Semiclassical Eigenvalue Distribution of the Non
Self-Adjoint Zakharov-Shabat Eigenvalue
Problem.

Jared C. Bronski
Institute for Math. and its Applications *

University of Minnesota

Minneapolis, MN 55455.

1 March 1995

Abstract

ABSTRACT: In this paper we review the theory of the semiclassical limit
of the non self-adjoint Zakharov-Shabat eigenvalue problem. We conduct a
series of careful numerical experiments which provide strong evidence that the
number of eigenvalues scales like ¢!, just as in the self-adjoint case, and that
the eigenvalues appear to approach a limiting curve. One general choice of
potential functions produces a Y’ shaped spectrum. We give an asymptotic
argument which predicts a critical value for the phase for which the straight
line spectra bifurcates to produce the Y’ shaped spectra. We also show that
the number of eigenvalues living away from the real axis for a restricted class
of potentials is bounded by ce~!, where ¢ is an explicit constant. A complete
theory of the shape of the eigenvalue curve and a general bound on the number

of eigenvalues is still lacking.
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1. Introduction

Since the earliest days of quantum mechanics it has been known that

iy = =Y+ V(@)
P(x,0) = A(x)exp(iS(x)/e)

provides the bridge bewteen classical and quantum mechanics. A formal expansion in powers of

¢ leads to the eikonal and transport equations

Ay = 25, A; + Sp A

The eikonal equation can be solved by the method of characteristics. The characteristic curves

for the eikonal equation satisfy

dx
dt
ar
dt

= P
= —-VV
where P = S;. These are the classical trajectories of the system in question. Thus the eikonal

equation contains all of the classical mechanics of the system, and the semiclassical limit repre-

sents one order beyond the classical approximation.

It was first observed by Lax and Levermore[21] in a series of three papers in 1983 that a similar

limit could be done in an exact way for the KdV equation
Uy =UU; + €2Uxxx~

The KdV equation can be solved by the method of inverse scattering using the associated

scattering problem

AP = —€dgyp + Uz, 0)¢.

The solution of the above eigenvalue problem in the limit as ¢ — 0 i1s a classical problem in

physics, with well known expressions available for the distribution of eigenvalues. Using this



result on the distribution of the eigenvalues Lax and Levermore were able to show that the

solutions of the slightly dispersive KdV equation,
Ur = UUs + € Usga,
approached strongly the solution of the Hopf equation
U =UU,

as € — 0 as long as the solutions of the latter remained classical (i.e. before the development
of the first shock.) After the time of first shock the solutions to the slightly dispersive KdV
weakly approach a function which arises as the minima of a variational problem. The approach
is weak because of the development of rapid oscillations which, nonetheless, have a well defined

envelope.

Since the original work of Lax and Levermore on the dispersionless limit of the KdV equation
there has been a small industry devoted to using the inverse scattering transform to explicitly
calculate the evolution of nonlinear wave equations in the semi-classical limit. In particular
this sort of calulation has been done for KdV, defocusing NLS, the Toda lattice[17, 18, 21, 28],
etc. With few exceptions[10] the integrable systems for which this type of calculation has been
done are associated with self-adjoint scattering problems, and possess well-posed (hyperbolic)
modulation equations. For equations of the focusing NLS type, where the associated eigenvalue
problem is not self-adjoint, the semiclassical distribution of eigenvalues is not at all understood.
In particular it is not known how the number of eigenvalues scales with €, the semiclassical pa-
rameter, and how these eigenvalues are distributed in the complex plane. In order to understand
the semiclassical limit of equations like the focusing NLS, and observed phenomena like the ’sea
of solitons’, it 1s necessary to understand these sorts of properties of semi-classical limits of non

self-adjoint eigenvalue problems. This is the problem we consider in this paper.

2. The Formal WKB Calculation.

In this section we review the formal WKB calculation as applied to the ZS eigenvalue problem

(the calculation given here is modeled on one due to Deift[6]). This calculation is interesting



because 1t motivates the introduction of the turning point curve, which appears to be important
to understanding the semi-classical limit. Unfortunately, the exact significance of this object is

not completely understood.

We are considering the semiclassical scaling of the non self-adjoint Zakharov-Shabat scattering

problem,
v, = quw-+ Av (2.1)
ewy, = qu— Aw, (2.2)
subject to Lo boundary conditions, where the potential function is of the form
q(z) = A(J:)eis(x)/e.
Since the potential ¢ is rapidly varying it is necessary to factor out the rapid variations in order
to be able to apply WKB theory. Making the change of variables
5 = pe—iS(m)/2¢
B = wetSI2e,
leads to the following equations for v, w :
ity = A+ A+ S;/2)0 (2.3)
iew, = Av—(A+S;/2)0, (2.4)
or, in more compact notation
ety = M (x, \)7.

At this point we make the assumption that the matrix M is diagonalizable, and introduce the

normalized left and right eigenvectors l_:f' and the associated eigenvalues p;:

(e, VM = pi(z, Nz, \) (2.5)
M (e, N) = pile, MDF(e,N) (2.6)
li 7 =6 ;. (2.7)

We make the WKB ansatz



and collect powers of €. The leading order (eikonal) equation is
O(1) ¢ = M.

This implies that v” is an eigenvector of IM, and ¢, is the associated eigenvalue. Note that any

scalar function of z multiplied by v" also satisfies the eikonal equation. Thus we can write

where « is some undetermined function of xz. This ambiguity will be settled as a solvability

condition at the next order in perturbation theory.

The next order (transport) equation is
O(e) Gt — MU' + o, + af; » = 0.

We take the inner product of the above equation with the adjoint eigenvector l_; and apply the

Fredholm alternative. This results in the transport equation
ap + al; - 7y = 0,
which can immediately be integrated to yield
o= e fl"'F””.

Note that if M (x, A) is an analytic matrix valued function of # and it is diagonalizable, as we
assumed, then the left/right eigenvectors are differentiable. Also note that the arbitrary (x-
independent) constant which arises is simply due to the linearity of the problem. Higher order

terms can be calculated similarly.
For the Zakharov-Shabat eigenvalue problem the matrix M is given by

A=5;/2 A
M = / = “« 6
A Se/2— A 8 —a

and the left and right eigenvectors are given by
lr = ( at a4+ 52 03 )

aE o+ 52
+p



The corresponding amplitude function is given by
Alx) = \/a2 + 8%+ av/a? + 32,

which means that to within the physical optics approximation the solutions are given by

14 a 1/2
Y

15
(a2 (ax(a?+52)172)172

exp (i / NS

3. The Breakdown of WKB - Turning Points.

The phase function qb:xt(x, A) is given by the eigenvalues of the matrix

(A +5./2) A

M(z,A) = M (A4 5./2)

Specifically

¢E = £/ (A + S, /2)2 + A2,
The above analysis assumed that M (z, A) is diagonalizable. This is true, since the eigenvalues

are distinct, except when ¢F = 0, when IM is nilpotent and thus NOT diagonalizable. This

occurs when

=0 => (A=S,/2)?+A?=0
=> A=S,/2+i|4]

Thus if A lies on the curve T' = {S, /24| A| |x € (—00,00)} then the WKB solution breaks down

at some point, otherwise it 1s well behaved for all z. We refer to I' as the turning point curve.

Since we are interested in L, solutions it is important to understand the asymptotics of the
WKB solutions. The controlling behavior of tywgp at # = doo is governed by the phase
function ¢,. As # — £oo the phase function ¢, — xA. The important thing to realize is that
the limiting values of ¢, at oo needn’t be the same. In other words there are two possible
scenarios: (¢~ = —¢™T):

Case 1: (The ’homoclinic’ case)

¢+—>{/\ as £ — —o00

A as z — +oo.



Case 2: (The ’heteroclinic’ case)

¢+—>{_A as & — —00

A as & — +oo.

Assuming A does not lie on the turning point curve I', so that the WKB expansion does not
break down for finite z, we need to determine for which values of A the phase function ¢, is
in the "heteroclinic” case, and for which A the phase function is in the "homoclinic” case. If
A is in the heteroclinic case then for large # one WKB solution behaves like exp(Aimaglz|), |
while the other behaves like exp(—Aimag|2|). On the other hand if A is in the homoclinic case
then when z is large one WKB solution behaves like exp(Ajmqg2), while the other behaves like
exp(—Aimag®). Thus to within the WKB approximation any A in the heteroclinic case appears

to represent an eigenvalue, while no A in the homoclinic case represents an eigenvalue!

The problem of determining which A are in the heteroclinic case and which A are in the homoclinic
case turns out to be quite trivial. In the case S;, A — 0 as |¢| — oo, for example, the set of
A which are in the heteroclinic case 1s exactly the interior of the discriminant curve I'. This is
illustrated in figures 3.1,3.2,3.3, where we have chosen the amplitude and phase functions to be

given by
S(z) = sech(x)
A(x) = sech(z).
The figure 3.1 shows the discriminant curve, along with a typical interior point and a typical

exterior point. Figures 3.2, 3.3 show the real and imaginary parts of the phase function ¢, for

A in the interior and exterior regions respectively.

3.1. The WKB ’Paradox’

Having done the WKB analysis, we arrive at the apparent paradox - any A which lies on the
interior of the turning point curve I' appears to be an eigenvalue. This clearly cannot be right.

So what goes wrong with WKB theory?

This paradox is not new to the ZS problem. It is the same phenomenon which arises in the WKB

theory for the Schrodinger equation, where it is commonly known as the ”WKB paradox”. In
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the context of the Schrodinger equation it takes the following form. Consider the Schrodinger

equation with an smooth potential V' (z),

and F > Vi4r. The solutions are free particles. Thus the physically interesting quantities are

the reflection/transmission coefficients, defined by.

v — Texp(i\/(E)x) r — 00
v — exp(i\/(E)x) + Rexp(—i\/(E)x) r — —00.

In the WKB theory for the Schrodinger equation it 1s easy to show that the reflection coefficient
vanishes to all orders in perturbation theory when E > V4, (i.e. there are no turning points.)
This does NOT mean, however, that the reflection coefficient is identically zero. The reflection
coefficient scales like exp(—L/¢), which goes to zero faster than any power of e. Since WKB is
basically an expansion in powers of ¢ the WKB prediction of the reflection coefficient is zero
to all orders in perturbation theory. In other words objects like transmission and reflection

coefficients are generally not analytic in e.

In the case of the Schrédinger equation it is well known how to calculate the reflection/transmission
coefficient. The method involves looking at the Schrodinger equation in the complex plane, and
deforming the path of integration off of the real axis so that it passes through a turning point in
the complex plane. The factor of L in the reflection coefficient is basically related to the distance
from the real axis to the first complex turning point. Using the known asymptotics of the Airy
equation it is then possible to calculate the beyond all orders reflection coefficient[32, 23]. The
problem is to do the analogous calculation for the non self-adjoint problem. This seems to be
more difficult since the connection problem does not involve the Airy function, which possesses
a nice integral representation which makes the connection problem relatively easy, but instead
involves a second order Airy-like equation. At this point in time it is not known how to get any
sort of quantization condition like we have in the Schrodinger case. At this point we turn to

numerics.



4. Numerics

4.1. The Algorithm

In this section we present the results of some numerical experiments on the Zakharov-Shabat
eigenvalue problem. The eigenvalue problem was solved using the following numerical method.

Beginning with the ZS eigenvalue problem,

v, = quw-+ Av (4.1)

ewy, = qu— Aw, (4.2)

we integrate the initial value problem for fixed A and initial conditions

out to © = +1L, where L is chosen so that ¢(+1) & 0. The integration is done with a fourth
order Runge-Kutta method. At the righthand boundary # = 4L the components of the vector

are given by

v(A, & = L) = vrign: (A)

w(A, 2 = L) = wrigne(A).

At this point A is a free parameter - it 1s not required to be in the spectrum of the operator. Since
v(A) grows exponentially in the right half line we are interested in finding zeros of vyign¢(A). In
essence we are replacing ¢ with an approximation of large but compact support. If L is chosen
to be sufficiently large the error arising from this truncation of the potential is much smaller
than other sources of error, such as the error incurred in solving the ODE which defines the

function v.

At this point the problem is reduced to that of finding all of the zeros of v(A). Conventional
methods for finding zeros, such as a Newton scheme, are not attractive for two main reasons.
The first reason is the following. Newton type iteration schemes require a good initial guess to

be efficient, which is not available in this case. Secondly the function v which we are trying to



find the zeros of is quite expensive to calculate - each evaluation of v(A) requires the solution of
an ODE! This makes iterative methods, which may require many evaluations of the function, of

questionable value.

The algorithm we adopt, which is very similar to the method used in [3, 4], is based on Rouche’s
theorem. We rectangulate a region of the complex A plane (Figure 4.1) and numerically calculate

the following contour integral,

N ;) = /F | z/((;)) drx = Z(Ly ;) — P(Ly ),

where I'; ; is the i, j'" rectangle, and Z and P are the number of zeros and poles contained in
I'; ;. Since v(A) has no poles (v satisfies a linear differential equation with bounded coefficients)
the value of this integral is given by 2win, the number of zeros of v contained in the rectangle.
This, of course, only indicates the presence or absence or a zero. It does not indicate where in
the rectangle the zero is located. For this it is useful to calculate the second integral,
g
it = i ™

which has the value zy, where zy is center of mass of the zero contained inside the rectangle. In

particular if the contour contains only one zero this integral gives the location. This quantity
was found experimentally to be extremely robust. For instance in the worst case scenario, when
there is a pole very close (i.e. order of AX) to the boundary of the contour then N(T') has the
value
N(T;;) = ir+ P,

where P is a principal value integral. L(T'; ;), however, still gives the correct location of the
zero. This method was implemented using a fixed rectangulation of the complex plane. A more
efficient method would be a ”divide and conquer” type approach, which would begin with a
rough rectangulation of the complex plane, and would recursively subdivide those rectangles
which had a non-zero value for the N integral. However for the range of ¢ covered by these

numerics such an approach was not necessary.

The code was tested using exactly solvable potentials (The sech(x) and square well potentials).
In addition for the cases without exact solutions the experiments were repeated increased L and

finer discretizations, with essentially no change in the results.
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In these experiments the relevant region of the complex plane has been subdivided into a 1002100
grid of rectangles. The contribution of each leg of the rectangle to the contour integral was
calculated using 7 grid points per leg. The step size in the Runge-Kutta algorithm varies with
¢, but typically lies in the range Az € [.005,.0025].

4.2. A Note On Bounds

The final ingredient in the numerical potion is the question of bounds on the locations of the
complex eigenvalues. Obviously we must have some idea of where in the complex plane the
eigenvalues are located to have any hope of finding them all. Ideally we would like to have
a bound which constrains the eigenvalues to live in a compact region of the complex plane.
Unfortunately such a bound is apparently not available. There are two bounds which are of
use here. The first, due to Deift[6], guarantees that the ZS eigenvalues live in the shadow of
the discriminant curve which arises in the formal WKB theory plus a strip of width € about
the real axis. It is this second piece, of course, which is troublesome. It is possible to sharpen
this bound somewhat, as is outlined in the appendix. Basically 1t is possible to show that any
eigenvalues with large real parts must have small imaginary parts, so that the region in which
the eigenvalues can live, although unbounded, has finite area. So although we cannot be certain
that we have found all of the eigenvalues we can reasonably hope that the omitted ones, which

have small imaginary parts, contribute little to the dynamics.

4.3. The Experiments
4.3.1. Experiment 1

The first experiment is shown in figures 4.3,4.5. The first figure shows the location of the point
eigenvalues for several values of € for the potential functions

S(z) = sech(2x)

A(x) = sech(2z).
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Figure 4.2: Bounds on the Location of Eigenvalues (Deift)

The dotted curve represents the turning point curve I'. Note that because of the symmetry of
the problem only the upper half-plane is shown. The spectrum in the lower half-plane is the

mirror image of that in the upper half-plane.

From this experiment it appears that the eigenvalues are approaching some limiting curve, which
has a 7Y’ shaped appearance. It also appears that the number of eigenvalues scales like 1/¢, as

indicated by the graph and table in figure 4.5.

The third figure (4.6) shows a density plot of the following quantity

!
Eii=1lo / —d}|.
3J g | Fl)j f |

If the numerics were exact this quantity would be In(27) if the contour T'; ; contained an eigen-
value and —oo if the contour did not contain an eigenvalue. The numerically computed integral
18, of course, never exactly zero, but away from an eigenvalue the results are quite good. The
dark areas correspond to a value of & —20 for E; ;, while the light areas to a value of E' & In(27).

Thus the error is small away from the actual eigenvalues, and 1t appears extremely unlikely that



the method will produce an eigenvalue where none exists.

The next example shows the spectrum in a degenerate case - one where A and S, are linearly
dependent. In this case the discriminant curve reduces to two line segments and the interior is

empty. The particular choice of amplitude and phase in this case is

1
) = cosh(2x)
_ sinh(2z)
Alz) = cosh(2z)?’

so that S, = 24, and the discriminant curve reduces to a line segment from —(1 4 ¢) to 1 + ¢,
and another from 1 — ¢ to —1 + 4. It is apparent from the numerics that for non-zero values
of € the eigenvalues to not live on the union of these two line segments, and do not appear to
approach this curve as € — 0. This experiment indicates that the spectrum does not necessarily
live inside the turning point curve. The spectrum does, of course, live in the shadow of the

turning point curve, as guaranteed by the bound of Deift.

The third experiment shows the spectra in another degenerate case, similar to the one described
above. Again we note that the spectra does not live ’inside’ the turning point curve, although

it does live in the shadow of it. The potential functions for this case are

o 1 2 sinh(2x) .y 2x )
v cosh(2x) coshz(Qx) ~ “cosh(22) e
1
A = ——.
cosh(x)

This example lacks the even/odd symmetry possessed by the first two experiments; so the

spectrum is not right/left symmetric.
The final experiment shows the evolution of the ”Y” shaped spectrum from the straight line
spectrum which is present in the no phase case. In this experiment the amplitude and phase are
given by
A = sech(22)
= psech(2z),

and p 1s varied between 0 and .6. When g = 0 the eigenvalues are purely imaginary. As p is

increased the eigenvalue spacing decreases. At some finite value of p the first two eigenvalues
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cross and develop non-trivial imaginary parts. As p is increased further other eigenvalues cross
and the characteristic ”Y” shape forms. In the next section we present an asymptotic argument
explaining the above observations. Among other things we are able to predict the critical value

1" where the first pair of eigenvalues crosses.

5. Symmetry Breaking and the Emergence of the 'Y’

In the previous section we saw that for one particular choice of amplitude and phase the spectrum
of the Zakharov-Shabat eigenvalue problem approached a Y’ shaped curve. This curve is generic
for what 1s commonly known as ’shock’ initial data - i.e. data where A has a local minima near
the origin and S; has a zero near the origin. It is interesting to try to understand the origin of
this curve. In this section we outline an asymptotic argument which is valid for the low energy
states (eigenvalues with large imaginary parts). In particular this argument predicts a critical
value for the phase where a bifurcation from the straight line spectrum associated with the zero

phase case to the 7Y” shaped spectrum seen in the previous section occurs.
The starting point for the analysis of this phenomenon is the squared eigenvalue problem,
— g — APV — (A= Sx)zv = icAzv — 1€Spaw
— Wy — |A]Pw — (A= Sx)zw = JeA w — 1€S,,0,

which obtained from the standard ZS eigenvalue problem by differentiation and substitution.

Neglecting the small right hand side gives the Schrodinger -like eigenvalue problem
_621/)1717 - |A|21/) - (/\ - Sx)z’l/) = 0

which is satisfied by both components of the two-vector (v, w). Clearly for S; = 0 the above
squared eigenvalue problem reduces to the Schrodinger eigenvalue problem for the eigenvalue A2,
with the ground state of the Schrodinger eigenvalue problem, the state with the most negative

energy, corresponding to the state with the largest imaginary part.

The idea behind this section is to understand the development of the ”Y” shaped spectrum
by developing an approximate theory for the near-ground state eigenvalues. Since the lowest

eigenfunctions are well-localized spatially it makes sense to expand the potential functions A, S,
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Figure 4.9: Experiment 3: Eigenvalue Locations
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Figure 4.10: Experiment 4: Evolution of the ”Y”



locally about critical points. When we do this we get a problem which can be explicitly solved.
For S; small there is a single minima at the origin. Expanding around this point and explicitly
solving the resulting equation gives the result that the eigenvalues are purely imaginary, just
as in the case when S, = 0. As S, is increased there is a classical bifurcation - the minima of
the effective potential becomes a maxima, and two new minima are born. After this bifurcation
takes place the eigenfunctions are no longer localized near the origin, which is a maxima, but
are instead localized near the minima of the potential which are located symmetrically about
the origin. Since S, is non-zero near these minima the eigenvalue A develops a non-zero real

part. This is a simple example of the phenomena of symmetry breaking.

Making the substitution y = /¢ and Taylor expanding gives the equation
—vyy — (Ag — 2 A2y®)v + (A — €S1y)*v = 0,

where A; = 01| A|}|p=0 and S; = 9.S|s=0. Completing the square in y gives the following
equation:

—vyy — (cvey + ﬁ/\)zv + (’y/\2 + Ap)v =0,

where the constants «, 3,7 are defined in terms of Ag, A2, S by the relations

[ — \/AQ—S%
S
1, 52
As

2
vy = B “ Lo

JELY

=, which amounts to an energy-dependent shift in the

Introducing the new variable z = y +

origin, gives the following equation:
—v,, — el + (’y/\2 + Ag)v.

When As — S? > 0 this is just a standard quantum harmonic oscillator, and the spectrum is

completely known. In particular the ground state energy is given by

A2 _AiZ(AO —1/2¢)

ground —

Aground = £y V2 (Ag — 1/26)1/?



Notice a few things about this approximation. The shift in origin, %, is purely imaginary. This
means that we expect the real zeros of the harmonic oscillator wavefunctions to move off of the
axis. It 1s also apparent that since v > 1 the effect of turning on the phase is to decrease the
spacing between eigenvalues, and to increase the energy of the ground state. These observations

will be confirmed later in this section by numerical experiment.

It is clear that this approximation is expected to be valid for small quantum numbers, when the
eigenfunctions are well localized and the Taylor expansion of the potential is justified. It is also
clear that this expansion should be valid when A —S? >> 0, so that higher order terms in the

potential can be dropped.

When A, — S? < 0 the origin is no longer a local minima of the effective potential A% 4+ S2, but
is instead a local maxima. In this case the eigenfunctions will not be supported near the origin,
but instead will be supported near the new local minima which are born to either side of the
origin. The same calculation done above can be repeated in this case, expanding the potential
about 2*, the minima of A? + S2, rather than the origin. Since S;(z*) # 0 the eigenvalue A
develops a non-trivial real part. This real part will be positive for the minima on the right
half-line and negative for the minima on the left half-line. This is the source of the ”Y” shaped

spectrum.

If we consider the specific case A = sech(2z), S, = psech(2x) the above theory predicts the
emergence of the ”Y” shaped curve (the collision and subsequent splitting of the ground state
and first excited eigenvalue) at the critical value p* = 273/240(1) & .3536+0(1). Figure 5 shows
a plot of the numerically calculated value of yi*(¢) vs. €. The errorbars in the graph represent
the fact that there is a range of values of u where the program is unable to resolve the individual
eigenvalues, but rather reports a double eigenvalue. A numerical fit to the data points gives

#(0) & .36, in good agreement with the predicted value of 2-3/2,

The next picture shows the numerically calculated eigenfunctions. The eigenfunctions were
calculated in the following way. The spectrum was calculated using the contour integral method
outlined earlier. Once the eigenvalues were determined this information was used in a standard
shooting method to numerically calculate the eigenfunctions. The potential was chosen to be

A = S = sech(2z), corresponding to g = 1. Since g = 1 is much bigger than the critical
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value p* = 273/2 the eigenfunctions are expected to break symmetry. Indeed this is exactly
what we find. Figure 5 shows the eigenfunctions ordered according to decreasing imaginary
parts. The first two graphs show the amplitudes of the v and w components of the eigenvectors
with the largest imaginary parts. The solid line is the v component, while the dotted line is
the w component. As argued earlier the eigenfunction corresponding to the eigenvalue with a
positive real part is strongly biased to the right, while the eigenfunction corresponding to the
eigenvalue with a negative real part is strongly biased to the left. Also show are some higher
energy eigenfunctions. It is obvious that the bias is still present, but less pronounced than in
the ground state case. The final picture shows the eigenfunction corresponding to an eigenvalue
have no real part - part of the ’stem’ of the ”Y”. This eigenfunction does not break symmetry.
This is because symmetry breaking is a ’low energy’ phenomenon. High enough energy states

always preserve symmetry.

6. Conclusions

We have seen in this paper that the spectrum of the non self-adjoint ZS eigenvalue problem
appears quite well behaved. For typical analytic, L, potentials the number of eigenvalues seems
to scale like ¢!, and the eigenvalues appear to approach some limiting distribution which is

supported on a curve as € — 0. A complete understanding of these observations is currently
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lacking, but in each case we can give a partial result. A partial understanding of the scaling
of the number of eigenvalues vs. epsilon follows trivially in the case of reflectionless potentials

from the well known trace formula for the ZS eigenvalue problem. Specifically

Lemma 6.1: Suppose q is a reflectionless potential with fizred Lo norm. Let Ny(e) be the

number of eigenvalues with |Azy,| > a. Then Ny(e) < L.

e

Proof Follows trivially from the trace formula

Tl = D> A
{MAzm >0}
> Z a = aNy(e). v
>\|>\1m>0z

So in the case of reflectionless potentials if there are any ’extra’ eigenvalues above the O(e~1)
present in the self adjoint (or constant phase) case they must collect near the real axis. The
necessity of excluding eigenvalues with small imaginary parts is, quite obviously, built in to this
simple proof. Any argument bounding the number without such a restriction would have to be

based on a much more sophisticated argument.

It is interesting that in the attempting to bound the locations of the eigenvalues and in attempt-
ing to bound the number we are thwarted by the possibility of having many eigenvalues with
small imaginary parts. It seems to suggest that this is a real possibility, and not simply a defect
in the method of proof. The intuitive picture is that these eigenvalues could arise from ”reso-
nances” crossing the branch cut along the real axis and becoming proper eigenvalues. Indeed the
heuristic arguments which have been put forth suggesting that the number of eigenvalues scales
as ¢~ 2 have been based on the existence of resonances on the real axis. While the argument
mentioned above and the numerical results both suggest that the proper scaling is N(€) oc ¢71
it should be stressed that all of the numerics have, of course, been done on a finite domain, and
there 1s still a real possibility of a large or even and infinite number of eigenvalues located close

to the real axis. Indeed eigenvalues located very close to the real axis would be quite difficult to

detect due to the change in the boundary condition which occurs across the real axis. On the



other hand we should reiterate out belief, or rather our hope, that the existence of eigenvalues

with small imaginary parts should not be too important to the NLS dynamics.

The ”Y” shaped curve on which the eigenvalues lie for ’shock’ initial data can, as we have seen,
be understood simply in terms of a simple symmetry breaking problem. While this argument
does not tell us the exact shape of the curve it does allow us to make predictions about quantities
such as the critical phase necessary for the onset of the bifurcation, the eigenvalue spacing, the
ground state energy, etc. While it would be interesting to derive the exact shape of this 7Y”
we are still able to get much interesting information from this simple argument. What we lack,
unfortunately, is information on quantities such as norming constants which are necessary for

doing the inverse problem.

Finally it should be mentioned that in numerical simulations of a discrete non self-adjoint eigen-
value problem related to the Toda lattice K. McLaughlin[27] has observed ”Y” shaped spectra
which are strikingly similar to those we have observed for the ZS eigenvalue problem. This
suggests that the results here are not specific to the ZS scattering problem, but rather have

analogs for some class of non selfadjoint problems.
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6.1. Appendix

In this section we prove that any complex eigenvalues of the ZS eigenvalue problem must satisfy
the inequalities

|Al'm| S Cl|ARe|_1

and

|Al'm| S C2|AR€|_2'

This guarantees that any eigenvalues with large real part must lie very close to the real axis. It
is hoped that these eigenvalues, since they correspond to solitons with very small mass, are in
some sense unimportant in the dynamics of focusing NLS. The idea behind the proof is simple
- it consists of taking powers of the eigenvalue problem and bounding the real and imaginary

parts by simple inequalities. The eigenvalue problem is given by

vy +qw = Av

ewe +quv = —Aw.
Multiplying the first equation by v and integrating gives

2/\Im/|v|2 :/qwﬁ—(jwv.

Similarly the second equation gives

2/\Im/|w|2:/qw6—(jwv.

This allows us to conclude that for strictly complex eigenvalues (Az, # 0) the two components
v, w have the same Ly norm. From this point on we will assume that ||v]|? = ||w||? = 1. Using

this fact in either of the above equations, along with the Cauchy-Schwartz inequality, gives

|/\Im| < ||‘J||oo

Next notice that by adding the complex conjugates instead of subtracting we get the following

identity for the real part of A :

ARe = /ie(fwx — Vg + Wpx — WWyg ).



Multiplying the v equation by v, and integrating gives
2AReATm = /{}wa + vwgy

which immediately yields

ellaollon
Arm < .
Ao < ]

Squaring the eigenvalue problem leads to the following eigenvalue problem for A2.
—0pe — |q]? 9 v v
“jx _817@' - |Q|2 w w

Multiplying the v equation by v, and the w equation by w, yields the following equality

AImA%Qe = e/(|v|2 — |w|2)(|q|2)x + /iezqu}w — 1pe VW,

or
1
Azm < SV
Re

where C” = €2||qus||oo + €]||¢|%||co- Tt is clear that many more such identities and corresponding

inequalities can be derived.
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