 2d/ min{3? na’/4d}

2. Fori € {1,2}, the Brier scores of the final models are lower than that of the input
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models:
B(f",D) < B(f;,D) — (T; —n) - min { %, na®/(4d) }

3. Fori € {1,2} and for all ¢ € L, the downstream decision-making losses of the final

models do not increase by much compared to that of the input models:

(@ END[E(y’WER(fiT("E)) — Uy, 73R (fi(2))] < 2T;8VdA

4. The final models approrimately agree on their best-response actions almost every-
where. That is, the disagreement region Ey,, o, calculated using flT7 f2T has small

mass: V¢ € L,

(B a0) <20 forallar,ap € A s.tap # ay

if n > Q (d?/(n* min{B3,na?/d}) - (In(dA|L|) — In(6 min{3,na?}))) .

9.3.3 Extension to Reconciling Multiple Predictors

In the previous sections, we addressed reconciling two predictors for downstream decision-
making tasks. When there are k > 2 predictors that need to be reconciled, a straightfor-
ward approach to generalize our previous analysis is applying ReDCal iteratively until
each pair among the k predictors “agrees” on their individual prediction and best-response
action. However, since there are O(k?) pairs of predictors and this approach requires fresh
calibration data for each new reconciliation procedure, the data requirement significantly
increases. Another approach is to simply apply ReDCal (k — 1) times for each new
predictor. However, running ReDCal sequentially does not minimize disagreement among
all predictors. For instance, initially reconciling f; with fo minimizes their disagreement,
but after f; undergoes further reconciliations with other predictors, its updated version
/1 may still end up disagreeing with f for sufficiently many units. This disagreement
indicates a falsification potential and suggests room for further improvements in fi.

To address this problem, we introduce a “contestation” method. We select a base

model, f, and focus updates on events where f disagrees with the other models, f;. Using
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Definition 9.3.1, a disagreement event Ej*, . (f(2), fj(z),z) in this setting is identified
by a pair of actions (a1, az), a loss function ¢, and a contestant predictor f;. At each
iteration, we select the disagreement event with the largest size and “patch” the model
whose estimated loss on the event has a larger error. The detailed algorithm is written
in Line 1 and theoretical guarantees are in Theorem F.IV.1.

To maintain the same guarantee as in Theorem 9.3.4, we need roughly k£ times more
samples for Algorithm 1 compared to ReDCal. Since each iteration decreases the Brier
score of one predictor, the cumulative number of necessary updates across k predictors,
i.e., the total number of time-steps, is approximately multiplied by O(k). As each set of
potential output predictor is identified by a sequence of patching operations, the number
of output predictors grows exponentially with k. Using union bounds and Chernoff-
Hoeffding inequality suggests that the sample complexity scales up linearly with k. The
detailed algorithm, formal theorem, and its proof are in Appendix F.IV.

9.4 Experiments

In this section, we complement our theoretical results with a set of experiments on real-
world datasets to show our improvement in decreasing decision-making loss compared to

prior work.

9.4.1 Imagenet Multi-class Classification

Experiment Setup. We use the ImageNet dataset (Deng et al., 2009) and two pre-
trained models provided by pyTorch (inception-v3 (Szegedy et al., 2015) and resnet50 (He
et al., 2015)). Among the 50000 validation samples, we use 40000 samples for calibration
and 10000 samples for testing.

We investigate how the downstream decision loss changes with the four calibration
algorithms: Reconcile (Line 1), Decision-Calibration (Line 1), ReDCal (Line 1), and
the combination of running ReDCal after Decision Calibration as post-process. We run
each calibration algorithm 500 times. For each run, we first randomly draw 100 classes
from the 1000 classes of ImageNet. Then, we randomly generate a loss function such
that, for each y € Y, a € A, £(y,a) ~ Normal(0,1). For each randomly generated loss

function ¢, we compare the expected losses derived from the best-response policies based
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on predictors f; and fy against those based on the optimal predictor f*. Formally, the

loss gap at timestep t using predictor f; is defined as

LossGap(f) = E [0y, mg~(f{(x))) — Lly, mg~(f*(2)))].
(zy)~D
The hyperparameters are chosen as follows: loss margin a = 0.001, disagreement
region mass 17 = 0.01, decision-calibration tolerance f = 0.00001, and the number of

actions K = 10.

Results. The results are shown in Figure 9.2. Compared to Reconcile, ReDCal converges
within a similar number of time-step and decreases the loss by a larger amount on the
test dataset. Moreover, ReDCal further decrease the loss when used as a post-process
after Decision-Calibration terminates.

Predictor_1 Test Predictor_2 Test Predictor_1 Test Predictor_2 Test

1525

1.500 W

Decision Loss Gap

1.425

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Timesteps Timesteps Timesteps Timesteps

-- Reconcile ReDCal ---- DecisionCalibration —— DecisionCalibration+ReDCal

Figure 9.2: ReDCal decreases decision loss on Imagenet. We plot the gap between the
average loss of each predictor and the optimal loss had we known the true predictor
f* on the test set. Left two figures: We compare the LossGap of ReDCal (orange)
with Reconcile (blue). Compared to Reconcile, our algorithm converges at a similar rate
and decreases the loss by a larger amount on the test dataset. Right two figures: We
compare the LossGap of Decision-Calibration (green) to that of Decision-Calibration
with a run of ReDCal as post-process (red). Our proposed algorithm can improve upon
Decision-Calibration output predictors and further reduce the loss on the test dataset.
Results are averaged over 500 runs and the shaded region indicates +1 standard errors.

9.4.2 HAMI10000 Multi-class Classification

We use the HAM10000 dataset (Tschandl et al., 2018) on pigmented skin lesions to
predict the probability that a patient has contracted one of 7 possible skin diseases. The
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results are shown in Figure 9.3. For a detailed description and discussion of the results

of this experiment, see Section F.VI.

Predictor_1 Test Predictor 2 Test Predictor_1 Test Predictor_2 Test
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---- Reconcile ReDCal ---- DecisionCalibration —— DecisionCalibration+ReDCal

Figure 9.3: ReDCal decreases decision loss on the HAM10000 dataset. The comparisons
and results are similar to that of Figure 9.2. Results are averaged over 10 runs and the
shaded region indicates £1 standard errors.

9.5 Conclusion

Predictive multiplicity is a phenomenon in machine learning where the decision-makers
have multiple predictors with nearly equivalent squared loss but vastly different individual
predictions. Leveraging technique from the multi-calibration literature, we propose
an algorithm, ReDCal, that updates a pair of predictors until they approximately
agree almost everywhere on (1) individual predictions, (2) best-response actions in the
downstream decision-making task, and (3) following the best-response actions incur
losses that are close to the optimal loss. We further generalize this result to the settings
where one has more than two predictive models and infinitely many possible downstream
actions. Our theoretical results help alleviate the problem of predictive multiplicity in
model selection. Finally, we provide experiments using real-world datasets to show that
our proposed algorithm achieves lower decision loss compared to existing work. While
we do not provide examples of domain-specific loss functions as part of our analysis and
experiments, we hope that our findings can aid future studies on the impact of model

multiplicity in decision-making.
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Appendix A

Appendix for Incentivizing

Combinatorial Bandit Exploration

A.1 Motivating examples

We spell out three examples of incentivized exploration that are specific to combinatorial
semi-bandits. We frame each example as a recommendation system that recommends
“actions” with a combinatorial structure. A user then can choose to follow such recom-
mendation (i.e., pursue the action), or deviate from it. The BIC condition ensures the

former, in which case the user reports a "reward" for each atom in the action. Thus:

e Recommending online content such as news/entertainment articles. Here, an “action”

is a slate of articles. The platform recommends each user a slate of articles, and
the user can choose to "follow the recommendation": look at each article in the
slate. The feedback for each article is either generated automatically from the
interaction (e.g., dwell time or how far the user has scrolled) or entered explicitly

(e.g., "thumbs up" or "thumbs down").

e Recommending complementary products: e.g., a three-piece suit or the contents of
a child’s pencil box. Thus, an “action” is a slate of products. A user who follows
such a recommendation buys each item in the slate, and eventually reports its

quality (e.g., "thumbs up" or "thumbs down").
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e Recommending driving directions. Here, an “action” consists of a route, which is a
sequence of segments. A driver can choose to follow this route, in which case the

travel time for each segment is reported (e.g., automatically by an app).

Our framing differs from the “usual" framing for combinatorial semi-bandits, much

like the framing for incentivized exploration differs from that for multi-armed bandits.

A.Il BIC analysis for Thompson Sampling

This appendix provides the proofs for Section 3.3, the BIC analysis of Thompson Sampling.
Specifically, we prove Theorem 3.3.1 (that Thompson Sampling is BIC when initialized
with sufficiently many samples) and Corollary 3.3.4 (that the sufficient number of samples

is polynomial in d).

Proof of Theorem 3.3.1 By definition, Thompson sampling is BIC at a particular
round ¢ > Tp if and only if we have E[u(A) — u(A)|A®) = A] > 0 for all (i,7) such that

i # j. This condition can be written as:

B [EO[u(4) - p(4)] PrO[A® = 4]
Elp(4) - p(4)| A0 = 4) =

Pr[A®) = A]
E [EO[u(4) - pu(a)] Pr[4 = A
- Pr[A* = 4]

(by definition of Thompson Sampling)

Observe that the denominator Pr[A* = A] is a positive prior-dependent constant. Hence,
we only need to bound the numerator to satisfy the BIC condition.
Fixing arms A, A’, we can rewrite the numerator as:

¢ (t)
E | B[u(4) - p(4)] PrA” = A4

_E [(Ff [‘Ew) — ()] 1“*‘“”

=K [%[M(A) — p(A)] - 1{A*A}]
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For Thompson sampling to be BIC, it suffices to show that

()
E |E[1(4) - p(A)1{amny| 20

We first prove our observation that the functions (u(A4) — u(A'))4 and 1gg-—4y are
co-monotone in each coordinate of 6, which means they are both increasing in some
coordinates while both decreasing in the other coordinates. Specifically for any ¢-th
coordinate of @, they are both increasing in 6, (given all other coordinates in 6 stay the
same) if Ay (the ¢-th coordinate of A) equals to 1. Otherwise, if A; = 0, they are both
decreasing in 6.

Given any 6 and ¢’ having the same coordinates 6, = 6, (z € [d]) except for the ¢-th
coordinate, 0y > ¢, and for any arm A’ # A,

(0,A— AN — (0, A— A" (A.1)
d d

=D Oa(Ap = A5) = D 0,(Ar — A7) (A.2)
=1 r=1

= (0, — 0))(Ay — A)) (other coordinates are the same except /)
>0, ifA,=1
- 0y > 0, and Ay, A, € {0,1

{SO’ A (00 > 0 and A¢, 43 € {0,1})

Note that 1ya-—a} = 1{u(A)—p(an>0var£a}- Soif Ag = 1, then pu(A)—pu(A’) are increasing
in 0, for all A" # A, especially for Ay = A’. Hence, 1{4+—4} and pu(A) — p(A’) are both
increasing in 6y. Otherwise, if Ay = 0, they are both decreasing in 6.

Hence, we can apply Remark A.IV.3 to lower bound the expression above as follows:

Elu(A) = p(A") - Liae—ay] = E[(1(A) — p(A) 4 - 1pas—ay]

> moin Bl(u(4) - pu(A'))+] Pr[A” = A]

= 1504

where 4 = Pr[A* = A] > irs.
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To finish the proof, we need the following inequality to hold:

it
E[E[(6, A — A")] - Ty — (0, A= A") - 1pe_ay]] < ersla (A.3)

where d4 = Pr[A* = A]. Regrouping and using triangle inequality on the LHS of
Equation (A.3), we have:

Ebﬁwa—Aﬂimgﬁ—WA—wwumﬂﬂ
To Ty
SIE[UEK97A>]—<9rAH']{A*AJ +»E[uEuerAw]—<e,Aw|-1pﬁA}] (A1)

The final step is to bound each individual summand in the inequality above. By the
Bayesian Chernoff Bound (Lemma A.IV.1), we have |[E"°[6] — 6|| is a (nT_sl/ *\/d) times

O(1)-sub-Gaussian random variable. Then, by Cauchy-Schwarz inequality, we have

Ty
[E[(0, A)] — (0, A)| <

COR R

ot

Hence, [ET0[(0, A)] — (6, A)| and [ET0[(0, A")] — (6, A’)| have magnitude at most as
1/2

large as a (ngg’” - d) times O(1)-sub-Gaussian random variable. Then, we can apply

Lemma A.IV.4 to both terms in the inequality (A.4) above and upper bound it by at
most O ((5,4 . n;sl/Q -dy/log ((521)>. Then, using our choice of ntg and drs < d4, we

arrive at the conclusion.

Proof of Corollary 3.3.4 Recall that by Theorem 3.3.1, we have ntg = Crs - d? -
5{52 . log(é_sl). Let ¢ be the version of ers where the min is taken over all ordered
pairs of priors in C. Then we have ers > e¢. Since C is finite and satisfy the pairwise
non-dominance assumption, e¢ is strictly positive.

By definition, érs = minge g Pr[A* = A]. Fix an arm A. Then, we can decompose
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the probability of arm A being the best arm as:

Pr[A* = A] = Pr[(0, A — A') > 0,YA' £ A

=Pr [Zeg— D> 0. >0VA £ A (A.5)
leA zeA’

We observe that the event when A is the best arm is more likely than the event when

each atom in A is larger than 7, and all other atoms not in A is smaller than 7/4. Hence,

we can lower bound the probability above as:

Pr [Ze)g— > 0.>0vA £ A

leA zeA’

>PrVle A6, >7 and Vr¢ A 0, <7/d
=Pr[Vle A0, > 7] -Pr|Vx ¢ A, 0, <7/d] (the prior is independent across atoms)

=E [H Lio;>r) H I{GxST/d}]

leA T A

‘E

Observe that the values {0},c[q are independent, and each function 1yg,> (and
1{9£§T/d}) are co-monotone in each coordinate of §. Then, repeated application of mixed-

monotone Harris inequality (see Remark A.IV.3) implies that

Pr[A* = A] > H E[149,>7}] - H E[l¢,<w/a}] (mixed-monotonicity Harris)
leA ¢ A
= [[ Prl6e = 7] [] Prl6x < 7/d
LeA ¢ A
d
> [ Prloe > 71 Pr(0, < 7/d]
=1

By the full support assumption Equation (3.4), we define a prior-dependent constant

pr = mingeq Pr[fp > 7] > 0. Then, by definition of p, and the non-degeneracy
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assumption Equation (3.5), we have:

d

d
[1Pri6e > 71 Pr(6, < 7/a) > T] o2 - poly(é/r) - exp(—(7/a)~*)
P s

> p? - poly(@*/(r)?) - exp(—d(7/a) ™)

Substituting this expressions and erg into nrg, we have npg = Oc(d3+°‘ log d).

A.IIT Initial exploration: reduction to K-armed bandits

A.I11.1 Proof of Theorem 3.4.1

Recall that we build on an approach from Mansour et al. (2020a), encapsulated in
Theorem 3.4.1. Let us clarify how this theorem follows from the material in Mansour
et al. (2020a).

The algorithm from Mansour et al. (2020a) is modified in two ways: it explores the
arms in the order given by the sequence Vi, ... , V., and the observed outcome from
playing a given arm now includes the rewards for all atoms in this arm. Let us spell out

the resulting algorithm, for completeness.
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Algorithm 12: Hidden Exploration (modification of Algorithm 3 in Mansour

et al. (2020a))
Parameters: L, N € N

1 For the first N rounds, recommend arm V;.

2 Let s; = (rét) eV, te [N]) be the tuple of all observed per-atom rewards
from arm Vi;

3 for each arm V; in increasing order of i do

4 Let A* = argmaxc s E[p(A) | s1, ... ,si—1], breaking ties favoring smaller

index;

5 From the set P of the next L - N rounds, pick a set () of N rounds uniformly

at random;

6 Every agent p € P — @ is recommended arm A*;

7 Every agent p € @ is recommended arm V;;

8 Let sfv be the tuple of all per-atom rewards from arm V; observed in rounds
tew;

9 end

The analysis in Section 5.2 of Mansour et al. (2020a) carries over seamlessly to

combinatorial semi-bandits, and yields the following guarantee:

Lemma A.IT1.1 (Mansour et al. (2020a)). Assume Property (P) holds with constants
np, p, pp and k = k(np) < co. Then Algorithm 12 with parameters N > np and L
satisfying (A.6) is BIC:

0 _ 0
L>1 4 Hmax ™ Mmin (A.6)
TP PP

where il = maxac4 Elu(A)] and ply, = minaea Eu(A)]
Proof of Theorem 3.4.1. It remains to interpret the quantities in Lemma A.II1.1. Accord-
ing to Lemma A.IIl.1, Algorithm 12 is BIC with parameters N > np and L satisfying

Equation (A.6). It suffices to take N = np. Since 09 € [0,1] for any ¢ € [d], we have
0<pd. <pd. <dand 0<pul,. —pl. <d. Additionally, 7p, pp € (0,1). So

0o _ 0
TP - PP TP PP TP PP
And thus it suffices to take I = =% Then we have the total number of rounds

TPpp
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To=k-N-L=k-np-(1+d)/(rp - pp). O

A.Il1.2 Restricted family of arms

Firstly, according to Assumption (3.11) and the reward support © C [0, 1], we observe
that:

the prior/posterior-best arm contains the m prior/posterior-best atoms; (A.7)

the second prior/posterior-best arm contains the m — 1 prior/posterior-best atoms.

(A.8)

Then, according to our choice of np (3.12), we will prove that k = k(np) is finite (i.e.
our arm sequence will contain all atoms at least once). Actually, we will prove k = [d/m|

by proving the following Claim A.III.2.

Claim A.ITI1.2. Assume Beta-Bernoulli priors (3.7-3.8), all arms have a fized size
(3.11), and np satisfies (3.12). Then the arm sequence Vi, Va,- -+, where V; = V"7 have
the following properties:

Vi={(@—1)m+2L:0€[m]}, i€[[d/m]—1]; (A.9)
Vid{i—1m+L:0€[m],(i—1)m+{<d}, i=][d/m]. (A.10)

And thus k(np) = [d/m].

Proof. We will prove by induction on phase i. For phase ¢ = 1, V] is the prior-best arm.
According to the observation (A.7), V; contains the largest m prior-best atoms, which is

Suppose the induction hypothesis is true for all phases up to some phase i € [[d/m]—1].
Denote B; as a subset of atoms having been contained at least once in the first ¢ arms

and B; as the complement subset of atoms. Then

B; = | J V; = [im] and B; = [d] — [im].
Jjeli]
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Recall the definition of Z,” and vy(n), we have for each atom ¢ € B; and ¢’ € B;:

Z,7 =np and v(Z,7) = vy(np) = ap/(og + Be + np);

ZyP =0 and vp(Z,") = vp(0) = ap/(aw + Be) = 0.

Since 0? >, .2 92, we have:
v (Z,7) decreases in ¢’ € B;. (A.11)
By definition of np and 02, > 93, we have:
ag/(ag+ Be+np) < ag/(aqg+ Ba) < aw /(0w + Br) = by
Thus:
ve(Z,7) < vp(Z,7),Nl € B, l' € B;. (A.12)

Combining (A.11)-(A.12) and according to the observation (A.7), we have V;; for phase
i+1. If i € [[d/m]—2], we have |B;| = d—im > m+1. Thusim+1 < --- < (i+1)m < d—1
and Vi1 = {im + £ : £ € [m]}. Otherwise for i = [d/m] — 1, we have 1 < |B;| < m.
Thus Viy1 D B; = {im + £ : £ € [m] and im + £ < d}. Thus, the induction hypothesis is
true for phase i + 1 and we complete the induction proof. And since Vi, ... , Vig/m

contain all atoms, we have k(np) = [d/m]. O

Secondly, we define an event and give a lower bound of the probability of this event.
Given any np, N € N (np < N) and H},Vi € [k], define an event & for each i € [k]

saying that the first np reward samples of each atom in |J el V; are 0. Formally,

g=r=0ve |JVitenp]y, Viex) (A.13)
Jjeld]

(t)

where we abuse the notation of 7,7 as the ¢-th round that atom ¢ is being contained.
Since Hév is an empty data set, we define & is a full event, which gives no information

wherever it applies.
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Then, according to our choice of pp(3.14), we will lower bound the probability of the

event defined above in the following claim.
Claim A.II1.3. Assume Beta-Bernoulli priors (3.7-3.8) and pp satisfies (3.14). Then
for any given np < N, with the definition of &;,Vi € [k] (A.13), we have:

Pr(&] > pp, Vi€ [k]. (A.14)

Proof. Firstly, by the prior and reward independence among each atoms:

Pr[&]=Pr rét) =0,V e U Vj,t € [np]
jeld]
= H Pr [rét) =0,Vt e [Tlp]:|
ZGUjE[i] Vi

Secondly, for each given atom ¢, by the independence among realized rewards conditioned

on the mean reward drawn from the prior and iteratively using Harris Inequality:

Pr rét) =0,Vt [np]} :IQE ]E(’tL; [rét) =0,Vt [Tlp]} | Hg]

4 L 7o

=E Pr [rét) =0 | 94 (conditional independence)
% | tefnp) e

=FE H (1—6y) (Bernoulli rewards (3.8))
o t€[np]

> 1-140 Harris i li

> H }E[( /) ] (Harris inequality)
t€[np]

— (1o

Combining both and recall that 9? > > 02:

pri&]> [ -6 = [ -6 =@ —6)" =pp.
teU e Vi £e(d]
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Note that this second part analysis does not rely on (3.11) and we will reuse that
part for the proof of general feasible arm set case in Section A.IIL.3.

Thirdly, according to our choice of 7p (3.13), we will prove the following claim, which

says the expectation XiN conditioned on the event &; almost surely > 7p for any phase

i € [k] and any N > np.

Claim A.III.4. Assume Beta-Bernoulli priors (3.7-3.8), all arms have a fived size (3.11)

and Tp satisfies (3.13). Then for any given np, we have:
Pr[ XN >7p | &o1] =1,Vi€ [K],N > np. (A.15)

Proof. For each phase i € [k], let A; is the second prior/posterior-best arm conditioned

on H;_y and &;_1. According to observation (A.7)-(A.8) and the definition of 7p:

min E [,U(Vz) — w(4) | Hijihgi—l} =E [.U(Vz) — u(A;) | Hﬁl»&ﬂ]

arm A#V;

— Z I/g(ZZLP) - Z I/g/(ZZP)
LEV; UeA;

— . an _ . Zn/,»P
minv(Z,") — min v(Z,")

> min ve(n) — vp(n'

_Z,Z’G[d],n,n’e{(),np}| g( ) Z( )‘

= Tp.

Thus we have Equation (A.15). O

At last, combining the claims above, we have for each i € [k]:

Pr[XiN 27’7>] ZPr[&,l]-Pr[XiN 27'7)|5i,1}

> pp - Pr[ XY >1p | &1 (Claim A.IIL.4)
=pp-1 (Claim A.IIL.3)
= pp,

which implies (P).
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A.I11.3 Arbitrary family of arms

We prove Theorem 3.4.4, reusing much of the proof of Theorem 3.4.2. While the
parameters in Theorem 3.4.4 give a weaker bound on the number of rounds, the proof
becomes more intuitive.

Firstly, we prove & is finite in this following claim.

Claim A.IIL.5. Assume Beta-Bernoulli priors (3.7-3.8) and np satisfies (3.15). Then
k(np) < d.

Proof. Denote the explored atom set up to phase i as B; = | ] V; and the unexplored

€l
atom set as B; = [d] — B;. Denote By = () and By = [d]. Fixed i > 0. Recall the

definition of Z;” and v,(n), we have for each atom ¢ € B; and ¢' € B;:
2,7 =np and v (Z,") = ve(np) = ar/(aw + Be + np);

ZZP =0 and VZ/(ZZP) = 7/[/(0) = aﬁ,/(ae, + /Bf’)

By definition of np and 9?, > 69, we have:

. 1 1 1
ve(Z,7) = ag/(ag + By +np) < gad/(ad + Bq) < gaz'/(azf + B) = sz/(Z/))-

Thus:

1 _
> w(Z;T) < d- —ve(Zy7) = v (Z,7),V' € B;. (A.16)
leB;

Then according to the definition of Vj1, we know V; 1 contains at least one atom ¢ € B;.
So the number of uncovered atoms, i.e. |B;|, decreases at least 1 after each phase. Thus

it takes at most d phases to cover all atoms, which implies x < d. O

Secondly, we reuse the definition of & (A.13) and Claim A.IIL.3 to give a lower bound
of Pr[&;], since this part in Section A.II1.2 don’t rely on Assumption (3.11).

Thirdly, according to our definition of 7p (3.16), we have the following claim similar
to Claim A.III.4.
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Claim A.III1.6. Assume Beta-Bernoulli priors (3.7-3.8) and Tp satisfies (3.16). Then

for any given np, we have:
Pr[X)N >7p | &1 =1,Vi€ [k],N > np. (A.17)
Proof. For each phase i € [k], we have:

min  E[u(V;) = p(A) | HY &) > min E[p(A) - p(A) | HY €1 ]

arm A#V; T A#£AeA
. '
= min ve(n) — ve(n
A#A’EA,n,n’E{O,n'p}Jz;A ( ) Z;A’ ( )’
= Tp.
Then we have Equation (A.17). O

Similar to the last step in Section A.II1.2, combining Claim A.IT1.5, Claim A.IIL.3
and Claim A.IIL.6, we have for each i € [k]:

Pr[XiN 27’73] ZPr[Si,l]-Pr[XiN > 7p | 51’—1]

> pp - Pr[ XN >1p | Eii1] (Claim A.IIL.6)
=pp-1 (Claim A.IIL.3)
= pp,

which implies (P).

A.Ill.4 Motivation for non-degeneracy assumption

Let us provide some motivation for why (3.18) is a mild assumption.

Fix a vector n € N? and define

mp(n) = Ag&A'g\ ve(ne) — E;/ ve (ne)]- (A.18)

Our intuition is as follows: 7p(n) is defined as the smallest difference between ¢©(@

numbers in [—d,d], so typical situation should be that 7p is on the order of e=O(@)

whereas our assumption only requires it to be larger than e~ U@,
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We make this intuition precise, in a sense defined below. We argue that 7p(n) is “not
too small" for “all but a few" problem instances. More formally, we define a distribution
over problem instances such that 7p(n) > Q(cy d2) with very high probability. For
instance, we can make it hold with probability at least 1 — ¢§/2¢ for some small § > 0.

(However, we do not construct one distribution that works for all relevant vectors n
at once, although we suspect that our technique, based on Esseen inequality, might be
extended there.)

So, let us construct the desired distribution over problem instances. We fix d and
the set of feasible arms, and we only vary the per-atom priors. Recall that the prior Py,
for a given atom ¢ € [d] is specified by a pair of numbers, (ay, f¢). Further, recall that
ve(ng) = ag / (ag + Be + nyg), ng € N. We require that vy(ny) is distributed uniformly on

some interval.

Lemma A.ITL.7. Fiz vector n € N%. Suppose for each atom £ € [d), the pair (ay, Be) is
drawn independently from some distribution such that ve(ng) is uniformly distributed in
some interval [ag, by]. Fixz 6 € (0,1). Then it holds that

Pr |:T7D(TL) < 5} < % (A.19)

Remark A.IT1.8. One way to ensure that vy(ny) is uniformly distributed is as follows.

Fix atom ¢, and parameters 3y and ny. Let vy = vy(ny). Note that

g = Bluy) = W (A.20)

Now, just let ay be distributed as ®(Y'), where Y is uniform on [ay, by] interval, where
0 <ay <ap<by <1. Observe that by change-of-variable, when «y is distributed with
®(Y), then vy is distributed uniformly on [ag, by].

To prove Lemma A.II1.7, we invoke the following tool from anti-concentration.

Theorem A.IIL.9 (Esseen inequality). Let Y be a random wvariable. Consider its
characteristic function,

by(\) =E [eMY} . AER.
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Then for any x > 0 it holds that

2w/
Qy(z) =supPr[|Y —y| < z] gx/ [Py (N)] dA.
yeR —27/x

Proof of Lemma A.II1.7. Let vy = vy(ng) for each atom ¢ € [d]. Focus on

X = Zl/g— Z Vyr.

leA e/

We treat X as a random variable, under the distribution over the (ay, B¢) pairs. Without
loss of generality, from here on assume that arms A and A’ are disjoint subsets of atoms.
We will use Theorem A.II1.9 to prove that @ x (z) < 2z for any = > 0.
Since X is a sum of independent random variables +vy, £ € AU A’, the characteristic

function of X is the product of the respective characteristic functions

oxN) = [T we),
Le AUA!
where 1y (X) = 1y, (X) for £ € A, and (X)) = ¢_,,(X) for £ € A
From here on, fix some atom ¢ € A. Since [ty (\)| < 1 for any random variable Y, it

follows that
[Wx (A)] < (b, (N)]-

For the rest of the proof we focus on the characteristic function for vy, ¥(-) := 1y, (+).
Recall that vy is distributed uniformly on some interval [a, b] = [a, be]. A known fact

about characteristic function of uniform distribution is that

oMb _ gida

PY(A) = m-

The rest of the proof is a simple but somewhat tedious integration. By KEsseen

inequality,



186

2w/ x
Qxt@ <z [ oy (A21)
—2m/x
2w/ x piAb _ pida
_ x/zﬂ/$|i>\(b_a)]d)\ (A.22)
2n/T /2 —2cos(Ab — Aa)
=z dA A.23
=y 2
Let w = A(b — a). Then by substitution we have:
2w (b—a)/x _
Qx(z) < :1:/ LCQOS(U)du (A.24)
—2n(b—a)/x u
2n(b—a)/x 2—-2 ZZO: (_1)1:u2n
= ;1:/ \/ 20 Gl g (by Maclaurin series of cos(u))
u
—2n(b—a)/x
2w (b—a)/x 2
—27(b—a)/x 2 4!

When we have |u| < 1, the terms in the integrand are decreasing. Hence, the entire

integrand can be upper bounded by 1. Otherwise,

when |u| > 1, we can upper bound

the integrand by 2/|u|. Hence, the concentration function @Qx(¢) is upper bounded by:

-1

Qx(z) < ac/ idu +
—2r(b—a)/x Ul

1
2w (b—a)/x —9
= x/
1

/.
—dv +
—2log(v)

27 (b

1du+/

1
1

|v] /—1

1du + /
1
27 (b—a)/x

=z + 2+ 2log(u)

1

=2z

2w (b—a)/x 2

—du

Jul
—a)/z 9

—du
ul

/x

(substitution v = —u)

|
2w (b—a)

1

For x = 9/2.84, we have Q x (9/2-87) < d/s. Observe that since A and A’ are subsets of atoms,

there are at most 2¢ possible choices for each arm A and A’. Hence, for a fixed vector n,

there are 4% possible values of X. By union bound, we have Pr[rp(n) < §/2.84] < 6/24.

O



187
A.IV Probabilistic tools from prior work

In this appendix, we spell out some probabilistic tools from prior work that we rely on.

Bayesian Chernoff Bound

We use an easy corollary of the Bayesian Chernoff Bound from Sellke and Slivkins (2021a).

Lemma A.IV.1 (Sellke and Slivkins (2021a)). Fiz round t and parameters ,7 > 0.
Suppose algorithm’s history F; almost surely contains at least e~2 samples of each atom.
Let 0 be a posterior sample for the mean reward 0, i.e., 0 is an independent sample from
the posterior distribution on 6 given Fy. Then for some universal absolute constant C,

we have

Pr[Hé—OH 275] <C.e e (A.26)

Pr[|[E[6]F] — 6] > re] < C e /C (A.27)

Proof. Sellke and Slivkins (2021a) contains this result for d = 1 atoms. Here, we apply
the result from Sellke and Slivkins (2021a) to each atom separately, using the fact that

the Bayesian update is independent across atoms. O

Harris Inequality

We invoke Harris Inequality about correlated random variables.

Theorem A.IV.2 (Harris (1960)). Let f,g: R™ — R be nondecreasing functions. Let
X1, , X, be independent real-valued random variables and define the random vector

X = (X1, -, X,) taking values in R™. Then

E[f(X) 9(X)] = E[f(X)] E[g(X)]

Stmilarly, if f is nonincreasing and g is nondecreasing then

E[f(X) g(X)] < E[f(X)] E[g(X)]
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Remark A.IV.3 (Mixed-monotonicity Harris inequality). If f and g are both increasing
or both decreasing in each coordinate, then the results of Theorem A.IV.2 still hold since
we can simply negate some coordinates in the parameterization, i.e. we view f and g as
increasing function of —z; instead of decreasing function of x;. We refer to this in the

proof as the mixed-monotonicity Harris inequality to highlight this subtle modification.

Tails of sub-Gaussian distribution

Lemma A.IV.4. If random variable X is O(1)-sub-Gaussian and event E has probability
Pr(E] < p, then E[|X - 1g[] < O(py/log(1/p))

A.V Initial exploration: reduction to Incentivized RL

This appendix spells out the analysis for Section 3.4.2: the approach for initial exploration
by reduction to incentivized reinforcement learning (RL) (Simchowitz and Slivkins, 2021a).

In this section, we build on an algorithm from Simchowitz and Slivkins (2021a),
called HiddenHallucination, and their guarantee for this algorithm. We state their
setup and guarantee below. (The specification of their algorithm is unimportant for our

presentation.) Then we use it to prove Theorem 3.4.6.

Incentivized RL: the setup and the guarantee

The setting is as follows. Consider an MDP with S states, A actions and H stages,
where H is the time horizon. We write € [S], a € [A], and h € [H] to represent states,
actions, and stages, respectively. In the following analysis, we often refer to (x,a,h)
triples. We consider a set of feasible (x,a, h) triples called FEASIBLE C [S] x [4] x [H].
(In Simchowitz and Slivkins (2021a), FEASIBLE = [S] x [A] x [H], but we will extend
their result to an arbitrary FEASIBLE.)

The “true" MDP is denoted by ¢. Let r4(z, a, h) be the expected reward if action a is
chosen at state x and stage h. We posit a Bayesian model: ¢ is chosen from a Bayesian

prior P.
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Then, we consider the setting of episodic RL, where in each episode ¢ an algorithm
chooses a policy 7(*) in this MDP.! The chosen policies must satisfy a similar BIC

condition: for each round t € [T7,
E[V(x) —pu(x") | 7® =x]>0 ¥ policies 7,7" € A with Pr[z) = 7] >0,

where V(m) is the value (expected reward) of policy 7. Essentially, this is the same
condition as (3.1), where arms are replaced with policies.

We only need the guarantee for HiddenHallucination for an MDP with deterministic
transitions (but randomized rewards). This guarantee depends on the following prior-

dependent quantities:

dpun(€) = Prry(z,a,h) < e,V(z,a,h) € FEASIBLE], (A.28)

a = 3 : 7h . A29
0 B B ) am)

The guarantee is stated as follows.

Theorem A.V.1. Consider an arbitrary prior P. Fixz parameters 6 € (0,1]. As-
sume that ray > 0 and qpun = dpun(Epun) > 0, where epun = ra/18H. Consider
HiddenHallucination with punishment parameter epun, appropriately chosen phase
length npy, and large enough target n = ny,. This algorithm is guaranteed to explore
all (xz,a,h) € FEASIBLE with probability at least 1 — § by round Ny, where n and Ny are
specified below.

For some absolute constants c1, co, it suffices to take

SAH
n:nlrnzcl-r_lffﬂ S+log — |,
& 0 - Talt - Jpun

Ny :Cz'n'qpun-r;I?-SAH4

In particular, for anyn > 1, one can obtain Ny < n-qpun-poly (r;ltlSAH ) -log (5_1qgu1n )

As we mentioned above, Simchowitz and Slivkins (2021a) guarantees Theorem A.V.1

!By default, MDP policies are Markovian and deterministic.
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for FEASIBLE = [S] x [A] x [H]. Below, we show how to extend it to an arbitrary
FEASIBLE = [S] x [A] x [H].

Theorem A.V.2 (Simchowitz and Slivkins (2021a)). The guarantee in Theorem A.V.1
holds for FEASIBLE = [S] x [A] x [H].

Remark A.V.3. The relevant result, Theorem 5.5 in Simchowitz and Slivkins (2021a) is
stated for MDPs with randomized transitions. In this more general formulation, (A.28)
and (A.29) are conditioned on an object called censored ledger, and then a minimum
is taken over all such objects. However, this conditioning vanishes when the MDP
transitions are deterministic. (This follows easily from Lemma 6.2 in Simchowitz and
Slivkins (2021a), essentially because censored ledgers do not carry any useful information.)

We present a version without censored ledgers, because defining them is quite tedious.

Proof Sketch for Theorem A.V.1. Start with an arbitrary FEASIBLE. We modify the
MDP as follows. Add two terminal state, GOOD and BAD, such that where we deter-
ministically transition into BAD if (z,a,h) ¢ FEASIBLE. Otherwise, at the end of the
MDP, we go into GOOD. We let BAD yield reward 0, and GOOD yield reward H 4+ 1. With
this modified MDP, even if all (z,a,h) triples are allowed, any BIC algorithm would
only choose feasible policies, i.e., policies that only choose (z,a,h) € FEASIBLE. So, we
conclude by invoking Theorem A.V.2. O

Proof of Theorem 3.4.6 for combinatorial semi-bandits

Now, let us go back to combinatorial semi-bandits and prove Theorem 3.4.6. We start
with an instance of combinatorial semi-bandits and construct an MDP as specified in
Section 3.4.2. Then we invoke Theorem A.V.1. To state the final guarantee, it remains to
interpret (and simplify) the quantities in Theorem A.V.1 for a particular MDP obtained
with our construction.

First, recall that H = A = d and S < d, where d is the number of atoms.

Second, r¢(z,a,h) is simply 6, the expected reward of the corresponding atom ¢.

Accordingly,

Talt = min E[ef] >  min E [96] = £0.
atoms ¢€[d] priors P,€C 9,~P,
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Note that eg is determined by the collection C of feasible per-atom priors.

Finally, observe that qpun is the probability of all (z,a, h) triples have low reward:
gpun(€) = Pr[fy < e: V atoms /£ € [d]]

We can divide all (z, h, a) triples into classes, where each class represents an atom. Since

our prior is independent across the atoms,

Jpun = Ypun (ralt) > dpun (50)
=Pr([0; <ep: Vatoms ¢ € [d]]

= HPI‘[Q@ﬁ&“o]

Leld]

d
> min  Pr [0, <ego] ) .
priors PyeC 0y~Py

Again, the expression in (-) is determined by the collection C.



Appendix B

Appendix for Incentivizing
Compliance with Algorithmic

Instruments

B.I Theorems and Lemmas

Theorem B.I.1. (Chernoff Bound for unbounded sub-Gaussian random variables)

Let Xq,..., X, be independent sub-Gaussian random variables with parameter o. Let
X=15" X, Foralle>0,

n

— —ne?
P[|X]>¢] Sexp{ 53 }
Corollary B.1.2. (High probability bound on the sum of unbounded sub-Gaussian random
variables) For any § € (0,1), with probability at least 1 — 0,

|Y‘ o /210g7§1/5)

Theorem B.1.3. (Chernoff/Hoeffding’s inequality) Let Xi,...,X, be independent and
bounded random variables such that a < X; <b for all i. Then

1 & —2ne?
P [n ;Xi —E[Xi] > 5] < exp <(b—a)2>

192
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Corollary B.1.4. (High probability upper bound on the sum of bounded random variables)
For any ¢ € (0,1), with probability at least 1 — 0,

log(1/9)

E[X] — ZX < (b—a) —

n

where X; € [a,b] for all i from 1 to n.

Lemma B.1.5. (Cauchy-Schwarz Inequality) For any n-dimensional vectors u,v € R™,
the L>—norm of the inner product of w and v is less than or equal to the L>*—norm of u

times the L>—norm of v, i.e.

[, o)l < Jlully - [Jvlls -

Alternatively, for any m x n-dimensional matrices A € R™*" and n-dimensional vector
v € R", the L?—norm of the dot product of A and v is less than or equal to the spectral

norm of A times the L?>—norm of v, i.e.
[Av]ly < [|Afly - [[vll, -

Theorem B.1.6. (Matriz Chernoff) Consider a finite sequence Xy, of independent,

random, self-adjoint matrices with common dimension d. Assume that:
0 < Amin(Xg) and  Apax(Xx) <w  for each indezx k.

Introduce the random matriz Y = ), Xj. Define the minimum eigenvalue fipyn and

mazximum eigenvalue imq, of the expectation E[Y].

Hmin = )\min {E[Y]} = )\min {ZE[Xk]} y and

k

e = A (BT} = M {mek]}

k
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Then, for 8 > 0,

1—e? 1
E[)\mln(yﬂ > T,Umin — éLlog d, and

e —1 1
E[Amax(Y)] < 7 Imax + ngogd
Furthermore,
6—6 Mmin/w
PAmin(Y) < (1 — &) ptmin] < d [(1_5)15] fore e[0,1)
eE Hmax/w
max(Y) < (1 max| < - >
PAmax(Y) < (1 + €) ftmax] d|:(1+€)1+€:| fore >0
Theorem B.1.7. (Union bound): For a countable set of events Ay, Aa, ..., we have

P

U4

<> P(A)

B.IT IV Estimator Proof for Control-Treatment Setting

Recall that our reward model can be stated as the following equation:
Y = Ox; + gi(ui) (B.1)

To analyze the Wald estimator, we introduce two conditional probabilities that an
agent chooses the treatment given a recommendation 4y and 41, given as proportions

over a set of n samples (z;, z;)I"; and formally defined as

~ ~ Zﬁ—l l’i(l — Zz)
Yo= P [ =1]z=0=TL7
(@627 i (1= 2)?

= B = 1 = 1] = LA
_ 1)z = 1] =
(0,21 D17

and
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Then, we can write the action choice x; as such:

i =%z + %1 —z)+n
=z + Y +

where 1; = x; — 12; — Jo(1 — 2;) and 4 = 41 — o is the in-sample compliance coefficient.

Now, we can rewrite the reward y; as

yi =0 (2 + 40 +m) + g
= @A (ui)

Y zi+ 030 + 0ni + g;
K

no(u)
=197

Let operator - denote the sample mean, e.g. y = %Z?:l y; and g = %Z
=130 1 =0, by definition.
Then,

y=BzZ+0%+60n+g+¢E
Thus, the centered reward and treatment choice at round ¢ are given as:
O(z; — 7 (us) =
(i —2)+9; " =9
§=Blzi—2)+ 00 —0) + 9" g (B2)

T — % =42 —2)+mi— 10

N
Il

Yi —
y —

This formulation of the centered reward y; — ¥ allows us to express and bound the error
between the treatment effect # and its instrumental variable estimate és, which we show

in the following Theorem 4.2.1.

Theorem 4.2.1 (Finite-sample error bound for Wald estimator). Let 21, 22,...,2, €
{0,1} be a sequence of instruments. Suppose there is a sequence of n agents such that
each agent i has their private type w; drawn independently from U, selects action x;

under instrument z;, and receives reward y;. Let sample set S = (x;,yi, zi)1—,. Let
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A ({0,1}" x {0,1}™ x R™) — R denote the approzimation bound for set S, such that

204+/2nl0g(2/9)
> i (i — 2) (2 — 2)]

and the Wald estimator given by (4.3) satisfies

A(S,90) ==

)és - 9) < A(S,4)

with probability at least 1 — &, for any ¢ € (0,1).

Proof. Given a sample set S = (z4,9i,2i)l~, of size n, we form an estimate of the
treatment effect Ag via a Two-Stage Least Squares (2SLS). In the first stage, we regress
1y; — y onto z; — Z to get the empirical estimate Bg and x; — T onto z; — Z to get 45 as

such:

g i izt (Wi — D)(2 — 2) an o (@ = T)(2 - 2)
- A HOE

In the second stage, we take the quotient of these two empirical estimates as the predicted

treatment effect és, ie.

hy = s _ (Z?zl(yi — ) —2)> (Z S (2 — 2)? )

iz (T — 2) (21 — 2)

(B.4)

Next, we can express the absolute value of the difference between the true treatment

effect # and the IV estimate of the treatment effect g given a sample set S of size n as
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such:

= m : -0 (by Equation (B.2))
L T (o -9) =2
i (i = 7)(z — 2)

2 (6 -9) (- 2)|
TS (@ —2)(z — 7))

In order to complete our proof, we demonstrate an upper bound on the numerator

(B.5)

n
Z (ggu") — g) (zi — 2)' of Equation (B.5) in the last line above in Lemma B.II.1. O
i=1

Lemma B.II.1. For all 6 € (0,1), with probability at least 1 — §, we have

> ("= g) (2 - 2)

=1

< 204v/2nlog(2/9) (B.6)

if the set of ggui) are i.i.d. sub-Gaussian random variables with sub-Gaussian norm og.
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Proof. We can rewrite the left hand side as follows

@
Il
—

Il
.
NGE
—_
YooY YoumnY Yo /N

I

s
Il
—

T

s
I
—

(by the triangle inequality and |z| < 1)

(us)

Now, if g; "/ is sub-Gaussian, then the last line in the system of inequalities above is

given as:

n

> (gf“i) - E[g(“)]) %

i=1

< | /200 Tog{1/51)| + [y /20 Tog (1752

(by Corollary B.I.2, where nq := " | z;)

_l’_

> (o~ Elg™])

=1

n ‘

<204v/2nlog(2/6)  (since n; < n and by Theorem B.1.7, where 6; = 0o = 9/2)

This recovers the stated bound and finishes the proof for Theorem 4.2.1. O

Next, we demonstrate a lower bound on the denominator of Theorem 4.2.1, in terms

of the level of compliance at each phase of Algorithms 1 and 2.

Theorem B.IL.2 (Lower bound on |} ;" | (z; — Z)(z; — Z)| for a type 0 compliant sample
set). Let S = (xi, i, i)}, denote a sample set which satisfies the conditions of Theo-
rem 4.2.1. Furthermore, assume that there are p. fraction of agents in the population
who would be compliant. Recall that z = 23" 2z and & = L3 x;. Then, the

denominator of the approzimation bound A(S,d) (from Theorem 4.2.1) is lower bounded
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as such:

nZ(l—Z) if pe = 1;

|z - 2)p.— (3-2) %_(%6) otherwise.

The second case above occurs with probability at least 1 — & for any 6 € (0,1).

Proof. In this theorem, we formulate the denominator of the approximation bound in
Theorem 4.2.1 in terms of z, since Z is determined by the social planner. For any type
u, let u € U, denote that agents of type u comply; let © € Uy denote that agents of
type u are never-takers (agents which prefer control, according to their prior); and let
u € U; denote that agents of type u are always-takers (agents which prefer treatment,
according to their prior). Let pg and p; be the fractions of never-takers and always-takers,
respectively.

Next, we expand the binomial in the denominator and arrive at the following simplified

form:

n

Y (@i—2)(zi - 2)

=1

(B.7)

n n n
E :L‘Z'Zi—gg .Ii—i’g 2 +Zx
=1 i=1 1=1

n
E X;2; — NZT
=1

First, observe that at any round ¢, the product x; = 1 only when agent 7 is a non-
compliant always-taker or when z; = 1 and agent ¢ is compliant. Formally, for any agent

i, action choice x; = 1 is equivalent to the following:

.%i:IE(Zizl/\uiEUC)\/(UZ‘GUl/\Uich) (B.8)
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Then, the sum )" ; x; can be expressed as follows:

Zwi:Z]l[(zi: 1 Awu; € Uc)\/(ui e Ui N, QUC)]
=1 =1

=> U(zi=1Au €U+ Y L[ €Uy Au; ¢ U]
=1 =1

n
= (Z Zi) (ﬁc:zizl + nﬁncl)
i=1

=n (Zﬁc:zizl + pncl) (Bg)

where we define p..,,—1 as the empirical proportion of agents with types in U. when the
recommendation z = 1 and Py as the empirical proportion of non-compliant always-
takers. Formally, pe.y,=1 = %Z?:l 1[u; € Ue, z; = 1] and ppe1 = %Z?:l T[u; € Uy Auy; &
U.]. Define ppe1 to be the proportion of non-compliant always-takers in the population of
agents. Then, in expectation over the randomness of how agents arrive, E[pe.z,—1] = pe
and E[pnc1] = Pnet-

Next, we rewrite the sum ;" | ;2 in terms of Z and some population constants.

Observe that at any round i, the product x;z; = 1 only when both z; = 1 and z; = 1.

Thus, by Equation (B.8), for any agent i, the event x;z; = 1 is equivalent to the following:

xizizlzzz-:1/\((zi:1/\ui€Uc)\/(ui€U1/\ui€Uc))
Ezizl/\(uiEUc\/(uiEUlAuiQUC))

Then, the sum ;" | ;2 can be expressed as follows:

n

Zmizi:Z]l[zi: LA (u; € UV (u; € Uy Auy & Ue))
i=1

=1
n
= (Z]l[zi = 1]) (ﬁc|zz:l +ﬁncl|zi:1)
i=1
=nz (ﬁc:zizl +ﬁnc1:zi:1) (B.lO)
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where we define pj,1.,,—1 as the empirical proportions of non-compliant always-takers who
arrive when z; =1 —.e. Pperog;=1 = %Z?:l 1[u; € Uy Aui € Ug, z; = 1]. In expectation
over the randomness of how agents arrive, E[pnci:z=1] = Pnel-

Finally, by Equations (B.7), (B.9), and (B.10), we can provide a high probability

lower bound on the denominator as such:

(by Equation (B.7))

n
= g TiZ; — NZT
i=1

(by Equation (B.7))

‘ (15 cizim1 + Preliz;=1) — NZ (ZPerz;=1 + Pnet)| (by Equations (B.9) and (B.10))
= |nz((1—

pc z;i=1 +pnc1 zi=1 — pnc1)|

( . log2111/251)> T 1og2(;/252) - (pm . 10g(217{53)>>

( 1 -z
(by Theorem B.1.3)
log(3/4) log(3/4) log(3/9)
(1_2 Z)\/ 2nz \/ 2nz _\/ 2n )
( (1-2)p

Y

Y

(by Theorem B.1.7 where §; = 6o = 03 = §/3)

Y%

3 baW®>‘
2nz
nzlog(3/9)

= (1~ 2)pe— (32 5

with probability at least 1 — ¢ for any 6 € (0, 1). O

B.III Missing Proofs for Section 3.8

Claim B.II1.1. For any agent t at round t with recommendation policy m with a positive
probability of recommending either control or treatment, according to the prior P(), j.e.
]Ibmp(ut)[zt = 0] > 0 and Pﬂ-t”])(“t)[zt = 1] > 0. Furthermore, o) and b denote the
inatially preferred and unpreferred actions for any type u, i.e. o™ ;= 1[Epw[0] > 0] and
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b(w) .= 1[Epw[0] <0]. Formally, the following holds:

{(_1)(1(%) E [0z =b"] P [z =b")]> O}
e, P (ut) e, Put)

= {(—1)“”” E [Bla=a™)] P [z=a"]< 0}
e, Put) e, P(ut)
Proof. Note that a(® is defined in such a way that (—l)a(u) Epw [0] < 0 always: if agents
. (w)

of type u prefer initially control, then a(®) = 0 and (=) Epwlf] = Epwl[0] < 0;
if agents of type w initially prefer treatment, then a(® = 1 and (—1)a(u> Epw [0] =
—Epw (0] <0. Then,

Recall that we assume that type 0 agents prefer the control, i.e. the expected

treatment effect E [0] < 0. Then:
P(0)

(_1)a(ut) E [0|Zt _ b(ut)} P [Zt — b(ut)]

Wt,P(ut) ﬂt,’P(ut)
~ (V" E [flze=a®)] P [z =a")
ﬂty'P(ut) TI't,P(“t>
— (-1 E Bl =b")] P [z =b™)]
ﬂ't,P(ut) Wt,P(ut)

_qyale) — o (ut) — (ut)
+(=D*""E [flaz=a"] P [z =a"]
Wt,P(ut) 7rt779(“t)
= (-1 g [g<o.
ﬂt,P(ut)

Therefore, given that both P, pwy[2t = 0] > 0 and P, pylze = 1] > 0 and, by
assumption, (—1)a(ut) Er, plue) 0|z = b(“t)] P, plue) [21 = b(“t)] > 0, then it must be that
(—1)P" Er, ptun 012t = "] P pup [z = )] < 0. O

B.III.1 Algorithm 1 Proofs and Extension 1

Lemma 4.3.2 (Type 0 compliance with Algorithm 1). Under Assumption 4.3.1, any
type 0 agent who arrives in the last ¢ rounds of Algorithm 1 is compliant with any

recommendation, as long as the exploration probability p satisfies

<1 40
p<1+
Ppo) (€] - 4N(0)

(4.5)
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where the event & is defined above in Equation (4.4).

Proof. Let the event & = £(©) (as given by Definition B.III.2). By Lemma B.II1.3, if p sat-
isfies the following condition, then any type 0 agent will comply with any recommendation

of the last ¢ rounds of Algorithm 1:

<1 40
+
= Ppo [£@] — 4u0)

(B.11)

O

Definition B.III.2 (Extension 1 of Algorithm 1). Here, we formalize the recommendation

policy of Extension 1 in Section 4.3.1, which modifies Algorithm 1 in two ways:

1. We redefine event & as €™ such that it is relative to any type u, defined as follows:

2log(2 2log(2 1
€0 = 05t > 10 + oy \/ ! /5)+\/ RO g L8 (B
0 1

where G s an upper bound on the difference between the prior mean of the
treatment versus the control according to type u, i.e. Gt) > Ep(u) [g! — ¢°], and
where Epw [¢°] and Epw[gt] are the expected baseline rewards for initial never-

takers and always-takers.

2. If we are trying to incentivize compliance for always-takers, then those agents in
the exploration set E are recommended control (rather than treatment, as described

in the pseudocode for Algorithm 1).

Lemma B.IT1.3 (Arbitrary Type Compliance with Extension 1 of Algorithm 1). Under
Assumption 4.3.1, any type uy agent who arrives at round t in the last £ rounds of Extension
1 of Algorithm 1 (given in Definition B.111.2) is compliant with any recommendation z,

as long as the exploration probability p satisfies:

4p(ut)
Pwt,'P(“t) [§(Ut)] - 4:“’(Ut)

p<1+ (B.13)

where the event €U is defined in Definition B.IIL.2.
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Proof. This proof follows a similar structure to the Sampling Stage BIC proof in Mansour
et al. (2015Db).

We will prove compliance for any type u in the more general Extension 1 of Algorithm 1,
as given in Definition B.III.2, which admits arbitrarily many types and the option to
incentivize initial always-takers, instead of initial never-takers, to comply.

Let recommendation policy 7 be that described in Definition B.III.2, i.e. Extension
1 of Algorithm 1 which admits arbitrarily many types and allows for the exploration
recommendations to be given in order to incentivize initial always-takers, instead of initial
never-takers, to comply. Throughout this proof, we will assume that the exploration set
F is defined relative to the initial preference of any agent of type u;, who we are proving
compliance for.

According to the selection function in Equation (4.2), if any agent ¢ expects the
treatment effect 6 to be positive, they will select the treatment x; = 1. Conversely, if
they expect the treatment effect 6 to be negative, they will select control x; = 0. Thus,
for any agent of type wus at round ¢, proving compliance entails the expected treatment
effect 6 over the prior of type u; and policy 7 is positive given that the recommendation

z¢ = 1 and negative given that the recommendation z; = 0, i.e.

E [flzze=1]>0 and E [f]z =0] <0.
Wt,P(ut) 7rt773(“t)

Next, we show that we can reduce our proof to demonstrating only one of the above
statements, depending on the prior preference of type u. Let a(® and b denote the
prior preferred and unpreferred actions for any type u, i.e. a(® = 1[Epw (0] > 0] and
b = 1[Epq [0] < 0]. Because policy 7 (Algorithm 1 extension) is designed in a such
way that at any round ¢ in the last £ rounds, treatment or control is recommended
each with positive probability —i.e. }P’m’p(ut)[zt = 1] > 0 and IPm,P(ut)[zt =0] >0,—
Claim B.IIL.1 applies and the following holds:

{(‘”““‘m Blze =] p [zt=b<uﬂ>]zo}
g, P(ut) e, P(ut)

= {(—1)1’(”" E [Blzz=a")] P [2=a"]< 0}.
e, P(ut) 7y, P (ut)

Thus, at round ¢, in order to prove compliance for agents of type u; with prior
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preferred and unpreferred actions a(*) and b(ut), respectively, it suffices to demonstrate
that (—1)a(ut) B, pao 0]zt = b)) Py, pun[2t = b(#)] > 0. The remainder of the proof

is devoted to demonstrating this.
We first rewrite  E = [0]ze = b")] P [z = b(")] in terms of the event £(");

7T1;,P(ut) ﬂt’P(ut)

E [0z = b(ut)] P [z = b(ut)]

e, P(ut) e, P(ut)
= E [Blza=b0" &tgdE P [z =0b") &t¢E]
e, P(ut) e, Put)
+ E [flze=b") &teE] P [z =b") &t eE]
e, Put) e, P(ut)

(for explore set E defined relative to recommend action b(*))

= E [flE&tgE] P [E&tgE]

7y, P (ut) e, Put)
+ E [Alze=b") &teE] P [z=>0") &tecE]
7Tt77)(ut) Trt7’P(Ut)

(since the only way z; = b(**) when exploiting (i.e. when ¢ ¢ E) is when event ¢ occurs)

= E [lE&tEE] P [E&tgE+ E [0t€E] P [teE],
7y, P (ut) e, P(ut) Ty, P(ut) Ty, P (ut)

(t € E = 2 =1 by definition of F)
= E [6] P [[] P [t¢E]+ E [0] P [teE]

e, P(ut) e, P(ut) e, P(ut) e, P(ut) e, P (ut)
(since Lte Fand & Lt ¢ E)
=(1-p) E [0 P [l+p E [0] (since agent t € E with probability p)
e, P(ut) e, P(ut) e, P(ut)
=(1-p) E [0K] P [§]+put™ (by definition, E [0] = p™)
e, P(ut) e, P (ut) e, P(ut)

(B.14)

Now, we can rewrite our compliance condition as such:

D) E Bla =0 P[5 =0b")]>0
e, P(ut) e, Put)

E(—l)a(u”<(1—p) E [0 P [£]+pu<“)>20.

e, Put) 7, P(ut)

Now, we rewrite this compliance condition strictly in terms of the exploration probability
p and relative to a number of constants which depend on the prior Plu)  Thus, if we set

p to satisfy the following condition (in Equation (B.15)), then all agents of type u will
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comply with recommendations from policy 7 (Algorithm 1 extension):

D) E Bz =0 P [z =b")] >0
7Tt77)<ut) Tl't,P(ut)

<—1>a‘““<<1—p> E [flc)] P [§<“t>]+pu<w>>zo (by Equation (B.14))
7Tt,P<ut> 7rt773'(“'t)

<—1>‘*””( E_[IE™] P [E—p E ™) P [§<ut>]+pu(“t)>20
7'|'t773(“'t) 7rt777('“'t) 7rt773(ut) ’7Tt,7)<ut)

(=) (M,Eut)[e’f(ut” B - M) 2 ()R (ol pis)
Eq, ptun) (016 Py, pun) (€]
E, ptuo [01E“O] P, prun [E@0] — p©
(since (—1)a<ut)+1p (Eﬂhp(ut) (0] ¢ ()] Pmﬂ;(ut)[ﬁ(“t)] — ,u(ut)) < 0 for any u!)
N(ut)

Em,P(“t) [9’5(%&)] Pm,P(ut) [é(ut)] - M(ut)

p<

(B.15)

p<1+

Finally, we can further simplify the upper bound on p given in Equation (B.15) above
by showing that E,, pw,) [0]£(#)] satisfies some constant lower bound. This will complete
our proof.

For any type u, the baseline reward ¢(*) is a random variable independently distributed
according to a sub-Gaussian distribution with variance o(* which is bounded above
by a4, i.e. oW < o4 for any u. Furthermore, recall that G™) > Epu [g' — ¢°], where
Epu[g'] and Epuw [¢°] are the expected value of the baseline rewards of always-takers
and never-takers over the prior of type u;, respectively.

Now, we define 3 clean events: Cy and C; pertain to these baseline reward random

variables, and Cy occurs when the first stage of Algorithm 1 generates at least £y control

a(ue)+1

< 0 and Em,’/?(ut) [0|£(ut)] _M(uﬁ >0,
(ug)+1
a(wt)+ > 0 and Eﬂﬂp(yyf)[g‘g(uﬂ] _

IThis point is not entirely obvious: If a**) = 0, then (=1)
since IEM,P(””[GK(W)} >0 and p < 0. If a9 = 1, then (—1)
p) <0, since B, peup [016] < 0 and p™*) > 0.
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samples and at least ¢; treatment samples:

L

Co=1q9"= > 1{;(%) = ; g < 0] < gy | 22820 logé;/ %) _ mgut){go]
(B.16)
1 : 21og(1/6
G=7 = St L ule) > 0] ;g(“t)]l[u(“t) > 012 =7 gél/ R mJI)E(w[gl]
(B.17)
”
Co := {el <> m<l - eo} (B.18)
=1

where ¢ = 2max(fy/po, ¢1/p1) is the number of rounds in the first stage of Algorithm 1.
Let 6o = 61 = P, pun[§ (u4)] /24. Furthermore, event Cy occurs when the binomial random
variable with success u; = xy = 1 (since xy = u; in the first stage of Algorithm 1) and
success probability p; is lower bounded by ¢; and upper bounded by ¢ — ¢y. For ¢/ =
2max(fo/po, £1/p1) total trials, the probability of this event is less than P, pu,) [£(u)] /24.

Now, define another clean event C where all Cy, C1, and C2 happen simultaneously.
Letting 6 = dg + 61 + d2, the event C occurs with probability at least 1 — § where

o< 7]5’( )[f(ut)]/& We can now rewrite E,, pu,) [0]€ ()] P, plue) [€(#)] in terms of event
e, Plut
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C:
E [0l P [¢M)] (B.19)
7rt777('“'t) 7rt773(“t)
= E g™ p ™.+ E [BIE, -] P [, (]
ﬂt’P(ut) 7|'t’7)<ut) ﬂt’P(ut) ’ﬂ't,P(ut>
> E [, el p [¢™).c]-6
ﬂt’P(ut) 7Tt,7)<ut)

(since P, p(up [~C] < 6 and § > —1 by definition)

7Tt,73(“t) Wt’P(“t) Wt,P(ut)

> E w&%a( po[¢™)] - P[%O—é

> E [9|5<“t>,C]< P [5“‘“]—6)—6

Wt,P(ut) 7rt773(“t)

= E [0]™),C] P[wﬂ—60+ E[%Wuﬂ

Wt,P(ut) 7rt773(“t) Wt,P(ut)
> E [0, c] P[] =20  (since E [9]¢™),C]<1) (B.20)
7rt777('“'t) 7rt773(ut) 7Tt,73<ut)

This comes down to finding a lower bound on the denominator of the expression above.
We can reduce the dependency of the denominator to a single prior-dependent constant
P, plu) [€()] if we lower bound the prior-dependent expected value Er, peo [01€ (ue)],
That way, assuming we know the prior and can calculate the probability of event &),

we can pick an appropriate exploration probability p to satisfy the compliance condition
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for all agents of type 0. Then:

E [0]¢™),C]
e, P(ut)

2log(1/4 2log(1/6
7t > 7" + o 08(1/0) |  [2108(1/0) +G<“t>+ .C
70, P(ut) to b

2log(1/6 21 (1/6) 1
> B 99>—Zg—?29+ g(\/ Ogg(o/) 8 /) “t+2,c]

2log(1/6 2log(1/02)
= E 99>—< E [¢°] —o, Og(/1)>+ E [¢'] — 09| ——— Og /2
0, Pt 70, Put) 4 7y, P )
2log(1 21 (1
+%(¢ ox(1/8) cg/a) oo, 1 C]
0

Il
&=
>

(by event C)
2log(2/d 2log(2/d
= E |0]6>-0, 08(2/0) _ [2os2/0) ) | B 11 ooy (B.21)
7y, P (ut) 60 él 7y, P(ut)
2log(2 2log(2 1
O N ETCT S E A N
y 2 2
(by Theorem B.L.7, where 61 = d2 = §/2)
> E [9 0> E [¢"-¢ - E [¢"—9¢"+ L (by definition of G(%))
0, Put) 70, Put) o, Plut) 2
1
= B.22
>3 (B.22)

Hence, the term E,, p(u,) [0)€())] Py, plu) [£()] satisfies the following lower bound:

E [0 p [¢™)]> ® [9lE@),.c] P[] —26 (by Equation (B.20))

7ri’73(ut) 7Tt,7)<ut) Wt,’P(ut) 7rt’73(ut>

1

>> p [¢MW] -2 (by Equation (B.22))
2 o, plur)

_ Pﬂt,?(ut) [f(m)] 4 Pﬂ't,P(ut) [f(m)] _95

N 4 4
Py, pun [€0)

> tp(:[g] (since & < P, p(ur) [€()]/8)

Substituting this into Equation (B.15), we arrive at a lower bound to set the exploration
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probability p for the agent any round ¢ with type u; to comply with recommendation

policy m; (extension of Algorithm 1):

4’u(uf)

p<1+
Pm,P("t) [g(m)] - 4:U“(Ut)

O

Theorem 4.3.3 (Treatment Effect Confidence Interval after Algorithm 1). With sample
set Sp = (x4, Y, zi)le of £ samples collected from the second stage of Algorithm 1 —run
with exploration probability p small enough so that type 0 agents are compliant (see
Lemma 4.3.2),— approximation bound A(Sy,d) satisfies the following, with probability at
least 1 —6:

’és — 9‘ < A(Sp,0) < 2991 2log(5/9)
¢ = ’ = 5
p(L— p)poV/T — (3 — p) /218 CID)

for any 6 € (0,1). Recall o4 is the variance of )| po is the fraction of compliant
never-takers in the population of agents,>and A(Sy,d) is defined as in Theorem 4.2.1.

Proof. First, Theorem 4.2.1 demonstrates, for any §; € (0,1), with probability at least
1 — 471 that the approximation bound

A 20,+/2010g(2/6
605, < A(S,0) = 2oV 20108(2/0) (B.23)

(S — @)z - 2)|

Next, recall that the mean recommendation z = p for exploration probability p in the
second stage of Algorithm 1. We assume Algorithm 1 to be initialized with parameters
(see Lemma 4.3.2 for details) such that its recommendations are compliant for agents of
type 0. In the worst case, only type 0 agents are compliant. Therefore, Theorem B.II.2
implies that, for any d, € (0, 1), with probability at least 1 — d2 that

> pe(poa — ) - lost 52)). (B.24)

4

> (@i —2)(zi - 2)

=1

With a union bound over Equations (B.23) and (B.24) while letting §; = dy = g for any
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5 € (0,1), we conclude: with probability at least 1 — 9,

A(Sp.8) < 204+/2010g(3/9) B 204+/210g(3/9)

P€<p0(1—/?)— W‘W) P(Po(l—p)\/z— (1—P>1205(3/5)>

B.IV Missing Proofs for Section 4.4

B.IV.1 Algorithm 2 Proofs

Lemma 4.4.2 (Algorithm 2 Partial Compliance). Recall that Algorithm 2 is initialized
S0

with input samples So = (24, Yi, 2i);—y - For any type uw with the following prior preference
(control or treatment), if Sy satisfies the following condition, with probability at least

1 — 9, then all agents of type w will comply with recommendations of Algorithm 2:

T Ppw) 0 > 7]/4 if Ep 0] < 0;
TPpw [0 < —7]/4  if Epw(d] >0,

A(Sp,0) <

for some T € (0,1), where A(Sy,0) is the approximation bound for Sy and any § € (0,1)
(see Theorem 4.2.1).

Proof. Just as in the proof for Lemma B.IIL3, let a(* and b denote the prior preferred
and unpreferred actions for agents of any type u, i.e. a(® := 1[Epw (0] > 0] and
bW = 1[Epw (0] <0]. Let 7 denote the recommendation policy defined by Algorithm 2.
At any round t of Algorithm 2, recommendation policy m; has a positive probability of
recommending either control or treatment, according to the prior P for type uy, i.e.
]P’Mp(ut)[zt = 0] > 0 and Pm,P(“t)[zt = 1] > 0. Thus, by Claim B.IIL.1, the following
holds:

{(‘”““‘”E bl =b0] P [zt:b<“t>1>0}
e, P (ut) e, P(ut)

é{U)”“‘“E bl = al™0) P [Zta“””d}
e, Put) Ty, P(ut)

and it suffices to prove the premise (—1)a(ut> Ep(ue) 012t = blu)] Ppue) ,[2t = b >0
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in order to prove that agent ¢ of type u; complies with recommendation z;.

Recall that the sample set S};’EST is made up of the best samples up until phase ¢ of
Algorithm 2, i.e. the samples which produce the smallest approximation bound A4,. The
treatment effect estimate derived from set S}fEST is denoted éq. We define the event C as
the event that the treatment effect estimate éq satisfies the approximation bound A, at

every phase ¢ throughout Algorithm 2:
C:= {VqZO: 60 — 0, <Aq}. (B.25)

By Theorem 4.2.1, for event C, the failure probability P[=C] < §. Furthermore, we
assume here that
T]Pﬂt,‘[D(“t) [027’]
2(r Pwt,P(ut) [0>7]+1)
TPwt,P(“t) [o<—7]
Q(Tpnt,ﬁ'(ut) [9<—T]+1)

if p(u) < 0;

if () > 0.

Therefore, since || < 1, we have:

D)™ E Bl =b] P fer =]
,P(ut),ﬂt 7)(“75>,7Tt

_ (_1)(1(“15) < E [9|Zt — b(ut)’C] P [Zt — b(Ut%C])
,P(ut)’ﬂ't P(uf),ﬂt

+ (71)0,(1%) ( E [0|Zt = b('lldi)7 _|C] P [Zt — b(ut)’ _‘C]>
Pt) my Put)

> (—1)a™ <P(u]E) 0]z = b, C] 7><P> [z = b(¥), C] — (1)“(%)5)
t) e Ut Tt

TP punlf > 7]
27 P, pun [0 > 7] + 2

> (-1)*" < E [la=b"C] P [a= b<“f),C]>
Plut) iy Plut) e

In order to lower bound the last line above, we marginalize

B, pao 0]z = ACON Ppue) , [2t = b(#) C] based on four possible ranges which @ lies
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on:
E [0lze =b").C] P [z =0b") (]
P(“t)th P(ut),ﬂ't
= E [flz=b"),C,(-1)"0>7] P [z =0 (~1)"""0 > 1]
m, P(ut) e, P(ut)
+ B [Bla=b".c0<(-1)"0<1] P [z=>0")C0<(-1)"""0< 7]
e, P(ut) 70, P(ut)
+ R [0z =), C,—24, < (=1)7"0 < 0] Pz = b, C, —24, < (—=1)2"0 < 0]
Wt,P(ut>
+ R Bl =b").C, (-1 < 24, P [z =0b")C,(—1)"" 9 < —24,
TI't,P(“t> 7rt777(ut)

(B.26)

Because A, is the smallest approximation bound derived from samples collected over

any phase ¢ of Algorithm 2 (including the initial sample set Sp), the following holds:

24, < 2A(So, 5)

TPy, puo[(—1)*"0 > 7]

2
(by assumption A(Sp,d) < T]I”Whp(ut)[(—l)a(ut)@ > 7]/4)
<T

Conditional on C, |6 — éq| < Ay. Thus, we may reduce two of the terms in Equa-
tion (B.26) above, based on the structure of Algorithm 2. First, from the first term in
Equation (B.26), note that

()"0 >7>24, = (-1, >7-A,> A,

which invokes the stopping criterion for the while loop in Algorithm 2. Thus, type u;’s
preferred action a(“Y) must have been eliminated from the race before phase ¢ = 1 and

the unpreferred action b(*) is recommended almost surely throughout Algorithm 2, i.e.

P [z=b0),C(-1)"0>7= P [C,(-1)"">7].
., P(ut) g, Put)
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Second, from the last term in Equation (B.26), note that

A~

()"0 < —24, = (-1)"", <-4,

by phase ¢ = 1 and the unpreferred action ) is recommended almost never, i.e.

P [z= b(“t),C, (_1)“(ut)9 < —24, =0.
7|'t773(u1:>
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Substituting these probabilities back into Equation (B.26), we proceed:

(DB Bl =b00,C) P [z = b0, C]
Plut) Put)

:(_1)a(ut) ( E [6‘67 (_1)a(ut)0 > 7_] P [(:,7 (_1)a(ut)6 > T]
., P(ut) g, P(ut)

+ E [fla=0.c0<(-1)""0<7] P [z=>0"),C0<(-1)"""0 < 1]
e, P(ut) g, P(ut)

+ E[0]2 = b ¢, —24, < (—1)*"0 < 0] P[zy = b®),C, —24, < (—1)*"0 < 0])

> (—1)a" ((-1)!1‘“”711»[(:, (=1)2"0 > 7]+ 0 - Plzr = b, C,0 < (—1)*""0 < 7]

—(—1)*"24, P [t = ) C,—24, < (-1)“"0 < 0])
T, Pt

> (-1 ((—1)““% B (-2 - <—1>a<“t’2Aq>
e, Pt

(ug)
N TP a[(—D)E 0 > 1
> P [C, (_1)0,( t)9 > 7_] o e, Pl t)[( ) ]
ﬂ't’P(ut) 2

(ut)
v u TP an | (=1) 70 > 71
sr P -0 ez p (-1 g - [ Erer O |
e, Plet) g, P(ut) 2

()
B TPm,P(ut)[(_l) o > 7]

>(1-0r P [(-1)7"0 > 1]

o) 2
1 .
_ < _ 5) F P (=)0 > 7]
2 e, P(ut)

(ut)

1 TP, pan (-1 0> 1 )

> = = e, Put) [( )(u ) ] r P [(_1)(1( t)e > 7—]
2 27 IPTFt,P(“t) [(_1)(1 “o Z 7_] + 2 TI't,P(“t)

TPy, pan [(-1)2"0 > 7]
27 Pwt,?(“t)[(_l)a(w)e > T] +2
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Putting everything together, we get that

(_1)a<ut) E [9‘2’75 _ b(ut)] P [Zt _ b(ut)]
P("%)ﬂrt P(ut),ﬂ't

> (-0 E Bla=b"0] P [z =00C]
Plut) g Pur)

+ E [fla=b",-Cl P [z=0b", ﬂC]>
P("%)ﬂrt P("%)ﬂrt
alut) alut)
TP pun (D027 TP pan (D)0 > 7]
T 2P, pn (1O > 7] 42 27 P, pun [(—1)27V0 > 7] + 2

=0

Therefore, so long as

ASo.d)<r P ()"0 7)/4 and d<r P [(-)"0>7)/2,
7rt,79(“t) 7rt7'P(“t)

any agent of type u; will comply with recommendations from Algorithm 2. O

B.IV.2 Lemma B.IV.1 and Theorem B.IV.2: Full Compliance and

Subsequent Estimation Bound

Lemma B.IV.1 (Algorithm 2 Full Compliance). Suppose that some fraction p. > 0 of
agents is compliant from the beginning of Algorithm 2 and assume that p. < 1. Of all types
u which were not compliant from the beginning, let type u* agents be the most resistant
to compliance. Suppose that phase q satisfies one of the following bounds (depending on

whether type u* agents prefer control or treatment):

2
3204+/21o0g(5/6 .
(2h1pc (( e /50 log(5/ 5))> if Epen 0] <0

1= 2
320 2log(5/6 .
<2hlpc (W +/50 10g<5/5>>) if Epwn[6] >0,

for some T € (0,1) and any 6 € (0,1). Then, with probability at least 1 —4¢, for any phase q
greater or equal to the following lower bound all agents will comply with recommendations

from Algorithm 2.
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Proof. First, recall that the set S, is made up of the input samples Sy plus samples

collected following Algorithm 2 over all phases up to ¢. Let Sq—o = (x, v, 21)122({ denote

Sy sans Sy (i.e. just samples collected following Algorithm 2 up to phase ¢). Note that
for any ¢ € (0, 1), the approximation bound A, < A(S;—o,9).

We want to prove that type v* is compliant by and beyond phase q. By Lemma 4.4.2,

it suffices to prove that the approximation bound A, satisfies the following upper bound

with probability at least 1 — §:3

Aq < T]P)'p(u*)[e > 7']/4 if Ep(u*)[ﬁ] < 0;
Ay <TPpun[0 < —7)/4  if Epwn (6] >0,

for any ¢ € (0,1) and some 7 € (0,1).
In order to prove this, recall that each phase g of Algorithm 2 is 2hq rounds long and
the mean recommendation z = % By assumption, p. proportion of agents are compliant.

Thus, by Theorem B.I1.2, with probability 1 — ¢ for any 6 € (0, 1), the set S, satisfies:

8ag4/21og(3/90)
A(Sy_0,0) <
oo < B o~ ioG79)

By assumption, ¢ satisfies the following lower bound for some 7 € (0, 1):

2
32044/2log(5/0 .
<2h1pc <W +/50 log(5/5)>> if Epws[0] <0

1= 2
32044/21log(5/0 .
(o (V252 + 50ToR570) ) ) if B 620

Substituting these lower bound values for ¢ in A(S;—o, ), we get that the approxima-
tion bound A, satisfies the following inequalities (since A, < A(S4—0,9)):

T Pps) |0 > 7|/4 if Ep)[0] < 0;
4y < A5y 0,6) < pun) 1/ P 0]
TPp(u*)[e < —T]/4 if Ep(u*)[e] > 0.

3Lemma 4.4.2 doesn’t exactly state this: it states that any type u will be compliant if the input
samples Sy satisfy the above bounds. Yet, we can simply imagine that phase ¢ is . Proving compliance
starting from any phase ¢ > 0 is just the same as proving compliance from phase 0. Intuitively, you can
imagine we simply run Algorithm 2 starting at phase ¢ initialized with the samples collected up until
phase q.
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U

Finally, after Algorithm 2 has become compliant for both types of agents, we achieve

the following accuracy guarantee for the final treatment estimate O.

Theorem B.IV.2 (Treatment Effect Confidence Interval from Algorithm 2 with Full
Compliance). Suppose sample set S = (x;, yi, zi)ﬁll is collected from Algorithm 2 during
|S| rounds when all agents comply. We form estimate O of the treatment effect 0. For

any § € (0,1), with probability at least 1 — ¢,

21og(2/9)

‘és—@‘ < 8ay S|

Proof. We assume Algorithm 2 is initialized and allowed to run long enough such that
both types 0 and 1 become compliant at some point. From samples S = (z;, y;, zi)l-‘jl
collected during these rounds (from i to |S|)), we form an estimate g of the treatment
effect 8. By Theorem 4.2.1, this estimate satisfies the following bound with probability

at least 1 — 0 for any § € (0,1):

05 — 0] < A(S,6) = ’;E ( 21| 125(2/5))“
i=1\Ti = T)(Z — 2

(B.27)

Recall that z = % throughout Algorithm 2. Then, by Theorem B.II1.2, the denominator
of the bound in Equation (B.27) above satisfies the following bound:

El
5]

D (i) (2 - 2)| > R (B.28)
=1

Therefore, by Equations (B.27) and (B.28), the confidence interval |fs — 6| satisfies the

following upper bound:
2log(2/96)

ég—e < 8o
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B.IV.3 Proof of Lemma 4.5.2

Lemma 4.5.2 (Lower bound on ¢ for Type v Compliance in Algorithm 2). Recall that
Sy denotes the samples collected from the second stage of Algorithm 1. Let Sy be the input
samples So in Algorithm 2. Assume that p., proportion of agents in the population are

compliant with recommendations of Algorithm 1 and length € satisfies:

2
K1 -
(Tﬂ”pm o> HQ) i PI(FTOW] <0 (4.6)

2
K1 .
(repitremm tm2) W B 0120

{>

80g4/210g(5/9) . ) plog(5/8)
T perp(i=p) PIN 21-p)
0 €(0,1). Then any agent of type u will comply with recommendations of Algorithm 2.

for some T € (0,1) and where k1 := and k2 = (3 for any

Proof. By assumption, Algorithm 1 is initialized so that agents of type 0 comply and we
collect Sy samples from the second stage. Then, for any 6 € (0,1) and some 7 € (0, 1),
approximation bound A(Sy, ) satisfies:

2 21 5
A0 = %m (by Theorem 4.3.3)
p(po(l_p)\/z_ u—p)l;g(i%/é))

2044/210g(3/9)
o o 3 —p) lo 0 —)lo
p(m(l—p) < 809/2108(3/0) _ \ v/(1-p) log(3/ )) _ (1/))12g(3/5))

IN

pop(1=p)T P (0 [0>7] 2po(1—p)
(by Equation (4.6))
< TPpol[0 > 7]
- 4
Thus, by Lemma 4.4.2, if we let the samples Sy collected from the second stage of
Algorithm 1 be the input samples Sy in Algorithm 2, i.e. Sy = Sy, then that agents of

type 0 will comply with recommendations of Algorithm 2.
O

Racing Stage First Part Estimation Bound

Theorem 4.4.3 (Treatment Effect Confidence Interval from Algorithm 2 with Partial
Compliance). With set S = (x4, yi, zi)Lill of |S| samples collected from Algorithm 2 where
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pe 18 the fraction of compliant agents in the population, we form an estimate O of the

treatment effect 0. With probability at least 1 — 9,

8g4+/2log(5/0)

pe/1S] — /501og(5/4)

for any 6 € (0,1), where o4 is the variance of g(ui),

]és . 9’ < A(S,8) <

Proof. First, Theorem 4.2.1 demonstrates, for any §; € (0,1), with probability at least
1 — 47 that the approximation bound

65— 0] < A(5.9) = ’;g V(2’S| loi@/‘gl)) . (B.29)
i (i —Z)(z— 2

Next, recall that the mean recommendation z = % throughout Algorithm 2. We
assume Algorithm 2 to be initialized with parameters such that its recommendations
are compliant for agents of type 0. In the worst case, only type 0 agents are compliant.

Therefore, Theorem B.I1.2 implies that, for any d, € (0,1), with probability at least

1 — 49 that
1]
_ ~ S| [log(1/05)
;(xi —3)(z —2)| > e <p0 - |s|> . (B.30)

With a union bound over Equations (B.29) and (B.30) while letting &; = 6, = § for any
5 € (0,1), we conclude: with probability at least 1 — 0,

A(S,6) < 8ag+/2log(3/0)

" poV/[8] — /10g(3/9)
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B.V Missing Regret Proofs for Section 3.10

B.V.1 Pseudo-regret Proof

Lemma 4.5.4 (Pseudo-regret). The pseudo-regret accumulated from policy 7. is bounded

for any 0 € [—1,1] as follows, with probability at least 1 — & for any § € (0,1):
Ry(T) < Ly + O(/Tlog(T/d)) (4.8)

for sufficiently large time horizon T, where the length of Algorithm 1 is Ly = £ +

b O
2 max (po’pl)'

Proof. Recall that the clean event C, as defined in the proof of Lemma 4.4.2; entails
that the approximation bound over all rounds. If event C fails (i.e. =C holds), then the
pseudo-regret may only be bounded by the maximum possible value, which is at most
T\0|.

Assume now that C holds for every round Lo in Algorithm 2. Then, the absolute
value of the treatment |0] < |égL2| + A(SL,,0) where A(SL,,0) is the approximation
bound based on the samples Sp,, collected from Ly rounds of Algorithm 2. Before the
stopping criterion of Algorithm 2 is invoked, we also have |ésL2| < A(SL,,9). Hence, the

treatment effect absolute value satisfies the following inequalities:

1604+/21og(57'/0)

Pe; VL2 = \/5010g(5T/3)

Assuming that Ly > %(j’f/é)’ then pe,v/La — 1/501log(5T/§) > %T\/E and, to

carry on:

0] < 2A(SL,,0) <

< 3204+/21og(5T/6)

0] <
pCQVL2
204802 1og(5T'/§
I, < 092 g(2 /0)
P2, 10|

Therefore, a winner is declared —i.e. the treatment effect is definitively either positive
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or not— by the following round of Algorithm 2:

. 204807 log(5T/6)
? P2, 10

After this, the winner is recommended for the remainder of the rounds and (because
we assume event C holds) no regret is accumulated for the remaining rounds (until time
horizon T').

Note that, by the length the assumption that Loy > %S’T/é) holds trivially for
Ly if |0] < 1650 ¢ Otherwise, we simply assume that Lo > %@ holds. We may
incorporate this bound into a necessary lower bound on the time horizon T', such that
we assume 1" > L1+ Ly > L1 + %ST/J).

Now, we demonstrate the amount of regret accumulated during these n* rounds of

Algorithm 2 before a winner is declared. During each phase Algorithm 2, each control
and treatment each get recommended n*/2 times.

Furthermore, recall that p., fraction of agents are compliant throughout all rounds of
Algorithm 2. Without loss of generality, assume that these agents initially prefer control
and the rest of the 1 — p., fraction of agents prefer treatment (and do not comply). Then,
if the treatment # < 0, then in expectation over the randomness of the arrival of agents,
the regret is on average (1 — p¢,/2)|0|. Then, the total accumulated regret throughout

Algorithm 2 in policy 7. is given as such:

2048(1 — pe, /2)0z log(5T/6)
P2, 0l

Ro(T) < (B.31)

On the other hand, if treatment # > 0, then on average, the regret for each phase is
Dey|0]/2, then the total accumulated regret for Algorithm 2 is given:

102407 log(57'/6)
Pe, 0]

(B.32)

Observe that the pseudo-regret for each round t of the policy 7. over the entire T' rounds
is at most that of Algorithm 2 plus |6 per round of Algorithm 1. Recall that, by policy
7, there are Ly total rounds of Algorithm 1. Alternatively, we can also upper bound the

total pseudo-regret by |0| per each round. Therefore, the total accumulated pseudo-regret
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for policy 7. once we reach the time horizon T is bounded as follows.
If the treatment effect & > 0, then the total regret of policy m. satisfies the following
bound with probability at least 1 — 4, for any § € (0, 1) which satisfies the condition that

L > 2+/1og( 2/10g(5779).

Pey

102402 log(5T /6
R(T)<min{L1p|0|+ 7 108 /)T|H\}

Des |0

We can solve for |0| in terms of T" at the point when T'|0] is the better regret:

102402 log(5T/6

716 — 102403 10857 /9)
p02|9|

102402 log(5T/6

o2 — 102403 108(5T/2)
Der T’

log(5T'/6

— 0] = 320, | 128BT/0)

Dep T’

Substituting this expression for |f| back into our expression for the total pseudo-regret,

we get the following:

102402 1og(5T/5
R(T) < min {LM\H\ + % 108(57/0) ,320,T W}
Io (5T/6)
3204pc, A

T1 T T1 T
= min {L1p|9| + 3204 og(5 /5 ogy| ———— 0g(5 /6 }

< Lip + O(\/Tog(T/9))

The Ljp regret for Algorithm 1 in the last line above is given because |0] < 1.
Following a similar analysis, if the treatment effect 8 < 0, then the total pseudo-regret

accumulated following policy 7. satisfies the following bound with probability at least
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1 — ¢ for any 6 € (0,1) which satisfies the condition that L; > %ST/(S):
2048(1 — pe,/2)o2 log(5T/6
R(T) < min{ Ly|6] + a-r Qé Jo, log(5T/ ),T|0| (B.33)
P2, 10l
< L1+ O(/Tlog(T/d)) (B.34)

Note that (as stated above) this regret holds only if the time horizon T is sufficiently
large such that T > Lq + 20010g(5T/9) O
co

B.V.2 Regret Proof

Lemma 4.5.5 (Regret). Policy m. achieves regret as follows:
E[R(T)] = O(v/Tlog(T)) (4.9)

for sufficiently large time horizon T.

Proof. We can set parameters d, {p, {1, ¥, and p in terms of the time horizon T, in order
to both guarantee compliance throughout policy 7. and to obtain sublinear (expected)
regret bound relative to T

First, to guarantee sublinear expected regret, we must guarantee that 6 = 1/72. To

meet our compliance conditions for Algorithm 2, we must set

TPpw [10] > 7]

5 < ,
T 2(TPpw (0| > 7] +1)

for some 7. These may be expressed as conditions on the time horizon T for any
0 € (0,1) which satisfies the above compliance conditions, we set 7" sufficiently large to

satisfy the following condition:

\[ > \/ TP'P(“) |0‘ > T] + 1) (B35)

T Ppw [10] > 7]

Second, recall that pg and p; denote the fractions in the population of agents who are
never-takers and always-takers, respectively. Furthermore, recall that p., and p., denote

the fractions of agents who comply with Algorithm 1 and Algorithm 2, respectively.
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Assume that the length of the first stage of Algorithm 1 is non-zero and the exploration
probability p is set to be small enough in order to guarantee compliance throughout
Algorithm 1. The length L; of Algorithm 1 must be sufficiently large so that p. fraction
of agents comply in Algorithm 2, as well. However, in order to guarantee sublinear regret,

we also need that
T > L? = (2max({y/po, £1/p1) + £)? (B.36)

Recall that the clean event C, as defined in the proof of Lemma 4.4.2, entails that
the approximation bound over all rounds. This event C holds with probability at least
1 —¢ for any ¢ € (0,1). Conditional on the failure event =C, policy 7. accumulates at
most linear pseudo-regret in terms of 7', i.e. T'|0|. Thus, in expectation it accumulates at
most T'|0]6 regret.

Then, with the above assumptions on 7" in mind, the expected regret of policy 7. is:

E [R(T)] = E[R(T)|=C] P [-C]+E[R(T)[C] P [C]
P(u) P(u) P (u)

<T6+ <L1 +0 ( Tlog(:r/a)))
1
=+ (\/T-l- 0 ( Tlog(T3))>
1
=7 +0 ( Tlog(T))
=0 ( Tlog(T))
Therefore, assuming that all hyperparameters 6, £y, ¢1, ¢, and p are set to incentivize
compliance of some nonzero proportion of agents throughout 7. and assuming that T

is sufficiently large so as to satisfy both Equations (B.35) and (B.36) above, policy 7.

achieves sublinear regret. O
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B.VI Missing Proofs and Materials for Section 3.11

B.VI.1 Model

We now consider a general setting for the sequential game between a social planner and
a sequence of agents over T’ rounds, as first mentioned in Section 4.2. In this setting,
there are k treatments of interest, each with unknown treatment effect. In each round ¢,
a new agent indexed by t arrives with their private type u; drawn independently from a
distribution U over the set of all private types U. Each agent ¢ has k actions to choose
from, numbered 1 to k. Let z; € R* be a one-hot encoding of the action choice at round
t, i.e. a k-dimensional unit vector in the direction of the action. For example, if the
agent at round ¢ chooses action 2, then z; = e; = (0,1,0,---,0) € R*. Additionally,
agent t receives an action recommendation z; € R¥ from the planner upon arrival. After

selecting action x; € R¥ agent ¢ receives a reward y; € R, given by

e = (0,24) + g™ (B.37)

(u)

where g,/ denotes the confounding baseline reward which depends on the agent’s private
type ug. Each gt(ut) is drawn from a sub-Gaussian distribution with a sub-Gaussian norm
of 04. The social planner’s goal is to estimate the treatment effect vector 6 € R* and
maximize the total expected reward of all T" agents.

History, beliefs, and action choice. As in the body of the paper, the history H; is
made up of all tuples (z;, x;,y;) over all rounds from i = 1 to ¢. Additionally, before the
game starts, the social planner commits to recommendation policy 7, which is known to
all agents. Each agent also knows the number of the round ¢ when they arrive. Their
private type u; maps to their prior belief P(#) which is a joint distribution over the

treatment effect 6 and noisy error term ¢(*). With all this information, the agent ¢ selects

the action z; which they expect to produce the most reward:

Ty 1= €q, where a; = argmax [ [Hj | 2, t] . (B.38)
1<j<k Plut),m
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B.VI.2 Instrumental Variable Estimate and Finite Sample Approxima-

tion Bound

As in the body of the paper, we view the planner’s recommendations as instruments and
perform instrumental variable (IV) regression to estimate 6.

IV Estimator for k£ > 1 Treatments Our mechanism periodically solves the following
IV regression problem: given a set S of n observations (x;, y;, 2;);, compute an estimate

fs of 6. We consider the following two-stage least square (2SLS) estimator:

n -1 n
fs = <Z Zﬂj) Zziyi> (B.39)
) i1

where (-)~! denotes the pseudoinverse.
To analyze the 2SLS estimator, we introduce a compliance matriz of conditional
probabilities that an agent chooses some treatment given a recommendation I, given as

proportions over a set of n samples S = (z;, 2;)]";, where any entry in I' is given as such:

. R Yo Lr =eq, z = €]

Lep(S) = Pslx = ey|z = €] = B.40
a ( ) [ (l‘ ] Z?:ll]-[z — eb] ( )
Then, we can write the action choice x; as such:

x; =Dz + s, (B.41)

where 7; = x; — I'z;. Now, we can rewrite the reward y; at round ¢ as such:

yi = (0, Tz +m)) + g§ui)
(

P L z) + (0,m) + g™

— (B, 21) + (0, m:) + g\

This formulation allows us to express and bound the error between the treatment

effect 0 and its IV estimate 6 in Theorem 4.6.1.



228
B.V1.3 Proof of Theorem 3.11.1

Theorem 4.6.1 (Many Treatments Effect Approximation Bound). Let z1,...,2, €
{0,1}* be a sequence of instruments. Suppose there is a sequence of n agents such that
each agent i has private type u; drawn independently from U, selects x; under instrument
zi and receives reward y;. Let sample set S = (x;,y4,2);—,. The approzimation bound
A(S,9) is given as such:*

A(S.6) = ogv/2nklog(k/d)

min (X i) )

and the IV estimator given by Equation (4.11) satisfies
ol 2 i

with probability at least 1 — 0 for any § € (0,1).

Proof. Given a sample set S = (z;,9i,2i)l; of size n, we form an estimate of the
treatment effect fg via Two-Stage Least Squares regression (2SLS). In the first stage, we

regress y; onto z; to get the empirical estimate BS and x; onto z; to get f‘g as such:

n -1 n n -1 n
Bs := (Z zzz:> <Z zzyz> and I'g:= (Z zzz:> (Z zw?)
i=1 i=1 i=1 i=1
(B.42)
Now, note that by definition 6 = (f‘)_lﬁ In the second stage, we take the inverse of r

times B as the predicted causal effect vector 95, ie.

—1 n n -1 n
—(wel) (Tad)(T) Xem
B nz:l =1 =1
= (Zzzx:> Zziyi

=1

4The operator omin(-) denotes the smallest singular value.
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Hence, the L2-norm of the difference between 6 and fg is given as:
. n 1 n
o — — el e
H S 9H2 <Zzzxz ) Zzzyz 0
=1 i=1 2
n -1 n T
= (szj) Zzi (<97$i> + gz(uz‘)) -0

i=1 =1

2
n

n —1 n
- (Zzzx2—> <zz1x:«9+§:zzgfu’)> —0
i=1 i=1 i=1

2

2

n 1 n
(o) sl

i=1 =1

n -1
i=1

HE?:I Zigz(Ui) 5

~ Owmin (Z?:l ZN%T)

2

n
> =l
=1

IN

(by Lemma B.1.5)

2 2

(ui)

i

Finally, we may bound Hés — 9H2 by upper bounding HZZL:I Zig
lemma B.VI.1.

, in the following

Lemma B.VI.1. For any 6 € (0,1), with probability at least 1 — §, we have

n

Z zig,(“")

i=1

< og4v/2nklog(k/9) (B.43)
2

Proof. Recall that the baseline reward ¢ is an independently distributed random
variable which, by assumption, has a mean of zero, i.e. E[g(“)] = (0. Because of these

properties of ¢, with probability at least 1 — § for any 8 € (0,1), the numerator above
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satisfies the following upper bound:

n k n 2
PRI IENDY ( o1z = ej]>
i=1 2 \ j=1 \i=1
k nj 2
=2 ( gz(ui)) (where nj = 371", 1[z; = ej])
j=1 \i=1
k 2
< \[ 3 (ony/onstox1/a) )
j=1
(by Corollary B.I.2 and, by assumption, E[g(*)] = 0)
k 2
< Z <Ug 2n; log(k/é))
\i=
(by a Theorem B.I1.7 where 6; = % for all j)
2
< \/k: (Ug\/Zn log(k/5)> (since nj < n for all j)
= 04v/2nklog(k/d)
O
This recovers the stated bound and finishes the proof for Theorem 4.6.1. O

Next, we demonstrate a lower bound which the denominator of the approximation
bound A(S,d) in Theorem 4.6.1 equals O(1/1/]S|), where |S| is the size of sample set S.

Theorem B.VI.2 (Treatment Effect Confidence Interval for General k Treatments).

Let z1, ...,z € {0, 1}k be a sequence of instruments. Suppose there is a sequence of n

agents such that each agent v has private type u; drawn independently from U, selects

x; under instrument z; and receives reward y;. Assume that each agent initially prefers

treatment 1, i.e. x = e1. Let sample set S = (x;,v;, 2;)i—,. Let r be the proportion of

recommendations for each treatment j > 1 and let 1 — (k — 1)r be the proportion of

recommendations for treatment 1. Let p. fraction of agents in the population of agents be

r

compliant over the rounds from which S is collected. For any ¢ € (0,1), if n > %,

log(
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then the approzimation bound A(S,6) is given as such:

A(S.6) < ogv/2klog(k/d) _ O( 1og(1/(5))
9y — aﬁ Y

n

and the IV estimator given by Equation (4.11) satisfies
o] < a5

with probability at least 1 — &, where a > 0 is a constant of proportionality given in

Claim B.VI.3 below.

Proof. Note that Theorem 4.6.1 holds in this case and it suffices to demonstrate that the

denominator is bounded by %

Claim B.VI.3 (Proportionality of the Denominator of the Approximation Bound
for k Treatments). Given all assumptions in Theorem B.VI.2 above, the denominator
Omin (Z?:l zlx;r) of the approximation bound A(S,§) is positive and increases propor-

tionally to n. Formally, omin (314 zzx;r) =Q(n).

Proof. Recall that we assume that every agent initially prefers treatment 1. Thus,
whenever agent is recommended any treatment greater than 1 and does not comply, the
agent takes treatment 1. At any round ¢, if agent i is always compliant, then z; = z;; if
not, then z; = e;. (If z; = e, then x; = z; = e; always.) Furthermore, at any round
i when xz; = z;, the outer product zzxZT = diag(z;), i.e. a diagonal matrix where the

diagonal equals z;. If x; = e, then the outer product

T 7 T
zixiT: z 0 .- 0],
L !

which is a k x k& matrix where the first column is z; and all other entries are 0. Thus, as
long as we have at least one sample of each treatment, i.e. at least one round ¢ where
x; = z; = ej for all 1 < j <k, then the sum Z?:l zimiT is a lower triangular matrix with

all positive entries in the diagonal. To illustrate this, let A denote the expected mean
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values of the sum Y 7 | 2z, such that

1—rk o .- e 0
T(]' _pC) Tpc 0
- r(1 — pec 0 rpo 0 ---
£ Z sl | =n ( : ) . | =nA.
i=1 : : 0o . :
0
r(l—ps) 0 -+ oo 0 7pe
Note that
n T n " T .
=1 i=1 i=1 im1
(1 —7k)? + (kE—1Dr>(1 —po)?® r2pc(1—p;) --- e 2pa(1 = pe)
r2pc(1 _pc) 7“2pz 0 0
—n? 7*pe(1 = pe) 0 r?p?2 0
i ) .
pe(1 = pe) 0 0 r2p2

Furthermore, let A denote the empirical approximation of A over our n samples,

given as such:
1—rk 0 . e 0
7’(1 - pc,2) Tﬁc,Q 0

r(l—p 0 rp 0o --- : .
Z zix-T - ( .pc,3) | Pc,3 | — 1A,
i=1 : : 0 ' :

0
(1= Peg) 0 e 0 TPeg

where for any 7 > 2, the empirical proportion of agents who comply with the recommended

treatment j is denoted as p. ;. Note that, since E[p. ;] = p. for all j > 2, the expected
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value E [A] = A. We may bound the difference between p. ; and p. with high probability,
based on the number of times each treatment j is recommended, which is rn. Over n

samples, with probability at least 1 — ¢; for any ¢; € (0,1) for any treatment j, the

proportion p. ; satisfies the following: p.; > p. — %. In order for this bound to
hold for all j > 2, let §3 = 03 = --- = & = 6/k. Then, by a union bound, with probability

1 — ¢ for any 6 € (0,1), the bound p.; > p. — 1/ % holds simultaneously for all
2 < j < k. Thus, for any 6 € (0,1) and n > %, each entry in the diagonal of A is
positive. Thus, (since it is a triangular matrix) the eigenvalues of A equal the entries
in the diagonal and are all positive. Furthermore, because rank(A) = rank(ATA), the
singular values of A are all positive, as well.

2
Thus, for n > %, the minimum singular value

n

Omin <Z ZZxZT> = namin{A} = noa = Q(n)7
i=1

where o« = opin (A) > 0 is some (possibly small) constant of proportionality. O

Thus, by Claim B.VI.3 and Theorem 4.6.1, the approximation bound

ms&g%J%mea O(l%mm>

no n

O

Corollary B.VI.4 (Treatment Effect Confidence Interval for General k Treatments).
Given all assumptions in Theorem B.VI.2, plus the assumptions that the minimum
compliance rate for any arm is at least 1/k and the minimum proportion of treatment 1
recommendations is at least 1/k, for any 6 € (0,1), with a large enough sample size n,

the approximation bound A(S,0) is given as such:

m&azoG M%W@) (B.44)

n

Proof. Note that Claim B.VI1.3 holds in this case and it suffices to demonstrate that the a

is bounded by % We focus on the denominator opmin (Z?:l zixlT ) of the approximation
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bound A(S, ). Note that since z; and z; are one-hot encoded vectors, we have:

T

n
E Z ] Z Z T Z x; (where Sj = {i: z; = e;})
i=1 j=11i€S; 1€S;
= nZUjva (where vector v; = (vj1,0,---0,vj;,0,---0) € RF)

where Vj : vj1 = 7(1 — p;) is the probability of getting a treatment 1 sample when the
recommendation is j > 1, the term v1; = 1 — r is the probability of recommending
treatment 1 (since we assume agents always comply with treatment 1 recommendations),
and the term v;; = 7p; is the probability of getting a treatment j sample when the

recommendation is j > 1. By definition, we can write the denominator term squared as:

()

k
= min a' ng vjvT a
— J
Jj=1

a:flafl=1

=n { ﬂnhn 1(6111111)2 + (a1v91 + agvz)® + - + (a1vp1 + apope)?
a:lla||l=

Also, without loss of generality, assume that a; > 0 and Vj > 1:a; <0.

Substituting the expression above with algorithm-specific variables, we have:

(a1v11)2 + (a1v21 -+ a2022)2 + -+ (alvkl + akvkk)Q

:a%(l—r2+r2 Zl_pj +Zap]+ alzajp]

9 k
2 2 T 2
2(11(1—7“) +ﬁ (1_p]) +pm1nza + alza’34
j=2 j=2
2 2 r? : 2 2 2 r’a; 2
> a3(1 = 1)? + 3ab > (1= )% + phn(1 = ad) = T3/ =1)(1 - a})
=2

where the second line is direct substitution, the third line comes from lower bounding
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all p? terms with the minimum compliance rate p?;; and lower bounding p;(1 — p;) by
1/4. The last line comes from the fact that ||a|| = 1 and from applying Lemma B.1.5
on the last term. Since we assume that the probability of recommending treatment 1 is

1—r> %, we have:

P s (k1)

>n aﬂ%h:lﬁ—i_pmm(l al) - ok4 ai (k_l)(l_al)
2 E—1)(1—a?)

> ay 2 (1 2 A ( 1

Zn aIH%hzl k2 +pm1n( al) 2k2

pmm

2
1 —1)( 1—a1) o (k=11 —a})
o (o= W ) oot

[ 1—a?)
T, 0-a
=" | Pmin = 9651 6k3p2 ]

Phin

Since we assume that the minimum compliance rate pyi, > %, we have:

1
PR > 5 = 16k — 16k3p2,. < 0

Therefore, we have o = % and

Omin (E

We apply Theorem B.1.6 to this matrix to get that, with probability at least 1 — 4,

n 2
] =

=1
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for 6 € (0,1):

- n
Omin <Z ZMI) > 72z~ log(k/9)
i=1
Hence, we have the approximation bound A(S,d) for Algorithm 4 is given as

A(S,8) < 04/ 2nk log(k/6) :O(k ’“08“(1/5)>

7z —log(k/d)v/n "

B.VI1I.4 Extensions of Algorithms 1 and 2 and Recommendation Policy
to k Treatments

We assume that every agent —regardless of type— shares the same prior ordering of the
treatments, such that all agents prior expected value for treatment 1 is greater than their
prior expected value for treatment 2 and so on. First, Algorithm 3 is a generalization of
Algorithm 1 which serves the same purpose: to overcome complete non-compliance and
incentivize some agents to comply eventually. The incentivization mechanism works the
same as in Algorithm 1, where we begin by allowing all agents to choose their preferred
treatment —treatment 1— for the first £ rounds. Based on the £ samples collected from
the first stage, we then define a number of events §J(U) —which are similar to event &
from Algorithm 1— that each treatment j > 2 has the largest expected reward of any

treatment and treatment 1 has the smallest, according to the prior of type wu:

g§“) = <zj§ +C <L 112131217? —C and 11"2;% gjg +C <L ,ul(-u)> , (B.45)
where C' = 044/ w + i for any § € (0,1) and where §; denotes the mean reward
for treatment 1 over the ¢ samples of the first stage of Algorithm 3. Thus, if we set the
exploration probability p small enough, then some subset of agents will comply with all
recommendations in the second stage of Algorithm 3.

Second, Algorithm 4 is a generalization of Algorithm 2, which is required to start
with at least partial compliance and more rapidly and incentivizes more agents to comply
eventually. The incentivization mechanism works the same as in Algorithm 1, where we

begin by allowing all agents to choose their preferred treatment —treatment 1— for the
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first ¢ rounds. Based on the ¢ samples collected from the first stage, we then define a
number of events —which are similar to event £ from Algorithm 1— that each treatment
j > 2 has the largest expected reward of any treatment and treatment 1 has the smallest.
Thus, if we set the exploration probability p small enough, then some subset of agents

will comply with all recommendations in the second stage of Algorithm 3.
O

Corollary B.VI1.5. (Pairwise Treatment Effect Confidence Interval for General k Treat-
ments) Given all assumptions in Corollary B.VI1.4, the pairwise approzimation bound

between any two particular arms a,b is given as
(6% — 0%) — (0* — 6°)| = A®(S,0) < V2A(S, )

where % and 6° are the IV estimate for the treatment effect of arm a and arm b,
respectively.
Proof. We have:
(67— 67) — (6 — %) = |(6° — 6°) + (6" — &)
< |0% — 69 + |6° — 6| (by Triangle Inequality)

< \@\/(éa — 09)2 4 (Gb — gb)2 (by Lemma B.L.5)

This recovers the stated bound and we only pay a small constant (v/2) to obtain a

pairwise approximation bound from our IV estimator. O

Theorem B.VI.6. Let G denote the gap between the causal effects of any arms
v and w, i.e. G = 0¥ — 0V and let GY denote the smallest gap for arm v, i.e.
GV := 0" — max,, 0 = miny,, 0V — 0.

Let A" (S,4) denote a high-probability upper bound (with probability at least 1 —¢)

on the difference between the true gap G (for causal effects 0¥ and 0" for arms v and
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w) and its estimate GV based on the sample set S, i.e.

‘ Gvv _ évw

0" — v~ (8"~ éW)) < A"(S,4).

Furthermore, let AY(S,d) denote a high-probability upper bound on the difference
between the true minimum gap G° for arm v and its empirical estimate GY based on

sample set S, i.e.

‘Gv_év

= |67 — g — (07 — g )| < A7(S,0),

where Wiy = argmin,, 4, 0V — 6. For shorthand, let Ay denote the best (i.e. smallest)
approximation bound A”(S’fEST, 0) by phase q.

Recall that Algorithm 4 is initialized with samples So = (x4, yi, zz)‘iol' Any agent at
time t with type u; will comply with recommendation z; = e, for arm v from policy m

according to Algorithm 4, if the following holds for some T € (0,1):

A(So,8) < P GV > 7]/
ﬂ't’P(ut)

Proof. Any agent at time ¢ with type u; will comply with an arm v recommendation
2zt = €, from policy m; following Algorithm 4, if the following holds: For any two

treatments v,w € B,

E [0"—60Yzr=e,)] P [2t=¢e,]>0.
P lut) g, P(ut)

We will prove a stronger statement:

[0° —max0”|z; =e,] P [2x=1¢e,] >0.
T P (ut) wHv e, Put)

We can prove this in largely the same way as we proved Lemma 4.4.2 in Section B.IV.1:
we simply replace 6§ and Ay in the proof for Lemma 4.4.2 with G" and A, respectively.

The clean event C is given as:

C= (quo:yG“—é“|<Ag).
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By Corollary B.VIL.4, for event C, the failure probability P[-C] < J. We assume that

5 < T]P)m,P(uO[GrU > T]
T 27, pan[GY 2 T+ 2

First, we marginalize E , pw,) (0" — maxyz, 0*[2t = €] P, puy [zt = €y] based on

the clean event C, such that

E [Glzr=e,] P [z =ey]

7'rt7'P<“t) 7rt,’P(“t)
= E [G’l2t=e€,,C] P [zr=e€,Cl+ E [Glst=¢e,,~C] P [2=ey,C|
7Tt7p(ut) 7Tt,P<ut) ﬂ't’/P(ut) 71't773(“t)
> E [G’lzr=e,C P [z2r=e,C]—9
7rt779(“t) 7rt773(ut>
> E [G’lzr=e,C P [z2=e,C]—0
7rt773(“'t) 7Tt,P<ut>

TP ’P(“t)[Gv > 7]
> E [Glzs=e,,C] P [z=¢e,C]— iE )
7rt,79(“t)[ ’ ! b ]Trtﬂ’(“t)[ ' b ] 27 Pm,P("t)[Gv = T] +2

Next, we marginalize Ep(u,) ,[G"|2t = €, C] Ppuy) r,[2t = €y, C] based on four possi-

ble ranges which GV lies on:

E [G”|zt = eU,C] P [Zt = ev,C

P(ut)’ﬂ't P<ut>,ﬂ't
= E [G’lzr=e,C,G">7] P [z2x=1¢€,C,G" >T]
ﬂt,P(ui) 7rt773(“t)
+ E [GY2e=¢€,C,0<G" <7] P [2r=1¢€,C0<G" <] (B.46)
ﬂt,P(ut) ﬂ't’/P(ut)
+ E [G’|zr=e,,C, 24, <G <0] P [z =e,C, —24; <G" <]
Wt,P(ut) 7rt7'P('U't)
+ E [G’|sr=e,C,G" < -247] P [z =e,C,G" < -247]
7rt779(“t) ﬂ-t,’]j(ut)

Because Ay is the smallest approximation bound derived from samples collected over
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any phase ¢ of Algorithm 4 (including the initial sample set Sp), the following holds:

24Y < 24°(Sp, )
< TPrpun [G* 2 7]
= 2
<T

(by assumption AY(Sy,d) < T]P)ﬂ—t,’P(ut)[GU > 7]/4)

Conditional on C, |G¥ — ég! < Ay, Thus, if G* > 7 > 24}, then é}l’ >T1— Ay > Ay,
which invokes the stopping criterion for the while loop in Algorithm 4. Thus, all
other arms must have been eliminated from the race before phase ¢ = 1 and arm v is
recommended almost surely throughout Algorithm 4, i.e. P, puy[2t = €,,C,G* > 7] =
Py, puo) [C,G" > 7]. Similarly, if G¥ < —2A7, then @}1’ < —Aj by phase ¢ = 1 and arm v
is recommended almost never, i.e. Pm’p(w[zt =e,,C,G" < —2AZ] = 0. Substituting in

these probabilities (and substituting minimum possible expected values), we proceed:

E [G'lz=e,,C] P [z =e,C(]

P(“t)’ﬂ't P(“t)ﬂrt
>7 P [C,G">7] =247 P [z =e,C,—24; <G" <(]
Wt,P(“t) 7rt773(“t)

>7 P [C,G'>T1]— TP peolG” 2 7]
TP 2

TP u |GV > T
>r P [CGv>1] P |G > ] - P |G 2 7]
e, Put) gy, P(ut) 2

w) [GY >
>(1-0)r P [G'>71]-— 7P peo |67 2 7]
e, Put) 2

1 TP, pup|G* > T

1 e, P t)[ ] r P [GU > 7_]
2 27 IP)ﬂ}”P(“f) [Gv > 7-] +2 e, Put)
TPﬂ't,P(“t) [GU > T]

27 Pr, paun [GY 2 7]+ 27
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Putting everything together, we get that

E [Glzr=e,] P [z =e)]
P<ut>,7'(t P(’u‘t)’ﬂ't

= E [G’ls2t=e,,C] P [2=¢e,C]

P(ut) Tt P("%)ﬂrt
+ [E [G”|zt = €y, _|C} P [Zt = e,, _|C]
Put) Put)
T ij?(w) [Gv > T] T IP)m,??(ut) [GU > 7—]

> —
27 ]Pﬂ-t,P(ut) G >71]+2 27 ]P)ﬂ-t,P(“t) GV > 7]+ 2
= 0.

Thus, as long as AY(Sp,6) < 7P, pw[G > 7]/4, any agent of type u will comply with

a recommendation of arm v from recommendation policy 7 according to Algorithm 4. [

Finally, we present the (expected) regret from the k treatment extension of policy 7.

given in Definition 4.6.3.

Lemma 4.6.6 (Regret of Policy 7, for k Treatments). An extension of policy 7. achieves

(expected) regret as follows:

E[R(T)] = O (k\/kT log(kT)> (4.16)

for sufficiently large time horizon T .

Proof. Let 0* be the best treatment effect overall and the gap between 6* and any
treatment effect 0° be A; = |0* — 6;]. Recall that the clean event C entails that the
approximation bound holds for all rounds. If event C fails, then we can only bound the
pseudo-regret by the maximum value, which is at most T min; A,.

For the rest of this proof, assume that the event C holds for every round of Algorithm 4.
This proof follows the standard technique from Even-Dar et al. (2006). Since C holds, we
have A; < A(SL,,68) + 0% — HAZ| for any treatment ¢, where A(Sr,,d) is the approximation
bound based on S, samples of Algorithm 4. Before the stopping criteria is invoked, we

also have |6* — é‘| < A(Sr,,). Hence, the gap between the best treatment effect and any
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other treatment effect is:

Ai < 24(Sy,.8) < 204+/2klog(2kT/9)

% — log(k/0)

i

where o, is the variance parameter for the baseline reward g™ and s is defined as
in Claim B.VI.3 relative to the proportion ro = 1/|B| of recommendations for each
treatment during Algorithm 4 and the proportion of compliant agents p.,. Hence, we

must have eliminated treatment ¢ by round

I 8ko? log(2kT/6)
27 AZ(L —log(k/6))’

assuming that Lo > ﬁém (in order to satisfy the criterion for Theorem B.VI.2).
During Algorithm 4, the social planner gives out | B| recommendations for each treatment
i € B sequentially. Hence, the contribution of each treatment ¢ for each phase is A.
Conditioned on event C, the treatment a* at the end of Algorithm 4 is the best treatment
overall; so, no more regret is collected after Algorithm 4 is finished.

If treatment 1 is not the winner, then we accumulate Ry (T) = A; ((1 — kp)L1 + L2 /k)
regret for treatment 1. If some other treatment ¢ > 1 is not the winner, then we accumulate
Ri(T) = A; (pL1 + La/k) regret for treatment i. Hence, the total regret accumulated in
Algorithm 4 is:

R(T) < A; ((1 —p)L1 + (T) Lz) < (1 =p) LA+

8(k — 1)o3 log(2kT/6)
A; (72 — log(k/9))

Observe that the pseudo-regret of the combined recommendation policy is at most that of
Algorithm 4 plus A = min; A; per each round of Algorithm 3. Alternatively, we can also
upper bound the regret by A per each round of the combined recommendation policy.

Following the same argument as Lemma 4.5.4, we can derive the pseudo-regret of the
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policy 7. for k treatments:

k— 0-2 lo kT/6
R(T) < min <L1(1 “PAR S(A- (P glog((i:/é)/) )’TA)
1\ k2

< Ly + O(k+/kT log(kT/9)).

For the expected regret, we can set the parameters § and L1 in terms of the time
horizon 7', in order to both guarantee compliance throughout policy 7. and to obtain
sublinear expected regret bound relative to 7.

First, we must guarantee that the failure probability ¢ in Algorithm 4 is small, i.e.

§ = 1/T?2. To meet our compliance condition for Algorithm 4, we must set

T Ppu [0 > 7]

0 <
~ 2(T Ppw 0>71]+1)

for some constant 7 € (0,1). Hence, we can set T sufficiently large such that, for any

din(0, 1), we have

\f

TIPp(u) 9 > 7]

We also recall that the length L; of Algorithm 3 needs to be sufficiently large so that p.,
fraction of agents comply in Algorithm 4. Moreover, we accumulate linear regret in each
round of Algorithm 3. Hence, in order to guarantee sublinear regret, we also require that

T satisfies the following:
T> L3 = (L+/p)’

Finally, recall that the clean event C in Algorithm 4 holds with probability at least
1 — 4 for any § € (0,1). Conditioned on the failure event —C, policy 7. accumulates at
most linear pseudo-regret in terms of 7'. Thus, in expectation, it accumulates at most
T max; ;|0° — 675 regret

Therefore, we can derive the expected regret of k treatment recommendation policy
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T, as:

E [R(T)] = E[R(T)|=C] P [-C]+E[R(T)[C] P [C]
Ppuw) P(u) P(u)

<T6+ (L1 + O(VET log(kT'/0)))
= 7+ (VT + O(k\/AT Tog(kT)))
= o+ Ok /KT Tog(kT)

= O(kv/kT log(kT))

Therefore, assuming that all hyperparameters d, L1 are set to incentivize compliance for
some nonzero proportion of agents throughout n. and assuming that 7' is sufficiently
large so as to satisfy the conditions above, policy 7. (for k treatments) achieves sublinear

regret. O

B.VII Additional Experiment Details from Section 3.12

In this section, we present additional experiments to evaluate Algorithm 1 and Algorithm 2,
which were previously omitted from Section 4.7. We are interested in (1) the effect of
different prior choices on the exploration probability p, (2) comparing the approximation
bound in Algorithm 1 to that of Algorithm 2 and (3) the total regret accumulated by the
combined recommendation policy. Firstly, we observed that the exploration probability
p in Figure 4.2 is small, leading to slow improvement in accuracy of Algorithm 1. Since
p depends on the event ¢ (as defined in Equation (4.5)), we want to investigate whether
changes in the agents’ priors would increase the exploration probability. Secondly, we
claimed earlier in the paper that the estimation accuracy increases much quicker in
Algorithm 2 compared to Algorithm 1. This improvement motivates the social planner
to move to Algorithm 2, granted there is a large enough portion of agents that comply
with the recommendations. Finally, while we provide a regret guarantee in Lemma 4.5.4,
it is not immediately clear how the magnitude of Algorithm 1 length L; would affect
the overall regret. There is a tradeoff: if we run Algorithm 1 for a small number of
rounds, then it would not affect the regret by a significant amount, but a portion of the

agents in Algorithm 2 may not comply. For our combined recommendation policy, we
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run Algorithm 1 until it is guaranteed that type 0 agents will comply in Algorithm 2.

Experimental Description For Algorithm 1, we consider a setting with two types
of agents: type 0 who are initially never-takers, and type 1 who are initially always
takers. For Algorithm 2, we consider a setting with two types of agents: type 0 who are
compliant, and type 1 who are initially always-takers. We let each agent’s prior on the
treatment be a truncated Gaussian distribution between —1 and 1. The noisy baseline
reward ggut) for each type u of agents is drawn from a Gaussian distribution N (g, 1),
with its mean Hog(w) also drawn from a Gaussian prior. We let each type of agents have
equal proportion in the population, i.e. pg = p; = 0.5.

For the first experiment, we are interested in finding the correlation between the
exploration probability p and different prior parameters, namely the difference between
mean baseline rewards i) — f140) and the variance of Gaussian prior on the treatment
effect 6. Similar to the experiment in Section 4.7, we use Monte Carlo simulation by
running the first stage of Algorithm 1 with varying choices of the two prior parameters
above. From these initial samples, we calculate the probability of event &, and subsequently
the exploration probability p. For the second experiment, we are interested in finding
when agents of type 1 also comply with the recommendations. This shift in compliance
depends on a constant 7 (as defined in Lemma 4.4.2). We find two values of the constant
7 that minimizes the number of samples needed to guarantee that agents of type 0 and
type 1 are compliant in Algorithm 2 (as defined in Lemma 4.5.2). After this, Algorithm 2
is run for increasing number of rounds. Similar to the Algorithm 1 experiment, we
repeated calculate the IV estimate of the treatment effect and compare it to the naive
OLS estimate over the same samples as a benchmark. On a separate attempt, we
evaluate the combined recommendation policy by running Algorithm 1 and Algorithm 2
successively using the priors above. We calculate the accumulated regret of this combined

policy using the pseudo-regret notion (as defined in Definition 4.5.3).

Results In Table B.1 and Table B.2, we calculate the exploration probability p with
different initialization of the agents’ priors. In Table B.1, we let the mean baseline
reward of type 1 p a) be drawn from N(0.5,1) and the mean baseline reward of type
0 py0) be drawn from N (e, 1) with ¢ € [0,1]. The gap between these priors is defined
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Expected gap | Exploration Variance in prior Exploration

E[p o~ Mg(O)] probability p over treatment effect | probability p
-0.5 0.004480 0.1 0.002561
-0.4 0.004975 0.2 0.003112
-0.3 0.007936 0.3 0.002561
-0.2 0.003984 04 0.002561
-0.1 0.003488 0.5 0.003982
0.1 0.003984 0.6 0.004643
0.2 0.004480 0.7 0.005422
0.3 0.003488 0.8 0.002790
0.4 0.004480 0.9 0.001389
0.5 0.003488 1 0.003488

Table B.1: Upper bounds on exploration Table B.2: Upper bounds on exploration
probability p to incentivize partial com- probability p to incentivize partial compli-
pliance with respect to different gaps ance with respect to different variances in
E[ug<1) - ug(o)] the prior over treatment effect 0

as E[Mgu)] — E[/Lgm)]. We observe that the exploration probability does not change
monotonically with increasing gap between mean baseline reward. In Table B.2, we
calculate the exploration probability p with different variance in prior over treatment
effect 6. Similarly, in Table B.1, we observe that the exploration probability p does not
change monotonically with increasing variance in prior over 6. In both tables, p value
lies between [0.001, 0.008], which implies infrequent exploration by Algorithm 1. This
slow rate of exploration is also reflected in Figure 4.2, which motivates the social planner
to transition to Algorithm 2.

In Figure B.1, we compare the approximation bound on |§ — | between the IV
estimate § and the naive estimate for Algorithm 2. In our experiments, the constant
7 generally lies within [0.4,0.6]. Similar to the experiment in Section 4.7, we let the
hidden treatment effect 8 = 0.5, type 0 and type 1 agents’ priors on the treatment
effect be N(—0.5,1) and N(0.9,1) — each truncated into [—1, 1] — respectively. We
also let the mean baseline reward for type 0 and type 1 agents be [g(0) ~ N(0,1) and
Py ™~ N(0.1,1), respectively. With these priors, we have found a suitable value of
7 = 0.43 for Algorithm 2. Instead of using the theoretical bound on ¢ in Lemma 4.5.2,
we compare the approximation bound |0 — é] with the conditions in Lemma 4.4.2. In

Figure B.1, the IV estimate consistently outperform the naive estimate for any number
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Number of rounds in Algorithm 2 with tau=0.4300
Figure B.1: Approximation bound using IV regression and OLS durmg Algorithm 2

with 7 = 0.43. The y-axis uses a log scale. Results are averaged over 5 runs; error bars
represent one standard error.

of rounds. Furthermore, we observe that the scale of the IV estimate approximation
bound in Figure B.1 is much smaller than that of Figure 4.2. This difference shows the
improvement of Algorithm 2 over Algorithm 1 on estimating the treatment effect 6. It
takes Algorithm 2 a small number of rounds to get a better estimate than Algorithm 1

due to the small exploration probability p.



Appendix C

Appendix for Incentive-Aware
Synthetic Control

C.I Further Background on Principal Component Regres-
sion

Let IZ.(d) be the set of units who have received intervention d before unit ¢ arrives, and let

ngd) be the number of such units. We use

. d ()
v [ijpre D j€ 7! )] e Ru xTo

pre,t %

to denote the matrix of pre-treatment outcomes corresponding to the subset of units who

have undergone intervention d before unit ¢ arrives, and

T
d d) . d (d)
Yp(os)t,i = Z yj(i) 1j € Ii( M e ruTx1
t=To+1

be the vector of the sum of post-intervention outcomes for the subset of units who

have undergone intervention d before unit ¢ arrives. We denote the singular value

248
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(d)

decomposition of Y, Y,cias
ngd)/\TO
(d)(d) (AT
Z s, u, (V)
=1
Ay = S
where {sgd) }2;1/\ ® are the singular values of Y, p(re) ;» and ugd) and vgd) are orthonormal

column vectors. We assume that the singular values are ordered such that sl(Yp(;l e)@) >

) (d)
> Sl ATy (Y;Jre ;) = 0. For some threshold value 7, we use

Z Sed) (d T

to refer to the truncation of V9 . to its top r singular values. We define the projection

pre,i

matrix onto the subspace spanned by the top r right singular vectors as PEJ) e R™",
T

given by P(d) =>4V i@ (Véd)) . Equipped with this notation, we are now ready

to define the procedure for estimating 64 using (regularized) principal component

regression.

Definition C.I.1 (Regularized Principal Component Regression). Given regularization

parameter p > 0 and truncation level r € N, for d € {0,1} and i > 1, let Vi(d) =
~ T ~

(Y(d) ) 7@ 4 pP( ). Then, reqularized PCR estimates 0D qs

pre,i pre,i

7 pre,i” 1,post?

6" = (V) Py

where 8@ s defined as in Proposition 5.53.3. The average post-intervention outcome for

(d) = A(d)

unit i under intervention d may then be estimated as E[7; post] ! L0, Yipre)-

I

Observe that if p = 0, then VZ.(d) = <5A/p(7fl 21) Y;)(fl 6) ;, and we recover the non-regularized
version of PCR. Under the Unit Overlap Assumption and Assumption 5.3.2, work
on robust synthetic control uses (regularized) PCR to obtain consistent estimates for
counterfactual post-intervention outcomes under different interventions. Intuitively,
the Unit Overlap Assumption is required for consistent estimation because there needs

to be sufficient information about the test unit contained in the data from donor units in
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order to accurately make predictions about the test unit using a model learned from the

donor units’ data.

C.II Appendix for Section 5.3: Preliminaries

Theorem 5.3.1. Fix a time horizon T, pre-intervention time period Ty, and number
of donor units n%). For any algorithm used to estimate the average post-intervention
outcome under control for a test unit, there exists a problem instance such that the
produced estimate has constant error whenever the Unit Overlap Assumption is not

satisfied for the test unit under control, even as T, Ty, n© = .

Proof. Consider the setting in which all type 0 units have latent factor vo = [0 1]T and
all type 1 units have latent factor v; = [1 0]". Suppose that u§°) =[10]T ift mod 2 =0
and ugo) =[01]7 if t mod 2 =1if ¢t < Tp. For all t > Ty, let ugo) = [H 1]T for some H
in range [—c, c|, where ¢ > 0. Furthermore, suppose that there is no noise in the unit

outcomes. Under this setting, the (expected) outcomes for type 0 units under control are

0if ¢t mod2=0,t<Ty
Elyg)] =<1 if t mod2=1,t<Ty

1if ¢ >1Tp

and the outcomes for type 1 units under control are

1if ¢ mod2=0,t<Tp
IE[?A?B]: 0if ¢t mod2=1,t<Ty
H if t > 1Ty.

(0) ]

1,post
using just the set of outcomes E[yo pre). E[y((]?;ost], and E[y1,pre]. Since these outcomes do

(0)

1,post

Suppose that H ~ Unif[—¢, ¢] and consider a principal who wants to estimate E[y

not contain any information about H, any estimator IE[;Q | cannot be a function of H

and thus will be at least a constant distance away from the true average post-intervention
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(0)

outcome E[Yy 0

| in expectation over H. That is,

_(0 = 0
}EI‘E[yi;ost] E[yl post” = E’H E[:’A ;ost”

- ;c( + Bl ur)?) 2

c
5
Note that our choice of T" and Tj was arbitrary, and that estimation does not improve

as the number of donor units increases since (1) there is no noise in the outcomes and

(0)

(2) all type 0 units have the same latent factor. Therefore any estimator for E[y; s

] is
inconsistent in expectation over H as n(®), T, Ty — co. This implies our desired result
because if estimation error is constant in expectation over problem instances, there must

exist at least one problem instance with constant estimation error. O

C.III Appendix for Section 7.2: Incentivized Exploration
for Synthetic Control

C.III.1 Causal Parameter Recovery

Theorem C.III.1 (Theorem G.3 of Agarwal et al. (2023)). Let § € (0,1) be an arbitrary

confidence parameter and p > 0 be chosen to be sufficiently small. Further, assume that

Assumption 5.2.1 and Unit Overlap Assumption are satisfied, there is some ig > 1 such

that rank(X;,](d)) = r, and snr;(d) > 2 for all i > ig. Then, with probability at least
— O(k9), simultaneously for all interventions d € [k]o,

BL5: pose] — Elvi o] < (8).
3vTh (L(\/ﬂ+ 12V6(Zi(d)) ety (d) )
snr; (d) (T —Tp) - snr;(d) VT =Ty - 0r(Zi(d))
N 2L+/24Ty N 12Lk(Zi(d))/3To N 24/err;(d)
(T —Tp) -snxy(d) (T —To) -sari(d) T —To - 0,(Zi(d))
. Lo/2oR(H/8) Lo/ TiSTog(k/3)
T —To S/Iﬁ”i(d)(T —Tp)
n 240k(Zi(d))+/61og(k/5) N 20 \/err;(d) log(k/6)
st (d)(T' — To) o (Zi(d)VT — Ty

where a(d) 1=
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where IE[ng(flp)ost] = T—ng . <§i(d),yi7pre> is the estimated average post-intervention outcome

for unit i under intervention d and 91@ H < L.

Corollary C.IIL.2. Given a gap € and the same assumptions as in Theorem C.III.1,
the probability that \IAE[gl(flp)ost] - E[g(d) || < e is at least 1 — &, where

i,post

log(n(®) v k

o<
= 2
e V@
exp (\/Urd(zl(d))a (AEF)( n(d)+/Tp) —"_Z&;_ﬁ))
with
0| (VTA+12v/6k(Z4(d)))
o A= 3\/T0< | T + e |,
2H9§‘”H\/24T0 12H0£d)Hn(Zi(d))\/3TO )
o I'= TTo + T—To + JT—To’
0i0)|ovIa8 940z V6 2
e D= T‘fTo T (m}:éo)) + e
V2 ng) ‘a’
* = ——p—,

e a=A+F+DWnd + Ty) + 0,,(Zi(d)E

Proof. We begin by setting the right-hand side of Theorem C.III.1 to be . The goal is
to write the failure probability § as a function of €. Then, using the notations above, we

can write

o4 + F +vag(k/5)+E\/log(k/5)

(suri(d))?  snry(d) sur(d)

First, we take a look at the signal-to-noise ratio snr;(d). By definition, we have:

a0 - )
or(Zi(d))

" V@ 1 T + /log(log(n@)/3)
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Hence,

1 Va4 T + /log(log(n@) /5)
sr(d) 0r(Zi(d))

Observe that since snr;(d) > 2, we have (sﬁil( D)2 < s./n\ri( R Hence, we can write an upper

bound on ¢ as:

L A+F | DVIogR/)
i 08(k/%) o g flog(k79)

- snrz(d) snr; (d)
_ (A F)(Vn ) + /Ty) LA+ F )v/log(log(n()/4)
B ry(Zi(d)) 0ry(Zi(d))
D <\/ﬁ+ Vd 4 /log(log(n(d)/5) ) )) /log( k/(5
o0 (Zi(d))

+ log(k/0)

Since log(x) is a strictly increasing function for x > 0, we can simplify the above

expression as:

(A +F)(Vn@ + VTo) |, (A+ F)/log(Rat Vi)

= 070 (Za(d)) 01, (Z4(d))
D(y/n + vd)\/log(loe(m@)Vk/s) D log(log(n'®)Vk/s) RTIY
7 Z(d) @) Vol g

Subtracting the first term from both sides and multiplying by o,(Z;(d)), we have:

0ry(Zi(d))e — (A+ F)(Vnld) 4

< (A + F)y/log(los(a®)vi/s) + D(y/m + V)1 log (tosn Vi)

+ Dlog(log(n)Wi/s) + Ea,,(Z \/ log (lo8(n(®)v/5)

= (A+ F + D(v/n+Vd) + Eo,,(Z; \/ log(log(n“)Vk/s) + D log(log(n'®)Vk/s)

Let a = A+ F + D(y/n +Vd) + Eo,,(Z;(d)), we can rewrite the inequality above as:

or(Zi(d))e — (A+ F)(Vnld +/Ty) < a\/log(log(n(d))Vk/é) + D log(log(nD)Vk/s)
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Then, we can complete the square and obtain:

2

log (log(n“)Vk/s) + \/log log(n(M)Vk/s) 4 7]
o Org(Zi(d))e — (A+F)(F+ vTo) |
- D 4D2
a\?_ o, € — nld
- W Log(toe(n)v#/3) + w) > ZulZild)e =4 ;F><ﬁ+ o + D7
=\ log(esnvigs) + > \/ S EFWW+ Vo) fgz
2
> log(loe(n@)Vk/s) > \/O'rd(Zi(d))5 — (A ;F)(\/W+ VTo) n 4a;2 B %
log(n®) v k
5
2
N \/ 0y (Zid)e — (A+ F)Va@ 4 VT)  o? o
=P D Tip? T2
e 5< log(n(®) v k

2
or,(Zi(d A+F \/Td-s-\/ o

C.I11.2 Proof of Theorem 4.4.2

Validity of Assumption 5.4.1.3 First, we note that in the first stage of Algorithm 5,
the principal does not provide any recommendation to the units and instead lets them
pick their preferred intervention. The goal of this first stage is to ensure the linear
span inclusion assumption (Unit Overlap Assumption) is satisfied for type 1 units and
intervention 1. This condition is equivalent to having enough samples of type 1 units
such that the set of latent vectors {v;};c71) spans the latent vector space S1. We invoke

the following theorem from Vershynin (2018) that shows span({v;};c71)) = S1 with high
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probability:

Theorem C.III1.3 (Theorem 4.6.1 of Vershynin (2018)). Let A be an m X n matriz
whose rows A; are independent, mean zero, sub-gaussian isotropic random vectors in R™.

Then for any t > 0 we have with probability at least 1 — 2 exp(—t2):

m_ CVe'rK2(\/ﬁ+t) < STL(A) < SI(A) < \/m_‘_ CVerK2(\/ﬁ+t) (Cl)

where K = max; ||4;|,, and cver is an absolute constant.

Hence, after observing No(l) samples of type 1 units taking intervention 1, the linear
span inclusion assumption is satisfied with probability at least
2

VY
1—2exp | — . KQ—\/rl
er

Theorem C.III1.4. Suppose the there are two interventions, and assume that Assump-
tion 5.4.1 holds for some constant gap C € (0,1). If Ny is chosen to be large enough such
that Unit Overlap Assumption is satisfied for all units of type 1 under treatment with
probability at least 1 — &g, then Algorithm 5 with parameters 6, B, C is BIC for all units

of type 1 if

(1) _ (0
L >1+ max Mo — Hos

ieT™) { <C _ a(dPCR) — " 210%%}/552-))

1

1 }
Pr [Mgg)_yu) > C — a(dper) — o %g(ll/%)}_%

i,post — T

where a(dpcr) is the high-probability confidence bound defined in Theorem C.III.1,
d =06;, + 60+ 0pcr and 6., € (0,1) is the failure probability of the Chernoff-Hoeffding
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: : O
bound on the average of sub-Gaussian random noise {6i,t }t:To-‘rl’ and

log(N(l)) Vk

exp \/Ur(ygjg%)(cp) A+F)(F+W) o

dpcr < 5

D 4D 2D

and K ( p(:g No) =o1 <Yp(7‘(z NO)/O"rl (Yp(:g No) is the condition number of the matriz of observed
pre-intervention outcomes for the subset of the first Ny units who have taken the treatment.

The remaining variables in dpor are defined as

1
T(v/7A + 12v/6x( pS«zN()+ NG
T—Tp VT =T, |’

VAT, | 120K VAT 2
T —To T —1To VT =Ty’
D_ FO’\/@ 240 k( p(rle)NO)\/é—’_ 20

T— To T —1To VT =Ty’
NoIN
T-T,

A =31y

=

E =

a=A+F+ DN +/To) + o0, (V2 .

Moreover if the number of batches B is chosen to be large enough such that with probability
at least 1 — &, rank([E[yipre] ' : di=0,i€ T NorBLy — rank([E[yj,pm]T]jeTm), then
the Unit Overlap Assumption will be satisfied for all type 1 units under control with
probability at least 1 — 26.

Proof. At a particular time step t, unit 7 of type 1 can be convinced to pick control if
Ev, [3752,)05,5 - gji(zostk? = 0] Pr[c? = 0] > 0. There are two possible disjoint events under
which unit ¢ is recommended intervention 0: either intervention 0 is better empirically,

ie. MSS) > ]/E\,[gi(’?ost] + C, or intervention 1 is better and unit 7 is chosen for exploration.
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Hence, we have
(0 (1) 5 ~
E[5{post — T poseld = 0] Prld = 0

i,post
,UZ 7p

~ . 1
= E[gz(,op)ost - gl(,:lp)ost|#7()?) 2 ]E[gz(,?OSt} +C] Pr[,u,(,?) =z E[g’(’?”t] +C] (1 - L)

1

L o Yi.post — Yi,post
R N 1
_ (Mgi B E[?z(,gostmgg) > E[Qz(,gost] + C]> Pr[uq(}g) > E[?Jz(,;)ost] + (] <1 — L)
v;

1
+ 7 (1) — ui))
Rearranging the terms and taking the maximum over all units of type 1 gives the lower

bound on phase length L:

i) — iy

() — By [BI5LL) ) [Ec,) Pro [Eci])

L>1+

To complete the analysis, we want to find a lower bound for the terms in the denominator.

That is, we want to lower bound

(u&i” = Elf st > 15 o] + C]> Pript) = R[5 o) + )
Let &y denote the event that Unit Overlap Assumption is satisfied for type 1 units under
treatment. From Assumption 5.4.1, we know that event &, occurs with probability at
least 1 — dp for some dg € (0,1). Let Epcor denote the event that the high-probability
concentration bound holds for units of type 1 and intervention 1. Finally, let &, denote
the event where the Chernoff-Hoeffding bound holds on the average of the sub-Gaussian
noise s(lt), that is with probability at least 1 — .., we have:

i?

T
LS ), [Posl1/5)

T ’ T
B | 1

Define another clean event & where the events &y, &, and {pcr happen simultaneously
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with probability at least 1 — J, where § = g + dpcr + d;. Then, we have:

(4 — Els o c:i)) Priéc]
= (1) ~ El5 st €) Prléc,i € + (4 — El5; pouléc,i =€) Priéc, ]

> (H’E)Z) [yz post‘é-C’u D Pr[go,iv g] — 20 (since Pr[ﬁf] < 67 Hi(J?) - Evi [gzg,lp)ost] > _2)

We proceed to lower bound the expression above as follows:

/’L1()(L)) ]E[g@slp)ost ‘gc,ia 5]

= MS)?) - 1];3 gz(,lp)ost lui(I?) > E[yz(lp}ost + C]? ‘E[gz(,lp)ost] E[yz( post” < a(0pcRr);
1 & 21og(1/d.,)
1 2
Y el < gy 2loe/ )
1 t=Tp+1 1
T
1 21og(1/6.,
= b B [0~ Bl 2 € aorm | 3 o] < o208 %)
(% 1 1=To+1 1
2log(1/6s,
= /’LQ()?) - E[ ] |:yz(p)ost :ui(h) - gl(p)ost >C - a(6PCR) -0 g;l/el)
2log(1/0,,
> C —a(dpcr) — 0 (w
1

Furthermore, we can write the probability of the joint event Ec,i,g as:

Pr[¢c, €]

=Pr [/’Lq()?) > E[gz(,?ost + C]? |E[yz( p)ost] ]E[yz(,p)ost“ a(dpcr);

T
S W<o 2log(1/9:,)
b Tl

1 t=To+1

210g(1/6.)
Ty

= Pr |:1u51 ) — yf?ost > ¢ - a((SPCR)
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Hence, we can derive the following lower bound on the denominator of L:

/’Li(}?) - La[gzslp)ost’gc,i]
Th
210a(1/5.,)

Pr /L(Q) gD > C—a(dpcr)—o T

v;° — Yipost = —26
Applying this lower bound to the expression of L and taking the maximum over type 1
units, we have:

1 _ ()
L>1+ max Hoi — Ho;

ez { <C ~ al6pen) — o 2log(1/65i)>

X

T

1 }
Pr [Mz()?) — Tl > C — al0poR) — 0 210g(1/5€")} —20

i,post — T

O

Example C.IIL.5. Consider the following data-generating process: Suppose there are
two receiver types, each with equal probability; type 1 units prefer the treatment and
type 0 units prefer control. Let v; ~ Unif[0.25,0.75]. If unit ¢ is a type 1 unit, they have
latent factor v; = [v; 0]. Otherwise they have latent factor v; = [0 v;]. Suppose that the
pre-intervention period is of length Ty = 2 and the post-intervention period is of length
T = 1. We leave ugo)’ ugo), uéo), ugl) unspecified.

Since r; = 1, we only need to incentivize a single type 1 unit to take the control in
order for the Unit Overlap Assumption to be satisfied for type 1 units under control.
Therefore, for a given confidence level §, it suffices to set Ng = B = l(ii;&éf). After the
first Ny time-steps, the principal will know all of the parameters necessary to compute

the batch size L.

Since 77 = 1, unit 4’s prior is over {E[yz(o)],E[yZ(?]} For simplicity, suppose that (1)
all type 1 units believe that E[yl(g)] ~ Unif[0, 0.5] and E[yl(}g)] ~ Unif[0, 1] and (2) there is
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no noise in the post-intervention outcome. Under this setting, the event {c; simplifies to
foi = {0.25 < E[yl(lg)] + C} for any unit ¢ and constant C' € (0,1). Therefore

o = PrIE[YY) < 0.25 — €] = max{0,0.25 - C}.

C.IV Appendix for Section 5.5: Extension to Synthetic

Interventions

Theorem C.IV.1. Suppose that Assumption 5.5.2 holds for some constant gap C € (0,1).
If the number of initial units Ny is chosen to be large enough such that Unit Overlap
Assumption is satisfied for all units of subtype T under intervention T[1] with probability

1 =6, then Algorithm 6 with parameters §, L, B, C is BIC for all units of subtype T if:

MZ(TD]) _ Hl(f[k])

2log(

L >1+ max
(C —2a(dpcR) — 20 7}1/651)> (1—0)Pr[&c;] —26

€T (T)

Moreover, if the number of batches B is chosen to be large enough such that with
probability at least 1 — &, we have rank([E[y:pre] | : di =0+ 7[1),i€ T NoFBLy —
rank([E[yj7pre]T]jE7-<T>), then the Unit Quverlap Assumption will be satisfied for all units
of subtype T under all interventions with probability at least 1 — O(kJ).

Proof. According to our recommendation policy, unit 7 is either recommended intervention
7[1] or intervention ¢. We will prove that in either case, unit ¢ will comply with the
principal’s recommendation.
Let E(Cf)z denote the event that the exploit intervention for unit ¢ is intervention /.

Formally, we have

20 _ ) rs(riD) 0wl (Tl ¢

EC’,i - {E[yi,post] < 112;I<1£E[yi,post] —C and 1H<1§i’§£E[yi,post] < Mfgz) - C}
When unit i is recommended intervention £  When a unit ¢ € 7(7) is recommended

intervention ¢, we argue that this unit will not switch to any other intervention j # /.

Because of our ordering of the prior mean reward, any intervention j > £ has had no



261

(vl < ,U( Tie])

sample collected by a type 7 unit and Hence, we only need to focus on

the cases where j < £. For the recommendation policy to be BIC, we need to show that
m@?—d&ﬁw (Prld=1] >0

There are two possible disjoint events under which unit ¢ is recommended intervention £:
either £ is determined to be the ’exploit’ intervention or unit ¢ is chosen as an ’explore’
unit. Since being chosen as an explore unit does not imply any information about the
rewards, we can derive that conditional on being in an ’explore’ unit, the expected gain
for unit ¢ to switch to intervention j is simply ,u(g) uq(,:.-m). On the other hand, if
é’\é)l has happened. Hence, we can

rewrite the left-hand side of the BIC condition above as:

intervention £ is the ’exploit’ intervention, then event

2(0) ¢ 1 ;
lel) — a0 = A rid = = Blul?) — oI PHESD (1 7 ) + 0~ D)

Rearranging the terms, we have the following lower bound on the phase length L for the

algorithm to be BIC for type 1 units:
M(;"[]]) ,U( )

L>1+
Elub) — 5o E) PriES)]

To complete the analysis, we need to lower bound the denominator of the expression

above. Consider the following event C:
C = Iviclkl: gD D < (s
{ j € [ ] : HE’[yl ] ]E[yz,post” — a( PCR)}

Let & denote the event that Unit Overlap Assumption is satisfied for units of type
7 under intervention 7[1]. From Assumption 5.5.2, we know that event & occurs with
probability at least 1 — dp for some dp € (0,1). Furthermore, let &, denote the event
where the Chernoff-Hoeffding bound on the noise sequences {5§;[j D}f:TO 41 holds, that is

with probability at least 1 — ¢,,, we have:

T
Loy o) o g [2loall/0n)

‘T T
Ly 1
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Then, we can define a clean event £ where the events C, &) and &, happens simultaneously

with probability at least 1 — &, where § = 67 + 6., + 8.
Cavl)

zpost] < 1, we can rewrite the denominator as:

Note that since |y

l
Bl — 5080, PriES)]

= Bl — gD |ES), €1 Pr[EL), €] + Elul? — gTUN|EL), <€ Pr[EL), ]
> gl — gTUED, €1 Pr(EY), €] - 26

O

Define an event &; on the true average expected post-intervention outcome of each

intervention as follows:

2log(1/4s,)

1,post — 1<j<t ,post Tl

gi(lf) — {y(f[ D < in yl"'[]]) C —2a(dpcr) — 20

AT < 0 _ o oy, | 2log(1/d:;)
and f?fi‘eywost—uv C —2a(dpcr) — 20 T

We can observe that under event £, event E/XCK )l

(¢

is implied by event &; ), Hence, we have:

Pr(e, 9] < Prg, EY)

Ci

We can rewrite the left-hand side as:

Pr(c, &) = Pric|el) Prel) > (1 - 6) Pr(g”)]

(2

()

Substituting these expressions using & for the ones using gcﬂ' in the denominator gives:

a(0) 14
E[le yz post‘ Ci } PI’[/\( )]

2log(1/6,)

_ 0y _
o (1—8)Prie) — 20

> | C —2a(dpcr) — 20

Applying this lower bound to the expression of L and taking the maximum over type 1
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units, we have:

([1]) (T[k])
L > 1+ max R

et (C—Qa(ap(m)—20,/21%(;1/68»)( —0)Pr [€5)] — 26

When unit i is recommended intervention 7[1]: When unit 7 gets recommended

intervention 7[1], they know that they are not in the explore group. Hence, the event
g’\(;?i did not happen, and the BIC condition, in this case, can be written as: for any

intervention 7[j] # 7[1],
E[5) pont — 91 pont | 2EC PrI-EG)) > 0

Similar to the previous analysis on the recommendation of intervention ¢, it suffices to

only consider interventions 7[j] < £. We have:

1]) 4 _(T[1 _ 1 _ 4 {4
E[J; oot~ T pot | 7EC PHEE) = ElB ot — Trpoot) — Bl ot — Trpont |EC) PIIEC)]
1 l o
= w7 — 790+ B0 — 0o €6 PHEC)
By definition, we have u( i) > H(z ) . Hence, it suffices to show that for any intervention

1 < 7[j] < £, we have:

T T Y4 Y4
Elga) — g ED PriED)] > 0

Observe that with the event £ defined above, we can write:

T 4 £)
Elg ol — 9 pon 1€ >] Pr[ES)]

= E[5 pont — Tl pont IEC cw EVPrEC €]+ Ela{ 00 — Uy pont £ ~CI PrEC), €]
> Bl ot — Dupost 10 €1 PIIEC €] = 26
When event EA(Z). happens, we know that ]E[yl( p[ojs]t] > [E[yz(;[olgt)] + C. Furthermore,
when event £ happens, we know that yf;&ig > E[yfgggz] — a(dpcr) — 0 %11/65")
and E[ggp[[ﬂz] > yl(;[ols}t) — a(dpcr) — 0 %. Hence, when these two events ggz
and £ happen simultaneously, we have yZ( pgs]g > yl(‘;[ols]z + C —2a(dpcr) — 20 %11/5”).
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Therefore, the lower bound can be written as:

21log(1/4.,)

E[ﬂ(Tm) _(T[I])|é\g,)i] Pr[é\g’)] > | € = 2a(6pcg) — 20 T

i,post — Yi post i

Pr[Es), €] — 26

Similar to the previous analysis when unit ¢ gets recommended intervention ¢, we have:

Elg ) — 7o |Ec.i] PrlEc,]
Z C - 204(5PCR) — 20 W (1 — (5) Pr[gi(e)] —20
1

Choosing a large enough C such that the right-hand side is non-negative, we conclude

the proof. O

C.V Appendix for Section 5.6: Testing Whether the Unit
Overlap Assumption Holds

Theorem 5.6.2. Under Assumption 5.6.1, if the Unit Overlap Assumption is satisfied

for unit n, then

E log(1/6
[E[Yn,prev] — Ynprer| < a(6) + 20 Og(To/)

with probability 1 — O(0), where () is the high-probability confidence interval which is
defined in Theorem C.II1.1 when using the first Ty/2 time-steps as the pre-intervention

period and the next Ty/2 time-steps as the post-intervention period.

Proof.

|E[gi,pre”] - gi,pre”| < @[gi,pre”] - E[ﬂi,pre”” + ’E[gi,pre”] - gi,me”|

2 ZTO 0
0

< 04(5) + ? Eiﬂf

t=Tp/2+1

with probability at least 1 — O(d), where the second inequality follows from Theo-
rem C.II1.1. The result follows from a Hoeffding bound. O
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Theorem C.V.1. Under Assumption 5.6.1, if

r/2\flog(Th 1)) — o(1) (€2)

&0 |5 - min{Ty, |Z], Ty'*|Z|1/2}

and

T
1 O] (~mO) [ ~(n0);
OV E ZE[%,t]‘(W i) — @™ i]) = op(1) (C.3)
T[]l t=To+1 i€

then as |Z|,Ty,Th — oo the Asymptotic Hypothesis Test falsely accepts the hypothesis
with probability at most 5%, where 62 is defined as in Equation (4) and 39 is defined
as in Equation (5) in Agarwal et al. (20200).

(n.0) ig sufficiently large, and condition

Condition (C.2) requires that the o norm of @
(C.3) requires that the estimation error of &™) decreases sufficiently fast. See Section

5.3 of Agarwal et al. (2020b) for more details.

Proof. We use z 5 y (resp. x LA y) if x converges in probability (resp. distribution) to
y. Let o/ denote the true standard deviation of ¢;;. By Theorem 3 of Agarwal et al.
(2020b) we know that as |Z|, Ty, T1 — oo,

L. L(E[yn,pm”] - E[yn,pre”]) i N(O, 1)

U’H@("’O)HQ
2. 5 o and
3. w0 B 5(n0)

[ 1
— = .
[l&(m-0)]|

By the continuous mapping theorem, we know that % TN % and B0,
We can rewrite E[gjnwen} — ElUnprev]| as E[ﬂn,pre”] — Yn,pre”” + Enprev, and we know that

Enpre! 0. Applying Slutksy’s theorem several times obtains the desired result. O

C.VI Appendix for Section 5.7: Numerical Simulations

If unit 7 is of type 1 (resp. type 0), we generate latent factor v; = [0 -+ 0 v;[1] -+ v;[r/2]]
(resp. v; = [vi[1] -+ vi[r/2] 0 --- 0]), where Vj € [r/2] : v;[j] ~ Unif(0,1). We consider
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an online setting where 500 units of alternating types arrive sequentially.! We consider a

pre-intervention time period of length T = 100 with latent factors as follows:

e Ift mod 2 = 0, generate latent factor
uio) =100---0 ugo)[l] . -uio)[r/2]], where V¢ € [r/2] : ugo) [¢] ~ Unif[0.25,0.75].

e If ¢t mod 2 =1, generate latent factor

' = W] ul9r/2] 0 0], where V£ € [r/2] : u{”[€] ~ Unif[0.25,0.75).

We consider a post-intervention period of length 77 = 100 and generate the following

post-intervention latent factors:

o If d =0, we set ugd) = [ugd)[l] ugd) [r]] : t € [To + 1,T], where V¢ € [r] : ugd) [4] ~
Unif[0, 1.

o If d =1, we set ugd) = [ugd)[l] ugd)[r]] :t € [To+ 1,T], where V¢ € [r] : ugd)[ﬁ] ~
Unif[—1,0].

Finally, outcomes are generated by adding independent Gaussian noise Egi) ~ N(0,0.01)

to each inner product of latent factors.

!The alternating arrival of different unit types is done only for convenience. The order of unit arrival
is unknown to the algorithms.



Appendix D

Appendix for Incentivized

Exploration in Two-sided Matching
Markets

D.I Proofs of incentivized exploration for two types of agents

and arms

D.I.1 Warm-start proofs

In this proof, we show that all agents and arms of type i, j € [2] are willing to change their
initial preferences and comply with the platform’s recommendation. In the beginning,
the platform wants to incentivize all agents of type 1 and arms of type 1 to change their
initial preference and choose arms of type 2 (respectively, agents of type 2 instead). Then,
the platform uses these collected samples to convince agents of type 2 to match with
arms of type 2, thus completing the incentive-aware algorithm 1 for all types of agents

and arms.

Proof of Theorem 6.4.2.

Proof. First, we show that agents of type 1 and arms of type 1 are willing to change their

initial preference and follow the platform’s recommendation. Then, we show that agents

267
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of type 2 and arms of type 2 will follow the recommendation and match each other.

Recommended action is A®) = {(z1,a3), (z2,a1)}. For both agents of type 1 and

arms of type 1 to change their initial preferences, we want to show that:

Elp12 — p1a|AY = {(21,02), (12,a1)}] > € (D.1)

and

Elu21 — p11|AYD = {(z1, a2), (v2,01)}] > € (D.2)

Combining these conditions, we instead will prove the following:

Elp12 + poq — 2u11]AY = {(21, a2), (22,a1)}] > 2¢ (D.3)

Let A° = {(z1,a1), (z1,a1)} be a dummy action whose reward is twice the reward from
choosing the prior-best atom (z1,a1). Then, our goal is to show that E[ua — p40|A®) =
Al > 2e.

Define the following two events:

€1 = {exploit: E[ua — f140/S%0] > 0} (D.4)

and

€9 = {explore: E[ua — p0]S%0] < 0 and selected for exploration} (D.5)

Then, we can write

Elpua — paolAY = A > Elpua — paolé] Prléa] + Elpa — 1140 |€2) Pr(éa)

Let AZ7AO = E[u(A) — n(A%)[S%,]. Then, we have:

Pr[¢] = Pr [E[MA — ,qu\Sfflo] < 0 and selected for exploration
= Pr[Aﬁl’Ao < 0] Pr[selected|AZ’Ao < 0]

1 k
- Pr[AA,AO <0
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where the first equality is by definition and the second equality is due to AZ 40 being

independent of the event that the learner is selected for exploration. Then, we can write

E[A% 0lé2] Priés]

1
= E[AXAO’AZ,AO < 0 and selected| Pr[AIZLAO <0]-

L
1
= E[A) j0lAY s < O] Pr[A} 40 <0]- I

Hence, the left-hand side of the dual BIC condition is

E[AY 40| AD = A]Pr[AD) = 4]

= E[A% 10lA% 40 > O] Pr[A% 40 > 0]

+ E[AZ7A0|AI§1,A0 and selected] Pr[AZ}AO < 0 and selected]
= ]E[A],Z,AO’AZ,AO > 0] - PT[AZ,AO > 0]

b ) 'E[AZ,AOMZ,AO > 0] 'PT[AZ,AO > 0]
. (E[Angom’;‘,Ao > 0] - Priaf 4o > 0]+ E[A] 4o|A% 40 <0]-Pr[Al 4o < 01)

1
- ) EIAS 1o A% o > 0] Pr(AY 4o > 0] + - EIA ]

1
- 'E[AZ,A”AIZ\,AO > 0] 'PT[AZ,AO >0+ —- ( OA - ,u(,]qo)

~

For the dual BIC condition to hold, we can set

L-1 1 0 0
S EIAY ol Al g0 > 0 PrAS 0 > 0]+ £ - (uf) — ) > 26
0 0
g EI oA o > O PIAY o > 0] — () — uf)
- E[A% 4olA% 4o > 0]Pr[Al o > 0] - 2¢
(0) (0)
Ha™ = Hpo — 2e
<— L>1-
E[A% jolA% 4o > 0] Pr[Af o> 0] —2¢
0 0
— L>1+ b — ) + 2

E[A ol A% 4o > 0] Pr[Af > 0] —2¢
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The expression above can be simplified by using definitions of 7p, pp and observing that

ul = 1 <2 to get

2+2
L>1+ _ otz (D.6)
TP pp — 2€
Recommended action is A®) = {(z1,a1), (x2,a2)}. We want to show that all agents

and arms will comply with this recommendation. That is, we want to show

Elus — po1|AY = {(z1,a1), (w2,a2)}] > €
Eluoo — p12]AY = {(21,a1), (x2,a2)}] > €
Elpas — p2lA = {(21,01), (22,02)}] > €
Elp1,1 — po, 1!14 = {(z1,a1), (v2,a2)}] > ¢

Let Ao = {(x2,a2), (z2,a2)} and A1 = {(z1,a1), (z1,a1)} be a pair of dummy ac-
tions with reward twice that of atom (x2,as) and (x1,a1), respectively. Let A? =
{(x1,a2),(x2,a1)} denote the prior-best actions for x5 and ay. Then, we can combine

these conditions and show that:

Eltiay, — paolAD = {(z1,01), (w2, 02)}] > 2¢
E[MA1,1 - NAO‘A(t) = {(xlva’l)’ (x27a2)}] > 2e

First, we consider the incentives of x1 and a;. We have:

E[pa, , — pao0|-explore] Pr[—explore]

E[,“Al,l — pao] — E[Nz‘h,l — a0 |explore] Prlexplore]
0 0 0

= 20"} — (1) + 1)) + Elpiao — pua, , lexplore] Prlexplore]
Since the first term is non-negative according to the initial preference ordering, it suffices
to show that E[pg0 — pa, , |explore] Prlexplore] > 2e. This inequality holds from the
previous analysis for recommending Acang = {(z1, a2), (z2,a1)}.

Then, we consider the incentives of xo and as. By construction, when agent xo

receives a recommendation for arm as, they can infer that they are not in the explore

group. Hence, it suffices to show that E[pa,, — t40|-explore] Pr[—explore] > 2e. We
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have:

E[pta, , — pa0|-explore] Pr[—explore]
= E[NA2,2 — pao] — E[MA2,2 — 0 |explore] Prlexplore]
0 0 0
= 218} — p$) = 1) + Elttao — 14, , lexplore] Prlexplore]

Define the following events:

§3 = {E[NAO - :U’A2,2|Sf1] > 0}
§a = {E[NAO - :U’A2,2|Sf1] < 0}

Then, we can write:

E[pa0 — f1a, ,|explore] Pr[explore]
= Elpa0 — (145, |€3] Pr&s] + Elpao — 14, »[€a] Pr(é]

Let AZO,AQQ =E[pa0 — HAz,z‘Sfl]~ Then, we have:

Pr[¢s] = Pr[AZO’ Aos < O|selected for exploration] Prselected for exploration]

= Pr[Alj‘O’ Aoy S 0] Pr[selected for exploration]
Furthermore, we have

E[pa0 — f14, ,|explore] Pr[explore]
=E[E[ta0 — 1y, |Sfl]|explore] Pr[explore]

= E[A%, A, |€xplore] Prlexplore]

where the first equality is by the law of iterated expectation and the second equality is

by definition of AIZO,AM'
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Therefore, we have:

E[pt a0 — pa, ,|explore] Prlexplore]
= ]E[AAO A, 2’53] Pr[&s] + E[AAO Ag, 2‘54] Pr[&4]
=E[A% ,422’53] Pr(&s] + E[A%, A22‘AAO Agn < 0] Pr[Ak, Az < 0] -

N <1 ; ;/> [AAO Az 2 €3] Pr[&s] + 1 [AAO Az, 2]

L— 1
— S Bl 6l PrlG] + T <u§,% + 5 = 204))

L
L

The BIC condition can be written as:

E[pta,, — pa0|-explore] Pr[—explore]

L 1
= o) — (%) + ) + T Bl 6] Pris] + - (e + D) — 2

L
L— 0 0
= T (Mg% + ,ué } - 2“%% + ]E[AAO As, 2‘63] Pr[&;])

Solving for L, we obtain the following condition:

28

Mg+ Né % - QM(O) E[AK, A,,|€3] Prl€s] — 2¢

To ensure that this lower bound is not vacuous, we choose € small enough such that the

denominator is positive. O

D.I.2 Accelerated Exploration Proofs

First, we state the following theorem from Jun et al. (2019) on finite sample error for

low-rank bilinear bandits.

Theorem D.I.1 ((Jun et al., 2019)). There exists a constant C such that for

6

np > C-o*(g5 + g3) - m

r(r + log(d))
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with probability at least 1 — 2/d3/2, we have

d
< CikZoy |2 (D.7)
F np

A~

r-r-

where Cy is an absolute constant, I'* is the mean reward matriz defined by I ; =
Wi ; with rank r, I' is the noisy estimate of K* using np samples of each atom, k =
Omax(T*)/Omin(T*). Let T* = URV'T be the SVD of T*. Let (go,g1) are the smallest
values such that for all i,j € [d]

Y UL <gor/d Y Vi <gor/d
s=1 s=1

Uis(0s(I'™) /o max (I ‘/js < -
2 Uil Nl <oy [ 33

Proof of Theorem 6.4.3. We begin by stating the formal theorem for accelerated

exploration:
Theorem D.I.2 (Accelerated Exploration BIC). Given np samples of all atoms where

NSC2kta2dr

np 2>
AC (AL, — N?)?

the inverse gap weighting recommendation policy is two-sided e-BIC. The total regret
during this stage is O(N+/dT log(T)), which asymptotically matches the optimal regret

of combinatorial semi-bandits.

Proof. We want to show that given a recommendation for any action A € A, the learner
would not switch to some other action A’. Formally, we want to ensure the following
condition:

Elpa — par|rec) = Al Prlrec® = A] > ¢

Let AS) v = E[pa — par|S] denote the posterior gap between action A and A’ given

the data collected during the warm-start stage. Let AS) = ming/xa AS) 4 denote the

minimal posterior gap between action A and any other action. Then, when action A is
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recommended at time-step ¢, it means either 1) A is indeed the posterior best action at
this time-step and Ag) > 0 or 2) A is not the posterior best action and AS) > 0. We

have

E[Ag)hec(t) = A] Pr[rec(t) = A]
=E[E[na — max | S]|rec® = A]Pr[A®) = A]

E[E[nalS] - maXE[uA'\SHA(t = 00] - Pr[A®) = 1]

+ E[E[14|S] — max Eluar|S]|A® # b0] - PriA® 2 50)]
We proceed to analyze the lower bound for each case separately.

Exploitation: Recommended action A® = b(®), By construction, the posterior

(t)

best action is recommended with probability Py = 1->4 £b(®) m Since
b(t)

v > 0, we observe that the probability of recommending any other action A # b(®) is at

(t)

most 1/n2. Hence, we have Dyt

> 1/N2. Therefore, we can write the reward gap in this

case as:

E[E[14|S] — max E[ua|S]| A = b0 PriA® = 0] > m N7
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Exploration: Recommended action A® # b(®), The reward gap in this case can be

written as follows.

E[E[1alS] - max B[ S||A® # b0] - Pr{A® 2 4]

= > P (Ela — myo|S])
A#£b®)

=_F Z.
NOBEFO)
Az ! N2 +5(Fyi) —74")
N2 -1 ORPON
< - (since % <1)
v N24~(7 b(t) TA )
N2
< P—
~y

Hence, for the BIC condition to hold, it suffices to show that

E[Ag)hec(t) = A]Prfrec® = A] > ¢

By definition, we have v = Cp - N/1/¢®). Then, combining with the condition above,

we derive the requirement for the minimum prediction error at time-step t as:

N4
Az(jz) —eN?
N N*
¢(t A((z) _ 8]\72
5 < C3 - (Al) —eN?y?
N6
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Then, we use the theoretical guarantee of Theorem 2 in Jun et al. (2019) for bilinear

bandits: Hence, it suffices to have

§ c2. (Ag; — eN?2)2

t
oM < N
t
Ciwbotdr _ CF- (A — eN?)?
dnp B NG
NSC2kto2dr

P>
ACH (AL, — eN2)?

Regret Analysis Following the analysis of Foster and Rakhlin (2020), with proba-
bility at least 1 — J, the regret upper bound of the inverse gap weighting algorithm is
O(NV/T - ¢Mlog(2/6)). O

D.II General setting proofs

D.I1.1 Initial exploration with Hidden Exploration for K types of

agents and arms

In this section, we provide the theoretical results when there are K types of agents
and arms visiting the platform at each time-step ¢. For simplicity, we assume that the
initial preference ordering of type ¢ agents is M?,l > H?,z > e > M?, - Similarly, we
assume that the initial preference ordering of type j agents is “(l],j > 2> ,u(}(’j. Our
setup is similar to the binary case with two types of agents and arms as described in
Section 3.2, with the only difference being that each agent can choose one of K types
of arms (and respectively, each arm can choose one of K agents) at each time-step.
We assume the same non-degeneracy condition Assumption 6.4.1 and the platform’s
knowledge of the prior-dependent constants in this condition. Since different types of
agents and arms have different preference orderings over their matches, we design a
two-sided BIC recommendation policy (Line 1) for each type of agent and arm (in contrast
to Line 1, which is two-sided BIC for all agents and arms of both types). Note that,
with K different types of agents and arms, the platform can run this two-sided BIC
recommendation policy at most K? times to ensure that all types of agents and arms

will comply with the recommendation and match with less-preferred alternatives. This
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is because after agents of type 1 and arms of type 1 have successfully matched with all
alternative options, i.e., agents of type 1 have matched with arms of type 2, then arms
of type 3 and so on, and arms of type 1 have matched with agents of type 2, then agents
of type 3, and so on, then with high probability, we can form an accurate estimate for a
row/column of the latent matrix X.

Given a pair of agent type and arm type (i, j), the goal of Line 1 is to incentivize
sufficient exploration such that the platform can collect sufficiently many samples of all
matches (i,¢) and (¢, j), for all type £ € [k]. As was the case in Line 1, the ‘warm-start’
algorithm will still be split into two stages, and all agents and arms are not given any
recommendation in the first stage. The main difference compared to Line 1 is how the
platform chooses an ‘exploit’ match in the second stage to ensure the two-sided BIC
condition.

When there are only two possible matchings, for example, {(x1,a1), (z2,a2)} and
{(x1,a2),(z2,a1)}, then the platform can compare ?(11@1)7 which is the estimate of the
average reward from matches between agents of type 1 and arms of type 1, to the
lower bound on the prior-mean reward of an alternative match, e.g., (x1,a2) or (z2,a1).
However, a more complicated procedure is required to ensure the two-sided BIC condition
when there are more than two possible matchings.

At a high level, in Line 1, the platform will set the ‘exploit’ matching as follows.
For agents of type i and arms of type j, Line 1 sets a matching (z;,as) or (z¢,a;) as
the ‘exploit’” matching if and only if the sample average of all matching {(x;,a,) for
ve{l,---,¢}} (and vice versa, {z,,a;} for v € {1,--- ,£}) are both (1) larger than the
sample average of the matching (z1,a;) by some constant gap C, and (2) less than the
prior-mean reward ugfz) (or ug?g)) by C. If no matching satisfies both of these conditions,
then the prior-best matching (x1,a1) is chosen to be the ‘exploit’ matching. We provide

the formal theoretical guarantee in the following theorem.

Theorem D.I1.1. Under Assumption 6.4.1, if the number of initial samples k and the

batch size L is chosen to be large enough, such that

L>14_21% (D.8)
TP pp — 2€

then Line 1 is two-sided BIC for all agents of type i and arms of type i.
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Algorithm 13: Initial sampling: Hidden Exploration for agents of type ¢ and
arms of type j

Input: Batch size L € N, target number of samples k € N, gap C' € (0,1).
1: Initialize dataset S = ();
2: The first k learners choose A = {(x1,a1)} without recommendations.
3: Let ?]16,1 be the sample average of these rewards. Add these k£ samples to S;
4: for each phase ¢ = 1 to K2 do

5 if v < K then

6 Aug 2 (@i ay))k

7: else( :

8 A2 {(wga)}

9: end if
0. i 7+ 0 <7k <) —Cforall types g € {2, ) and 7 ;4 O <

1 can
0
ﬁl’j < u;,}and — C for all types h € {2,--- ,1} then

11: "Exploit’ action A* = Agjand'
12:  else
13: "Exploit” action A* = {(x1,a1)}.
14:  end if
15:  From set P of L -k learners, pick set @) of k learners uniformly at random;
16:  Every learner p € P — ( is recommended the ‘exploit’ action A*;
17:  Every learner p € Q) is recommended action Acang.
18:  Add the reward from all p € Q to S.
19: end for

Proof. According to our recommendation policy, a learner is either recommended the

matching {(z1,a1)} or some matching {(z¢, a,)}. We will prove that, in either case, the

learner will comply with the platform’s recommendation.

Consider the event Z& o) that the action {(z¢,ay)} is the exploit intervention for

learner ¢t. Formally, we have:

g((fi)z,(lu) - {?]lg,l +C < ?kl,u < N(O) -C

AY

cand

and 7y +C <7y < pl) = O for all types v € {2, ,w}} (D-9)

cand
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Recommended action is A®) = {(z/,a,)}. When the learner at time-step ¢ is
recommended action A®), we argue that the learner will not switch to any other action.
Due to our simplifying assumption on the prior-mean reward, any action (xp,aq) for
h > 1, g > 1 has had no samples collected in previous time-steps and ,ug?; < ,ug)g. Hence,
we only need to focus on the cases when h < £, g < v. For the recommendation policy to

be two-sided BIC, we need to show that:

Elue, — pegl(L,v) € ADPr[(€,v) € AV > ¢
Elpey — pn| (6, v) € AV Pr[(¢,v) € AD] > ¢

We combine these conditions and prove the following:
El21e, — pieg — pnol (6 v) € AV > 2¢

Let A" = {(¢,h), (h,v)} and A = {(¢,v), (¢,v)} denote the dummy action whose reward is
twice the reward of choosing atom (£, 7). Then, our goal is to show that E[us —pua|A® =
A]Pr[A®) = A] > 2¢. There are two possible disjoint events under which learner ¢ is
recommended the matching (z¢, a,): either (x4, a,) is determined to be part of an ‘exploit’
action or the learner ¢ is chosen to be in the ‘explore’ group. Since being chosen to be in
the ‘explore’ group does not imply any information about the reward of this atom (or
any other atoms in the atom set), we can derive that, conditional on being chosen as
an ‘explore’ learner, the expected gain for learner ¢ to switch to another atom (h, g) is
simply uf) — ug],). On the other hand, if atom (¢,v) is in the ‘exploit’ action, then we
know that event E((Z)V) has happened. Hence, we can rewrite the left-hand side of the

two-sided BIC condition as:

Elpa — pa|AD = A Pr[A® = 4]

_ 1 2t) 2(t) L © (o
= (1= 1 ) Bl — a0, 1 PR, )+ L0~ )
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Rearranging the terms, we have the following lower bound on the phase length L for the
algorithm to be two-sided BIC:

0 0

L>1+ 0
Elpa — NA’|€(g7V)] Pr[é(&y)] — 2

The expression above can be simplified using the definitions of 7p, pp and observing that

MEL?/) - /‘SX)) < 2 to get

14 2¢

L>1+ ———
TP - pp — 2€

Recommended action is A®) = {(z1,a1)}. When the learner is recommended action
{(x1,a1)}, then they know that they are not in the ‘explore’ group. Hence, the event
£(t) did not happen, and the two-sided BIC condition can be written as: for any

(2z0,a0)

action (g, h) € [K] x [K],

E[m 1= ,ug,h\ f(wh ag)] r[- 5(% ag)]

It suffices to only consider atom (h,g) € [¢0] x [¢p]. We have:

Elpin — tingl=&n, o) PIE ] = E[Nll*#gh]*E[Mllfﬂhg‘g(t)h, | PrlEf;) )
0 0
—uﬁf uﬁL;JrIE[ug,h—ul HE (W ]Pr@i)h,ag)]

By definition, we have Mg% _ Méo})L]

(g, h) € [9] x [¢],

Hence, it suffices to show that for any action

é\(t

(mh’ag ] Z €

Elpgn — p11l€s) o, )] Prl

Let &, , be the ‘exploit’ event defined on the true mean reward. Formally,

£g7 {M11+C<Mz1/§,u€u_0

and p11 +C < pyj < pp, — C for all types h € {2,--- £}, g€ {2,--- ,u}}
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We can rewrite the two-sided BIC condition as:

3N

(mhvag)

Elttgn — 1100, o)) Pl
= E[Mg,h - ,u1,1|§(t) ‘fg,h] Pr[g((fc)hﬂg)v gg,h]

(xfuag) ’

+ Elugh — Ml,l\g((i)h’ag), ~&g,n] PF[EEQM%), —&g,n]

> Eltgn — 11,1100, o) Eonl PHEL o Egn] = 20

where 6 = 2/43/2 is the failure probability that the estimated reward is not close to the
true mean reward of each atom (Theorem D.I.1).

Observe that when event E((i)h o) happens, then we know that 7’“4;31 > ?gt)l + C.

Furthermore, when event &, , happens, we know that p, ) > ?,(f?q — C1K%0 4/ 7‘5—;. Hence,

when these two events happen simultaneously, we have pg, > p1 1+ C — 201K%0 4/ ff—;.
Choosing C' to be large enough such that the bound is not vacuous, we can conclude the

proof. O

D.I1.2 Accelerated Exploration for K types of agents and arms

From Foster and Rakhlin (2020), we know that the recommendation policy described
in Section 6.4.2 can be adapted to an increasing number of actions at each time-step.
That is, the platform will still estimate the reward of each atom using the ‘warm-start’
samples collected by Line 1 and provide recommendations according to Equation (6.7).
Hence, when there are k types of agents and arms visiting the platform at each time-
step, the platform can still leverage the inverse-gap weighting technique to provide
recommendations to each learner. The regret guarantee, in this case, is the same as in

the binary setting with only two types of agents and arms (Foster and Rakhlin, 2020).

D.III Experiment Detail

In this section, we provide additional experimental details and analysis of Section 4.7
that were previously omitted from the main body.
For the benchmark one-sided BIC algorithm, we consider the incentivizing exploration

algorithm for only the agents from Mansour et al. (2015b). Particularly, for Figure 6.2
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and 6.3, we consider Algorithm 1 from Mansour et al. (2015b), where the goal is to
incentivize the agents to choose the lesser arm (arm 2). For the following experiments
with more types of agents and arms, we consider the detailed-free algorithm 4 in Mansour
et al. (2015Db).

In this experiment, we test the validity of our theoretical algorithms in Section D.II
when there are K types of agents and arms visiting the platform at each time-step. In
Figure D.1, we vary the number of types of agents and arms K € {4,8,16,32}, while
keeping all other parameters of the problem instant constant. Each experiment is repeated

10 times, and we report the regret and standard deviation at each time-step.

““““““““““

aaaaa

;;;;;

(a) K =4 (b) K =38 (c) K =16 (d) K =32

Figure D.1: Cumulative regret using our proposed two-sided BIC algorithm (Line 1 and
Line 1) in blue and the standard one-sided BIC algorithm in orange. We provide the
results with an increasing number of types of agents and arms K at each time-step:
K € {4,8,16,32}. Results are averaged over 10 runs, with the shaded region representing
one standard deviation. In all experiments, we observe the cumulative regret of our
proposed algorithm is significantly lower than that of a one-sided BIC algorithm that
does not consider incentives from the arms. As the number of types of agents and arms
at each time-step increases, our algorithm incurs more regret as the platform needs more
exploration before determining the optimal matching.



Appendix E

Appendix for Strategic Instrumental

Variable Regression

E.I Parameter estimation in the causal setting

E.I.1 Ordinary least squares is not consistent
The least-squares estimate of 6 is given as

T
aLS = <Z XtXtT) thyt-
t=1 t=1

However, @LS is not a consistent estimator of 8*. To see this, let us plug in our

expression for y; into our expression for ELS. We get
T -7
0rs = (Z th;r) th(xz—@* + 01)
t=1 t=1
After distributing terms and simplifying, we get

_1T

T
015 = 0" + (mej) thot.
t=1 t=1

x; and o; are not independent due to their shared dependence on the agent’s private

283
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type uz. Because of this, (Zthl X%, ) - Z;le x:0; will generally not equal 0,,, even as
the number of data points (agents) grows large. To see this, recall that x; = by + &ay,
SO Z;le X0p = ZtT:1(bt + &&,"0,)0;. op and by are both determined by the agent’s
private type. Take the example where b; = [04,0,...,0]". In this setting, Zthl byo, =

[07,0,...,0]", which will always be greater than 0 unless o; = 0, V.

E.I.2 2SLS derivations

~ 0 0
Define 0; = [ 11 . X; can now be written as x; = [Eté’; bt} llt] )

Lemma E.I.1. Using OLS, we can estimate

E[&E,]
as
Elby "

Q
BT

T . T
= (Z 0t0t> > 0ix/
t=1 t=1
T L rar
~(xaor) )
t=1

T
D1 XtT

A -1 _
where ) = (Zthl 0t9tT> ST 0:(x; —b)T.
Proof. In order to calculate (AZ, we will make use of the following fact:

Fact E.I.2 (Block Matrix Inversion (Bernstein (2009))). If a matriz P is partitioned

into four blocks, it can be inverted blockwise as follows:

A B
C D

Al 4+ A"'BE1CAY —AIBE!
—ElcA! E-!

where A and D are square matrices of arbitrary size, and B and C are conformable for
partitioning. Furthermore, A and the Schur complement of A in P (E =D — CA™'B)

must be invertible.

Let A=Y/,00] B=Y],0,C=>/,0] and D=3/ 1=T. Note



285
that A is invertible by assumption and E is a scalar, so is trivially invertible unless
CA 'B=T.

Using this formulation, observe that
T T
b’ =-EtCA! Z 0;x; + E! ZXI
t=1 t=1

and

T T
Q=AY "0x] + A'BETICATY 0]
t=1 t=1

T
—A'BE! Z x,
t=1

Rearranging terms, we see that X can be written as

T
ﬁ = Ail Z OtxtT

t=1

T T
+ATB(ETICATYY 0x] —ETND x])
t=1 t=1
T
=AY 6,x/ —A'BbT
t=1
Finally, plugging in for A and B, we see that
T -
Q= (Z 6,0, ) > 0
t=1 t=1
T —Lop
- (Z 0.0 ) > 6b’
t=1 t=1
T -Lr
= (Z 9,50;'—) Z Bt(xt - E)T
t=1 t=1

Similarly, we can write y; as y; = [0: 1}

AN
ot + b O*|
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Lemma E.I.3. Using OLS, we can estimate

E[£,E710"
Elo] + EbT]0"|

p T 7 -
_ = 0.0 01y:
T -1 T T
~ ~ .0
t=1

T
D1 ytT

~ -1 _
where X = ($1.,6:07 ) XL, 0i(y —5-bT0").

Proof. The proof follows similarly to the proof of the previous lemma. Let A = Zthl OthT,
B=Y7,6,C=57,6], and D=3/ 1=T. Note that A is invertible by
assumption and E is a scalar, so is trivially invertible unless CA=!B = T.

Using this formulation, observe that
T T
ol +210"=—E'CA™> 0+ E7D
t=1 t=1

and

T
3\\ = Ail Z tht
t=1
T T
+ AilB (Echl Z Btyt - Eil Z yt)
t=1 t=1

T
= A1 Z 0,y — A" 'B ((‘F + 2T0*>
t=1

T
— (Z 9150;'—) Z Ot (yt — 5T — ETO*)
t=1 t=1

Theorem E.I.4. We can estimate 0% as

T -1 7
0=0""x= (Zet(xt—B)T> > Oy —0—2'6%)

t=1 t=1
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Proof. This follows immediately from the previous two lemmas. O

E.I.3 2SLS is consistent

Consider the two-stage least squares (2SLS) estimate of 6%,

T
O = (Z 6, (x; — b)T> > 0y —o0—270%)
t=1 t=1

Plugging in for y; and simplifying, we get

T
/é]V =0"+ (Z Ht(Xt — b)T> Zet(ot — 6)
t=1 t=1

To see that 51‘/ 1s a consistent estimator of 8%, we show limr_, oo EH/H\IV - 0*% =0.

2
-1 7

T
EHBIV — 0*”% =E <Z Ht(xt — b)T> Zot(Ot - 6)
t=1 t=1

2

o — 0 and 0; are uncorrelated, so Zthl 0:(o; — 0) will go to zero as T — co. On
the other hand, Y.7_, 6:(x; — b)" will approach TE[8:(x; — b)']. 6; and x; — b are
correlated, so E[@;(x; — b) "] # 0 in general.

E.IT Causal parameter recovery derivations

E.I1.1 Proof of Theorem 7.2.1

~ _ -1 _
Recall that 8 = (ZL 0, (x; — b)T) ST 0.(yy — 6 — b1 6*) from Appendix E.I2.
Plugging this into || — 6*[|2, we get

T L/
Z Ot(Xt — b)T) <Z Bt(yt — 0 — bTO*)> — 0*
t=1

t=1

oY

2



Next, we substitute in our expression for y; and simplify, obtaining

16— 672

T -1
(Z Ht(xt — ]Z_))T>
t=1

T
<Z 0,(x; 0" + 0 — 06— BM*)) -0
t=1 2

T
) (e

T - T
+ (Z Ot(Xt — B)T> (Z Ot(ot — 5)) — 0*
t=1 t=1

2

T -1 /7
0" + (Z Ot(Xt — B)T> (Z Gt(Ot — 5)) — 0
t=1 t=1

2

T ) -1/
= (Z Ht(xt — b)T> <Z Gt(ot — O)>
t=1 t=1

T -1
<Z Ot(Xt — B)T>

[ oo,
Omin (Zt 1 01(x: b)T)

IN

T
Z Ht(ot — 5)
t=1

We now bound the numerator and denominator separately with high probability.

E.I1.2 Bound on numerator

T
Z Ot(ot — O
th O —

Z 0t Ot Ot + E[Ot] — O)

2 2

- |Coe

2

288
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Bound on first term

T
> 6i(or — Elor])
t=1

2
1/2

m T 2
=12 (Z O, (0r — E[Ot])>

j=1 \t=1

Since (or — E[o]) is a zero-mean bounded random variable with variance parameter

03, the product 6; j(o; — E[o;]) will also be a zero-mean bounded random variable with
o\ 1/2
variance at most ﬂzag. In order to bound <Z;n_1 (Zle Oy,(or — E[ot])) ) with high

probability, we make use of the following lemma. Note that bounded random variables

are sub-Gaussian random variables.

Lemma E.II.1 (High probability bound on the sum of unbounded sub-Gaussian random

variables). Let z; ~ subG(0,0?). For any 6 € (0,1), with probability at least 1 — 6,

> | < o/
t=1

o\ 1/2
Applying Lemma E.IL.1 to <Z§n1 <Z?:1 O5(0r — E[ot])) ) , we get

j=1 \i=1
m 2
< [ (don/2riont1/5,))
j=1
< ZBQUEQT log(m/9d) (by a union bound, where §; = §/m for all j)
7j=1

< Bogy/2Tmlog(m/o)

with probability at least 1 — 4.



Bound on second term

<

After applying Lemma E.II.1, we get

<

IN

<

T
> 6.(Efo,] - 0)
t=1

2

m T 2 1/2
Z (Z Wt,j\;ag\/QTlOg(l/fsj)) )

J=1

é (ﬂag\ /2T log(l/éj)) 2) "

m

1/2
ZﬁQJSQT log(m/5)>

j=1

< Bogy/2T'mlog(m/6)

with probability at least 1 — ¢

290
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E.I1.3 Proof of Corollary 7.2.2

Next let’s bound the denominator. By plugging in the expression for x;, we see that

T
Omin (Z et(xt - b)T>
t=1
T
= Omin (Z et(bt - B)T + atez—gtgt—r)
t=1
= Omin (A + B) ,
where A=35"" 6;(b; —b)" and B= Y"1, 6,0]£&. By definition,

Omin(A+ B) = min |[(A+ B)al2.

a,||all2=1
Via the triangle inequality,

omin(A+ B) > min (||Balz — [[Aall2)

a,|lall2=1

> min_|[Baljz — [[A]]2

~ aal2=1

> O'mzn(B) - HA||2

Bounding ||A||2

T
|All2 = || 6:(by — E[by] + E[b;] — b)"
t=1 2
T T )
<D 60:(by —Eb) || + D 61(Eb] —Db)"
t=1 2 t=1 2
Bound on first term
T T
> 6:i(b; —Eby]) || <Y 6:(by —Eb])"
t=1 2 t=1 F

1/2

m m T 2
< Z Z <Z iz, — E[Zt,j])>

i=1 j=1 \t=1
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Notice that 0;;(2;; — E[24]) is a zero-mean bounded random variable with variance at

most 3202, Applying Lemma E.II.1, we can see that

T
> 6,(by —E[by))"
t=1

2

m m 1/2
(Z > (502\/2T log<1/6@-,j))2)

i=1 j=1

IN

IN

1/2
(Z ZB20§2T log(m2/5))

i=1 j=1

IN

(mQB2U§2T log(m2/5))1/2
< mpo,+/ 2T log(m?/4)

with probability at least 1 — 4.

Bound on second term

T
> 6,(E[b] —b)"
. T 1 T ’
= | > O > (E[b] b))’
t=1 s=1
T T i
< ‘ Z etf Z(E[bt] ~b;)"
t=1 s=1 F
m m 1 T 2\ 1/2
<[> (Z Orirr > (Ble] - Zj))
i=1 j=1 \t=1 s=1
m m T 1 T 2\ 1/2
< (> (Z 10l 7 > (Blzg] - 2) )
i=1 j=1 \t=1 s=1




By applying Lemma E.II.1, we obtain

m T 2
Z (Z ‘Qt,i|%gz\ / 2T log(l/éw)>
j t=1

1/2

1/2

T
Zat(E[bt]_
=1 2
<3
=1 j=1
m m 2
< ZZ(BUZ 2T10g(1/5i,j)>
=1 j—1
< (3 oo ton(m/o

7 1

1y
< mpBo,+\/2T log(m?2/5)

Bounding o0y, (B)

1/2
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Next we bound o,in(B) = Umm(th:l BthTStStT). We can write &&, as E[£:E] + &;.

Note that since each element of & is bounded, each element of ¢, € R™*™ will be

bounded as well. Using this formulation,

Umm = Omin <Z etOT

+ Et)>

T
= Omin <Z 0.0, E[£:€,] + Zé)ﬁjeﬁ)
=1

t=1

T

t=1

t=1

We proceed by bounding each term separately.

)

T
> Opmin <Z 0,0, E[&,E] ]) -

T
> 6,6/
t=1

T
> 6.0/
t=1
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Bound on first term

Cmin (Z 0,0 E[E,E]] )

t=1

T
> Umin( Umzn Z ete
t=1

Let ¢ = amm(E[é}EtT ). We assume that & is distributed such that ¢ > 0. Therefore,

T T
Timin <Z 0,0/ E[&,E, ]) > comin(Y_ 0:0).

t=1 t=1

Next, we use the matrix Chernoff bound to bound

T T
cOmin(Y_ 010]) = Amin(D>_ 0,0/ )
t=1 t=1

with high probability.

Theorem E.I1.2 (Matrix Chernoff). Consider a finite sequence {X;}1_; of independent,

random, Hermitian matrices with common dimension d. Assume that
0 < Anin(Xy) and Aoz (Xe) < L for each index t

Introduce the random matriz .
V=YX,
t=1

Define the minimum eigenvalue fiyin of the expectation E[Y]:

Hmin = )\mm(E = mzn <ZE Xt )

Then,

fore €]0,1).



Let Y = ZZ;I 6,0, . In our setting,

T

t=1
— TAin (E[etoj ])

= TAuin (73T + E[BJE[6]])
02Lxm and E[0,]E[0, ] commute, so

=T Amin (UgHme)

=To}

)\max(gtaj) = ﬁm7
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so let L = Bm.
Picking € = 1/2 and applying the matrix Chernoff bound to Ayin ( thl 6.0, ), we

obtain

T _Tof

1 1 2pm
P ()\mm (; 0,0, > < 2Tag> <d <2e>
By rearranging terms, we see that if T > 225;”16 log %, then
G908 3

T
1
Amin (Z atatT) > 5Tag
t=1

with probability at least 1 — 4.

Bound on second term

1/2

m m T 2
= ZZ(ZQt,z'Qt,jEt,i,j)

a i=1 j=1 \t=1

T
> 66/
t=1

Since each e ; is a bounded zero-mean random variable, 6;;0; je;; ; is also a bounded
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zero-mean random variable, with variance at most 6402 We can now apply Lemma E.II.1:

ejﬁt
mm 9 1/2
< ZZ<5205\/2T10g(1/5i,j))
i=1 j=1
1/2
< ZZB“ #2T log(m?/3)
i=1 j=1

< (m2ﬁ4o§2T log(m?/4)) 1/2

< mf?oe\/2T log(m?/6)

with probability at least 1 — 0.
Putting everything together
Putting everything together, we have that

16 — 672 <

2B04+/2mlog(m/d)
seVTo2 —mpB2ogy/2log(m?2/5) — 2mpBo,+/2log(m?/s)

with probability at least 1 — 6.



E.IIl Individual Fairness Derivations

E.II1.1 Proof of Theorem 7.3.3

Proof.

15— 9|
’(b - b/)TO* + O*T(gg'l— o g/g"l—)e*‘

= |(bc —bp)T0" + 0" T ((EE€T)c — (€' T)c)0"]

< |Ibe — bel2]|0% 12 + 6% (|2 (EET)e — (£'€"T)e)6" |2

< llbc ~bello +  mae ((E€7)c (€€ T)e)6"
) 2=

< |lbe — b l2 + [(EET)e — ('€ T)e)lla

E.II1.2 Proof of Theorem 7.3.4

Proof. Let

b ifigcC
b~.{ i

0 otherwise

T _
(E€ )y = .
0 otherwise.

{(88% ifi,j ¢ C

[§— 3| = |(be —be) 0 +07((E€T)e — (£ )0
+(bg—bs) 0+ 0T((EET)z— (€€ T))0)
=|(bg—b5) 0 +0T((EET)s— (€ T)5)0|

D (b =)0+ > > (EET)i; — (E'€77)ij)0:0;

igC igC j&C
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E.II1.3 Example 7.3.5 Derivations

d(u,w') = ||be — |2+ [(EE€T)e — (€M)l
= H((s - 5,)Cln><nH2 = H0n><n||2 = 07

where
o, ifiecC
dci =
0 otherwise.
n/2
G—91=10+> (n=0)67| =n)_6;
igC i=1

E.IV Agent outcome maximization derivations

Derivation of 849
619 = E
argmax  E[y]
Substituting in for y;:
649 = arg max E[x/; 0" + o]

€
940 — Elx, 0" + E
argmax  Efx; 6°] + Efo]

04° = argmax E[x, 6*
& 0esS [x; 07]
Substitute in for x;:

049 = arg max E[(b, 4+ 07 &E)0]
€

040 = arg max E[b, 6*] + E[0" &&, 6]
S

640 = argmax E[07&E67]
0cS
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AO *
= E
0 arg I;leaé( 0 E[EE, 10

d

i€C jeC k=1

d
+> 3 Elwigwi]0id;

igC jeC k=1
E.V Predictive risk minimization derivations

E.V.1 Population gradient derivation

The gradient of the population risk function f(6;) = E[(7; — v:)?] can be derived as

follows

= 2E[(y: — y)Ve, (Ut — yt)]

= 2E[(J: — y1) Vo, (x{ 0: — X[ 6" — 01)]

= 2E[(G: — ye) Ve, (x{ (6; — 6%))]

= 2E[(3: — y1) Ve, ((b{ + 0.5E)(0; — 0%))]
= 2B[(G: — yo) (bs + &, (20, — 6%))]

= 2E[(G — ye) (x¢ + EE7 (8, — 67)))]

E.VI Omitted experiments

In this section, we present additional details for our experiments in Section 4.7. At the

end, we provide more information regarding the dataset and computation resources used.

E.VI.1 University admissions full experimental description

We construct a semi-synthetic dataset based on an example of university admissions
with disadvantaged and advantaged students from Hu et al. (2019). From a real dataset
of the high school (HS) GPA, SAT score, and college GPA of 1000 college students,
we estimate the causal effect of observed features [SAT, HS GPA] on college GPA to
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be 8* = [0.00085,0.49262] " using OLS (which is assumed to be consistent, since we
have yet to modify the data to include confounding). We then use this dataset to
construct synthetic data which looks similar, yet incorporates confounding factors. For
simplicity, we let the true causal effect parameters 8* = [0,0.5]7. That is, we assume
there is a significant causal relationship between college performance and HS GPA,
but not SAT score.! We consider two types of student backgrounds, those from a
disadvantaged group and those from an advantaged group. We assume disadvantaged
applicants have, on average, lower HS GPA and SAT by, lower baseline college GPA oy,
and require more effort to improve observable features (reflected in &): this could be
due to disadvantaged groups being systemically underserved, marginalized, or abjectly
discriminated against (and the converse for advantaged groups). Initial features by
are constructed as such: For any disadvantaged applicant ¢, their initial SAT features
2PAT ~ N(800,200) and initial HS GPA 2[5 GPA  Af(1.8,0.5). For any advantaged
applicant ¢, 74T ~ A/(1000,200) and 215 GPA ~ A(2.2,0.5). We truncate SAT scores
between 400 to 1600 and HS GPA between 0 to 4. For any applicant ¢, we randomly deploy
assessment rule @; = [054T, OFS GPA|T where 97AT ~ N(1,10) and 015 GPA ~ N(1,2). 6,
need not be zero-mean, so universities can play a reasonable assessment rule with slight
perturbations while still being able to perform unbiased causal estimation. Components
of the average effort conversion matrix E[&] are smaller for disadvantaged applicants,

which makes their mean improvement worse (see Figure E.1). We set the expected
10 0
effort conversion term E[&;] = (0 1) for simplicity. Each row of E[£;] corresponds

to effort expended to change a specific feature. For example, entries in the first row of
E[&:] correspond to effort expended to change one’s SAT score. For each applicant ¢, we
perturb E[&] with random noise drawn from N(0.5,0.25) to the top left entry and noise
drawn from A(0.1,0.01) the bottom right entry to produce &. We add this noise to E[]
to produce & for advantaged applicants and subtract for disadvantaged applicants: thus,
it takes more effort, on average, for members of disadvantaged groups to improve their HS
GPA and SAT scores than members of advantaged groups. Finally, we construct college
GPA (true outcome y;) by multiplying observed features x; by the true effect parameters

0*. We then add confounding error o; where o; ~ N(0.5,0.2) for disadvantaged applicants

!Though this assumption may be contentious, it is based on existing research Allensworth and Clark
(2020).
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and o; ~ N (1.5,0.2) for advantaged applicants. Disadvantage applicants could have
lower baseline outcomes, e.g. due to institutional barriers or discrimination. While the
setting we consider is simplistic, Figures E.1 and E.2 demonstrate that our semi-synthetic

admissions data behaves reasonably.?

E.VI.2 Experimental Details

We evaluate our model on a semi-synthetic dataset based on our running university
admission example Dua and Graff (2019). The dataset we base our experiments off of
is publicly available at www.openintro.org/data/index.php?data=satgpa. This dataset
does not contain personally identifiable information or offensive content. Since this is
a publicly available dataset, no consent from the people whose data we are using was

required. We ran our experiments on a 2020 MacBook Air laptop with 16GB of RAM.

E.VII Comparison with Shavit et al.

The setting most similar to ours is that of Shavit et al.. They consider a strategic
classification setting in which an agent’s outcome is a linear function of features —some
observable and some not (see Figure E.4 for a graphical representation of their model).
While they assume that an agent’s hidden attributes can be modified strategically,
we choose to model the agent as having an unmodifiable private type. Both of these
assumptions are reasonable, and some domains may be better described by one model
than the other. For example, the model of Shavit et al. may be useful in a setting such
as car insurance pricing, where some unobservable factors which lead to safe driving are
modifiable. On the other hand, settings like our college admissions example in which the
unobservable features which contribute to college success (i.e. socioeconomic status, lack
of resources, etc., captured in o;) are not easily modifiable.

One benefit of our setting is that we are able to use 6; as a valid instrument to recover
the true relationship 6* between observable features and outcomes. This is generally
not possible in the model of Shavit et al. (2020), since 8, violates the backdoor criterion

as long as there exists any hidden features h; and is therefore not a valid instrument.

2For example, the mean shift in SAT scores from the first to second exam is 46 points Goodman et al.
(2020). In our data, the mean shift for disadvantaged and advantaged applicants is about 36 points and
91 points, respectively.


www.openintro.org/data/index.php?data=satgpa
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Another difference between our setting and theirs is that we allow for a heterogeneous
population of agents, while they do not. Specifically, they assume that each agent’s
mapping from actions to features is the same, while our model is capable of handling
mappings which vary from agent-to-agent.

A natural question is whether or not there exists a general model which captures
the setting of both Shavit et al. and ours. We provide such a model in Figure E.5. In
this setting, an agent has both observable and unobservable features, both of which are
affected by the assessment rule 8; deployed and the agent’s private type u;. However,
much like the setting of Shavit et al., 8; violates the backdoor criterion, so it cannot be
used as a valid instrument in order to recover the true relationship between observable
features and outcomes. Moreover, the following toy example illustrates that no form of
true parameter recovery can be performed when an agent’s unobservable features are

modifiable.

Example E.VII.1. Consider the one-dimensional setting
yr = 0" + 7Ry,

where x; is an agent’s observable, modifiable feature and h; is an unobservable,
modifiable feature. If the relationship between z; and h; is unknown, then it is generally
impossible to recover the true relationship between x;, h;, and outcome y;. To see this,
consider the setting where h; and x; are highly correlated. In the extreme case, take
hy = x4, Vt. (Note we use equality to indicate identical feature values, not a causal
relationship.) In this setting, the models #* = 1, * = 1 and 0* = 2, * = 0 produce
the same outcome 3, for all x € R, making it impossible to distinguish between the two

models, even in the limit of infinite data.

E.VIII Setting of SGD comparison

In 1D, the derivative of E[(7; — 1;)]? which accounts for x; and 1;’s dependence on 6,

takes the form

A =2(E[(Gr — ye)ze] + Ba, [0 — 9 E% (0, — 07)).
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By plugging in for x;, y:, ¥ and simplifying, we can write the derivative as
A =2 (Eb]] + 070 — 0°) — Eloghy] + E0,(0; — 6%)?) .

The derivative of E[(3; — y¢)]* which does not account for z; and y:’s dependence on

0, can be written as

A" = 2(E[(Gr — ye)])
=2 (E[b7] + £*07(0; — 0*) — E[oshy]) -

As can be seen by comparing the two equations, there is an extra £40,(6; — 6*)? term
present in A that is not in A’. This can cause A and A’ to have opposite signs under
certain scenarios, e.g. when E[b?] + £402(0; — 0*) — E[o;b;] is negative and £40,(60; — 6*)?
is sufficiently large. To generate Figure 7.4, we set E[b;] = 0, E[b?] = 0.3, E[o;] = 0,
E[g?] = 15, E[osby] = —6.5, £ = 3, 0* = 1, and 6y = 0.5. To generate Figure E.6a and
E.6b, we changed 6* to be 0.7.
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Disadvantaged SAT before & after manipulation
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Figure E.1: Distributions of unobserved features b (in lighter colors), i.e. initial HS GPA
(two left figures) and SAT (two right figures), and observed features x (darker colors)
for disadvantaged (two top figures in yellow and orange) and advantaged students (two
bottom figures in green).
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Figure E.2: Distribution of college GPAs (outcomes y) for disadvantaged students
(orange), advantaged students (green), and both combined (blue).
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Figure E.3: OLS versus 2SLS estimates for high school GPA effect on college GPA over
5000 rounds. Results are averaged over 10 runs, with the error bars (in lighter colors)
representing one standard deviation. The red dashed line is the true causal effect of each
high school GPA on college GPA.
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Figure E.4: Graphical model of Shavit et al.. Observable features x; (e.g. the type of car
a person drives) and unobservable features h; (e.g. how defensive of a diver someone
is) are affected by 6; through action a; (e.g. buying a new car) and common action
conversion matrix £ (representing, in part, the cost to a person of buying a new car).
Outcome g, (in this example, the person’s chance of getting in an accident) is affected by
x; and h; through the true causal relationship 0;. Note that causal parameter recovery
is not possible in this setting unless all features are observable.

Figure E.5: Graphical model which captures both our setting and that of Shavit et al..
In this setting, observable features x; and unobservable features h; are affected by 6y
through action a;. The agent’s private type u; affects x; and hy through initial feature
values b; and action conversion matrix &. The agent’s outcome y; depends on x; and hy
through the causal relationship 8* and u; through confounding term o;. Note that much
like the setting of Shavit et al. (2020), causal parameter recovery is not possible in this
setting unless all features are observable.
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Figure E.6: Convergence rate of Stochastic Gradient Descent vs Simple Stochastic
Gradient Descent for simple 1D setting. Even when SSGD converges, it may do so at a
much slower rate, due to the inexact measure of the gradient. We ran both methods for
1000 time-steps with a decaying learning rate of 292 Results are averaged over 10 runs,

VT

with the error bars (in lighter colors) representing one standard deviation.



Appendix F

Appendix for Reconciling Model
Multiplicity for Downstream

Decision Making

F.I Limitation of Prior Work (Continue)

We provide the Line 1 from (Roth et al., 2023) and their theoretical guarantees for

completion. First, given two predictors fi and fo, define the disagreement region as:

Ue(f1; f2) = Az : [ix) = fa(2)] > e}

which can be further divided into two partitions:

UZ (f1, f2) = {z € Uc(f1, fo) = fr(z) > fa(2)}
US(f1, fo) ={z € U(f1, f2) : fi(z) < fa(x)}

Theorem F.I.1 (Reconcile (Roth et al., 2023)). For any pair of models fi, fa : [k] — [0, 1],
any distribution D, and any a,n > 0, Line 1 runs for T = T1 4+ T> many rounds and

outputs a pair of models ( lTl, QTZ) such that:

308
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1. T <(B(f1,D)+ B(f2,D)) - n%

2

2. B(flTlaD) < B(f1,D)—-T - % and B(fT2,D) < B(f2,D) - T» - %

9. w(U-(F1Y, £2)) <

Furthermore, we provide a counterexample that shows ensuring each individual

predictor is decision-calibrated by running Line 1 is not sufficient.

Decision-Calibrated predictions. Another baseline algorithm we consider is to run
Algorithm 1 separately for both fi, fo. However, in the following theorem, we show that
the updated predictors f] and f5 can still disagree with each other on the best-response

actions for substantially many units, indicating room for further improvement.

Theorem F.I.2. For any n € (0,1/4) and 5 € (0,1/2), there exists a pair of predictors
f1, f2 and a loss function ¢, such that after running Decision-Calibration (Zhao et al.,
2021), the resulting models flT,fZT are (-decision-calibrated with respect to the loss
function €. There exists a set of units x with probability mass 2n where fi and fi

disagree on the individual best-response actions.

Proof. For any n € (0,1/4), 5 € (0,1/2), let [k] = [4], with Pr[1] = Pr[4] = /2 — n and
Pr[z = 2] = Pr[z = 3] = n. Consider the predictors fi, fa as follows:

)= 712) = B = fa3) = 2 — w5+ 21, (F.1)
1) = hid) = h@) = o) =1-1, (F.2)
Fo=2 re=re=rw=1-2 (F.3)
Notice that
I5} B 1 1 1
The best-response policy for each predictor is
N (f1(1) = 7R (f1(2)) =0, N (f1(3)) = 7R (f1(4)) =1, (F.4)

mpn(f2(1)) = 7R (f2(3)) = 0, mR(f2(2)) = R (fi(4) = 1.
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For each best-response event, we have

E [f"@E(filz),2)l= E [fi(z)Er(fi(2),2)],

(z,y)~D (z,y)~D
E [ff@E(fi(z),z)] = E [fi(z)E:2(fi(z),2)],
(z,y)~D (z,y)~D
E [f"(@)Ei(fo(z),2)] = E [fo(z)Er(fa(2), 7)),
(z,y)~D (z,y)~D
E [ff@)Ex(f2(z),2)] = E [fo(2)Ea(f2(z),2)].
(z.y)~D (z,y)~D

That is, fi1, fo are already decision-calibrated, so running Decision Calibration will
not further improve either of the two predictors. However, based on our definition of

disagreement events, we still have
B2 ={2}, Ea1={1},

each with size

w(E12) = p(Ea) = 1.

However, we observe that f; and fy still disagree on the best-response action for units
x =2 and x = 3. We can further reduce the differences in best-response actions using

our algorithm Line 1. O

F.IT Proofs of Section 9.3.1: Reconcile for Decision Making

First, we show that if a disagreement event has a large probability mass, then at least

one of f1, fo has a large prediction error within the region:

Lemma F.I1.1. Fiz any two predictors fi, f2 : [k] = [0,1]¢ and o, > 0. If 1(Ep 0y a5) >

n for some ay,as € A, then we have

| IEEW [fi(x) = £*(2)| Etar a0 (2)] | = " (F.6)

for some i € {1,2}.
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Proof. By definition of event Ey 4, 4,, we have

xiE[k] [C(f1(x), a2) — L(f1(x), a1) + L(fa(x), a1) — £(fa(x), a2)]| Er.ay.ar (2)] > @

Also, we have

[£(f1(x), a2) — £(f1(x), ar) + €(f2(x), ar) — €(f2(2), a2)]| Epay 05 (2)]

E
z~[k]

= :prﬂlﬁk] [<f1(x) - fQ(x)a €a2 - £a1>’Eg70«17a2 (x)]

= B 1A~ 1) bas ~ o) P @)

+ ziEtk] [<f* (x) - f2(x>v €a2 - Eal) ’E&al,az (.%')]

<l B U@~ @) Banas @] [V B, [£20) = 1) Brasn @] 12V

=Vd- (”f{ [f1(@) = f*(@)] Eoaras ()] 12 + IleE[ [f2(2) = F*(2)| Bty 05 ()] Hz>

k] k]

where the last inequality comes from Cauchy-Schwartz and that ¢ is bounded in [0, 1].

)2a.
2

Combining the above inequalities, we have

a

Therefore, for some i € {1,2}, we have

+
2

E [fi(z) = [*(2)|Eray.a(2)]

zr~ (k]

[f?(x) - f*(x)‘EE,al,az (w)]

E
xz~ k]

E [fl(x) - f*(x)‘E£7a1,02 (1‘)]

k]

S @
2—2\/&'
]

This lemma indicates that, if we have two predictors fi, fo that create a large
disagreement event, we can falsify at least one of the models. We now show that these

events also provide a directly actionable way to improve one of the models.

Lemma F.I1.2. For any predictor f : [k] — [0,1]¢, any event E € &, and distribution
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D. Let ¢ = E(,y)~ply — f(x)|E(z) = 1]. We patch f as

f'(x) = projy 1ja(f () + ¢E(x)), where projyg qja(y) = arg[mi]g ly — 4/ [l2-
y'€[0,1

Then,
B(f,D) = B(f',D) > ||4l[3(E).

Proof.

B(f,D) - B(f',D) =E [||f(z) = yl3 — | f'(z) — yl3]
>E [I1f(z) = yl3 — I f(z) + ¢E(z) — yl3]
(since projection is non-expansive)
=E [2(y — f(2),0E(z)) — |¢E(2)|3]
2[|glI3 - p(E)

O

Therefore, whenever we have two predictors that have a large disagreement event, we
can always falsify at least one of the predictors and improve it through patching, causing
the Brier score to decrease by a large amount. Similarly, for a fixed predictor, if one of
its best-response events has a large calibration error, we can patch the predictor within
the event to decrease the Brier score. As the Brier score is bounded in [0, d], these two
observations imply that the number of time-steps for both Line 1 and its subroutine
Line 1 are bounded.

Other than the Brier score, we also care about minimizing the loss of the downstream
decision-making task. We now show that, after a further update through the subroutine

Line 1, the loss does not increase much at each time-step of Line 1:

Lemma F.I1.3. For any predictors f1, fo, loss function £ € L and any distribution D,

at any time-step t of Line 1, the predictors satisfies
E [y, 7 (fi (@) — ey, 7R (ff(2)))] < BVdA,

for all i € {1,2}.
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Proof. At each round, we define the set Al C E* as

Al ={z € E": WER(ffH(x)) =a}.
Then, we have

E [0y, 7R (F7 (@) = Ly, 7" (fE ()]

= E [(€(y7 a) - e(y7 l))At( )]

For each term in the summation, we can upper-bound it as

E [(t(y,a) — £y, a;)) Ag ()] (F.7)
(z,y)~D
=( E [yAL(@)],le — L) (Linearity of Expectation)
(z,y)~D ‘
<( E [ffYx)AL(z)), Ly lat) + BVd (Since fit!is B-calibrated)
e~ Dy
<BVd. (Since a is the new Best-response action)

Summing these actions together, we have

E [y, nR(f7 (@) — Ly, 7R (ff (2)))] < BVdA. (F.8)

(z,y)~D

Instead of setting a fixed 3, we can calculate a different 8¢ at each round, which

allows a smaller increase in loss.

Lemma F.I1.4. At each round t, if at is not the best action on E' in average, i.e.

' =max E [(l(y,a}) — £y, a))E'(x)] > 0,
acA (z7y)~'D

then we can set 8t < 5%/&, such that

E D[f(yﬂreBR(ff“(w))) Uy, mgR(f (@)))] <
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Proof. We can write the change in loss at each round as

E [0y, 7" (F7 (@))) = Ly, 70" (fi ()]

(y)~

= E [0y, PRI (@) =y, a) E' ()]

(z,y)~D

= E [y.m " (fiT (@) = Uy a))E ()] + B [ly,a) — LUy, af)) B (x)]
(z,y)~D (z,y)~D

=3 B 0.0 - (0 DA+ E ) = U a) P @)

for any a’ € A.

We can use the same analysis as in Lemma F.I1.3 to get

ST OB [(Uy,a) -y, a))Ak(x)] < BV,

GGA (x7y)ND
For the second term, we would want the loss to be as small as possible, so we can

choose ' = argmin E  [l(y,a) - E'(x)] and let
acA (z,y)~D

§'=- E [(lyd)—Lly,a)E' ()], (¥.9)
(z,y)~D

then % is maximized and 6 > 0 by definition.

The total change in loss in this round can be written as

E [0y 7R (f (@) = Ly, mfR (fH(2)] < BVd = 6.

(z,y)~D

If 6' > 0, we can set ' <6/ Vd to ensure the loss does not increase at this round.
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F.I1.1 Proof of Theorem 9.3.2

Proof. By Lemma F.II.1 and F.I1.2, for any i € {1,2}, at time-step ¢, we have the
inequality
t t+1 04277
t 4d
Taking the sum over all time-steps, we have for any i € {1, 2},

2
B(i.D) =~ BUI.D) = T - 1

Since the Brier score is always non-negative, we have

4d - B(fi,D)

<=

Second, using Lemma F.I1.3 and summing over all time-steps, we have

E [ly,m (@)= B [0y, 7% (fi(2))] (F.10)
(z,y)~D (z,y)~D
=3 M =i E [ty xR (2))) - ey, 7R (F1(2)))] (F.11)
t=1 (z,y)~D
<T; - BVdA. (F.12)
Finally, the halting condition implies that p(Ey 4, q,) < 1 for all ai,as € A. O]

F.III Proofs of Section 9.3.2: Finite Sample Analysis

First, to make our argument that in-sample quantities translate to out-sample quantities,
it is useful for the patching operations to use values that are rounded to a finite grid,

rather than the precise value from the arbitrary sample. We define the finite grid as

follows:

Definition F.II1.1. For any integer m > 0, let 1/m denote the m + 1 grid points,
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For any value v € [0,1]¢, let Round(v;m) = argmin ¢y /e [|[v — v'lly denote the closest

grid point to v in [1/m]?.

At each time-step in Line 1 and Line 1, denote &f = Round(¢; m), and we patch the

predictors using qgt instead of ¢!, i.e., we update f? to fi*! as

fH (@) = projig ya(f' (@) + ¢ B (f'(2), 7).

With this new patching operation, we can perform a similar analysis in Section 9.3.1
to show that the Brier score decreases at each iteration, and therefore the algorithm
terminates within a finite number of time-steps. We denote the maximum number of
time-steps, counting both Line 1 and Line 1, as Tiax.

Then, we can count the total number of possible predictors outputted by Line 1
by observing that, for a fixed pair of input predictors, each pair of output predictors
can be encoded as a sequence of tuple, {(i!, E, At)}te[T}' Here, index ' € {1,2}, event
E' € {Epgya, : L € Lyar,a2 € AAU{Ero N Epaya, : 6,0 € L,a1,a2,a € A}, and
A € [1/m]? are all chosen from a finite set, and the length of the sequence, T, is also
bounded. Specifically, for a fixed input fi, fo, we denote S to be the set of all possible
predictors outputted by Line 1. Then, its size satisfies

5] < (412 A3 (m 4 1)) ot

We show that the number of predictors outputted by Line 1 is bounded:

Lemma F.II1.2. Fiz any pair of predictors fi, f2 : [k] — [0,1]% and any n,a, 8 > 0.
Then the total number of possible predictors outputted by Line 1 is at most |S| such that,
for any distribution D on which Line 1 is run, the output predictors (f}, fi) € S.

Proof. First, notice that a sequence of quantities {(it, E?, At)}tem defines the pair of
predictors outputted by Line 1.

Let S denote the pairs of functions induced by all such trajectories defined above. Here,
it € {1,2},E' € {Fpayap : L € Lra1,a2 € AAU{E o NEp o0y : 0,0 € L,a1,0a2,a € A},
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and A; € [1/m]?%. Therefore, there are

T
Z( (1£]1A% 4 |L[*A%)(m + 1) ) < (4|L2 A3 (m + 1)) Tmext1

output predictors. O

F.II1.1 Finite Grid

With this new patching operation, we can show that the Brier score decreases on the

empirical distribution D, corresponding to Lemma F.II.2:

Lemma F.IIL.3. Fiz any event E. Let ¢ = E(y)~ply — f(z)|E(z) = 1]. For any
predictor f, we patch f as f'(x) = proja(f(x) + ¢E(x)). Then,

d

B(f,D) = B(f',D) = |¢lz1(E) = | —

Proof. Let f'(x) = f(z) + ¢E(z). Then, we have

B(faD)_BON:D) :B<f7D)_B(f~,7D>+B<f/7D)_B(f/ D)

> 163u(E) + Bl () + 6B () — yl3 ~ [ 12) + 3B — o]
(Lemma F.I1.2)

~lolBu(E) - & |6 - o} | uce)
By definition <Z~>, we know that each index of \(5 — ¢| is in [0, Zm] Therefore, we have
/ 2 d
B(f, D)~ B(f',D) 26l u(E) — 1.

O

Since the Brier score is within the range [0,d], and it decreases at each iteration, we
can show that, if we set m large enough, Line 1 terminates within a finite number of

iterations:
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The Brier

Lemma F.II1.4. For any predictor fi, fo. Let m > {\/W ‘

score at each iteration of Line 1 and Line 1 satisfies

B(ft,D) _ B(fH—l,D) > min{ﬁ2,1;a2/(4d)}.

Counting both Line 1 and its subroutine Line 1, the total number of iterations T satisfies

T < 2d
= min{ 72, na?/4d}

Proof. By Line 1, we have by definition of 8-decision calibration that

2
WE' O Bea) | B[y = @) (@) - Eraa) = 1] (F.13)
22
>u(E' N Epa)® - ( K = f(@)|E'(z) - Bgalz) = 1] (F.14)
,y)~ 2
2
=| E [(y—f(x) E'(2x) Eu(2)]| > 5% (F.15)
(z,y)~D 9
In Line 1, we have by Lemma F.II.1 that
2
na’
pEY| B (- f@)E @) =1 > 1 (F.16)
(z,y)~D 9

Therefore, for any ¢ and event E that we patch in Line 1 or Line 1, they satisfy

2
16113 - 1(E) > min{s?, L=

4d
Letting m > L /m , We can ensure

B(ft,D) _ B(fH_l,D) > ”(25”3 2N(E) > min{ﬁ2,ga2/(4d)}

Since the Brier score is in the range [0, d|, we can bound the total number of iterations
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of both Line 1 and Line 1 as

< 2d
~ min{?,na?/4d}

F.I11.2 Proof of Theorem 9.3.4

First, we show that, for a fixed predictor f and event Ey,, the in-sample prediction error
is approximately accurate. The deviation bound of the Brier score and calibration error

can then be directly implied.

Lemma F.IIL5. Fiz any f, Eyq, with probability at least 1 — &', we have

Bl(y — £(@) Era(f()s)) — - Yl — 1) Bral i), )

n -
=1

d1n(2d/3")
2n '

2
Proof. Fix an index j € [d], we know E(, ) ~p[(y — f(¥)); - Era(f(7),2)] € [0,1] and

E [1 > (i = f(@i); - Eealf(zi),20)]| = E D[(y = f(@))j - Bea(f(2),2)].

Dn i=1 (z,y)~

Since (x;,y;) is drawn i.i.d. from D, we can use Hoeffding’s inequality to get, with
probability ¢'/d,

n

LB 0= 5@ Eealf@),2)] = 30l F)s - Eea (@0, 20)
In(2d/d")
- 2n

Using union bound, we have that with probability 1 — ', the above inequality holds
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for all j € [d]. Then, we have

E [(y— /@) Eealf (@) 2)] = = S M~ F(@) - Bealf (@), )]
(z,y)~D ni3 2
2
In(2d/6’ dIn(2d/¢’
<JZ;< & >> _ [/ TeE]

O

The deviation bound of the Brier score and calibration error can be directly implied

by Lemma F.ITI.5. We summarize them in the lemmas below:

Lemma F.II1.6. For a fized f, with probability at least 1 — &', |B(f, D) — B(f, D)| <
[dn(2d/s")
o}

Proof. Using triangle inequality, we have

B(f,D)—B(ﬁD)!—‘ E [y—f@)]] - lz:[yz'—f(ﬂci)]
((L’,y)ND 2 n i=1 2
1 n
< (xnyjEND[y —f@)] -~ ;[yz‘ — f(=:)] 2

dln(2d/8)
S\

Lemma F.IIL.7. For a fized f, any loss function { € L and € = {Epq N Ep 4.4, : L1 €
L,a,a1,as € A}, with probability 1 — ¢, we have

O

El(y — S B@)] 5 >l — f@) B @)
=1

2

_ \/3d1n(2dA\£\/5')
2n

forall E € &.

Proof. The claim follows by using a union bound over the events in £!, using
Lemma F.IIL5, and that |£f| = A3|L|%. O
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For a fixed pair of predictors, we can also show that the empirical size of the

disagreement events Ey 4, 4, is approximately correct with high probability:

Lemma F.IIL.8. Fix any pair of predictors (f1, f2) € S, with probability at least 1 — ¢’

over D, we have

n

1
/J(Eﬁ,ahag) - E Zl]l[E&ahaz (xl) = 1]
1=

_ [2m(AL]/)
- 2n '

for all a1, as € A with ay # as and for all £ € L.

Proof. We know I[E 4, 4, (z;) = 1] € [0,1] and

1
E Z ]I[Eeaal,aa (xl)] = M(Eé,al,@)'
=1

E
D

Since (x;,y;) is drawn i.i.d. from D, we can use Hoeffding’s inequality to get, with

probability 1 — §'/(A2%|L]),
< [21n(2A|L]/d")
- 2n '

Using union bound over all pairs of aj,a2 € A and £ € L, we know the above inequality

holds for all a1, as and ¢ € £ with probability at least 1 — §'. O

n

1
M(EE,aLag) - E ZH[EE,al,ag (xl)]
=1

We summarize the above results in the theorem below. Theorem 9.3.4 follows by

solving for n in the 2-4th guarantees below.

Theorem F.II1.9. Fiz any distribution D and dataset D ~ D containing n samples
drawn i.i.d from D. For any pair of predictors f1, fo : [k] — [0,1]¢, loss margin a > 0,
disagreement region mass n > 0, and decision-calibration tolerance § > 0, Line 1 run
over the empirical distribution D updates predictors f1 and fo for Th and Ty time-steps,
respectively, and outputs a pair of predictors ( ff , f2T ) such that, with probability at least

1 — 6 over the randomness of D ~ D",
1. The total number of time-steps for Line 1 and Line 1 is

2d

T =T T <
1S (B2, na?/4d)
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2. For i € {1,2}, the Brier scores of the final models are lower than that of the input

models:

B(f/",D) < B(f;,D) — T; - min { %, na?/(4d) } + +/(d1n(6d|S|/5)/(2n)

3. For i € {1,2}, the downstream decision-making losses of the final models do not

increase by much compared to that of the input models:

E D[ﬁ(y,ﬂBR(f?(w)) — Uy, 7 (fi())]

~

A
8
&
N

< (ﬁ + /(3 1n(6dA[S[|£]/3) /(2n)) VAAT,

4. The final models approximately agree on their best-response actions almost every-
where. That s, the disagreement region E,, o, calculated using L, fF has small

mass.

(Btara) <1+ (210(6A[S[L]/6)/(2n)  for all ay,a € A s.t ay # ap

Here, S is the set of all possible predictors outputted by Line 1 satisfying

d
2d 243 d
In(|S]) < <min{52,77042/4d} + 1) In [ 4]£]°A <|V\/2 min{ﬁQ,T]Oé2/4d}“ + 1)

Proof. The upper bound on 7" holds true with probability 1. For the remaining three

guarantees, we show that each of them holds with probability at least 1 — ¢/3 over the
randomness of D.
Brier Score. First, by Lemma F.II1.6 and using union bound over all possible output
predictors (f1, fo) € S, we have with probability at least 1 — §/3 that
d1In(6d|S|/9)

|B(fi,D) — B(fi, D)| < —
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By Lemma F.II1.4, and summing over all iterations, we have

2 2
T D) < B(fy, D)~ T;-min { 2 1%
B(fz 7D)_B(fZ7D) E mln{ 27 8d
Therefore,
B(f%,D) <B(f%, D) + dhl(62d5’/5)
n
[ B na? d1n(6d|S|/9)
<B(f;,D) ~T; - p~ ma dIn(6d|S|/9)
<B(fi,D) - T; mln{ 5 8 + o
for i € {1,2}.

Expected Loss. Using union bound over all predictors in S, by Lemma F.IIL.7, we

have, with probability at least 1 —§/3,

El(y — /(@) Bral (), 2)] = = Sl = f20) Beal S 2, 20)
i=1

2

_ \/Bdln(GdA\SHﬁ\/é)
- 2n

for all predictors f, action a € A and loss £ € L. Using similar method as in Lemma 9.2.6,

we define the set AL C E! as
Al ={z e E": WER(fZ-tH(x)) = a}.
Then, we have

E [0y, mpR(fH (@) = £y, m N (f(2)))]
(z,y)~D

= E [(t(y,a) — £y, ai)) AL (z)].
aceA (z:y)~D
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For each term in the summation,

E [(tly,a) = £y, af)) Ag ()] (F.17)
($7y)~’D
=( E [yAL(2)],ly — Lyt) (Linearity of Expectation)
(mvy)ND ¢
3dIn(6dA|S||L]/d
< B U @AL@) f— fg) + (/3+\/ n(Od IS >> v
Z‘ND[k] g 2’1’L
(Lemma F.III.7 and S-calibrated)
< (B + \/3d1n(6d1247£S|]£]/5)) V. (Since a is the new Best-response action)

Summing these actions together, we have

3In(6dA|S||L1/3) |

E [0y mPR(f T (@) — Ly, mfR (fH())] < BVAA + \/ 5
D n

(F.18)

Summing over all iterations, we conclude that, with probability at least 1 — §/3,

31In(6dA|S||L|/0) JA
2n

E [0(y, 7BR(f (@) — €y, 7R (fil)] < T,(BVAA + \/ )

(z,y)~D
for all i € {1,2}.
Disagreement Event. By Lemma F.IIL.8, with probability at least 1 — §/(3|5]), we
have, for all £ € L, a1,a2 € A with a; # ag and all (f1, f2) € S,

(Bt ap (1), Fo(),2) = S By (), Fola), xim‘ < \/ 2O AISIE/0)
=1

From the while loop condition in Line 1, we know that

S By T ), S 2] <
=1

Then, using union bound over all (f1, f2) € S and ¢ € L, with probability at least 1 —¢§/3,
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we have the guarantee

/’L(E‘e,aLO«Q( 1T1 (.%'), gb (.73), 1‘))

S% Y MErara (fi (@) f37 (i), @) + \/21n(6A2|§|£/5) (F.19)
i=1
-~ \/21n(6A2\i]|£|/5) F.20)

for all a1,as € A,a1 # ao and £ € L.

Finally, using results from Lemma F.II1.2, value of T ,.x, and m = [\/ m » ,

we conclude by showing

In(|S]) <Iln ((4|£|2A3(m + l)d)TmBXH)

=(Tmax + 1) In(4|£]2A3(m + 1))

d
213 d
(mm{ﬁ2 o2 /4d} )1“ Ael4 ({\/ 2min{52,na2/4d}%1>

F.IV  Proofs of Section 9.3.3: Extension to Multiple Predic-

tors

Here, we present the algorithm we described in Section 9.3.3. As a shorthand, we write

El?fal,az (f(x)v fj(x)v .%') as Ef,a1,a27j~
With Line 1, we can obtain the following guarantee.

Theorem F.IV.1. Fix any distribution D and dataset D ~ D containing n samples
drawn i.i.d from D. For any k predictors fi, fa,..., fr : [k] — [0,1]¢, family of loss
functions L, loss margin o > 0, disagreement region mass n > 0, and decision-calibration
tolerance B > 0, Line 1 run over the empirical distribution D updates each f; for T;
time-steps, and outputs k predictors (f{,... ,f,?) such that, with probability at least 1 — 90

over the randomness of D ~ D™,
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1. The total number of time-steps for Line 1 and Line 1 is

2dk
T = T, <
;{H "~ min{p?%,na?/4d}

2. For i € [k|, the Brier scores of the final models are lower than that of the input

models:
B(f]*,D) < B(fi,D) — (T — ) - min { 8%, na®/ (4d) }

3. For i € [k] and for all ¢ € L, the downstream decision-making losses of the final

models do not increase by much compared to that of the input models:

E [y, m2R(f] (2)) — ey, 7R (fi2))] < 2Ti8AVd

(z,y)~D

4. The final models approzimately agree on their best-response actions almost every-
where. That is, the disagreement region Ey o, 4, ; calculated using 1t fJT has small

mass: For all j € [k], £ € L, and a1,a2 € A s.t. a1 # ag,

M(Eé,al,ag,j) <2

if n > Q (d?k/(n? min{B,na?/d}) - (In(dkA|L]) — In(6 min{3, na/d}))) .

Proof. The proof follows the same idea and structure as the proof of theorem 9.3.4.
Number of Iterations. By lemma F.II1.3, at each iteration of Line 1 and Line 1,

the Brier score of some predictor j € [k] satisfies

min{$? na?/(4d)}
5 :

B(fjt,D)*B(f]H»l,D) >

Since the Brier score is non-negative and we have k predictors in total, we have that,
after T' = Zle T; iterations,

Z B(f;, D) > Z(B(fj,D) — B(ij,D)) >T. min{ﬁQ’gO‘Q/(lld)}.
JE[K]

JEK]
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Since Brier score is in the range [0, d], we can solve for T" in the inequality and have the

upper bound on the number of iterations

_ 2dk
T min{p2, na?/(4d)}

Brier Score. We first count the number of possible predictors outputted by Line 1.
At each iteration in Line 1 or its subroutine Line 1, we patch on a predictor ff for some
i' € [k], on the event E € {Eyg, 405 : L € Loa1,a2 € A, j € [k]} U{Epa1.00; N Er g
0,0 € L,a1,a2,a € A, j € [k]}, with the value A; € [1/m]?. Therefore, at each iteration,

the number of different patching operations satisfies
(IL| A%k + | L2 A%K) (m + 1) < 2|£7A3k(m + 1)<

For fixed k predictors, the output predictors are defined by the sequence of patches. The

total number of different sets of output predictors are

N

Z 2112 A%k(m + 1)4)t < (2|C|2A%k(m + 1)d)TmaxtL,

Using lemma F.II1.6 and using union bound over all possible output predictors, we

have with probability at least 1 — /3 that

dIn(6dk[S|/3)

|B(fi, D) = B(fi,D)| < 5

Summing over all iterations, we have

B2 na n d1n(6dk|S|/9)
" 8d 2n ’

BT D) < B D) - T min { 5

Expected Loss. Using lemma F.III.6 and a union bound over the events in
E={FEraa0,jNEpo: 00 €L, ar,a2,a € A, j € [k]}, we have with probability 1 —0/3
that

|Elly — F@)] () - LS - fe) BE@)]] < \/3d1n(6dk2i\£usy/5)

n-
=1
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for all predictors f, action a € A, loss £ € L. The rest of the steps are the same as in the
proof of theorem 9.3.4. We have, at iteration t,

31n(6dk:;4|£||5| /9
n

E [0y, nER(fIH(2))) — Uy, 78 (fz()))]éﬁ\/EA+\/

(x,y)~D

The result follows by summing over all iterations.
Disagreement event is small. The stopping condition at line 2 of line 1 implies

that the final output models satisfies

n

1
M(E£7a17a27j) = E Z Efofal,ag,j(flT(xi)v f]T’('r’L) l”L) S "7
i=1
for all aj,a2 € A, ¢ € L, and j € [k]\{1}. That is, the disagreement region between our
base model f{ and any of the other k¥ — 1 models is small. Using Hoeffding’s inequality
and union bound, we have that, for any predictors (fi,..., fx) € S, with probability
1—4/3 over D,

. \/1n(6kA|S\|E|/6)

EE ,a1,a2,5 § EZ ,01,02,7 xz n

for all aj,as € A with a1 # ag, all £ € L, and predictor j € [k]. Combining this with the
bound on % Y i1 Era 00,5 () given by the stopping condition, we can obtain the fourth

guarantee. O

Note that, with the fourth condition in Theorem F.IV.1, we can also obtain that the

size of the disagreement event between other predictors, f;, f; with ¢, j # 1 satisfies

B 0 o (fi(@), fi(2), 2)) < 2nA.

For each z € E?*, ,(fi(z), fj(x),)), it must be either z € E (@), fi(z),z) or

a1,a2,f
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xe EY  (f(x), fj(x),x) for some a € A. Therefore,

ai,a,

W Earay o (fil2), fi(2), 2))
< D (MBS ([ (@), fi(2),2)) + WE oy 0(f(2), fi(2), 7))

acA\{a1,a2}

Z 2n < 2An.
aGA\{al,ag}

IN

F.V Extension to Infinitely Large Action Set

We extend our results to a setting where the action space A of the downstream decision-
making tasks is infinitely large. Now that we cannot enumerate all actions in the action
space, the disagreement event in this setting can not specify the best-response action.

For a loss £ € L, one approach is to define the event as

EF(fi(x), fa(x),2) = T[(f1(2), Lrer(pya)) — CaBR(pr () > Q50T
(f2(2), Lror(fy () = Cabr(py(a) > -

We now want to “patch” a predictor on the disagreement event, such that the predictor’s
Brier score decreases by a large amount after patching. However, using this definition
of disagreement event, we cannot guarantee that at least one of f; and f has a large
prediction error. For example, consider y; = yo = [1/2,1/2], predictors fi(x1) = fao(z2) =
[1,0], fi(z2) = fa(z1) = [0,1], and the loss ¢, € {[z,1 —z] : z € [0,1]}. According to
f1, the loss vector of the best-response action of z; is ¢,, = [0, 1], and that of z9 is
Lo, = [1,0]. According to fa, the loss vector of the best-response action of z; and x9 is
Lq, and £, respectively. Clearly, data z1 and 2 are both in the disagreement event E*
for any a < 1, but the mean estimation error of f; and fo on the disagreement event
{z1,x2} are both 0, since 1/2([0, 1] + [1,0]) = [1/2, 1/2].

A solution to this problem is to further separate the E' into 2d sub-events that focus
on the disagreement per-label. The union of these 2d sub-events is equivalent to E}, as

shown in Lemma F.V.3. Formally, we have the following definition.

Definition F.V.1 (Per-label Disagreement Event). For each a loss £ € L, indez i € [d],
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we define

(fl(x)v fg(&?),l’)

i [f1(x)i = fa(2)i > a/d,  E}(fi(z), f2(x),z) = 1].
By <(fi(2), f2(2), @)

[f1(2)i = fa(@)i < —a/d,  Ef(fi(z), fao(), ) = 1].

I
I

To ensure the predictor’s expected loss is accurate, we define a per-label best-response
event using a discretized approach, approximating each index of the loss vector ¢, with a
finite grid [1/7] (Definition F.III.1). Then, if a predictor is approximately accurate with
respect to each per-label best-response event, then its estimated loss for the best-response

actions are approximately accurate.

Definition F.V.2 (Per-label Best-Response Event). Given a predictor f, a loss £, and
a level T € [1/T], for each index i € [d], we define the best-response event as

Ei,T(f(l'),l') = ]I{ac T — 1/T < eﬂ'BR(f(x)),i S T}_

where Lrer(p(y)),; denote the i-th index of Lrer(f(yy)-

With the disagreement and best-response events now clearly defined, we can adapt
our existing algorithm (Line 1) to this new context: at each iteration, we find the largest
per-label disagreement events and patch on the predictor with the larger estimation error;
then, in a subroutine similar to Line 1, we iteratively calibrate the predictor we just
patched on, using the per-label best-response events. This algorithm can maintain similar
guarantees as Theorem 9.3.4, with a data size Q (d?/(n?Bmin{B% na?/d*})). The formal
algorithm is written in Line 1.

Given our approximation of each action feature ¢, using a finite grid [1/7], it may
seem intuitive to approximate the entire infinite action set as [1/7]¢ and simply run
Line 1. However, such an approach yields an action set whose size grows exponentially
with d, which in turn would require a data sample size that also grows exponentially to
achieve guarantees comparable to those in Theorem 9.3.4. In contrast, our algorithm 1
operates with a polynomial data requirement relative to d, making it more feasible for
practical application.

We now present the formal proofs related to Line 1.
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Lemma F.V.3. For any loss £ € L, we have

Ep= U B

i€ld],-e{>,<}

Proof. By definition, we may get

U BN CEP
ield], e{>,<}

For the other direction, assume for the sake of contradiction that there is an element

z € B such that z ¢ EfY; for all i € [d] and - € {>, <}. Then, this means

|f1(z)i — fa(x)i] < a/d

for all i € [d]. We can then get the inequality

(f1(x) = f2(@), Cror gy (o)) — Lubrpyen) = D (Fr(@)i = F2(2)i) - (Lrsr o)) — LuBR (5 (2))

i€[d]

<D i@)i = fa@)il - | Caer gy (a)) — Las® (1, (@)
i€[d]

<d-a/d=a.

On the other hand, by definition of event EY, we have for all z € E§,

(fr(@) = f2(@), Lrr gy (a)) — CaBR (s (2))) > O

which leads to a contradiction. O

The following lemma shows that, if f is S-index-wise decision-calibrated, then the

loss estimation is approximately accurate.

Lemma F.V.4. If the predictor f is B-index-wise decision-calibrated, i.e. for all £ € L,
€ [d, 7€ [1/T],
E Iy = £(@)ll- Bui (@), )] < 6.

(z,y)€
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then, the loss estimation given by f is approximately accurate for all £ € L:

E ({4 brer(pay) = B [(f(@), ler(pap)] < dTB+d/T.
(z,y)eD[< (@) (z,y)eDK (x) (f(2)))] /

Letting T > 1//, we get

E Y, LrBR(f(z))) — [E f(z), €, 8r | <2d
(W)GDK (f(2))) (m’y)epK ( (f(x VB.

Proof. We can rewrite the expected loss as

E DK?J’EWBR(f(x))H = Z E [yi Lrer(p(a)),i]

(1‘,y)N le[d] (xvy)N
(here ¢ #BR(f(x)),i Tepresents the i-th index of £ 7BR(f (x)))

= Z Z . eﬂ.BR(f(x))ﬂ‘ : Eé,i,-r(f(x):l')]

i€[d) T€[1/T] (@ y

< Z Z T Yi - EZ,i,T(f(‘T)ﬂ :B)]

icd repym @ y)ND

Similarly, we can rewrite the estimated loss as

E [(f(2), basrpap)] > D D (r=1/T)- E D[f(ﬂ?)i’Ez,z',T(f(x)ﬂf)]-

(@y)~D ield) re[1/T] @y)~

The estimation error is

E Y, leer(rony) — E f(@), lerpt(y
WE N o) = B HF@), ey

=2 > 7 Bl Brar(f(@),0)

i€ld] r€[1/T] (@y)~

_ Z Z T — l/T E D[f<m)z : Eﬁ,i,f(f(x)ax)]

icd) re[1/T] (@y)~

= Z Z T - D Yi — f(x)z) : EZ,i,T(f(x)v x)]

icld] re[1/T] (W

T Z Z YT E [f(®)i Eeir(f(x),2)].
ield] T€[1/T] (@,y)~D
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Since f is f-index-wise decision-calibrated, we have

E DH.% — f(@)il - Evir(f(2),2)] < B.

(z,y)€

Therefore,

E [(ya mBR(f(x > - E [<f(x)7£7TBR T >] < dTﬁ + d/T
wEp g = E (@)

We are now ready to give the formal guarantees of Line 1.

Theorem F.V.5. Fix any distribution D and dataset D ~ D containing n samples
drawn i.i.d from D. For any pair of predictors fi, fa : [k] — [0,1]%, family of loss
functions L, loss margin o > 0, disagreement region mass n > 0, and decision-calibration
tolerance B > 0, Line 1 run over the empirical distribution D updates fi and fo for Ti
and Ty time-steps, respectively, and outputs a pair of predictors ( flT , f2T ) such that, with

probability at least 1 — § over the randomness of D ~ D",
1. The total number of time-steps for Line 1 and Line 1 is

2d

T=T+T, <
PR S in{B7 na? 248

2. For i € {1,2}, the Brier scores of the final models are lower than that of the input

models:
B(f*,D) < B(fi, D) — (T; - 1) - min { %, na®/(2d%)}

3. Fori € {1,2} and for all ¢ € L, the downstream decision-making losses of the final

models do not increase by much compared to that of the input models:

E D[ﬁ(y,WzBR(fiT(flf)) — Uy, R (file))] < 2T3/Bd

(zy)~

4. The final models approrimately agree on their best-response actions almost every-

where. That is, the disagreement region K} calculated using L T has small mass:
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Vi e L,
pw(EF) < 2n

if n > Q (d?/(n2Bmin{B%,na2/d*}) - (In(dT|L|) — In(6 min{ 52, na?/d3}))) .

Proof. Number of time-steps. By Lemma F.I1.2, at each iteration ¢ in Line 1 of
its subroutine Line 1, the Brier score of f! decreases by min{3? na?/2d}/2, when
m > [\/d/2min{B2,na?/2d3}]. Since Brier score is bounded in [0, d], the total number

of time-steps satisfies

4d
min{ 32, na?/2d2}’

Thax =T1 + T2 <

Number of Output Predictors. We count the number of pairs of output predictors.
The patching event at each iteration is in the set {Ep;. : £ € L,i € [d],- € {<,>
WU{Ey,. NEpyr: 00 € L4,i €ld,r €T, €{<,>}}. The total number of event
is at most 2|L|d + 2|L|?>d?|T|. Since each pair of output predictors is defined by the
sequence of patchings and A? € [1/m]?, we have the total number of possible output

predictors is
S| < ((4d2| L2\ T ) (m + 1)%)Tmex+1,

Therefore,

d2
() <0

In(d|L|T/ min{,82,77042/2d2})> .

Brier Score. The result directly follows using the same argument as in Theo-

rem 9.3.4. We can obtain

B(f{",D) < B(f;,D) - T; - min {%,na®/(2d*) } + \/(dIn(6d|S|/5)/(2n).

Loss Estimation. Using Lemma F.II1.5 and a union bound over {E;. N Ey i ;

00 e Li,i € [d,m € [1/T],- € {<,>}} and |S|, we have with probability at least



335
1-5/3,
El(y — f(0) Era(F (@) )] = 5 Y l(0s = £(20) Era(F 1) 20)

i=1

2

_ \/3d In(6d71S||£|/5)
- 2n

Using Lemma F.V.4 and summing over all time-steps, we can obtain the result following

the same steps as the proof in Theorem 9.3.4:

E [0y, 7R (T (@) — U, 7R (fi(w))] < (VB + v/ BdIn(6dTIS[IEI/8)/(2n) ) T:

(z,y)~D

Disagreement Event. Using union bound over the disagreement events {Ey : £ €

L, } and the set of possible output predictors, we have, for all £ € £, and (f1, f2) € S,

n

1 In(6|S||L|/6
BBy (). (), 2) — = S Ty (), o), )] < OB IELO)
i=1
From the while loop condition in Line 1, we know
1 n
- ZH[Ee( T (@), f3 2 (i), )] < .
i=1
Therefore,
w(Ey) < n++/(In(6|S]|£]/8)/(2n) forall e L
The theorem follows from solving n in the conditions 2 through 4. O

F.VI Additional Experiment Detail

Our ImagineNet experiments are run on a Macbook Pro with 32GB of RAM. The
experiment on the ImageNet dataset uses pre-trained models provided by pyTorch, which
do not require additional training. The experiment on the HAM10000 dataset includes
neural network models trained using pyTorch on NVIDIA GA100 GPU (80 GB of RAM)
with 2 compute workers loading the data. The total time to train the two neural network

models with approximately 88% Top-1 accuracy takes less than 5 minutes.
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F.VI.1 Additional experiment on ImageNet dataset

Brier score. In Figure F.1, we compare the Brier score of ReDCal (Line 1) with
the two baseline algorithms on both the calibration and the test datasets. Compared
to Reconcile, our algorithm decreases the Brier score by a smaller amount on the test
dataset. The combined algorithm of Decision-Calibration with ReDCal as post-process
achieves the most substantial decrease in the Brier score.

Predictor_1 Train Predictor_2 Train Predictor_1 Test Predictor_2 Test

Brier Score
o =
0 o
w (=]

Q
©
o

o
=
o

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Timesteps Timesteps Timesteps Timesteps

---- Reconcile ReDCal ---- DecisionCalibration —— DecisionCalibration+ReDCal

Figure F.1: ReDCal decreases Brier score on Imagenet. Compared to Reconcile, our
algorithm decreases the Brier score by a smaller amount on the test dataset. Decision-
Calibration with ReDCal as post-process achieves the most substantial decrease in the
Brier score.

Decision loss on calibration dataset. In Figure F.2, we compare the decision gap

of our proposed algorithm with the two baseline algorithms on the training dataset.

Decision loss comparison for high-dimensional classification problem. In
Figure F.3, we compare the decision loss gap of our proposed algorithm with the two
baseline algorithms on the testing dataset, using d = 10,100, and 1000 classes. We
plot the average loss gap of the two predictors. The hyperparameters are: disagreement
margin o = 0.1/d, decision-calibration tolerance 8 = 0.001/d, disagreement region mass

7 = 0.01, number of actions K = 10.

F.VI.2 HAM1000 Classification

Experiment Setup. We use the HAM10000 dataset (Tschandl et al., 2018) (licensed
CC BY-NC 4.0) on pigmented skin lesions to predict the probability that a patient
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Figure F.2: ReDCal decreases decision loss on Imagenet. We plot the gap between the
average loss of each predictor and the optimal loss had we known the true predictor f*
on the calibration set. Left two figures: We compare the LossGap of ReDCal (orange)
with Reconcile (blue). Compared to Reconcile, our algorithm converges at a similar rate
and decreases the loss by a larger amount on the test dataset. Right two figures: We
compare the LossGap of Decision-Calibration (green) to that of Decision-Calibration
with a run of ReDCal as post-process (red). Our proposed algorithm can improve upon
Decision-Calibration output predictors and further reduce the loss on the test dataset.
Results are averaged over 500 runs and the shaded region indicates 1 standard errors.

has contracted one of 7 possible skin diseases: ’akiec’, ’bec’, 'bkl’, 'df’, 'nv’, 'vasc’, and
'mel’. We split the dataset into train/validation/test sets, with 20% of the data are used
for validation and 20% are used for testing. We use the train set to train two neural
networks using pyTorch with resnet50 (He et al., 2015) and densenet121 (Huang et al.,
2018) architectures and learn two models with around 88% top-1 accuracy. From each
model, we output the individual probability prediction for each of the 7 possible labels.
We use the validation set to calibrate the predictors using our proposed algorithm and
the two baseline algorithms, and the test set to measure the final performance.

We run each calibration algorithm 10 times. At each run, we draw a fresh loss
function created based on the loss function motivated by medical domain knowledge in
Zhao et al. (2021) and additional random noise drawn from Normal(0,1). There are two
possible actions for the decision-maker: treatment (a = [1,0]) or no treatment (a = [0, 1]).
Given a loss function £ and a predictor f, the decision-maker will choose an action that
minimizes their loss.

For each calibration algorithm, we calculate (1) the Brier score of the updated
predictors and (2) the differences between the optimal loss had we known y and the

actual loss from taking the best-response actions induced by each predictor.
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10 Classes 100 Classes 1000 Classes
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-- Reconcile ReDCal ---- DecisionCalibration —— DecisionCalibration+ReDCal

Figure F.3: ReDCal decreases decision loss on Imagenet. The takeaway results are
similar to Figure 9.2. As the number of classes in the multi-class classification problem
grows from 10 to 1000, ReDCal still outperforms Reconcile in decreasing decision loss on
the test dataset. When we have 1000 classes, ReDCal converges slower than Reconcile.
Furthermore, ReDCal can further decrease the decision loss when it is used as a post-
process after Decision Calibration terminates.

The hyperparameters for Line 1 are chosen as follows: loss margin a = 0.1, target

disagreement region mass n = 0.01, and decision-calibration tolerance 8 = 0.000001.

Results. The takeaway results are similar to those of the ImageNet experiment.

Brier score. In Figure F.4, we compare the Brier score of ReDCal (Line 1) with the
two baseline algorithms on both the calibration and the test datasets. Compared to

Reconcile, our proposed algorithm decreases the Brier score by a smaller amount.

Decision loss. In Figure F.5, we compare the decision loss gap of our proposed
algorithm with the two baseline calibration algorithms. Compared to Reconcile, our
algorithm decreases the decision loss by a larger amount on the test dataset. Furthermore,
while Decision-Calibration already decreases the decision loss, our algorithm can further
improve upon their result when it is used as a post-process after Decision-Calibration

terminates.
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Figure F.4: Brier score of the updated predictors using Line 1 (orange) and two benchmark
algorithms: Line 1 (dashed-blue) and Line 1 (dashed-green). Our algorithm reduces the

Brier score by a smaller amount compared to Line 1. Results are averaged over 10 runs
and the shaded region indicates 41 standard error.

339



Algorithm 14: Reconcile (Roth et al., 2023)

Input: fi, fo,n>0,a>0

1 Let f{ = fi. f3 = fo.
2: while u(U,(f1*, f2)) > n do
3:  For each e € {>, <} and ¢ € {1, 2}, let:

v =Elylz € U(f{', f2)] vf = Elff(z)|z € UL(f{, fo)]

4: Let

(i, 0) = argmax  u(US(f{', f3?)) - (vF —vf)?
i€{1,2},0e{>,<}

breaking ties arbitrarily.
5: Let:

1 2z€U tl, t2
() = S U
0 otherwise

6: Let

Ar= E [ylgi(a) =1

Ay = Round(A¢; m)

|
;h
—
8
-
N
o~
—~
8
S~—
Il
=

7. Let fzt”'l(a:) = h(z, fiti,gt,At),ti =t;+1,t=¢t+1.
8: end while
Output: (fi', f3?)
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Algorithm 15: Reconcile Decision Calibration for Multiple Predictors (ReDCal-
Multi)

Input: fi, fo, ..., fe, L, >0, >0,6>0
1: Let f) = f; for all i € [k]\{1}, and ¢t = 0. We use f; as the base predictor.
2: while p(Ey 4, ,4,,5) > 1 for some a1,a2 € A, ¢ € L, and j € [ I\ {1} do
3 Let (*,al,ab, j' = argmaxy , o (1(Erqa), E* = Ep

a1 a2 gt
4: Pick
it = argmax‘ [ft(yaaﬁ) . ft(y,a§)|Et(x) — 1]
1€{1,5t} (z 7y)N'D
' - B PO, ab) — P (i), ab) () = )]

5. Denote f}, as fI.
Let ¢' = Ezy)~p[y|E'(2) = 1] = Eonpy, [ff ()| B (x) = 1].
6 Patch f!(z) = projpya(f1(x) + 'E'(z)).
7. Let f/™! = Decision-Calibration(ft, £, 8, E?). t =t + 1.
8: end while
Output: fI,.. .,f,ﬁ

Algorithm 16: Decision Calibration for Infinite Action Set

Input: Predictor f, loss family £, 5 > 0, event F
1: Let fo = f.
2: while f? is not index-wise 3-MC w.r.t Eg; ;N E for loss £ € L, index i € [d],
T €[1/T] do
3: Let Et )t T = argmaxy ; - HExy)ND[(y ft( ))Ef,iﬂ'(ft(x)vx”“?
4 Let ¢t m,y)ND[y ft( )|E€t at,rt (ft(‘r) ) - 1]
5: Patch ftJrl l’) = proj [0,1]¢ (ft< ) ¢tE€t,it,Tt(ft(w)v x))
6 t=t+1.
7: end while
Output: f*
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Algorithm 17: Reconcile Decision Calibration for Infinite Action Set (ReDCal-

Inf)

Input: fi,fo,L,n>0,aa>0,8>0
1: Let f? = fl,fg = fy and t = 0.
2: while u(Ey) > n for some ¢ € L do

3:
4:

6:
7

Let ¢t 5t .t = argmaxy ;  ((Eyj.), E! = Eyt ji .t
Pick

it =argmax| E [("(y, 7°R(f1(2))) — €' (y, 7®R(f5(2)))|E" (z) = 1]
ie{1,2} | (zy)~D

— E [("(fi(2), 7R (fi(@))) — € (fi(e), 7R (f3(x))|E*(z) = 1]|.

x~[k]

Denote fft as f}.

Let ¢' = Bz y)~py|E"(2) = 1] = Eanpy [fi (2)|EX(2) = 1].
Patch f'(z) = proj[071}d(ff(x) + ¢'EY(z)).

Let fl-t'H = Decision-Calibration-Inf(f!, £, 8, EY). t =t + 1.

8: end while
Output: ff,fé
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(a) ReDCal decreases the decision loss on the validation partition of HAM10000 dataset.
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(b) ReDCal decreases the decision loss on the test partition of HAM10000 dataset.

Figure F.5: In Figure F.5a and Figure F.5b, we plot the gap between optimal loss had
we know the true label y and the loss from taking best-response actions induced by the
calibrated predictors on the validation set and test set, respectively. In the left two figures,
we compare Line 1 (orange) with Line 1 (blue). While the average loss of predictors
updated using Line 1 may increase on the test set, our algorithm quickly converges and
produces predictors with lower decison-making loss. In the right two figures, we compare
Line 1 (green) to Line 1 with an additional run of Line 1 (red) as post-process. We
observe that running our algorithm as post-process can still further decrease the loss
compared to just running Line 1 on its own. Results are averaged over 10 runs and the
shaded region indicates £1 standard errors.
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