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Abstract

1 Introduction

Problems regarding conditions for processes to converge wealy to a process of
diffusion type under various assumptions have attracted much work, for example
[1]-[18]. The goal of this article is to explore sufficient conditions for weak
convergence in the case when the pre-limit processes are semimartingales.

R. Sh. Liptser and A. V. Shiryaev’s article in 1984 [18] discusses some
sufficient conditions for the weak convergence of a sequence of semimartigales to
a process of diffusion type. One of the sufficient conditions is requiring the drift
coefficients and diffusion coefficients of limit processes are both continuous in the
Skorokhod-Lindvall topology. This article considers discontinuous coefficients of
limit processes. Besides some sufficient conditions discussed in [18], requiring the
sets of discontinuity of the coeflicients of limit processes are of Lebesque measure
zero, and coercivity of the diffusion coefficients can make weak convergence
achieved.

The problem discussed in this article is applicable from a practical point of
view. The results can apply to considerable queueing models, such as least-
load-balancing models [21] [23], and models of congestion control [22]. In these
models, the drift coefficients of the limit processes are discontinuous with re-
spect to state-space. By formulating queue-length processes as semimartingales
and applying the results in this article, diffusion approximation can be readily
obtained.

This article is organized as follows. The introduction is in section 1. The
notations and main results are presented in section 2. Section 3 gives preliminary



for proving the main results, they are theorems in control diffusion processes
and supermatingale characterization of a class of stochastic integrals. Section 4
proves the main results. Section 5 proposes futher study.

2 Notations and main results

Let (2, F, P) be a given complete probability space, and on it let F = (F;)¢>0,
be right-continuous nondecreasing families of o-algebras, where the o-algebras
Fo is completed by the sets in F having zero probability.

Let D be the space of right-continuous functions with left limits, X =
(X¢)i>o0 from Rt = [0,00) to a d-dimensional Euclidean space R¢, equipped
with the Skorokhod-Lindvall topology. Let D = (D¢)¢>0 be the family of o-
algebras

D, = ma{X:XS,OSSSt—}—e}
>0

and

Doo = a(U Dy).

>0

Let X = (X, F¢)¢>0 denote a R?valued semimartingale with sample paths
in D. Let @) be the probability distribution of X, i.e. the probability measure
such that for any I € D,

Q) = P(X ).

Each semimartingale X admits a canonical representation (see [17]).

¢ ¢
X =Xo+ B+ X{ +/ / zd(p —v) +/ / zdu, (2.1)
0 J|z|<a 0 Jiz|>a

where a € (0,1], B; = (B, Ft)1>0 in R? is a predictable process of locally
bounded variation, with By = 0, and X{ = (X7, F;)i>0 is a local martingale,
X§ = 0, with sample paths in the space C, the space of continuous functions, and
with quadratic characteristic A;, p is the random integer-valued jump measure
of the process X, (u((0,t] x B)) = Y g <; [(AX, € B)) with Borel sets B €
B(RY), where R = R\ {0}), AX, = X,— X, , where X, = lim,_,,- X, and
v is the compensator of the jump measure y. We call that the martingale X; has
triplet of predictable characteristics T' = (By, Ay, v), which uniquely determines
the semimartingale X;.

We also recall that the compensator v of a jump measure p is a positive
random measure on Rt x R? having the following properties (for details, see

[17]):
(A) v([0,00) x {0}) = v({0} x R) =0,



// (#®2 A1)dv < 0o(P —a.s.),t > 0, (2.2)
0 JR4

(C) For each Borel set I' € B(Rg), the process (v((0,t],T),F;) is a predictable
and such that the process

(1((0,),T) = v((0,t],T), Fi)e>o
is a local martingale,
(D) f\wISa zv(t,dz) = ABy,t > 0.
We let .
Mf:Xf—%—/ / zd(p — v).
0 Jiz|<a

M = (M, F?) is thus a locally square-integrable martingale with predictable
quadratic characteristic

t
<M® >= At+/ / catdy — ) @%(82)",
0 Jlz|<a 0<s<t
where

zf = / zv(t,dx),
lz|<a

and x if the transposition sign.

We consider a sequence of complete probability spaces (2", F", P"), and a
sequence of semimartingales X" = (X', FJ*) with triplets of predictable charac-
eristics T™ = (B™, A™,v™). The canonical representations of X" are

t
X'=Xg§ + B+ M"" + / / zdp™, (2.3)
0 Jiz|>a

where Bf* = (Bf;,---, Bj,) in R%, and < M*™ >;= (< M{"", MJ"™ >4)i j=1,....4
are d x d-matrices. We also denote Q™ the probability distribution of X", i.e.
the probability measure such that for any " € D,

Q™(I) = PM(X" € T).

We also assume a R?-valued semimartingale (X;,D;) with the triplet T =
(B(X), A(X),0), with

B,(X) = /Ot b(s, X)ds

A(X) = /0 " a(s, X)ds,



where the function b(t, X) = (b (¢, X), - - -, b%(t, X)), taking values in R, is pre-
dictable for eacht € R* and X € D, and a dxd-matrix a(t, X) = (a¥ (¢, X))¢

i,j=1
is symmetric and nonegative definite. The semartingale X; is assumed to admit
the canonical representation (possibly on an enlargement probability space)

¢ ¢
X; :X0+/0 b(s,X)ds+/0 Vva(s, X)dws, (2.4)

with R%-valued Wiener process (w¢)¢>0 consisting of independent components.
We present some conditions appearing in the statements of our main results.

For each T'> 0, € > 0,

Condition (N): for all a € (0,1]

T
limP”(/ / dv™ >¢€) =0.
n 0 |z|>a

Condition (sup B):

t
lim P (sup | B — / b(s, X")ds| > €) = 0.
n ¢<T 0

Condition (sup A):

¢
lim P™(sup | < M*"™ > —/ a(s, X™)ds| > €) =0.
n t<T 0

Condition (Linear growth (I)): There exists a function L(t) satisfying

t
/ L(s)ds < oo,
0
such that
[b(t, X)| < L(t)(1 + sup | X]), (2.5)
s<t
and
la(t, X)| < L(#)(1 + sup | X,[*). (26)
s<t

It’s well-known that if conditions (sup A) (sup B) (N) and (Linear
growth (I)) are satisfied, the functions b(¢, X) and a(t, X) are continuous with
respect to X € C in the Skorokhod-Lindvall topology, and X{§ converges to
some random variable Xy in distribution, then the semimartingales X™(¢) (2.3)
converge to (2.4) weakly. The reader can find the theorems in articles [18],[17].

If we consider ”state-dependent” drfit and diffusion coefficients, i.e.



Condition (S): a(t, X) = a(t,z), and b(t,X) = b(t,z) witht € R*,and z € R%.

We also allow the coefficients b(t,z) and a(t,z) to be discontinuous with
respect to x € R?. We discover a set of sufficient conditions on the coefficients
((Coercive), (Mb), (Ma), which will be described later) for weak convergence
of the semimartingales (2.3) to the diffusion process

t t
X, = Xo+ / b(s, X,)ds + / Jals, X2 dw,, (2.7)
0 0

where w; is a d-dimensional Wiener process with independent components. The
main idea of our approach is that the limit diffusion process can not spend
too much time in the sets of discontinuity of the coeflicients a(t,z) and b(¢, z)
with respect to . This property can be achieved while the diffusion coefficient
a(t, z) is coercive and the sets of discontinuity of the coefficients are of Lebesgue
measure zero.

We now present the sufficient conditions in our main results. Under condition
(S), we also consider the following conditions:
Condition (Coercive): There ezists a constant v > 0 such that

v < (alt, ), A),

for all t € R, x € R%, for all d-dimensional unit vectors \, where (-,-) denotes
the inner product.
For all t € RT, we define the set of discontinuity of the coefficient a(t, z)

M, = {(t,z) : a(t,.) is discontinuous in = € R*}

and a subset in Rt x R?

M= | ) May.
t<T

We also define the set of discontinuity of the coefficient b(t,z) in the same way
My, == {(t,x) : b(t,.) is discontinuous in z € R%}

and a subset in Rt x R?

My = | ) My,
t<T

Condition (Ma): For all € > 0 there exists an open set O in R x R% such
that
M, C O,

T
/ / Io(t,z)dzdt < e.
o JRe

and



Condition (Mb): For all € > 0 there exists an open set O in R x R such
that

My C O,

T
/ / Io(t,z)dzdt < e.
o JRd

We now state the main results.

and

Theorem 2.1 (A) Assume that conditions (Linear growth(I)), (N),
(sup A), (sup B) are fulfilled, and also assume

lim limsup P*(|XJ| > 1) = 0. (2.8)
=00 n

Then the family of measure (Q™)n>1 i relatively compact and the limit Q'
of any weakly convergent subsequence of (Q™)n>1 possesses the property

Q(C) = 1.

(B) In addition to the conditions in part (A), we also assume a(s,X) and
b(s,X) are continuous in X € C in the Skorokhod topology, and X&' con-
verges to Xq in distribution instead of (2.8). Then the semimartingales
(2.3) converge weakly to the solution of (2.7).

(C) We assume the conditions in part (A) are atill fulfilled. We also as-
sume that condition (S) is satisfied. Under assumption (S), we moreover
assume that conditions (Ma), (Mb) and (Coercive) are fulfilled, and
X satisfying

E|Xg|* <N,

for some constant N not depending on n, and converging to Xo in distri-
bution instead of (2.8). Moreover, we assume that the coefficients a(t,x)
and b(t,x) uniquely determine the distribution Q of the weak solution of
the diffusion process defined by Ité integral equation

t t
X, = Xo+ / b(s, X,)ds + / Jals, X2)dw,, (2.9)
0 0

where ws is a Wiener process.
Then the semimartingales (2.3) converge weakly to the solution of (2.9).

We further investigate the sufficient conditions on the coefficients a(t, z) and
b(t, x) for the weak convergence.

Theorem 2.2 Besides the sufficient conditions mentioned in part (C) in theo-
rem 2.1, we also assume that the coefficient a(t,z) is continuous in x € R? for
all t € R*, then the semimartingale (2.3) converges weakly to the solution of

(2.9).



Remark 2.1 Conditions (Linear growth (I)), (Coercive), (Mb) and (Ma)
are also only applied to a(t,x) and b(t,x). This weak convergence also requires
that the coefficients a(t, ) and b(t,x) ensure the weak existence and uniqueness
of the solution of the limit process. But there is mo constraint on the drift co-

efficient and diffusion coefficient of the semimartingales except conditions (sup
A) (sup B).

3 Preliminaries

3.1 Control diffusion process

The following theory is stated on page 51 in article [28]. Let A be a set of
pairs (a,b), where a is a d X d-dimensional nonnegative matrix and b is a d-
dimensional vector. Assume on a probability space (2, F = (F)¢>0, P), with a
random process (a¢, by) € A for all (w,t) the process

¢ ¢
Ty = To + / bsds + / Vasdws, (3.10)
0 0

is defined, where (w¢, F;) is a d-dimensional Wiener process.

Let D be a bounded region in the Euclidean space R¢, and zo be a fixed
point of D. Assume that a;, b; are progressively measurable with respect to
(Ft)¢>0 and are bounded for all ¢ € [0,T] and for all w. We also denote the first
exit time of z; from the region D by 7p, and define a set H = [0,7] X D in
Rt x R

We shall see further in the proof of our main results in section 4 that the
estimate of the form plays an essential role

TD
E / l9(t, 20)|dt < Nlgllarr.zr, (3.11)
0

where g : R x R? — R is an arbitrary real-valued Borel function, and ||g||4+1,m
is the L1 (H)-norm of g

lollassm = ( /H lg(t, 2) | dedt) 7

A crucial fact is that the constant N in (3.11) does not depend on a specified
process with coefficients (aq, b;), but is given instead by the set A.

Definition 3.1 A nonnegative function F(a) defined on the set of all nonnega-
tive definite symmetric matrices a of dimension dx d is said to be regular if for
each € > 0 there is a constant k(€) such that for all a and for all d-dimensional
unit vectors A

F(a) < etr(a) + k(e)(al, ),

where tr(a) denotes the trace of the matriz a, and (-,-) denotes the inner product.



Theorem 3.1 Assume that there is a regular function F such that the coeffi-
cients (ag,by) in (3.10) satisfying |by| < F(a¢) for all (t,w). Then there exist
constants N depending only on the dimesion d, the function F'(a), and the di-
ameter of the region D such that for all s > 0, and for all Borel functions g(t, )
on Rt x R, we have

TD
B[ det(a) #lg(t, 2|17} < Nlglasa,i
Proof. The proof of this theorem is stated in Chapter 2 in article [29].

3.2 A supermartingale characterization of a class of stochas-
tic integrals

For fixed T > 0, for ¢ € [0,T], and stochastic processes y. € C = C(R*, R?),
we denote the value of y. at the point ¢ by y¢, and denote the smallest o-field
in C by N; such that all functions ys as the functions on C are N;-measurable
for s <'t.

For all t € RY, y. € C, let a set A;(y.) be defined with elements of the
type (a,b), where a = (a¥) is a symmetric nonnegative d x d matrix, and
b= (b') € RY. Assume that for every t,y. the set A;(y.) as a subset of R%, with
di = d? +d, is a closed and convex. We furthermore assume that (a,b) € A;(y.)
satisfies the following condition.

Condition (Linear growth (II)): There exists a function L(t) satisfying

t
/ L(s)ds < >
0

such that -

|la”| < L(#)(1 + sup |ys|*); (3.12)

s<t

and .

[b*] < L()(1 + sup |ys])- (3.13)

We also define

d d
Giluijyuiyy) = sup{ 3 aug; + 3 bius : (a,5) € Ay(y.)}.

i,j=1 i=1

We suppose that G¢(uqj,us,y.) is Ny-measurable with respect to y. for every
t € [0,T), (uij,u;) € R, and is measurable with respect to (t,y.) for every
(uij,u;) € R™. We also denote by C§°(R?) the set of all infinitely differentiable
(real) functions each of which have compact support in R



Theorem 3.2 Assume on a given complete probability space (Q,F,P), x; =
z(w), t € [0,T], w € Q, be a continuous R*-valued process satisfying

Esup |z|* < oo. (3.14)
t<T

If for everym =1,2,---,
0<t <+ <t <s<t<T,

and
uafl:"';fm € Cgo(Rd)afz ZO

we have
Efi(z,) - fm(@em) (u(@e) — uls)) <

Efl (xtl) Tt fm(mtm) / G’r‘(uzizj (.’L}-),’U.y’ (mT)ax')drv (315)

then there exists a function (dt(y.),f)t~ (y.)) Ni-measurable with respect to y. for
every t € RT, and satifying (a:(y.),be(y.)) € A¢(y.) for all t € [0,T], and on
some enlargement of (Q, F, P) there exists a d-dimensional Wiener process w;
such that for every s € [0,T] the process x; regarded on [0,s] and w; — ws

regarded on [s,T] are independent and

xy =20 + /Ot Vi (z.)dw, + /Ot b (z.)dr vt € [0,T) (a.s.).  (3.16)

Remark 3.1 The proof of theorem 3.2 in this article is pretty similar the theo-
rem proved in N. V. Krylov’s article [28] except for some adjustments. In article
[28], the author assumes that A¢(y.) is uniformly bounded in t € [0,T] and for
almost all w without assuming that x; is continuous and (38.14) and prove that
the process x; is continuous. We here consider (a,b) € A¢(y.) satisfying (Lin-
ear growth (II)) condition, and furthermore assume that the process xz; is
continuous, and (3.14) to get a similar result.

Proof. Step 1. Consider the following spaces of real functions on [0,7] x C x
R?. Let C*2? be the set of all bounded functions u(t,y.,z), N;-measurable in y.
for every ¢, x, with first derivatives with respect to (¢,x), and second derivatives
with respect to x continuous in (¢, ) for every y., and the second derivatives are
bounded with respect to (¢,y.,x). Let La be the set of all Ny-adapted functions
u(t,y.,x) which are measurable in (¢,y.,x) and

T
E/O /R lu(t, y.(w), o) Pdadt < co. (3.17)

We view the space L as a Hilbert space endowed with the norm of element u
being the square root of what is given by (3.17).



We want to prove that for u € C1»2, we have
Elu(T,z.,x1) — u(0,z.,20)] <
/ E[— (t,20) + Colttgin (£, 30y 20), g (£, 2., 20))] . (3.18)
Notice that according to (3.15) we have the inequality

Elu(t,z.,xt)—u(s, z.,z5)] = E[u(t, z.,z¢)—u(s, x., 2¢) |+ Eu(s, ., z¢) —u(s, ., 25)]

t t
5/ E%(r,w.,xt)dr+E/ Gr(Ugigi (8, %, Tr), Ugi (8, T, Ty), z.)dr.

Also notice that the second term of the right-hand side of the above inequality
is absolutely continuous in ¢ because of

t
/ EG, (Ugigi (8,0, ), uyi (8, T, %), x.)dr =
s

d d
/ E sup Z QijUgigi (S, T, %) + Zbiuzi (s,x.,x,))dr <

(a:b)€A- () ;527 i=1

d
/' (S g L) (1-+sup ouf?) + 3 |
1

() (1 + sup [ <
i,j=1 i= usr

M(t—s)(1 + Bsup |o,[?),
t<T

for some constant M > 0. In the above, the first inequality follows from (Linear
growth IT), and the last term is bounded by (3.14). One can also take —u
instead of u in the above inequality and then see that Eu(t, z., z;) is absolutely
continuous with respect to ¢ and its derivative is no greater than the integrand
n (3.18). So we can get (3.18).

Step 2. Take a nonnegative test function ¢ € C§°(R) so that ((t) = 0 for
t <0, [¢dt =1, and for v > 0 define

d .
—d—1,,t z*
Gt ) =7 ) [T (=)
Vi
Considering all the functions u in Lo (which is defined in step 1) defined for
t > 0 and equal to zero for t < 0, we define an operator T, on Ly by

(Thyuw)(t,y.,x) == /u(t —5,¥., ¢ — 2)(y (s, 2)dsdz, t<T.

10



The well-known properties of convolutions imply that T, is bounded as an op-
erator from Lo to Ly and its norm is less than 1. Moreover, the function T, is
infinitely differentiable with respect to ¢,z for every y. € C' and

d d
)
sup B[ > N Tyu)aiasl + Y [(Tyw)as| + [Tyl + | - Tyull(t, 2.,2¢) < NlJul|z,,

i,j=1 i=1

(3.19)

where the constant N is independent of u. Finally, inequality (3.18) remains

true if u is replaced by Tv for every v € L,. This fact follows from (3.19) by
approximating the function v by bounded functions.

Step 3. For all v > 0 we define K, as the set of all linear functions [ on Ls

of the type
T
l(u) := ET\u(T,z.,zT) — E/ LT u(t, x.,x¢)dt,
0

where

d d
Lo(t,z.,z¢) := %(t,w.,wt)—l—.z At (t, 2. vy (t,x.,:ct)+z bi(t, z.) vy (t, ., ),
4,J=1 =1
and (a,b)(t,y.) is measurable in (t,y.), Ny-measurable in y. for every ¢, and
(a,b)(t,y.) € A¢(y.) for almost all (t,w) for all y.. The set K is clearly convex
and bounded according to step 2.
Next we show that it is closed in weak topology. Let [, € K, and [, = [
on Ly as n — oco. Define L,, as the operator corresponding to I, and (a,,b,)
as the coefficients of L,,. According to (Linear growth II) on A;(z.) and the
assumption (3.14), the norms of (an,by,)(t,z.) in L2([0,T] x Q) are uniformly
bounded. Banach-Saks theorem implies that there exits a subsequence ny — oo
such that the arithemetic means of (an,,bn,)(t, z.) converge in L2([0,T] x ).
Without loss of generality we can suppose that ny = k. For some subsequence
my — oo these means converge for almost all (¢,w). Now, we define

mg

(@B)(t,y.) = lim — 3 (a:,b) (1,1 (3.20)

k—o0 My, 4
=1

for those (¢,y.) for which the right-hand side of (3.20) is well-defined and for
remaining (t,.) let (a,b)(t,y.) be equal to a fixed point in A;(y.)(??). Indeed,
the (a,b) is measurable and N;-measurable with respect to y. for every ¢.

Moreover, (3.20) holds for almost all (¢,w) if y. is replaced by z.(w). It also
follows that (a,b)(t,z.) € Ai(z.) (a.e.(t,w)), since we assume that the set A¢(y.)
is convex and closed for ¢ and y.. This implies that [ = lim,, [,, is of the given
form and I € K.

11



Step 4. Prove that for all v > 0, u € Lo

0T, u
ot

+ G (Tyugigi, Tyugi) (t, ., 2¢)]dt < 0.

(3.21)
Indeed, the inequality is discusses in step 2. To prove the equality, we note
that the minimum in (3.21) is attained in view of weak compactness of K, and
we take in R4 = {(a,b)} a dense countable subset {(a,,b,) :7 =1,2,---}. For
r=1,2,---, we define (a,,b.)(t,y.) as the closest point in A;(y.) to (a,,b,).
The sets A¢(y.) are closed convex and measurable and this implies (??) that
(ar,b.)(t,y.) is well-defined and is measurable in an appropriate sense.
It is readily seen that for all t € [0,T], y. € C,

T
lIél[l{I}i l(u) = ET,u(T,z.,z1) —E/0 [

d d
lim maX[.Z ad (t,y.) (Tyw)gioi (t, Y-, ye) + 3 bi(t, y ) (Tyw)gi (£, 4., y1)]

n—oo r<n 4 €
- i,j=1 i=1

d d
= sup[ Z a:"J (ta y) (T’Yu)wiwj (t7 Yo yt) + Z b:,(t, y)(T’Yu)w’ (ta Y yt)]
o= i=1
= Gi((Tyw) pini &y Y1), (Tyu) i (Y., Y¢), y-) (3.22)
By the measurable choice of their ordering number, we can construct mea-

surable (an, bn)(t,y.) € Ai(y.) such that

d d
Z ai;j (ty.) (T'Yu)a:izj t,y,yt) + Z bib(t’ y.) (T’Yu)aci (t,y-,yt)
i,j=1 i=1
d .. d .
=l 32 0,0 (Bt (0 0) + 3B o))
i,j= i=

converges to the last expression in (3.22) for all #,y.. Hence

T d d
lim_E] / [ 0 (2 (Ty)gigs (b7 m0) + 3 B 2.) (Tya) s (1 ., )

i,j=1

T
= E/ Gi(Tyugigi, Tyugi)(t, 2., x¢)dt.
0

Thus the first expression in (3.21) is not greater than the second one. The
opposite inequality is obvious and (3.21) is proved.

Step 5. In the reflexive space Lo the unit sphere is weakly compact, K, is
weakly compact, the function I(u) is bilinear and weakly continuous in [ and in
u and by the Ky Fan theorem and by (3.21)

0 > max min /(u) = min max I(u) = max [,(u)
[lul[ <1IEK, leRy ||ul|<1 [lul[<1

12



for some 1, € K. We see that [,(u) <0 for ||u|| < 1. The linearlity of  implies
that I, (u) = 0 for all uw € L.

Step 6. Let L., be the operator corresponding to l,. Repeating in the third
step and using the weak limits of the coefficients of L., as v — 0 it is not difficult
to construct an measurable function (a,b)(t,y.) € A¢(y.) Ni-measurable in y.
for every t such that

T d d
Eu(T,z.,z7) = E/ [% + Z augig + Zbiuwi](t,m.,xt)dt—}— Eu(0, x.,z0)
0 ~ .
i,j=1 i=1
(3.23)
for every u € C1+2 which equals zero for ¢t = 0. Substitute u(t,y., z)(,(t) instead
of u, where (,(t) = ((nt), ((t) is infinitely differentiable, {(¢) = 0 for t < 0,
((t)y=1fort <1,¢" > 0. Note that (,(t) > 1asn — oo, fort >0

limE/ ¢h(t) t:c:z;tdt—hmE/ ¢ @ ult, z., z)dt

n— oo n—oo

= lim E/n ¢, () dt x u(0,z.,20) = Eu(0, ., o)
0

n—oo

if u € C"2. Then we see that (3.23) holds true for all u € C12.

Step 7. Let 7(y.) be a Ny-Markovian time, 7 < T, u(z) be a function on R?
twice continuously differentiable in z and bounded with derivatives up to the
second order. Take (,, from step 6 and define

un(t,y., ) = u(@)(1 = Gt - 7(y.)))-

The set {y. : (4(t — 7(y.)) < ¢} for every ¢, if it is nonempty, can be repre-
sented as {y. : t — 7(y.) < h} with h > 0. Hence u,, is Ni;-measurable and by
(3.23) we obtain

Bu(ao) = Tim {u(@r)(1=Cat—7(y.)))- / =Y (g (1)

3,j=1

Zb’ (t, z.)ugy: (x4 dt+/ ¢t — T)u(zy)dt}

d

= E{u(z, —/ [Z (t, )i i (2¢) + Zb’ (t, @ )ugi (ze)]dt}.  (3.24)

3,j=1 i=1

Step 8. The equality between extreme terms in (3.24) for every stopping
time 7 < T implies that the process

d d

u(ze) — /Ot[ Z a (5,2 Ugigi (Ts) + Z bi(s, z.)uyi (z)]ds, t <T,

i,j=1 i=1
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is martingale and the assertion of our theorem now follows from the Doob the-
orem [16] and the Strook-Varadhan theorem [32]. The theorem is thus proved.

4 Proof of the main theorems

In the defintion in section 2, for all n, the semimartingales X™ are defined on dif-
ferent complete probability spaces (2", F", P"). By Skorokhod representation
theorem, we can find a complete probability space (2, F = (F;)i>0, P), and a
sequence of semimartingales Y on (2, F, P) such that for all n, X™ and Y™ are
the same in law. For convenience, we consider a sequence of semimartingales in
the same probability space, and conditions (N), (sup B) and (sup A) imply
the following conditions, respectively, if assuming that X", for all n, are in the
same probability space : for each T' > 0, for all € > 0,

Condition (N'): For all a € (0,1],

T
lim P(/ / dv™ >€) =0.
n 0 Ji|z|>a

Condition (sup B'):

¢
lim P(sup |B} —/ b(s,X™)ds| > €) =0.
n t<T 0

Condition (sup A'):

¢
lim P(sup | < M*"™ >, —/ a(s,X™)ds| > €) = 0.
noo<T 0

Before proving theorem 2.1, and theorem 2.2, we prove some lemmas.

Lemma 4.1 Assume on a complete probability space (Q,F,P), given a se-
quence of semimartingales

t
X' =Xg+ B+ M + / / zdp”, (4.25)
0 J|z|>a

where v™ (which is the compensator of u™), BE, and M", satisfy conditions
(N"), (sup B), and (sup A'), respectively. Futhermore, assum that
EIX§|* <N,
for some constant N not depending on n. Then for fited T > 0, we have
Esup [X7[* < K,
t<T

for some constant K > 0 not depending on n.

14



Remark 4.1 In this case, for each n, we say that X[ is locally square inte-
grable. By theorem 11.31 in [26], we thus have: (1) for all t > 0, 2% *x 1; < o0,
(2) X7 = X§+m}+af, where of is a predictable process with finite variation,
and my is a locally square-integrable martingale.

Proof. For brevity we will use the notation

(Z1)" == sup|Z,|.
s<t

We first consider the case when X is a special semimartingale. From (2.3)
we get

(XP))? < 3[(X)? + (B / / e QT (.26

Let us evaluate the right-hand side of (4.26). From (Linear growth (I)),

it follows that ;
@y [ el
lz|>a

/bsX"ds (B — /bsX”ds // |z|dp™
|z|>a

5/0 L(s)(L+ (X™)*)ds + (B} — /bs X")ds)* //z>a|a;|dp (4.27)

The expectation of the second term of the right-hand side of (4.27) is uniformly
bounded according to (sup B') . The third term of the right-hand side of (4.27)

t
/ / |z|dp™ (4.28)
0 J|z|>a

converges to zero in probability according to (N') (see formula (50) in [20]).
Thus the expectation of the (4.28) is uniformly bounded.
According to Doob inequality (see Theorem 1.9.2 in [17])

E((MP™)*)? <4E < M®™ >, .

To estimate (M2™)*, we can consider
¢ ¢
< M*™ > < (/ a(s, X™)ds)" + (< M*>"™ >, —/ a(s, X™)ds)*.
0 0

< (/tL(s)(l + (X P)ds + +(< M®@™ >, — /ta(s,X")ds)*, (4.29)
0 0

15



where the second inequality follows from (Linear growth (I)). We also no-
tice that the expectation of the second term of the right-hand side of (4.29) is
uniformly bounded according to (sup A').

The inequalities (4.27) (4.29) imply that

t
BE((XM))? < K1 + KQ/ B((X™)*)2ds,  fort <T,
0

with some constants K; > 0 and K> > 0 not depending on n. If fg E((X1)*)%ds <
00, t < T, then by the Gronwall-Bellman inequality

E((X3)")? < K exp(KT). (4.30)
If X[ is a semimartingale, we define stopping times

= inf{| X7 > k),

and consider stopping processes X[j\rl:, which are special semimartingales. By
(4.30) we thus have

E((ng)*)2 < Ky exp(K,T).
By Fatou’s lemma we have
E((X)")* = Bliminf((Xf,;)")?
< lim inf E((X;EAT’:)*V < K exp(K,T).
The lemma, is thus proved.

Lemma 4.2 Assume the conditions of lemma 4.1 are satisfied. We also assume
that the processes (X[)n>1 satisfy
lim X7 = X, uniformly on [0,T] P —a.s. (4.31)
n— oo
for some stochastic process Xy, which is continuous in t, P — a.s.. We also
assume the function (a(t,y.),b(t,y.)) in conditions (sup B') and (sup A') sat-
isfying (a(t,y.),b(t,y.)) € Ai(y.) for t € [0,T], and y. € C, where Ai(y.) is
defined in section 3.2. ~
Then there exist Ny-adapted function (a(y.),b:(y.)) € A¢(y.) for t € [0,T],
Furthermore, there exists an enlargement of probability space (Q, F, P), and a
d-dimensional Wiener process w; on the enlargment space such that for every
s € [0,T] the process w; regarded on [0,s] and wy — w, regarded on [s,T] are
independent, and

Xe=Xo+ /t be(X.)dr + /t Var(X.)dw, Vt € [0,T] (a.s.). (4.32)
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Proof. This lemma is an application of theorem 3.2. Since lemma 4.1 and (4.31)
imply that (3.14) is satisfied, we only need to check (3.15).

For u € C§°(R?), for 0 < s <t < T, applying Ito’s formula (see corollary
11.27 in [26] or theorem 27.1 in [31]) to equation (4.25), along with (N'), we
get

u(X7) —u(X7)

6'U/ n a,n a,n
= / Zax,-( ' )dB} / Z 6%% m)d[MP", M,
=1 1,7=1
4. ou 1 0%u
(XD -u(X)=) 5 (X:z_)xz—5 e, Xi)estal <) Tocusss”
i=1 igj=1 "

where

ou
") = X" )dM>" 4.33
me(t) = [ 30 e jan; (433
is a locally martingale.
For 0 <t <,--, <ty <s<t<T,and u, fi, -, fm € C§°(R?), and
fi>0,i=1,---,d, we consider

AR - Fm( X ) (W(X]) = w(X)) = fu(XE) - fm (X, ) (T (2) = m™(s))

t d o
:f1<Xg)---fm(X:;)[/_ g, -

+f1(Xt1) fm Xtm / Z 8:17 x] [Man Ma n] )

)dBi,]

ou
+AXE) - Fm (XED(XY) —u(X3) = ) 55 (X0 )z
i<d
d
1 8%u
_5 Ox: T (ng)xixj)lla:\<als<u§t * Vn]- (4.34)
i,j=1 K

We denote the left-hand side of the above equality by (A), and the first, the
second, and the third term of the right-hand side by (B), (C), and (D), respec-
tively. We take expectation then take limits on terms (A)-(D), and want to
estimate them seperately.

For (A), we have

lim B(A) = lim E[fi(X7) - - fm (X7 ) (@(X) = w(X))]

17



+lim B{fy(X7) -+ i (XF, ) (0" (5) = m" (1)) (4.35)

By bounded convergence theorem, the first term of the right-hand side of (4.35)
converges to

BElf1(Xe,) - fo (X, ) (w(X) — w(X5))]

since X converge to X; uniformly in [0,7] as n — oo, and X} is continuous in
t (a.s.). The second term of the right-hand side of (4.35) can be estimated by
localization. Let

o = inf {{mf| > K},

then for all n and k&, we thus have
BIA(XE prn) -+ Fin(XJo ) (™ (s ATE) — ™ (¢ ATE)] = 0,

according to lemma 8.5 (a) in Chapter 2 in [30]. Notice that (4.33), (Linear
growth(I)), (sup A’), and Doob’s inequality imply

Esupsup |mp| < KEsup < M*" >,
t<T

t<T t<T

t
< K,E sup/ (1+sup | X"*)dr < N
t<T Jo r<t

for constants K, Ky > 0, for some constant IV not depending on n, and the last
inequality follows from lemma 4.1. By Fatou’s lemma we thus have

lim B fy (X{7) - - fm (X7 ) (" (s) — m"(2)]
= tim Blmnf [y (X7 ) - i (X7, ) (™5 A ) = (¢ A7)
< liTanlimkinf E[fl(Xgm_:) .- fm(XZ’mAT:)(m"(s ATR) —m"(tAT)] = 0.

We now estimate lim,, F(B). Since Bj* is with finite variation and %(X{”)
is a semimartingale, by corollary 9.35 in [26] we have, for i = 1,---,d,
t du t du

, 6_a:i(XT—)dBim_/s oz, (X1 )bi(r, X™)dr]

FUXE) s (XTI

t
= D) (X e CE (B = [ i XM,

¢ ¢
- B~ [ ntw i en).
¢
§B1[sup|Bf—/ b(r, X™)dr(], (a.s.) (4.36)
t<T 0
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for some constant B; > 0, the last inequality is because g—;, fi, -, fm are
bounded. By (sup B'’), we thus have

(X7 )b (r, X™)dr].

hm E(B) = hmE / 3$z

Linear growth (I)) and lemma 4.1 imply
g

£ ou (

t
 Ybs(r, X™Ydr] < / L(r)(1 + Esup |X")dr < N,

u<lr

with N not depending on n. We thus can apply dominated convergence theorem
to the above formula to get

t
lim B(B) = Elim[ [ 2%

T )bi(r, X™)dr].

For lim,, E(C), using the same argument as in estimating lim,, E(B), we

have the following estimate, for i,j =1,---,d,
t 9% t 9%

X)) f(XT X ))d[MP"™, MP",— X aii(r, X™)d
fi( tl) I tm)[ , amﬂj( )] i o Ir , Bwimj( ,,_)a”(r, )dr
t
< Bsy[sup |[[M*™); —/ a(r, X™)dr|] (a.s.), (4.37)

t<T 0

for some constant B, > 0. We also notice (N') implies that for € > 0,

lim P(sup [[M*"];— < M;""| > €) =0,
noo<T

according to formula (4.11) in article [18]. By (sup A') (Linear growth (I))
(3.14) and dominated convergence theorem, we thus have

liTanE Ehm / Z

For lim,, E(D), we first notice that by Taylor expansion

Ou 0%u

(WD) = u(XE) = 3 s (X023~ g

(Xg—)m’iwj)llw|<als<u§t * "

3 n
< B3|.’L‘| I|z-|<aIs<u§t v,

for some constant Bz > 0. We also notice for all € € (0, 1],

¢ ¢
/ / |z|2v™ (du, dz) < 6/ / (|z|* A 1)v™(du,dz) < Bye,
s Jlz|<e s JR4
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for some constant B4 not depending on €. By (2.2), it follows

t t
D) 533/ / [P0 (du, dz) =B5(/ / \o[f o™ (du, dz) + €.
s Jz|<a s Je<|z|<a

Applying (N') to the above term implies that (D) converges to zero in proba-
bility. We thus prove lim,, E(D) is equal to zero.
Applying the above estimates on (A)-(D), we have

Elfi(Xe,) -+ f (X, ) (w(Xe) — w(X5))]

t d 2
. n n 0 n n
5Ehmsupfl(th)---fm(Xtm)[/ > o (X1 Jag r, X7)
" s =1 0%y
d
+; g“l r, X")dr]
= BA(X) - fn(Xa,,) / hmsup[z (X7 )a(r, X™)
21 9TiT
(r, X™)dr]. (4.38)

We choose A;(X.) such that, for all ¢t € [0,T7,

(lim sup |a;; (t, X™)|, lim sup |b;(¢, X™)|) € A4(X.).

Notice that (Linear growth (II) on A;(X.) still can be achieved, since a;;(t, X.)
and b(t, X.) satisfy (Linear growth (I)). According to the definition of G' and
notice that it is a upper-continuous function, we thus have

E[f1(Xt,) -+ frn (X, ) (w(X) — u(X5))]

< B[A(X0) - fn(Xen) / G (s (), us(X,), X.)dr]

The inequality (3.15) is therefore proved. Applying theorem 3.2, we thus prove
this lemma.

Corollary 4.1 In addition to conditions in lemma 4.2, if we further assume

that the function a(t, X) in (sup A') satisfies (Coercive), then the coefficient
@ in (4.32) also satisfies (Coercive).
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Proof. For x € A, the first d? elements represent a nonnegative d x d matrix,
which is denoted by a,. We define a set

B:={x= (o1, -, Tq, ", 2q) : 7 < (az\,A) VA : R%valued unit vector},
where + is taken from (Coercive). For all ¢, and y. € C, we define sets in R%
Ay(y.) = A(y) N B,

where A;(y.) is as in lemma 4.2. The sets A;(y.) is still closed, since A;(y.)
closed, and B is closed. The set B is convex since for every 0 < 8 < 1 we have
the inequality

VAP < Blad, A) + (1 = B) (a2, X)) = ((Bar + (1 = Baz), N,

for all R%valued unit vector A. Therefore, A;(y.) are also convex. Theorem 4.2
is thus fulfilled with policy sets A;(y.), so the pair of coefficients (a@(y.), bs(y.)) in
(4.32) is belonging to A4 (y.). Therefore, the coefficient @, satisfies (Coercive).
The corollary is thus proved.

Lemma 4.3 Let T > 0, assume that on a complete probability space (2, F, P),
there exists a diffusion process Xy which satisfy

t t
Xy =Xo+ / bsds + / Vasdws Vi <T, P—a.s. (4.39)
0 0

where @, satisfies (Coercive) and b, is bounded. We also assume a bounded
domain D in R%, and Xo € D. The first exit time of the process (4.39) from
the domain D is denoted by Tp. For a measurable subset T' in [0,T] x D, the
random subsets in Dy € (0,T] is defined to be

Dr:={t:te[0,7p AT),(t,X;) €T},

which is the time that the process (t, X;) stays in the set T before exiting from
the domain [0,T] x D.
Then for every C > 0, there is a constant N = N(C, D, d,~) such that

P(|Dr| > C) < NI, (4.40)
where |T'| denotes Lebesgue measure of the set T.

Proof. We use theorem 3.1 to prove this lemma. We can choose a function
F = K(1V 7), where K is an upper bound of |by|. Since @ is coercive, F is
a regular function (see Definition 3.1). We choose g(t,z) in theorem 3.1 to be
Ir(t, ), the indicator function on the set I'. Therefore, we can get

E[/ det (@) T I (s, X,)ds] < NIT.
0
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(Coercive) implies det(as) is strictly larger than zero for all s € [0,T]. We
thus can get from the above inequality

E[|Dr|] £ N|T,

for some constant N1 > 0. Applying Chebychev’s inequality on the above
inequality, we can get for all C >0

Dr] > 0) < EBtl

< M|T|
for some constant Ny = N1(C, D,d,~) > 0. The lemma is thus proved.

We now prove the main results.

Proof of theorem 2.1. The proof of part (A), and (B) can be found in
Theorem 3.1 in Chapter 8 in [17]. We only prove part (C). According to part
(A), there exists a subsequence of (X]")n>1, say (X} )w>1, with distribution
Q"l converge to a probability measure Q'. By using Skorokhod representation
theorem (see [27] or Theorem 15.42 in [26]), we can find a probability space,
say (Q,F',P'), and D% valued semimartingales X and X on this proba-
bility space ', where X" has distributions Q™ and X have distribution Q.
Moreover,

limX" =X P -as. (4.41)

in the Skorokhod-Lindvall topology. From part (A), we also have Q'(C) =
P'(X € C) = 1. Thus, we have

lim X™ (t) = X (t) (4.42)

uniformly in [0,7] P'-a.s. (see Ch.6 Sec.1 Problem 5 in [17]).

For fixed a € (0,1], the process (Xn’)n’21 also sdmit a unige canonical
representation with the triplet of predictable characteristics T' = (B"' A 19"').
The process X™ can be written as

t
X =Xy +By + MM +/ / zdi™ .
0 J|z|>a

The process X™ and X" are the same in law. So (N), (sup A), (sup B)
imply (N'), (sup A'), (sup B'), respectively (see Ch.4 Sec.3 Theorem 2 in
7).

Notice that the coefficients a(t,z) and b(t,z) determine the distribution of
the weak solution of (2.9). Therefore, by Theorem 1 (3) in [19], to prove that
X™(t) converges weakly to the solution of (2.9), it suffices to prove that for fixed
T >0andfor alle >0

¢
lim P'[sup | B} —/ b(s, X)ds| > €] = 0; (4.43)
n' t<T 0
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t
lim P'[sup | < M®™ >, —/ a(s, X)ds| > €] = 0. (4.44)
n' t<T 0

We observe that the integrand in (4.43) satisfies

A t ~ At t A t A ) A

\Br —/ b(s, X)ds| < | B —/ b(s, X )ds|+|/ b(s, X™') — b(s, X)ds|.
0 0 0

We also notice the function b(¢, X) satifying (S). Along with (sup B'), to prove
(4.43), we only need to prove that for all T > 0 and for all € > 0,

11m P sup/ [b(s, — b(s, X,)|ds > €) = 0. (4.45)
t<T

Notice that first of all, according to corollary 4.1 we know there is an en-
largment of the probablhty space (€, F', P'), say (', F ,P"), and @ and b,
satisfying (Linear growth (I)), such that

t t
X, = Xy + / Vadw, + / bar,  We0,7] (P —as),
0 0

moreover, the diffusion term & satisfies (Coercive).
Secondly, we notice that for € > 0, there is a constant K. > 0 such that

sup P (sup | Xy| > K.) < €
n t<T

We define a subset D of R?
D:={z€eR%:|z| <K.]}.

and notice according to lemma 4.3, for every measurable subset I of Rt x R?,
the set A
Dr = {t it € [O,TD /\T], (t,Xt) S F},

satisfies ;
P (|Dr| > C) < NI, (4.46)

where N = N(C, D,d,~).
We now prove (4.45). We choose I' as the set O in (Mb), and consider the
inequality

T
/ Ib(s, X2') — b(s, X,)ds <
0

/ Ib(s, X7) — b(s, X,)|ds + / b(s, X7') — b(s, X,)|ds,  (4.47)
Do [0,T\Do
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where Do = {t : t € [0,7p A O], (t,X;) € O}. The second term of (4.47)
converges to zero since b(s, -) is uniformly continuous in D§,, the completment
of the set Dp. The first term of (4.47) is less than 2B|Dg|, for some constant
B, a bound of function |b, since (4.41) implies

b, X| < K(1+ sup | Ril) < K(1+ K.

According to (4.46), for ¢’ > 0,
P'(B|Do| > €') < N|O|,

with a constant N only depending on €', not depending on |O)|.
According to (Mb), we can choose an open set O in RT x R? as small as
possible such that
P'(B|Do| > €') < N|O| <. (4.48)

The equality (4.45) is thus proved. To prove (4.44), we can use the same argu-
ment as the one in proving (4.43). The theorem is thus proved.

Proof of theorem 2.2 According to theorem 2.1, we only need to check
that the coeflicients a(t,z) and b(¢,z) uniquely determine the distribution of
Q@ of the diffusion process (2.9). This is true according to theorem 7.2.1 and
theorem 10.2.2 in [32]. The theorem is thus proved.
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