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Abstract

The set Z,|x] consists of all polynomials with coefficients in the field Z,, where p is

prime. If a polynomial f(z) is irreducible over Z, then é‘zg is afield. If f(z) is areducible
Zyp|x]

polynomial, then every non-zero element in 7@y is either a zero-divisor or a unit. If we

exclude the zero-divisors and zero, we have a finite Abelian group under multiplication

denoted by U <<%§E—:[f)>> . Since every finite Abelian group is a direct product of cyclic groups

of prime-power order, we can find the isomorphism class for U (%) . We investigate the
Zp[]

structure of U ( 7 f(ﬂc)>> for a prime p and various f(x). We conclude with some result on

the structure of a certain family of subgroups of U < 5”1256)}) >
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1 Group of units of modulo f(z)

1.1 Introduction

The problem was inspired by previous research completed by Dr. Joseph Gallian and
his master’s student Shahriyar Roshan Zamir [2]. Their research investigated the structure
of certain subgroups of the group U(n), the set of all positive integers less than n and
relatively prime to n with multiplication mod n. We have expanded their research by con-
sidering groups of units where the elements are polynomials. In this paper, we assume the
reader is familiar with the topics in Gallian’s book [1]].

For a prime p, the ring Z,[z] = {a,2" + ap_12" ' + -+ amx + ao | a; € Z,, ,

n is a nonnegative integer}. If f(z) is an irreducible polynomial over the field Z,, then

Zp[x]
(f(=))
[

([10, 295). If f(x) is a reducible polynomial in Z,[z], then every non-zero element in the

is a finite field with every nonzero element being a unit (has a multiplicative inverse)

factor ring ép(—gf)k ={a 2"+ - -Fax+ao+(f(z))|an,...,a0 € Z,} where n < deg f(z)

is either a unit or is a zero-divisor. The units of the factor ring form a finite Abelian group

under multiplication called the group of units mod f(x) and denoted by U < é’%g ) Since

every finite Abelian group is a direct product of cyclic groups of prime-power order, we

Zp|]
(f(=))

seek the structure for U < ) for various functions f(x).

1.2 Background Information

Definition 1.1. (/ll|], 46) The group U(n) under multiplication is the set consisting of all

positive integers less than or equal to n and relatively prime to n where n € N. The

group U(é’é%) consists of all nonzero polynomials g(x) + (f(x)) such that deg(g(z)) <

deg(f(x)) and g(x) and f(x) are relatively prime.

Definition 1.2. (/l/|], 237) A zero-divisor is a nonzero element a of a commutative ring R



such that there is a nonzero element b € R with ab = (.

Definition 1.3. (/l/)/, 239) A field is a commutative ring R with unity in which every nonzero

element is a unit.

Theorem 1.4. ([l/|], Exercise 7, 243) In a finite commutative ring R with unity, every

nonzero element of R is a unit or zero-divisor.

Definition 1.5. ([[1]], 391) Let G be a finite group and let p be a prime. If p* divides |G| and
p**L does not divide |G|, then any subgroup of G of order p* is called Sylow p-subgroup of
G.

Definition 1.6. (/1l], 156) Let G1,Go, ..., G, be a finite collection of groups. The external
direct product of G1,Gs, ..., G,, written as G| ® Gy @ - - - & G, is the set of all n-tuples

for which the ith component is an element of G; and the operation is componentwise.

Theorem 1.7. ([ll|], 212) Every finite Abelian group is a direct product of cyclic groups of
prime-power order. Moreover, the number of terms in the product and the orders of the

cyclic groups are uniquely determined by the group.

For any finite Abelian group G and an integer k written as k = ny + ng + -+ + ny
where each n; is a positive integer, Zpn @ Zypna @ - - - @ Zyne 1s an Abelian group of order
p*. The uniqueness portion of the Fundamental Theorem guarantees that distinct partitions
of k yield distinct isomorphism classes.

For the remainder of the paper, we will just use the coset representatives to describe

Zp[x]
(f(=))

cosets are taken mod f(x). Before finding the isomorphism class for U (

the elements of the multiplicative group U ( ) with the convention that all products of

Zp[z]

<f(m)>> for any

prime p and various functions f(z), let’s consider an example.
Example 1.8.
Suppose p = 5 and f(z) = (x — 1)(xz — 2). We want to find the isomorphism class of

o—1)(z—2)) (z=1)(z—

mine there are 8 zero divisors and zero, namely the set {0,z — 1,2(z — 1), 3(x — 1),4(x —

U((( B ) There are 25 elements in ZS—MQ» ={azx +b | a,b € Zs}. We deter-
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1), —2,2(x — 2),3(x — 2),4(x — 2)}. So |G| = ‘U(%)’ — 259 = 16. By
the Fundamental Theorem of Finite Abelian Groups, G is isomorphic to one of

Ly

Zg & Zo

Ly ® Ly

Ly ® Lo ® Lo

Do ® Lo & Lo ® Zso.

A useful fact is that two finite Abelian groups are isomorphic if and only if they have the
same number of elements of each order ([[1], 214). By calculating the orders of the ele-

ments, we find that the group has no elements of order 8 and exactly 3 elements of order 2.

So, the isomorphism class is Z4®Z,. O

Example 1.9.

Zp[z]

((@=1)%)

and zero. Since ‘U ( ( (fi[f)]2>> ‘ = 49—7 = 42 = 2-3-7, we know the only possibility for GG to

be isomorphic to is ZyBZs D 2. [l

with 6 non-units

Suppose p = 7 and f(x) = (x — 1). There are 49 elements in

We study the case when p = 2 separately, since it requires a different pattern then for odd

prime p case.



2 79 Case

Suppose p = 2and 2 < k < 9and f(x) is a reducible polynomial. By examining computer

data for the orders of elements we have:

Ly DLy DLy ® Lo

%Z16@24@ZQ@Z2 D

R Ly DLy DLy ® Lo ® Lo

L3P Ly P Ls® Lo ® Lo

Ry ® Ly B Ly P Lo ® Lo ® Loy ® Zs

%Zg@Zg@ZS@Z4@Z4@Z2@ZQ D




Next, we will generalize to the case when f(x) is a reducible polynomial and each

linear factor is raised to a power ¢ for any prime p.

3 Reducible Polynomial f(z) over Z,

For any prime p, we have:

AERW
LU () ~ 2,

Zp[$] ~
2. U(m) ~ Zp,1 @D Zp,1

Zp z ~
3. U(((xfa)(xf[b])(:pfc))> ~ ZP—I © Zp—l D Zp—l

4. U(Ey) ~ 2, 0,

> U(((fi[cgtc)]i“)) ~ Lp—1 D Ly ® 7, for odd prime p.

When p = 2, we have U( Lz[z] > ~ 7y

o7
Zp [cc]
6. U ( <<H>4>>

Forp=2: ~7Z,® 74

Forp=3: 7y ® 73D Zy
Forp>3:~Z, 1 ®Z, DLy Ly

Zyla]
.U ( <<x3a>5>>

FOT]?ZQI %ZQ@Zg

FOI'p:3C %ZQ@Zg@Zg@Zg
Forp>3: ~Z, 1. ®7Z,D Ly, DL, DLy

Zyp|x] ~ Zpla] Zyp|x]
8- U(«HP(H») NU<<< >@U((x ) ) Zpr Ly 1 ®Ly
Forp=2: ~1Z,

Forp>2: =7Z, 1®Zy 1 DLy



9. U(((w—az)g[(gj—w%) ~ U<<<ff[:>]2>) b U<<(fp—[f>]2>) N Ly © Lp-1 DLy DLy
Forp =2: =7y® Zs

Forp>2: =Z, 1 ®Zy 1 DLy DLy [

Our next theorem generalizes for f(z) is a single linear factor and any prime p.

Theorem 3.1. For a prime p and a € Z, we have U( Zyla] ) X L.

(z—a)

(z—a

<

Proof. Note the elements of U ( Zplr] ) are constant functions of the form ¢t 4 (x — a) where
t € Z,. Define ¢ : U(%) — U(p) were ¢(t + (x — a)) = t. A routine argument shows
¢ is an isomorphism and that U(p) is cyclic follows from the fact that Z,, is a field ([1],
368). O]

F[x]
fa(2)-fn ()

Our second theorem reduces the problem of determining the structure of 0

to the case where the f;(x)’s are relatively prime.

Theorem 3.2. Let f(x) and g(x) be polynomials over F|x] where F'is a field. If f(x) and

Flg] ., Fla]
F@e@n = Ty

(9())"

g(x) are relatively prime, then ; ®

Proof. By the First Isomorphism Theorem for Rings, it suffices to prove there is a ring

homomorphism ¢ from F'[z] onto <?([g> @ % with Ker ¢ = (f(x)g(x)). By Theorem
16.5 in ([11], 283), Ker ¢ = (f(z)g(x)) provided that degf(x)g(x) is an element of the Ker
¢ of minimum degree. Consider the ¢ mapping given by ¢(a(z)) = (a(z)+(f(z)), a(x)+
(g9(x))) where a(z), f(x),g(x) € F[x]. We want to show that ¢ is operation-preserving.

For all a(z), b(z) € F|x] we have, ¢(a(x)+b(z)) = (a(z) +b(x) + (f(z)), a(x)+b(z) +



Therefore ¢ is operation-preserving. Onto follows from the Chinese Remainder Theorem
for polynomial rings over a field [4]. Suppose k(x) is an element of Ker ¢ of minimum
degree. We will show (f(z)g(z)) = (k(x)). Observe that, ¢(f(z)g(z)) = (f(x)g(x) +
(f(x)), f(x)g(x)+{g(x))) = (0,0). So f(z)g(x) € Ker ¢ = (k(z)). Since k(z) € Ker ¢,
this means k(z) + (f(x)) = 0+ (f(z)). So k(z) € (f(z)). Thus, k(x) = f(z)i(x), and
deg(k(x)) > deg(f(x)). Similarly, k(z) + (g(z)) = 0+ (g(x)).

So k() € (g(x)), which means k(z) = g(z)j(z) and deg(k(x)) > deg(g(x)). Observe
that k(z) = f(z)i(z) and k(z) = g(x)j(x) implies k(z) = f(x)g(z)h(z), so k(x) is a
common multiple of f(x) and g(z). Butsince f(x) and g(z) are relatively prime f(z), g(x)
is the least common multiple of f(x) and g(z). It follows that k(x) is a multiple of

f(z)g(x), so k(x) € (f(x)g(x)). Thus f(z)g(x) is a polynomial of minimum degree and

— F[z] ~ _Fla] Flz]
(f(x)g(x)) = Ker ¢ from ([I]], Theorem 16.5). Therefore Ty ~ Tar @ uay: O

When I’ = Z,, we don’t need the Chinese Remainder Theorem to show the mapping

¢ is onto from Theorem For ¢ : - pr[x] — Ll g Z”m> and f(x) and g(z) are

(z)g(x)) (F(=)) = (g(=)
relatively prime, we have ‘#[;(}:m = p* where k =deg f(z)+ deg g(x). So é‘z—% &
Therefore ‘ < f(i ’;[;?I» = (%”?53]) (Zg ZZ:[:;]> , and ¢ is onto.

By induction, we have the following.

Corollary 3.3. If fi(x),..., fu(x) are relatively polynomials over the field F[x|, then

Fle) . Fli o o Fla]
@@y = ey @ P Ty

The next theorem is central to our goal.

Theorem 3.4. (/l/|], Exercise 24, 233) If Ry, R», ..., R, are commutative rings with unity,
thenU(Ri @ Ry® - @ R,) = UR) DU(R) ®--- D U(R,).

Corollary 3.5. If f1(x), fa(x), ..., fu(x) are relatively prime polynomials from F'[x] where
' _Fl ) o (L g EEL ) o p( E=L .
Fis a field, then U( sy ) ~ Uit @+ © goly) ~ Ulier) @ @

F[x]
U((fn(x»)



Corollary 3.6. Let ay, . .., a, be distinct elements in Z,,. Then U ( Lyla] @ an)>> ~

((z—a1)(z—az)-(z—

L1 @ -+ D Lp—.

Proof. From Corollary TheoremHand Corollary , we have U < < (x_al)(zzjg)]._' (x_an») =
v(Z) e eu(Z)~z, 0 0z 0

In light of Corollary we will hence forth will limit ourselves to rings of the form

é’z—g for special cases of f(x). The value of Theorem H is that we can determine the

structure of o= Zplr )} 5 by focusing on the case <p[ )] which is easy to handle when finding the

order of elements.

Theorem 3.7. Forall k > 1 and all a € Z,, m[ 4 s isomorphic to %.

Zp [w}

Proof. Let ¢ be the mapping from 7255 to =~ [a)]k> given by ¢(f(z) + (z%)) = f(x —a) +

((x — a)¥). We first show that ¢ is well-defined. Suppose f(z) + (z*) = g(z) + («*)

where f(x), g(x) € (I > Our goal is to show ¢(f(z)) = ¢(g(x)). From f(z) + (z*) =

g(z) + (z*), we have f(z — a) + ((x — a)*) = g(z — a) + ((x — a)*) by replacing = by

x — a. Therefore ¢(f(z)) = ¢(g(z)) and ¢ is well-defined.
To prove ¢ is onto, observe that for g(x) + ((z — a)¥) € Z,[z]/{((z — a)*) we have

d(g(x +a) + (%) = glx +a —a) + {(z + a — a)*) = g(x) + (z*). Thus, ¢ is onto.

Zp[x} — Zplx]
(@*) ((x=a)*) |"

under multiplication, note that, ¢(f(z)g(z) + (z*)) = f(z — a)g(x — a) + {(z — a)*) =
(fz —a) + ((z = &)} g(z — a) + {(x = a)")) = S((f(x) + (&*))s((g(z) + (z*)).

Therefore ¢ is an isomorphism.

That ¢ is one-to-one follows from

[

Our first goal is to determine the order of U < 2]

number of non-units in Zé,[ﬂ] where k£ > 1.

> To do so, we instead determine the

Theorem 3.8. For G = U(Zé%]) where k > 1, the number of non-units (zero + zero

divisors) is pF~!



Proof. Suppose that f(x) + (z*) is a zero-divisor and (f(z) + (2*))(g(x) + (zF)) =
f(@)g(x) + (z%) =0 + () for some g(x) + (x*) € Z@%] Then f(z)g(x) € (z*), which
means f(x)g(x) = h(z)z*. From deg f(z) < k — 1 and deg g(x) < k — 1, we know that

deg f(z)g(x) = deg f(x)+ deg g(x) < 2k — 2. This means deg(h(x)z") < 2k — 2. Since
deg(z"*) = k, we know deg h(x) < k—2. Thus h(x) = cp_s2* 2 +cp_ 12" 1+ +c1z4c

with ¢_a,...,co € Z,. So we have p choices for each coefficient and therefore p*~1 — 1

[] p[]

zero divisors in Tk - All other non-zero elements in [y are units. O]

Corollary 3.9. ’U(Z”[m]ﬂ (p—1)p*

It follows from Theorem the isomorphism class decomposition of G = U (Z”[x;>

consists of Z,_; and the factorization of the Sylow p-subgroup of G. To simplify the

notation, for a prime p and an integer k£ > 1, we will use G, , to denote the group U (Zp hj)
and Syl(G,,) to denote the Sylow p-subgroup of G,, .
In the following example we investigate the structure of G, when p = 3 and 2 <

k < 12, which were obtained by computer calculations. The general case follows a similar

pattern.



Example 3.10.

Zs|x
Zs|x

U <;[3>] T ® L ® Ly
7

U 3[35] %ZQ@ZQ@Zg

SN
BN

Loy ® Ly D L3 D L3

—
8

n

NG

Lo ® Ly D L3 ® ZLs ® ZLs

N
B

Q

Lo ® Ly D Ly ® ZLs D ZLs

SN
B

Lo ® ZLg® Ly ®ZLs®Zs D ZLs

Q

SN
B

Ly ® Lg D Lg D Ly ® Ly D ZLsDLs

Q

N
B

Q

Lo @ Loy B Zg ® Lz B Lz P Ls B Zs

=
N N e e e e N
N
W
=
e N N~ ~— — e — —
%

—
8
N
o
~

Following we determine the structure of Syl(G, ;). First, we need an important fact

about powers of the form (a; + - - - + am)pk in a ring of prime characteristic p.

Definition 3.11. (/1|], 240) The characteristic of a ring R is the least positive integer n
such that nx = 0 for all x in R. If no such integer exists, we say that R has characteristic

0. The characteristic of R is denoted by char R.

Theorem 3.12. For elements ay,as, ..., a,, from a commutative ring of prime character-

. . k k k k
istic p, we have (ay + -+ -+ + ap)P = ai? +as? + -+ a,?’ .

Proof. By induction on m it suffices to prove the case when m = 2. Observe that, for
k k k
ar,a; € R we have, (a1 + as)?" = (po)alpkazo + W)arP a4+ -+ (ik)aloazpk =

alpk + Clzpk as all other coefficients are a multiple of p. O

Another useful fact is the following.

10



Theorem 3.13. Fermat’s Little Theorem ([1|], 143) For every integer a and every prime p,

aP? mod p = a mod p.
From Theorem and Theorem in Z, we have the following.

Corollary 3.14. For a prime p and ay,as, . .., ay, we have (ay + az + -+ a,)P = a1 +

ag + -+ Qe

Having characteristic p for G, helps with proving statements about orders of ele-
ments in the group. Our first task is to determine the exponent of Syl(G, ). That is, the
smallest positive integer p’ where ' = 1foralla € Gp. We denote this integer by
exp(Syl(Gp)). Knowing the order of elements in Syl(G) ) will allow us to determine

the isomorphism class of G, ;, for odd prime p.

Theorem 3.15. For an odd prime p and an integer k with p"~* < k < p', the exponent of
Syl(Gpx) ="

Proof. We may view G, = {cx 12" 1+ -+ciz+co|cr1, ..., co € Zp,co # 0}, where
multiplication is done modulo (z*). If ¢y = 0, then the polynomial c;_2* !+ - - +¢;z has
a factor of x meaning the polynomial would be a zero-divisor and not in the set. For ¢y = 1,
observe that, (cj_12" 1 4 - 4+ c1z + ¢)?” = (cp_y)? 2? F=D 4o ()P 2P + cgi =
(¢e—1)?" (0) + - -- + (¢1)”' (0) + 1 = 1. Therefore, the order of every element of the form
cr12" 1+ -+ iz + 1in G, divides p’. To complete the proof, it suffices to show
that G, 5, has an element of order p’. Consider the element z + 1 € G,;. We know
x+1 € G,y as x + 1 does not have a factor of z. We want to show that  + 1 has order

i—1 %

p'. From Theorem [3.12] we have, (z + 1)*" " = 2/ ' + 177" = 2P 41 # 1. But

(z+1)” =27 +17 = 0+ 1 = 1. Therefore = + 1 has order p'. O

Corollary 3.16. For an odd prime p, exp(Syl(G,1)) = p' where i is the smallest positive

integer such that p' > k. For any given p, k, it follows that i = [log, k1.

Proof. We know from Theorem p' = exp(Syl(G,)). We can give an explicit for-

mula for i. Note that, i = log, p’ > log, k > log,p"~' =i — 1. Thus i = [log, k]. O

11



Now that we know exp(Syl(G) x)), we can make a general statement about the struc-
ture of the isomorphism class for G, .. For future reference we will want to know the order

of theelementz + 1 € G, .

Theorem 3.17. Let p be a prime and k such that p*~* < k < p'. For the element x + 1 €

Gpr and ¢y € U(p), we have |co(x + 1)| = |co|p.

i—1

Proof. Since (z+1)"' = 2”41 =1and (z+1)*" =27 +1# 1, weknow |z+1| = p.
Because ¢y € U(p) ~ Z,-1, |co| divides p — 1. Therefore |co| and |z + 1| are relatively

prime and |co(z + 1)| = |co||z + 1| = |eo|p". —

Corollary 3.18. For g(z) € Gy, where p' > k and g(x) has a constant term ¢y € U(p),

we have |g(z)| = |co|p".
Example 3.19.
If g(z) = 22°4+2+3 € G5 4, then |g(x)| = |3]5 = 4-5. O

Theorem 3.20. For prime p and an integer k with p'~' < k < p', we have G, ~ Z, 1 &

Syl(Gnk)

Proof. We must show that every element in G, ;, can uniquely written in the form ab where
aisin Z, 1 and bis in Syl(G, ). Every element has the form c;_12" ' + - + 1z + ¢
where ¢; € U(p) for 0 < i < k — 1 and ¢y # 1. Since ¢y has a multiplicative inverse, we
factor out co from ¢;_127¥ 14 - ~4-c12+co, to obtain co(cp Lo 12 g ter 1) = ab

where a = ¢y € Z,,_; and b = cglck,lmk_l 4+ 4 calclx + 1€ Syl(Gpi). O

As a corollary of Theorem we obtain the structure of G ;, for p < k. But first
we define the rank of Syl(G, ), denoted by 7k(Syl(G)px)), as the number of terms in the
factorization of Syl(G) ;). We determine the rank of Syl(G, ) by finding the number of
elements of order p in G}, ;. The rank and the exponent of G, together determine the

structure of G .

12



Corollary 3.21. If k <p, then G, < Zp_ 1 Ly, B --- B L, .

|
k—1

Proof. We know that there is no element of order p?® since the exponent of Syl(G, ) is p
for k < p. Since Z; = U(p) =~ Zy, 1, this is the subgroup of constant polynomials. For
the Syl(G) ), all the elements are of the form cp—12* 1 4+ -~ + c1x + 1. Observe that, by
Theoremand Corollary we have (cp_12* 14 Acir+1)P = gz F P g
c12? + 1 =1 as k < p. Thus, we have p*~! — 1 elements of order p and rk(Syl(G,x)) =

k — 1, which gives us k — 1 Z,, terms in the external direct product. [

Next, we want to determine the isomorphism class for any general p, k£ where p < k.

Let’s consider a few examples of the isomorphism class for p = 3 and p < k.
Example 3.22.

Suppose k = p = 3. We want to find the isomorphic class for G5 3. Since exp(Syl(Gp)) =
p' where p'~! < k < p', this implies that exp(G33) = 3 because 1 < 3 < 3'. Consider the
number of elements of order 3. We know G353 = {cox® + 12+ ¢o | ¢2, 1, ¢ € Zsz, co # 0}
and if ¢ = 1, we have, (co2® +c12+1)% = co28+c12®+1 = 1. Sothereare 32 = 9—1 =8

elements of order 3 and G3 3 ~ Zy®ZsDZLs. O
Example 3.23.

Suppose k = 4 and p = 3. To find the isomorphic class for G 4, note that 3 < k < 32.
So the exponent of Syl(G54) = 9 giving us at least one Zy in the external direct product.
For ¢y = 1 and k < 2 - 3, it follows that (c3z® 4+ cox® + 1)% = ¢3(2%)® + o(2?)* + 1 = 1.
This means there are 3°~! — 1 = 3% — 1 elements of order 3. Therefore rk(Syl(Gs4)) = 2
and Gs 4 = Zo ® Ly B Zs. O

In order to find the isomorphism class of G, it suffices to determine the isomor-
phism class of Syl(G, 1), the Sylow p-subgroup of G, ;.. The following theorems are useful

for finding rk(Syl(G) ) for p < k. We consider two cases.
Theorem 3.24. For k # 0 mod p, k(Syl(Gpri1)) = rk(Syl(Gpr)) + 1

13



Proof. First observe that if the isomorphism class of Syl(G,, ) for any subgroup of G,
of order a power of p is Zyni @ Zpns - -+ & Zyns then Tk(Syl(Gpr)) = s. In Gy, let
H, = {z € Syl(G,x) | 2 = e}. Then |H,| = p°® rk(Syl(G,xr) = s. Thus we can
find s by finding |H,|. We know |G, x| = p*~'(p — 1) where p"~! = |Syl(G,x)|. We
first observe that every non-identity element in /{1, has order p. Let m, be the smallest
integer such that & < myp. If m, < k — 1, then (¢j_12" 1 + -+ 4 ¢ 2™ + 1)P =
cp1 2P P4ty a™P 4 +1 = 1, s0 elements of the form 12" 4 - 4 2P 41
are in Syl(G, ). Conversely, for any element with a term ¢;z* with ¢ < m,, we have
z® # 0. For ¢;_1,...,¢1 € Z,, there are p choices for each coefficient. This means
we have p*—D=(m=1) _ 1 = pF=m» _ 1 elements of order p in Syl(G,). Therefore
|H,| = p*~™ = p*, implying that k — m, = s = rk(Syl(G,1)).

Now we want to show rk(Syl(Gpx41)) = k—m, + 1. The order of G 51 = pFt! —

p* = pF(p—1) and |Syl(Gpx+1)| = p¥, which means the number of elements of order p is

pF =1 = pF=metl 1. Thus rk(Syl(Gprs1)) = k—my+1 = rk(Syl(G,x))+1. O
Theorem 3.25. For k = 0 mod p, rk(Syl(Gpx+1)) = rk(Syl(Gp)).

Proof. If k = 0 mod p, then k& = m,p. From the proof of Theorem we have
rk(Syl(Gpr)) = k —m, when & < myp. Also, k +1 = 1 mod p implies m,p <
k+1 < (m,+ 1)p. When ¢y = 1, it follows (cpa® + -+ + cppa™ ™! + )P =
et + o 4 ™ TUP 41 = 1. So there are p*~"» — 1 elements of order p and

rk(Syl(Gprs1)) =k —my = rk(Syl(Gpk)). O]

Following is the algorithm for finding the rank of G, j, for odd prime p.

3.1 Algorithm for Isomorphism Class of G, ;.

1. If & = 1, then rk(Syl(Gpx)) = 0 and |Gpx| = p"'(p — 1) = p — 1. Thus,
Gnk ~ Zp—l'

14



2. For k = 2,rk(Syl(Gpx)) = L and |Gpx| = p**(p— 1) = p(p — 1). So Gy ~

Zoyr @ L.

3. Whenk = 3, 7k(Syl(G,1)) = 2 and |G, x| = p*"1(p—1) = p*(p—1), which means

Gpi = Lp—1 ® Ly ® Ly,
4. When 2 < k < p? and k # 1 mod p, add Z,, to the previous case.
5. If2 < k < p*and k = 1 mod p, replace L, with Z,> in the previous case.
6. When p? < k < p* and k = 1 mod p, add Z, to the previous case.

7. When p? < k < p® and k # 1 mod p, the rank remains the same as the previous one
but we replace one Z,2 with Z,s because p® is the exp(Syl(G,)). If one Z, already

exists, then we replace one of the Z, with Z,:.

To generalize for p and k with p < k, let m, be the unique integer such that (m, —
1)p < k < myp. Our next task is to show that if there are exactly pF~™ — 1 elements
of order p and rk(Syl(G,x)) = k — m,, we are able to find the isomorphism class for
G, given any values of p, k with p < k. Let’s consider an example using the formula for

rk(Syl(Gpk)).
Example 3.26.

Letp = 3and k = 16. Since 3 < 16, the value of m3 = 6. This means rk(Syl(G3.16)) =
k —mg = 16 — 6 = 10, the number of terms in the isomorphism class of the Syl(G3 16).
To determine the order of each component in the external direct product, we can find the
number of elements of orders of powers of 3. Since (015:515 + otz +1)3 =1, we
have 3'° — 1 elements of order 3. Also, (ci52'® + -+ + coz? + 1)? = 1, resulting in
314 — (319 — 1) elements of order 9. And lastly, (c;52° + - -+ c1x +1)? = 1, which means
there are 3" — (3 — (3'° — 1)) elements of order 27. This forces Gj 14 to be isomorphic to

Ly ® Lyt ® Lo ® Lo ® Lo ® L3 ® %3 ®%3® %3 ® %3 ®Ls. ]
6
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Example 3.27.

Ifp=3and k =19, then6-3 < 19 < 7-3. So the rk(Syl(Gs19)) = k — myg =
19 — 7 = 12. Using Theorem [3.15| we have exp(Syl(Gs,19)) = 27. We can find an element
in Gi3 19 of order 27 that generates the subgroup Zy;. Note that, (z+1)%" = 227+1 = 0+1 =
1, whereas (z + 1)? = 2 4+ 1 # 1. To determine the isomorphism class of Syl(G319),
it suffices to find the number of elements of order 3,9, and 27. Elements of order 3 have
the form c132'® + -+ - + ;27 + 1. Therefore we have 3'¥6 — 1 = 3'2 — 1 elements of
order 3. Similarly, elements of order 9 have the form, (clgxls + ezt + 1). There are
316 — (3'2 — 1) elements of order 9 as when cg = ¢; = --- = ¢3 = 0, we are counting
the elements of order 3. For the elements of order 27, we have 3'® — (316 — (312 — 1)),

Therefore, G3,19 =~ ZQ EBZ27@ZQ @ZQ@ZQ @Zg@Zg D---P Zg . O
—_———

7
The advantage of knowing the order of specific elements in G, is that it allows us
to find the internal direct product of G, ;. The next theorem tells us that if we know the

internal direct product, we also know the isomorphism class of the external direct product.

Definition 3.28. (/|/|], 184) Let H,, H,, . .., H, be a finite collection of normal subgroups
of G. We say that G is the internal direct product of H,,H, ..., H, and write G =
H1><H2><'~-><Hn,l:f

1G:H1H2Hn:{hlhghn|hz€Hz},

2. (HngHZ) mHi+1 = {e}fori = 1,2,...,71— 1.
Theorem 3.29. ([1l],185) If a group G is the internal direct product of a finite number of
subgroups Hy, Hy, ... , H,, then G =~ Hy X Hy X --- x H,~ HH ® Hy ® --- & H,,.
Example 3.30.

Suppose p = 3 and 3 < k < 10. We determine the external and internal direct prod-

uct for G's .

16



U(%;L?

U<Z<;4>) Ry Dly® L~ (2) x (x+1) x (2 +1)

)%Zg@Zg@Zgz(%x(x+1)x<x2—|—1>

~

8,

Note that the subgroup (2 + 1) is contained in (z + 1).

U(Zé[;;]) R Ly @ Do Ly @ Ty~ (2) X {z+ 1) x (2% + 1) x (24 +1)

U(Z;[ggl) Nl ® L ® Ly DLy ® Ly~ (2) X (w+1) x (22 +1) x (2t + 1) x (25 + 1)

: )%ZQEBZQEBZg,EBZg@Zg%@)><<:c+1>><<x2+1>><(x4—|—1>><<:c5+1>

{
) N 20 Ly @ Ly Ly S Ly Ly~ (2) X (a+1) X (a2 +1) x (2t +1) x (a° +

1) % (27 + 1)

Note that (z° + 1) is contained in (22 + 1).

U(%Eﬂ) R Ly ® Ly DL ® Ly DLy ® Ly Ly~ (2) x (x+1) x (22 4+1) x (z* +1) x

(2 +1) x (2T + 1) x (z®+ 1)

U(%;Jg;) ~ ZQ@ZQ7@Z9@Zg@Zg@Zg@Zg =~ <2> X <ZE—|—1> X <$2+1> X <ZB4—|—1> X
(2P +1)x (@"+1) x (z®4+1) O

In general, for the internal direct product of G, s, the terms of the form (1 + z#*) are
not present. This is because they are contained in the earlier terms in the product. Next, we

give the algorithm for finding the internal and external product of GG, ;, given any p and k.

3.2 Algorithm for Internal/External Direct Product

The following is an algorithm for the internal and external direct product of G, , = U (%Z,[f;] ) :

Case 1:

1. If k < p, then U(%L"’?) N Ty @ ® Ly By
—_————

k-1
Case 2: For p < k.
1. For the given values p, k, find the smallest positive integer m,,, such that & < m,,p.
Then rk(Syl(G,x)) = k — m,. Then there is a total of k£ — m, + 1 terms in the

internal and external direct product.

17



. To find the internal direct product of Gy, fill the first slot of the internal direct

product with (¢q) such that co € U(p) such that |¢o| = p — 1.

. Fill the K — m,, = rk(Syl(G,)) remaining slots with (z* + 1) where 1 < i and
skipping when ¢ is a multiple of p. Continue this process until all £ — m,, slots are

filled.

. If there are slots remaining, fill the slots with (z’ 4+ x + 1) where 2 < 7 and skipping

when 7 is a multiple of p.

. We now have the internal direct of G, ;. For each term, find the order of each sub-

group generator.

. The order of each tells us the isomorphism class, giving us the construction of exter-

nal direct product. [

Here is an example to illustrate the method.

Example 3.31.

Consider the case when p = 5 and k£ = 11. We want to find the external direct product

of G5 11 using the fact that k = 11 < m,p = 3-5. Thereare k —m, +1=11-3+1=9

terms. We will find the internal direct product first. The first term is an element ¢y € U(p)

where |¢y| = p — 1. Then we will fill the remaining 8 spots with z* + 1 skipping values i

that are multiples of 5. This gives us

2y x(x+1) x (22 + 1) x (@® + 1) x (2 +1) x @+ 1) x (2" +1) x 2® + 1) x (27 +1).

To obtain the external direct product, we find the orders of each generator. Since 2 €

U(5) such that |2| = 4, the first term of the external direct product is Z4s. Computing

1

the remainder of orders of the elements utilizing the fact that z¥ = z'* = 0 gives us,

lz+1] = |22 +1| = 25 and |2%+1| = |21+1| = [2541| = |27 +1] = |28+1| = [2°+1]| = 5.

18



From Theorem[3.29] the internal direct product is isomorphic to the external direct product,

which means

Gs.11
~(2) x (+1) x (@ +1) x (2®+ 1) x (2" +1) x (2° + 1)
x (27 +1) x (2® + 1) x (2" + 1)

R Loy @ ZLios @ Ligs ® Lis © Lis @ Lis © ZLs © Lis D Ls O

We mentioned that the above results pertaining to the isomorphism class of groups of the
form U ( Z”[x>) carry over to all finite fields where we replace p with ¢ where ¢ is a prime
power. Our results involving the internal direct product rely on the specified prime p and the

specific polynomial f(x) for i f?[z)]> Note, that the previous results pertained to reducible

polynomials over Z,. The next theorem explains why.

Theorem 3.32. ([1], 295) Let F' be a field and p(z) be an irreducible polynomial over F.

Then (le([f)]> is a field, and when F'is finite, the nonzero elements form a cyclic group.

In the next section, we investigate the case when f(x) is a degree 2 irreducible poly-

Zp[z]

nomial over Z,. For f(z)" with k > 1, the factor ring T

7 is a not field, since f(z)isa

zero-divisor in Z,,.

4 U (%) where f(z) is a quadratic irreducible over

Ly

In Section | our results handle U ( Zp [x)]>> for all f(x) of degrees 2 and 3 and all polynomi-

als of degree 4 or 5 except those that have a factor of the form (g(z))? where g(z) has degree

2 irreducible polynomial over Z,,. In this section we investigate G o, = U < f(” [;E] ) for the

case when f(z) is a quadratic irreducible over Z,,. Before we begin with f(z) = 2% + 1,

19



we first need a lemma.
Lemma 4.1. If p is a prime of the form 1 + 4t, then x* + 1 is reducible over Z,,.

Proof. Suppose p = 4t + 1 for some t € N. We want to show that 2% + 1 is reducible
in Z,,. For any element ¢y € U(p) =~ Z,_1 ~ Z4 and the order of ¢, divides 4¢. But
since Zy4; is cyclic, there exists an element for each divisor of 4¢. In particular, there exists
an element ¢y € Zy; such that |co| = 4. So cy* = 1, which implies ¢;* — 1 = 0 and
(co> = 1)(co? + 1) = 0. If g — 1 = 0, then |cp| = 2 which is a contradiction as |cy| = 4.
So co? + 1 = 0 implies —cy? = 1 and (z — co)(z + ¢g) = 22 — > = 2> + 1. Thus ¢y is a

zero of the polynomial 2> + 1 and therefore 22 + 1 is reducible in Z,,. 0

Zpla]
Because Ty

and find the isomorphism class for the Sylow p-subgroup of G, 01, = U (%) We first

7 is a field when f (z) is irreducible over Z,, we consider f(z)" for k > 2

f(@)F)

determine the order of this group.

Theorem 4.2. When f(x) an irreducible polynomial of degree 2 over Z, and k > 1, we

have |Gy o| = ‘U< Z’;[;:@)’ = p? 2 (p* - 1).

Proof. Suppose g(z) € <f(p[ ]> and g(x) is a zero-divisor. Then deg g(z) < 2k — 1 and

g(z) must have f(z) as a factor. So g(z) = (cop_32?* 3 + -+ + 12+ o) f(x). We have p
choices for each coefficient, giving us p?*~2 terms that are zero-divisors or zero. Therefore

the order of U( [x]>> is p?F — p?k—2, O

We begin with an illustrative example of p = 3 and 3 < k < 6, which were obtained

by computer calculations. The general case follows the same pattern.
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Example 4.3.

Z
U7 zﬂm) Ly © Ly Ly

Z

Z
U<<(as2ﬂ>s>> NLs©@Ly DLy DLy S Ly O L & L

Zs[x]
U(<($2—|—1)6))%ZS@Z9@Z9@Z3@Z3®Z3@Z3@Z3@Z3 O

In each case, observe that rk(Syl(G,2r)) = n, where the number of elements of
order 3 is 3" — 1. As before, for a fixed £ and p, let m,, be the smallest integer such that

kE < myp. Then 2k < 2myp.

Theorem 4.4. Let f(x) be an irreducible polynomial over Z, and degf(x) = 2. For

k < m,pand m, <k, the rk(Syl(Gpar)) = 2k — 2m,,

Proof. Consider the elements of the form f(z)™(h(x))+ 1 for h(z) € (?(p_g%. The degree

of such an element is deg (h(x)) + 2m,, < 2k, which implies deg (h(z)) < 2k — 2m,,. So,
the elements f(z)™ (h(z)) + 1 = f(2)™ (cok—2m,—12°*2™»~1 + .-+ 4 ¢o) + 1. There are

2k—2m,,

p choices for each of the 2k — 2m,, coefficients, giving us p — 1 elements of order p.

Thus, 7k (Syl(Gpak)) = 2k — 2m,,. O

The next two results are analogous of Theorem and Theorem

Corollary 4.5. If G = U( Zylo] ) and plk, then rk(Syl(Gyar)) = rh(Syl(Gpansr)).

(f@)"*)
Proof. We know from Theorem @4.4| that 7k(Syl(Gp2r)) = 2k — 2m,, where k < myp.
Since k = 0 mod p, this implies k = m,p. Then k +1 = 1 mod p, so k +1 < (m, + 1)p.
It follows that the non-identity elements in G, 2(x+1) of the form f(x)™ ™ h(z) + 1 have

order p. We know deg (f(z)™ ! h(z) 4+ 1) = deg (f(x)™ )+ deg (h(x)) = 2(m, + 1)+
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deg h(x) < 2(k + 1). Thus deg h(z) < 2k — 2m,, and we have p**~?™» — 1 elements of
order p and rk(Syl(G)pa+1))) = rk(Syl(Gpar)). O

Corollary 4.6. If G, o1, = U((J%(px[;c'l)

) andp 1 k, then rk(Syl(Gpar))+2 = rk(Syl(Gp2r+1))-
Proof. The rk(Syl(Gpax)) = 2k — 2m,,. Since k # 0 mod p, then k£ + 1 # 0 mod p or k +
1 = 0 mod p. But k& < m,,p implies k + 1 < m,p since k # 0 mod p. Then (f(z)"?h(z) +
)P = f(x)™Ph(x)P + 1 = 1. Since f(z)™h(z) + 1 € Gpox, deg (f(x)™h(z) +1) =
2m,+ deg h(x) < 2(k+1) sodeg h(z) < 2k —2m,, + 2. Therefore there are p**~2m»+2 1

elements of order p and rk(Syl(Gpow+1))) = rk(Syl(Gpar)) + 2. O

The following theorem gives us insight of the structure of the external direct product

consisting of Syl(G, ;) and the cyclic subgroup of order p* — 1.

Theorem 4.7. For Gp o, = U ( <?(’;[L;}>> where f(x) is an irreducible polynomial of degree

2 over Z,, G, 21, has an element of order p? — 1.

Proof. Consider the group homomorphism ¢ from the group G, o, = U < <?€K’1>> to ( 5}2%) =

GF(p?)* given by ¢(g(x) + (f(2)*)) = g(x) + (f(x)). We will prove that ¢ is onto. Let
g(z) + (f(x)) € U( %f’[x] ) The pre-image of g(z) + (f(x)) is g(z) + {f(x)*), which is

an element of U( (w)]>> since deg g(z) < deg f(z) < deg f(z)".

Since GF(p*)" is a cyclic group of order p* — 1, let ¢(g(z)) be an element in

(%) such that |¢(g(x))| = p* — 1. From property 3 of Theorem 10.1 ([IIl, pg 196),

6(g(x)| divides |g()]. But we know |U( 72k ) | = p*2(p*=1). So lg(x)| = pi(p*~1)

for 0 < i < 2k — 2. It follows that |(g(z))?'| = p? — 1. Therefore G, o, = U(ffg])) has

an element of order p? — 1. O

i—1

Corollary 4.8. For prime p and an integer k with p < k < p, we have Gpop =

ZPQ*I éh Syl(Gp,gk).

Proof. Following from Theorem 4.7, we have a cyclic subgroup of order p*> — 1, giving a

Z,2_; term in the external direct product. All elements of the form (22 + a)h(x) + 1 will
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make up the Syl(G,, o) subgroup, where ¢t < k — 1 and h(x) € Z,[z]|. These elements will

have order that divides p’ since (2> + a)'h(z) + 1)*' = (22 + @) h(z)? +1=1. O

4.1 Algorithm for isomorphism class of G, 2, where deg f(z) = 2,
f(z) is irreducible, and 1 < k < p?

1. If k =1, then Gp o1, = Zy2_.

2. If k = 2 < p, rk(Syl(Gpar)) = 2 and |Gpar| = p*2(p? — 1) = p*(p* — 1). So

Gpok = L1 © Lyy © Ly

3. If k = 3 < p, we have rk(Syl(Gp o)) = 4 and |Gpax| = p*2(p* — 1) = p*(p* — 1),

which means G, o, = Zy2_1 © Zyp O Ly © Ly © Zy,.
4. If k < k < p, continue by adding two Z, to the previous case.
5. If p < k < p*and k # 1 mod p, add two Z, to the previous case.
6. If p < k < p* and k = 1 mod p, replace two of the L, with Z,> in the previous case.
7. When p* < k < p*® and k = 1 mod p, add two Z,, to the previous case.

8. If p> < k < p® and k # 1 mod p, the rank remains the same as the previous. Replace
two Z,2 with Z,s because p* = exp(Syl(Gpar)). If two Z,s already exist, then re-

place two Z,, with two Z,y:.

Analogous to the reducible case, we will use the internal direct product to gives us
the external direct product for all p and k. All odd primes p have an irreducible polynomial
of the form f(x) = 2% + ¢y. When p = 2, we used the polynomial f(z) = 2° + x + 1 to

make generalizations about the internal direct product.
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4.2 Algorithm for Internal/External Direct Product for U ( < (?IEEC)]’U) for

2 < k and f(x) is an irreducible polynomial over Z,

Case 1:

1. Ifk:gp, then Gp,kaZpQ—l@Zp@"'@Zp
—_——

2k —2

Case 2:

1. For p < k, let m,, be the smallest integer such that & < m,p. Then rk(Syl(G,ax)) =
2k — 2m,, and there are a total of 2k — 2m,, 4+ 1 terms in the factorization of the

external direct product.

2. To find the internal direct product of G, o, fill the first position of the internal direct

product with the element of order p?> — 1in U ( <?&[;]€> >

3. Fill the remaining 2k — 2m,, slots with (f(z)’ 4+ 1) and (f(z)’z + 1) where 1 < j

and j is not a multiple of p. Continue this process until all 2k — 2m,, slots are filled.

4. We now have the internal direct product of G, o5 To obtain the external direct prod-
uct, replace every term of the internal direct product by the group of the form 7Z,,

where r is the order of the generator.

In the next example, the generators for the term Zg in the internal direct product were found

by a computer.

24



Example 4.9.

U(%) ~ T ® Ts @ L

(D) x (@2 + 1)+ 1) x {(2®+ Dz + 1)

Z3[l’] -~
V() ~ e Zels
~ (o + 1) x ((2° + 1) + 1) x ((2° + Dz + 1)

Zs|x] N
U@FTFQ”%@%@%@%@%
(1) x (@2 + 1)+ 1) x {(2® + Dz + 1)
x {(*+ 12+ 1) x (22 + 1)%2 + 1)

Z3|7] N
U(m) LD Ly DLy ® Lz P Ls

(Tt 1) x (@2 1)+ 1) x (2% + Do+ 1)
X (@ +1)* + 1) x ((2® + 1)’ + 1)

Zs|x
U(ﬁ) %Zg@Zg@Zg@Zg@Zg@Zg@Zg

~ @+ 1) x (@2 + 1)+ 1D x (2% 4+ Do+ 1) x ((@® +1)* +1)
x (2 + 1224+ 1) x {(®+ 1)*+ 1) x ((®+ D)*z+1) O

Here is the verification for U(%). Let H = (z" + 2% + 2+ 1), Hy = ((2* +

1)+ 1),..., Hy = {(22 + 1)*z + 1). Since U(%) is Abelian and (U(%) ‘ _
|H,||Hy||Hs||Hy||Hs|, all we need to do is show that H1Hy--- H, N H,y1 = {1} for
1 =1,2,3,4. We can ignore the H; term because it has order 8 and all the other terms have
order a power of 3. We first show that H, N H3 = {1}. If the intersection was not just the
identity, then they would have an element of order 3 in common. So ((z? + 1) + 1) =
((z* + 1)z + 1)* where s = 3 or 6. But evaluating x = 0 gives 2 on the left and 1 on
the right, which confirms that H, N H3 = {1}. Next, we show that HoH3 N Hy = {1}.

If HoH; N Hy # {1}, then they have an element of order 3 in common. So we have
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(22 + 1) + D)*((z* + Dz + 1)*2 = ((#* + 1)? + 1)>. But evaluating on the left at
x = 1 gives 0 and on the right gives 2. Thus HyHs N Hy = {1}. Next, we want to show
HyH;HyNH; = {1}. If HyH3HyN H5 # {1}, then they would have an element of order 3
in common. So we have ((22+1)+1)% ((z24+1)z+1)*2((z*+1)?+1)* = ((2?+1)*z+1).
Evaluating at x = 1 on the left side, each factor gives us 0 and on the right side we get 2.
Thus HyH3H, N Hs = {1}. Therefore, U(%) ~{aT+ a2+ +1) x (2?2 +1) +

D x (22 4+ 1)x+1) x (22 +1)? +1) x {(z* + 1)%x + 1). We have the full classification

for reducible and irreducible polynomials over Z,. Next, we will study the structure of

subgroups of U ( Zpr] ) for various f(x).

5 Subgroups of the form Ug(x)< ) where f(z) is re-

ducible over Z,

In [1] Gallian uses the set Ux(n) = {z € U(n) | = kt + 1,t € Z} to create subgroups of
U(n).

Example 5.1.

One subgroup of U(105) is U7(105) = {1, 8,22,29,43,64,71,92}. To see that this is
a subgroup, note thata = 1 mod 7 and b = 1 mod 7, then ab mod 7 = (e mod 7)(b mod 7) =
1-1=1. 0
In this section we investigate the analog to the subgroups of U(n). We define a
subgroup of U( Zyla] ) as Uy (%:;;1 ) {(h(z) € U( Zyla] ) | h(z) = g(a)t(z) + 1}
where deg g(z) < deg h(z) < deg f(x) and t(z) € Z,[z]. We will give a few examples

to illustrate this idea.

Example 5.2.

Let g(z) = z, f(z) = 2% and p = 3. Then, Ux(zé[f

) = {h(@) e v (2

) (h(x) _
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xt(x)—l—l} and t(x) € Zsx]. ForU(Z‘*’[x]) {1,2, z4+1, 242, 22+1, 2042} = (x+2),

which means U, <Zg[$]> ={l,z+ 1,2z +1} = (x + 1). O

Example 5.3.

Suppose g(z) = 2%, f(z) = ® and p = 3. Then, U$2<Zi > { (x) € (Zigx]ﬂh(a:)
= 22 t(z) + 1} and t(z) € Zslz|. If we list the elements of U<Z ) we see that

UZQ(Z;%]) = {1,22+1,222+1}. O
Example 5.4.
Suppose g(z) = z + 1, f(z) = 2% and p = 3. Then, Uxﬂ( [9;]> = {h(a:) €

U(%;[;i]) ‘h(m) — (x4 1) t(x) + 1, t(z) € Zs[z]}. We know U(Z”]) 1,2,2+1,7+
2,2x + 1,2z + 2}, which means U;EH(Z3

M) = {1,204+ 1,0 +2,2c+1,2¢ + 2} =

U (Z<3 [“;]> We get the entire group back, which is in agreement with Theoreml

Example 5.5.

The group U(ZZLﬂ) = {1,224+ 1, 2+1, 2%+ 2+ 1,23+ 2?4+ 2+ 1, 23+ 2>+ 1, 23 + 2+
1,3 +1}. ThesubgroupUﬂ(Zi[x) = {1, 22+ 1,22+ 1, (z+1)2®+1} = {1, 22+ 1,23+
1,23 +2%+1}. O
Example 5.6.

The group elements of U( IQZi[fl) ) = {1,2,22 + 1,222 + 2,22 + v + 1,22% +
2 + 1,2+ 2,20 + 1,22 + z + 2,22% + x + 1,22% + 22 + 2}. One of the subgroups is
Uy (%) = {1, 22+ 1}. To verify closure, note that (2> +1)? = 2+ 22 +1 = 2% +
20241 = 1. [

Recall from [1], if n = st where ged(s,t) = 1, then U(st) ~ U(s) & U(t) and
Us(st) ~ U(t). Theorem[5.7|is an analog of the result for U(st) where the first statement

in Theorem [5.7] follows from Theorem

Theorem 5.7. Let s(x) and t(x) be relatively prime elements of Z,[x]|. Then U (Z;—x]> ~

(z)t(z))
U((Z,ELI > o U(Zp[m ) Moreover, Uy, (#ﬂ») is isomorphic to U(ZPSD'
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Proof. Let s(z) and t(x) be relatively prime polynomials in Z,[z] where the mapping ¢
from Uz (Zp[x]/(s(x)t(x))) to U(Zy[x]/{t(x))) is defined by ¢(h(x) + (s(x)i(x))) =
h(x) + (t(x))-

To simplify the notation let I = (s(x)t(x)) and J = (t(x)). To prove that the mapping
is onto it suffices to show that it is one-to-one and |Uyy)(Z,[x]/1)| = |U(Zp[x]/J)|. It fol-
lows from properties of modular arithmetic that the mapping ¢(h(x)+ 1) = h(x)+ J from
the ring Z,[x]/I to Z,[x]/J is a ring homomorphism. Let the distinct coset representatives
of Zy[z]/J be to(x) = 0,t1(x),... , th—1(z). In Zyx] /T let S = {1+ I, s(x)t1(x) + 1 +
I, s(x)to(x)+1+4+1, ..., s(x)t,—1(x)+141}. We claim that restriction of ¢ to .S is a one-to-
one mapping from the set S to the ring Z,,[z]/J. If s(x)t;(z) + 1+ J = s(x)t;(x) + 1+ J
with deg t(x) > deg (t;(z) > degt;(x) > 1 then (t;(x) — t;(x))s(z) = 0 mod t(x).
This means that ¢(x) divides ¢;(x) — t;(x) and therefore ¢;(z) = t;(x) (because deg
t(x) > deg (t;(x) — t;(z))). Next observe that every element in S is a unit in Z,[z|/]
or a zero-divisor in Z,[x]/I. Because all elements in S are relatively prime to s(x), if
s(x)tg(x) + 1 4 I is a unit in Z,[z|/I then ged(s(z)tk(z) + 1,¢(x)) = 1 and therefore
there is no nonconstant divisor of ¢(z) that divides s(z)tx(z) + 1. But this means that
s(x)ty(x)+ 1 is relatively prime to ¢(z) and therefore ()t (x)+1+J is aunitin Z,[z]/J.

Conversely, if s(z)t;(x) + 1+ I is a zero-divisor in Z,[x]/I then the there is some noncon-

stant divisor ¢ (z) of ¢(z) that divides s(z)t,(z) + 1. Then gb(tt/((z))

(s(@)tp(z) + 14+ 1)) =
t(a:)(%) + J = 01in Zy[z]/J. So, s(x)tx(x) + 1 + J is a zero-divisor in Z,[z]/J.
Thus, because S and Z,[z]/.J both have exactly n elements, we have proved that ¢ maps
the units in .S onto the units in Z,[x]/J and the zero-divisors in S onto the zero-divisors in
Zy|z]/J Since the units in .S = U, (Zp[x]/1) and the units in Z,[x]/J = U(Z,[z]/J), we
have |Us(z)(Z,[z]/1)| = |U(Z,|x]/J|, as desired.

]

The next theorem shows that without loss of generality, we may assume that for sub-

Zp[x]
(f(=))

groups of the form Uy, < ) We may assume that g(z) is a divisor of f(z).
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Theorem 5.8. If o(x). f(x) € Zyf), then Uyoy ({75} ) = Ut s (5 )

Proof. Following the proof from [2], let gcd(g(x), f(x)) = d(z), where g(z) = d(x)h(x),

);
and b(z) € Uy (Zz;[v’gg). We want to show b(z) € Ud(x)(ézzg). We know b(z) =
g(x)t(z) + 1 (mod f()), which implies b(x) = d(x)h(z)t(x) + 1 mod f(x) and b(z) €
Uite) (25 ) - Thus Uy (F22F) € Ui (£225 ) For () € Uy (725) we have
b(z) = d(z)t:(z) +1 (mod f(x)) for some t[x] in Z,[x]. We know there exists polynomials
s(x) and t () in Z,[z] such that s(x)g(x)+t, (x) f(x) = d(x) since d(z) =ged(f(z), g(x)).
Therefore b(r) = (s(2)g(z) + t(x) f(2))t: () + 1 = g(x)(s(x)t:(2)) + 1 (mod f(x)). So

ol Lplx
be) € U (755) imptying Ui (75 ) € Vo (1757 ) -

The patterns of the examples allows us to determine the order of the subgroups of

the form U, ( o >]) which we will denote H,, ;. ;. We use Syl(H, ) to denote the Sylow

p-subgroup of H, ;, and the rank of H,, ., by rk(Syl(H, .))-
Theorem 5.9. For prime p and 1 <t < k, we have |U,. (Z”MN |Hppi| = p" "

Proof. Every element in the subgroup H,, . ; has the form z'h(x)+1 such that h(z) € Z,|z]
and deg (z'h(z) +1) < k — 1. We know deg(x'h(x) + 1) = deg(h(z))+ deg(z') < k —1.
So deg h(x)+t < k—1giving deg h(z) < k—t—1. Thus h(x) = cp_s_12* 1+
o (%8| = 1 Hpwed =9 =

Corollary 5.10. Let p be a prime and 1 <t < k. If k < p, then rk(Syl(H, 1)) =k — t.

C pxmp+...

Proof. Suppose k < p. Every element in H,; ; has the form z'h(z) + 1 for h(x) € Z,[x].
To find the rank, we will determine the number elements of order p. Since (z'h(z) +1)P =
zPh(xz)? 4+ 1and k < p < tp, we have 2Ph(z)? + 1 = 1. So every element has order 1 or
pin Uy <Z§[I ) We know from Theorem 5.9, that [, ;, has order p*t, so it follows that

*)
rk(Syl(Hpr+)) = k —t and we have k — ¢ copies of Z,. O

As before, we let m,, be the smallest integer such that & < m,p for G, .
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Corollary 5.11. If p < k and t < m,, then rk(Syl(Hpx:)) = k —my. If p < k and
my <t, then rk(Syl(Hp 1)) =k —t.

Proof. Suppose p < kand t < my,. So (z'h(z)+1)P = (2 (12" 14+ e 2™ +
ce oy & 4 0g) +1)P = ((Cpmg1 2T T ey ™
coxt) +1)P = ((cp_yrz®FP 4. .+cmpx(mp+t)p_|_. C oy PP+ -+ o) +1). The
last term to be killed off is ¢,,,_;x™P. For elements of order p, the coefficients ¢,,, ;1 =

f—t=1=(mp—t=1) _ 1 — pk=m» _ 1 elements of order p

- = ¢g = 0. Therefore there are p
and rk(Syl(Hp ) = k —m,,.
If p < kand m, < ¢, then (h(z)a’ + 1) = 1as k < myp < tp. So every element in

H, . has order 1 or p. Again, rk(Syl(H,.)) = k —t. O

Corollary 5.12. Ifk <porp < kand m, <t,then Hy}, ~ Z, ® --- D Z,

—_———
k—t

The rank tells us the number of terms in the isomorphism class for H,;;. So to
determine the structure of H, j ,, it suffices to find the exponent of U, (Zé—,[f;]) As before,

let i be the smallest positive integer such that & < p’ for G, 1.

Theorem 5.13. For a prime p and integers k and t with 1 < t < k, let j be the smallest
positive integer such that k < tp’. Then p’ is the exponent of H, ., where j = [log, k —

log,, t].

Proof. Recall that every element in H, ., has the form zh(z) + 1. Then (z'h(z) + 1)¥ =
xtpjh(a:)pj +1= xt”j(ck,t,lx(’“_t_l)pj + a4 4o + ¢o) + 1 =1 and, by
.o, .. . . - . k. : k
definition, j is the smallest such integer. Since k£ < tp’, this means < and [logp ﬂ <

flogppﬂ = j. Thus [log, ﬂ = [log, k —log, t] = j. O

Let’s find the isomorphism class for the subgroup U, (Z&[f’;]) forp =3,k =4, and

1<t <4

Example 5.14.
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We will determine isomorphism classes using the cancellation property for U, (Zé Efg] )

for 1 <t < 4 where U(%i[f?) ~ Lo DLy D ZLs.

t=1 UI(ZBM) m(a 1) x (22 1) R Zy B Ty ~ Syl(U(%;[j;] )

i=2 (B sy x @ s zez = su(v(E)
t=3 Uys (Z<;£x>]) ~ (2P 4+ 1) = 7y = Syl(U(Zix[)x]))
(Zg[x]

)%Zl L]

Example 5.15.

)%(ZL’-'—:L)X<l’2+1>X<Q§'3—|—1>X<$4+1>%Z9®Z9@Z3@Zg

(D x (@ D) x (@ D) x @+ 1) Ly DLy D L3 D T

~ @A) x @) x @) x @ 2P ) R Ly DLy D L D Zs

~ @+ D) x @+ 1) x @+t + 1) m 2y D s D Zs

~(r?+ 1) x (2 4+ 1) R Zs B Zs

Note, when ¢ = 3, the rank is k — ¢ since m3 = ¢ and |H3 7 3| = 373 = 81. Similarly,
when t = 4, the rank is k — ¢ since mg < t and |H3 74| = 37* = 27. Once the deg
g(x) =t > m, for agiven p, k, then every element in H,, ;, ; has order 1 or p. So the order of

H,, 1., tells us the rank, which in turn, gives the structure of H, 1, ;. [
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5.1 Algorithm for Internal/External Direct Product for Subgroups of

)

1. If k < p, then U, (%Lﬁ}) Ny ® B L,
—_————
k—t

2. For the internal direct product, fill the first slot of the internal direct product with (z’+1).

the form U, (@f’;}

Case 1:

3. Fill the remaining slots with 2% + 1 for each i > t + 1. We will allow the first 7 value

such that p | 7, but skip values of i such that ¢ > p and p | ¢ for the remainder of the internal
direct product.

4. Next, find the order of each term.

5. These orders tell us the isomorphism class.

Case 2 (a)

Let m,, be the smallest positive integer such that & < m,, p.

1.If p<kandt > m,, then Hy, ), = Z, ® - - O Zy
N——

k—t
2. To find the internal direct product, fill the first slot of the internal direct product with

(z* +1).

3. If t | p, fill the remaining slots with x’ + 1 for each ¢ > t + 1, skipping values of i such
that 7 > p and p | i. Continue this process until all slots in the internal direct product are
filled.

4.1f t 1 p, fill the remaining slots with x' + 1 for each ¢ > t + 1, including the first 4 that’s
a multiple of p and skipping values of 7 such that ¢ > p and p | i for the remainder of the
internal direct product.

4. Next, find the order of each term.

5. These orders tell us the isomorphism class.

Case 2 (b)

1. If p < k and t < m,, then the rank is k& — m, where m,, is the smallest positive integer

such that £ < myp. There are k — m,, terms in the factorization of the external direct prod-
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uct.

2. To find the internal direct product, fill the first slot of the internal direct product with
(x' 4 1). If there are leftover slots, then fill those slots with (x4 z! 4 1).

3. Follow the same steps as Case 2 (a).

4. Next, find the order of each term.

5. These orders tell us the isomorphism class. 0

U<ZP[T]>
Theorem 5.16. Fort < k, we have <—;k[>] ~ < Zp[x]>.
o (8)
o\ (=F)

Proof. Let ¢ be the group homomorphism from G = U (Z”[x ) toG =U (Z"’["E]) defined

by gKer(¢) — ¢(g), in the First Isomorphism Theorem in [1]. Since U

/\/\

Abelian group and U, (%;L?) is a subgroup from Definition ??, we have

‘U< zl[:;]>‘ M (p— <

=, ‘ = 2D — pi(p — 1). Note that ‘U(Z”[ ]>‘ =P p— 1) =
Uyt | 2

(ak)

We will give an example to illustrate Theorem

Example 5.17.

Suppose p = 3, k = 10, and ¢t = 3. Then the mapping from U( 3[’“]> to U<Zs[$>

given by the mapping ¢ : g(z) + (z'°) — g(z) + () is a homomorphism. Con-

| g(z) = h(z)z® + 1}. Using the

sider the subgroup U, 3<<Z3[x;> = {g(x) € U(ZPM

group is all of U (Z”[x ) is

)U(%;Lf;})‘ —3°(3-1) = 18.
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Finally, we consider U,y ( <?E’xfk> ) when f(z) is an irreducible quadratic polynomial

over Zy.

6 Ujyy ( f(p[)])) where f(x) is a degree 2 irreducible poly-

nomial

Theorem 6.1. For prime p and 1 <t < k, we have |Uy (g <%>| = pPh—2t

Proof. We know Uy, < Z(’;[;C])) {h(z) € U( Z"Kk ) | h(z) = f(x)'g(x) + 1} where
g(z) € Zy[x] and 1 < t < k. Similar to the proof for Theorem [5.9] we know deg h(z) =

deg (f(x)'g(x) + 1) < 2k. This means deg g(x) < 2k — 2t resulting in p choices for each
(z)t ((?(px[ﬂ)rl}v>> | = PR O

As was with the reducible case, we will simplify the notation by using H,, o5, o, for

of the 2k — 2t coefficients. Therefore,

Us(z)t (%) for the subgroup of G, o;. To determine the isomorphism class of H,, o o1,

it’s helpful to know the rank.

Corollary 6.2. Let p be a prime and 1 < t < k. If k < p, then rk(Syl(Hpor2)) =
2%k — 2t = 2(k — 1),

Proof. Every element in H, o o; has the form f(x)'g(z) + 1 for g(z) € Z,[x]. To find
the rank, we will determine the number elements of order p. Since (f(z)'h(z) + 1)? =
f(x)Ph(z)?+1and k < p < tp, we have f(z)”h(x)?+1 = 1. So every element has order
1or pin Hpop 2. We know from Theorem , that [, o1, o, has order p?F=2 50 it follows

that rk(Syl(Hp 2k 2t)) = 2k — 2t and we have 2k — 2t copies of Z,,. O
As before, we let m,, be the smallest integer such that k& < m,,p for G, ;.

Corollary 6.3. If p < k and t < m,, then rk(Syl(Hpox2t)) = 2k — 2t —m,,. If p < k and

» < t, then rk(Syl(Hp ok ) = 2k — 2t.

34



Proof. Suppose p < kandt < m,. Then (f(x)'h(z)+1)? = f(x)Ph(x)?+1and f(x)" #
0 since tp < myp. But (f(z)'h(z) + 1)P = f(2)Ph(x)? + 1 = f(2)P(cop_g_ 1227271 +
ot O™ Cmp_lxmpfl +otarte)l+1l= f($)tp(C%_zt_ﬂ(?kﬂtfl)p R
Crn,y PP + cmp_lx(mp_l)p + -+ 412 4 ¢) + 1. The last term to be killed off is Crn, PP

So, for elements of order p, we have the coefficients ¢,,, 1 = --- = ¢o = 0. Therefore

2k—2t—1—(mp—1) __ 1 2k—2t—my,

there are p =p — 1 elements of order p and rk(Syl(Hpx)) =
2k — 2t —m,,.
If p < kand m, < ¢, then (z'h(z) + 1)? = 1 as k < m,p < tp. So every element in
H, o1.2: has order 1 or p. Again, rk(Syl(Hp ok 2t)) = 2k — 2t. O
Corollary 6.4. If k < porp < kandm, <t, then Hyop o = Zp, ® -+ D Ly,
—_———
2k — 2

The rank tells us the number of terms in the isomorphism class for Hy, o5, 2;.
Example 6.5.

Let p =3 and f(z) = 2> + 1 where k = 2 and t = 1. Then every element in H), o,
has the form (22 4 1)g(x) + 1 for g(z) € Z,[x]. Note that |H,, o5 2¢| = p** %' = 3> = 9 and
Tk(Syl(Hp’Qk’gt)) =2k—2t=4—-2=2as ms S t. So H3,8,2 ~ Zg@Z:;. ]

Example 6.6.

Letp =3 and f(x) = 2°> + 1 where k = 4 and 1 < t < 4. The isomorphism class for
U(%) %ZS@Zg@ZQ@Zg@Zg.

t=1 Uz2+1<<(x??ﬂ)4>> ~ T ® Lo DLy ® Zs

t=2  Uproap( <(§ﬂ)4>) NI © Ty DT &Ly

t=3  Usroap <(£3ﬂ)4> )~ 20z

t=4  Ugoypys ( <(£3ﬂ)4>> ~ 7 O

Next, we show the algorithm for finding the structure of the subgroups of Hy, o5, 2;.
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Algorithm for Internal/External Direct Product of Subgroups of the

orm 025

Case 1:

Zyp|x
1. If k < p, then Uyyy (<f&[),1>> Ny @ DL,
2k—2t

2. For the internal direct product, fill the first and second slot of the internal direct product
with (f(z)" + 1) and (f(z)'z + 1).

3. Fill the remaining pair of slots with (f(x)"+ 1) and (f(z)'z + 1) foreachi >t + 1. We
will allow the first ¢ value such that p | 4, but skip values of ¢ such that i > p and p | ¢ for
the remainder of the internal direct product. If there are leftover slots, then fill those slots
with (f(2)! + f(2)! + 1) and (f (2)ix + f(2)' + 1),

4. Next, find the order of each term.

5. These orders tell us the isomorphism class.

Case 2 (a)

Let m,, be the smallest positive integer such that £ < m,, p.

1.If p < kandt > m,y, then Hy, 99: = Zp © - - - © 7y
—_———

k—t
2. To find the internal direct product, follow the steps from Case 1.

Case 2 (b)

1. If p < k and t < m,, then the rank is 2k — 2t — m,, where m,, is the smallest positive
integer such that & < m,p. There are 2k — 2t — m,, terms in the factorization of the external
direct product.

2. To find the internal direct product, fill the first and second slot of the internal direct prod-
uct with (f(z)" + 1) and (f(z)'z + 1).

3. Fill the remaining pair of slots with (f(z)"+ 1) and (f(z)'z + 1) foreachi >t + 1. We
will allow the first ¢ value such that p | 4, but skip values of ¢ such that ¢ > p and p | ¢ for

the remainder of the internal direct product. If there are leftover slots, then fill those slots
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with (f(2)! + f(2)! + 1) and (f (2)iz + f(2)' + 1),
4. Next, find the order of each term.

5. These orders tell us the isomorphism class. [

7 Summary

Zp[]
(f(@))

compute the internal direct products as well as the external direct products. In fact our

methods for the external direct product apply to U <é“(—f)]>> where ¢ is any power of a

We have focused on the groups U ( ) for the cases that f(x) has small degree so could

prime and f(x) is any polynomial in Z|x].

We have also determined the structure for the subgroups Uy, ( 5‘?56)]) ) .
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