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ABSTRACT

Herein we develop a model of the left ventricle and peri-
cardium at end-diastole. In our model the left ventricle at
end-diastole assumes the shape of a spherical thick-walled
shell, and the pericardium is a spherical membrane concentric
with it. We assume that both the thick-walled shell and the
membrane are homogeneous and are composed of incompressible,
isotropic and Cauchy-elastic materials. Two empirical stress-
strain relations obtained from biaxial uniform-extension tests
on the two materials, respectively, will suffice to specify our
model. The model gave good fit to experimental data from
excised canine ventricles and to pericardium data from closed
chest, anaesthetized dogs. Three empirical stress-strain rela-
tions were tried in the data-fitting. The "exponential law"

gave the best results.,
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INTRODUCTION

The heart is a thick-walled muscle enclosed in a loose-fitting sac
or pericardium, which is a thin membrane but much stiffer than the heart
muscle. The small space between the pericardium and the heart is filled
by the pericardial fluid.

Intracardiac pressures and volumes are influenced by the pericardium
(cf. Pegram et al. (1975), Glantz et al. (1978), Shirato et al. (1978),
Kanazawa et al. (1983)), although the pericardium probably has little
effect in the normal man at rest. When the heart is larger during
exercise, the pericardium will assume a bigger role because cardiac
dilatation must occur against the confinement of the much stiffer pericar-
dium. Pericardial disease is an important clinical problem. Excessive
fluid in the pericardial sac (pericardial effusion) can lead to the
potentially fatal condition of cardiac tamponade. Some inflammations of
the pericardium can result in constriction of the heart. Understanding
quantitatively the effects of the pericardium on intracardiac pressures
and volumes would allow a better assessment of the severity of myocardial
diseases and the effect of pericardial disease on the heart.

Unfortunately, although cardiologists routinely measure intracardiac
pressures and volumes, they are as yet unable routinely to assess the
role of the pericardium quantitatively. A mathematical model which
captures and describes quantitatively the role of pericardium in cardiac

mechanics will have important clinical applications. In this paper



we shall develop a model of the left ventricle at end-diastole that
includes the pericardium in the modelling. Many earlier models of the
left ventricle did not include the pericardium (see, e.g., Mirsky (1973),
Demiray (1976)). Vito (1979) studied '"the effects of the pericardium on
a mechanical model of the heart'. Our study differs from Vito's in two
ways:

(1.) Vito studied experimentally the one-dimensional elastic response
of excised dog pericardium in tension tests, used his data in the model-
ling, and concluded that his model "shows the effects of pericardial
thickness changes on pressures in the heart to be significant". The
relationship between his static model and the pumping heart was not examined.
Similarity to the models of Mirsky (1973) and Demiray (1976) was mentioned.
However, both Mirsky and Demiray were interested in the elastic properties
of the left ventricle. They tested their model by using experimental data
of Spotnitz et al. (1966), which were obtained from excised canine left
ventricles without pericardium. Our model refers to the left ventricle
and pericardium at end-diastole. Below we shall use our model to fit data
obtained from closed chest, anaesthetized dogs.

(2.) Although our model and Vito's model are identical in geometry,
our analysis differs from his in mechanics. Vito assumed that the left
ventricle and the pericardium were homogeneous and composed of incompres—
sible isotropic hyperelastic materials. For each material he postulated
a stored-energy function with two material parameters. For the stored-

energy function of the pericardial material he estimated the values of its



parameters by fitting his data of uniaxial tension tests on canine pericar-
dium. As we shall explain below, as far as mechanics goes, relevant data
are those of uniaxial compression or uniform biaxial extension tests. A
stored-energy function which gives good fit to data of uniaxial tension
tests need not deliver correct response for uniaxial compression tests.

In this sense there is a logical gap in Vito's analysis. Moreover,

because of the geometry of the modelling, stored-energy functions are not
essential in the mechanical analysis. Indeed in our model we shall assume
that the left ventricle and the pericardium be Cauchy elastic instead of
hyperelastic. Cf. Truesdell and Noll (1965), §43 and §82, for the

distinction between hyperelasticity and the more general Cauchy elasticity.

MATHEMATICAL MODELLING

The following model refers to the heart at end-diastole. Pressures
and diameters, if not specified otherwise, are end-diastolic pressures
and diameters.
We model the left ventricle as a thick-walled spherical shell, which
is an approximation adopted in many previous studies. We treat the peri-
cardium as a spherical membrane concentric with the thick-walled shell.
We assume that the membrane and the thick-walled shell are homogeneous
and composed of different incompressible isotropic Cauchy-elastic materials.
Inside the thick-walled shell and between it and the spherical membrane

are two different fluids. We assume that at end-diastole the system of



fluids, spherical membrane and thick-walled shell is at static equilibrium.

Our goal in this section can be paraphrased as follows: to derive
equations that describe the effects of changes in pericardial end-diastolic
pressure (i.e., pressure of fluid enclosed between the spherical membrane
and the thick-walled shell at the end of cardiac diastole) on the dimensions
of the spherical membrane and thick-walled shell. To this end we shall
consider various equilibrium configurations of the system at end-diastole,
in which the pericardial pressure and left ventricular pressure are
variables.

The problem under consideration requires large deformation analysis.
Because existing experimental data on the large deformation of soft
biological tissues are obtained mainly from uniaxial and uniform biaxial
tests, much effort in the past has been spent in attempting to arrive at
a stored-energy function from the restricted experimental data. TFor our
present problem, however, such a generalization is unnecessary. Indeed
we need not assume that a stored-energy function exists at all. In
other words, it suffices to assume that the biological tissues in question
are Cauchy elastic rather than hyperelastic. Moreover, for the model at
hand, two empirical functions will suffice to specify our model completely;
these functions are those which fit stress-strain data of uniaxial com-
pression or biaxial uniform-extension tests on the two materials that
constitute the thick-walled shell and the spherical membrane, respectively.
(Under our constitutive assumptions the information content of biaxial

uniform-extension tests is identical to that of uniaxial compression tests.



Cf. the derivation of Eq. (13) below.)
The most handy stress-strain data on soft biological tissues are
those of uniaxial tension tests. For our modelling of the thick-walled

shell we need to know a function

o = f(e; Uy eens O‘z) (1)

which will fit stress-strain data of uniaxial compression tests on the
material of the shell. Here o 1is the nominal engineering stress or
Lagrangian stress, € 1is the conventional engineering strain (i.e., the
change in length per unit original length), and G -.., Qp are material
parameters. Moreover, we have assumed that the configuration defined by
€ = 0 1is identical to that of a material point in the thick-walled shell
when the shell is at ease (i.e., unstressed) before inflation. For our
intended applications the material parameters Ops wees ap will be deter-
mined in vivo. Thence we need to know only the functional form of Eq. (1),
which can be inferred from biaxial uniform-extension tests on excised
pericardia and ventricle-wall muscles of animals. Results of uniaxial
tension tests are also helpful in providing possible forms of Eq. (1), as
we shall see below.

Since we have assumed that the material of the thick-walled shell
is incompressible, isotropic and Cauchy elastic, its constitutive equation

has the representation (cf. Truesdell and Noll (1965), Eq. (49.5))



T =-pl+B.B+ B_lg'l; (2)

here T 1is the Cauchy stress, p 1is the indeterminate pressure due to

incompressibility, B is the left Cauchy-Green tensor, B. and 8_1

1
are symmetric scalar functions of the eigenvalues of B. Consider a
uniaxial compression test on a specimen that obeys Eq. (1). Suppose a
Cartesian coordinate system has been chosen. Let 1- be the direction of
compression on the specimen and let A denote the stretch ratio in the

2- and 3- directions. For a typical material point in the specimen the

left Cauchy-Green tensor has the form

r _ -
4 o 0
B = 0 A° 0 , (3)
0 0 A2
L -

rT 0 0 )
11
T = 0 0 0 . (4)
0 0 0
L —

For a compression test, A > 1 and T11 < 0. It follows from Eqs. (2),

(3) and (4) that



2 42 4 2 2.,4

B -4 -4 -

T11 = -p + Bl(k , AT, AT T+ B_l(k s AT, ATIA
-+ B0+ B_ o0, (5)
o A2.8 32

T,, = T4 = -p + B A" + B2 0,

2, 12) for j =1 and j = -1. On the other

where éj(x) ej(x“h, A

hand, by Eq. (1)

T.. =A% = x_zf(e; Oy ewey Qp)
11 1 L
—2. =2 (6)
=X “f(A - 15 oy, ...,oc[_).
Thence we deduce that
T, - Ty, = Bvo™ - B waet - A72)
(7

2 -2
NIETE -1 0, el ap).

Now consider a dilatation of the thick-walled spherical shell in
question. The shell is considered to remain spherical after the deforma-
tion, and we assume that it is at static equilibrium in its current
configuration under the given internal and outside pressures. We shall use
spherical coordinates (r, 0, ¢) to denote the current position of a
material point of the shell after dilatation. Let Ri and RO be the

original inner and outer radii of the spherical shell when it is at ease.



Let . and 1 be the inner and outer radii after the dilatation. Let
r be the radius after dilatation of the spherical surface whose original
radius is R. For a material point X on this surface the left Cauchy-

Green tensor is given under spherical coordinates by

A 0 0
B = 0 22 0 , (8)
0 0 A2

where A = r/R; here X > 1 for a dilatation. It follows from Eq. (2)
that under spherical coordinates the physical components of the Cauchy

stress tensor T at X are given by the expressions

. 4 4 4

T = -p+ B 00T+ B o,

T, =T = -p+ B A +B. 2 (9)
00 = loo ] -1 ’

T =T =T =0

o rd 00

It follows that

2

—
|
3
|

SR e - ah B et -, (10)

rr 66

Comparing Eq. (10) with Eq. (7), we conclude that

EFT-15 ap, .. O‘E)’ (11)



We assume that the thick-walled spherical shell is at static
equilibrium after the dilatation. At each place in the current configura-
tion of the shell, the equations of equilibrium are satisfied. By Eq. (9),
the only non-trivial equation of equilibrium can be simplified as

dTrr/dr + Z(Trr - Tee)/r = 0, (12)

If the thick-walled shell is at equilibrium under an internal pressure p;

and outside pressure P> by integrating Eq. (12) we obtain the relation

r
P; ~ P, =2/ "1 (T - Tyy) dr
Ty
Yo 2 -1.,.-2
=-2/" (Xr) £\ “-1; Ars ooy az) dr (13)
Ty
Ay o33 o1 ,.-2
= 2757707 -DTEAT -1 ag, ., ) d)
A
1

where A = r/R, Al = ri/Ri’ and AZ = ro/Ro. In deducing Eq. (13)3

from Eq. (13)2 we have used the assumption that the material of the
thick-walled shell is incompressible.

Let us derive an approximation to Eq. (13) when the shell in question
can be taken as thin, in which case we say that we are considering the
dilatation of a spherical membrane. Suppose the membrane has thickness
hm and radius Rm when it is at its natural state. Let o be its

radius after dilatation. By the assumption of incompressibility, after



- 10_
dilatation the thickness of the membrane is
h=h A7, (14)

where A =71 /R . Let k =h /R be the ratio of the original thickness
m m' m m' m

and radius of the membrane. From Eq. (13)2 we obtain the approximation

= ~2h(r Az)_lf(A_z—l; a
m m m

g
|

o
R

DRREE az)

(15)
s _ 5.2 _ .
= 2k>\m f()\m 1; Ups eves OLZ).

Eq. (15) is useful in modelling the dilatation of the pericardium.
Of course, the appropriate stress-strain relation should be used.
Generally speaking, we expect that we can use Eq. (1) both for the peri-
cardium and for the left ventricle. The elastic parameters, however,

will assume different values for the two instances.

COMPARISON WITH EXPERIMENTAL DATA

We tested our model by using it to fit some experimental data in the
literature. Before we could proceed, an explicit form of the function f

in Eq. (1) must be given. The function form tried first was:

0 = a(exp(Be) - 1); (16)
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here o and B are the material parameters. Eq. (16) is known to give
good fit to data of uniaxial tension tests for many soft biological tissues
(see, e.g., Fung (1972) and references therein) and in particular for
canine pericardium (cf. Rabkin and Hsu (1975)).“ Both o and B are
positive in tension tests. Of course Eq. (16) need not be valid for

compression tests. However, for the materials and the range of strain

1[We add two comments: (i) Eq. (16) has the drawback that the natural

state must be specified to define €. Experimentally the well-tested
equation is in fact do/de = B(o+a), the form of which is independent of
the reference configuration to define €. In the fitting of data below,
we shall make assumptions to the effect that the natural state in question
will be specified. Thence Eq. (16) suits our present purpose well. (ii)
The stress 0 in the equation do/de = B(0+0a) means Lagrangian stress
for some authors (Fung (1972), Rabkin and Hsu (1975)) and Eulerian stress
for others (see, e.g., Pinto and Fung (1973)). Considering the variability
of data, the simplifications inherent in our model and the usual range of
strain in its intended applications, we believe that in our present
context distinction of Eulerian stress and Lagrangian stress in Eq. (16)
is not that important. Taking O as Lagrangian stress in Eq. (16) gave

a slightly better fitting of the data to be discussed below. Throughout

this paper, unless specified otherwise, the symbol 0 denotes Lagrangian

stress.
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in question, if the stress—strain curve for compression is similar in
shape to that for tension, then the function form Eq. (16) should remain
valid, although we expect o and B to assume negative values because
0 and € are negative for compression. The preceding hypothesis has
some empirical support in the instance of the dog pericardium. Cf.

Fig. 5 of Hildebrandt et al. (1969a). Note in particular the two
empirical formulae given in the figure for dog pericardium and the fact
that € = A - 1 for uniaxial tension tests and € = A-z -1 for
biaxial uniform-extension tests.

Pegram et al. (1975) studied changes in left ventricular internal
diameter resulting from increasing intrapericardial pressure induced by
increasing the pericardial fluid volume in closed chest, anaesthetized
dogs. Their Fig. 2 includes a plot of change in pericardial end-diastolic
diameter against change in pericardial pressure; each data-point in the
plot is an average for six or seven dogs. The pericardial diameter at
the control state (at which change in pericardial pressure = 0) is given
in the last column of their Table 1. We used Eq. (15) with Eq. (16) for
f to fit the aforementioned data of Pegram et al. In the fitting we
assumed that P, be constant; moreover, at the control state, P; =P,
and the pericardium be unstressed. Let Ap and Adm be the change in
pericardial end-diastolic pressure and diameter, respectively. Under
our assumptions Ap = p., - P, in Eq. (15). Thence in our model Ap

1

and Adm are related by

Ap = —2kod "> (exp (B2 = 1)) - 1), (17)
m m



..13_

where Am =1+ (Adm/ZRm). The parameters that can be determined from
data of Ap against Adm are B and the product ko. We determined the
least squares estimates of ko and B from the data of Pegram et al. by
nonlinear regression using IMSL subroutine ZXSSQ (a finite difference
analogue of the Levenberg-Marquardt method). The results were as follows:
koo = -0.509 mm Hg, B = -12.6. Predictions from the model were close to
the experimental values. See Table 1 and Fig. 1.

The computer output of the IMSL subroutine ZXSSQ includes also
information from which approximate standard error and confidence intervals
can be calculated for the estimated parameters. We calculated what follows:
standard error of ka = 0.069 mm Hg, standard error of B = 0.572; the
Bonferroni joint confidence intervals at the 957 level were given by
ka = (-0.509+0.186) mm Hg, and B = -12.6*1.5.

The calculation of the approximate standard errors and confidence
intervals is based on a number of statistical assumptions. Whether those
assumptions would be valid for the problem at hand is dubious. However,
the standard errors and confidence intervals will at least provide an
impression about the goodness of fit. Indeed, as we shall discuss below,
such calculations led us to abandon a model based on a stress-strain
relation proposed by Hildebrandt et al. (1969b), although it also gave
good predictions.

The fitting above did not deliver an estimate for oa. Vito (1979)
reported an average thickness of 0.233 mm for twenty specimens of dog

pericardium. Should we put hm = 0.233 mm and k = hm/Rm = 0.233/29.86,
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the estimated value of o would be equal to -65.2 mm Hg or -8.87 X 10_4
kg/mmz. The absolute values |a| = 8.87><10_4 kg/mm2 and |B] = 12.6

fall in the range of values of o and B reported by Rabkin and Hsu
(1975); they obtained those values from data of uniaxial tension tests on
six specimens of canine pericardium. We should, however, caution that

for a given specimen the absolute values |a| and |B| for compression
need not be equal to those for tension tests.

The paper of Pegram et al. (1975) did not include sufficient data for
testing Eq. (13). Since we failed to find suitable data in the literature,
we used the data of Spotnitz et al. (1966), which were obtained from 27
specimens of excised canine left ventricles. Our model is meant to describe
the heart at end-diastole. Using pressure-volume data obtained under
passive conditions is undesirable.

We used Eqs. (13) and (16) to fit the data of Spotnitz et al. In the
fitting we assumed that the left ventricles be unstressed when the trans-
mural pressure P; -~ P, was null. We determined the least squares
estimates of o and B by nonlinear regression, using IMSL subroutine
ZXSSQ. We calculated also the standard errors and the 95% Bonferroni
joint-confidence intervals for the estimated parameters. The results were
as follows: o = -0.107 mm Hg, B = -13.1; standard error of a = 0.026
mm Hg, standard error of R = 0.431; the Bonferroni joint confidence
intervals at the 957 level were given by o = (-0.107 £+0.075) mm Hg
and R = -13.1%*1.2. The model in question gave good predictions. See

Table 2 and Fig. 2.
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It is interesting to compare the two sets of values of o and B
obtained above. The difference between the estimated values of B for
the canine pericardium and left ventricle is statistically insignificant.
Should the estimated average thickness of pericardium be sharp, the value
of |a| for the pericardium would be at the 95% confidence level at
least several hundred times larger than that for the left ventricle. 1In
other words, while the stress-strain curves for uniaxial compression are
similar in shape for the two materials, we expect the canine pericardium
to be at least several hundred times stiffer than the muscle of the
canine left ventricle. We should, however, caution that the two sets of
values of o and B pertain to two different groups of specimens and the
average thickness of canine pericardium is estimated from a third group.

For an incompressible and isotropic elastic material, the stress-—
strain relation Eq. (1) can be determined empirically through biaxial
uniform-extension tests. Hildebrandt et al. (1969b) reported that the

function
o= kU3 = /AN - A - A (18)
0 007

where K, AO, AOO are material parameters and A = 1+€ 1is the stretch
ratio, gave good fit to experimental data of both uniaxial tension tests
and uniform biaxial extension tests on several soft biological tissues.

We attempted to fit the data of Pegram et al. in Table 1 above by using

Eqs. (15) and (18). We followed the same fitting procedure used for Eq. (17).



_.16_

While the least squares estimates of the material parameters did give
predictions close to experimental data, two of the estimates had large
variances and covariances. We believe that the large variances and
covariances are due to over-parametrization with respect to fitting of the
given data. In other words the given data will not suffice to give sharp
estimates for all the three material parameters. Since we expected that
the same phenomenon would occur if we used Eqs. (13) and (18) to fit the
data of Spotnitz et al. given in Table 2 above, we did not proceed with
the fitting.

In another paper Hildebrandt et al. (1969a) proposed a stress-strain
relation specifically for biaxial uniform extensions of dog pericardium.

The relation is

—4 =2 -1

o = -2 - AHOT - Th (19)
here X_z = 1+e, K and b are material constants. (Cf. their Egs.
(10) and (11). Note that the symbol ¢ stands for Eulerian stress in
the paper of Hildebrandt et al. (1969a), and it denotes Lagrangian stress
here.) Egs. (15) and (19) gave a good fit to the pericardium data of
Pegram et al. (see Table 1 above). The least squares estimates were

Kk = 1.10 mm Hg and b = 0.652, with standard errors equal to 0.09 mm Hg
and 0.009, respectively. The sum of squared residuals was 1.2 times of
that which resulted when we used Eq. (17) to fit the pericardium data.

Eqs. (13) and (19), however, were less satisfactory for fitting the data
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of Spotnitz et al. as regards the canine left ventricle (see Table 2
above). While Eqs. (13) and (19) gave sharp estimates of the material
parameters, the least squares estimates produced a sum of squared residuals
almost ten times of that which resulted when Eqs. (13) and (16) were used.
In summary, among the three stress-strain relations considered, the
"exponential law'" Eq. (16) gave the best results. It is preferred for

the stress-strain relation in our model.

DISCUSSION: APPLICATION TO INTACT MAN

Our model is meant to describe the left ventricle plus pericardium at
end-diastole. It should be tested against pressure-volume data obtained
from conscious or anaesthetized human beings. Procurement of requisite
data is indeed possible.

The measurement of heart and pericardial volumes can be obtained
noninvasively in man by the use of echocardiographic techniques. These
methods utilize reflected sound waves to mark the inner and outer
surfaces of the pericardium and myocardium. Although the estimate of
myocardial volume is more accurate than pericardial volume, both measure-
ments can be readily obtained. The measurement of ventricular volumes
can be made precisely using invasive means. The insertion of a catheter
into the heart from a vein or an artery permits the injection of a dye,
which can be detected radiologically to enable the calculation of relevant

volumes.



The measurement of pressure cannot be done noninvasively. Catheters
must be inserted into the ventricles and the pericardial sac. The
insertion of a catheter into the left or right ventricle is done daily
in most major hospitals in selected individuals to diagnose heart disease.
Insertion of a catheter into the pericardium is done only in patients
who have sufficient fluid in the pericardial sac, for otherwise it may
compromise the cardiovascular system. Albeit not a common occurrence, a
number of investigations have utilized this method to measure
pericardial pressure in man when fluid is being removed from the
pericardial space. A recent study by Tyberg et al. (1986) has shown a
high correlation between right atrial pressure and pericardial pressure,
which may provide an important less invasive method to measure pericardial
pressure.

Even with data obtained from procedures outlined above, a problem
remains. In our modelling we have assumed that we know the inner and
outer radii of the thick-walled shell, the thickness and radius of the
spherical membrane when they are at ease. It is impossible to ascertain
these numbers for a living subject by direct measurement. Even the
natural length of a strip of excised pericardium or muscle specimen is
difficult to determine. Perhaps we can avoid this problem by making
reasonable approximations. For instance, for a normal man at rest, it may
be a sufficiently good approximation to assume the pericardium as at ease
at end-diastole. Indeed we have made a similar assumption when we use

Eq. (17) to fit the data of Pegram et al. Perhaps our modelling may have
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to be modified so that the natural states are no longer used as the
reference configurations. A more complex model, however, will contain
more parameters, which may lead to the problem of over-parametrization
for the available data.

In summary, the present study has developed a model of the heart
with pericardium, which fit well experimental data from canine heart and
pericardium. Future studies should tackle the more difficult problems
of refinement of the model and utilization of pressure-volume data from

man.
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Table 1. Comparison of predictions from Eq. (17) with experimental
data given in Fig. 2(A) of Pegram et al.; Adm = change in
pericardial end-diastolic diameter, Ap = change in peri-
cardial end-diastolic pressure, 2Rm = 59.71 mm, ko =
-0.509 mm Hg, B = -12.6.

Experimental Data Prediction from Model
Adm Ap Ap
(mm) (mm Hg) (mm Hg)
1.40 1.00 0.70
3.00 2.00 1.78
4.20 3.00 2.86
5.40 4.00 4,22
6.00 5.00 5.02
7.05 6.00 6.64
7.30 7.00 7.07
7.55 8.00 7.51
8.20 9.00 8.76
8.80 10.00 10.03
9.25 11.00 11.06
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Fig. 1. Fitting canine pericardium data of Pegram et al. by using
Eq. (17). Each ~° denotes an experimental data-point.

The solid curve pertains to parameters ko = -0.509 mm Hg,
B =-12.6.
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Comparison of predictions from Egs. (13) and (16) with
experimental data given in Table 1 of Spotnitz et al.;
R, = 14.4 mm, R = 29.6 mm, o = -0.107 mm Hg, B = -13.1.
The last row of data is obtained by taking averages of
data given in the two rows with P; ~ P, estimated as

30+ mm Hg in the paper of Spotnitz et al.

Prediction from Model

T P.~P P:~P

o 1 (o] 1 (o]
(mm) (mm Hg) (mm Hg)
30.7 2.0 1.6
31.1 3.0 2.9
31.3 3.0 3.7
31.7 5.0 5.0
32.7 10.0 10.8
32.9 12.0 12.9
33.2 15.0 15.1
33.6 20.0 17.8
35.2 30.0 30.6
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Fig. 2. Fitting canine left-ventricular data of Spotnitz et al.
by using Eqs. (13) and (16). Each =° denotes an experi-
mental data-point. The solid curve pertains to parameters

o = -0.107 mm Hg, B = -13.1.



