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§1. Introduction

The main objective of this paper is to confirm and explore a conjecture by Fischer
Black regarding consol rate models for the term structure of interest rates. A consol rate
model is one in which the stochastic behavior of the short rate is influenced by the consol
rate. Since the consol rate is itself determined, via the usual discounted present value
formula, by the short rate, such models have an inherent fixed-point aspect.

Under purely technical conditions, we show whether or not a stochastic differential
equation defining the short rate and the consol rate is consistent with the definition of the
consol rate as the yield on a perpetual annuity. The results are based on an extension
of the theory for the forward-backward stochastic differential equations to infinite-horizon
settings.

We fix a filtered probability space (2, F, P;{F;}+>0), satisfying the usual conditions.
(See, for example, Protter (1990) for background technical definitions.) A consol is a
perpetual annuity, that is, a security paying dividends continually and in perpetuity at a
constant rate, which can be taken without loss of generality to be 1. A short rate process
is a non-negative progressively measurable process. We are interested in models of a short
rate process r and a price process Y for the consol that satisfy the expected discounted

value formula

(1.1) vi—p|[ e (- [ ran) as

where F denotes expectation under P. Without getting into the associated definitions

ft], t>0,

and related notions of arbitrage, (1.1) is consistent with the role of P as an “equivalent
martingale measure,” in the sense of Harrison and Kreps (1979), which can be consulted for
the associated theory. It is not unusual in applications to work from the beginning under
such a probability measure, and we do so. Since the yield on a consol is the reciprocal of
its price, and since reciprocation is a smooth mapping from (0, o0) to (0, c0) with a smooth
inverse, it makes no difference whether we work in terms of the price process Y or its yield
process £ = Y !, also known as the consol rate process.

Since the work of Brennan and Schwartz (1979), there has been interest in term-

structure models based on a stochastic differential equation for the short rate » and the
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consol rate £. Since Y = {71, we can equally well work in terms of a stochastic differential

equation for (r,Y’) of the form

(1.2) dry =p(ry, Yi) dt + a(re, Yy) dW,
(13) dlft :(Tt}ft — ]_) dt—|—A(Tt,lft)th,

where W is a standard Brownian motion in IR?, and where u, o, and A are measurable
functions on (0,00) x (0,00) into R, R?, and R?, respectively, satisfying technical condi-
tions. The drift 7,Y; — 1 shown for Y is implied directly by (1.1) and Ito’s formula, and
is interpreted as a statement that the expected rate of return on the consol (under the
measure P) is the short (riskless) rate r.

Our first objective is to show how to determine whether the diffusion function A on the
consol price process is consistent with the characterization (1.1) of the consol price. It is
clear that not any choice for A will work. For example, we cannot have a(r,y)" A(r,y) = 0
for all (r,y), unless both a and A are identically zero, since the increments of » and Y
must be correlated in a very particular fashion, given the definition (1.1) of Y. Indeed, we
want to resolve whether any A can be chosen in a manner consistent with (1.1). Since Y
depends on the conditional distribution of {rs : s > ¢}, which in turn depends at least on
p and « (not to mention the dependence of r, through Y, on A itself), we should expect
that the diffusion function A for Y depends in a particular way on p and a.

In a private communication, Black has conjectured that, under at most technical con-
ditions, for any (u, @) there is always a choice for A that works. We confirm that conjecture.
We also provide additional technical conditions under which (1.2)-(1.3) is consistent with
(1.1) if and only if ¥; = ¢(r;) and (consequently) A(r:,Y;) = ¢'(rs)a(rs, p(r:)), where ¢

is a C? solution of the ordinary differential equation

(1.4)  ¢'(@)u(z,¢(z)) —zp(z) + %w"(w)!\a(w,w(w))lf +1=0, z€(0,00).

Under the same technical conditions, there is a unique solution to this ordinary differential
equation. This result, connecting the ODE (1.4) with solutions to the model (1.1)—(1.3)
of short rate and consol rate, is based on recent developments in the theory of forward-
backward stochastic differential equations reported in Ma and Yong (1993) and Ma, Prot-
ter, and Yong (1993).



The conclusion that the consol price Y; is, under technical regularity conditions, nec-
essarily of the form ¢(r;) is somewhat suprising, in that one of the main objectives of the
Brenann-Schwartz model is to provide two state variables for the term structure, the short
rate r; and the consol rate ¢;. From the above, we have ¢, = 1/¢(r;), and the single state
variable r; is therefore sufficient. It may be that the technical regularity conditions that
we impose rules out some interesting cases.

An easy illustration is the following mild extension of an example due to Fischer Black,
from a private communication:

(15) d’l"t = (kl’f‘t + I;f—2> dit + T+vV th,

1

(16) dlft = (’I"tlft — ]_) dit + A(’I"t,lft) th,

where k1 and k, are constants, W is a standard Brownian in R? and v € R?. We can think
of the function A as unknown, and to be determined in terms of the other information.
With |[v||? = k1 + k2, we conjecture that it is possible to take Y; = c¢/r; = ¢(r;), for
some constant c. Plugging this conjecture for ¢ into (1.4) uniquely yields ¢ = 1 and
A(r,y) = A(r,o(r)) = —v/r. Is there some other choice for A that works, and which
perhaps generates a model in which we cannot treat Y; as ¢(r;) for some function ¢?
We do not know the answer to this question, since (1.5) does not satisfy the regularity
conditions for uniquness of solutions that we provide in this paper. (For example, our
regularity implies the property that the short rate r stays in some interval [r, 7], for positive
constants r and 7.)

More generally, we replace the short rate r in (1.2) with a “state process” X in R",
and assume that the short rate is given by r, = h(X:) for some well behaved function
h. We give conditions under which there is a solution for the consol price in the form
Y: = 6(X:), where 0 solves a partial differential equation analogous to (1.4). In this
general case, however, the conditions ensuring the uniqueness of solutions for (X,Y) are
given implicitly (see §4).

Hogan (1992) has shown that special cases of a stochastic differential equation pro-
posed by Brennan and Schwartz (1979) for (r,£) fail to have a finite-valued solution. Our

results indicate caution in proposing any particular stochastic differential equation for the
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short rate and consol rate, whether or not it has a finite solution, if the consol rate is in-
tended to represent the yield on a consol in a manner consistent with the proposed model.
The diffusion of the consol must be chosen consistently with the solution of a non-trivial
fixed point problem involving the drift and diffusion of the short rate.

One could also apply our results to a general class of financial market valuation prob-
lems. Suppose, for instance, that one wants to develop a model in which the stochastic
behavior of the state process is influenced in a particular way by certain asset prices, which
are in turn determined by the usual discounted expected valuation approach, with future
state prices given in terms of future state variables. We show how this can be done con-
sistently, and give a differential equation for the asset price in terms of the state variables.
In the infinite-horizon setting, uniqueness is shown under somewhat narrower sufficient

conditions.

§2. Forward-Backward SDEs, Nodal Solutions, and Asset Valuation

We first recall some results in Ma and Yong (1993) and Ma, Protter, and Yong (1993).
Let (Q, F, P;{F:}) be a fixed filtered probability space satisfying the usual conditions. Let
W be a d-dimensional Brownian motion defined on this space; and we further assume that
Fiis o{W, : 0 < s < t}, augmented by the P-null sets in F. Consider the following

forward-backward stochastic differential equation (SDE) in a finite horizon:

dXt = b(Xt,lft) dit + O'(Xt,}ft)th, t e [O,T],

-~

(2.1) dY, = —b(X,,Y:)dt — Z,dW;, ¢ € [0,T),
Xy =z, Yr = g(Xr),

where b, 0',/()\ and g are some given functions satisfying certain conditions and T' > 0. The
unknown processes X,Y, Z take values in IR",R™ and R™*?, respectively.

We can think of X in (2.1) as a state variable for the problem, which has a given initial
condition z, and whose dynamics are influenced by a variable Y, which has a terminal value
given in terms of X7. For this reason, one can call X the “forward” variable and Y the
“backward” variable; hence the term “forward-backward stochastic differential equation.”
Provided Z satisfies the usual integrability condition E [fOT | Z+||? dt] < o0, we can also

write

(2.2) Y, = E |g(X1)+ / TB(XS,YS)ds

J—“t] , teo,T].



In all of our applications in this paper, Y will turn out to be a vector of prices of certain
financial securities, while X is a state variable that affects both the dynamics and the final
value of Y. Determining a solution for (X,Y) may be thought of as fixed point problem.
In other applications, such as models of recursive utility, we may think of Y; as the vector
of current utilities of the various economic agents in a given Pareto problem, as in Epstein
(1987) (deterministic case) or Duffie, Geoffard, and Skiadas (1992) (stochastic case). In
that problem, we may think of X as determined by the aggregate consumption process

and the vector of utility weights. In general, we use the following definition.

Definition 2.1. A process (X,Y,7) is called an adapted solution of (2.1) if it is {F;}-

adapted, square-integrable and satisfies

t t
Xt:w—l—/ b(XS,YS)ds—I—/ o(Xs,Ys)dWs,
0 0

(2.3) t€[0,T].

T T
}ft:g(XT)—l-/ b(XS,YS)der/ Zs dW,,
t t

Moreover, if there exists a function § : R"™ x [0,T] — R™, which is C' i n ¢ and C? in =,

such that the adapted solution (X,Y, Z) satisfies
(2‘4) lft = e(Xtat)a Zt = _U(Xt79(Xt7t))T9$(Xt7t)7 t> 07

then (X,Y, Z) is called a nodal solution of (2.1).

We use the term “nodal solution” because 8 in some cases turns out to be the “nodal
surface” of the viscosity solution to a certain Hamilton-Jacobi-Bellman equation (see Ma
and Yong (1993) for details). From Ma, Yong, and Protter (1993), we know that under
certain conditions, any adapted solution of (2.1) must be a nodal solution. Moreover, the
nodal solution is unique. As a matter of fact, this nodal solution can be constructed by

the following way: First, find the unique classical solution 6 of the parabolic system:
oF + %tr(efza(w,e)a(w,e)T) + (b(z,6),6%) +3k(w,9) o,

(2.5) (t,z) € (0,T) xR", 1<k<m,

(T, z) = g(z), z e R"™



Second, solve the forward SDE:

dXt = b(Xt, Q(Xt,t)) dit + O'(Xt, Q(Xt,t)) th, t e [0, T],

(2.6)
X() = .

Finally, set Y; and Z; as in (2.4). This will give the nodal solution of (2.1). Such a method
was called a “Four Step Scheme” in [Ma, Protter and Yong (1993)], where more general
cases were studied.

In what follows, we restrict ourselves to the case m = 1 and
(2.7) b(z,y) =1—h(z)y, (z,y) €ER" xR,

for some function A : R"™ — (0,00). Then, (2.1) becomes
dX: = b(X:,Y;)dt + o( Xy, Y;) dWy, te[0,T],
(2.8) dY, = (M(X})Y; — 1)dt — ( Z¢, dWy), t€10,T],
Xo = =z, Yr = g(X71),
By the usual variation of constant formula, we have
1

(2.9) .
—/eﬁ“L”HZwa, teo,T].
1

This implies that

T T ]
Yt:e_ﬁ h(X")dug(XT)—l—/ e_ft h(X")duds
1
(2.10) T o
—|—/ 6_ft (Xu) “AZs,dW,), telo,T).
1

Taking conditional expectations and noting that [ ( Z,dW ) is a martingale (as is the case

under the square-integrable condition on Z), we obtain

(2.11) Y, =E

1

—fT R(X.)du T — [T h(X.) du
e Ji g(X7)+ e Ji ds ‘ Fil, t€10,T].

Hence, it is expected that (2.8) should be very closely related to the following problem,

which we call the Finite-Horizon Valuation Problem:
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Problem FHVR. Find an adapted process (X,Y) such that
dX: = b(X:,Y3)dt + o(Xe,Yy) dWy, t€10,T], Xy =z,
(2.12) Y= B e MX0 by /T e~ J XD du g ‘ J—"t] . telo,T).
1
In the problem FHVR (2.12), treating r; = h(X;) as the short rate of interest in a
finance setting, we may think of Y as the price of a security claiming a continual constant
unit dividend until time T, at which time the security is valued at g(Xr). The unusual
aspect of this formulation, relative to the typical model, is that the state process X has
dynamics that depend on the price process Y, while Y; itself depends on the conditional
distribution of X for s > ¢. If we take ¢ = 0, we have a finite horizon annuity valuation
problem, in which the annuity price influences the short rate. The consol rate problem is
the infinite-horizon version of this problem. We will show technical conditions (Proposition
3.1) under which Y; = 6(X4,t) for some unique function 6, so that there is no role for Y as
a separate state variable. Later, under additional regularity, we will show that this is also
true in the infinite-horizon setting (Section 4) for some time-independent 6, and that the
finite-horizon solutions will converge to the infinite-horizon solution as the horizon T' — oo
(Section 5).
Any adapted process (X,Y) satisfying (2.11) is called an adapted solution of Problem

FHVR. Moreover, we have the following notion.

Definition 2.2. An adapted solution (X,Y’) of Problem FHVR is called a nodal solution
of Problem FHVR if there exists a function 6 : R™ x [0,T] — IR, which is C! in ¢ and C*

in z, such that

(2.13) Y, = 6(Xy,t),  telo,T).

We will call (2.8) the forward-backward SDE associated with Problem FHVR.
The main purpose of this paper is to study the following problem, which is called the
Infinite- Horizon Consol Rate Problem in the sequel.

Problem THCR. Find an adapted, locally square-integrable process (X,Y), such that
dXt :b(Xt,}ft)dt—FO'(Xt,}ft)th, t e [0,00), X() =,

2.14 e s
( ) Y,=E [/ e_j; MXu) du g ‘ ft} , t € [0,00).
t
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Any adapted process (X,Y) satisfying (2.14) is called an adapted solution of Problem

IHCR. Moreover, we have the following definition similar to Definition 2.2.

Definition 2.3. An adapted solution (X,Y’) of Problem IHCR is called a nodal solution
of Problem IHCR if there exists a bounded C? function # with 8, being bounded, such
that

(2.15) Y, =6(X,), telo,00).

We note that in Definition 2.3, the function 6 is time-independent because of the
infinite horizon. Formally, the forward-backward SDE associated with Problem ITHCR is
the following;:
dXt :b(Xt,}ft)dt—FO'(Xt,}ft)th, t e [0,00),
dlft = (h(Xt)lft — ].)dt — <Zt,th >, te [0,00),

(2.16)
X() =,

Y. is bounded a.s. , uniformly in ¢ € [0,00).

We shall verify this in the next section. Also, we should note that, in general, the asymp-
totic behavior of Y¥; at ¢ = oo is not known, we therefore only impose the boundedness of

Y instead. As before, we may introduce the following definition.

Definition 2.4. A process (X,Y,7) is called an adapted solution of (2.16) if it is {F3}-

adapted, locally square-integrable, and if

t t
Xt:w—l—/ b(XS,YS)ds—I—/ o(Xs,Ys)dWs, t €[0,00),
(2.17) 0 0

1

t
Yt:Yu—l—/[h(Xs)Ys—l]ds—/ (Zs,dWy), 0<u<t<oo.

u

Moreover, if there exists a bounded C? function § with 6, being bounded, such that the
adapted solution (X,Y, Z) has the following relations:

(2.18) Y, = 6(X:), Zi= —o(X0,0(X)T0,(X),  te0,00),

then, we call (X,Y, Z) a nodal solution of (2.16).
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63. Existence of Nodal Solutions

In this section we study the existence of nodal solutions to both Problem FHVR and
Problem THCR. We shall also establish the relationship between these problems and the
associated forward-backward SDEs, and some properties of the nodal solutions. Let us

first make some Standing Assumptions.

(H1) The functions ¢,b,h are C' with bounded partial derivatives and there exist

constants A, x> 0, and some continuous increasing function v : [0,00) — [0,0), such that

(3.1) M < o(z,y)o(z,y) <pl, (z,y) ER" xR,

(32) b(z,y)| <v(lyl),  (zy) €ER" xR,

(3.3) inf h(z)=6>0, sup h(z) =7 < .
zeR™ zCR™

(H2) The function g is bounded in C?**t*(IR"), for some a > 0.
Let us begin with the Problem FHVR.

Proposition 3.1. Let (H1)-(H2) hold. Then, Problem FHVR admits a unique adapted

solution (X,Y). Moreover, it is in fact a nodal solution.

Proof. First, from the previous section, we see that if (X,Y, 7) is an adapted solution of
(2.8), then (X,Y) is an adapted solution of Problem FHVR. Conversely, let (X,Y) be any
adapted solution of Problem FHVR. We shall prove that there exists an adapted R%-valued
process Z such that (X,Y, 7) is an adapted solution to (2.8).
To this end, let us define a measurable process
T T s
(3.4) Utée_ft h(X")dug(XT) + / e_j; MXw)du g
t

Clearly, for each t € [0,T], U; is Fr-measurable. Let Y; 2 E[U;|F:], t € [0,T]. Then note
that the Brownian filtration {;} is actually continuous (cf. Karatzas and Shreve (1988)),
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Y is continuous and is indistinguishable from the optional (or predictable) projection of
U. Furthermore, it holds that

T T
/ HSUS ds / Hssts Ft] ’
t t

for any t € [0,T], P-a.s. ; where H is any bounded, {F;}-adapted process (see, for example
Dellacherie and Meyer (1982), VI).

(3.5) E —E

Fi

On the other hand, for each fixed w € (2, one can check by direct computation that
U satisfies the ODE:

(3.6) Uu(w) = 9(Xr(w)) + / (h(X.(@))Us(w) — 1)ds.

Taking conditional expectation on both sides of (3.6) and applying (3.5), we see that Y;

satisfies

(3.7) Y, = E [g(XT) n /t T(h(XS)YS ~1)ds

),

P-almost surely. Now by applying the martingale representation theorem and following the
argument as that in Ma, Protter and Yong (1993), §5 (note the boundedness of g, h, and
the adaptedness of V'), we see that there exists an adapted, R%-valued, square-integrable

process {Z; : 0 <t < T}, such that

(3.8) Y, = g(Xz) + /tT(h(XS)YS —1)ds — /tT (Zy,dW,) .

In other words, (X,Y, Z) solves (2.8). (In some finance applications, the Brownian motion
W does not generate the given filtration {F;}, as assumed in this paper, but rather is
obtained as the martingale part of a Brownian motion under a different measure, via
Girsanov’s Theorem. Even in this more general setting, it can be seen that W generates
all martingales as stochastic integrals in the above sense.)

Finally, since the process Y is one dimensional, the results in Ma, Protter, and Yong
(1993) show that (2.8) posseses a unique adapted solution which can be constructed via
the Four Step Scheme; namely, any adapted solution of (2.8) must be the nodal solution,
proving the proposition. O
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To study the Problem ITHCR, we need the following lemma. The proof of the lemma

is quite standard, but we nevertheless sketch it for the benefit of the reader.
Lemma 3.2. Let (H1) hold. Then, the following equation admits a classical solution
6 € C?*T(R"):
1
(39)  ur <9ma(w,9)aT(w,e)> 4 (b(z,8),8,) —h(2)d +1=0, =z cR™

Moreover, this solution satisfies

(3.10) <é(z)<7, zcR"

L
5

=2 |~

Sketch of the proof. Let Br(0) be the ball of radius R > 0 centered at the origin. We con-
sider the equation (3.9) in Br(0) with the homogeneous Dirichlet boundary condition. By
Gilbarg and Trudinger (1977), Theorem 14.10, there exists a solution 8% ¢ C*t(Bg(0))

for some a > 0. By the maximum principle, we have

(3.11) 0 <8f(z) < %, z € Br(0).

Next, for any fixed zop € R", and R > |z¢| + 2, by Gilbarg and Trudinger, Theorem 14.6,

we have
(3.12) 0R@) <C, @ Bi(a),

where the constant C is independent of R > |z¢|42. This, together with the boundedness of
o and the first partial derivatives of o, b, h, implies that as a linear equation in 6 (regarding
o(z,0(z)) and b(z,0(z)) as known functions), the coefficients are bounded in C*'. Hence,

by Schauder’s interior estimates, we obtain that
(3.13) HGRHCZ"FO‘(Bl(zO)) <C, R > |CB0| + 2.

Then, we can let R — oo along some sequence to get a limit function 6(z). By the standard
diagonalization argument, we may assume that 6 is defined in the whole of IR". Clearly,
6 € C?**T*(IR") and is a classical solution of (3.9). Finally, by the maximum principle again,
we obtain (3.10). O
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Now, we come up with the following existence result for the Problem THCR.

Theorem 3.3. Let (H1) hold. Then, there exists at least one nodal solution (X,Y) of
Problem IHCR.

Proof. By Lemma 3.2, we can find a classical solution § € C*T*(R") of (3.9). Now, we
consider the following (forward) SDE:

dXy = b(Xs,0(X,)) dt + o(Xe, 0(X,)) AWy, >0,
(3.14) {

X()::B.

Since 0, is bounded and b and o are uniformly Lipschitz, (3.14) admits a unique strong

solution Xy, t € [0,00). Next, we define
(3.15) Y, = 0(Xy), t € [0,00).

We are going to show that (X,Y) is an adapted solution of Problem IHCR. In fact, by

using It6’s formula, we have

1
dy, = [<e$(xt),b(xt,e(xt)) )+t (GM(Xt)a(Xt,G(Xt))aT(Xt,G(Xt)))] dt
+ (0,(Xt),0(X:,0(Xy)) dW,

(3.16) (02(X:),0(X1,0(X:)) AWy )

= (h(Xt)Q(Xt) — ].) dit + <0'T(Xt,9(Xt))91;(Xt),th >

= (R(X:)Y: — 1) dt — ( Z4,dW,),
where Z; = —o(X¢,0(X;))"6,(X:) and the equation (3.9) has been used. Clearly, (3.16)
can be regarded as a linear non-homogeneous SDE in Y;. Thus, the usual variation of

constants formula gives

T T T T T
YT:eft h(Xu)qut_/ efs h(Xu)duds_l_/ <efs h(Xu)duZS,dWS>,
1 1

0<t<T < oo.

(3.17)

The above can also be written as

T T s T R
Y, — e—j; h(Xu)quT_l_/ e—ft R(Xu)du g _/ <e—j; h(Xu)duZS,dWS>,
(3.18) ) t

0<t<T < oo.
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Next, we take the conditional expectations, using the local square-integrability of Z implied

by the properties of o and 8 to obtain

(319) Y, =E

1

T T s

Since 6 is bounded, so is Y (see (3.15)). Consequently, by condition (3.3),

T
_ \ 1 _sop
(3.20) e o mxnd YT‘ <5’ S0, (T - o).

On the other hand, for any 7' < T",

™ NG AL T e 0T _ =0T
‘ / e Ji ) ds‘ < / et tgs =  — 0,
T T

(3.21) 5

(T, T' — o).
Namely, for each fixed (¢,w), the integral above converges as T — oo, hence, by the

Dominated Convergence Theorem, we can send T' — oo in (3.19) to get
(3.22) Y, = E [/ o S X wdu ds‘ft]  te[0,00).
1

This shows that (X,Y') is an adapted solution of Problem IHCR. By (3.15), this solution
is nodal. O

Next, we discuss the possibility of representing the solution of Problem ITHCR as the
adapted solution of forward-backward SDE (2.16). As was pointed out in the introduction,
in the general infinite-horizon case, we don’t have the uniqueness of the forward-backward
SDE if the value at infinity cannot be specified. Nevertheless, we shall show below and in
the next section that the uniqueness in the certain class of solutions will still hold, which
will be sufficient for our purpose.

To begin with, let us establish a result concerning the non-autonomous ODE with

infinite duration. Let H : [0,00) — [§,00) be a continuous function, where § > 0 is given,

consider the ODE:

dU;
3.23 — = H.U; — 1.
(3.23) = H,

We have the following lemma.
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Lemma 3.4. There exists a unique bounded solution of (3.23) defined on [0,00). More-

over, such a solution has an explicit expression:

(3.24) U, :/ e~ J Hudu g
k4

Proof. The existence follows from a direct verification that the function U defined by
(3.24) is a bounded solution of (3.23). To see the uniqueness, it suffices to show that any
bounded solution of (3.23) must be of the form (3.24). Indeed, let U be any bounded
solution to (3.23) defined on [0,00). For any 0 < ¢ < T, we can apply the variation of
constants formula to get

T T s
(3.25) U, = e_ft H"duUT—I—/ e_j; Hudu 4,

1

Since Ur is bounded (for all T' > 0), we have

T
(3.26) e L HTdTUT‘ < Ce T 0, as T — 0.

Hence a similar argument proving (3.22) shows that (3.24) holds. This proves the lemma.
O

Proposition 3.5. If (X,Y) is an adapted solution to Problem IHCR, then there exists an
adapted, R%-valued, locally square-integrable process Z, such that (X,Y, Z) is an adapted
solution of (2.16).

Proof. Suppose that (X,Y) is an adapted solution to Problem IHCR. Define

(3.27) U, :/ e_L MXu)du g

1
By the assumption on the function h, U; is well-defined for each ¢ > 0. Clearly, Y is the
optional projection of U; to wit, Y: = E(Us|Fy), t > 0.

Now for each fixed w € Q, define Hi(w) = h(X¢(w)), ¢ > 0. Then t — Hi(w) is
continuous and bounded below by § > 0. Therefore, by Lemma 3.4, we see that U is the

unique bounded solution of the ODE (with random coefficients):

du.
(3.28) d—tt — h(X,)U; — 1.
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Now, whenever 0 <t < T < 0o, we have

T
(3.29) U, =Ur —/ [h(Xs)Us — 1] ds,
t
whence
Y = (Ut|7:t
T
(3.30) / s)Us — 1] ds .7:]

/T —1]dsf]

where we have used the fact that Y is the optional projection of U. Thus, a by now
standard argument using the martingale representation theorem, as in the finite horizon
case, leads to the existence of an adapted, square-integrable process Z(T) defined on [0, T,

such that
T T
(3.31) Y, =Ur —/ [A(X,)Y, — 1] ds—|—/ (zT,dw,),  telo,T).
k4 k4

It remains to show that there exists an adapted, locally integrable process Z taking values

in IR¢ such that
T T

(3.32) /(ZS,dW3>:/ (2T, dw,), 0<t<T < .
k4 k4

To see this, note that (3.31) holds for any T' > 0,s0if 0 < T} < T3 < oo, then for ¢t € [0,T7],

we have

T]_ T1
Y, = Ur, — / [M(X,)Y, —1]ds + / (z{™) dw,)
(3.33) ¢ ¢

T2 T2
= Ur, — / [M(X,)Y, —1]ds +/ (Z{T2) dW,).
t t

Setting t = T, we get

T2 T2
(3.34) Urp, =Ur, — / [A(X,)Y, —1]ds + / (z{T) dw,).
T]_ T1
Plugging (3.34) into (3.33), we obtain that
T
(3.35) / (2T — 2T dqw,) =0, forall t € [0,T}].
t
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This leads to the property:

i
(3.36) E (/ (2(T2) — 7z(T2))2 ds) = 0.
0

In other words, Z(T) = Z(T2)  dt @ dP-almost surely on [0,T1] x . Therefore, modulo a
dt @ dP-null set, we can define a process Z by Z; = ZEN), if t € [0, N], where N = 1,2, ;
and it is fairly easy to check as before that (3.32) holds. Therefore, (3.31) can be rewriten

as
T T
(3.37) Y; =Ur — / [h(Xs)Ys — 1] ds —I—/ (Zs,dWy),
t 1
for all T' > 0, or equivalently, one has
(3.38) dY, = [h(X})Y: — 1] dt — ( Z;,dW, ), t € [0,00).

Finally, the boundedness of Y follows easily from the definition of Y and the fact that

U, < %, Vt > 0, P-a.s. , proving the proposition. O

It is worth noting that although the bounded solution U of the random ODE (3.23)
over the infinite-horizon is unique, the uniqueness of the adapted solution to the forward-
backward SDE (2.16) over an infinite duration is still unknown. Theorem 3.3 and Proposi-
tion 3.5 suggested two ways to construct the adapted solutions to such forward-backward
SDEs. In the next section we shall prove that if both X and Y are one-dimensional,
then the adapted solution to the forward-backward SDE over an infinite-horizon is unique,
under some explicit compatibility conditions; and such adapted solutions must be nodal
(see Theorem 4.1). In the higher dimensional case, such a result is also proved (Theorem
4.5), but the condition that we have to pose is implicit; and the general uniqueness result
is far from obvious. Nevertheless, one would expect that the uniqueness should hold at
lease among the nodal solutions. The next result and the remark following it explore its
possibility. Recall from Definition 2.4 that a nodal solution can be given by an arbitrary
bounded C? function # with bounded gradient.

Proposition 3.6. Let (H1) hold. Suppose that forward-backward SDE (2.16) has a nodal
solution (X,Y, Z); namely, (2.18) holds for some bounded C? function 6 with bounded
gradient. Then 6 must satisfy the ODE (3.9).
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Proof. Let (2.18) holds for some bounded C? function § with bounded gradient. Since 8
is C?, we can apply Itd’s formula to Y; = 6(X;). This leads to that

1 T
(3.39) dY, = | (b(X4,0(X4)),0.(X:)) —I—Etr(em(Xt)a'a' (Xt,H(Xt)))] dt

F(0,(Xy), 0( Xy, 0(X,))dW, ) .

Comparing (3.39) with (2.16) and noting that ¥; = 8(X;), we obtain that
(3.40)  (B(Xs,0(Xy)),00(Xy)) —I—%tr(em(Xt)aaT(Xt, 6(X.))) = h(X4)0(X:) — 1,
for all t > 0, P-almost surely. Define a continuous function F : R” — IR by

(3.41) F(z)2 (b(x,0(z)),0,(z)) +%tr(em(m)aﬂ(m,e(m))) — h(z)8(z) + 1.

We shall prove that F' = 0. In fact, note that in this case, X actually satisfies the forward
SDE

(3.42)
X() =,

where Z(w) éb(w,e(w)); () éa(w,@(w)). Therefore X is a time-homogeneous Markov
process with some transition probability density p(¢,z,y). Since both b and & are bounded

T is uniformly positive definite, it is well

and satisfy a Lipschitz condition; and since oo
known (see, for example, Friedman (1964, 1975)) that for each y € R", p(+,-,y) is the

fundamental solution of the following parabolic PDE:

1 —ii %p "~ 9p Ip
— v ¢ _—— =
(3.43) 5 a"(z) -+ E b (w)awl B 0,

and it is positive everywhere. Now by (3.40), we have that F'(X;) = 0 for all ¢ > 0, P-a.s. ,
whence Ey ,[F*(X:)] =0, for all ¢ > 0. Since

(3.44) By, [F?(X4)] =/ p(t,z,y)F?(y)dy,  t>0,
and p(t,z,y) is positive everywhere, we have F(y) = 0 almost everywhere under the
Lebesgue measure in IR". The result then follows from the continuity of F'. O
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Remark 3.7. The essence of Proposition 3.6 is that the only possible nodal solution for
the infinite horizon forward-backward SDE (2.16) is the one constructed using the solution
of ODE (3.9). Therefore, if (3.9) has multiple solutions, we don’t have uniqueness of the
nodal solution; and the number of the nodal solutions will be exactly the same as that of
the solutions to (3.9). However, if the solution of (3.9) is unique, then the nodal solution

of (2.16) (or equivalently, Problem IHCR) will be unique as well.

§4. Uniqueness of the Nodal Solution

In this section we study the uniqueness of the nodal solution of Problem THCR. We
first consider the one dimensional case, that is, when X and Y are both one-dimensional

processes. For simplicity, we denote

1

(4‘1) a(way) = —HO’(CB,y)H2, (w7y) e R’
2

Let us make the some further assumptions:

(H3) Let m = n = 1 and the functions a, b, h satisfy the following:

(4.2) h is strictly increasing.

a@wﬁ@)—w@w—w{ﬁaAmu—ﬂw+ﬂ@¢62n>m

9 /0 [a(w7y)by(w7 (1 =By + BY) — ay(z,(1 — By + BY)b(z,y)| dB = 0,

e[l ], ccR.

Condition (4.3) essentially says that the coefficients b,0 and h should be somewhat
“compatible.” Although a little complicated, it is still quite explicit and easily verifiable.

For example, a sufficient conditions for (4.3) is
{ a(z,y)h(z) — (h(z)y — 1)ay(z,w) = n >0,

a(z,y)by(z,w) — ay(z,w)b(z,y) > 0,

(4.4) ywelll], ceR.

It is readily seen that the following will guarantee (4.4):

(4.5) ay(z,y) =0, by(z,y) >0, (z,y) € R x [%, %]
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In particular, if both @ and b are independent of y, then (4.3) holds automatically.
Our main result of this section is the following uniqueness theorem.

Theorem 4.1. Let (H1) and (H3) hold. Then Problem IHCR has a unique adapted

solution. Moreoever, this solution is nodal.
To prove the above result, we need the following lemmas.

Lemma 4.2. Let h be strictly increasing and 6 solve
(4.6) a(z,0)0,, + b(z,0)8, —h(z)0 +1 =0, z € R.

Suppose zpy is a local maximum of 6 and z,, is a local minimum of § with 6(z,,) < 0(zar).

Then, ©,, > xp.

Proof. Since h is strictly increasing, from (4.6) we see that 6 is not identically constant in
any interval. Therefore z,, # zp. Now, let us look at zpr. It is clear that 6,(zp) = 0

and 0,,(zpr) < 0. Thus, from (4.6) we obtain that

1
(4.7) o) < oo
Similarly, we have
(4.8) 0(zm) > .
h(om)
Since () < 8(21), we have
1 1
(#9) Wom) ~ h(enr)’
whence 237 < #,m because h,, is strictly increasing. O

Lemma 4.3. Under the conditions of Theorem 4.1, (4.6) admits a unique solution 6.

Proof. From Lemma 4.2, we see that if z,, is a global minimum, then there will be no
local maximum on (#,,,o0). Thus, it is strictly monotone increasing on (z,,o0) since h
is so. By the boundedness of 6,6,,, and 8,,, we see that

(4.10) lim 6,(z) = lim 6,,(z) =0,

r—00 r—00
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and lim,_,~ 6(z) exists. Thus, by (4.4), we have

) 1
(4.11) zlg)x;o@(w) = et
On the other hand, we have seen that
(4.12) lim 6(z) > 6(z,,) > L > ! ,
00 h(zm) = h(+00)

which contradicts (4.11). This means that 6 has no global minimum. From Lemma 4.2,
we see that 6 can have at most one global maximum point 7. Thus, on (—oo,zp), 6 is

strictly monotone increasing. Hence, we have (similar to (4.10)—(4.11)),

lim 6y(z)= lm 6,,(z)=0,

(4.13) 1
Jm 0e) = gy
But, from Lemma 4.2,
(4.14) lim 8(z) < 6(zn) < < — T
z——00 h(zapr) — h(—o0)

which contradicts (4.13). Hence, 8 can not have any maximum points either. Consequently,
0 is monotone on IR. Finally, since

1 1

(4.15) (=) = 557 > Wiao0)

= 0(+2),

it is necessary that 6 is monotone decreasing.

Next, let 8 and 8 be two solutions of (4.6). Then, w = 8 — 6 satisfies

0= a(w,é\)wm + b(w,@\)wz

_ Te)(a(:c,e)h(m) — (h(2)f — 1)/0 oy (2, (1 — )8 + FB)dB

1

+16.] [ [alz,0)by (2, (1~ B)6 + 58) — ay (2, (1 — B)6 + BB)b(z,6)| 4 ) w
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Here, we used the fact that 6,(z) = —|0,(z)| (since 0 is decreasing). By (H3), we see that
c(z) > % > 0 for all # € R (note that by (3.10), 9,(9\6 [%, %]) From (H1), we also see that
@ and b are bounded. Thus, by the lemma that will be proved below, we obtain w = 0,

proving the uniqueness. O

Lemma 4.4. Let w be a bounded classical solution of the following equation:
(4.17) a(z)wy, + B(w)wz —c(z)w =0, z € R,
with c(z) > ¢o > 0, a(z) > 0, z € R", and with a and b bounded. Then, w(z) =0.

Proof. For any a > 0, let us consider ®(z) = w(z) — a|z|?. Since w is bounded, there

exists some z¢ at which ® attains its global maximum. Thus, ®'(z¢) = 0 and ®"(z¢) <0,

and which means that
(4.18) wg(zo) = 20z, Wiz(zo) < 2a.

Now, by (4.17),

(4.19) cow(zg) = a(zo)wyz(wo) + b(zo )we(zo) < 2 (d(wg) + b(wg)wg).

For any = € IR, by the definition of z¢, we have (note the boundedness of @ and 5)

(420)  w(z) - alal’ < w(es) - aleol? < a(2(z0) + 2(z0)e0 — fuol?) < Ca
Sending o — 0, we obtain w(z) < 0. Similarly, we can show that w(z) > 0. Thus

w(z) = 0. O

This lemma is not new. Since the proof is simple, we have provided it for completeness.
Also, it is not hard to see that similar results hold for higher dimensional cases. Actually,

much more general comparision results can be found in the literature (see Crandall, Ishii,

and Lions (1992)).

Proof of Theorem 4.1. Let (X,Y) be any adapted solution of Problem IHCR. Then,
by Proposition 3.4, there exists an adapted process Z such that (X,Y,Z) is an adapted
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solution of (2.16). Now, under (H1) and (H3), equation (4.6) admits a unique classical
solution 6 with 6, < 0. We set

(4.21) Y, = 0(Xy), Zy=—0(Xe,0(Xe)) 0.(Xy),  te€[0,00).
By It6’s formula, we have (note (4.1))
(422) di}t = 91;(Xt)b(Xt,}ft) + 91;1;(Xt)a,(Xt,lft):| dit + <0'(Xt,}ft)T91;(Xt),th > .

Hence, with (2.16), we obtain (note (4.6)) that for any 0 < u <t < oo,
(4.23)

E(Y, -V, =EQY,-Y,))? - E /t (2(Y3 ~Y) [9$(XS)(b(XS,YS)

+ 045 (Xs)a(Xs,Ys) — R(X,)Ys + 1] + ||o(Xs,Ys)0:(Xs) + ZSH2> ds

= E(Y,-Y)? - E/t [2(1@ — YS)[Gz(XS)(b(XS,YS) —b(X,,Y,))

Fa (X)X, Y) = a(X, T) = XY, = T)] + 17, - 2012 ds

< E(fft —Y,)? - 2/tE[(YS ~Y,)? <h(X3) + 10:(X5)| /01 by(Xs,Y, —|—ﬂ(l~fs -Y,))dg
—0,.(X,) /01 a,(Zs,Y, + B(Y, — YS))dﬂ>] ds

A AL 2/;13[(12 Y, ) <h(XS) +16,(X,)] /01 b,(X,,Y, + B(Y, - Y,))dB

b(X,,Y,)0.(X,) — H(X,)F, +1 [ ~ ~
. a(X.,Y.) || (2%t 07, - T2y ds) | s

— EY, - Y,)? — 2/; E[(i};l;js); <a,(X3,Ys)h(XS)

~ (HX)Fe =) [0 (X, Tt B~ T) 43

L e.(X M‘.&J X., ¥, + A - 1))
bX.,o)ay (X, ¥+ B(Y, — 72) ) 48| ds

~ 2 t
<EY,-Y,)? - —77/ E(Y, - Y,)ds.
woty
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Denote p(t) = E(?t —Y;)? and a = 277' > 0. Then, (4.23) can be written as
t

(4.24) o(u) < p(t) — a/ o(s)ds, 0<u<t< .

u

Thus,
(4.25) <e_°‘t /ut o(s) ds)l = e <go(t) —a /ut o(s) ds> > e “o(u), t € [u,o0).

Integrating over [u,T], we obtain (note Y and Y are bounded, and so is ®)

—au e—aT

T
(4.26) e—go(u) < e_aT/ o(s)ds < CTe T, T > 0.
0

a

Therefore, it is necessary that ¢(u) = 0. This implies that
(4.27) Y, =Y, =6(X,), wel0,), as. we.

Hence, (X,Y) is a nodal solution. Finally, suppose (X,Y) and (X,?) are any adapted

solutions of Problem THCR. Then, by the above proof, we must have
(4.28) Y, =6(X,), Y,=6(X,), tel0,00).

Thus, by (2.16), we see that X; and X, satisfy the same forward SDE with the same
initial condition. Thus, by the uniqueness of the strong solution to such an SDE, X = X.
Consequently, ¥ = Y. This proves the theorem. O

Let us indicate an obvious extension of Theorem 4.1 to higher dimensions.

Theorem 4.5. Let (H1) hold and suppose there exists a solution 8 to (3.9) satisfying

= > b (2, (1 - B)8(x) + B0)bs, ()| dB =0 >0, zeR"fe[, 1]

=1
Then Problem IHCR has a unique adapted solution. Moreover, this solution is nodal and

is determined by the given solution 6.
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Sketch of the proof. First of all, by an estimate similar to (4.16), we can prove that (3.9)
has no other solution except 6(z). Then, by a proof similar to that of Theorem 4.1, we

obtain the conclusion here. O

Corollary 4.6. Let (H1) hold and both a and b be independent of y. Then Problem
IHCR has a unique adapted solution and it is nodal.

Proof. In the present case, condition (4.29) trivially holds. Thus, Thoerem 4.5 applies.
O

Remark 4.7. We note that for the case in which a and b are independent of y, the forward
equation for X is decoupled from Y. This special case has been studied by Duffie and Lions
(1993) in the context of recursive utility models (under weaker regularity conditions). In

other words, we can treat the infinite-horizon recursive utility model as a special case.

Remark 4.8. The fact that h is strictly increasing implies that it has an inverse A, so the
unique solution (X,Y’) to Problem IHCR can be treated as the unique solution (r,Y) to
the consol rate problem described in the Introduction, by taking X = A~*(r). Moreover, if
his C2, Tto’s formula implies that we have the unique solution (r,Y) to (1.2)-(1.3), with

plr,) = B )BT (1)) + S ) o (h (), 9)]
afr,y) = K (b1 () (b7 (), ).

Indeed, this unique solution is obtained at ¥ = §(h~*(r)), where 6 is the unique solution

(4.30)

of (4.6). The use of X rather than r as the “forward” state variable for this problem is
due simply to the fact that it is easier to state regularity conditions in terms of (b,0,h)

than directly in terms of (u, @).

Remark 4.9 As a point of reference, we note that Ito’s formula implies that (r,Y) solves

(1.2)-(1.3) if and only if (r,£ = Y ') solves the SDE

d’l"t :ﬂ(rt,ﬁt) dit + &(Tt7£t) th

(4.31) 5 K_:Z’ 5 N

dﬁt = Et — Ttgt + gl‘A(Tt,gt)H dit + A('I"t,gt) th,
where
(4.32) fi(r, £) = :U’(T7£_1)7 &(r,£) = O‘(T7£_1)7 A(T,f) = _£2A(T7£_1)‘
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Thus the same characterization given above can equally well be given in terms of (4, &, fi)

§5. The Limit of Problem FHVR

In §2 we posed the consol rate problems in both finite and infinite horizon cases.
Practically, it would be nice to know whether the limit of the Problem FHVR is the
Problem THCR. The purpose of this section is to show that this is indeed the case, under
certain conditions.

We first prove the following lemma.

Lemma 5.1. Let w be the classical solution of the following equation:

n

(5.1) Wi — Z aij(w,t)wzizj — Zbi(w,t)wzi +c(z,t)w =0, (z,t) € R" x[0,0),
5.1 S —
13=1 1=1

w‘t:o = wo(z).
Suppose that
M < (a¥(z,t)) < ul,
bz, )| <C, 1<i<n,

(5.2) (,8) € R™ x [0, 00),
c(w,t) >n >0,

[wo(z)| < M,

with some positive constants A, u,n,C and M. Then,

(5.3) lw(z,t)] < Me™ ™, (z,t) € R™ x [0, 00).

Proof. First,let R > 0 and consider the following initial-boundary value problem:

wf—z wt zn: wtw —I—C(wt)R:0,

(5.4) (z,t) € Br x [0,00),




where Bp is the ball of radius R > 0 centered at 0 and x is some “cut-off” function.
Then, we know that (5.4) admits a unique classical solution wf € C2+*1+e/2(Bg x [0, x0))
for some a > 0, where C21®112/2 i5 the space of all functions v(z,t) which are C? in =z
and C! in ¢ with Holder continuous vs,z; and v; of exponent o and «a/2, respectively.

Moreover, we have

(5.5) lwf(z,t)] < M,  (z,t) € B x [0,00),

and for any zg € R" and T'> 0, (0 < &' < )

(5.6) w? 2w, in C2To 1+ /2(B, (z) x [0,T]), as R — oo,

where w is the solution of (5.1). Now, we let 9 (z,t) = Me™("=9)* (¢ > 0). Then,

n

3,5=1
(5.7) = (C(Cc,t) —n+ g)M_(n_g)t > e M—(n—e)t >0,

¢‘6B >0= wR‘aB J

1/"7: 0—M>w0() R‘

Thus, by Friedman (1964), Chapter 2, Theorem 16, we have

(5.8) wh(z,t) <(z,t) = M~ "9t (z,t) € Bg x [0,00).
Similarly, we can prove that

(5.9) wl(z,t) > —Me= "9t (2,t) € Bp x [0,0).
Since the right hand sides of (5.8)—(5.9) are independent of R, we see that
(5.10) jw(z,t)| < Me= (179 (2,t) € R" x [0,00).

Hence, (5.3) follows by sending ¢ — 0. O
Our main result of this section is the following;:
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Theorem 5.2. Let (H1)-(H2) hold and let 6 be a solution of (3.9) with the property
(4.29). Let (X% ,Y¥) be the nodal solution of Problem FHVR in [0, K] and (X,Y) be the
nodal solution of Problem IHCR determined by 6. Then,

(5.11) I}@@E|}QK—1Q|2+E|X§—X42 =0

uniformly in t on compacts.

Proof. By Proposition 3.1, we see that (XX,Y,X) satisfies
(5.12) YE =65(x[F 1), t€[0,K], as. weQ,
where 6% is the solution of the parabolic equation:

oK + Z (z,05)0%, + > b(2,6%)0K — h(z)6¥ +1 =0,
1, j=1 i=1

(5.13) (z,t) e R" x [0,T),

eK ‘t:T - g(w)

Next, we define ¢ to be the solution of

n

01— Y a9 (2,0)Pnin; — > b (2,0)p0; + h(z)p —1=0,
i j=1 i=1
(5-14) (,8) € R™ x (0, 50),
So‘t:() = g(w)
Clearly, we have
(5.15) 0% (z,t) = p(z, K —t),  (z,t) € R" x [0, K].
Now, we let w(z,t) = ¢(z,t) — 8(x). Then,
wt—Zaij T, 0)Wa;0; — Zb z,p)w
i j=1
1 n n
(5.16) — [h(cc) — / < Z a;J(cc,Q + Bw)bz;0; + Zb;(w,e + ﬂw)9$i> dﬂ]w =
0 =1 i=1
w| =g(z)—0(z)
=0

28



We note that both ¢(z,t) and 6(z) lie in [, %] Thus, by condition (4.29) and Lemma 5.1,

1
5
we see that

1
0K (z,t) — 8(z)| = |p(z, K — t) — O(z)| < Ze 1K)
(5.17) 167 (2,2) — 8(z)| = |e( ) —0(z)l = 5
(z,t) ¢ R" x [0,K], K > 0.
Now, we look at the following forward SDEs:

dX{ =b(X[,0% (X[ b)) dt + o(X[,0% (X[, 1) dW,

(5.18)
XK =z.
dX, = b(X,,8(X,)) dt + o( Xy, 0(X,)) AWy,
(5.19) {
X() = .

By 1t5’s formula, we have
BIXE - X2 = E/t [2( XK - X, b(XE,05 (XK, 5)) - b(X,,0(X.))
0
+tr ([o(XE,65(XE,5) - o(X,, 6(X.))]
[o(XE, 05 (XK, 8)) - o(X,,6(X,))] )] ds
(5.20) <om [ [IXE - XX - Xl + 16008 ) - 0a))
+ (XK = X,| +[65(XK,5) - 6(XK)))° ] ds
<c /Ot [E|X§f . L e—2"<K—S>] ds
<C /t XK — X, |2 ds + Ce 21 K1),
0
Applying Gronwall’s inequality, we obtain that
(5.21) E(XE - X,?) <ce B tc0,K], K >0,

Furthermore,
E (Y -Yi?) = E (|65 (X{, 1) — 6(Xo) )
(5.22) < 2B (16%(X,1) — 0(X)P) + 2B (|0(X[) — 6(X0)[?)
< CemE-Y L OF (|IXE - X,)?) < Ce”E-D 4 c0,K], K > 0.
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Finally, letting K — oo, the conclusion follows. O
Remark 5.3. From §4, we see that for the one-dimensional case, under (H3), the solution
6 of (3.9) satisfies (4.29). Thus, the result of Theorem 5.2 holds under (H1)-(H3).
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