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EL, Introduction
° We are given k (22) populations from which observations can be taken, and two
completely specified distribution functions F‘1 (x) and Fa (x)e It is assumed that
the observations from (k-1) of the populations have distribution F1 (%) and that
those from the remaining population have distribution F’a (x). The problem considered
is that of identifying the population associated with Fa (¥)s subject to certain
restrictions on F1 and Fa which are outlined below,

Iet fi(v) (4=1,2) denote the corresponding density functions if both F‘1 (x) and
Fa (x) are continuous or the probability masses at x if both Fl (%) and Ii‘2 (%) are
discontinuous. Iet

(1.1) Q, = {x:f, (x) > 0} ia=1,2
and let
(1.12) Q= Qua

We shall treat the "degenerate" situation in which the likelihood ratio <fa (x )/fz (v ))
assumes only the three values (0,1,°) for (X € Q). That is, on (an Qa),
£(0)=£ (¥), and
= = < < °
(1.2) PF (an Qz) PF (an Qz) 8, (0<0<1)
1 2

A typical example of such a configuration has F1 (x) assigning mass (1=0) to
X = =l and mass & to y » 0, while Fa (x) assigns mass 6 to X » O and mass (1-6) to
x = 1 (two symmetrically degenerate trinomial distributions). Another important
example occurs with 1"1 (X) as the uniform distribution on (¢, @ 4+ 1) and Fa (x) as
the uniform distribution on (@ + 8, ¥ + 8 + 1), Note that since o must be specified,
this cannot be formulated as a slippage problem or a ranking problem for the uniform
distribution.

An identification is an association of one of the populations with the distri-

bution F‘2 (%). We shall consider sequential procedures which satisfy the requirement
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2,
(1e3)  min P (Correct Identification) = P¥ ,

where the minimum is taken over the k possible true associations of distribution
F, (x) with a population, and P¥ (1/k < P* < 1) is a specified constant. Among these

procedures we seek those rules ™ which satisfy
(1.ls) max B(N|T*) = min max B(N|T) ,
T

where the maximum is taken over the k possible true pairings, the rules T all
satisfy (1.3), and N is the total number of cbservations taken,

Because of the degeneracy previously described, when P* = 1 it is possible to
satisfy requirement (1.3) using a sampling procedure whose sample size distribution
has finite monents of ail orders, When P* < 1, it is necessary to introduce random=
ization to achieve equality in (1.3). We shall show that an entire family of ran=
domized procedures achieves the requirements (1.3) and (l.4t). PFrom this family we
find one procedure having miﬁimum variance of the sample size., This procedure is
"truncated" rather than fully randomized, the method of truncation being described
in Section 2,

In Section 2, some general discussion is given in which we limit the class of
procedures which need be considered, and the proposed procedures are described, The
standard identification procedure of [1] is also described for comparison. In
Sections 3 and U, best vector-of-observations and one observation at a time procedurer
are derived for the case of two populations, In Section 5 these are compared with
one another and with some sub-optimal procedures., In Section 6, special properties
of procedures achieving P* = 1 for general k are considered. In Sections 7 and 8
the best vector and one observation at a time procedures are derived for general k,
and in Section 9 these are compared with one another and with a suitable singlew

sample procedure,
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2, Generalities and Description of Procedures

Denote the k populations by (“'1 ’nz’"" ,nk) » and the jth random variable from

Define the 1likelihood of the sample } (1 =1pc09ky J = 1y00om) given the true

{xij
association (1 12 Fa) as

2 T {e, o) e )
(2.1) L(i,m) =3:1 fa(yij)szlfl(vsa) g 1= 1yca0k
skl

and the 1*! Jikelihood ratio as
Kk

(2,2)  R(iym) = L(i,m) / = L(sym) , 1 = Lyeeske
8=l

" Also, let

(2.3) Rm =,83%, R(i,m)

If a-priori probability (1/k) is assigned to each of the k possible (ﬂi,Fa)
pairings, then R(iy,m) can be regarded as the a-posteriori probability of the pairing
(ﬂi’Fa )o Note that each R(i,m) (i = 1,00,k) assumes one of the values 0,1/k;,
1/(k=1)500051/2,10

The procedure considered in [11, known as the basic identification procedure,
uses the stopping rule: "continue sampling until R, = P*; then stop and make an
identification®™, It is clear that such a procedure will satisfy (1.3), but in view
of the previous paragraph, it is also clear that if P* > 1, the actual P(CI)(proba=
ability of correct identification) will be unity.

The following discussion is not specifically directed to the basic procedure,

Beéause of the degeneracy in this problem, the set of R(i,m) values for the

sample {xim} will fall into one of the following two categories:
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b,
(1) (k=1) of the R(i,m) values are zero and the remaining one is unity
or (ii) (k=€) (2 < C < k) of the R(i,m) values are zero and the remaining R(i,m)
values are 1/C,

In case (i), it is known exactly which pairing is correct, while in case (ii) it is
known that (k-C) pairings are impossible but the sample contains no information to
differentiate among the C possible pairings, Thus to achieve equality in (1.3) when
1/2 < P* < 1, a randomized stopping rule of some form must be used. (From the above
considerations it is clear that to any rule which uses the data to decide whether
to stop and to choose among the C "contenders™, there corresponds a purely randomized
rule which achieves the same P(CI) and the same distribution of sample size),
Achievement of equality in (1.3) is desirable when P* < 1 in order to reduce the
average sample size from that required to achieve P(CI) = 1, It may at first seem
unreasonable to accept a P(CI) of less than unity when a P(CI) of unity can be
achieved using the basic identification procedure, but since no fixed sample size
procedure can achieve a P(CI) of unity we do not require this of a sequential pro-
cedure at the expense of a large expected sample size.

It is evident that nothing can be learmed by continuing to take observations
from population HJ if R(jym) = 0, i.,€0, if some x;jk (k = 1y00,m) £falls in (Q-Oa)
Csee (1.1) and (1.2)). Thus we consider only sampling rules which stop sam;:iing

from a population 1, as soon as R(j,m) becomes zero (i.e., rules which take no

J

observations from M, beyond stage m if
3 Y ge leaooos-xj(m_l)

are all in (AN N ) and ¥
1 2 Jm

is in (Q--Q:a )). A population for which R(,4m) =0 is called a "non-contender®, The
C populations for which R(,ym) = 1/C are called "contenders", and we shall write
C as C(m) to indicate that C is a (non-increasing) function of the number of
elapsed sampling stages. Observations at stage (m+l) are taken only from the C(m)
populations which remain in contention after stage m.

Another obvious reduction in the class of rules to be considered is obtained

from the symmetry of the requirements (1.3) and (1l.h). We need consider only rules
which use the observations symmetrically and which, when and if they stop with more
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than one population still in contention, assign equal probabilities to the identifi-

cation of F8 with each of the remaining contenders, Given any non-symmetric rule
satisfying (1.3), the symmetrized version of that rule will also satisfy (1.3) and
will have at least as small a max E(N), with strict inequality if the original rule
did not have the same E(N) for all possible true pairings., Thus, with the given
requirements the symmetric rules form an essentially complete class,

Two basic sampling plans will be studied:

(a) "vector at a time" procedures which at each sampling stage take one ob-

servation from each of the C contenders, and

(b) "one at a time" procedures, which at each sampling stage take an cbserva=

tion from one of the C contenders,

By a randomized rule, we mean one which if C(m) > 1 assigns a probability
pm(npo,l,Z,...,) to carrying out aﬁ (m+1)8t stage of sampling and probability (lnpm)
to terminating the experiment without the (m-;-l)St sample, and whenever sampling is
terminated by randomization assigns probability 1/C to each pairing of a contender
with d:i.si;r:i.bui.’d.on‘1"‘a o The probability P, may be allowed to depend on the entire
sequence fx ij} s 1n1g0005ksJ=1ye00sm of previous observations, (Randomized procedures
which eliminate contenders without terminating sampling will not be discussed in
this paper,) Thus (l-po) is the probability of taking no observations at all, and
if sampling is started it will be terminated at the first stage m for which C(m)
is unity or else by the randomizing scheme described above.

It will be shown that when k = 2, all rules which achieve (1.3) with equality
have the same value of E(N) (the maximum being omitted since the rules are symmetric).
Among these rules, the one which minimizes E(N°) (.and thus minimizes Var (N)) is a
"truncated” rule which randomizes at at most its final stage to achieve equality in
(1s3). Thus the "best" randomized rule in this sense is not really a fully random=-
ized one, .

When k > 2, rules which achieve (1.4) subject to (1.3) have the following forms

if C(m) = k, a positive probability (l-pm) can be assigned to not taking an (mg.l)St
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sftage of observations, but if 2 < C(m) < k-1, the probability of observing at stage
(m+l) is unity. Thus as socon as one non-contender is found, sampling is allowed to
continue until it is known with certainty which population is paired with Fa. Any
randomization takes place only at stages where all k populations are stillvin cone
tention,

Whereas the rule for the case when k = 2 can be thought of as a natural in-
tuitive generalization of the basic identification procedure of [1], the rule for
k > 2 cannot, To illustrate the most striking difference, consider the case of
k = b and P* = 0,40. The basic procedure would stop as soon as two contenders
were eliminated and would achieve a P(CI) of (3). The natural extension of this
would be to randomize when there are three or four contenders, and stop when there
are two, Proper choice of the randomizing probabilities willyield P(CI) = 0.0,
The "best" rule described above, however, applies randomized stopping only when
there are four contenders, and if one or more populations are eliminated from con-
tention, continues sampling until only one contender remains, Thus the conditional
P(CI) at stopping is either (%) or 1, never being (%) or (%), and an unconditional
P(CI) of 0,40 is achieved by proper choice of the randomizing probabilities,

A1l rules of the above farm which achieve (1,3) with equality have the same
E(N), and the one with the smallest E(N®) is one which has all the stopping prob-
abilities (1-pm) equal to zero for m < n -1 and equal to unity for m 2 n_, with
n, and p n, -1 chosen to achieve equality in (1.3). This is a "pseudo-truncated"
rule in that if no contenders are eliminated by the n, th stage, sampling is ter=-
minated, but if any contender is eliminated, no upper bound is set on the additional
sampling needed to terminate, Again, the "best" randomized rule is not really
randomized,

The only difference between the vector at a time and one at a time procedures
is that at sampling stage (m+1l), the vector rule takes a sample of C(m) cbservations,
whereas the one at a time rule selects at random one of the C(m) contenders from

which to take an observation.
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§. Two populations, vector sampling,.

Iet Ppei (0 =< Ppel < 1) denote the probability of taking an mﬁ1 stage of obser-
vai:.ion (me1y25000), and let @4 be the conditional probability of choosing pairing
('ﬂl,;l'8 ) if sampling is terminated by randamization after stage (m=l). The remarks
of Section 2 indicate that we could restrict attention to a'm.%, but we shall allow
the full range, O < @ < 1. Let N be the total number of observations up to stopping
and let M be the number of sampling stages up to stopping (here M = N/2), Then for
m 2 1, we have using (1.2)

62 (m=1)

(3¢1a) P(M2m) = PP eooP o

(3.16) P(Me=mlM=m)=1-6°p

P
i 0 = e (T i o - 0% - 2
(3.2¢) P (CI,M m{M = m; ('1 ,Fa) is true) 1e6°, cvm(l pm)e

(3,1d) P (CI,M = mM2 ms (Ha}‘a) istrue) =1 - 6° 4 (1 )1 = pm)e2

Theorem 3.1 Iet 2 < P¥ < 1 and 6 > 0 be given., For any sequences {pi} (1=0,1,2,000)
and fori} (i=0,1525400) for which (1.3) is satisfied we have that

(3.2)  E(M) = (2P"=1)/(1-%)

for both true pairings, independent of the fp;! and { cri}, with equality if and only
if

(3.3) P(CI) = P¥

for both true pairings,

Proof :+ From equations (3,1) it is seen that

(3.ha) p((—;[[ (_n1 oF, )) = (1=p )+ il P(mm)[laea {luafm(lwpm)}]
nt



8
Guw) » (0TIt F)) = (1p )1, )+mEIP(PBm)[1-Bafl—(l-am)(lnpm)}],
Equivalently, we write (3.4) as

(3.5a) [P (cal (M SF )) + (eIl (M ¥, ))] = (1p )+ n:z;:lp(leu)[z.=.e2 (1+pm)]
(3.5b) [P CCII(“1 ;Fz )) - P <CI| (F ))] = (1~p,) (m°~1)+mglp(m)[ea (l-pm; @m-l)].c

Use of (3.1b), (3.1a), and simple manipulation gives for (3.5a)

3.6) [r (1l M, oF, ))+P (exl (" F_ ))] = 1+(1-6°) 150 P(Memel)

But since M is a non-negative random variable, it is well known that

-]

(3.7) E(M) = Z P(M = m+l),
m=0

Hence,

(3.8) E(M) ={<[P (cll(n1 oF, )) + P (CII(HQFQ ))]«1)/(1-93) 2 (2P"=1)/(1-6°)

the inequality following from (1e3)s The statement (3.3) then follows directly from
(3.8). This completes the proof,

Note that under (3,3), (3.5b) becomss

(349) 0 = (1o, )(2,-1) & = Plapm)] o (1-p,) (o 1]

and (3.2) becomes
(3.10)  E(M) = (2P*-1) / (1-6°),

The sequence {ai'I is restricted by (3.9), bubt subject to that restriction plays no
role in determining E(M), as seen by examining (3.5a)e
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Among all procedures satisfying (3.9) and (3,10) we wish to find one which
minimizes E(M ), To this end, we prove the next lemma.
Iemma 3.1 The earliest stage at which a sampling plan can be. truncated subject
to (3,3) is at stage r,, given by

(3.11) r, = l- (1og 2(lmP*)> / 2 log 9)] »

where [%] denotes the smallest integer greater than or equal to X
Proof ¢+ Truncation at stage r is equivalent to setting p

(3.3)s (3.8) becomes

Juo, J 2 ry, and subject to

re=l1 rel m
(3,12) 2Pl % (1-6°) T P(M = ml) = (1-6°) X e”"‘( mp )
m=0 =0 =0 J

The smallest value of r satisfying (3.12) will be found by setting P, P, Se007P, =14

0 “L
giving r as [r], where r is the solution of

Pl
(3,13) 2P%-l = (1-6°) T 63" & 1.6°T,
Me=20

This yields (3.11).

Using the lemma, we can now find the min E(M) procedure.
Theorem 3.2 Ist r be given by (3.11), Among all procedures satisfying (3.3),
E(M) is minimized by:

p°=p1 = 000 = ro.zgl
(G.) p, o= {2(P*=-1) + 62 (”cf’l)} / {(1-93)93 CI’o"'l)}
o

r =P‘r+1= ooo=0°
o o)

Proof: From (3.1a) we have
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;

(3.15)  EQP) = T rPP(¥em)(1-6°p ]

m=1

o ; (m+1)2P(Memsl) - ;m‘*P(}Pm-s-l)
m=0 M=o

(-] [--]
=2 T mP(Mem+l) + T P(Mem+l) .
m=o m=0

Using (3,6), the quantity to be minimized is

(3.16)  ZmP(Mem+l) ,

subject to the following restriction obtained from (3.la):
(3:17) 0= P(M=ml) s 627,

Writing

(3.18) ¢ = {(1-6°)P(¥ems1)} / (2P%-1) Mm = 03125000

- ]

the problem is to minimize I mC , subject to
mo ™
0 =C_ s 62"(1-6° )/(2p¥-1)
(3.19)
2 C =l

In this form, the Cm are probabilities to be chosen to minimize the expectatio of
the random variable Y, where P(Y o m) = C_ o Equation (3.1h) follows immediately,
completing the proof.

Note that far this best rule, only r,. o, and o,

1 » need be determined, and

°
this can be done using (3.9), which gives

2 2
(3 020) 2{ar°@1(1.pr°ul) * e proalaro} = 1.(3.“6 )prowj. °
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Tf;is does not determine the a's uniquely, The choice of (%) for both values does
satisfy (3,20), and this corresponds to the rule described in Section 2,

e Two populations, one at a time sampling

The notation used here is that of Section 3, with the additional representation
that ‘nm (o= 'ﬂm < 1) is the conditional probability that the mth observation is to
be taken from population H1 s given that sampling is still going on by the mbh stage,
A procedure with an equivalent sample size distribution is one which before sampling
begins assigns probability T to sampling from H1 and probability (1-T) to sampling
from H2 s and then takes all observations from the "winning" population, For one
at a time sampling N = M, We take o, = (3) for notatimal convenience,

Analagous to equations (3.1) we have

(hela) PN =zm) =6™p p seup

(ho1b) P(N = m|N2m) = i8p

(Lelc) P (CI;NqnlNz'm; (Hi;FzD = 1-0+(3) (1-p,)0 , i=1,2,

Theorem b1 Iet 3 <P¥ <1 and & > 0 be given. For any sequences {pi} and fﬂi}
(and {cvi}) satisfying (1.3), we have

(4.2) E(N) = (2p¥.1) / (1-8)

for both pairings, independent of the sequences {pi} and { 'ni} (and {ari}), with
equality if and only if (3.3) holds,
Proof: From (L.lc), (h.la), and (3.7) we have

PCI) = (3)(1p,) + T (N 2 m) (3-0a(6/2)(2-p )
m=l
(1.3)
= @)+ [(10)/2] = POz m=) + [e0)E)] / 2
Ml .
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The Theorem follows as in the proof of Theorem 3.1,

In a result analogous to Theorem 3,2, we now give the procedure which minimizes
E(N®) subject to (3.3).
Theorem L2 Among all one at a time procedures satisfying (3.3), E(N°) is minimized
by the procedure with:

po zpl 2 oee rzprl_z e 1

r ] r =l

1
WO LI CLa R P

Prl BPr1+1= eoo =0 »

where ry is given by

(4o5) r, = [ <log 2(1—P*)> / log © ]

and [x] denotes the smallest integer greater thanor equal to ¥,
The proof is omitted, but note that the sequence {nm} or the value N is totally
irrelevant when there are only two populations.

5. Comparison of rules, two populations

Although the average sample size for the one at a time prccedure (Eo (N)) is
smaller than that of the vector at a time procedure (EV(ND, the difference is in

all cases relatively small, From Theorems 3.1 and L,1, it can be seen that

5:1) (B, / E () = 2/(1+0)

which is 2 at 8 = 0 and 1 at 6 = I (identical populations),

Also,
(5.2) E_(N)<E (N) = (2P*<1) / (1 + 9)

which ranges from (2P¥-1) at 8 = 0 to @pt1)/2 at ® = 1 (when both expectations



13,
bécome infinite), Note that this difference never exceeds unity., Thus the average
saving in sample size by one at a time sampling is small, and the average number
of stages of sampling is almost twice that of the vector at a time procedure, If
sampIing cost is more a function of the number of stages than of observations, the
vector procedure could be more economical,

From Iemma 3,1 and Theorem L.2, it can be seen that both procedures have the
same maxXimum sample size, with the maximum nunber of stages for the vector procedure
again being about half that of the other procedure.

If we consider the single sample procedure which takes R pairs of observations

27 i Ll
(Xli, Xai) (i=1ly04,R), chooses pairing ( 1(a)Fa) if for some i

Xa(l)ie nloaa) or Xl(a)e(QauQI) R

and assigns probability (%) to each pairing if none of these events occurs, it is
easily seen that R is given by (3.11). Thus the sequential procedure never takes
more observations than the single sample procedure, and could be viewsd as a
"eurtailed™ single sample rule,

To see how the variance of N can be affected by the choice of the {p j} among
sequential procedures satisfying (3.3), consider the very simple randomized rule

which has ps = P, J1,250ee o It is easily seen that

(5.3)  p= (2p%1) / [1-292 (1-P*)]

and

(5.)  EOP) = (2P%1)3(1-0°) + 20°(2F*D)] / (16°)

For the best procedure, using (3,14) and (3,15) and assuming thet (108 2(1~P*)/2 iiog 8

.is an integer, we have
(5.5)  E(¥) = (2P*-1)(1+@ )/(1=67)" o

The difference between (5.L4) and (5.5) is -



k)

(5:6)  (26%1) 2062 (1-¥")] / (1°)

which ranges from 2(2P%-1) at 6 = O to infinity at 6 5 1.
6o General k, P* = 1

Before proceeding with a discussion of randomized rules to achieve a P* value
of less than unity, we consider the case where randomization cannot be used, i.cey
P¥=1, ILetting C(m) be the number of contenders after sampling at stage m, note
that the sequence {C(m)} m=0,1,.,, forms a sequence of state variables far a
stationary finite Markov chain, The states of the chain are (1,.se5k), representing
the number of contenders; state 1 is "absarbing", corresponding to the identification
of the correct population associated with Fa ¢ while the states 25,045k are transient,
Stationarity is due to the fact that no randomization is used so that transition
probabilities depend only on the value of C(m)., Transitions can occur only to a
lower numbered state, For vector sampling, all states with indexes no greater
‘than C(m) are possible at stage (m+l), while for one at a time sampling the only
possible transitions are to C(m), (C(m) -1) or 1. The number of sampling stages
of the plan, M, corresponds to the number of steps until absorbtion for the Markov
chain, while the number of observations, N, of the plan corresponds to the value
of the chain functional

M
(6.1) G= X C(m) .
m=1

Having made the correspondence between the pertinent quantities for the
sampling scheme and the appropriate Markov chain quantitiesywe shall not use results
from Markov theory to find these quantities, but shall use direct arguments which
then yield formuli for the Markov chain,

For the vector procedure, the "transition" probabilities are given by

(6422) P(i,3) = P{C(m+1) =3 ]| cm) = 5.} = Gjl. erj(l--e)i"'j 2<s jsisk
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(6.2) P(1,1) = Plem1) = 1 | ctm) =1} = 0(ra)* s 10) 2515k,

Another random variable of interest is S(i) s the number of steps spent in state
1 (2 < 1 < k) given that state 1 has been entered,

We introduce the notation E(th,P) to represent the expected valus of X when
there are k populations and the probability of correct identification is P - antilci-
pating the next section, Here we take P = 1, We now state as a lemma a few obvious

conclusions from the above definitions.

Jemma 6.1 For the vector sampling procedure,

(643a) E(S(i)hc,l) = 1/(1-0%) 2<isk,
- k-1
(6,3) E(Nlk,1) = (1657 {k + jzz P(ic,3)E(NI 3,10}
k1 kel
(6.3¢) E(Mii,1) = (1-65) {1+ I P(k,3)E(M] 3,1}
(6.3d) E(N|2,1) = 2E(MI2,1) = 2(1-6°)"L ,

(6:32) E(Nlk,1) = A (1P)7B, ,
and

(6632) E(8lk1) = Ak(I-P)"]iJk .

here Al'c = (1905040450), B{g = (kyk=lsesos2,0) and Dl:: = (15000s1) are k-element row
vectors, I is the ‘kxk identity matrix, and P is the kxk transition matrix {P(i,30}
with elements given by (6.22) and (6.2b),

Proof s
Equation (6.3a) follows from the fact that S(i)has a geometric distribution with

parameter 91, while (6.3b) and (6,3c) are straightforward recursions, (6,3d) restates

(3.10), while (6e38) and (6.3f) follow from the usual arguments to be found, for
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in;tance s in Kemeny and Snell [2]. The vector 4, gives the "initlal" state provabil-
ities,

We now obtain explicit formulas for E(Nlk,1) and E(Mlk,1) which can be regarded
as computing formulas for the mabrix expressions in (6.3e) and (6.3f), which are not
easily evaluated by direct means,

Theorem 6.1 The expected number of observations for vector at a time sampling when

P*.1 is given by

k
(6sl)  EB(Nlk,1) = [2(k=1)/(1-6%)] 323 [(.1)3 (‘j‘m;) 7 (lmgj}]

Prooft Assume for concreteness that pairing (l'!k,Fa) is correct. Iet T,(i=1;.065k)
be the number of observations taken from population Hio Iet Y, represent the number

of observations from M, until the first time an observation falls in (.’21 ang)

i

(i*1lgecosk=1) or in ({28--(21 )(i=k)s Clearly Y, 2 T,; all 1, and the ¥y are indepandens

i
geometrically distributed variables with parameter 6, Ieb

(605) Yo mx (Yl ,oov’Yk-l)

be the index at which all the (k-1) incorrect pairings have been eliminated, Sines
sampling stops when all incorrect pairings are eliminated or when the correct pairing

is discovered (at index Yk) the stage nunber at which sampling ceases is

Also, since sampling from population Ui ceases as soon as Tl 1 is eliminated (at Yi}
or the true pairing discovered (at Yy ), the number of observations taken from m; is

given by

(6s7) T, = T,(T) 1 = 1goeoskl

vwhere by Yi(z) we mean the random variable I, curtailed at the integer 2, i.e,
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Pin(z) = §1 = Pf!’i 1= 93"1(1-9) for J = 0slyeeesz=1

(608)
P{Y,(z) = 2} = PfY, = 2} = 61,

The desired quantity,N,is then
k=1

(6.9) Ne T T,+2
i=1

and

k=1
(6,10)  E(Nlk,1) = = E(T,) + E(2) .
=1

For fixed Y =y, we find easily

. 4 =l 4 -
(6.12) E(T, 1%, =y) =E(T, (3)) = (10) = 3092 4 3071 o (1-67)/(1-0)
ik i 3=1
(i =2 lgooo,k"j.)
so that noting the geometric distribution of Yk, we have

(6,13) B(Nlk,1) = B(Z) + (k-1) ;1(1-9)93"’1[(1-93’)/(1-9)]
yﬁ

= B(2) + [(k-1)/(1-6°)]
It is easily verified that
(6014) PE s 3) = (107
and thus
(6.15) P(Z = 5) = P(T 5 5) + P(X, < 8)=P(Y < 2)P(X,_< 3)
o (102 4 (16%) = (1-0%)F

so that
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(638)  P(zm) = 0% 1(10) + (1-0%)KL L (2-02=1yEL | (1p%eLyE | (1.0myk |

Z = 1,29000

We then obtain

(6.17) E(Z) = (10)7L 4 T a[(1-0% 1150165510 £ ol (16" 1)5 L (zu0%y" Ly
z=1 Zul

o (1-6)"L & 5 [(-0Z1)k .. (1nez*'1)k"lj
ga]

- ® k-1 A, ,
z=0 j=0

= (10, El[ CD-ny/-eh] .

Corbining (6,17) and (6.13) gives (6.4)s This completes the proof,
Corollary 6.1 The expected number of stages until stopping for vector sampling is

k
”l - 4 - B
(6418) B(Mlk,1) = (1-8)""+ 151[ (lif_i)(»l)x/(l.el)] 0

Proof: Note that M = Z as given in (6.6).
Corollary 6.2 An upper bound on E(le,l) is given by

(6:19)  E(W|k,1) < (k=1)/(1-6%) + (26)7T ,

Proof's Using the second line in (6,17) along with (6,13} gives

(6020)  E(Nlk,1) = [(k=1)(1-6°)"1] + (1~0)"L = % 0%(1.0%)k2

2=

which gives (6,19) directly since

- =1
T 0%(1-6%)"" 20 .
2=0
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Corollary 6.3 BE(Nlk,1) is a strictly increasing function of 6, 0 <6 < 1,
Proofs Re-write (6,20) as

(6021)  [(k=1)(1=6)"1] = ;nz[(laez)k’l-ﬂ
z=0

and differentiate to obtain

(6422) 26(k=1)(1+6°)"2 4 (k=1) z 262211922 > 0 11202y s

2=0 2=0

vwhich is positive for all1 0 <6 <1,
As a final corollary to Theorem 6.1, we study the rate of increase of E(N|k,1)

as a function of k (0 fixed again), This result is needed in the next section,

Corollary 6. For any 6(0 < 6 < 1), and k > 2,
(6.23)  (¥-1)E(N|k,1) > K®E(N]k-1,1),
Proof: Using (6.,20), we obtain

(6o2h) E(MIK,1) - (k”/(ka-l)) E(N|k-1,1)

(18 k1) 1 zyk~2[ K° z
T (08-1)(1-6%) T (@-1)(2-0) T 43 ® 0% (1-6") [ 7 - (-8 )]

Ie(k=1)=0 0%(1 nez)k-Z[-

= (P12 * o1 i LR

For the one at a time sampling plan, we assume thab pricr to each stage of
sampling an experiment which assigns equal probability to each contender is performec
to decide from which population the observation is to be taken. This assumption is
merely a matter of convenience, and the results would be the same if prior to exper-
imentation one of the k! orders of sampling were chosen at random and strict rotation
were then used during the experiment - with non contenders dropped from the rotation.

The non=-zero "transiticn®" probabilities are



20,
(6,258) P(1,1) = P{C(m1) = 1lC(m) = 1} = 0 1 =200k

(6,250} P(i-1,i) = PfC(m+1l) = i-1lC(m) = 1} =<(i-1)/i>(1—9) 1 = 350a09k
(6025¢) P(1,i) = P{C(m+l) = 1|C(m) = 1} = (2/4)(1-9) i = 350005k
(6.25d) P(1,2) = P{C(msl) = 1lC(m) =2} = (1-0) »

Theorem 6.2 The expected nurber of observations for one at a time sampling when

P* = 1 is given by
(6,26)  E(N|k,1) = (k-1)(k+2)/2k(1-6) .

Proofs Ietting S(K) be the mumber of the last stage at the begizning of which theve
are k contenders (i.e. C(S(k)-l) =k, O(S(k)) < k), we have fiom (6,25)

6.218) (™ 2 m) - o™l

6:2m)  P(S%) = mom) =1) = 6™ T(1-0)/
(6.276) P = mC(m) = ke1) = (1-2)6™(1-0)
and from the P* requirement, we have

6:28) P (C.1.I8%) =m, o(m) =k-1) =1

Using the P* requirement, (6.27) and (6,28), and recalling that a correct Sden-

‘aii‘icatign is equivalent to having C =1, we obbtain

(6,29) 1= ;1{ (W), C (m)a1) + P (s(k)moc (m)ek-L )P (o,xats('k),mgc(m)uk.nl)}
M=

.z o™ 1(1-0) = (1-9); p(s®)em) = (2-0)8s™)|k,1) o
m=1 mel

Also we have the recursive relation
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(6.30) E(N|k,1) = ; {mP (S(k) =m,C(m)=1> + [meB(N]%x-1,1)IP (S(k)an,,C(m)mk-'].)}
n=]l

2 m0™1(18) + [ (k-)E(Nk-1,1)/K] £ 0™"L(1-0)
m=1 M=l

2 (1-0)"1 + (k=1)B(N|k~1,1)/k o
Rewriting (6,30) gives
(6031)  ¥(1-0)E(Nlk,1) = k + (k=1)(1=0)E(N|k=1,1) o
Summing both sides of (6.31) over 3 < k < L,and simplifying gives
6.32)  1(1-0)E(NIL,1) = HELL | 3 4 202-0)E(H|2,1)
and using (L4.2) in (6.32) with P¥ = 1, gives (6.26),

7. General k, Vector Sampling, P* < 1.

Due to the variety of possible values for C(m), description of the randcmizaticn
probabilities becomes more cumbersome here than for k = 2, We shall in fact want the
probability of not taking an (m+1)5Y stage sample, which is (1-pp)s to depeni on
C(m), and we could also allow this probability to depend on the entire sequence
C(1)seeesC(m)y iee, the entire sampling history, so that the randomizing probabiliis:?:és
themselves become random variables. Fortunately, we shall never need a complete
notation for these probabilities; and we shall use R to denote %ihe rule by which
each p, 1s constructed as sampling progresses, The randomizing constant when C{m)=k
will be dencted simply as Pps and this represents no loss of generaiity since m
(vhen C(m)=k) completely characterizes the sampling history.

To avoid further complication of notation, we shall assume that, if the exper-
iment is terminated by randomization while ¢ contenders remain, each ono is given
probability (1/¢) of being paired with Fa o Also we shall assume complete symmetxy
of sampling and stopping rules so that P(C.I.) and E(N) will be independent of the
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true pairing (“i’Fa)’ iul,ooo,k.
As in Section 6, we let S(k) denote the number of the last stage at which x
observations are taken, Because of randomization, obtaining the distribution of

S(k) requires some care, and we have

P(S(k) 2 m) = popl ooopm_lek(mol)

(7.1)
PSP o nlst) 2 m) o (2055 4+ 65(1p,)

The transition probabilities corresponding to (6,2) are more diffisult to defire
here, and we shall consider only transitions from ths k corbender state, First, we

define the conditional probability of having j contenders afier the mﬁh sampl2, and

vefore the mth stage randomization, as

(7.2a) P(k,3) =P (C(m)=j|0(m-1)=k, take mol sample)

- 2 (cm=glst® 2 m) o (D Il g e 20k

and the probability of stopping at the moh stage when k observations are taken as

(7.2b) P (k(m)l) = P ((stop after m® sample|s'2n) = (i-0) + 8(1-6)%"L 4 (1-p j0¥.

The probability of a correct identification aftezr the nh samplc is

(7.20)  PC.I. ab nls%) 2 m) o (10) + 0203 4 (1-p)6%(2/K).

Note that 4n (7.2b) and (7.2c) the probabilities p, sppeer with tho factor © '~
indicating that prior to stage (ms1) there were still k contendsrs, and probability
pp, Was assigned to taking the (ma-l)gt' sample, In (7.2a) we avoided including Pp
because at the (m-l-l)at sample there would be fewer than k contenders, P, would

depend on the number j of contenders, and we are not specifiying the p, values in
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this case, We avoid the need to specify these by defining the conditional probabilw
ity of a correct identification given that the transition from k contenders to

2 £ 3 s k-1 contenders occurs at the mt’h sample to include the contribution from Pn
(Just as the unconditional probability of correct identification inclucdes the corn=

tribution from P,s the probability of taking any sample), We write this as

(703) P (C.I.Ik(m);D a P (C.I.|S(k) 2 m,C(M) = J) j o 2,00091("’1 9

which will be a function of the randomizing rule R which is used, Furiher, we shall
need notation for the conditional expected additional sample size given the transitio
from k to j contenders at stage m (prior to the m*‘h stage randomizaticn), and we write

(7.4) E (Nnhc(m);]) = E(le(k) 2 myC(m) = ;3,3) - K,

Unlike the situation for k = 2, the average sample size fox gereral k is not
completely determined by the P* requirement, Further, we shall see that minimizing
the average sample size under the P¥* constraint (1.3) does not rniqueiy determine the
sampling plan, Jjust as meeting the p* requirement for k = 2 did not uniquely determine
the plan.

We denote by P(C.I.) the probability of correct identification for a given rule
R, with k populations, and by E(le,P*,R) the average sample size for a rule R, sabise
fying (1.3), with k populations. We do not need to consider R when P* = 1 since
randomization is then impossible and we write B(N|k,1) as in Section 6,

Thearem 7,1 For vector at a time sampling, for any randomizing rule R which satisfioc

(1.3),
(7.5)  E(N]k,P*,R) = [ (1F¥<1)/(k-1)IE(N|K,1) ,
with equality if and only if

(7:6) P(C.I,) = P*
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¢  independently of the true pairing (Hi, Fa), and the rule R does not allow randomization
for stopping without an (m+1)5t sample if 2 < C(m) < k-1, or equivalently | see (7.3))

(7.7) P(C.Iolk(m)j) = 1 j = 2,...,k"l (] all m.

The requirements (7.6) and (7.7) imply the following restriction on the con~-
stants p, (randomization probabilities when C(m)=k):
(7.8)  L0*D/0e-DIA05T = 2 (o 0cp 0 = 2 [,
m=0 °
The requirement (7.6) alcne does not give equality in (7.5)e
First we note the following recursive relations which follow from (7.1), (7.2),
(763) and (7.b):

(x)

(709) B(C.I)= (3) {1oTk(1-0)s(1-0)eae(-0) 40 1] 2 p(s™2m)

m=1

+k T P(S(k)zm) z P(k, j)P(C. Iolk(m)J)};
m=1 Jj=2

and

(7.10) E(le;P*;R) kS p(s( )

2m) + T P(S( )zm) Z! P(k,J) E(Nﬂk(m)j)
m=l m=

=1
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Then we proceed by induction, assuming that the theorem is true far j=2,...,k-1

(it has been demonstrated for k=2), Thus in particular

(1.11)  B(N,[i(m)g) = (ELCLEMDNAD) gy 5,1y ,

Substituting (7.11) into (7,10) gives a lower bound for E(N|k,F",R), which we

shall call E*, and we have

(1.12) E*=kZ p(s®em) + = P(s(k)?.nu)k;:L (k)] 37 <°~Ie|k(m):i>'1]E(l\Il Jsl)e

m=1 m=1 j=2 j-1

Next we find the P <C.I.|k(m)j> and {p,} values which minimize E* subject to

requirement (7.9). We write

(7.13) 2= zlp(s(k)zm), 2, = ElP(S(k)zm)P (c,I.Ik(m)j) 3 = 250005k-Lo
m= =

We then want to find Za.“ ’Zk to minimize

k-1 ’
(1) E = zk{k-jgztp(k,j)E(Nl:1,1)/(:1-1)]}

el . .
+ j_z_;z (jP(k,j)E(Nlj,l)ZjD/(j-l)

subject to the requirements

Kl - :

(7015) <kP(C.I.)-1> = [k(1-9)+k(1-9)k-1-k(1-9)k-i-ek-l]Zk-l-k z P(k; )25
j=2

(7.16a) Zj 20 J = 250005k

and

(7.16b) Zj < Zk j = 2,.0”]‘.1 °
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In this form we have a standard linear programming problem and it is straight-
forward to verify that the minimum value of E* occurs when 25 = I, (J%2je00,k-1) if

and only if

1) (e/-1)eilen) > (/G0N 5L 3 = 200kl

The truth of condition (7,17) follows directly from (6.23), The requirement ijZk
is equivalent to P (C.I.Ik(m)j) = 1 for all m (see (7.,13)> so that (7.,15) becomss

(7.18)  (RP(C.T.)-L)/(k-1) (10%) = 2,

and

w1l

. .
(7019)  E =7 {r+ 2 He0E0 3,2}

Usihg (603b) followed by (7,18) in (7,19) gives
(T.20) B = 2 8(]k,0) (10%) = (kp(C.1.)-L)/(x-D) 6

It then follows from (1.3) that EX is lowest when (7.6) is true. It is. easily
verified that the bound in (7.5) is achieved by the given rule, noting that there
is equality in (7.11) when P(C.I.lk(m)j) = 1, Under (7,6), (7.18) becomes (7.8).
This‘ concludes the proof,

Note: It is apparent that for an unsymmetric rule satisfying (1.3), the above
argument can be applied for each fixed true pairing giving the bound (7,5) for E(N)
under each pairing and implying that (7.6), (7.7) and (7.8) are necessary far
max E(N) (max over pairings) to achieve (7.5)s Thus very little "unsymmetry" can
be allowed in rules achieving (7.5),

The assignment of probability (1/k) to each pairing when a randomized stop
occurs is the only symmetry condition which could be relaxed, subject to a restrictic

similar to (3.9)»
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Note that no rule achieving the lower bound (7.5) can be fully truncated be-
cause of the requirement (7.7). Among the rules which do attain (7.5) we now find
the one which minimizes E(®), |

Theorem 7.2 For vector at a time sampling, subject to (706); (7o7) and (7.8);
the minimum of E(M) is achieved by the rule which assigns

B, TR, Teee "Ry =1

L (10T ™) - k(1-p%)

(7.21) -
r, 2 (l_ek)ek( r, 1
and
= = sea =0
Pro Px.o o oo ’

where r is the smallest integer greater than or equal to

(7.22) log [k(1-F)/(k-1)] .
k log ©

Proof: Write for the expected value of M given that S(k) =2 mand C(m) = j

(5 = 1Ly0005k-1) (prior to the mbD stage randomization) (m = 1)

(7.23) £ (P |k(m3)

and \ see (702)> urite
(r.2i) E(#,0m ) = 8 (P le(m3) P, )ps®am) 2555 k)

(r,200) E G, (km 1)) = 5 (P |mn) p (k(m1) 2(s")2m)

Clearly,

~ ® k-1 «
(7.25)  EGP) = = 3 B(P,(«m3)).
=0 j=1
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Using (7.1) and (7.2b) in (7.2Lb), for m = 1

(7.26) & (1, (xm)) = e p(sam (10) + 61005 + (16T

Using the restriction (7.7) along with (7.1) and (7.2a) in (7.2La), we have

formz1,
(7.27) E(me,(kcm;j)) = P(S(k)zm)l’(k;j) ;::o (lgn-m)ae(nlj); j= 2;,°,;k-1 ,
n

where Q(n|j) is the density of the sample size for j populations when a P*l
requirement is imposed, so that

(7.28) = Q(nlj) =1, £ nQ(n]j) = E(N|Js1) , = 2Q(n|j) = B(P|J,1) »
n=0 m=0 m=0

Note that by (7.8)

(7.29) z p(s®amy = (kP*-1)/(1-1) (16%) ,
n=1

We put (70,26) and (7.27) in (7.25) and then use (7.28) and (7,29) to obtain

® o k-1 -
(7.30) EQF) = zl(lé’:uP)P(s(k)zm){(l-e)+(:L-e)k 1-(1-9)1%:}32 P(k, 3)+6% (15}
nms,

© k"l . -
+Z (m)P(s(k)zm)[ z P(k,j)E(Nljgl)]
m=l J=2

o k-1 - .
+3 P(s(k)zm)[ = P(k,;j)E(Nalj,l)]
m=1 j=2

e i@ ; nPP(s(k)zm) (1-ekpm) +
m=1

k-1 -

+21{ z P(k,;j)E(NIjsl)] 2 up(s'®)
j=2 m=1

>m)

k.l . - ©
+[ T P(k,j)E(l\falj,l)] z P(S(k)zm)
j=2 m=1
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3
{kam[ z P(k,J)E(\ﬂJ:l)]"' z P(kaa)E(N"lasl) )

-1 ’ - (k) '
2K? T P(k,3)E(N| 3,1) |t T (m-1)P(S o
+ +zk[§ = P, 3)E(H 55 )]}mulm )P(s" " 2m)

(k)

Note that the [p } appear in (7.30) only through 8 mP(S zm) , which is to be min-
m=]

imized subject to (7.29), This problem was solved in Theorem 3.2, and (7.21) is

the solution,

This completes the proof,

8, General k, one at a time sampling, Pr <1,

The notation and assumptions regarding randomization probabilities, etc,, are
as in Section 7, As in Section 6, if an observation is to be taken, it is taken
from a randomly selected contending population,

Analogoas to equations (7.1) we have

(k) m-1

P(5*'2m) =p p ceep  ©

(801)
(s em|s®py = 1-6p_

and for transition probabilities given that S™92m ve have (zs in (7;2))
(8.2a) P(k;k-l) = P (C(m)uk-lls(k)zzm> = (k-1)(1-0)/k
(8.2) P (k@) = P (Cln)=L or stop by randomizing |5*)=m)
= (@0)/k) + (1-0)(1py)
Mso, the probability of a carrect selection is
(8.20)  P(C.L. at n|sKam) = ((1-0)/k) + (1-0) (Lp,)/ .

(Note that here, leaving state k implies entering either state (k-1) or state 1,)
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Theorem 8,1 For one at a time sampling, subject to requirement (1,3), for any
randomization rule R,

(8.3) E(N|x,P*,R) 2 [kP"=1)/(k=1)IE(N|ky1) = (kP¥=1)(k+2)/2k(1-0) ,
with equality if and only if
(8.1s) P(C.I,) = P*

independently of the true pairing (MuF ), and the rule R does not allow randomization
for stopping without an (m+1)5% sample if 2 < C(m) < k-1, or equivalently, (see (7.3)
and (8.2)) R requires that

(805) P (C.I.lk(m)k-l> =1, all me

The requirements (8.4) and (8.5) imply the following restriction on the Py
(randomlzation probabilities when C(m) = k):

(8.6) (KP*.2)/(ic-1)(1-8) = % (5, o0ep 16" = B8 i, 2%)
m=0 n

The requirement (8.4) alone does not assure equality in (8.3).

Proof: From (8,1) and (8.,2) it is easy to verify \using (7.3)) that
8.1 ((C.1.)eD) = (1:0)(k-2) = p(s"Pm)p (6. L litmhieD)
n=1
and that

(8.8) E(N|k,P*R) = zlp(s<k)zm) ((e-1)(2-0)/x) ElP(S(k-)Zm)E (v, lie(m)e)
m= M=

where analogously to (7.l4) we define the conditional additional sample size given

the transition from k to (k-1) contenders at stage m as

8.9) E(W,|ktmi-1) = E (le(k)zm,c(m)%l,n) -m .
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Again we use induction, assuming (8,3) true far (k~1) in the form
(8.10) & (W, I(m)k-1) = [ (e-2)P (C. . ie(m)-D )1 | 2) /2 (k1) (2-0)

(Theorem L.l established this for k = 2,)
Using (8,10) in (8,8) we have the lower bound for E(N!k,P*,R)

(8611) E* = [1~(k+1)/2k] ; P(S(k)zm) + [ (P =1)/2K] ; P(S(k)zm)P (C.Ielk(m)k-l)
m=1 m=1

Putting (8,7) into (8.11) gives
(8.22) B o[ (k1) (kP(C. 1)1 )/2(2-0) ] (te)/2) = 2(s®m)
M=l

(k)

-]
The coefficient of £ P(S =2m) in (8,12) is positive so that E¥ is minimized
m=1

when this sum is minimized subject to (8,7)e Since each P (C.I.lk(m)k-l) < 1, from
(8.7) we have that

(k)

2m)

), myp <0.I.|k(m)k-1> < T B(S
n=

(8.13) [(iete. 1)L/ a-0) (1] = = B8
m=1 1

with equality if and only if each P(C.Io‘k(m)k-l) =1, Using (8,13) in (8.12),
and then using (1.3), gives

(8.1h) E¥> [(kP(G.L)oI) (1:2) ]/21c(10)
2 (kP%<1)(k+2)/2%(1-0)

This gives (8,3), and the rest of the theorem follows from the equality in
(8.10) and (8,13) vhen all P (C.I.lk(m)k-»l)élo and the equality in (8,1h) when
P(C,I.)=P", Under these conditions (8.7) beccmes (8,6). This completes the procf,

For a discussion of the effect of non-gymmetry, see the remark following

Theorem Tole
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The next theorem gives the procedure which minimizes E(N®) while achieving
equality in (8.3).
Theorem 8.2 For one at a time sampling, subject to (8c4), (8.5) and (8.6), the
minimim of E(W®) is achieved by the rule which assigns

p

ng

A ooa’:pr-eﬂl

1

(8:35) B, = [OFD=(e1)(16 2 )]/ (k-1) (1030
b

P, a P = ooe & 0 L]
X, r

where r1 is the smallest integer greater than or equal to

(8,16) {T!.og[lc(lf»?*)/(kml)]}ilog 9 o

The procf is similar to that of Theorem 7.2 and is omitted,
9« Comparison of Rules, General k

In order Yo compare the expected sample sizes fcir the best vectar ab a time and
one at a time sampling plansy; first we shall obtain bounds for the difference in
average sample sizcs when P¥el.

Jemma 901 For any k 2 2, and any 0 < 6 < 1, let E _(N|k;1) and E {)ie,1) ve
given by {6.h) and {6.,26) respectively, Then

(9.1) [(@ks2)/Lk] < Ev(lﬂk,,l) -E (k1) < [(2-0) (1P =k+2)/bik]

with equality ab the lower bound for 6 = 1 and at the upper bound for 8 = O,
Proof: For k=2, (9,1) is easily verified, From the inductive relation (6,2b), with

(6026) and (6.,22), we obtain for general k
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ky kel | } \
B, (Nlk;1)=E (N|k,1)=(1-6%) 1[k+j§21=(k.3){[sv(nlm)-zo 3,2) 148 (813520} ]-& (rle;1)

= (1-0%) 1[k e G’_‘Ds"(:L-e)““"{[sv(m3,1)-E° 13,0145 P42 1.0 0e2)

= (1~ e“)"L ; Q‘ D3 (1-0)~30E, ] 3,1)-5, (13,2))

(902)

+ [2x(1-0) (1--9“)]"'1{21;2 (10 )= (k=1) (k+2) (:L-ek)»,k(k--l)e‘3 (1-ek“2) +

+ 2k0[ (1051)=(1-6 K112 (1-6%)=(2-0) -1 (1-0) 71}

- (1-ek)'1{(k'1g(1'° )+_(1L_9

X G’%}”(l o)z e (81 351)-E, (Nl;m)]}

Now assume (9.1) is true for J=2y...3k=~1l, Substituting the lower bound
[(#=p2)/1]

into the sum which appears in (9,2) gives

k-1
(903) By (Nlk,1)-E, (N}k,1)2(1-0%)"L S&:%Q-.%Q%Ql

k k )4 RN 28
, K(k=1) (6% ~0 )+2\'<1°§k )=(3=0) =k (3a5) +

(hk(laek) 1)[(k9~k+2)(1-ek)+ (1~1) (16 )2 [ k=20 (10 )““"3 +2(1~e§k“°‘“}

> (Paa2)/lk .o

This proves the lower bound, Eguality at 8 = 1 follows from equality in the
first line of (9.3) by inductiony, and in the third line of (9.3) since
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Lin [(1-6)/(1-6¥)] =0 , § 2 2,
-1

The upper bound is obtained similarly. This completes the proof,
An upper bound for (Ev(nlk,l)-q, (N|k,1)> is obtainable by using (6,19). This

gives
(9oh)  E_(N|k;1)-E, (Nlk,1) = [(1<kt2)(1-6 }+101/2K(16%) &

The bounds in (9,1) and (9.L) agree for ® = O3 (9.1) is sharper for all 6 if
k Sk, and for k > 4y (9.h) is sharper for 6 < 8, and (9.1) is sharper for @ = 8y,

where
(905) ek = 1‘”(2/\/-]&)0

The bounéd (9.4) is extremely poor in the vicinity of 6 = 1,
Using (9.1) and (9.L), dividing by B, (Nlk;1) throughout, using (£,26) and
simplifying gives the following

£9:6) 1 + [{1Peler2)(1~6)/2(k-1)(k+2)] < (E,,(lesl)/Eo (rfies1)) € 1e,9)
where

[2K(icr0) f(k-1) (k+2) (1+0)] s 8 < 1=(2//%}
{9.7) M(k48) =
\Ehl?-e(3n9)(k"'-k+2)]/2(ko1)(k+2) » 0 = 1=(2//k) »
again with equality below at 6 = } and above at 6 = O,
Using (7.5) and (8.3) to relate average sample sizes for general P* to thoss
for P* = 1, we obbtain the following:
Iemma 9.2 For any k = 2, any (1/k) < P* < 1, and any 0 < 6 < 1 with E_(N|k,?¥)
given by (7.5) and E (N|k,P*) given by (8.3),

(9:8) (ELNIE62) < & (|1, *)-E, (4]1e,P*) < [(RPR1)LCK,0)]/ (kL)
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with equality below at © = 1 and above at & = 0, where

[ (1@ k+2) (10)+1491 /2K (126 ) 5 6 < 1-(2//k)

(5:9) 1I(ky®) =

) ? (20 ) (1 =k+2) /ik s 8 = 1=(2//%) o
MSO’

Ev(mk,P*) E v(le;,:t)
E (N|k,P#) " E (N]ks1) °

(9,10)

From Iemma 9,2 we can conclude that even for 6 = 1, when both expected samile
sizes are infinite, they differ in magnitude by at most (k/U) for any P¥, while the
difference never exceeds (k/2) for any 8 or P values, When 6 is small, the one at
a time plan is somewhat more efficient, but never reduces the expected sample sizé
by uore than (1/2) for any 6, k or P¥ as seen from (9,10) and (9.1)-

Again .7 the cost of sampling is more closely tied to the number of stages than
to sample size; the vector plan would be preferred., For example, using (6,18) and
(6,26), the expected number of stages when P* = 1 can be compared, Using (6,17) to
obtain an upper bound of (1-0)"1 for E (M]i,1) we heve

{Sonl) E (Mk,1) = B (Mlk,1) = (1P ko )/21(250)

with equality at 6 = 0, which gives the smallest value taken on in (9.11). For smxil
k values; (9,11) hends to understate the difference, For example, when k=2, (9,11)
gives a value of O whereas the true difference is (9/ (102 )) -

We shall compare the sequential procedures with the single sample procecurs
which takes R vectors of k observations, (Xij’""&;j') (3=1pc00sR) and if some
X15 1 13
associates the remaining Ty with on If for (kec) indices of i, there is an

e'sa =Sl associates M, with Fa or if X eS1 ---S8 for (k=1) different 1 indices 9

X, jeslc-sa, (022), and no ~Xi1e82-sl s then the pairing is chosen at random from the
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remaining ¢ possible pairings,.

For this procedure to satisfy the P¥ requirement (1.3), R is given by
(9.12) k(2-F*) = kR + (1-R)e1
It ic easily seen thab
(9.13) R > log (1-P*)/1log O,
so that the sample size n is
(9.1k) n = kR >k log (1=P*)/10g 9,

Note that no single sample procedure can give P* = 1, Using (9.1)) and (8.3) we can

compare the single sample and one at a time plans for average sample size, obtaining
(9015) [n/E 3|k P¥)] > (213 (10 )1og(1=P*)]/(kP¥u1) (k+2)10g ©

> 2 /[ (k+2) (k=1) (vr ((1»9)/@ +((1«=e )3,/3)+ m> ] .

This last e:cpanéion is not useful for 6 near O, but it is easily seen that the
middle term of (9,15) is approximately [21%/(k+2)(k=1)] for © near O, Thus for
large k, the single sample procedure takes on the average approximabely twice the

nuikter of chservations taken by the one at a time segquential procedure,
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