MODELS OF ¢—ALGEBRA REPRESENTATIONS:
¢ INTEGRAL TRANSFORMS AND “ADDITION THEOREMS”

E.G. KALNINS} AND WILLARD MILLER, Jr.}

ABSTRACT. In his classic book on group representations and special functions Vilenkin stud-
ied the matrix elements of irreducible representations of the Euclidean and oscillator Lie
algebras with respect to countable bases of eigenfunctions of the Cartan subalgebras, and he
computed the summation identities for Bessel functions and Laguerre polynomials associated
with the addition theorems for these matrix elements. He also studied matrix elements of
the pseudo-Euclidean and pseudo-oscillator algebras with respect to the continuum bases of
generalized eigenfunctions of the Cartan subalgebras of these Lie algebras and this resulted in
realizations of the addition theorems for the matrix elements as integral transform identities
for Bessel functions and for confluent hypergeometric functions. Here we work out g-analogs
of these results in which the usual exponential function mapping from the Lie algebra to the
Lie group is replaced by the g-exponential mappings E4; and ey;. This study of representa-
tions of the Euclidean quantum algebra and the g-oscillator algebra (not a quantum algebra)
leads to summation, integral transform and g-integral transform identities for g-analogs of
the Bessel and confluent hypergeometric functions, extending the results of Vilenkin for the
g = 1 case.

PACS: 02.20.+b, 03.65.Fd

1. Introduction. This paper is part of a series on the study of function space models of
irreducible representations of g-algebras [1-4]. These algebras and models are motivated
by recurrence relations satisfied by ¢g-hypergeometric functions [5-11] and our treatment is
an alternative to the theory of quantum groups [12-20]. In our earlier papers we considered
irreducible representations of g-analogs of the three-dimensional Euclidean Lie algebra and
the four-dimensional oscillator algebra (not a quantum algebra). We replaced the usual
exponential function mapping from the Lie algebra to the Lie group by the g-exponential
mappings F, and e,. In place of the usual matrix elements on the group (arising from an
irreducible representation) we found several different types of matrix elements expressible
in terms of g-hypergeometric series. These g-matrix elements do not satisfy group homo-
morphism properties, so they do not lead to addition theorems in the usual sense, but to

1980 Mathematics Subject Classification (1985 Rewision). 33D55, 33D45, 17B37, 81R50.

Key words and phrases. basic hypergeometric functions, g-algebras, quantum groups, integral transforms.
iDepartment of Mathematics and Statistics, University of Waikato, Hamilton, New Zealand
+School of Mathematics and Institute for Mathematics and its Applications, University of Minnesota,
Minneapolis, Minnesota 55455. Work supported in part by the National Science Foundation under grant
DMS 91-100324

Typeset by ApS-TEX



2 E.G. KALNINS AND WILLARD MILLER, JR.

various g-analogs of addition theorems. All of the matrix elements are determined with
respect to countable bases of eigenfunctions of the “Cartan subalgebra” of the g-algebra.

In his classic book [21] Vilenkin studied the matrix elements of irreducible represen-
tations of the Euclidean and oscillator Lie algebras with respect to these same countable
bases, and he computed the identities for Bessel functions and Laguerre polynomials as-
sociated with the addition theorems for these matrix elements. However, he also studied
matrix elements of the pseudo-Euclidean and pseudo-oscillator algebras with respect to
the continuum bases of generalized eigenfunctions of the Cartan subalgebras of these Lie
algebras. (See also [22, 23] in these regards.) These studies resulted in realizations of
the addition theorems for the matrix elements as integral transform identities for Bessel
functions and for confluent hypergeometric functions. Here we work out g-analogs of these
results.

In §2 we introduce a family of four-parameter g-matrix elements for the unitary irre-
ducible representations of the FEuclidean Lie algebra with respect to the standard count-
able eigenbasis and work out an associated “addition theorem” for these matrix elements”.
(These functions were introduced earlier in [24] as generating functions for g-Bessel func-
tions but their role as matrix elements obeying an “addition theorem” was not pursued.
Simultaneously with the issuance of a first preprint of our results Koelink [25] issued a
preprint in which he proved this same addition theorem and reinterpreted it to yield a
g-analogue of an integral of Weber and Sonine and of the Fouier-Bessel transform.) Then,
in analogy with Vilenkin’s work for true group representations, we introduce a g¢-analog
of matrix elements of the pseudo-Euclidean group with respect to a continuum basis of
generalized eigenfunctions. This study involves use of the Mellin transform and leads to
integral transform identities for g-Bessel functions, interpreted as “addition theorems” that
in the limit as ¢ — 1 go to identities derived by Vilenkin. In §3 we introduce a different
g-analog of the pseudo-Euclidean group and apply the same procedures. This time it is
the complex Fourier series that is relevant and the “addition theorems” lead to g-integral
transform identities for g-Bessel functions.

In §3 and §4 we apply the same ideas to g-analogs of the oscillator and pseudo-oscillator
algebras (these are not quantum groups) and obtain discrete, integral transform and g¢-
integral transform identities for g-analogs of the confluent hypergeometric functions, ex-
tending the results of Vilenkin for the ¢ = 1 case.

The notation used for g-series and g¢-integrals in this paper follows that of Gasper and
Rahman [26].

2. Matrix elements of m(2) representations. The three dimensional Lie algebra m(2)
is determined by its generators H, £, E_ which obey the commutation relations

[HaE-I-]:E-H [H7E—]:_E—7
(2.1) [E+,E_]=0.
We consider irreducible representations (w of m(2), characterized by the positive number

w. The spectrum of H corresponding to (w) is the set Z = {m : man integer} and the
complex representation space has basis vectors f,,, m € Z, such that

(22) E:I:fm - wfmzl:h Hfm = mfm7 E—I—E—fm = w2fm7
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where C = ELE_ is an invariant operator. A simple realization of (w) is given by the
operators

d
(2.3) H =my —I—zd , Ef = wz, E_—w
z

acting on the space of all linear combinations of the functions 2z, z a complex variable,
n € Z, with basis vectors f,,(z) = 2™

We can introduce an inner product such that < f,, fnr >= 8,n/, n,n' € Z. On the
dense subspace X of all finite linear combinations of the basis vectors we have

(2.4) <E f,f'>=<f,E_f'> <Hf,f'>=<fHf >,

for all f,f' € X,so H=H* and E} = E_. In terms of the operators (2.3) we can obtain

a realization of (w) and its Hilbert space structure by setting z = e%:

d . .
(2.5) H = —i@, E, =we?, B_ =we ™,

in R T R
Fue) =, < fp o= o [ R as

Matrix elements T}, of the complex motion group in the representation (w) are typi-
cally defined by the expansions

(26) eﬁE+eaE_ eTHfm = Z Tm’m(a7/877-)fm’7

m!=—o0

[2, 10, 27]. The group multiplication property of the operators on the left-hand side of (2.6)
leads to addition theorems for the matrix elements. For convenience in the computations
to follow we shall limit ourselves to the case where 7 = 0.

With the g-analogs of the exponential function

fj _ L e,
P T (%0

f: P12k
k=0

(2.7)

= (_w;Q)OO7



4 E.G. KALNINS AND WILLARD MILLER, JR.

we employ the model (2.3) to define the following g-analogs of matrix elements of (w), [2]:

a) eg(BEy )eq (ol Z TS5 (0, ) fr, lwel, |wp] < 1
b) e (BE4)E, Z T (0, B) 0, |wh| < 1
¢) Eq(BE4)e (aB_ Z T 5 (0, ) fory |war| < 1
(2:8) d) E,(BE;)E, /; T (0, 8) fur
e) eq(aBy )Ey(BEy )eq(YE-)Ey(8 ; T (0t 8,7, 8) for

wyl < 2] <1/|wal.

Here, 0 < ¢ < 1 and «,83,v,6 € . (All of these matrix elements, except (2.8¢), were
studied in [2].) Since E} = E_ we have

Txﬁe)(a,ﬂ) = < eq(BE+ )eg(@E_)fu, for >=< fn, eq(aE—I-)eq(BE—)fn' >

(2.9) =T (B,@) = T (8, @),
T'5%(a,8) = T\%(8,2), TS (a,8) = TEP (8, ),
(2.10) Tn/n(a,ﬂ,'y,6) = Tnn/(7,6,a,ﬂ).

Furthermore, since ey;(z)E,(—z) = 1, we have the identities

(2.11) Z T (0, BT (—t, =) = Sy war], [wf] < 1
I=—00
= e, E Ee
(2.12) S TSP, T (—o,—B) = burm, wel, Wb <1,
L=—o0

and, of primary interest here:

e,e EE
Twulo,8,7,8) = > Tu (1, )Th P (6,8),  hwl,lew| <1,
L=—o0
= e, E Ee
(2.13) = > T2 (8,0)TF° (7, 8),  hwl,|ew| < 1,

f=—00
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Z Tn’l(a7/87776)Tln(al7_O‘77l7_7): nn( 7/8777 )

f=—00

(2.14) |ayw?|; |o'y'w?|, [a'yw? |, |ay'w?| < 1.

(Note that our operator derivations of these formulas and of many formulas to follow
lead automatically to formal power series identities in the ‘group parameters’. These
identities must then be examined case by case to determine when the series are convergent
as analytic functions of the group parameters.) Using the model (2.3) to treat (2.8) as
generating functions for the matrix elements and computing the coeflicients of 2" in the
resulting expressions we obtain the explicit results:

n—n'+1, aw n—n'
(2.15) T (a, 8) = (g (’Q)‘T( Ly (qn_o,;/+1 O;q,aﬂw2>

_ (@ @) (aw)"”
(4 @)os (afw?; ¢)oc

n/
2 "+1
0¢’1 (qn n—|—1aQ7O‘ﬂw e )7

(2.16)

€ T +1’ colaw)™ " n—n')(n—n'— 0 n—n'
TT(L/T’LE)(O‘NB) — (q Q) ( ) q( ¢ 1)/21¢)1 RIPRY/A —aﬂuﬂq
(g59) q

n —n—l—l n' —n
q q)oo(Bw 0
= ( (, )q oi ) 1¢’1 <qn'—n—|—1 ;Q7_a/8w2> )

(2.17) T (0, 8) = TP (8, ),
(2.18)
155 () =

n— n—l—l
9

q)oc\OW ad n—n')(n—n'—
( ))( )" ) 1>/20¢,1<

If a8 # 0 we can express these results in terms of the Jackson g-Bessel functions [25,

qn n+1’Q7a/Bw2 " n)

page 25] B ,
v : 0 P
TN (239) = %(—) 291 ( i1 ;q,—z> ;
v+1. 2 v+1
(2.19) T (2;q) = %(—) 091 ( vt159— qT>,

T(219) = (=2°/459)oc 1V (23.9),
and the Hahn-Exton g-Bessel function [24]

v+1.
q 3q)c 4 0
(2.20) J(z;9) = (@755 9o @ Jeo 11 <qu+1 ;q,qz2> :
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Indeed, setting o = ire’?, B = ire™*¥, we see that in terms of the new complex coordi-
nates [r, '] we have

Qi Z ) (n—n')

TT(;;:’)(Q,/B) = TT(;T’Le)[r, eid)] - T']7(12—)n’(2rw; q)
(—r?w?; @)oo
(2.21) TB) [y ] = G F—P@ —mg(n'=m) /2] (g q)
T r,e] = GHD =) =2y (rwg %)

TEE o] = i+ n=n) g(n=n)?/2 72 00,0731 ).

(Note that J_,(z;q) = (—1)"¢"/2J.(2¢™/?; q), ng(z;q) = (—1)".]722)(7:;(1) for integer n.)
For the matrix elements (2.8¢) we obtain (through the use of the g-binomial theorem

on the factors involving F and, separately, on the factors involving E_)

Y@)" " (=6/% D —BJa,  —bg"
(2'22) Tn’n(a757776) = ( ) (q'(Q)nin’ ) 2¢’1 <qn§7{'0—|é—1 ! /7;q’a7w2>

_ (o) _"(—ﬂ/a,q)n/_n2¢l (—ﬂq" e —6/7;(],0[%)2) , leyw?| < 1.

- (Q;Q)n'—n qn’—n—l—l

Alternatively, we could obtain this result by writing the matrix element as a contour
integral

1 —Bwz;q)oc(—0wW/25q) 00 ' —
(2'23) Tn'n(a757776) = %% ( (ng.giwg,yw/z/. q)ii ? ' dz,

where the contour is the unit circle centered at the origin of the complex z-plane, and
evaluating the integral by residues. Setting a = (1 —g)a’,--- ,6 = (1 — q)6' we see that in
the limit as ¢ — 1,

w(~' + &N —
220 Bualeinsd) = T (e o 07,

expressible in terms of ordinary Bessel functions, [21].

The second of equations (2.13) was already derived by Koornwinder and Swarttouw
[24, Proposition 4.1] where it was interpreted as a g-analog of Graf’s addition formula for
Bessel functions:

o0

(wybﬂ I <\/(y —z/s)(y — w3)> = Y M) n(e).

Yy — xS

k=—o0

The first equation (2.13) and (2.14) have similar interpretations.
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The “addition theorem” (2.14) reads, [25],

(2.25)
T (_§ /; o . ! Y e
') q( . /75 Q- 201 (qn[i/ﬁ} T ;Q,Oé")’lw2> —
— (w 8/7; @)t —Bla, —b6¢"
E )/ ; 2)e- 201 <ql—ﬂn/'i1 1 /7;q,a7w2> X

Oé/Oé'qz_ al—n o !
( ) (q-(q)l ) ) n2¢)1 ( Zl—n—/l—l ) 7/7 ;q,Oél")/lw2 ,
; _

leyw?|, [o'y'w?|, Je'yw? |, Jay'w?| < 1.

Next we introduce a model of a g-analog of the pseudo-Euclidean group. The model
consists of a Hilbert space of complex valued functions f(z) = f(e) where z = €% and 4 is
a real variable, such that ||f||> < cc and the inner product is

') B dz =S _
(2.20) <fg>= [ s@ae) T = [ i) a0
0 — o0
and ||f||* =< f,f >. The formal action of the g-algebra is
Ei =wz =we’ E_:%:we_e, H:w%:di;'

The action of the “pseudo-Euclidean group” is given by the formal operator T(«,S3,7,6)
where

(2.27) T(,8,7,8)f(6) = ey(—aEy)Ey(BE+)e,(—yE-)E,(8E-)f(6)
 (—Bwe?, —bwe™? q)w ;
- (awef, —ywe ¥ g)x 56

We require that neither o or v is negative, so that the denominator in (2.27) never van-
ishes. Then for various values of the parameters «, 3,v,6 the operator T corresponds to
multiplication by a bounded function of 6. In particular, the multiplier is bounded under
the following circumstances:

1) I8/al <1,]8/y] <1
2) |B/al<l,6=v=0
3) |§/v]<1,B=a=0
4) a=p=y=6=0.

For these estimates we make use of the identities
(2.28)

Ch N gy —ndn g (A7 @) _ (A (
(7500 = (A" (g, 0= (1)
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Following [21, Chapter 5], we will compute the matrix elements of the operator T with
respect to a continuum basis in which H is diagonalized. We first restrict our attention to
the subspace G of the Hilbert space where G consists of those functions f that are C°° with
compact support. Then as shown in [21, 23], the complex Fourier or Mellin transform

(2.29) F(\) = /_ h F(0)e*? do = /0 h f(z)z* 7t do

has the properties that 1) F()) is an entire (analytic) function of X, 2) |F())| < CeFlRe Al
for some positive constants C,k and 3) F' decreases rapidly on every straight line parallel
to the imaginary axis in the complex A-plane, i.e., lim; ., |¢|”|F(c + ¢t)] = 0 for n =
0,1,2,---.. (We denote the space of transforms of functions in G by 9) Furthermore we
have the inversion formula

at+i00

(2.30) 6 = 5m [ e da,

2m a—100

for any real number a.
Now, the induced action of the operator ¢g?# on the transformed functions F becomes
diagonal:

g"HF()) = /_o; [q¢>Hf(9)] M do = /_o; F(O+8)eM dg = e F(N).

Furthermore, the induced action of the operator T on Gis given by

= (“Pwe’, —dwe’; g)o
T(a7/87776)F()‘) = / (_awee _,.),we—e.q)

£(6)e* ds,

or

1 [ (—Bwe?, —bwe ™% q)0 atioo ~
T(e, 8,7, 6)F(A) = —/ ( ) ) ) d@/ F(#)e()‘ mY du.

21 (—awe?, —ywe=%;q) —ico

If |Bg°~*/a| < 1,]6¢*~%/~| < 1, then the iterated integral is absolutely convergent and we
can interchange the order of integration to obtain

at+i00
(231) T(O‘7/87776)F()‘):/ ( s 5 & 7/8777 ) ( )d:uﬂ

where
1 * (—pwe?, —bwe ™ q) 0o (1_
( s My & 7/8777 ):2— ( 0. ) 6(>\ n)o df
7i ). (Cowe?, —qwe g
— L ( /8("):37_6(")/:B Q)OO w)\ Hw— 1dw
2mt Jy (—awz, —yw/z;q)ec
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To compute the kernel function K we evaluate the contour integral

1 —Bwz, —8w /2 1)
(2.32) Inym = _7{ (zhwz —8w/2 )0 a—p-1y,
Cn,m

2w (—awz, —yw/z;q¢) oo

along the closed contour Cn s on the Riemann surface of the integrand, where N, M are
positive integers and the contour is made up of the curves

1) z=t, ywgMT1/2 < ¢ < L g=N-1/2
o 2) z=2Lg N712%" 0<t<or
N.M
3) z = 627”t, alwq_N 1/2 > t > ,yqu—|—1/2

4) z=~qwgMti/2eit 21 >t >0.

In the limit as N — oo, M — oo the integrals on the large and on the small circle go to zero
if |Bg= M *#/al < 1,]16¢* */v| < 1. Then, evaluating (2.32) by residues and (temporarily)
assuming that |ayw?| < 1 to make use of Heine’s transformation [26, page 9], we obtain

1 F (Pwz, —dw/T;q)0c 1
dr =
( s 5 & 7/8777 ) 27['1/; ( AW —")/(.U/CC q) CC T =

(2.33)
—A+1. —
1 (59" “"J)W(L)A—um( L b oryw2>
2usin(p — A) | (g, gq“_k; @)oo OW g1 145
+ (7‘0))\_“2%( o’ v i q a'yw2> .
(¢, 2¢*~ ",Q) gt '
(The apparent singularities at ayw? = ¢™, n = 0,1,-- -, are removable.) The following

special cases of (2.33) are of interest:

1 (2,5 9)o

K\, p; §) =
(A p5 0, 0,7,8) 2esinw(p — A) (q,7q>‘ 5 q) oo

(yw)* 7, g M < 1,680 /] < 1,

(2.34)
1 (ﬁ qu—M—l.q)oo 1., ~ ~
K( M & 757777) 21511171_(,“ )\) (q B qn— . q) (@))\ o |ﬂq A+M/Oé| <17|q>\ M| <1,
1 () ayw? A
K(A p5a,0,7,0) = e sq,q"
N T V (ST Lq,, g (Ve
—u
g (el ¢ (aw ,q,q“”“)
(45 9)
Setting & = (1 — g)a’,--- ,6 = (1 — ¢)¢' in (2.33) we see that in the limit as ¢ — 1—,
1 [w(al_ﬂl)]M_A - . ! ! ! n, 2
( s 5 & 75777 ) 2isin7r(,u—)\)[ F(/L—)\—I-l) o1 /L—)\—l—l,(a _ﬂ)(7_6)w

[w( l_él)]A_M - ! ! ! n, .2
(2.35) PO Lk (e =800 =80



10 E.G. KALNINS AND WILLARD MILLER, JR.

From the expression (2.27) we have the “addition formula”
T(Oé, /87 Y 6)T(O‘l7 a, 7l7 7) = T(al7/87 7l7 6)
which, for the kernel functions, takes the form
(2.36)
b+ioco
/ K( s M5 & 7/8777 ) ( )d:u“:
b

—i00

b+ioco a-+100

/ K(\v;,8,7,6) dV/ K(v, 50 0,9, 7)F (1) dps,
b—ioo a—100

see [21, page 268]. Then, if the integrals in (2.36) are absolutely convergent we have the

functional relations

at+i00

(2.37) K\ pa,B,7',68) = / - K\ v, B,7,0)K (v ', y) dv,
lag” /|, 1847 /7| < 1g°] < lag™/Bl, 1'q" /|-
Two special cases of (2.37) are of particular interest. If « = 3,4' = v we have

atico  (yuPr(yrme (2,0 B grmrtlig)

a'w

. : dv
oo Sinm(v — A)sinw(v — p) (g, iqk v.q, gqu—u; 7)o ’

K\ p; e, 8,7, )—i/a

16¢*/71,18¢" /'] < ¢* < |¢*, 19",

and if just v =+’ we have

a+ico ( 1 )u—p, (%,qu—u—l—l;q)

K = K(\,v; §)——e = dv.
s @'sB,8) = /a_ioo N P r e ) N PR T

3. A discrete model of m(2) representations. In this section we study a model of an
alternate g-analog of the pseudo-Euclidean group. Here the generators of our algebra are
¢, E,, E_ which obey the relations

(3.1) "Ey =qE.q", q"E_=E_¢%, [E{,E_|=0.

We consider the following class of irreducible representations (w) for this algebra, charac-
terized by the positive number w. The Hilbert space consists of complex functions f(z)
with domain # = ¢", n = 0,4+1,+2,--- and such that (f, f) < oo, where the inner product
is

(3.2) (f,9) = Z f(q

n=—o
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The action of the algebra on this Hilbert space is given by the operators
w
(3.3) B—we, Bo=2 i) = f(g).

To define these operators rigorously we can restrict their action to, say, the dense subspace
L of all functions in the Hilbert space that are nonzero at only a finite number of points.
Then it is easy to show that E* = E,, E* = E_, (¢f)* = (¢¥)7!. We define the
(inverse) Fourier transform JF of f € L by

(3.4) TN =T [ =(fe")= Y Fflg")g™, reC,

where z = ¢*. Then the induced action of the algebra on the transform space L is
75 (2] = 271F [2], E+T [z] = 0T [¢F 2],

so the operator ¢ is diagonalized in the transform space. Clearly, every J € L is analytic
for all z # 0. We can recover f from its transform J via the formula

1

(3.5) fa™) = 5 12T e

- 2mi

where the integration path is a simple closed curve around the origin in the z-plane.
Now the action of the “pseudo-Euclidean group” is given by the operator T(«, 3,7, 9)
where

(3.6) T(,8,7,6)f(z) = eg(—aB1)Eg(BEL)eq(—vE-)E((6E-)[(z)
— (_ﬂwwa_éw/w;Q)OO f(w), f e L.

(—owz, —yw/z; ¢)

The induced action of T on L is given by

(3.7) T(e,B,7,6)F [2] = %K(z/w;a,ﬂ,'y,é)ff [w] %w,

where

K(z/w;a,B,7,6) = 2L f: (—Bwq"™, —bwq™";q) o <£>n

T L (—awq™, —yYwqg ™ @)oo \W

A
z=q",w=q"

. 1 /oo (—Bwz, —bw/z;q) o 2 g,
27["1,(]. —Q) 0 (_aww7_7w/w;Q)00
1 (—fw,—bw;q)eo —aw, —q/bw bz
3.8 =— ’ X
(3:8) 27t (—ow, —yw; q)oo21/}2 —Bw, —q/yw’ o yw )’
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: s w a
and we require |7| < |z| < |ﬁ| Here

a a > a1,0259)n 4 b1bs
i (00 §ias) = X lpmdea Bl oy

2 ' (b1,b259)n aias

n=—

Using Ramanujan’s 19, sum, [26, page 239] we have the following special cases of (3.8):

1 (

K(z/w;a,a,v,8) =— )

(=/ ) 27t (—yw, —q/yw, bz /yw,w/z; ¢) e Y
1 , O, —QWZ /W, qW [ OWZ; G ) oo

K(Z/w;a7/87777): (q /8/ / ! / Q) |/8

211 (—aw, —q/aw, z/w, Bw/az;¢)e’ @

9,8/v, —qz/yww, —ww/z;q) § w

Now the formula

T(Oé, /87 Y 6)T(O‘l7 a, 7l7 7) = T(al7/87 7l7 6)
leads to the functional relation

dy

?

(3.9) K(z/w;d',8,4',6) = 7{K(Z/y;a,ﬂ,%5)K(y/w;a’,a,7’,7)

where, choosing the integration path as the unit circle |y| = 1, we have the requirements
B/l < [z <v/8], v /4| < w] < [a'/al.
Two special cases are of particular interest. If o = 3,7’ = v we have

—a'w, —q/bw 8z
—fw, — bw; o0 @@ q/ yqy —
( pw, ,q) 22 ( —Bw, _Q/’YW ' yw

_ Lj{ (2:8/7; —qz/1wy, —wy/z,¢,B/a’, —dwy/w, qu/d'wy; @) dy
2mi (—q/yw,62/7vy,y/z,w, —q/'w,y/w,Bw/a'y; ¢) s y

1< |w|<[a/al, 1<z <|y/é],

and if just v =+’ we have

yibs (—a/w, —q/6w'q 5_Z>

—Bw,  —q/rw’ T yw
_]{ b <_°“"’ —q/bw 6z> (¢,¢/d!, —d'wy/w,qu/a'wy; ¢) dy
— 2¢2

q
—Bw, —q/yw’ Py

(—ow,—g/d'w,y/w,ow/a'y;q)ee Y’

1< fw| <|a'/al, |8/al <|z| <|v/8].
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4. Matrix elements of oscillator algebra representations. In [1] a g-analog of the
oscillator algebra was introduced. This is the associative algebra generated by the four
elements H, E,, E_, € that obey the commutation relations

[H7E+]:E+7 [HaE—]:_E—7
(4.1) (B4, E_| = _q_Hga [€,E+] =[E,H] = 0.
It admits a class of algebraically irreducible representations T, x where £, A are real numbers

and £ > 0. These are defined on a Hilbert space H with orthogonal basis {f,, : » = 0,1,---}
where

Eyfn =4tg "t

1—q"
1_qfn—l

Hf, = ()\ + n)fn Efn = £2q>\_1fn'

(4.2) E_f, =1L ™?

Furthermore, the formal adjoints satisfy (E;)* = E_, H* = H, & = £. The elements
C=gqq HE 4+ (¢ —1)ELE_ and € lie in the center of this algebra, and corresponding to
the irreducible representation T, we have C = (2], & = 02¢* 71T where I is the identity
operator on H.

A convenient model of T 5, [1], is determined by the orthonormal basis functions

1 _ n
(4.3) en = grttnfa LD 0oy
(4 9)n

(so that f,(z) = ¢™"*+1/4;") and the operators

‘
E,=4zI, E_.=——+"—(1-T;!

d
(4.4) H=Xt:0, &= e

The inner product is
(F.9) = [ #:1aGInzz) dady
where z = ¢ + 1y and

1-¢q
1 —q)2%;q)ocmIng™

p(2,7) = =

-
The model Hilbert space H(z) consists of all functions

—n(n+1)/2

o0 o0 2
f'(z) = Z cnz"  such that Z |Cn|(f pw < oo.
n=0

n=0
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This is a space of entire functions; it has the kernel function
(4.5) SF,2) = 3 u@el(2) = (—(1 — )7z 0
n=0

Although the parameter A is essential in the computation of tensor products of pairs
of irreducible representations g x, [1,4], it disappears from the final expressions for the
matrix elements studied in this paper. Thus we henceforth set A = 0. Using the relations
(2.3) we have the following g-analogs of the matrix elements of T, :

(etre—):  ey(BEL)eq(aE-) fn—ZT“*“ B) s

(e+,B=):  eq(BE4)Ey(aE-)fn ZT“*E) B)fur,

(4.6) (= E4): ey BE-)Ey(aEy)f, ZT“‘E*) B)fur,

(E+,e—):  Ey(BEy)ey(aB )fn ZT<E+“ B)fur,
(E—et):  E (BE )ey(aEy)fn ZT<E D, 8)fur,
(E+,E=): E,(BE)E,(aB_)f, —ZT@*’E‘)( B) f
(E—,E+): Ey(BE_)E,(aE)f, ZT<E F (0, B) fur
(e+,E—e— E+): ey(8E4)Ey(vE_)ey(BE_)E,(aEy) fn—ZTnn B35 6) fur -

(The series for the matrix elements T( e+)( ,3) does not converge.) All of these sets of
matrix elements were studied in [4], Wlth the exception of (e+,E-,e-,E+) which will be the
focus of attention here.

Since E} = E_ the following relationships hold:

TT(;:,e—)(a,ﬂ)An,n = TT(LZ"J',e—)(ﬂ, a),

(4'7) TS:’E_)(O%ﬂ)An’n = T£§'+’e_)(ﬂ7o‘)7 TS;’E—H(O%ﬂ)An’n = Téf'_’e+)(ﬂ7o‘)7

E+ E— E+ FE— E— K E— K
TECED (0, B) Ay = TEFED(8,0), TEED (0, )40, = TEFD (8, a).
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Here ( )
q;49)n! —n'
: P— 1—qg)" ™.
(45 O ( )
Since e4(z)E4(—z) = 1, we have the identities

ZT(e—I—e ) )T(E E-I-)( ﬂ,_a) — b,

ZT( e+) )T(E—I— ,e— )( —8, _a) — 8

Using the model (4.4) to compute the matrix elements (which are model independent)
we obtain the explicit results

T (a, B)

n' —n+1, n —n —-n 2
_ (g ; ¢)oc(8L) q<n—n'><n+n'+1>/42¢,1( " 0 ﬂ)

(q, Q)oo qn'—n—l—l ‘P 1 — q

n—n'4+1. n' +1. / n—n' , , —n' _ £2
q aq o0 q ’q ool & n —n)(n+n 9 0 OZ/B
_( )oo( Joo @)™yt a, g ( "', 0 )

(45 9)oo (4"t 9)ac (1 — )™ g 1—¢
Ty ()
(@ )s(g" " “;Q)w(aﬁ)nl_n S/ g ( ¢ L5 gﬂﬁ)
(43 9)oe(q" 5 )oo (1 — )" T g
n'—n—i—l; o ¢ n'—n . ' e —-n alBf? n' —n
_ (¢ Doe(BO" " i myn s /2 g R aptigm "
(459 oo q 1—¢
T (a, )
e ’Q)OO(M) mo (n/—n)(n'—3n—3)/4 q "  —ap?gr
= ( - q 1¢)2 qn/_n—|—1, O’Q7 1 —gq
= (qn_n/+1;q)°°(qn +1;q)00(0‘£)n_n/ q(n—n')(n—3n’—3)/41¢>2 q_fb/ ;5 q M
(Q; Q)oo(qn+1; Q)oo(l — q)n—n’ qn—n —|—1, 0’7 1 — q

Téi_’E—i—)(oﬁﬂ)
—aﬁlz . n'—n—l—l, n' —n
_ ((1—q)q’q)00(q 5 q)oo(al) q(n'_n)(n’—3n—3)/42¢1 q/_n7 0.q —apl?
(45 9)oc " "t T (1 —q)q
(@aifqﬂ) (4" 5 D)o@ 5D (BO" ™ e
(¢59)00 (g™ @) (1 — @)™ !

q_n/, 0 —Oé/8£2 )
2¢)1 n—mn' yqy T/~ .
(q T (1 - g)g
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The matrix elements T(¢t¢—), T(E+.e-) T(E+.E-) are polynomials in « and 8 and the
matrix elements TF—E1) are entire analytic functions of these variables.

In [4] it is shown that all of the remaining matrix elements (4.6), except the last, can
be expressed in terms of these four. Indeed, we have the operator identities

(45) o () u(BEVB,(aB-) = By (aB-)ey(BE4),
(49) BB eafaB-Jey (20T ) = (o )E(OF.)

which imply

iy 02 —n'—1 . 3
(4.10) Toi ' (Bra) = e (%) T, " (@),

aﬂ£2q_"_1

(e ’E )
Tn,n ﬂ,oz =e€ (
( ) q 1—gq

) TE+H) (q, 6).

Thus the matrix elements Tff;_’e—i_) are well defined for |aﬂ£2q_n/_1/(1 —¢q)| <1 and the

matrix elements TS;’EH are well defined for |aB¢%¢~"1 /(1 — q)| < 1.
From identities (4.8), (4.9) we can express the (e+, E—,e—, E+) operator in the alter-
nate forms

T(e,8,7,6) = eq(6E+) Eg(vE-)eq(BE-)Eq(aE+)

Oé")/£2q_H_1 Oé/8£2q_H_1

(4.11) = eq(6E4)Eq(aBy)Ey( 1 — JE{(vE-)eq(BE-)eq( 1—g

).

An explicit computation of the matrix elements yields

_ayl? —n-1, .y,
Tn/n(a,/B,’y,é) — ( i;zzq )Q)OO( &) Q)n —n (Ké)n/_nq(n+n/+1)(n—n/)/4
( 1—gq q_n_l; q)OO(Q’ Q)n'—n
_agn'—n _a —n 9
s B q B84
4.12 X 369 / ‘g, —
( ) ( qn —n—|—1, _olzzl; q_n_l T q

_M —n'—1, _ . Aa: n—mn'
:( 1—¢ 1 oo (= 53 D (G O ( &6 ) gt D (n =) /4

2
(20 a " 5 0)eo(@ D (G5 @) \1 4

—% -5, " gL
X 3¢2 qn—n'-l-l . ayl? q—n'—l 74— ?

3 1—q
apl?q™" /(1 - g)| < 1.




¢-INTEGRAL TRANSFORMS AND ADDITION THEOREMS 17

Indeed, from (4.11) and the fact that E} = E_ we have the identity

¥602  _n/—1

N O Crt' 5 q)oo
Tn’n(a7/87776) — (1 - Q) ; 111,832 o Tnn/(7,6,a,/8).
(6 O)n (5,07 19

Using Sears’ 3¢ transform [26, page 61| we have the alternate form

(224 oo~ T D (0D [ €8\ o
Tn’n(a7/87776) = aﬁllz 1 p ( ) q(n—l—n +1)(n n)/4><

(70" "5 Qo6 D (G 0)w \1— 4

§ —n/ 41 ~ ot ot
_Eqn n —+ , _Eqn n , q n ‘
3¢2 n—n'+1 1—q n—n'4+2 74,9 ) -

q ’ apezd
Setting & = (1 — g)a’,--- ,6 = (1 — q)¢' in (4.12) we see that in the limit as ¢ — 1—,
ol 8,m,8) L e gy (7048 @+
if n' > n,
=+ (D) e R (T - 8@ )
ifn>n'.

In order to derive identities for the matrix elements of the operators T(«, 3,7, ), (4.11)
we cannot just multiply two general operators of this sort, as was done in the previous
sections. Indeed, the resulting formal power series diverge. However, just as in (2.13) we
can write T as a composition of two two-factor operators and obtain the identities

(4.13) Ton(o,B,7,8) = TS E (4, 8)The P (0, ),
k=0

Tl B,7,6) = TS (8,60)The F (a,7)
k=0

Bl /q" T (1 —q)| < 1.

(Once the common factor e (aB¢%¢g "1 /(1 — q)) is removed from both sides of the first
equation (4.13), this formula holds for all values of the parameters.) Note that relations
(2.10) are special cases of (4.13). These identities are g-analogs of an addition formula for
the confluent hypergeometric functions [27, Chapter 4]:

O tfntat o) 156 42w +9)) =

= (—ary)i=™ 1 —n/ —n —n'
F . ; F . 6 ).
ZF(j—n’+1)F(j—n—n'-|_1)1 1 ]—n’—l—l’aﬂ 141 ]_n_n/_|_1a7
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5. Continuum bases for oscillator representations. Next we introduce a model of a
g-analog of the pseudo-oscillator group. The model consists of a Hilbert space of complex

valued functions f(z) where z is a positive real variable, such that ||f||*> < co and the
inner product is

(51) <fao= [ s T

and ||f||* =< f,f >. The formal action of the g-algebra is

l
E_|_ :&BI, E_:—m(]_—Tz_l)
d 2 —1

The action of the “pseudo-oscillator group” is given by the formal operator T(«,S,7,6)
where

(5.3) T(a,8,7,0)f(z) = eg(6E4)Ey(YE_)ey(BE-)E (aEL)f(z)

(ote g tma) S (e (st 3i9)

- e . 1— L.
<6£m,—m,q>w n=0 Q( q) <q, (11q)z’Q>

(To derive this expression we have made use of the ¢g-Gauss formula [26, page 10].) We
require that neither § or —3 is positive, so that (5.3) is well defined when acting on the
subspace G of the Hilbert space, where G consists of those functions f(z) that are C™
with compact support in (0,00). Indeed, for each such f the summation in (5.3) is finite.
Using the identity (2.28) we can show that if f € G has support in a proper subset of the
interval (0, K| then the function T(«,8,v,§)f(z) vanishes for z > K and if |y/8| < 1 this
function remains bounded as x — 0+.

Following [21, Chapter 8|, we will compute the matrix elements of the operator T
with respect to a continuum basis in which H is diagonalized. We recall that the Mellin
transform of f € G,

=T, f(2).

n

(5.4) F(X) = /OOO f(z)e*t da

has the properties that 1) F()) is an entire (analytic) function of X, 2) |F())| < CeFlRe Al
for some positive constants C,k and 3) F' decreases rapidly on every straight line parallel
to the imaginary axis in the complex A-plane. (We denote the space of transforms of

functions in G by §) Furthermore we have the inversion formula

at+i00
@ =5 [ P du,

2T J 4o
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for any real number a.

Clearly, the induced action of the operator ¢?¥ on the transformed functions F' is
diagonal:

g*HFE(\) = e F(N).

Furthermore, the induced action of the operator T on Gis given by (assuming that neither
§ or —f is positive and that |v/8| < 1),

T(a,8,7,0)F(})

or

g4
T(c, 8,7, 6)F() = — /oo (‘“ﬁ“"’“z—q”;%d
o, 0,7, 27 0 <5f€8,—%;q> '

q Y. .
= 2 \" <—w,——’q> atioo
<2 ( e ) ﬁ n/ F(u)g™'e """ dp
1—gq) 72 »
=0 <q, (1_‘1)‘B’q>n a—100
14
1 o0 <—oz£w, —(1Zq)z;q>

2m Jo <‘%$7_(1_€$)z§Q>

a-+i00 _ 49 _x 2 u—1
alz)? O‘/BK q“ ——
/ 201 | Pigy———— | F(p)e* "1 dp,
a—100 (1—-q)z 1-— q

if the contour is chosen so that |aB¢%¢*~1/(1 — q)] < 1. Using Heine and Jackson’s
transformations [26, page 241] we can write this result as

o (e op—1 __BL p.
') _ K . a-+100 — q , - $q iq
T(a, B8,7,8)F()) = L/ (—alz; q) dcc/ < 1 =) >Oo
0 < > .

2m Sz ——(1€$)$;q —i00 <0‘ﬁl gt 1,q>
o @] o @]
,342 n—1
q", e’ ve e
X 2¢’2 ( a~e? p—1 ,Bl aQ717 F(IU,)CCA ot d:u“
—e T ekt (-

If, in addition, |v/8| < ¢* < |6¢*/al,|¢*| < 1, then the iterated integral is absolutely
convergent and we can interchange the order of integration to obtain

at+i00
(55) T(O‘7/87776)F()‘):/ ( s 5 & 7/8777 ) ( )d:uﬂ

—i00
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where

K\ p;0,8,7,6) =

2
1 /oo <—aﬁw,—%q“ 7_(1_q)qu;Q>oo
2mi 0 <5€w,— Ell afe? q“_l;q>
o0
,342 n—1
9", =04 7L A—p—1
X 2¢’2 2 ! 4y 7 N ] ® : dCB,
<_01W_lq q" 17 _(1fﬁ)zqu (1 - q)w
/8] < 1g"| < 6¢*/al, |g* <1, Ig*| < |g(1 — q)/aBE?|, &, —B nonpositive.

To compute the kernel function K we evaluate the contour integral

(5.6)

o _ Bt _p.
1 (- 74 q“ L q) oo <—a£z,—(1_q)zqu,q>oo
Inm =

Cn,Mm

9.7 afl
o T Joun (o)

,342 n—1
q*, T o N
X 2¢’2 ( 22 1 N N 4 o dz7
- ,Bl _
—‘;”qu“ , _(1_q)zqu (1-¢9)z

along the closed contour C as of (2.32). In the limit as N — oo, M — oo the integrals on
the large and on the small circle go to zero. Then, evaluating (5.6) by residues and using
the formula

— (40)k(559)n(c;@)ntnz’y™  (c,az,by;q) ( , T, Y. )
— 3¢’2 y4q,C 9
Z axr, by

= (G Dnr(6 e 9)n (d, 2,95 9) o0

see [28], we obtain

1
ps, B,7,6) = X
Km0 f1:8) = 23 sin (A — p)(— 5255 9)oc

(5.7)

2 q
(9= 59" 9 ¢ T 1-g

2
(—%,q" 1, 2 ) g M, —Lq, -2 4B
(=802 = 302 , ol T, P g

_ - 5% A—
( Be )A P (=" T I T 4
— X

l1—gq (0,4 — 3" 9o

L AR T . VL
3¢’2 >\—p«+1, 7542q>\_u aQ71_qq .

q —

(The apparent singularities at the zeros of (— q‘%;,q)oo are removable.) The following
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special cases of (5.7) are of interest:

1
K()‘7/L;07/87076): . 2 X
2isin (A — ,u)(—?‘s_lq $q) o0
p=A+1, ) —2+1 5(%2
5.8 — 8¢ w80 q S i
) s i g (470 B
__( Bt )*‘“<q“,qk—ﬂ+1;q»nl¢l(iq—»+1,q __55f2qx>
1—gq (45 9) A T ’

I <1,

—1 K A_M _l,qﬂ,qA—IH'l;q o0
(5.9 K(ui0,8,7,0) (5 ) . )

~ 2isin (A —p) \1—¢ (g,9, _%qA_M;Q)OO

v/8] < lg"] < |g*| < 1,

(—2,¢" )

&0 =X
(=46) (¢, —59" N @)

?

5.10 K\ p;,0,0,6) =
( ) ( ,lL,O[, b ) 27,Si117l'()\—,u,)

1| < [g"] < |6¢* /el

Setting & = (1 — g)a’,- -+ ,6 = (1 — ¢)¢' in (5.7) we see that in the limit as ¢ — 1—,
1 [—£(a’ + §")]PA A1,
K()\, u; ) 02 (a + 8" (B !
(A, 5 2, 8,7, )—>2isin7r()\_ﬂ)[ TS VRS WL (@ +8) (B +7")

(5.11) -

[4(B8" ++" )T (N) —uF+1 e o
i 4 )
DI —p+ 1) 1 A p i+ DT+ )]
in agreement with [21, Chapter 8; 22].
From the expression (5.3) we see that the “addition formula”

(512) T(O‘7/8777 6)T(O‘l7/8l7 _/87 —Oé) = T(O‘l7/8l777 6)

holds rigorously when both sides are applied to f € G, provided é is not positive and
a,B3,8' are not negative. Furthermore, one can show that for |y/8| < 1, the function
h(z) = T(a,B,7,6)f(z) has the properties that z?h(z),z?h'(z),z*h"(z) — 0 as z —
0+. Thus, the Mellin transform H(A) of h, (5.4), has the properties that 1) H()A) is an
analytic function of A for |¢*| < 1, 2) |F())| < Ce*IBe Al for some positive constants C, k
with|¢g* 7| < 1, and 3) lim;— o [t|?|F(c + it)| = 0 for |¢* 72| < 1.
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For the kernel functions, (5.12) takes the form

(5.13)

b+ioco
/I; K( s M5 & 7/8777 ) ( )d:u“:

—i00

b+ioo a+ioco
/ K()‘7V;O‘7/87776) dy/ K(V7/L;O‘l7/8l7_/87_a)F(:u“) d:u“
b a

Then, if the integrals in (5.13) are absolutely convergent we have the functional relations
at+i00
(514) K( M & 7/8777 )_/ K()HV;O‘7/87776)K(V7:u“;al7/8l7_/87_a) dV7

—i00

lagh /|, |6¢* /7| < |q“] < |eg™/B], ¥ g /-

An interesting special case is

1 a+100
( s 5 & 7/8777 )_ aﬁlzq”_l,q) / K()\ﬂ/;06707076)K(V7:u“;07/87770) dl/,

(5 —ico
or
(=5 — 54" 0
4(g, 9, L= )
/“*i‘” (=80 (L) (M, g L, g, — g L )
a—ico  SIDT(A—v)sinm(v —p)(¢”, — 59", — 54" @)oo

K\, w5 a,8,7,6) =

dv,

/Bl <la"l <lg*l <1, |g*] < lg®| < [6¢™/al.
We conclude by studying a model of an alternate g-analog of the pseudo-oscillator
algebra. Here the generators of our algebra are ¢~H, E,, E_, & which obey the relations

(5.15) Erqg ¥ =q¢PE,, qB_¢"=q"E_, [E{E_]=-q"¢,

[87E:|:] = [Saq_H] = 0.

We consider the following class of irreducible representations T, ¢ for this algebra, charac-
terized by the positive number £. The Hilbert space consists of complex functions f(z)
with domain # = ¢", n = 0,4+1,+2,--- and such that (f, f) < oo, where the inner product
is

(5.16) (f,9) = Z f(q

n=—o
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The action of the algebra on this Hilbert space is given by the operators

‘ -1 —-H _ -1
(5.17) Ey=lz, E_= —m(l —T,7), q 7 f(z)=flg =)

To define these operators rigorously we can restrict their action to, say, the dense subspace
L of all functions in the Hilbert space that are nonzero at only a finite number of points.
We define the (inverse) Fourier transform JF of f € L by

(5.18) TN =T [ =(fe")= Y Fflg")g™, reC,

n=—oo
where z = ¢*. Then the induced action of the algebra on the transform space L is

¢ T (2] =27 [2], BT [2] = 05 [g2),

B = - —(1- )% [g7'4),

I

H

so the operator ¢~** is diagonalized in the transform space. Clearly, every F € Lis analytic

for all z # 0. We can recover f from its transform J via the formula
my 1 —m—1
(5.19) f(¢™) = s 743" [z]z dz

where the integration path is a simple closed curve around the origin in the z-plane.
The action of the “pseudo-oscillator group” is given by the operator T(a, 3,7, 6), (5.3)

for f € L. The induced action of T on L is given by

d
(5.20) T(a,87 807 (2] = § K(zy050,8,7,0)5 [u]
w
where
. o (—ate,—23En 1)
K(z’w;o"ﬂ’%‘s):m/ o2 =
mo(l — affllw
o <6£w, q(l—q)’q>oo
w, -3 K
X 2¢’1 ( a,yl2w P ;Q7_/87> wA_M_l dqw7
TE)) (1-q)z

/8] < lw| < |6z/al, |2 <1, |w| < [q(1 - g)/aBE?|, §,—B nonpositive, w = ¢",z = ¢
To evaluate the g-integral expression for the kernel function K we use the identity

A, B (2525 9)ac (A, ¢, 0 )
201 ( g ;q,z) :z73¢’2 C 14,9
¢ (2259) i, C

(%,A,Bz;q)oo ( 2, Agz, 0.q q)
32| B
(C’,z,%;q)oo 24, Bz e
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[26, page 245, 111.34] and obtain

2
(—ozﬁ,(%z;q)oo (_;’16137_&7Q753ﬁ7_%;Q)00
K(zaw;a7ﬂa776): 2mi(80:a)s ft afflw g q aw
mi(64; q)in fty ( abw, ——I—. 2, — %% ) o

{10238~
afliw aw
w, a9 6z
<ago |, LY 14,9
T -9 5
(w, 755 0o s e
’ g ? 1l—g’1/%@ alw? 1—¢q? Y
Here
a, a2, as - (a'17a'2aa'3;Q)n n b1b2bs
; = — < <1
31/}3 (b17 b27 b3 ,q,z> n:z—:oo (bl,bQ,b?,;q)n 5 |a1a2a3| | |
Now the formula
T(O‘7/87776)T(al7/8l7_/87_a) = T(O‘l7/8l7776)
leads to the functional relation
dy
(5.22) K(z,w;a,8,7',8) = 7{K(z,y;a,ﬂ,%5)K(y,w;a',a,7’,7) P

where, choosing the integration path as the unit circle |y| = 1, we have the requirements

law/d'|, 16z /] <1 < |az/B|, |7 w/v|.
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