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Abstract

We present several a posteriori error estimators for the so-called hybridizable discontin-

uous Galerkin (HDG) methods, as well as an a posteriori error estimator for variable-

degree, hybridized version of the Raviart-Thomas method on nonconforming meshes,

for second-order elliptic equations. We show that the error estimators provide a reliable

upper and lower bound for the true error of the flux in the L2-norm.

Moreover, we establish the convergence and quasi-optimality of adaptive hybridiz-

able discontinuous Galerkin (AHDG) methods. We prove that the so-called quasi-error,

that is, the sum of an energy-like error and a suitably scaled error estimator, is a con-

traction between two consecutive loops. We also show that the AHDG methods achieve

optimal rates of convergence.

iii



Contents

Acknowledgements i

Dedication ii

Abstract iii

List of Tables vii

List of Figures viii

1 Introduction 1

1.1 Background and motivation . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 The hybridizable discontinuous Galerkin methods . . . . . . . . . . . . . 3

1.2.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.2 The HDG methods . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Organization of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 A posteriori error estimation for the LDG-H method 9

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Local postprocessing . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.2 The a posteriori error estimate . . . . . . . . . . . . . . . . . . . 11

2.3 Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Step 1: Some auxiliary results . . . . . . . . . . . . . . . . . . . . 13

2.3.2 Step 2: A crucial estimate . . . . . . . . . . . . . . . . . . . . . . 17

iv



2.3.3 Step 3: Proof of the efficiency and reliability of the estimator . . 20

2.4 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.2 Uniform refinement . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4.3 Adaptive refinement . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 A posteriori error analysis for the RT method 35

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.2 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2.2 Assumptions on the meshes and boundary condition . . . . . . . 36

3.2.3 The hybridized Raviart-Thomas method on meshes with hanging nodes 38

3.2.4 Local post-processing . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2.5 The a posteriori error estimate . . . . . . . . . . . . . . . . . . . 39

3.2.6 The main property of the error estimator . . . . . . . . . . . . . 40

3.3 Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3.1 Auxiliary Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3.2 Proof of Reliability and Efficiency of the estimator . . . . . . . . 43

3.4 A concluding remark . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 A posteriori error analysis for HDG methods 51

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2.1 The error, its estimators and the main assumptions . . . . . . . . 51

4.2.2 The main results . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3.1 Main Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3.2 Verification of conditions A . . . . . . . . . . . . . . . . . . . . . 56

4.4 Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.4.1 Proof of the reliability of the estimator, Theorem 4.2.1. . . . . . 57

4.4.2 Proof of the local efficiency of the estimator, Theorem 4.2.2 . . . 62

4.5 Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.5.1 Notation and construction of the meshes . . . . . . . . . . . . . . 67

v



4.5.2 Assumption on the meshes . . . . . . . . . . . . . . . . . . . . . 68

4.5.3 A posteriori error estimates . . . . . . . . . . . . . . . . . . . . . 69

4.5.4 Sketch of the proof . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.6 Obtaining other equivalent estimator . . . . . . . . . . . . . . . . . . . . 72

4.6.1 Equivalent Estimators . . . . . . . . . . . . . . . . . . . . . . . . 72

4.6.2 The mixed-H methods . . . . . . . . . . . . . . . . . . . . . . . . 75

4.6.3 The LDG-H method . . . . . . . . . . . . . . . . . . . . . . . . . 76

5 Convergence and quasi-optimality of AHDG methods 78

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.2.1 Adaptive Procedure . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.2.2 Convergence and optimality . . . . . . . . . . . . . . . . . . . . . 83

5.3 Sketch of the proofs of the main Theorems . . . . . . . . . . . . . . . . . 85

5.3.1 Proof of the contraction property of the AHDG method . . . . . 86

5.3.2 Proof of the quasi-optimality of the adaptive HDG methods . . . 90

5.4 Completion of the Proof of the quasi-optimality property . . . . . . . . 90

5.4.1 Estimator reduction . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.4.2 Proof of the quasi-orthogonality inequality . . . . . . . . . . . . . 92

5.5 Completion of the Proof of the quasi-optimality property . . . . . . . . 96

5.6 Proof of Lemma 5.6.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.7 Proof of Lemma 5.4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6 Conclusion and Discussion 114

References 115

Appendix A. Notation 123

vi



List of Tables

1.2.1 Main examples of HDG methods . . . . . . . . . . . . . . . . . . . . . . 6

2.4.1 The effect of the polynomial degree p for smooth solution . . . . . . . . 30

2.4.2 The effect of the polynomial degree p for non-smooth solution . . . . . . 31

2.4.3 The effect of the stabilization function τ . . . . . . . . . . . . . . . . . . 32

4.3.1 The auxiliary flux q̃h and the auxiliary local spaces Ṽ (K) and W ∗(K). 55
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Chapter 1

Introduction

1.1 Background and motivation

Adaptive finite element methods (AFEMs) are finite element methods (FEMs) which

utilize a posteriori error estimators and indicators to assess the quality of approxima-

tion and modify the mesh adaptively. These methods aim to obtain a solution with

prescribed accuracy by using a minimal amount of computational work. In practice,

AFEMs are known to outperform their non-adaptive counterparts, especially when the

solution exhibits rapid changes and singularities. To illustrate the capability of the

AFEMs, we present a simple but typical example [70]. We consider the Laplace’s equa-

tion on a two-dimensional L-shaped domain Ω,

∆ u = 0 in Ω,

with exact solution u = r2/3 sin (2θ/3) written in polar coordinates. Note that ∇u has

a singularity at the reentrant corner. In Fig. 1.1.1, we see that the adaptive mesh is able

to capture this singularity. Moreover, to obtain the same accuracy in the flux, AFEM

requires significantly fewer degrees of freedom than the standard FEM. Indeed, FEM

requires 3072 elements to bound the L2 error of the flux around 0.025 while AFEM

requires only 162 elements. This example clearly reveals the advantage of the adaptive

mesh strategy.

A classic adaptive finite element method can be described by a loop as follows:

SOLVE → ESTIMATE → MARK → REFINE.

1
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Figure 1.1.1: A comparison of uniform mesh and adaptive mesh

Let us describe each module in detail. Given a mesh Tk, the module SOLVE yields

an approximation in the finite element space Vk associated with the mesh Tk by using

FEM. Then, we ESTIMATE the error by using an a posteriori error estimator. Using

this information, we MARK the elements of the mesh Tk that carries the largest value

of the estimator and then REFINE them to obtain the next mesh, Tk+1. We repeat

this loop until the error is less than a prescribed tolerance. The key ingredient of the

AFEM is the a posteriori error estimator used in the ESTIMATE procedure. Next, let

us discuss the module ESTIMATE in detail.

The module ESTIMATE utilizes an a posteriori error estimator to identify the region

carrying the largest error. These error estimators provide reliable upper and lower

bound for the true error. Note that a global upper bound ensures that the quality of

approximation is below the prescribed tolerance while a local lower bound ensures that

the error estimator does not overestimate the true error, thus preventing over-refining

the mesh. Moreover, the estimators should be computed locally from the numerical

approximation and known data of the problem, and the cost of computation should be

much cheaper than solving for the numerical solution.

Starting from the pioneer work of Babuška et al. [11, 12] in the 70’s, a great deal

of effort has been devoted to the design of a posteriori error estimators for a variety of
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partial differential equations and numerical methods. We refer to [70, 3] for a review.

Although AFEMs are successfully applied in scientific and engineering computing, a

complete theory ensuring the convergence and optimal convergence rate of the adaptive

algorithm is still under development. It was not until 1996 that the convergence property

of AFEM for multidimensional cases was established in [40] by introducing a key marking

strategy, now known as Dörfler marking. Later, this result was improved in [47, 46]. On

the other hand, the optimality of the convergence rate of AFEM was established in [16].

Later, the result was improved in [66]. All the results mentioned above established the

convergence and optimality of the standard continuous Galerkin methods for second

order elliptic problems. Recently, this issue was also addressed in [31, 15] for mixed

finite element method and in [54, 43, 17] for discontinuous Galerkin methods.

Compared with other DG methods, the HDG methods have a significantly smaller

number of globally-coupled degrees of freedom and better convergence properties. Com-

pared with well established finite element methods, they display the typical advantages

of DG methods, namely, ease in dealing with hp-adaptivity on conforming or noncon-

forming meshes, in handling boundary conditions, and in being applicable to a wide

variety of problems.

However, a theory regarding the convergence property and optimal convergence rate

of the AHDG methods is still lacking. In this thesis, we present the first convergence

result for the AHDG methods for the following model problem:

q +∇u = 0 in Ω, (1.1.1a)

∇· q = f in Ω, (1.1.1b)

u = g on Γ, (1.1.1c)

where Ω ∈ Rd is a polyhedral domain (d ≥ 2), f ∈ L2(Ω) and g ∈ H1/2(Ω).

1.2 The hybridizable discontinuous Galerkin methods

1.2.1 Notation

Throughout the thesis, unless otherwise stated, we use Th = {K} to denote a conforming

triangulation, made of simplexes K, of the domain Ω. We use hK to denote the diameter
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of K and he the diameter of the face e of an element. We associate to this triangulation

the set of interior faces E i
h and the set of boundary faces E∂

h . We say that e ∈ E i
h if there

are two elements K+ and K− in Th such that e = ∂K+ ∩ ∂K−, and we say that e ∈ E∂
h

if there is an element K in Th such that e = ∂K ∩ Γ. We set

Uh(e) :=




K+,K− if e ∈ E i

h,

K if e ∈ E∂
h .

and we set Eh = E i
h ∪ E∂

h . We also set ∂Th = {∂K|K ∈ Th}.

We use the conventional notation [[v]] to denote the jump of vector valued function

v in the normal direction across the face, [[v]]t to denote the jump of v in the tangential

direction and [[ϕ]] to denote the jump of scalar valued function ϕ, that is,

[[v]] =




v− · n− + v+ · n+, e ∈ E i

h,

0, e ∈ E∂
h ,

[[v]]t =




v− × n− + v+ × n+, e ∈ E i

h,

v × n+∇Γ g × n, e ∈ E∂
h ,

[[ϕ]] =




ϕ−n− + ϕ+n+, e ∈ E i

h,

ϕn− gn, e ∈ E∂
h .

Here, ∇Γ is the so-called surface gradient. The outward unit normal vector to ∂K is

denoted by n. For smooth functions η defined on Ω, we have that ∇Γ η := ∇ η − (n ·

∇ η)n.

We use the standard notation (· , ·)D, 〈· , · 〉Γ to denote the L2 inner product on the

elements D and faces Γ, respectively, that is,

(σ,v)D :=
∑

K∈D

∫

K
σ(x) · v(x) dx,

(ζ, ω)D :=
∑

K∈D

∫

K
ζ(x)w(x)dx,

〈ζ,v · n〉Γ :=
∑

e∈Γ

∫

e
ζ(x)v(x) · ndx,
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We also use the notation ‖ · ‖D and ‖ · ‖Γ to denote the L2 norm on the elements D

and faces Γ, respectively.

We use the notation ′a � b′ to denote a ≤ Cb for some generic constant C indepen-

dent of mesh size. We also use the notation ′a ≃ b′ to denote a � b � a.

Assumptions on the meshes and on the boundary condition

Finally, we make the following assumption on the meshes Th:

S: The meshes Th verify the shape-regularity condition, that is, there is some constant

σ > 0, such that

hK/ρK ≤ σ ∀ K ∈ Th,

where ρK denotes the diameter of the largest ball inside K.

To avoid technical difficulties, we make the following assumption on the boundary

condition:

B: We assume the Dirichlet boundary data g is the trace of a continuous function

included in W ∗
h .

1.2.2 The HDG methods

The HDG methods are finite element methods which seek an approximation to the exact

solution (q|Ω, u|Ω, u|∂Eh), (qh, uh, ûh), in the space V h ×Wh ×Mh where

V h : = {v ∈ L2(Ω) : v|K ∈ V (K) ∀K ∈ Th}, (1.2.1a)

Wh : = {ω ∈ L2(Ω) : w|K ∈W (K) ∀K ∈ Th}, (1.2.1b)

Mh : = {m ∈ L2(Eh) : m|e ∈ M(e) ∀e ∈ Eh}, (1.2.1c)

The approximation (qh, uh) is expressed in terms of f and ûh by the so-called local

solvers:

(qh,v)Th − (uh,∇·v)Th = −〈ûh,v · n〉∂Th ∀ v ∈ V h, (1.2.2a)

−(qh,∇ω)Th + 〈q̂h · n, ω〉∂Th = (f, ω)Th ∀ ω ∈Wh, (1.2.2b)

and ûh ∈ Mh is determined by the boundary condition

〈ûh, µ〉Γ = 〈g, µ〉Γ, ∀µ ∈ Mh, (1.2.3a)
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and by the transmission condition

〈 [[q̂h]], µ〉Ei
h
= 0, ∀µ ∈ Mh. (1.2.3b)

In this general framework, to define a particular method, we only have to specify (1) the

numerical trace q̂h, (2) the local spaces V (K)×W (K), and (3) the space of approximate

traces M(e). See the main examples in the table below.

Table 1.2.1: Main examples of HDG methods

Method q̂h V (K) W (K) M(e)

RT-H qh Pp(K) + xPp(K) Pp(K) Pp(e)
BDM-H qh Pp(K) Pp−1(K) Pp(e)
LDG-H qh + τ (uh − ûh)n Pp(K) Pp(K) Pp(e)
IP-H −∇uh + τ (uh − ûh)n Pp(K) Pp(K) Pp(e)
CG-H new unknown Pp−1(K) Pp(K) Pp(e)

Here, Pp(K) and Pp(e) denote the space of polynomials with degree no great than p

on a simplex K or a face e, respectively. And Pp(K) denotes the space of vector valued

function with each of its components in Pp(K).

For the CG-H method, which as shown in [34], is nothing but a rewriting of the

original CG method, some minor modifications are in order. First, we force the space

of traces to be a space of continuous functions, that is, we take

Mh := Mc
k,h := {µ ∈ C0(Eh) : µ|e ∈ Pp(e)}.

Then, we define the local solver as follows. On the elementK, the local solver (qh, uh, q̂h) ∈

V (K)×W (K)× T (∂K), where

T (∂K) := {nK w|∂K : w ∈W (K)},

is the solution of the problem

(qh,v)K − (uh,∇·v)K = −〈ûh,v · n〉∂K ∀v ∈ V (K), (1.2.4a)

−(qh,∇w)K + 〈q̂h · n, w〉∂K = (f, w) ∀w ∈W (K), (1.2.4b)

uh = ûh on ∂K, (1.2.4c)
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We refer the reader to [34] for more examples of hybridizable methods. For an a priori

error analysis of these methods, we refer the reader to [35, 38]; see also the previous

work in [33, 36].

1.3 Organization of the thesis

The goal of the thesis is to develop a posteriori error estimates for the hybridizable dis-

continuous Galerkin (HDG) method and to understand the convergence and optimality

of the adaptive HDG methods. In order to achieve this goal, we carried out the research

in four steps.

In Chapter 2, we propose the first a posteriori error estimator for the HDG method.

We show that the error estimator ηh provides upper and lower bound for the error

e2h := ‖ q − qh ‖
2
Ω +Φh,

where ‖ · ‖Ω denotes the L2(Ω)-norm, and where Φh is expressed in terms of the diver-

gence of q−qh inside the elements, of the normal component of q− q̂h on the boundary

of the elements, of the gradient of u−u∗h inside the elements, and of the jump of u−u∗h

across inter-element boundaries. Here, u∗h denotes a local post-processing of the approx-

imation provided by the HDG method. Numerical experiments in two-space dimensions

are presented.

The result above is not completely satisfactory. Although we show that the estimator

is equivalent to the error eh, the term of primary interest is the L2-error in the flux only.

In order to tackle this problem, we start with the hybridized Raviart Thomas (RT)

method, which is similar to, yet much simpler than, the HDG methods. In Chapter 3,

we show that

C2η
2
h ≤ ‖ q − qh ‖

2
Ω ≤ C1η

2
h,

for two positive constants C1 and C2. Moreover, we show that the estimate above holds

for variable-degree hybridized Raviart-Thomas method on nonconforming meshes.

Using the technique developed for the RT method, we then establish a unified a

posteriori error estimation for a large class of HDG methods in Chapter 4. In partic-

ular, we derive a reliable and efficient error estimator for the error in an energy norm.
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This result is crucial to establish the convergence and optimality of the adaptive HDG

methods.

Finally, in Chapter 5, building upon the knowledge gathered in the previous chapters,

we show that the total error, that is, the sum of the error in the energy norm and scaled

error estimator and data oscillation, is a contraction between two consecutive iterations.

Moreover, we also show that the error in the energy norm converges with the optimal

rate.



Chapter 2

A posteriori error estimation for

the LDG-H method

2.1 Introduction

In this chapter, we use the idea of employing the postprocessing [58] and the approach

used in [55] to obtain the first reliable and efficient error estimator for HDG methods

with optimal order of convergence in all space dimensions.

We show that the error is controlled only by the data oscillation and the difference

between the trace of the scalar variable and the corresponding numerical trace. Here

we assume that g is a continuous function which is piecewise polynomial of degree p on

the polyhedral boundary Γ.

In section 2.2, we introduce the a posteriori error estimator and present the main

result of the chapter. In section 2.3, we present the analysis of its reliability and effi-

ciency and in section 2.4 , we provide numerical results showing the performance of the

estimator.

9
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2.2 Main Result

2.2.1 Local postprocessing

Just as the accuracy of the approximate scalar variable of mixed methods can be im-

proved by an element-by-element computation of a new approximation [7, 19, 24, 22, 65],

for HDG methods, several postprocessings have been proposed in [33, 36, 35] which

achieve a similar goal.

Here, we take the postprocessing u∗h in the space

W ∗
h = {w ∈ L2(K), w|K ∈ Pp+1(K), ∀K ∈ Th}, (2.2.1)

and define it as follows. When p ≥ 1, the solution u∗h satisfies the following equations

(u∗h − uh, w)K = 0, ∀w ∈ Pp−1(K), (2.2.2a)

(∇u∗h,∇w)K = −(qh,∇w)K , ∀w ∈Wp+1(K), (2.2.2b)

for each simplex K, where

Wp+1(K) = {w ∈ Pp+1(K) : (w, v) = 0 ∀ v ∈ Pp−1(K)}.

When p = 0, we define u∗h on the simplex K ∈ Th by requiring that

∫

F
u∗h =

∫

F
ûh, ∀F ∈ ∂K,

for each face F of K. Note that in this case we have that qh = −∇u∗h. The postpro-

cessed solution u∗h is well defined and converges with order p + 2 for p ≥ 1, and with

order 1 for p = 0 for conforming meshes; see [35].

Note that (u∗h − uh) depends on (ûh − uh) only. Indeed, from the HDG formulation

(1.2.2), when p ≥ 1,

(∇(u∗h − uh),∇w)K = −(qh +∇uh,∇w)K ,

= 〈ûh − uh,∇w · n〉∂K , ∀w ∈Wp+1(K)

and when p = 0,

∫

F
u∗h − uh =

∫

F
ûh − uh, ∀F ∈ ∂K,
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We can define the following lifting operator Φ. When p ≥ 1, Φ(ûh−uh) is a polynomial

in the space Wp+1(K) satisfying

(∇Φ(ûh − uh),∇w)K = −〈ûh − uh,∇w · n〉∂K , ∀w ∈Wp+1(K),

for each simplex K. When p = 0, we require Φ(ûh − uh) ∈ P1(K) satisfying

∫

F
Φ(ûh − uh) =

∫

F
(ûh − uh), ∀F ∈ ∂K,

for each face F of K. And we have

u∗h = uh +Φ(ûh − uh). (2.2.3)

2.2.2 The a posteriori error estimate

To state our main result, we need to introduce some notation. We denote by ‖ ζ ‖0,D the

L2-norm of the function ζ over the domain D. We then set, for each simplex K ∈ Th,

‖w ‖H1(K) := (‖w ‖20,K + h2K‖∇w ‖20,K)1/2, (2.2.4a)

‖w ‖1/2,∂K := inf
φ∈H1(K),Tφ=w

h−1
K ‖φ ‖H1(K), (2.2.4b)

where Tφ denotes the trace of φ ∈ H1(K) on the boundary of the triangle K. We also

set

‖w ‖−1/2,∂K := sup
w∈H1(K)

〈w,w〉∂K
‖w ‖1/2,∂K

, (2.2.4c)

‖v ‖div,K := (‖v ‖2K + h2K‖ ∇·v ‖20,K)1/2. (2.2.4d)

Our main result provides upper and lower bounds of the error

eh := (‖ q − qh ‖
2
div,Th

+ ‖ [[u− u∗h]] ‖
2
1/2,Eh

(2.2.5)

+ ‖∇(u− u∗h) ‖
2
0,Th

+ ‖ (q − q̂h) · n ‖−1/2,∂Th)
1/2,
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where

‖ q − qh ‖div,Th := (
∑

K∈Th

‖ q − qh ‖
2
div,K)1/2, (2.2.6a)

‖ [[u− u∗h]] ‖1/2,Eh := (
∑

E∈∂Th

h−1
E ‖ [[u− u∗h]] ‖

2
0,E)

1/2, (2.2.6b)

‖∇(u− u∗h) ‖0,Th := (
∑

K∈Th

‖∇u−∇u∗h ‖
2
0,K)1/2, (2.2.6c)

‖ (q − q̂h) · n ‖−1/2,∂Th := (
∑

K∈Th

‖ (q − q̂h) · n ‖2−1/2,∂K)1/2, (2.2.6d)

in terms of the error estimator

ηh := (η21,h + η22,h)
1/2, (2.2.7)

where

η1,h := ‖ f − PW f ‖−1,Th := (
∑

K∈Th

h2K‖ f − PW f ‖
2
0,K)1/2, (2.2.8a)

η2,h := ‖L(ûh − uh) ‖0,Th := (
∑

K∈Th

h−1
K ‖PM (Id− Φ)(ûh − uh) ‖

2
0,∂K (2.2.8b)

+
∑

e∈Eh

h−1
e ‖ [[(Id− PM )Φ(ûh − uh)]] ‖

2
0,e

+
∑

K∈Th

hK‖ τ(ûh − uh) ‖
2
0,∂K)1/2,

where PW is the L2-orthogonal projection into Wh and PM is the L2-orthogonal projec-

tion into Pp(e), for each face e ∈ Eh. Here, we point out that to numerically evaluate the

negative-order norm used to define the fourth term of the error (2.2.5), we approximate

it by solving a corresponding dual problem locally in some large finite element space.

We refer the reader to Lemma 2.4.1 for details.

We can now state our main result.

Theorem 2.2.1 (Reliability and Efficiency of the error estimator). Assume that the

meshes satisfy the shape-regularity assumption A. Then there are two constants C1 and

C2 depending only on the constant σ, and p such that

C1η
2
h ≤ e2h ≤ C2 η

2
h.
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The proof is based on a key observation stated in Lemma 2.3.5 and on the idea of

constructing an error estimator by using a post-processed solution. Thanks to these

two ideas, we avoid the conventional technique based on Helmholtz decompositions and

the saturation assumption, and establish the result for any space dimensions. This

result provides a reliable and efficient a posteriori error estimator which holds for all

dimensions under standard assumptions on the mesh. Note that the error is bounded

by the data oscillation and quantities depending solely on the jump ûh − uh on ∂Th.

2.3 Proof

In this section, we provide a proof of our main result, Theorem 2.2.1. We proceed in

three steps. We begin by gathering a few, simple auxiliary results that we are going to

use in the analysis. We then establish a key estimate of the error in the approximate

flux. Finally, we prove the efficiency and reliability of the estimator.

2.3.1 Step 1: Some auxiliary results

We begin by proving several auxiliary lemmas which will be useful in the proof of main

theorem.

Some relations between norms

We have the following well known trace inequality in terms of the norm defined in the

last section. The proof can be found in [55].

Lemma 2.3.1. It holds for any simplex K ∈ Th,

‖v · n ‖−1/2,∂K ≤ ‖v ‖div,K .

Next, we show that the L2-norm ‖ · ‖0,∂K and negative-order norm ‖ · ‖−1/2,∂K are

equivalent on the space

Mh(∂K) := {w|e ∈ Pp(e) for all faces e of K}.

Lemma 2.3.2. For all w ∈ Mh(∂K), we have

C−1
s1 ‖w ‖−1/2,∂K ≤ h

1/2
K ‖w ‖0,∂K ≤ Cs1‖w ‖−1/2,∂K ,



14

where Cs1 depends on the shape regularity constant σ and on the polynomial degree p of

the space Mh(∂K).

Proof. To prove the inequality, we begin by associating to every simplex K ∈ Th the set

K̂ defined as follow. It is a set of unit diameter, such that the transformation F from

K̂ to K is given by

x = F (x̂) = hK x̂+ b.

It follows immediately that, if we set ŵ(x̂) := w(x),

‖w ‖21,K : = ‖w ‖2K + h2K‖∇w ‖2K

= hdK(‖ ŵ ‖2
K̂
+ ‖ ∇̂ŵ ‖2

K̂
)

= hdK‖ ŵ ‖2
1,K̂

,

and that 〈w,w〉∂K = hd−1
K 〈ŵ, ŵ〉

∂K̂
, where d denotes the dimension of the element K.

Next, we note that, by the definition of half-order norm (2.2.4b) and the negative-

order norm ‖ · ‖−1/2,∂K (2.2.4c)

‖w ‖1/2,∂K := inf
φ∈H1(K),Tφ=w

h−1
K ‖φ ‖H1(Ω),

‖w ‖−1/2,∂K := sup
w∈H1(K)

〈w,w〉∂K
‖w ‖1/2,∂K

we have

‖w ‖−1/2,∂K = sup
w∈H1(K)

〈w,w〉∂K

h−1
K ‖w ‖H1(Ω)

= sup
ŵ∈H1(K̂)

hd−1
K 〈ŵ, ŵ〉

∂K̂

h
d/2−1
K ‖ ŵ ‖

1,K̂

= h
d/2
K ‖ ŵ ‖−1/2,∂K̂

.

On the other hand, we have

‖w ‖0,∂K = h
d−1
2

K ‖ ŵ ‖
0,∂K̂

.

Using the fact that all norms on the finite dimensional space are equivalent, we get

‖w ‖0,∂K ≤ h
d−1
2

K Cs1(K̂, p)‖ ŵ ‖−1/2,∂K̂
(2.3.1)

= Cs1(K̂, p)h
−1/2
K ‖w ‖−1/2,∂K ,
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and,

‖w ‖0,∂K ≥ h
d−1
2

K C−1
s1 (K̂, p)‖ ŵ ‖−1/2,∂K̂

(2.3.2)

= C−1
s1 (K̂, p)h

−1/2
K ‖w ‖−1/2,∂K .

where Cs1(K̂, p) depends continuously on the shape of K̂.

Considering the family K̂(σ) of all the simplexes K̂ with unit diameter, one vertex

in the origin and satisfying the shape regularity condition, we get, by compactness ([25]

subsection III.2.4), that

Cs1(σ, p) := sup
K̂∈K̂(σ)

Cs1(K̂, p) <∞.

Hence, from (2.3.1) and (2.3.2), one has

C−1
s1 (σ, p)‖w ‖−1/2,∂K ≤ h

1/2
K ‖w ‖∂K ≤ Cs1(σ, p)‖w ‖−1/2,∂K .

This completes the proof.

Some relations between residuals

Finally, we need to show that residuals coming from the equations defining the HDG

method (1.2.2), are strongly connected.

Lemma 2.3.3. It holds

(
∑

K∈Th

h2K‖PW f −∇· qh ‖
2
0,K)1/2 ≤ Cs2‖ (q̂h − qh) · n ‖−1/2,∂Th .

Moreover,

‖ qh +∇u∗h ‖0,Th ≤ Cs2(
∑

K∈Th

h−1
K ‖PM (ûh − u∗h) ‖

2
0,∂K)1/2,

(
∑

K∈Th

h−1
K ‖PM (ûh − u∗h) ‖

2
0,∂K)1/2 ≤ Cs2‖ qh +∇u∗h ‖0,Th ,

where Cs2 is some constant depending on shape regularity σ and polynomial degree p

only.
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Proof. It suffices to show that, for each simplex K,

h−1
K ‖PM (ûh − u∗h) ‖

2
0,∂K ≤ C2

s2‖ qh +∇u∗h ‖
2
0,K ,

‖PW f −∇· qh ‖
2
0,K ≤ C2

s2h
−1
K ‖ (q̂h − qh) · n ‖20,∂K .

From the equations defining the HDG method (1.2.2) and the definition of the

postprocessing u∗h, (2.2.3), we have that

(qh +∇u∗h,v)K = 〈PM (ûh − u∗h),v · n〉∂K , ∀v ∈ Pp(K)d, (2.3.3a)

(PW f −∇· qh, ω) = 〈(q̂h − qh) · n, ω〉∂K . ∀w ∈ Pp(K). (2.3.3b)

Taking ω = PW f −∇· qh in the above equation (2.3.3b), and using the fact that

‖ω ‖0,∂K ≤ Cs2h
−1/2
K ‖ω ‖0,K ,

where Cs2 = Cs2(σ, p) is some constant depending on shape regularity σ and polynomial

degree p, we immediately obtain

‖PW f −∇· qh ‖0,K ≤ Cs2h
−1/2
K ‖ (q̂h − qh) · n ‖0,∂K .

Thus, the first inequality follows from lemma 2.3.2.

To prove the remaining inequalities, we denote

V0 = {v ∈ Pp(K)d,v · n = 0 on each edge e ∈ ∂K},

and V ⊥
0 as the L2-orthogonal complement of V0 in Pp(K)d. Note from equation (2.3.3a)

that

(qh +∇u∗h,v) = 0, ∀v ∈ V0,

which implies that qh +∇u∗h ∈ V ⊥
0 . Choosing v = qh +∇u∗h in (2.3.3a), and using the

fact that

h
−1/2
K ‖v ‖0,K ≤ Cs2‖v · n ‖0,∂K , ∀v ∈ V ⊥

0 ,

we have the second inequality.

Similarly, for p ≥ 1, we can take v ·n = PM (ûh − u∗h) in equation (2.3.3a). The last

inequality follows from the fact that

‖v · n ‖0,∂K ≤ Cs2h
−1/2
K ‖v ‖0,K .

For p = 0, by the definition of the postprocessing u∗h, the inequalities are trivially true

since all the involved quantities are equal to zero. This completes the proof.
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By using the triangle inequality and the fact that ûh is single valued across the

interior faces, we can easily obtain the following consequence of the last result.

Corollary 2.3.1.

∑

e∈Ei
h

h−1
e ‖ [[u∗h]] ‖

2
0,e +

∑

e∈E∂
h

h−1
e ‖ g − u∗h ‖

2
0,e

≤ Cs2(
∑

e∈Eh

h−1
e ‖ (Id− PM ) [[u∗h]] ‖

2
0,e +

∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K).

Approximation by continuous functions

We are also going to make use of the fact that the approximate solution u∗h can be

approximated by a continuous, piecewise polynomial function ũ∗h in the post processing

space W ∗
h (2.2.1). This will allow us to show that the quality of the approximation can

be controlled by the jump of u∗h. The following result can be found in [41], Theorem

2.2.

Lemma 2.3.4. For any wh ∈ W ∗
h and multi-index α with |α| = 0, 1 the following

approximation results holds: Let g be the restriction to Γ of a function in W ∗
h ∩H1(Ω).

Then there exits a function w̃h ∈W ∗
h ∩H1(Ω) satisfying w̃h|Γ = g and

∑

K∈Th

‖Dα(wh − w̃h) ‖
2
K ≤Cj

∑

e∈Ei
h

h1−2|α|
e ‖ [[wh]] ‖

2
e

+ Cj

∑

e∈E∂
h

h1−2|α|
e ‖ g − wh ‖

2
e

where the constant Cj = Cj(σ, p+1) depends on the shape regularity constant σ and on

the polynomial degree p+ 1 of the finite element space W ∗
h .

2.3.2 Step 2: A crucial estimate

Here we establish what we consider to be the crucial estimate of the analysis. It is a

small modification of a similar result obtained in [55].

Lemma 2.3.5. For any function φ in C1(Th) ∩ C0(Ω), there exists a constant Cσ de-

pending only on the shape regularity constant of the mesh, σ, such that

‖ q − qh ‖
2
0,Th

≤ Cσ(η
2
q + η2φ)− 〈(q − q̂h) · n, g − φ〉Γ,
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where

η2q =
∑

K∈Th

h2K‖ f − PW f ‖
2
0,K +

∑

K∈Th

hK‖ (q̂h − qh) · n ‖20,∂K ,

η2φ =
∑

K∈Th

‖ qh +∇φ ‖20,K ,

Proof. Let K be an arbitrary simplex of the triangulation Th, then, we have

‖ q − qh ‖
2
0,K =(q − qh, q +∇φ− qh −∇φ)K ,

and, since q = −∇u, after a simple integration by parts, we get

‖ q − qh ‖
2
0,K =(∇· (q − qh), u− φ)K − 〈u− φ, (q − qh) · n〉∂K

− (q − qh, qh +∇φ)K .

The estimate of the last term follows immediately by applying Cauchy-Schwarz and

Young inequalities:

(q − qh, qh +∇φ)K ≤
1

4ǫ
‖ qh +∇φ ‖20,K + ǫ‖ q − qh ‖

2
0,K (2.3.2)

The harder part is to estimate the first two terms, namely,

TK := (∇· (q − qh), u− φ)K − 〈u− φ, (q − qh) · n〉∂K .

To do so, we add and subtract PKf in the first term and q̂h ·n in the second term, and

obtain

TK := T1,K + T2,K + T3,K , (2.3.3)

where

T1,K :=(f − PKf, u− φ)K ,

T2,K :=− 〈u− φ, (q − q̂h) · n〉∂K ,

T3,K :=(PKf −∇· qh, u− φ)K − 〈u− φ, (q̂h − qh) · n〉∂K .

To estimate T1,K , we only need to note that for any constant µ,

(f − PKf, u− φ)K = (f − PKf, u− φ− µ)K

≤
1

4ǫ
h2K‖ f − PKf ‖

2
0,K + ǫh−2

K ‖u− φ− µ ‖20,K .
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By the Bramble-Hilbert Lemma,

h−2
K ‖ (u− φ− µ) ‖20,K ≤ Cp‖∇(u− φ) ‖20,K ,

where the Poincaré constant Cp depends on the shape regularity constant σ. Thus,

T1,K ≤
1

4ǫ
h2K‖ f − PKf ‖

2
0,K + ǫCp‖ q +∇φ ‖20,K . (2.3.4)

For the second term T2,K , note that, since φ is continuous across the edges, we have

that ∑

K

T2,K = −
∑

K∈Th

〈(q − q̂h) · n, u− φ〉∂K = −〈(q − q̂h) · n, u− φ〉Γ.

It remains to estimate T3,K . By the second equation defining the HDG method

(1.2.2), for each simplex K ∈ Th, we have that

〈(qh − q̂h) · n, ω〉∂K = (PKf −∇· qh, ω)K , ∀ω ∈Wh(K),

which implies that

T3,K = 〈PK(u− φ)− (u− φ), (q̂h − qh) · n〉∂K .

≤
1

4ǫ
hK‖ (q̂h − qh) · n ‖20,∂K + ǫh−1

K ‖PK(u− φ)− (u− φ) ‖20,∂K .

By the trace inequality and the Bramble-Hilbert lemma, we get

h−1
K ‖PK(u− φ)− u+ φ ‖20,∂K ≤ Cth

−2
K ‖PK(u− φ)− u+ φ ‖20,K

≤ Ct2‖∇u−∇φ ‖20,K ,

where Ct2 depends on the shape regularity constant σ. Thus, we have

T3,K ≤
1

4ǫ
hK‖ (q̂h − qh) · n ‖20,∂K + ǫCt2‖ q +∇φ ‖20,K . (2.3.5)

Using the estimates obtained in (2.3.2) to (2.3.5), we conclude that

‖ q − qh ‖
2
0,Th ≤

∑

K∈Th

1

4ǫ
‖ qh +∇φ ‖20,K +

∑

K∈Th

ǫ‖ q − qh ‖
2
0,K

+
∑

K∈Th

1

4ǫ
h2K‖ f − PKf ‖

2
0,K +

∑

K∈Th

ǫCp‖ (q +∇φ) ‖20,K

+
∑

K∈Th

1

4ǫ
hK‖ (q̂h − qh) · n ‖20,∂K +

∑

K∈Th

ǫCt2‖ q +∇φ ‖20,K

− 〈(q − q̂h) · n, u− φ〉Γ, (2.3.6)
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and, after simple algebraic manipulations, that

‖ q − qh ‖
2
0,Th

≤
1

4ǫ
η2q + (

1

4ǫ
+ ǫCp + ǫCt2)η

2
φ

+ ǫ(1 + Cp + Ct2)‖ q − qh ‖
2
0,Th − 〈(q − q̂h) · n, u− φ〉Γ.

The result follows by choosing ǫ small enough. This completes the proof of Lemma

2.3.5.

Note that only the second equation in the HDG formulation (1.2.2) was used in the

proof, and that the function φ is an arbitrary, continuous and piecewise differentiable

function.

2.3.3 Step 3: Proof of the efficiency and reliability of the estimator

Theorem 2.2.1 will immediately from Lemma 2.3.6, which establishes the efficiency of

the estimator, and from Lemma 2.3.7, which establishes its reliability.

The efficiency of the estimator

We are ready now to obtain a lower bound for the error eh.

Lemma 2.3.6 (Efficiency of the error estimator). We have that

C1η
2
h ≤ e2h,

where C1 is some constant depending only on the shape regularity constant σ and the

degree of the polynomial p.

Proof. Let us begin by estimating η1,h. By definition, (2.2.8a),

η21,h :=
∑

K∈Th

h2K‖ f − PW f ‖
2
0,K ≤

∑

K∈Th

h2K‖ f −∇· qh ‖
2
0,K ≤ e2h,

since PW f is the L2-projection into the space Wh and ∇· qh ∈Wh.

Next, let us estimate η2,h. By definition (2.2.8b),

η2,h := (T 2
1 + T 2

2 + T 2
3 )

1/2,
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where

T 2
1 :=

∑

K∈Th

h−1
K ‖PM (Id− Φ)(ûh − uh) ‖

2
0,∂K ,

T 2
2 :=

∑

e∈Eh

h−1
e ‖ [[(Id− PM )Φ(ûh − uh)]] ‖

2
0,e,

T 2
3 :=

∑

K∈Th

hK‖ τ(ûh − uh) ‖
2
0,∂K .

We shall proceed in three steps and estimate each component of the estimator. Our

first goal is to establish an upper bound for T 2
1 . Note from the definition of postpro-

cessing (2.2.3), we have

T 2
1 =

∑

K∈Th

h−1
K ‖PM (ûh − u∗h) ‖

2
0,∂K ,

and by Lemma (2.3.3), we have

T 2
1 ≤ C2

s2

∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K

≤ 2C2
s2

∑

K∈Th

(‖ q +∇u∗h ‖
2
0,K + ‖ q − qh ‖

2
0,K)

≤ 2C2
s2e

2
h.

Next, our task is to estimate T 2
2 . Again, by definition of post-processing (2.2.3), we

have

T 2
2 = h−1

e ‖ (Id− PM ) [[u∗h − uh]] ‖
2
0,e.

Since PM [[uh]] = [[uh]], we get

T 2
2 = h−1

e ‖ (Id− PM ) [[u∗h]] ‖
2
0,e ≤ e2h.

We now only have to estimate T 2
3 . From the definition of numerical flux q̂h · n for

LDG-H method (Table 1.2.2), we get

T 2
3 :=

∑

K∈Th

hK‖ τ(ûh − uh) ‖
2
0,∂K =

∑

K∈Th

hK‖ (q̂h − qh) · n ‖20,∂K .
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If suffices to show that

T 2
3 ≤ C4

∑

K∈Th

(‖ (q − q̂h) · n ‖2−1/2,∂K + ‖ q − qh ‖
2
div,K).

We see, by Lemma 2.3.2, that we have

hK‖ (q̂h − qh) · n ‖20,∂K ≤ C2
s1‖ (q̂h − qh) · n ‖2−1/2,∂K .

≤ 2C2
s1‖ (q − qh) · n ‖2−1/2,∂K + 2C2

s1‖ (q − q̂h) · n ‖2−1/2,∂K ,

≤ 2C2
s1‖ (q − q̂h) · n ‖2−1/2,∂K + 2C2

s1C
2
t1‖ q − qh ‖

2
div,K .

by Lemma 2.3.1. Thus, we can take C4 := 2C2
s1max{1, C2

t1}.

This completes the proof.

The reliability of the estimator

To complete the proof of Theorem 2.2.1 it only remains to prove an upper bound for

the error eh. It is contained in the following result.

Lemma 2.3.7 (Reliability of the error estimator). We have that

e2h ≤ C2η
2
h.

where C2 is a constant depending only on the shape regularity constant σ and the degree

of the polynomial p.

Proof. Since by definition of postprocessing, (2.2.3), we have

PM (Id− Φ)(ûh − uh) = PM (ûh − u∗h),

[[(Id− PM )Φ(ûh − uh)]] = [[(Id− PM )(u∗h − uh)]] = (Id− PM ) [[u∗h]],

and, since by definition of the numerical flux q̂h, we have that

τ(uh − ûh) = (q̂h − qh) · n,
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it is enough to show that

e2h ≤ C2(
∑

K∈Th

h2K‖ f − PW f ‖
2
0,K +

∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K

+ h−1
e ‖ (Id− PM ) [[u∗h]] ‖

2
0,e +

∑

K∈Th

hK‖ (q̂h − qh) · n ‖20,∂K).

By definition of the error (2.2.5), we have that

eh := (‖ q − qh ‖
2
div,Th

+ ‖ [[u− u∗h]] ‖
2
1/2,Eh

+ ‖∇(u− u∗h) ‖
2
0,Th + ‖ (q − q̂h) · n ‖2−1/2,∂Th

)1/2,

and so, we shall show that each of the four terms inside the square root can be bounded

by a constant times η2h.

Let us begin by estimating ‖ q−qh ‖
2
div,Th

. By definition (2.2.6), and also by (2.2.4d),

‖ q − qh ‖
2
div,Th

= ‖ q − qh ‖
2
0,Th

+
∑

K∈Th

h2K ‖ f −∇· qh ‖
2
0,K

= ‖ q − qh ‖
2
0,Th

+
∑

K∈Th

h2K(‖ f − PW f ‖
2
0,K + ‖PW f −∇· qh ‖

2
0,K)

≤ ‖ q − qh ‖
2
0,Th

+ η21,h + C2
s2 hK‖ (q̂h − qh) · n ‖20,K ,

by definition of η1,h, (2.2.8a), and by Lemma 2.3.3.

It remains to estimate ‖ q− qh ‖
2
0,Th

. To do that, we note that, by Lemma 2.3.5, for

any function φ in C1(Th) ∩ C0(Ω), we have

‖ q − qh ‖
2
0,Th

≤ Cσ(η
2
q + η2φ)− 〈(q − q̂h) · n, g − φ〉Γ

where

η2q = (
∑

K∈Th

h2K‖ f − PW f ‖
2
0,K +

∑

K∈Th

hK‖ (q̂h − qh) · n ‖20,∂K)

We now take φ := ũ∗h ∈W ∗
h ∩ C0(Ω), where, by the result of Lemma 2.3.4, the function

ũ∗h satisfies

ũ∗h = g on Γ, (2.3.7a)
∑

K∈Th

‖∇(u∗h − ũ∗h) ‖
2
0,K ≤ Cj

∑

e∈Ei
h

h−1
e ‖ [[u∗h]] ‖

2
0,e. (2.3.7b)
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We immediately obtain that 〈(q − q̂h) · n, g − φ〉Γ = 0, by property (2.3.7a), and that

η2φ =
∑

K∈Th

‖ qh +∇ũ∗h ‖
2
0,K

≤
∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K +

∑

K∈Th

‖∇(u∗h − ũ∗h) ‖
2
0,K ,

≤
∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K + Cj

∑

e∈Ei
h

h−1
E ‖ [[u∗h]] ‖

2
0,e,

by property (2.3.7b). This proves that ‖ q − qh ‖div,Th is bounded by a constant times

ηh.

To bound the second term in the definition of the error eh, we simply invoke Corollary

2.3.1 to get

‖ [[u− u∗h]] ‖
2
1/2,Eh

≤ Cs2(
∑

e∈Eh

h−1
e ‖ (Id− PM ) [[u∗h]] ‖

2
0,e +

∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K).

Let us now bound the third term ‖∇(u− u∗h) ‖0,Th . We have

‖∇(u− u∗h) ‖
2
0,Th

≤ 2
∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K + 2

∑

K∈Th

‖ q − qh ‖
2
0,K .

The estimate now follows from the estimate of the term ‖q − qh‖
2
0,Th

obtained above.

Finally, to estimate Θ := ‖ (q − q̂h) · n ‖−1/2,∂Th , we proceed as follows. By the

triangle inequality,

Θ2 :=
∑

K∈Th

‖ (q − q̂h) · n ‖2−1/2,∂K

≤ 2
∑

K∈Th

‖ (q − qh) · n ‖2−1/2,∂K + 2
∑

K∈Th

‖ (qh − q̂h) · n ‖2−1/2,∂K ,

and, by Lemma 2.3.1 and by Lemma 2.3.2,

Θ2 ≤ 2
∑

K∈Th

‖ (q − qh) ‖
2
div,K + 2C2

s1

∑

K∈Th

hK‖ (qh − q̂h) · n ‖20,∂K ,

The estimate of ‖ (q−q̂h)·n ‖−1/2,∂Th now follows from the previously obtained estimate

for ‖q − qh‖div,Th . This completes the proof.
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2.4 Numerical Results

In this section, we present numerical experiments devised to verify the reliability and

efficiency properties of the a posteriori estimate predicted by our theoretical result,

Theorem 2.2.1, in the two dimensional case. Moreover, we explore how the estimates

behave as we change the polynomial degree of the HDG method, p, and its stabilization

function, τ . We do not always take the boundary value g to be piecewise polynomial.

In this case, g is approximated by some piecewise polynomial gh and the quality of

this approximation is controlled by a boundary oscillation term osc2(g, E∂
h ). We refer

the reader to [73] for details. However, in this chapter, for simplicity, we neglect the

boundary oscillation term.

2.4.1 Preliminaries

We do this by using a test problem with a smooth solution and one with a solution

presenting a singularity. The exact solutions are:

u = sin (πx) sin (πy), Ω := (0, 1)2,

u = r2/3 sin (2θ/3), Ω := (−1, 1)2 \ (0, 1)× (−1, 0).

In both test problems, we set the Dirichlet boundary data g equal to the exact solution

u. Note that for the first problem we have f = π2 sin (πx) sin (πy), g = 0 and that for

the second we have f = 0 and g is not piecewise polynomial on the boundary Γ.

We present two sets of experiments. In the first, we test the behavior of the a

posteriori estimate with uniform mesh refinement. For both test problems, we take the

stabilization function τ to be equal to 1 and let the polynomial degree p take the values

0, 1 and 2. In addition, for the test problem with a nonsmooth solution, we take the

polynomial degree p to be 1 and take the stabilization function τ to be 10−3, 10 and

102.

In the second set of experiments, we test the behavior of the a posteriori estimate

with adaptive mesh refinement. We only consider the more difficult of the test problems,

namely, the one with the nonsmooth solution, and take the polynomial degree p to be

1 and 2, and the stabilization function τ to be 10−3, 1 and 102.

In each of our experiments, we monitor the four terms of the error eh given by (2.2.6)
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as well as the four terms of the estimator ηh given by (2.2.8). The computational order

of convergence of each of these quantities is calculated as follows. Suppose that e(N)

and e(Ñ) is any of the above quantities for two consecutive triangulations with N and

Ñ number of triangles, respectively. Then, the computational rate of convergence is

given by

−2
log(e(N)/e(Ñ))

log(N/Ñ)
.

Let us point out that, in order to evaluate the last component of the error, namely,

(
∑

K∈Th

‖ (q − q̂h) · n ‖2−1/2,∂K)1/2,

see (2.2.6d), we are going to use the following lemma; see [25].

Lemma 2.4.1.

‖ v∗ ‖−1/2,∂K = h−1
K ‖ v̄∗ ‖1,K ,

where v̄∗ is the solution of the variational Neumann problem,

h2K

∫

K
∇v̄∗ · ∇vdx+

∫

K
v̄∗vdx = h2K〈v∗, v〉∂K , ∀v ∈ H1(K).

In practice, we use a discrete version of of this result and take v̄∗ ∈Wp+1(K) as the

solution of

h2K

∫

K
∇v̄∗ · ∇vdx+

∫

K
v̄∗vdx = h2K〈v∗, v〉∂K , ∀v ∈Wp+1(K).

Note that, from the definition of post-processing, (2.2.3), we have

∑

K∈Th

h−1
K ‖PM (Id− Φ)(ûh − uh) ‖

2
0,∂K =

∑

K∈Th

h−1
K ‖PM (ûh − u∗h) ‖

2
0,∂K

∑

e∈Eh

h−1
e ‖ [[(Id− PM )Φ(ûh − uh)]] ‖

2
0,e =

∑

e∈Eh

h−1
e ‖ (Id− PM ) [[u∗h]] ‖

2
0,e,

∑

K∈Th

hK‖ τ(ûh − uh) ‖
2
0,∂K =

∑

K∈Th

hK‖ (q̂h − qh) · n ‖20,∂K

Hence, we use the above notation to denote the three components of the estimator η2,h

hereafter.
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2.4.2 Uniform refinement

The numerical results for the smooth solution test problem are shown in Table 2.4.1; we

take τ = 1 and p ∈ {0, 1, 2}. We see that each of the components of the error as well as

those of the estimator converge at an optimal order of p+1; the term ‖ f −PW f ‖−1,Th

converges even faster, namely, at the order of p+2. These numerical results agree with

the a priori error estimates obtained in [35] and, more importantly, they verify that the

error estimate is reliable and efficient.

The numerical results for the non-smooth solution test problem are shown in Table

2.4.2; we also take τ = 1 and p ∈ {0, 1, 2}. In this case, not all the components of the

error or those of the estimator converge at the same rate. Note that, all the individual

error components of and the estimators ‖ qh + ∇u∗h ‖0,Th and ‖ (Id − PM ) [[u∗h]] ‖1/2,Eh

converge with order N−2/3 approximately, but that the estimator ‖ (qh−q̂h)·n ‖−1/2,∂Th

converges with order N−5/3, that is, much faster. Furthermore, for p = 0, since ∇u∗h =

−qh, the second estimator ‖ qh +∇u∗h ‖0,Th is identically equal to zero. This seems to

suggest that the estimator ηh could be dominated by ‖ (Id − PM ) [[u∗h]] ‖1/2,Eh and the

residual ‖ f − PKf ‖−1,Th .

In order to explore the effect of τ , we continue our experiment on the L-shaped

domain using p = 1 and vary τ from 10−3 to 102. The history of convergence of each

individual error and estimator is displayed in Table 2.4.3. We see that the effect of τ

is negligible when τ tends to zero. On the other hand, as τ grows, we observe that

each individual error becomes larger, and that the estimators ‖ qh + ∇u∗h ‖0,Th and

‖ (Id−PM ) [[u∗h]] ‖1/2,Eh take longer to reach the asymptotic regime and converge at with

order N−2/3. The last estimator ‖ (qh− q̂h) ·n ‖−1/2,∂Th becomes larger as τ grows, but

decreases much faster as the mesh gets finer. Thus, we conclude that the quality of our

estimator is not apparently affected by either small or large values of the stabilization

function τ as the mesh gets finer and finer.

2.4.3 Adaptive refinement

Next, we present the numerical result obtained from an adaptive algorithm. The adap-

tive algorithm used in this work is the following:

1. Start with a mesh Th.
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2. Solve the discrete problem (1.2.2).

3. Compute the estimator.

4. Decide to stop or go to the next step.

5. Mark the elements to be refined.

6. Modify the mesh with the so-called red-green-blue procedure.

7. Denote the new mesh by Th and return to step 2.

The marking strategy, based on ηK , is originally due to Dörfler [40] and consists in

selecting a subset M of Th such that α2
∑

K∈Th
η2K ≤

∑
K∈M η2K , where the parameter

α is taken in (0, 1). Here, we take α = 1/2.

In Fig 2.4.1, we display meshes obtained with the above adaptive procedure. Note

that the algorithm is able to properly locate the singularity of the exact solution at

the point (0, 0). Note also that, for about the same accuracy eh ≃ 0.040, the use of

polynomials of degree 2 requires 88 elements while using polynomials of degree 1 requires

240 elements. Since the manipulation of the mesh takes up a significant amount of

computational effort, working with high-order polynomials might be advantageous.

In the legend of Fig. 2.4.2, we use the following notation η12,h = ‖PM (ûh−u
∗
h) ‖0,∂Th ,

η22,h = ‖ (Id−PM ) [[u∗h]] ‖1/2,Eh , η
3
2,h = ‖ (q̂h−qh) ·n ‖−1/2,∂Th . We see that the last three

components of the estimator, namely, η2,h η3,h and η4,h, and the error decrease at the

same rate. In order to judge the quality of our error estimator, we compute an effective

index, which is defined as the ratio eh/ηh. In Fig. 2.4.3, we see that the effective index

is bounded from above and below, this verifies the reliability and efficiency of our a

posteriori error estimator. We also observe that the effectivity index does not show any

significant change of behavior when τ varies from 0.001 to 1 while the index changes

drastically as τ grows from 1 to 100. This phenomenon seems to suggests that, rouglhy

speaking, the effectivity index of adaptive HDG methods with a small stabilization

function τ is more robust than with a large τ .
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Figure 2.4.1: Example of adaptive meshes
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Table 2.4.1: The effect of the polynomial degree p for smooth solution

p = 0

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

16. 0.27E+01 - 0.56E+00 - 0.11E+01 - 0.84E+00 -
64. 0.14E+01 0.99 0.50E+00 0.14 0.58E+00 0.94 0.41E+00 1.05

256. 0.68E+00 0.99 0.31E+00 0.72 0.30E+00 0.97 0.21E+00 0.98
1024. 0.34E+00 1.00 0.17E+00 0.88 0.15E+00 0.99 0.10E+00 0.98
4096. 0.17E+00 1.00 0.86E-01 0.95 0.75E-01 0.99 0.53E-01 0.99

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

16. 0.89E+00 - 0.11E-14 - 0.56E+00 - 0.87E+00 -
64. 0.23E+00 1.97 0.16E-14 - 0.50E+00 0.14 0.46E+00 0.92

256. 0.57E-01 1.99 0.32E-14 - 0.31E+00 0.72 0.23E+00 0.98
1024. 0.14E-01 2.00 0.59E-14 - 0.17E+00 0.88 0.12E+00 0.99
4096. 0.36E-02 2.00 0.11E-13 - 0.86E-01 0.95 0.59E-01 1.00

p = 1

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

16. 0.91E+00 - 0.77E-01 - 0.19E+00 - 0.14E+00 -
64. 0.23E+00 1.97 0.28E-01 1.45 0.50E-01 1.93 0.31E-01 2.13

256. 0.59E-01 1.99 0.81E-02 1.79 0.13E-01 1.98 0.78E-02 2.01
1024. 0.15E-01 2.00 0.22E-02 1.91 0.32E-02 1.99 0.20E-02 2.00
4096. 0.37E-02 2.00 0.55E-03 1.96 0.79E-03 2.00 0.49E-03 1.99

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

16. 0.27E+00 - 0.37E-01 - 0.57E-01 - 0.24E+00 -
64. 0.34E-01 2.97 0.88E-02 2.06 0.25E-01 1.18 0.61E-01 1.96

256. 0.43E-02 2.99 0.22E-02 2.02 0.75E-02 1.74 0.15E-01 1.99
1024. 0.54E-03 3.00 0.54E-03 2.01 0.20E-02 1.89 0.38E-02 2.00
4096. 0.68E-04 3.00 0.13E-03 2.00 0.52E-03 1.95 0.96E-03 2.00

p = 2

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

16. 0.19E+00 - 0.56E-02 - 0.25E-01 - 0.14E-01 -
64. 0.24E-01 2.97 0.12E-02 2.27 0.32E-02 2.97 0.18E-02 2.98

256. 0.30E-02 2.99 0.17E-03 2.78 0.40E-03 2.99 0.23E-03 2.99
1024. 0.37E-03 3.00 0.22E-04 2.91 0.50E-04 3.00 0.28E-04 2.99
4096. 0.47E-04 3.00 0.29E-05 2.96 0.62E-05 3.00 0.36E-05 2.99

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

16. 0.22E-01 - 0.35E-02 - 0.55E-02 - 0.37E-01 -
64. 0.14E-02 3.98 0.45E-03 2.93 0.12E-02 2.25 0.48E-02 2.96

256. 0.89E-04 3.99 0.58E-04 2.97 0.17E-03 2.78 0.60E-03 2.99
1024. 0.56E-05 4.00 0.73E-05 2.99 0.22E-04 2.91 0.76E-04 3.00
4096. 0.35E-06 4.00 0.92E-06 2.99 0.29E-05 2.96 0.95E-05 3.00
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Table 2.4.2: The effect of the polynomial degree p for non-smooth solution

p = 0

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

12. 0.35E+00 - 0.45E+00 - 0.32E+00 - 0.36E+00 -
48. 0.23E+00 0.58 0.32E+00 0.49 0.22E+00 0.56 0.21E+00 0.80

192. 0.15E+00 0.63 0.22E+00 0.53 0.14E+00 0.62 0.12E+00 0.76
768. 0.96E-01 0.65 0.15E+00 0.55 0.91E-01 0.64 0.77E-01 0.68

3072. 0.61E-01 0.66 0.10E+00 0.56 0.58E-01 0.65 0.47E-01 0.71
12288. 0.39E-01 0.66 0.70E-01 0.56 0.36E-01 0.66 0.29E-01 0.69

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.91E-15 - 0.45E+00 - 0.36E+00 -
48. 0.00E+00 - 0.18E-14 - 0.32E+00 0.49 0.19E+00 0.94

192. 0.00E+00 - 0.34E-14 - 0.22E+00 0.53 0.96E-01 0.97
768. 0.00E+00 - 0.65E-14 - 0.15E+00 0.55 0.49E-01 0.98

3072. 0.00E+00 - 0.13E-13 - 0.10E+00 0.56 0.24E-01 0.99
12288. 0.00E+00 - 0.26E-13 - 0.70E-01 0.56 0.12E-01 1.00

p = 1

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

12. 0.16E+00 - 0.92E-01 - 0.13E+00 - 0.11E+00 -
48. 0.10E+00 0.63 0.59E-01 0.65 0.85E-01 0.62 0.70E-01 0.69

192. 0.64E-01 0.65 0.38E-01 0.65 0.54E-01 0.65 0.44E-01 0.67
768. 0.41E-01 0.66 0.24E-01 0.66 0.34E-01 0.66 0.28E-01 0.67

3072. 0.26E-01 0.66 0.15E-01 0.66 0.22E-01 0.66 0.17E-01 0.67
12288. 0.16E-01 0.66 0.94E-02 0.67 0.14E-01 0.66 0.11E-01 0.67

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.38E-01 - 0.68E-01 - 0.41E-01 -
48. 0.00E+00 - 0.24E-01 0.66 0.44E-01 0.64 0.14E-01 1.53

192. 0.00E+00 - 0.15E-01 0.66 0.28E-01 0.65 0.47E-02 1.59
768. 0.00E+00 - 0.96E-02 0.67 0.18E-01 0.66 0.15E-02 1.62

3072. 0.00E+00 - 0.60E-02 0.67 0.11E-01 0.66 0.49E-03 1.64
12288. 0.00E+00 - 0.38E-02 0.67 0.71E-02 0.66 0.16E-03 1.65

p = 2

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

12. 0.81E-01 - 0.44E-01 - 0.81E-01 - 0.69E-01 -
48. 0.51E-01 0.66 0.28E-01 0.65 0.52E-01 0.64 0.43E-01 0.68

192. 0.32E-01 0.66 0.18E-01 0.66 0.33E-01 0.65 0.27E-01 0.66
768. 0.20E-01 0.66 0.11E-01 0.66 0.21E-01 0.66 0.17E-01 0.66

3072. 0.13E-01 0.66 0.71E-02 0.67 0.13E-01 0.66 0.11E-01 0.67
12288. 0.81E-02 0.66 0.44E-02 0.67 0.84E-02 0.67 0.68E-02 0.67

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.21E-01 - 0.26E-01 - 0.16E-01 -
48. 0.00E+00 - 0.13E-01 0.66 0.16E-01 0.64 0.50E-02 1.64

192. 0.00E+00 - 0.83E-02 0.66 0.10E-01 0.65 0.16E-02 1.65
768. 0.00E+00 - 0.53E-02 0.66 0.66E-02 0.66 0.51E-03 1.66

3072. 0.00E+00 - 0.33E-02 0.67 0.41E-02 0.66 0.16E-03 1.66
12288. 0.00E+00 - 0.21E-02 0.67 0.26E-02 0.67 0.51E-04 1.67
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Table 2.4.3: The effect of the stabilization function τ

τ = 10−3

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

12. 0.16E+00 - 0.95E-01 - 0.14E+00 - 0.11E+00 -
48. 0.10E+00 0.64 0.60E-01 0.67 0.87E-01 0.65 0.70E-01 0.68

192. 0.65E-01 0.66 0.38E-01 0.67 0.55E-01 0.66 0.44E-01 0.67
768. 0.41E-01 0.66 0.24E-01 0.67 0.35E-01 0.67 0.28E-01 0.67

3072. 0.26E-01 0.67 0.15E-01 0.67 0.22E-01 0.67 0.18E-01 0.67

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.38E-01 - 0.71E-01 - 0.43E-04 -
48. 0.00E+00 - 0.24E-01 0.67 0.45E-01 0.66 0.15E-04 1.56

192. 0.00E+00 - 0.15E-01 0.66 0.28E-01 0.67 0.48E-05 1.61
768. 0.00E+00 - 0.96E-02 0.67 0.18E-01 0.67 0.16E-05 1.63

3072. 0.00E+00 - 0.60E-02 0.67 0.11E-01 0.67 0.50E-06 1.65

τ = 101

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

12. 0.18E+00 - 0.74E-01 - 0.13E+00 - 0.16E+00 -
48. 0.11E+00 0.74 0.53E-01 0.49 0.78E-01 0.68 0.81E-01 1.01

192. 0.65E-01 0.74 0.35E-01 0.57 0.50E-01 0.64 0.46E-01 0.81
768. 0.40E-01 0.69 0.23E-01 0.62 0.33E-01 0.62 0.28E-01 0.72

3072. 0.25E-01 0.66 0.15E-01 0.64 0.21E-01 0.63 0.17E-01 0.68

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.32E-01 - 0.53E-01 - 0.31E+00 -
48. 0.00E+00 - 0.23E-01 0.48 0.38E-01 0.49 0.12E+00 1.39

192. 0.00E+00 - 0.15E-01 0.61 0.26E-01 0.55 0.42E-01 1.48
768. 0.00E+00 - 0.95E-02 0.65 0.17E-01 0.60 0.14E-01 1.55

3072. 0.00E+00 - 0.60E-02 0.66 0.11E-01 0.63 0.48E-02 1.60

τ = 102

Mesh ‖ q − qh ‖div,Th
‖ [[u∗

h]] ‖1/2,Eh
‖∇(u − u∗

h) ‖0,Th
‖ (q − q̂h) · n ‖−1/2,∂Th

N error order error order error order error order

12. 0.25E+00 - 0.25E-01 - 0.26E+00 - 0.45E+00 -
48. 0.15E+00 0.77 0.25E-01 0.01 0.14E+00 0.85 0.19E+00 1.23

192. 0.88E-01 0.76 0.22E-01 0.17 0.74E-01 0.97 0.95E-01 1.01
768. 0.51E-01 0.77 0.18E-01 0.33 0.37E-01 0.98 0.45E-01 1.08

3072. 0.29E-01 0.81 0.13E-01 0.46 0.21E-01 0.86 0.22E-01 1.03
12288. 0.17E-01 0.80 0.87E-02 0.55 0.13E-01 0.70 0.12E-01 0.89

Mesh ‖ f − PW f ‖−1,Th
‖ PM (ûh − u∗

h) ‖0,Th
‖ (Id − PM ) [[u∗

h]] ‖1/2,Eh
‖ (q̂h − qh) · n ‖−1/2,∂Th

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.91E-02 - 0.19E-01 - 0.11E+01 -
48. 0.00E+00 - 0.12E-01 -0.36 0.17E-01 0.17 0.50E+00 1.12

192. 0.00E+00 - 0.10E-01 0.18 0.15E-01 0.17 0.23E+00 1.10
768. 0.00E+00 - 0.80E-02 0.36 0.12E-01 0.32 0.98E-01 1.25

3072. 0.00E+00 - 0.57E-02 0.50 0.91E-02 0.45 0.38E-01 1.38
12288. 0.00E+00 - 0.37E-02 0.60 0.63E-02 0.53 0.13E-01 1.48
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Figure 2.4.2: History of convergence for adaptive refinement.
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Figure 2.4.3: Adaptive refinement, nonsmooth solution: Effectivity index.



Chapter 3

A posteriori error analysis for the

RT method

3.1 Introduction

In the implementation of adaptive finite element methods, hanging nodes are frequently

employed in order to accelerate the convergence rate, efficiently allocate degree of free-

dom and facilitate the local refinement. However, only a few a posteriori error analyzes

for the mixed methods [61, 59, 22, 24] have been carried out on nonconforming meshes

most probably because the mixed methods were originally formulated on conforming

meshes only.

In fact, it was not until a decade ago that the first Raviart-Thomas (RT) element

and the Brezzi-Douglas-Fortin-Marini (BDFM) element [23] on nonconforming quadri-

lateral meshes were analyzed by Ainsworth and Pinchedez in their study in the hp-

approximation theory of mixed methods [4] in two space dimensions. In the case of

nonconforming meshes made of simplexes in arbitrary dimensions, a hybridized version

of RT method was presented by Cockburn, Gopalakrishnan and Lazarov in [34]. In this

paper, we derive an a posteriori error estimate for variable-degree hybridized Raviart-

Thomas (RT-H) method on nonconforming meshes based on the framework of [34]. We

aim to establish the reliability and efficiency of the estimator for the model problem

(1.1.1a).

This chapter is organized as follows. In section 3.2, we introduce the hybridized RT

35
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methods, the a posteriori error estimator and the main result. In section 3.3, we present

the analysis of its reliability and efficiency. In section 3.4, we end the chapter with a

concluding remark.

3.2 Main Result

3.2.1 Notation

Let Th = {K} be a triangulation of the domain Ω made of triangles or squares K in

two space dimensions or tetrahedra or cubes K in three space dimensions.

Given two meshes T1 and T2, we say T1 ≤ T2 if T2 can be obtained from T1 via a

finite number of refinement steps. In this work, we consider the following refinement

step. Given a mesh TH , we take a subset of TH and, in two space dimensions, we divide

each of its triangles or quadrilaterals into four congruent triangles or four quadrilaterals;

in three space dimensions, we divide each of its tetrahedra or cubes into eight elements

[68, 60]. Thus, starting from a given initial conforming mesh T0, a uniform refinement

gives us the following sequence of conforming meshes,

T0 ≤ T1 ≤ T2 ≤ . . . ≤ Tk−1 ≤ Tk ≤ Tk+1 ≤ . . . (3.2.1)

3.2.2 Assumptions on the meshes and boundary condition

In this work, nonconforming meshes are allowed provided that they satisfy the following

assumptions:

A0. The meshes Th are obtained from an initial conforming mesh T0 via a finite

number of refinement steps.

A simple fact following from this assumption is that for each element K ∈ Th, K is

also an element of some conforming meshes Tl in the sequence (3.2.1). Here, we follow

the definition introduced in [17]. We define the level of K ∈ Th as L(K) = l, if K ∈ Tl.

Let TH be the ”largest” conforming mesh such that TH ≤ Th, that is,

Tn ≤ TH , for any conforming mesh Tn satisfying Tn ≤ Th.

We say an element T ∈ TH is the conforming parent of an element K ∈ Th if K ⊂ T .
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We also define the level of nonconformity as

Ln(K) = L(K)− L(T ).

Our second assumption is the following.

A1. The level of nonconformity is bounded, that is,

Ln(K) ≤ L, for each element K ∈ Th, (3.2.2)

for some positive integer L.

It follows immediately from this assumption that

C−1
e hK1 ≤ hK2 ≤ CehK1 , ∀K1,K2 such that md−1(K1 ∩K2) > 0.

where md−1 is the (d− 1)-Lebesgue measure.

We also introduce the following notation. Set ∂Th = {e : e is a face of K ∈ Th}. For

each face e in ∂Th, set

w(e) := {K ∈ Th, md−1(e ∩ ∂K) > 0 }.

We view ∂Th as the union of four disjoint classes:

E∂ = { e ∈ ∂Th : |w(e)| = 1, that is, e is a boundary face },

Ef1 = { e ∈ ∂Th : |w(e)| = 2, e is a face of one element K only }.

Ef2 = { e ∈ ∂Th : |w(e)| = 2, e is a shared face of two elements K1,K2 },

Ehn = { e ∈ ∂Th : |w(e)| > 2, that is, there is at least one hanging node on e },

where |w(e)| denotes the cardinality of the set w(e). Figure 3.2.1 illustrates the last

three different types of faces. We set

Fh := { e ∈ ∂Th : e /∈ Ef1 }. (3.2.3)

For every face e ∈ Fh, set n := min{L(K) : K ∈ w(e) } and m := max{L(K) : K ∈

w(e) }. We denote

w̃(e) := {K1,K2 ∈ Tn : e is a shared face of K1 and K2 },

w∗(e) := {K ∈ Tm : K ⊂ w̃(e)},

v∗(e) := {K ∈ w∗(e) : md−1(e ∩ ∂K) > 0},

We also denote Fe be the face of an element K ∈ v∗(e) such that Fe ⊂ e.
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Figure 3.2.1: Example of nonconforming meshes I.

3.2.3 The hybridized Raviart-Thomas method on meshes with hang-

ing nodes

Under the framework of the HDG method in section 1.2.2, to define the hybridized

Raviart-Thomas method, we only need to specify (1) the numerical trace q̂h, (2) the

local spaces V (K)×W (K), and (3) the space of approximate traces M(e).

For the case of the variable-degree hybridized Raviart-Thomas (RT-H) method on

nonconforming meshes made of simplexes, we take V (K)×W (K) as the Raviart-Thomas

space of degree p(K):

V (K) = Pp(K)(K)d + xPp(K)(K), W (K) = Pp(K)(K), p(K) ≥ 0,

where Pp(K)(K) denotes the space of polynomial with degree less than or equal to p(K)

on the element K and Pp(K)(K)d denotes the set of vector functions whose components

are in Pp(K)(K). We define the space of approximate traces as:

M(e) = Pp(e)(e),

where the polynomial degree p(e) has to be suitably related to p(K), as we show below.

For the square and cube elements, we take V (K) ×W (K) as the Raviart-Thomas

space of degree p(K):

V (K) = RTp(K)(K), W (K) = Qp(K)(K), p(K) ≥ 0,

where

RTk(K) =

{
Pp+1,p(K)× Pp,p+1(K) for square,

Pp+1,p,p(K)× Pp,p+1,p(K)× Pp,p,p+1(K) for cube,
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and Pp+1,p,p(K) denotes the space of polynomial with degree less than or equal to p+1

in x variable and with degree less than or equal to p in the other two variables on the

element K and Qp(K) denotes the space of polynomial with degree less than or equal

to p in all variables. We define the space of approximate traces as:

M(e) = Qp(e)(e).

Finally, for e ∈ Eh we take p(e) := max{p(K+), p(K−)} and require that

if e is not a face of K−, then p(K+) ≥ p(K−).

The variable-degree RT-H method described above is uniquely solvable [34] on noncon-

forming meshes satisfying condition A0,A1,A2. For the error analysis purpose, we

shall impose a bound for the polynomial degree p(K) and require p(K) ≤ p for all

K ∈ Th for some positive integer p, hereafter.

3.2.4 Local post-processing

Here, for simplexes, we take a crucial post-processing u∗h in the space

W ∗
h = {w ∈ L2(K), w|K ∈ Pp(K)+2(K), ∀K ∈ Th}, (3.2.4)

and for square and cube elements, we take the post-processing u∗h in the space

W ∗
h = {w ∈ L2(K), w|K ∈ Qp(K)+2(K), ∀K ∈ Th}, (3.2.5)

and define it as follows. The solution u∗h satisfies the following equations

(u∗h − uh, w)Th = 0, for all piecewise constant w, (3.2.6a)

(∇u∗h,∇w)Th = −(qh,∇w)Th , for all w ∈W ∗
h . (3.2.6b)

The post-processed solution u∗h is well defined and converges with order p+2 for p ≥ 1,

and with order 1 for p = 0 for uniform meshes; see [7].

3.2.5 The a posteriori error estimate

Our main result provides upper and local lower bounds of the error

eh := ‖ q − qh ‖0,Th ,
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in terms of the data oscillation

ocsh(f, Th) := (
∑

K∈Th

h2K‖ f − PW f ‖
2
0,K)1/2, (3.2.7)

and the error estimator

ηh := (
∑

e∈Fh

(η21,h(e) + η22,h(e) + η23,h(e)))
1/2, (3.2.8)

where

η1,h(e) :=
∑

K∈w(e)

‖ qh +∇u∗h ‖0,K , (3.2.9a)

η2,h(e) := h−1/2
e ‖ (Id− PM0) [[u

∗
h]] ‖0,e, (3.2.9b)

η3,h(e) := h−1/2
e ‖ (PM0 − PM0) [[u

∗
h]] ‖0,e. (3.2.9c)

Here, PW is the L2-orthogonal projection into the space Wh, PM0 the L2-orthogonal

projection into the space

M0,h := {µ ∈ L2(∂Th), µ|e ∈ P0(e), for each face e ∈ Eh},

and PM0 the L2-orthogonal projection into the space

M0,h := {µ ∈ L2(∂Th), µ|e ∈ P0(e), for each face e ∈ Fh }.

We emphasize that, because of the nonconformity of the meshes, a face e ∈ Eh is not

necessarily a face in Fh, see definition (3.2.3). Note that PM0 = PM0 if and only if the

mesh Th is conforming. The last estimator η3,h explicitly captures the nonconformity

on the meshes.

3.2.6 The main property of the error estimator

We are now ready to state the result.

Theorem 3.2.1 (Reliability and Efficiency of the error estimator). Assume that the

mesh assumptions A0,A1,A2 and the boundary condition assumption B are satisfied.
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Then there are two constants C1 and C2 depending only on the constants L, σ, and p

such that

‖ q − qh ‖
2
0,Th ≤ C2(η

2
h + osc2h(f, Th)).

Moreover, for each face e ∈ Fh,

C1η
2
h(e) ≤

∑

K∈w̃(e)

‖ q − qh ‖
2
0,K ,

where

η2h(e) = η21,h(e) + η22,h(e) + η23,h(e).

The main result establishes the reliability and efficiency of the error estimator in

terms of the L2 error of the flux only. Moreover, the analysis is not restricted to

quadrisection and octasection refinement. These two refinement are introduced in order

to ensure the RT-H method is well defined. The result still holds for other refinements

as long as the hybridized mixed methods are well defined. For other refinements, we

refer the interested reader to [9, 16].

3.3 Proof

We begin by gathering a few, simple auxiliary results that we are going to use in the

analysis. We then establish a key connection between the residuals. Finally, we prove

the efficiency and reliability of the estimator.

3.3.1 Auxiliary Results

We are going to make use of the fact that the approximate solution u∗h can be approxi-

mated by a continuous, piecewise polynomial function ũ∗h in the post-processing space

W ∗
h (3.2.4), (3.2.5). This will allow us to show that the quality of the approximation

can be controlled by the size of the interelement jumps of u∗h. The following result is

proved in [41, 54] for nonconforming meshes with uniform polynomial degree.

Lemma 3.3.1. For any wh ∈ W ∗
h and multi-index α with |α| = 0, 1 the following

approximation results holds: Let g be the restriction to Γ of a function in W ∗
h ∩H1(Ω).
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Then there exists a function w̃h ∈W ∗
h ∩H1(Ω) satisfying w̃h|Γ = g and

∑

K∈Th

‖Dα(wh − w̃h) ‖
2
K ≤Cj

∑

e∈Ei
h

h1−2|α|
e ‖ [[wh]] ‖

2
e

+ Cj

∑

e∈E∂
h

h1−2|α|
e ‖ g − wh ‖

2
e

where the constant Cj = Cj(σ, p, L).

We shall also use the following estimate for the error in the flux. The proof can be

found in Chapter 2.

Lemma 3.3.2. For any function φ in H1(Ω), there exists a constant Cσ,L = Cσ,L(σ, L),

such that

‖ q − qh ‖
2
0,Th ≤ Cσ,L(ocs

2
h(f, Th) + η2φ)− 〈(q − qh) · n, g − φ〉Γ,

where

η2φ :=
∑

K∈Th

‖ qh +∇φ ‖20,K ,

We also observe from the equations defining the hybridized mixed method (1.2.2)

that the residual in the element are strongly connected with the residual across the

faces.

Lemma 3.3.3. It holds for any face e ∈ Fh that

h−1
e ‖PM0 [[u

∗
h]] ‖

2
0,e ≤ Cs

∑

K∈w(e)

‖ qh +∇u∗h ‖0,K ,

where Cs = Cs(σ, p, L).

Proof. From the equation defining the hybridized mixed methods (1.2.2a) and that

defining the post-processing (3.2.6), we obtain for each element K,

(qh,v)K − (u∗h,∇·v)K = −〈ûh,v · n〉∂K ,

for all v in the lowest order Raviart-Thomas space, RT0(K). Integrating by parts, we

have

(qh +∇u∗h,v)K = −〈ûh − u∗h,v · n〉∂K .
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Now assume v ∈H(div, w(e)). Since ûh is single valued on the faces, summing over all

K ∈ w(e) yields,

∑

K∈w(e)

(qh +∇u∗h,v)K = −
∑

F∈∂K\e

〈ûh − u∗h,v · n〉F + 〈 [[u∗h]],v〉e.

Taking v ∈ RT0(K), such that for each K ∈ w(e)

∫

e
v · n =

∫

e
PM0 [[u

∗
h]] · n, for the face e,

∫

F
v · n = 0, for all F ∈ ∂K \ e,

we obtain

‖PM0 [[u
∗
h]] ‖

2
0,e =

∑

K∈w(e)

(qh +∇u∗h,v)K .

The lemma follows from the Cauchy-Schwartz inequality and a standard scaling argu-

ment

‖v ‖0,K ≤ Csh
1/2
e ‖v · n ‖∂K .

This completes the proof.

3.3.2 Proof of Reliability and Efficiency of the estimator

We are now ready to prove the reliability of the error estimator.

Theorem 3.3.1 (Reliability of the error estimator). Under the mesh assumptions

A0,A1,A2 and the boundary condition assumption B, we have that

‖ q − qh ‖
2
0,Th

≤ C2η
2
h.

where C2 is a constant depending only on the shape-regularity constant σ, the maximum

polynomial degree p and the level of nonconformity L.

Proof. We note that, by Lemma 3.3.2, for any function φ in H1(Ω), we have

‖ q − qh ‖
2
0,Th

≤ Cσ,L(ocs
2
h(f, Th) + η2φ)− 〈(q − qh) · n, g − φ〉Γ.
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We now take φ := ũ∗h ∈W ∗
h ∩H1(Ω), where, by the result of Lemma 3.3.1, the function

ũ∗h satisfies

ũ∗h = g on Γ, (3.3.1a)
∑

K∈Th

‖∇(u∗h − ũ∗h) ‖
2
0,K ≤ Cj

∑

e∈Ei
h

h−1
e ‖ [[u∗h]] ‖

2
0,e. (3.3.1b)

We immediately obtain that

〈(q − qh) · n, g − φ〉Γ = 0, (3.3.2)

by property (3.3.1a), and that

η2φ :=
∑

K∈Th

‖ qh +∇ũ∗h ‖
2
0,K

≤
∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K +

∑

K∈Th

‖∇(u∗h − ũ∗h) ‖
2
0,K .

Hence, by property (3.3.1b), we get that

η2φ ≤
∑

K∈Th

‖ qh +∇u∗h ‖
2
0,K + Cj

∑

e∈Eh

h−1
e ‖ [[u∗h]] ‖

2
0,e. (3.3.3)

Moreover, since

∑

e∈Eh

h−1
e ‖ [[u∗h]] ‖

2
0,e ≤ 2

∑

e∈Eh

h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
0,e

+ 2
∑

e∈Eh

h−1
e ‖ (PM0 − PM0) [[u

∗
h]] ‖

2
0,e

+ 2
∑

K∈Th

h−1
e ‖PM0 [[u

∗
h]] ‖

2
0,∂K ,

after applying Lemma 3.3.3, we get

∑

e∈Eh

h−1
e ‖ [[u∗h]] ‖

2
0,e ≤ 2

∑

e∈Eh

h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
0,e (3.3.4)

+ 2
∑

e∈Eh

h−1
e ‖ (PM0 − PM0) [[u

∗
h]] ‖

2
0,e

+ 2Cs‖ qh +∇u∗h ‖
2
0,Th

.
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We conclude, from inequalities (3.3.3), (3.3.4) and equation (3.3.2), that

‖ q − qh ‖
2
0,Th

≤ C2η
2
h.

This completes the proof.

To complete the proof of Theorem 3.2.1, it only remains to prove the following local

lower bound for the error ‖ q − qh ‖0,w(e). To do so, we denote The proof is carried out

in two steps. Our first goal is to establish the following lemma.

Lemma 3.3.4. For any face e ∈ Fh,

η22,h(e) + η23,h(e) ≤ C(‖ q − qh ‖
2
0,w̃(e) + ‖ ∇u−∇u∗h ‖

2
0,w̃(e)).

for some constant C = C(σ, p, L).

Proof. Because of the orthogonality properties of the projections PM0 and PM0 ,

η22,h(e) + η23,h(e) := h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
0,e + h−1

e ‖ (PM0 − PM0) [[u
∗
h]] ‖

2
0,e

= h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
0,e,

and we see that we only need to show that

h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
0,e ≤ C(‖ q − qh ‖

2
0,w(e) + ‖ ∇u−∇u∗h ‖

2
0,w(e)).

for some constant C = C(σ, p, L).

To do that, we start from the following equation:

(q − qh,v)K − (u− u∗h,∇·v)K = −(qh +∇u∗h,v)K + 〈u− u∗h,v · n〉∂K .

which holds for any v ∈H(div,Ω) such that v ·n ∈ L2(Eh). Adding over all K ∈ w∗(e),

we have

∑

K∈w∗(e)

(q − qh,v)K −
∑

K∈w∗(e)

(u− u∗h,∇·v)K (3.3.5)

=−
∑

K∈w∗(e)

(qh +∇u∗h,v)K +
∑

K∈w∗(e)

〈u− u∗h,v · n〉∂K\e + 〈 [[u∗h]],v〉e.
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where [[u∗h]] = (u∗h − g) · n on Γ. For the case of simplex elements, we take the vector

valued function v|K ∈ RTp+2(K) such that

(v, τ )K = 0 for all τ ∈ Pp+1(K),

〈v · n, µ〉Fe = 〈(Id− PM0) [[u
∗
h]], µ〉Fe for all µ ∈ Pp+2(Fe),

〈v · n, µ〉F = 0 for all µ ∈ Pp+2(F ), ∀F ∈ ∂K \ e,

for all elements K ∈ v∗(e) and v = 0 on w̃(e) \ v∗(e). For the case of square and cube

elements, we take the vector valued function v|K ∈ RTp+2(K) such that

(v, τ )K = 0 for all τ ∈ ψ(K),

〈v · n, µ〉Fe = 〈(Id− PM0) [[u
∗
h]], µ〉Fe for all µ ∈ Qp+2(Fe),

〈v · n, µ〉F = 0 for all µ ∈ Qp+2(F ), ∀F ∈ ∂K \ e,

for all elements K ∈ v∗(e) and v = 0 on w̃(e) \ v∗(e) where

ψ(K) :=

{
Pp−1,p(K)× Pp,p−1(K) for square,

Pp−1,p,p(K)× Pp,p−1,p(K)× Pp,p,p−1(K) for cube.

It is easy to see that for any K ∈ w̃(e),

∫

∂K
v · n = 0,

and that the divergence theorem gives us

∫

K
∇·v = 0.

Thus, from the equation (3.3.5), we have that

∑

K∈w̃(e)

(q − qh,v)K −
∑

K∈w̃(e)

(u− u∗h − PW0(u− u∗h),∇·v)K = 〈 [[u∗h]],v〉e.

Applying the Cauchy-Schwartz inequality, we have

‖ (Id− PM0) [[u
∗
h]] ‖

2
0,e ≤Cp

∑

K∈w̃(e)

(‖ q − qh ‖0,K + h−1
K ‖ (Id− PW0)(u− u∗h) ‖0,K)

× (‖v ‖0,K + hK‖ ∇·v ‖0,K)
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where PW0 is the L2-orthogonal projection into the space of piecewise constants. Thus,

by the Poincaré inequality, we obtain

‖ (Id− PM0) [[u
∗
h]] ‖

2
0,e ≤ Cp

∑

K∈w̃(e)

(‖ q − qh ‖0,K + ‖ ∇(u− u∗h) ‖0,K)

× (‖v ‖0,K + hK‖ ∇·v ‖0,K)

Furthermore, a standard scaling argument gives us,

∑

K∈w̃(e)

(‖v ‖0,K + hK‖ ∇·v ‖0,K) ≤ Csh
1/2
e ‖v · n ‖0,e,

for some constant Cs = Cs(σ, p, L). Hence,

h−1/2
e ‖ (Id− PM0) [[u− u∗h]] ‖0,e ≤ CpCs

∑

K∈w̃(e)

(‖ q − qh ‖0,K + ‖ ∇(u− u∗h) ‖0,K).

This completes the proof.

Our second goal is to obtain the following estimate.

Lemma 3.3.5. For each element K ∈ Th, it holds that

‖ ∇(u− u∗h) ‖0,K ≤ C‖ q − qh ‖0,K .

for some constant C = C(σ, p).

Proof. The inequality follows if we show that

‖ qh +∇u∗h ‖0,K ≤ C‖ q − qh ‖0,K .

In order to do that, we introduce the semi-norm for the vector variable qh:

|qh|curl,K := sup
φ∈C∞

0 (K),

‖ ∇×φ ‖0,K=1

(qh,∇×φ)K ,

where C∞
0 (K) denotes smooth functions with compact support in K. Now we show

that

‖ qh +∇u∗h ‖0,K ≤ C|qh|curl,K ≤ C‖ q − qh ‖0,K .
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To prove the first part of the inequality, we begin by constructing, for each element

K ∈ Th, a reference element K̂ with unit diameter by using the transformation map F

given by

x = F (x̂) = hK x̂+ b.

Setting

u∗h(x) := û∗h(x̂),

qh(x) := (DF−1)q̂h(x̂) = h−1
K q̂h(x̂),

we have

∇u∗h = h−1
K ∇̂û∗h,

∇×φ(x) = h−1
K ∇̂× φ̂(x̂).

Since
∫

K
|qh +∇u∗h|

2dx = hd−2
K

∫

K̂
|q̂h + ∇̂û∗h|

2dx̂,

∫

K
|∇×φ|2dx = hd−2

K

∫

K̂
| ∇̂× φ̂|2dx̂,

and

∫

K
qh ·∇×φdx = hd−2

K

∫

K̂
q̂h · ∇̂× φ̂ dx̂,

we obtain that

‖ qh +∇u∗h ‖0,K = h
d
2
−1

K ‖ q̂h +∇ û∗h ‖0,K̂ , (3.3.6a)

|qh|curl,K = h
d
2
−1

K |q̂h|curl,K̂ . (3.3.6b)

Moreover, from the equation defining the post-processing solution (3.2.6)

(qh +∇u∗h,∇w)K = 0

for all w ∈W ∗(K), we obtain that

hd−2
K (q̂h + ∇̂û∗h, ∇̂ŵ)

K̂
= 0. (3.3.7)
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for all ŵ ∈W ∗(K̂).

Now our task is to show that

‖ q̂h + ∇̂û∗h ‖0,K̂ ≤ C|q̂h|curl,K̂ .

Since q̂h is in the finite dimensional space V (K̂), we only need to show that ‖ q̂h +

∇̂û∗h ‖0,K̂ vanishes when |q̂h|curl,K̂ = 0. In fact,

(q̂h, ∇̂× φ̂)
K̂

= (∇̂× q̂h, φ̂)K̂ ,

for all φ̂ ∈ C∞
0 (K̂). Hence, (q̂h, ∇̂× φ̂)

K̂
= 0 implies that ∇̂× q̂h = 0 and q̂h = ∇̂ψ̂

for some function ψ̂ in the post-processing space W ∗
h (K̂). From the equation (3.3.7),

taking ŵ = ψ̂ − û∗h, we have

‖ q̂h + ∇̂û∗h ‖0,K̂ = 0.

Thus, it holds

‖ q̂h + ∇̂û∗h ‖0,K̂ ≤ C|q̂h|curl,K̂ (3.3.8)

for some constant C depending on the shape regularity σ(K̂) and polynomial degree p.

Considering the family K̂(σ) of all elements K̂ with unit diameter, one vertex in the

origin and satisfying the shape regularity condition, we get by compactness that

C(σ, p) := sup
K̂∈K̂(σ)

C(σ(K̂), p) ≤ ∞

Hence, the first inequality now follows from (3.3.8) and the scaling argument (3.3.6a).

To prove the second part of the inequality, we note that

(q,∇×φ)K = −(∇u,∇×φ)K = 0,

and so

sup
φ∈C∞

0 (K),

‖ ∇×φ ‖0,K=1

(qh,∇×φ)K = sup
φ∈C∞

0 (K),

‖ ∇×φ ‖0,K=1

(q − qh,∇×φ)K .

Cauchy-Schwartz inequality yields

sup
φ∈C∞

0 (K),

‖ ∇×φ ‖0,K=1

(qh,∇×φ)K ≤ ‖ q − qh ‖0,K .

This completes the proof.
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The efficiency of the estimator immediately follows from Lemma 3.3.4 and Lemma

3.3.5.

Theorem 3.3.2 (Local efficiency of the error estimator). Under the mesh assumptions

A0,A1,A2 and the boundary condition assumption B, we have that, for each face e ∈

Fh,

C1η
2
h(e) ≤ ‖ q − qh ‖

2
0,w(e),

where C1 = C1(σ, p, L).

3.4 A concluding remark

Let us end this chapter by noting that our result also holds for the triangular Brezzi-

Douglas-Marini (BDM) elements, their tetrahedral counterparts of Brezzi-Douglas-Durán-

Fortin (BDDF) elements, quadrilateral Brezzi-Douglas-Fortin-Marini (BDFM) elements

and for the recently uncovered TNT elements for squares and cubes [38].



Chapter 4

A posteriori error analysis for

HDG methods

4.1 Introduction

In this chapter, applying a similar idea used in Chapter 3, we present a unified a

posteriori error analysis for the HDG methods based on the general framework proposed

in [34], see Table 1.2.2.

The chapter is organized as follows. In Section 4.2, we display the above-mentioned

conditions and present out main result. In Section 4.3, we apply it to several particular

cases and, in Section 4.4, we present its proof. We sketch the extension of our results

to nonconforming meshes in Section 4.5. Finally, we end in Section 4.6 by presenting

several equivalent error estimators.

4.2 Main results

4.2.1 The error, its estimators and the main assumptions

The conditions on the approximate flux

Our main result provides upper and local lower bounds of the error

e2h := ‖ q − q̃h ‖
2
Th
,

51
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where q̃h is any approximation of the flux in the space

Ṽ h := {v ∈ L2(Ω) : v|K ∈ Ṽ (K) ∀K ∈ Th},

for some auxiliary local space Ṽ (K), which satisfies the following two conditions:

A1:− (q̃h,∇w)Th + 〈q̂h · n, w〉∂Th = (PW f, w)Th ∀w ∈W c
1,h,

A2: (q̃h,v)K + (uh,∇·v)K = 〈ûh,v · n〉∂K ∀v ∈ RT0(K) ∀K ∈ Th,

where, on each element K, RT0(K) := P0(K) + xP0(K) is the lowest index RT space

and

W c
1,h := {w ∈ H1

0 (Ω) : w|K ∈ P1(K) ∀K ∈ Th}.

We also require that the space of approximate trace satisfies the following condition

A3: 〈 [[q̂h · n]], µ〉Ei
h
= 0 ∀µ ∈ Mc

1,h

where

Mc
1,h := {µ ∈ C0(Eh) : µ|e ∈ P1(e) ∀e ∈ Eh}.

Remark 4.2.1. The approximation q̃h, in all our expected case, is an element-wise

post-processing of qh, q̂h and ∇uh. In fact, if we take q̃h := qh, condition A1 is

satisfied when W (K) ⊃ P1(K) thanks to the second equation defining the HDG method;

condition A2 is satisfied when V (K) ⊃ RT0(K) thanks to the first equation defining

the HDG method; and condition A3 is satisfied when M(e) ⊃ P1(e).

Local post-processing of the scalar solution

Applying a similar idea used in Chapter 3, we define the local post-processing as follows.

We are going to take u∗h in the finite dimensional space

W ∗
h = {w ∈ L2(K) : w|K ∈W ∗(K) ∀K ∈ Th}, (4.2.1a)

where we assume that the local space W ∗(K) satisfies the following properties:

P0(K) ⊂W ∗(K), (4.2.1b)

{v ∈ Ṽ (K) : ∇×v = 0} ⊂ ∇W ∗(K), (4.2.1c)
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for all K ∈ Th.

We can now define u∗h as the element of the space W ∗
h determined on the element

K ∈ Th by the following equations:

(u∗h, w)K = (uh, w)K ∀w ∈ P0(K), (4.2.2a)

(∇u∗h,∇w)K = −(q̃h,∇w)K ∀w ∈W ∗(K). (4.2.2b)

It is easy to see that the post-processed solution u∗h is well defined.

Remark 4.2.2. Note that the post-processing solution u∗h is closely associated with the

approximation q̃h. Indeed, when ∇× q̃h = 0 on K, by property (4.2.1c), q̃h has to be

the gradient of some polynomial in W ∗(K) and, by the definition of the post-processing

solution u∗h, we must have that q̃h = −∇u∗h on K. In this sense, we say that −∇u∗h

captures the gradient part of q̃h locally. This property plays a crucial role in the analysis,

as pointed out in Chapter 3.

Remark 4.2.3. Note that for the RT methods, and for the choice W ∗(K) := Pp+2(K),

the post processed solution defined above is different from the one used in [58]. Indeed,

in [58], the solution u∗h is in the space W ∗(K) := Pp+1(K) and thus, property (4.2.1c)

does not hold in this case. Moreover, our post-processed solution u∗h is related to the

auxiliary flux q̃h while u∗h in [58] is related to qh only.

Remark 4.2.4. Note also that for the lowest index RT method, and for the choice

W ∗(K) := P2(K), our post-processed solution u∗h coincides with the one proposed in

[71].

Data oscillation and error estimator

Using the post-processed solution u∗h defined above, we construct the following estima-

tors:

η21,h(e) := he‖ [[q̃h]] ‖
2
e +

∑

K∈Uh(e)

h2K‖PW f −∇· q̃h ‖
2
K , (4.2.3a)

η22,h(e) := h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
e +

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖
2
K , (4.2.3b)

η23,h(e) := h−1
e ‖PM0 [[u

∗
h]] ‖

2
e, (4.2.3c)
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and introduce the data oscillation term

osc2h(f, Th) :=
∑

K∈Th

h2K‖ f − PW f ‖
2
K , (4.2.4)

Here, PW is the L2(Ω)-orthogonal projection into the space Wh, and PM0 the L2(Ω)-

orthogonal projection into the space

M0,h := {µ ∈ L2(∂Th), µ|e ∈ P0(e), for each face e ∈ Eh}.

Remark 4.2.5. Let us note that to prove lower bounds for η22,h(e) and η
2
3,h(e), we have

to proceed in very different ways. This motivates the decomposition of h−1
e ‖ [[u∗h]] ‖

2
e into

the corresponding terms in η22,h(e) and η
2
3,h(e).

4.2.2 The main results

In what follows, we use the notation ′a � b′ to denote

a ≤ Cb

for some generic constant C depending only on the shape regularity σ and on the

maximum dimension of the local spaces V (K), W (K) and W ∗(K). We also use the

notation ′a ≃ b′ to denote

a � b � a.

We are now ready to state our main results.

Theorem 4.2.1 (Reliability of the error estimator). Suppose that assumption B on

the meshes, assumption C on the boundary condition, and conditions A1 and A3 are

satisfied. Then

‖ q − q̃h ‖
2
Th

� η2h + osc2h(f, Th),

where

η2h :=
∑

e∈Eh

(
η21,h(e) + η22,h(e) + η23,h(e)

)
. (4.2.5)
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Theorem 4.2.2 (Local efficiency of the error estimator). Suppose that assumption B

on the meshes and assumption C on the boundary condition are satisfied. Then, for

each face e ∈ Eh,

η21,h(e) �
∑

K∈Uh(e)

‖ q − q̃h ‖
2
K + osc2h(f,Uh(e)),

η22,h(e) �
∑

K∈Uh(e)

‖ q − q̃h ‖
2
K .

Moreover, if q̃h satisfies condition A2,

η23,h(e) � η22,h(e) for all faces e ∈ Eh.

Thanks to these results, to derive a posteriori error estimates for any method fitting

in our general setting, we only need to specify the auxiliary space Ṽ (K), W ∗(K) the

approximate flux q̃h and verify conditions A.

4.3 Applications

4.3.1 Main Examples

In this section, we apply our main theorems to the methods described in Table 1.2.2;

see Table 4.3.1.

Table 4.3.1: The auxiliary flux q̃h and the auxiliary local spaces Ṽ (K) and W ∗(K).

Method q̃h Ṽ (K) W ∗(K) p

RT-H qh Pp(K) + xPp(K) Pp+2(K) p ≥ 0
BDM-H qh Pp(K) Pp+1(K) p ≥ 1
LDG-H q∗h Pp(K) + xPp(K) Pp+2(K) p ≥ 2
LDG-H qh Pp(K) Pp+1(K) p ≥ 1
IP-H qh Pp(K) Pp+1(K) p ≥ 1
CG-H −∇uh Pp−1(K) Pp(K) p ≥ 1

Next, to establish the reliability and efficiency of the estimator η2h defined in (4.2.5),

we only need to verify conditions A for all the methods considered in the table above.
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4.3.2 Verification of conditions A

RT-H methods

ConditionA2 follows immediately from the equations defining the HDGmethods (1.2.2).

For the case k ≥ 1, conditions A1 and A3 hold due to (1.2.2). For the lowest order

case, we observe that, since q̃h := qh and q̂h · n := qh · n, from (1.2.2), we have

(∇· qh, w) = (fh, w) ∀w ∈ P0(Th),

〈 [[q̂h]], µ〉Ei
h
= 0 ∀µ ∈ P0(E

i
h).

Since ∇· qh ∈ P0(Th), fh ∈ P0(Th) and [[q̂h]] ∈ P0(E
i
h), we obtain ∇· qh = fh and

[[q̂h]] = 0. Thus,

(∇· qh, w) = (fh, w) ∀w ∈W c
1,h,

〈 [[q̂h]], µ〉Ei
h
= 0 ∀µ ∈ Mc

1,h.

This verifies conditions A1 and A3.

Remark 4.3.1. For BDM-H methods, conditions A can be verified in a similar fashion.

LDG-H methods

For LDG-H methods, we propose two error estimators.

1. The choice q̃h := q∗h. To define q∗h, we follow the idea of [13, 37, 36, 35] and

use a slight modification of the RT projection [61]. Let the local space V (K) = Pp(K).

We take q∗h ∈ Ṽ (K) = RTp(K) satisfying

(q∗h,v)K = (qh,v)K ∀v ∈ Pp−1(K), (4.3.1a)

〈q∗h · n, µ〉e = 〈q̂h · n, µ〉e ∀µ ∈ Pp(e) for all faces e of K. (4.3.1b)

2. The choice q̃h := qh. The verification of conditions A is similar to that of RT-H

methods.

The IP-H method

In view of (1.2.2), the conditions A can be directly verified.
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The CG-H method

Since ûh = uh, from (1.2.4a), we have qh = −∇uh. In view of W (K) ⊃ P1(K) for

any K ∈ Th and Mh := Mc
k,h ⊃ Mc

1,h, conditions A1 and A3 are automatically satisfied.

Here, we remind the reader that

Mc
k,h := {µ ∈ C0(Eh) , µ|e ∈ Pp(e)}.

To verify condition A2, we note that ûh = uh and qh = −∇uh. As a consequence, we

obtain, by integration by parts, that

(qh,v)K − (uh,∇·v)K = −〈ûh,v · n〉∂K

for any v ∈ RT0(K) on K ∈ Th, and we see that condition A2 is actually verified.

4.4 Proof

In this Section, we provide the proofs of our main results, namely, Theorem 4.2.1 and

Theorem 4.2.2.

4.4.1 Proof of the reliability of the estimator, Theorem 4.2.1.

To establish the reliability of the estimator, we follow the approach proposed in Chapter

3.

Preliminaries

We start by gathering two useful auxiliary lemmas.

Lemma 4.4.1. Suppose that conditions A1 and A3 are satisfied. Then there exists a

constant Cσ depending on the shape regularity, such that

‖ q − q̃h ‖
2
Th

≤Cσ(η
2
1,h + η2φ + osc2h(f, Th)),

where

η21,h :=
∑

K∈Th

h2K‖PW f −∇· q̃h ‖
2
K +

∑

e∈Ei
h

he‖ [[q̃h]] ‖
2
e,

η2φ := inf
φ∈H1(Ω), φ|Γ=g

‖ q̃h +∇φ ‖2Th .
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Proof. We have

‖ q − q̃h ‖
2
Th =

∑

K∈Th

‖ q − q̃h ‖
2
K

=
∑

K∈Th

(q − q̃h, q +∇φ− q̃h −∇φ)K ,

=
∑

K∈Th

(
(q − q̃h,−∇u+∇φ)K − (q − q̃h, q̃h +∇φ)K

)

=
∑

K∈Th

(
(∇· (q − q̃h), u− φ)K − 〈u− φ, (q − q̃h) · n〉∂K

− (q − q̃h, q̃h +∇φ)K
)
,

by integration by parts. Adding and subtracting PW f in the first term, we obtain that

‖ q − q̃h ‖
2
Th

=
∑

K∈Th

(
T1,K + T2,K + T3,K + T4,h

)
,

where

T1,K := (f − PW f, u− φ)K ,

T2,K :=− 〈u− φ, q · n〉∂K ,

T3,K := (PW f −∇· q̃h, u− φ)K + 〈u− φ, q̃h · n〉∂K ,

T4,K := (q − q̃h, q̃h +∇φ)K .

Let us estimate
∑

K∈Th
T1,K . By definition of PW f , we have that, for any constant

c, we have that

T1,K = (f − PW f, u− φ− c)K

≤
1

4ǫ
h2K‖ f − PW f ‖

2
K + ǫh−2

K ‖u− φ− c ‖2K

≤
1

4ǫ
h2K‖ f − PW f ‖

2
K + C1 ǫ ‖ ∇ (u− φ) ‖2K ,

by the Bramble-Hilbert Lemma, where C1 depends on the shape regularity constant σ.

Thus,

T1,K ≤
1

4ǫ
h2K‖ f − PW f ‖

2
K + ǫC1‖ q +∇φ ‖2K

≤
1

4ǫ
h2K‖ f − PW f ‖

2
K + 2 ǫC1‖ q̃h +∇φ ‖2K + 2 ǫC1‖ q − q̃h ‖

2
K ,
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and so

∑

K∈Th

T1,K ≤
1

4ǫ
osc2h(f, Th) + 2 ǫC1 η

2
φ + 2 ǫC1 ‖ q − q̃h ‖

2
Th
. (4.4.1)

Let us now consider
∑

K∈Th
T2,K . Since φ is continuous across the edges, we have

that

∑

K∈Th

T2,K =−
∑

K∈Th

〈q · n, u− φ〉∂K

=− 〈q · n, u− φ〉Γ

= 0, (4.4.2)

since u = φ = g on the boundary Γ.

The estimate of
∑

K∈Th
T3,K is the most interesting and is the only one that uses

conditions A1 and A3. To obtain it, we begin by noting that, after a simple integration

by parts, condition A1 reads

〈(q̂h − q̃h) · n, ω〉∂Th = (PW f −∇· q̃h, ω)Th ∀w ∈W c
1,h,

and, by condition A3 and transmission condition (1.2.3b), we see that we have

−〈q̃h · n, ω〉∂Th = (PW f −∇· q̃h, ω)Th ∀w ∈W c
1,h.

If we now subtract the left-hand side of the above equation with w := Π(u− φ), where

Π denotes the Scott-Zhang interpolation [63] into the space W c
1,h, from the term T3,K ,

we get that

T3,K = (PW f −∇· q̃h, (Id−Π)(u− φ))K

+ 〈(Id−Π)(u− φ), q̃h · n〉∂K\Γ.
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Note that since u = φ on Γ, we also have that Πu = Πφ on Γ. Summing over all the

elements K ∈ Th, we obtain

∑

K∈Th

T3,K =
∑

K∈Th

(PW f −∇· q̃h, (Id−Π)(u− φ))K

+
∑

K∈Th

〈(Id−Π)(u− φ), [[q̃h]]〉∂K\Γ

≤
1

4ǫ

∑

K∈Th

h2K‖PW f −∇· q̃h ‖
2
K +

1

4ǫ

∑

e∈Ei
h

he‖ [[q̃h]] ‖
2
e

+ ǫ
∑

K∈Th

h−2
K ‖ (Id−Π)(u− φ) ‖2K

+ ǫ
∑

e∈Ei
h

h−1
e ‖ (Id−Π)(u− φ) ‖2e,

by the Cauchy-Schwarz and Young inequalities. Finally, by using the trace inequal-

ity and the approximation properties of the Scott-Zhang interpolation operator Π, we

readily get that

∑

K∈Th

T3,K ≤
1

4ǫ

∑

K∈Th

h2K‖PW f −∇· q̃h ‖
2
K +

1

4ǫ

∑

e∈Ei
h

he‖ [[q̃h]] ‖
2
e

+ C3 ǫ
(
‖ q̃h +∇φ ‖2Th + ‖ q − q̃h ‖

2
Th

)
.

This implies that

∑

K∈Th

T3,K ≤
1

4ǫ
η21,h + C3ǫ η

2
φ + C3 ǫ ‖ q − q̃h ‖

2
Th . (4.4.3)

The estimate of
∑

K∈Th
T4,K follows after a simple application of the Cauchy-Schwarz

and Young inequalities,

∑

K∈Th

T4,K ≤
1

4ǫ

∑

K∈Th

‖ q̃h +∇φ ‖2K + ǫ
∑

K∈Th

‖ q − q̃h ‖
2
K ,

and so

∑

K∈Th

T4,K ≤
1

4ǫ
η2φ + ǫ‖ q − q̃h ‖

2
Th
. (4.4.4)
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Using the estimates obtained in (4.4.1) to (4.4.4), we conclude, after few simple

algebraic manipulations, that

‖ q − q̃h ‖
2
Th ≤

1

4ǫ
osc2(f, Th) +

1

4ǫ
η21,h + (2C1ǫ+ C3ǫ+

1

4ǫ
)η2φ

+ ǫ(1 + 2C1 + C3)‖ q − q̃h ‖
2
Th
.

The result follows by choosing ǫ small enough. This completes the proof of Lemma

4.4.1.

To obtain a computable estimator, we can choose any computable continuous func-

tions φ in ηφ. On the other hand, φ has to be chosen carefully so that ηφ gives an

accurate estimate on the curl part of the error. In order to choose a proper continuous

function φ, we are going to make use of the fact that the approximate solution u∗h can be

approximated by a continuous, piecewise polynomial function ũ∗h in the post-processing

space W ∗
h , (4.2.1a). This will allow us to show that the quality of the approximation

can be controlled by the size of the interelement jumps of u∗h. The following result holds

for nonconforming meshes with uniform polynomial degree.

Lemma 4.4.2 ([41, 54]). For any wh ∈ W ∗
h and any multi-index α with |α| = 0, 1

the following approximation results holds: Let g be the restriction to Γ of a function in

W ∗
h ∩H1(Ω). Then there exists a function w̃h ∈W ∗

h ∩H1(Ω) satisfying w̃h|Γ = g and

∑

K∈Th

‖Dα(wh − w̃h) ‖
2
K ≤Cj

∑

e∈Eh

h1−2|α|
e ‖ [[wh]] ‖

2
e + Cj

∑

e∈E∂
h

h1−2|α|
e ‖ g − wh ‖

2
e

where the constant Cj = Cj(σ, k).

Proof of Theorem 4.2.1.

Now we are ready to prove the reliability of estimator, Theorem 4.2.1. The proof is very

similar to that of Theorem 3.1 in Chapter 3. However, therein we only considered the

case of the RT method, not the wide variety of methods considered here.

We note that, by Lemma 4.4.1, for any function φ in H1(Ω) with trace φ = g on the

boundary Γ, we have

‖ q − q̃h ‖
2
Th

≤ Cσ(ocs
2
h(f, Th) + η21,h + η2φ).
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We now take φ := ũ∗h ∈W ∗
h ∩H1(Ω), where, by Lemma 4.4.2, the function ũ∗h satisfies

ũ∗h|Γ = g, (4.4.5a)
∑

K∈Th

‖ ∇(u∗h − ũ∗h) ‖
2
K ≤ Cj

∑

e∈Eh

h−1
e ‖ [[u∗h]] ‖

2
e. (4.4.5b)

We immediately obtain that

η2φ :=
∑

K∈Th

‖ q̃h +∇ ũ∗h ‖
2
K

≤ 2
∑

K∈Th

‖ q̃h +∇u∗h ‖
2
K + 2

∑

K∈Th

‖ ∇(u∗h − ũ∗h) ‖
2
K

≤ 2
∑

K∈Th

‖ q̃h +∇u∗h ‖
2
K + 2Cj

∑

e∈Eh

h−1
e ‖ [[u∗h]] ‖

2
e,

by property (4.4.5b). Finally, by the orthogonality property of the projection PM0
,

η2φ ≤ 2
∑

K∈Th

‖ q̃h +∇u∗h ‖
2
K + 2Cj

( ∑

e∈Eh

h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
e

+
∑

e∈Eh

h−1
e ‖PM0 [[u

∗
h]] ‖

2
e)

≤ C
∑

e∈Eh

(η22,h + η23,h),

and the result follows. This completes the proof of Theorem 4.2.1.

4.4.2 Proof of the local efficiency of the estimator, Theorem 4.2.2

To prove the efficiency of the estimator, Theorem 4.2.2, we show that each individual

estimator is bounded by the error.

Proof of the efficiency of the estimator η21,h(e)

In order to prove the local efficiency of the first estimator we need to construct proper

test functions (associated with any given face or in the element) that will allow us to

localize the error analysis.

We construct them as follows. We define the bubble function in the element K as

BK = Πd+1
i=1 λi,where λi denotes the linear function defined in K which vanishes on the
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i-th face and equal 1 on the i-th node. We also define the bubble function associated

to the face e as Be = Πd+1
i=1
i 6=j

λi,where λj vanishes on the face e. The auxiliary result we

are going to use is the following.

Lemma 4.4.3. Given a face e of an element K, and a function ψ ∈ Pp(e), there exists

a unique function w ∈ Pp+d(K) satisfying

w = Beψ on ∂K, (4.4.6a)

(w, w̃)K = 0 ∀ w̃ ∈ Pp−1(K), (4.4.6b)

‖w ‖2K � he‖ψ ‖2e. (4.4.6c)

Proof. We first show that the number of degrees of freedom is equal to the number of

equations. Indeed,

dim(Pp+d(K)) = dim(Pp−1(K)) + dim(Pc
k+d(∂K))

where Pc
k+d(∂K) denotes all the polynomials in Pp+d(∂K) which are continuous on ∂K.

Thus, to show the existence of such a function w satisfying (4.4.6), we only need to

prove that w = 0 when Beψ = 0. In fact, Beψ = 0 implies that w|∂K = 0. Hence, w

can be written as

w = BKφ

for some φ ∈ Pp−1(K). Now, taking the test function w̃ := φ in the second equation

(4.4.6b), we get ∫

K
BKφ

2 = 0.

From the equation above, we deduce that φ = 0 and hence that w = 0.

Finally, the estimate (4.4.6b) follows from a simple scaling argument. This completes

the proof.

With the auxiliary result just obtained, we are ready to prove the efficiency of the

estimator η21,h(e). We begin by obtaining a first estimate of the term associated with

the jumps of q̃h.

Lemma 4.4.4. For any face e ∈ Eh, we have that

he‖ [[q̃h]] ‖
2
e �

∑

K∈Uh(e)

(‖ q − q̃h ‖
2
K + h2K‖ f −∇· q̃h ‖

2
K).
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Proof. For the boundary edges, lemma follows immediately because by definition [[q̃h]] =

0.

For the interior edges, we begin by noting that, for any w ∈ H1
0 (Uh(e)), we have

〈 [[q̃h]], w〉e =
∑

K∈Uh(e)

〈(q − q̃h) · n, w〉∂K

=
∑

K∈Uh(e)

(
(q − q̃h,∇w)K + (f −∇· q̃h, w)K

)

≤
∑

K∈Uh(e)

(‖ q − q̃h ‖K + hK‖ f −∇· q̃h ‖K)

× (‖ ∇w ‖K + h−1
K ‖w ‖K).

According to Lemma 4.4.3, for each element K ∈ Uh(e), there is a test function

w ∈ Pp+d(K) such that

w = Be [[q̃h]] on ∂K and ‖w‖K � h1/2e ‖Be [[q̃h]]‖e.

Since this function lies in H1
0 (Uh(e)), we can use it in the previous equation to obtain

∫

e
Be [[q̃h]]

2 �
∑

K∈Uh(e)

(‖ q − q̃h ‖K + hK‖ f −∇· q̃h ‖K)

× h−1
K h1/2e ‖Be [[q̃h]]‖e,

by an inverse inequality.

The result now easily follows from the fact that
∫

e
B2

e [[q̃h]]
2 �

∫

e
[[q̃h]]

2 �

∫

e
Be [[q̃h]]

2

and since h−1
K h

1/2
e � h

−1/2
e by the shape-regularity assumption on the meshes. This

completes the proof.

We also need the following auxiliary result which we can prove in a similar fashion

by using the bubble functions introduced in Lemma 4.4.3.

Lemma 4.4.5. For any element K ∈ Th, we have that

hK‖PW f −∇· q̃h ‖K � C(‖ q − q̃h ‖K + hK‖ f − PW f ‖K).
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Proof. We begin by noting that, for any function w ∈ H1
0 (K), we have

(f −∇· q̃h, w)K = −(q − q̃h,∇w)K .

Taking w = BK(PW f −∇· q̃h), we get

∫

K
BK(PW f −∇· q̃h)

2 = −(q − q̃h,∇w)K − (f − PW f, w)K

≤ (h−1
K ‖ q − q̃h ‖K + ‖ f − PW f ‖K)

× (hK‖ ∇w ‖K + ‖w ‖K)

≤ (h−1
K ‖ q − q̃h ‖K + ‖ f − PW f ‖K)

× ‖BK(PW f −∇· q̃h) ‖K ,

by an inverse inequality and a standard scaling argument.

Finally, the estimate follows by noting that

‖PW f −∇· q̃h ‖K ≃ (

∫

K
BK(PW f −∇· q̃h)

2)1/2 ≃ ‖BK(PW f −∇· q̃h) ‖K .

This completes the proof.

We can now easily see that

η21,h(e) := he‖ [[q̃h]] ‖
2
e +

∑

K∈Uh(e)

h2K‖PW f −∇· q̃h ‖
2
K

�
∑

K∈Uh(e)

[
‖ q − q̃h ‖

2
K + h2K‖ f −∇· q̃h ‖

2
K + h2K‖PW f −∇· q̃h ‖

2
K

]
,

by Lemma 4.4.4. And, by Lemma 4.4.5,

η21,h(e) �
∑

K∈Uh(e)

[
‖ q − q̃h ‖

2
K + h2K‖ f − PW f ‖

2
K

]

�
∑

K∈w̃(e)

‖ q − q̃h ‖
2
K + osc2h(f,Uh(e)).

This shows the efficiency of the estimator η21,h(e) as stated in Theorem 4.2.2.
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Proof of the efficiency of the estimator η22,h(e)

Lemma 4.4.6. For any face e ∈ Eh,

‖ (Id− PM0) [[u
∗
h]] ‖

2
e � (‖ q − q̃h ‖

2
Uh(e)

+ ‖ ∇u−∇u∗h ‖
2
Uh(e)

).

Moreover, for each element K ∈ Th, we have that

‖ q̃h +∇u∗h ‖K � ‖ q − q̃h ‖K .

We refer the reader to Chapter 3 for detailed proofs of the above inequalities. Note

that, as a consequence, we have that

η22,h(e) := h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
e +

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖
2
K

� ‖ q − q̃h ‖
2
Uh(e)

+ ‖ ∇u−∇u∗h ‖
2
Uh(e)

� ‖ q − q̃h ‖
2
Uh(e)

+ ‖ q̃h +∇u∗h ‖
2
Uh(e)

� ‖ q − q̃h ‖
2
Uh(e)

,

and this shows the efficiency of the estimator η22,h(e) as stated in Theorem 4.2.2.

Proof of the efficiency of the estimator η23,h(e)

To prove the efficiency of the last estimator, we are going to use the fact that, thanks

to the form of the equations defining the HDG method (1.2.2), the residuals inside the

elements are strongly connected with the residuals on their faces.

Lemma 4.4.7. Suppose that condition A2 is satisfied. Then, for any face e ∈ Eh, we

have

η23,h(e) := h−1
e ‖PM0 [[u

∗
h]] ‖

2
0,e �

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖K ≤ η22,h(e).

The proof of this fact is is similar to that of Lemma 3.3 in Chapter 3. For the

convenience of the reader, we include a detailed proof.

Proof. Taking into account the first equation defining the post-processing u∗h, (4.2.2a),

condition A2 can be rewritten as follows:

(q̃h,v)K − (u∗h,∇·v)K = −〈ûh,v · n〉∂K ∀ v ∈ RT0(K).
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This implies, after a simple integration by parts, that

(q̃h +∇u∗h,v)K = −〈ûh − u∗h,v · n〉∂K .

Now assume that v ∈ H(div,Uh(e)). Since ûh is single valued on the faces, summing

over all K ∈ Uh(e) yields,

∑

K∈Uh(e)

(q̃h +∇u∗h,v)K = −
∑

F∈∂K\e
K∈Uh(e)

,

〈ûh − u∗h,v · n〉F + 〈 [[u∗h]],v〉e.

Taking v ∈ RT0(K), such that for each K ∈ Uh(e)

∫

e
v · n =

∫

e
PM0 [[u

∗
h]] · n, for the face e,

∫

F
v · n = 0, for all F ∈ ∂K \ e,

we obtain

‖PM0 [[u
∗
h]] ‖

2
e =

∑

K∈Uh(e)

(q̃h +∇u∗h,v)K .

The lemma follows from the Cauchy-Schwarz inequality and a standard scaling argument

‖v ‖K � h1/2e ‖v · n ‖∂K .

This completes the proof.

This completes the proof of Theorem 4.2.2.

4.5 Extensions

Let us end this paper by sketching the extension of the error analysis to nonconforming

meshes. To do so, we combine the approaches proposed in [41] for the IP methods and

in Chapter 3 for the hybridized mixed methods.

4.5.1 Notation and construction of the meshes

The mesh Th is obtained from an initial conforming mesh T
(0)
h via a finite number of

refinement steps. Let T
(n)
h be the conforming mesh obtained from T

(0)
h via n number
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of uniform refinement steps. We define the level of K ∈ Th as n if K ∈ T
(n)
h and we

denote it as L(K) = n. Let TH be the largest conforming mesh such that Th can be

obtained from TH . We say an element T ∈ TH is the conforming parent of an element

K ∈ Th if K ⊂ T . We also define the level of nonconformity as

Ln(K) = L(K)− L(T ).

We denote ∂Th as the set of faces of all elements K ∈ Th and

Fh := {e ∈ ∂Th , e ∩ ∂K is a complete face of K if md−1(e ∩ ∂K) > 0 }.

Fig. 4.5.1 illustrates the faces in Fh in two space dimensions. For every face e ∈ Fh,

set n := min{L(K) : K ∈ Uh(e) } and m := max{L(K) : K ∈ Uh(e) }. We denote

W̃h(e) := {K1,K2 ∈ T
(n)
h : e is a shared face of K1 and K2 }.

Figure 4.5.1: Example of nonconforming meshes II

4.5.2 Assumption on the meshes

We make the following assumption on the meshes:

D : The level of nonconformity of Th remains bounded.
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4.5.3 A posteriori error estimates

Assuming that the HDG methods are well defined [34], our goal is to estimate the error

‖ q − q̃h ‖
2
Th

in term of the following estimator

η2h :=
∑

e∈Fh

(
η21,h(e) + η22,h(e) + η23,Fh

(e) + η2nc,h(e)
)
,

where

η21,h(e) : = he‖ [[q̃h]] ‖
2
e +

∑

K∈Uh(e)

h2K‖PW f −∇· q̃h ‖
2
K ,

η22,h(e) : = h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
e +

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖
2
K ,

η23,Fh
(e) : = h−1

e ‖PM0 [[u
∗
h]] ‖

2
e,

η2nc,h(e) : = h−1
e ‖ (PM0 − PM0) [[u

∗
h]] ‖

2
e.

Here, PM0 is the L2-orthogonal projection into the space

M0,h := {µ ∈ L2(∂Th), µ|e ∈ P0(e), for each face e ∈ Eh},

and PM0 the L2-orthogonal projection into the space

M0,h := {µ ∈ L2(∂Th), µ|e ∈ P0(e), for each face e ∈ Fh }.

Because of the nonconformity of the meshes, Eh is not necessarily equal to Fh. Note

that the estimator ηnc,h(e) explicitly captures the effects of the nonconformity on the

meshes.

Theorem 4.5.1. Suppose that the assumptions B and D on the meshes and the assump-

tion C on the boundary condition are satisfied. Suppose also that q̃h satisfies conditions

A1 and A3. Then

‖ q − q̃h ‖
2
Th

� η2h + osc2h(f, Th),

and for each e ∈ Fh,

η21,h(e) �
∑

K∈Uh(e)

‖ q − q̃h ‖
2
K + osc2h(f,Uh(e)),

η22,h(e) + η2nc,h(e) �
∑

K∈W̃h(e)

‖ q − q̃h ‖
2
K .
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Moreover, if q̃h satisfies condition A2, then for each e ∈ Fh

η23,Fh
(e) � η22,h(e).

4.5.4 Sketch of the proof

To establish the reliability and efficiency of the above estimator, we follow the lines in

the proof for conforming meshes. Since most of the results established in Section 4 can

be trivially extended to the case of nonconforming meshes, here we only emphasize on

the main modifications.

To prove the reliability of the estimator, we only need to check that Lemma 4.4.1,

Lemma 4.4.2 and the proof of Theorem 4.2.1 hold for nonconforming meshes. The

following modifications are required to extend the results in Section 4 to nonconforming

meshes:

• Lemma 4.4.2 can be extended to the nonconforming meshes . We refer the reader

to [41] and [54] for more details.

• To prove Lemma 4.4.1, we only need to construct an interpolation from H1(Ω) to

the space of continuous piecewise linear polynomials W c
1,h on the nonconforming

meshes Th satisfying

1. Πψ = 0 on the boundary Γ if ψ ∈ H1
0 (Ω).

2.
∑

K∈Th
h−2
K ‖ψ −Πψ ‖2K � ‖ ∇ψ ‖2Ω.

To construct such an interpolation, we consider the Scott-Zhang interpolation on TH ,

where TH is the largest conforming mesh such that Th can be obtained from TH . It is

easy to see that such an interpolation preserves the homogeneous boundary condition.

Moreover, let T ∈ TH be the conforming parent of K ∈ Th. In view of the bounded level

of nonconformity (Assumption C), we have
∑

K⊂T

h−2
K ‖ψ −Πψ ‖2K � h−2

T ‖ψ −Πψ ‖2T

where the hidden constant depends on the level of nonconformity. Invoking the approx-

imation property of Scott-Zhang interpolation on the conforming mesh TH , we obtain
∑

K∈Th

h−2
K ‖ψ −Πψ ‖2K �

∑

T∈TH

h−2
T ‖ψ −Πψ ‖2T � ‖ ∇ψ ‖2Ω.
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This verifies the approximation property.

With these modifications, it is easy to check that these proofs hold for nonconforming

meshes as well.

On the other hand, to prove the efficiency of the estimator, we need to check that

Lemma 4.4.4, Lemma 4.4.5, Lemma 4.4.6 and Lemma 4.4.7 hold.

• For the proof of Lemma 4.4.6 and Lemma 4.4.7 on nonconforming meshes, we

refer the reader to Chapter 3 .

• Lemma 4.4.5 holds automatically because hanging nodes are not involved.

• We modify the proof of Lemma 4.4.4 as follows.

Proof of Lemma 4.4.4. We consider the two neighbouring elements K+,K− ∈ Uh(e) for

each e ∈ E i
h.

If e is the shared face of K+ and K−, as illustrated in Fig. 4.5.1 (middle), then the

results follows immediately from the conforming case.

Otherwise, e is a face of K−, but not a face of K+, as illustrated in Fig. 4.5.1 (left).

In this case, we artificially divide K+ into smaller elements {K+
i } via several refinement

steps such that one of these smaller elements, denoted as K+
1 , shares the face e with

K− as shown in Fig. 4.5.2. We set U∗
h(e) := {K−,K+

1 }. From the results of the

Figure 4.5.2: Example of an artificial refinement.



72

conforming case and the fact that U∗
h(e) ⊂ Uh(e), we have

he‖ [[q̃h]] ‖
2
e �

∑

K∈W∗
h
(e)

(‖ q − q̃h ‖
2
K + h2K‖ f −∇· q̃h ‖

2
K)

�
∑

K∈Uh(e)

(‖ q − q̃h ‖
2
K + h2K‖ f −∇· q̃h ‖

2
K).

This completes the proof.

It is easy to check that Proposition 4.6.1 holds for nonconforming meshes as well.

4.6 Obtaining other equivalent estimator

In this section, we show how to deduce from our results, well known a posteriori error

estimates for mixed methods as well as new a posteriori error estimates for the LDG-H

method.

4.6.1 Equivalent Estimators

To do that, we introduce the following estimators:

η24,h(e) := he‖ [[q̃h]]t ‖
2
e +

∑

K∈Uh(e)

h2K‖ ∇× q̃h ‖
2
K , (4.6.1a)

η25,h(e) := he‖ (qh − q̂h) · n ‖2e. (4.6.1b)

The relevant relations between these estimators and the estimators used in our main

theorems are contained in the next result.

Proposition 4.6.1 (Relation between the error estimators). Assume that the assump-

tion B on the meshes is satisfied. Then, for each face e ∈ Eh,

η22,h(e) ≃ η24,h(e),

If q̃h = qh, then

η21,h(e) �
∑

K∈Uh(e)

η25,h(∂K),
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and for each K ∈ Th,

‖ qh +∇uh ‖
2
K �

∑

e∈∂K

h−1
e ‖ ûh − uh ‖

2
e.

Proof. The last two inequalities of Proposition 4.6.1 were established in Chapter 2,

Lemma 3.3. Here, we only prove the first relation, that is

η22,h(e) ≃ η24,h(e).

The proof is carried out in four steps.

Step One

We begin by showing that

‖ q̃h +∇u∗h ‖
2
K ≃ h2K‖ ∇× q̃h ‖

2
K .

From the equation defining the scalar post-processing (4.2.2b), we note that ∇u∗h is

determined entirely by qh. Hence, it is easy to check that qh+∇u∗h can be viewed as a

linear map of qh. Since q̃h lies in the finite dimensional space V (K), a standard scaling

argument allows us to conclude that we only need to show that ‖ q̃h+∇u∗h ‖
2
K vanishes

whenever h2K‖ ∇× q̃h ‖
2
K equals zero and vice versa.

Assume that ∇× q̃h = 0. Then from the definition of u∗h, (4.2.2), and the inclusion

property (4.2.1c), we have q̃h + ∇u∗h = 0. On the other hand, if q̃h = −∇u∗h, then

∇× q̃h = ∇×∇u∗h = 0.

Step Two

Next, we show that

h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
e ≃ he‖ [[∇u∗h]]t ‖

2
e.

Since [[u∗h]] lies in a finite dimensional space, by a standard scaling argument, we only

need to show that if one term vanishes, then the other term vanishes too.

Recall that, by definition,

[[∇u∗h]]t := (∇u∗h)
+ × n+ + (∇u∗h)

− × n−

= (∇Γ u
∗
h)

+ × n+ + (∇Γ u
∗
h)

− × n−

= ∇Γ((u
∗
h)

+ − (u∗h)
−)× n+,
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where ∇Γ denotes the surface gradient on the face e. Thus, if [[∇u∗h]]t = 0 on the face

e, then ∇Γ((u
∗
h)

+ − (u∗h)
−) = 0 and so (u∗h)

+ − (u∗h)
− is constant across the face. This

implies that (Id − PM0) [[u
∗
h]] = 0 therein. On the other hand, if (Id − PM0) [[u

∗
h]] = 0,

then (u∗h)
+ − (u∗h)

− is constant on the face e. Hence we have [[∇u∗h]]t = 0.

Step Three

Let us now show that η24,h(e) � η22,h(e). Since

η24,h(e) := he‖ [[q̃h]]t ‖
2
e +

∑

K∈Uh(e)

h2K‖ ∇× q̃h ‖
2
K

� he‖ [[q̃h]]t ‖
2
e +

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖
2
K ,

by Step one, we only need to show that

he‖ [[q̃h]]t ‖
2
e � h−1

e ‖ (Id− PM0) [[u
∗
h]] ‖

2
e +

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖
2
K =: η22,h(e).

To do that, we add and subtract ∇u∗h, and apply Cauchy-Schwartz and the triangle

inequalities to get

he‖ [[q̃h]]t ‖
2
e � he‖ [[∇u∗h]]t ‖

2
e + he‖ [[q̃h +∇u∗h]]t ‖

2
e

� h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
e + he‖ [[q̃h +∇u∗h]]t ‖

2
e,

by Step Two. Then, by a standard scaling argument,

he‖ [[q̃h]]t ‖
2
e � h−1

e ‖ (Id− PM0) [[u
∗
h]] ‖

2
e +

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖
2
K ,

as wanted.

Step Four

It remains to prove that η22,h(e) � η24,h(e). Since

η22,h(e) := h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
e +

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖
2
K

� he‖ [[∇u∗h]]t ‖
2
e +

∑

K∈Uh(e)

h2K‖ ∇× q̃h ‖
2
K .
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Adding and subtracting q̃h in the first term, we get

h−1
e ‖ (Id− PM0) [[u

∗
h]] ‖

2
e � he‖ [[q̃h]]t ‖

2
e + he‖ [[q̃h +∇u∗h]]t ‖

2
e

� he‖ [[q̃h]]t ‖
2
e +

∑

K∈Uh(e)

‖ q̃h +∇u∗h ‖
2
K

� he‖ [[q̃h]]t ‖
2
e +

∑

K∈Uh(e)

h2K‖ ∇× q̃h ‖
2
K ,

by Step One. This completes the proof of Proposition 4.6.1.

Now we are ready to recover a well-known result for the mixed methods.

4.6.2 The mixed-H methods

Whenever we have that q̂h := qh, we say that the method defined by our general

formulation is the hybridized version of a mixed method and we refer to it as a mixed-H

method. The main examples are the well known RT and BDM methods. For any of

these mixed-H methods, we have the following result.

Corollary 4.6.1. Suppose assumptions B and C are satisfied. Suppose also that

V (K) ⊃ RT0(K) and W (K) ⊃ P1(K) for all K ∈ Th, and that M(e) ⊃ P1(e) for

all e ∈ Eh. Then for mixed-H methods, we have that

‖ q − qh ‖
2
Th �

∑

e∈Eh

η24,h(e) + osc2h(f, Th).

Moreover, for each face e ∈ Eh,

η24,h(e) �
∑

K∈Uh(e)

‖ q − qh ‖
2
K ,

where

η24,h(e) := he‖ [[qh]]t ‖
2
e +

∑

K∈Uh(e)

h2K‖ ∇× qh ‖
2
K .

Remark 4.6.1. The corollary recovers the well known result of [6] by A. Alonso. Note,

however, that, while the estimate of [6] was established only for d = 2 space dimensions,

the above corollary shows that the estimate actually holds for d = 2, 3 space dimensions.
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4.6.3 The LDG-H method

To end, we propose several a posteriori error estimates for the LDG-H method based

on different choices for q̃h. We also obtain an a posteriori estimate for an energy-like

norm.

The choice q̃h := q∗h

Corollary 4.6.2. Suppose assumptions B and the boundary condition assumption C

are satisfied. Suppose also that P1(K) ⊂ W (K), P2(K) ⊂ V (K) for all K ∈ Th, and

that P1(e) ⊂ M(e) for all e ∈ Eh. Then for the LDG-H methods, we have that

‖ q − q∗h ‖
2
Th

�
∑

e∈Eh

η24,h(e) + osc2h(f, Th).

Moreover, for each face e ∈ Eh,

η24,h(e) �
∑

K∈Uh(e)

‖ q − q∗h ‖
2
K ,

where

η24,h(e) := he‖ [[q∗h]]t ‖
2
e +

∑

K∈Uh(e)

h2K‖ ∇× q∗h ‖
2
K .

The choice q̃h := qh

Corollary 4.6.3 (Estimate of L2-error). Suppose assumptions B and C are satisfied.

Suppose also that V (K) ⊃ RT0(K), W (K) ⊃ P1(K) for all K ∈ Th, and that M(e) ⊃

P1(e) for all e ∈ Eh. Then for the LDG-H methods, we have that

‖ q − qh ‖
2
Th � (

∑

e∈Eh

η21,h(e) +
∑

e∈Eh

η24,h(e)) + osc2h(f, Th).

Moreover, for each face e ∈ Eh,

η21,h(e) + η24,h(e) �
∑

K∈Uh(e)

‖ q − qh ‖
2
K+osc2h(f,Uh(e)),
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where

η21,h(e) := he‖ [[qh]] ‖
2
e +

∑

K∈Uh(e)

h2K‖PW f −∇· qh ‖
2
K ,

η24,h(e) := he‖ [[qh]]t ‖
2
e +

∑

K∈Uh(e)

h2K‖ ∇× qh ‖
2
K .

To end, we also derive an a posteriori error estimate for the following energy-like

norm

E2
h := ‖ q − qh ‖

2
Th

+ β
∑

e∈Eh

he‖ (qh − q̂h) · n ‖2e,

where β is some given parameter.

Corollary 4.6.4 (Estimate of an energy-like norm). Suppose assumptions B and C are

satisfied. Suppose also that V (K) ⊃ RT0(K), W (K) ⊃ P1(K) for all K ∈ Th, and that

M(e) ⊃ P1(e) for all e ∈ Eh. Then for the LDG-H methods,

E2
h � (

∑

e∈Eh

η24,h(e) +
∑

e∈Eh

η25,h(e)) + osc2h(f, Th).

Moreover, for each face e ∈ Eh,

η24,h(e) + η25,h(e) �
∑

K∈Uh(e)

‖ q − qh ‖
2
K + βhe‖ (qh − q̂h) · n ‖2e,

where

η24,h(e) := he‖ [[qh]]t ‖
2
e +

∑

K∈Uh(e)

h2K‖ ∇× qh ‖
2
K ,

η25,h(e) := he‖ (qh − q̂h) · n ‖2e.



Chapter 5

Convergence and quasi-optimality

of AHDG methods

5.1 Introduction

In this chapter, we establish the convergence and optimality of the AHDG methods for

the model problem (1.1.1a) with homogeneous boundary condition, that is, g = 0 on Γ.

Let us briefly comment on the main difficulties to prove these results. A usual

ingredient to establish the convergence of adaptive methods is an orthogonality identity

involving the energy norm. Given the structure of the HDG methods, such property

does not seem to be readily available. On the other hand, given the similarity of the

HDG methods and the mixed methods, we could instead use a quasi-orthogonality

property as done by Chen, Holst and Xu [31]. Unfortunately, unlike mixed methods,

the approximate flux qk is not H(div,Ω)-conforming and extra effort is needed to be

able to suitably control the nonconforming part of qk.

The main difficulty to prove the optimality is to establish a “discrete” upper bound

for the a posteriori error estimator. While such an estimation was established by Chen,

Holst and Xu [31] for the Raviart-Thomas mixed methods in the case bidimensional

case, no results are known for the tridimensional case. Our approach to overcome this

difficulty is to use an auxiliary estimator proposed in chapter 4. The construction of such

an estimator is based on an element-by-element post-processing of the scalar variable

which is closely associated with the flux approximation qk. Thanks to the auxiliary

78
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estimator, we are able to establish a localized upper bound for the multidimensional

case.

The rest of this chapter is organized as follows. In Section 2, we describe the AHDG

methods and state and briefly discuss out main results, namely, the contraction of the

quasi-error and the quasi-optimality of its rate of convergence. In Section 3, we provide

a sketch of the proofs of these results in order to render clear their main steps. We

then provide the corresponding detailed proofs in Section 4, for the contraction of the

quasi-error, and in Section 5, for the quasi-optimality of its rate of convergence.

5.2 Main Results

5.2.1 Adaptive Procedure

We use the adaptive procedure consisting of the loops of the form

SOLVE → ESTIMATE → MARK → REFINE. (5.2.1)

Let {Tk}k≥0 and {qk}k≥0 be the meshes and the corresponding flux approximations

obtained from the iteration above, respectively. Set fk = PWk
f , where PWk

is the

L2 projection into the space Wk. Next, we discuss each of these four modules in the

following subsection.

The Module SOLVE

Given a mesh Tk, the module SOLVE seeks an approximation (qk, uk, ûk) satisfying the

discrete HDG formulation (1.2.2):

SOLVE(fk, Tk) := (qk, uk, ûk).

We make the following assumptions on the stabilization function τK on each K ∈ Tk:

A1 The parameter τK is a positive constant on ∂K.

A2 If K ⊃ T ∈ Tk+1, then τT = τK .

A3 τKhK ≤ Cτ for some constant Cτ .
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Let us point out that the first assumption is not absolutely necessary, but allows

us to simplify the proofs by relating liftings of the residuals on the boundaries of the

elements to the residuals in their interior. Indeed, thanks to A1, we can show the

equivalence

hK‖ (q̂k − qk) · n ‖2∂K ≃ h2K‖P⊥
Wk

(fk −∇· qk) ‖
2
K (5.2.2)

+ τ2Kh
2
K‖P⊥

Vk
(qk +∇uk) ‖

2
K ,

see Lemma 5.6.1. Here, we denote P⊥
Vk

:= (Id−P
Ṽk

) and P⊥
Wk

:= (Id−P
W̃k

) where P
Ṽk

and P
W̃k

are the L2 orthogonal projection onto the space

Ṽ k := {v ∈ Pp−1(K) for all K ∈ Tk}, (5.2.3a)

W̃k := {w ∈ Pp−1(K) for all K ∈ Tk}, (5.2.3b)

respectively. Thanks to this equivalence, the residual on the faces can still be evaluated

on a refinement of Tk even though q̂k may not be defined on the new faces.

The second assumption states, roughly speaking, that the elements inherit the value

of τ from its ’parent’. This assumption is consistent with the a priori bounds obtained

in [35, 38] which state that optimal converge for the energy norm are achieved whenever

the functions τ and τ−1 are positive and uniformly bounded. Note also that if the third

assumption is satisfied for the initial mesh T0, it is automatically satisfied by all the

meshes thanks to the second assumption.

The Module ESTIMATE

Given the data f , a mesh Tk and the approximate solution (qk, uk, ûk) = SOLVE(fk, Tk),

the module ESTIMATE outputs the error estimator

ESTIMATE(f, qk, Tk) := {ζ2(f, qk,K)}K∈Tk ,

defined by

ζ2(f, qk,K) := ζ2curl(qk,K) + ζ2div(f, qk, ∂K), (5.2.4a)

where

ζ2curl(qk,K) := h2K‖ ∇× qk ‖
2
K + hK‖ [[qk]]t ‖

2
∂K , (5.2.4b)

ζ2div(f, qk,K) := τ2Kh
2
K‖ (Id− P

Ṽk
)qk ‖

2
K + h2K‖ (Id− P

W̃k
)f ‖2K . (5.2.4c)
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It is easy to see that the estimator ζcurl gives a measure of how close is qk to being a

gradient. It is less obvious to see that the estimator ζdiv measures how close is qk to

H(div,Ω) and how well fk captures the source function f . Let us argue why this is the

case. By the orthogonality property of the L2-projection PWk
, we have that

h2K‖ (Id− P
W̃k

)f ‖2K = h2K‖ (Id− P
W̃k

)fk ‖
2
K + h2K‖ f − fk ‖

2
K ,

where fk := PWk
f . Thanks to the equivalence (5.2.2), we see that

ζ2div(f, qk,K) ≃ hK‖ (q̂k − qk) · n ‖2∂K + h2K‖ f − fk ‖
2
K .

Now we see that the first term on the right hand side measures how close is qk to

H(div,Ω) and that the second term measures how well fk captures the source function

f . Note that the term h2K‖ f − fk ‖
2
K is usually called the oscillation of f in the element

K. In previous work, this term has been treated separately from the error estimator

whereas here we completely incorporate in it.

It is interesting to note that if we formally set q̂k = qk, the estimator (5.2.4a)

is nothing but the well known estimator for the mixed methods proposed by Alonso

[6]. This is a reflection of how strongly related are the HDG and the mixed methods.

Moreover, from the equivalence (5.2.2), we see that the fact that the interelement jumps

of qk are not zero is caused by the fact that fk ∈Wk and qk ∈ V k whereas ∇· qk ∈ W̃k

and ∇uk ∈ Ṽ k, as well as by the fact that P⊥
Wk
fk is not equal to zero.

The Module MARK

The module MARK selects a subset Mk from the mesh Tk according to the error

indicator {ζ2(fqk,K)}K∈Tk and a suitably defined marking strategy. Here, our marking

strategy is based on the so-called Dörfler marking [40]. We define it next.

Given the mesh Tk, the indicator {ζ
2(q̂k, qk,K)}K∈Tk , and the parameter θ ∈ (0, 1),

the module MARK selects a minimal subset

MARK(θ, Tk, {ζ
2(f, qk,K)}K∈Tk) := Mk,

satisfying

θ ζ2(f, qk, Tk) ≤ ζ2(f, qk,Mk). (5.2.5)
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The Module REFINE

Given a conforming mesh Tk and a marked subset Mk ⊂ Tk, the module generates a

conforming mesh Tk+1 ≥ Tk,

REFINE(Tk,Mk) := Tk+1.

In this paper, the module REFINE is based on the newest vertex bisection algorithm

[16, 66, 48]. Given a conforming mesh Tk, the algorithm divides a given element K ∈ Tk

into two children upon joining the midpoint of an edge with the nodes off such an edge.

The choice of the refinement edges depends on a labelling associated with the initial

mesh T0 only, see [16] for d = 2 and [44, 48, 67] for d > 2. A simple but crucial

observation is that for each children T of an element K, we always have that

hT ≤ rhK (5.2.6)

where r ∈ (0, 1) is the so-called diameter reduction factor.

Next, we list two important properties (P1 and P2) of the newest vertex bisection

algorithm.

P1. The newest vertex bisection preserves the shape regularity property, that is,

hK/ρK ≤ σ,

for any element K ∈ Tk+1 := REFINE(Tk,Mk) (each element in the marked set Mk is

refined at least once), where σ denotes the shape regularity constant and ρK the diameter

of the largest ball inside K.

We also note that refining a marked element may create hanging nodes on the

faces. Thus, to ensure conformity, additional elements need to be refined once or several

times. The newest vertex bisection guarantees that the cumulative number of the added

elements is controlled by the number of the marked elements [16, 67, 48]. This property

is more precisely stated below.
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P2. For any initial conforming mesh T0, the newest vertex bisection generates a

sequence of meshes {Tk}k≥0 satisfying

#Tk −#T0 ≤ Υ0

k−1∑

j=0

#Mj ,

where Υ0 is a constant depending only on the initial mesh T0 and dimension d, and

where #S denotes the cardinality of the set S.

Finally, let us introduce some notation. We denote T as the set of all conforming

refinements of an initial mesh T0 via the bisections. We write Tk ≤ Tk+1 to denote

that the Tk+1 is a conforming refinement of Tk via bisection. We define the refined set

RTk→Tk+1
in Tk as Tk \ Tk+1 and the set of new elements NTk→Tk+1

= Tk+1 \ Tk. Note

that since each marked element is refined at least once, we have Mk ⊂ Rk and note also

that each element T ∈ Nk+1 has a corresponding element K ∈ Rk such that T ⊂ K.

And we say K is the parent of T . To simplify the notation, hereafter, we use Rk and

Nk+1 to denote RTk→Tk+1
and NTk→Tk+1

respectively, when it causes no ambiguity.

5.2.2 Convergence and optimality

We are now ready to state and discuss our results on convergence and quasi-optimality

of the AHDG method.

The energy error, the error estimator and their modifications

The quasi-error is the sum of an energy-like norm and the error estimator. Here, we

define the energy norm as

e2k := ‖ q − qk ‖
2
Ω + γ ζ2div(f, qk, Tk), (5.2.7)

for some constant γ ≥ 1.

The following example provides a motivation of the above definition and illustrates

one of the difficulties in establishing our convergence results. Let the domain Ω be a

single equilateral triangle in two space dimensions and let the exact solution u be the

linear function equal to 1 on two nodes and to −1 on the remaining node, see Fig. 5.2.1.

Set (q0, u0, û0) := SOLVE(f, T0) with p = 0 and τK = 1 on all three edges. A simple
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0 = 0û û0 = 0

û0 = 1

q0 = q
u0 = 1/3

u = −1

u = 1 u = 1

Figure 5.2.1: An example shows unsual phenomena of HDG methods

calculation shows that q0 = q. However, we also have that

ζ2div(f, qk,K) 6= 0.

Moreover, if T1 is a refinement of T0 obtained by bisecting the edge at which u = 1, it

can be easily checked that ‖ q − q1 ‖Ω 6= 0.

This example reveals two unusual phenomena of HDG methods. First, the fact that

‖ q−qk ‖Ω = 0 does not imply ‖ q−qk+1 ‖
2
Ω = 0. Second, a lower bound for ‖ q−qk+1 ‖

2
Ω

in terms of ζ2div(f, qk, Tk), which is a key ingredient for the optimal convergence rate, is

not available for the HDG methods. These two facts suggest the inclusion of the term

ζdiv as part of the energy norm above. Our analysis also shows that this energy norm

is closely associated with the HDG methods and comes out naturally in the analysis.

Contraction and quasi-optimality for the modified quasi-error

Theorem 5.2.1 (Contraction of the quasi-error). Assume that the Assumptions A1,

A2 are satisfied and that A3 holds for some Cτ ∈ (0, C∗
τ ), where C

∗
τ depends only on

the shape regularity constant σ, the polynomial degree p, the diameter reduction r and

the marking parameter θ. Then there exist positive constants β, and α < 1 depending

on σ, p, r, θ such that

e2k + β ζ2(f, qk, Tk) ≤ α{e2k+1 + β ζ2(f, qk+1, Tk+1)}.
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The actual constant C∗
τ can be easily determined in the proof of this result; see the

inequalities (5.3.1a), (5.3.1b), (5.3.3), (5.5.1) and (5.5.7).

To state the quasi-optimality result for the let AHDG method, we need to introduce

the approximation class As. Let TN ⊂ T be the set of meshes with at most N more

elements than T0:

TN := {T ∈ T , #T −#T0 ≤ N}.

Given a flux q, the quality of best approximation in the set TN is given by

ε2(N ; f, q) := inf
Th∈TN

e2h

We define the approximation class As as

As := {(f, q) , sup
N>0

N sε(N ; f, q) <∞}, (5.2.8)

and if (f, q) ∈ As, we define

|(f, q)|As := supN sε(N ; f, q). (5.2.9)

We are now ready to state our main result.

Theorem 5.2.2 (Quasi-Optimality). Let the assumptions of Theorem 5.2.1 hold. Let

q ∈ H(div,Ω) be the solution of the continuous problem. Let {(Tk, qk)}k≥0 be the

sequence of meshes and discrete solutions generated by AHDG. If the marking parameter

θ lies in (0, θ∗) for some suitable constant θ∗ and if (f, q) ∈ As, then we have that

ek � (#Tk −#T0)
−s.

5.3 Sketch of the proofs of the main Theorems

In this section, we present the proof of the contraction of the loop of the AHDG method,

Theorem 5.2.1, and the proof of quasi-optimality of the method, Theorem 5.2.2. Since

the proof is rather long and quite technical, all the auxiliary lemmas are here stated

without proof. In this way, the main features of the proofs become more transparent.

Detailed proofs of the auxiliary lemmas are presented in the remaining of the paper.



86

5.3.1 Proof of the contraction property of the AHDG method

Here, we prove Theorem 5.2.1. We proceed in several steps. In what follows, Ci,

i = 1, 2, 3, denote constants that depend only on the shape-regularity constant of the

elements, σ, and on the polynomial degree p. We also set

λ := 1− r and Λ := 1− r2,

where r is the diameter reduction factor, see (5.2.6).

Hereafter, to simplify the notation, we use

ζ2div,k(Sk) := ζ2div(f, qk, Sk), ζ2curl,k(Sk) := ζ2curl(qk, Sk),

and ζ2k(Sk) := ζ2(f, qk, Sk), for any subset Sk of the triangulation Tk.

Step 1: The quasi-orthogonality property

We begin by trying to relate the L2- error in the approximation of the flux on a given

mesh to the L2- error in the approximation of the flux on an arbitrary refinement. The

result is commonly referred to as the quasi-orthogonality property. It only depends on

the properties of the HDG method.

Lemma 5.3.1 (Quasi orthogonality). Let Tk+1 and Tk be any two nested meshes with

Tk ≤ Tk+1. Assume that A1, A2 and A3 are valid. Then, for any positive parameter

δ2 ∈ (0, 1), and for any ǫ ∈ (0, 1/4), we have that

‖ q − qk+1 ‖
2
Ω + γ ζ2div,k+1(Tk+1) +

1

2(1− ǫ)
‖ qk+1 − qk ‖

2
Ω

≤
1

1− ǫ
‖ q − qk ‖

2
Ω + (1 + δ2) γ ζ

2
div,k(Tk)

provided that the constant Cτ in A3 satisfies

Cτ ≤ 1, (5.3.1a)

C2
τ ≤

ǫ

2C4(1 + δ−1
2 Λ−1)

. (5.3.1b)

Here,

γ :=
C4

Λǫ(1− ǫ)(1 + δ2)
. (5.3.2a)
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Let us now describe the basic idea of how to use this result to prove the contraction

property. Note that if we formally take ǫ = δ2 = 0, the lemma above implies

e2k+1 +
1

2
‖ qk+1 − qk ‖

2
Ω ≤ e2k.

This suggests that we should prove the inequality

1

2
‖ qk+1 − qk ‖

2
Ω ≥

(
1− α

)
e2k for some α ∈ (0, 1),

since then we would immediately get that

e2k+1 ≤ α e2k.

However, the above lower bound for ‖ qk+1 − qk ‖
2
Ω may not hold, as was shown for the

case of the continuous Galerkin method in [47]. To overcome this difficulty, we follow

the approach introduced in [30] and obtain an lower bound for 1
2‖ qk+1 − qk ‖

2
Ω which

also involves the estimators ζk+1 and ζk, as we show next.

Step 2: The estimator reduction

Here, we obtain our lower bound for ‖ qk+1 − qk ‖
2
Ω.

Lemma 5.3.2 (Estimator reduction). Let A2 and A3 be valid. Then there exists a

constant C3 such that, for any δ1 > 0, we have

1

2(1− ǫ)
‖ qk+1 − qk ‖

2
Ω ≥ βζ2k+1(Tk+1)− β(1 + δ1){ζ

2
k(Tk)− λζ2k(Rk)},

where β = δ1/(2C3(1 + δ1)(1− ǫ)), provided that the constant Cτ in A3, satisfies

C2
τ ≤

1

2
C3. (5.3.3)

Note that, if we insert the above upper bound into the quasi-orthogonality inequality

of Lemma 5.3.1, we readily get that

‖ q − qk+1 ‖
2
Ω + (γ + β)ζ2div,k+1(Tk+1) + βζ2curl,k+1(Tk+1) + Θk+1/2

≤
1

1− ǫ
‖ q − qk ‖

2
Ω + {γ(1 + δ2) + β(1 + δ1)}ζ

2
div,k(Tk)

+ β(1 + δ1)ζ
2
curl,k+1(Tk),
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where

Θk+1/2 := β(1 + δ1) λ ζ
2
k(Rk).

We can now see that we need to show that the so-called error reduction term Θk+1/2

contains a fixed amount of each of the three terms on the right hand. In fact, we are

going to show that

T := Θk+1/2 − {
2ǫ

1− ǫ
‖ q − qk ‖

2
Ω

+
(
2γδ2 + βδ1(1 + δ1)

)
ζ2div,k(Tk) + βδ1(1 + δ1)ζ

2
curl,k(Tk)}

≥ 0

with the parameters ǫ, δ1, δ2 and θ properly chosen.

Step 3: The Dörfler property

To do so, we first relate the error reduction term Θk+1/2 with the term ζ2k(Tk). This is

achieved by using the Dörfler marking strategy, (5.2.5), and the fact that Mk ⊂ Rk,

θ ζ2(Tk) ≤ ζ2(Mk) ≤ ζ2(Rk). (5.3.4)

Inserting the upper bound of this result in the expression for T , we get

T ≥ θβ(1 + δ1)λζ
2
k(Tk)−

2ǫ

1− ǫ
‖ q − qk ‖

2
Ω

−
{
2γδ2 + βδ1(1 + δ1)

}
ζ2div,k(Tk) + βδ1(1 + δ1)ζ

2
curl,k(Tk)

= T1 + T2 + T3.

where

T1 :=
λθ

4
β(1 + δ1)ζ

2
k(Tk)− δ1β(1 + δ1)ζ

2
curl,k(Tk),

T2 :=
θβλ(1 + δ1)

4
ζ2k(Tk)−

2ǫ

1− ǫ
‖ q − qk ‖

2
Ω,

T3 :=
θβλ(1 + δ1)

2
ζ2k(Tk)−

{
2γδ2 + βδ1(1 + δ1)

}
ζ2div,k(Tk).

0ur next goal is to show that each of these components of T is non-negative. Let us

show that we can have T1 ≥ 0 by suitably choosing the parameter δ1. By definition of

ζk(Tk), (5.2.4a), we have that

T1 ≥
(λθ
4

− δ1
)
β(1 + δ1) ζ

2
curl,k(Tk)= 0,
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if we set

δ1 := λ θ/4.

Now let us show that we can have T3 ≥ 0 by suitably defining the parameter δ2. By

definition of ζk(Tk), (5.2.4a), we have.

T3 ≥
{θβλ(1 + δ1)

2
− 2γδ2 − βδ1(1 + δ1)

}
ζ2div,k(Tk)

=
{
(
θ λ

2
− δ1)β(1 + δ1)− 2γδ2

}
ζ2div,k(Tk)

= 2γ
{
(
θ λ

8 γ
β(1 + δ1)− δ2

}
ζ2div,k(Tk)

≥ 0,

provided we take

δ2 := min{
λ2θ2Λǫ

48C3C4
, 1} ≤

θβ(1 + δ1)λ

8γ
,

by the definition of β and γ. It remains to ensure that T2 is nonnegative.

Step 4: The reliability of the error estimator

To do so, we use the reliability of the error estimator.

Lemma 5.3.3 (Reliability of the error estimator). There exists a constant C1 = C1(σ, p)

such that

‖ q − qk ‖
2
Ω ≤ C1ζ

2
k(Tk).

Thanks to this estimate, we can now write that

T2 ≥
(θβλ(1 + δ1)

4
−

2ǫ

1− ǫ
C1

)
ζ2k(Tk),

and we see that T2 ≥ 0 if

θβλ(1 + δ1)

4C1
≥

2ǫ

1− ǫ
.

Using the definitions of β, we obtain, after some simple algebraic manipulations that

the above inequalities hold if we take

ǫ = min

{
λ2θ2

48C3C1
,
1

4

}
.

This completes the proof of the contraction result of Theorem 5.2.1.
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5.3.2 Proof of the quasi-optimality of the adaptive HDG methods

The proof of this property can be carried out in a single step as follows.

By the property P2 for the complexity of the refinement, we have that

#Tk −#T0 ≤ Υ0

k−1∑

i=0

#Mi.

To continue, we are going to use the following property of the refinement.

Lemma 5.3.4. Let (f, q) ∈ As and Mk = MARK(θ, Tk, {ζ(K)}) with θ ∈ (0, θ∗) for

some suitable θ∗. Then, the following estimate holds,

#Mk ≤ (2µ)−
1
2s |(f, q)|

1
s

As
e
− 1

s

k ,

for some constant µ.

Hence, using the above result, we get that

#Tk −#T0 ≤ C∗

k∑

i=1

e
− 1

s

i ,

where C∗ = Υ0(2µ)
− 1

2s |(f, q)|
1
s

As
.

Finally, by the contraction property of the quasi-error, Theorem 5.2.1, we obtain

#Tk −#T0 ≤ C∗

k∑

i=1

e
− 1

s

k α
i
s ≤

C∗

1− α
1
s

e
− 1

s

k ,

and this readily implies that

ek ≤ C(#Tk −#T0)
−s.

This completes the proof of the quasi-optimality result of Theorem 5.2.2.

5.4 Completion of the Proof of the quasi-optimality prop-

erty

In this section, we complete the proof of the contraction of the adaptive HDG method

given by Theorem by proving the estimator reduction property, Lemma 5.3.2, and the

quasi-orthogonality, Lemma 5.3.1.
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5.4.1 Estimator reduction

The estimator reduction property of Lemma 5.3.2 follows immediately from the next

lemma after applying condition (5.3.3) on Cτ .

Lemma 5.4.1. We have

ζ2div,k+1(Tk+1)−(1 + δ1){ζ
2
div,k(Tk)− Λζ2div,k(Rk)} ≤ (1+δ−1

1 )C2
τ ‖ qk − qk+1 ‖

2
Ω,

ζ2curl,k+1(Tk+1)−(1 + δ1){ζ
2
curl,k(Tk)− λζ2curl,k(Rk)} ≤ (1+δ−1

1 )
1

2
C3 ‖ qk − qk+1 ‖

2
Ω.

Proof. Let us prove the first inequality. Let T be any element in Tk+1. Then, by the

definition of ζdiv, (5.2.4c), we obtain, after a straightforward application of the triangle

inequality, that

|ζdiv,k+1(T )− ζdiv,k(T )| ≤ τThT ‖P
⊥
Vk+1

(qk − qk+1) ‖T

≤ τThT ‖ qk − qk+1 ‖T

≤ Cτ‖ qk − qk+1 ‖T ,

by Assumption A3. Using the simple property

a2 ≤ (1 + δ)b2 + (1 + δ−1)c2 ∀δ > 0 provided |a− b| ≤ c,

with a := ζdiv,k+1(T ), b := ζdiv,k(T ), and c := Cτ ‖ qk − qk+1 ‖T , we obtain that

ζ2div,k+1(T ) ≤ (1 + δ)ζ2div,k(T ) + (1 + δ−1)C2
τ ‖ qk − qk+1 ‖

2
T .

Summing over all the elements T ∈ Tk+1, we get that

ζ2div,k+1(Tk+1)− (1 + δ1)ζ
2
div,k(Tk+1) ≤ (1 + δ−1

1 )C2
τ ‖ qk − qk+1 ‖

2
Ω.

Since

ζ2div,k(Tk+1) = ζ2div,k(Tk+1 ∩ Tk) + ζ2div,k(Nk+1)

≤ ζ2div,k(Tk+1 ∩ Tk) + r2ζ2div,k(Rk) by (5.2.6),

= ζ2div,k(Tk)− (1− r2)ζ2div,k(Rk),

we have

ζ2div,k+1(Tk+1)− (1 + δ1){ζ
2
div,k(Tk)− Λζ2div,k(Rk)} ≤ (1 + δ−1

1 )C2
τ ‖ qk − qk+1 ‖

2
Ω.
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where, by definition, Λ = 1− r2. The first inequality follows after dividing by (1+ δ−1
1 )

on both sides.

Let us now prove the second inequality. Let T be any element in Tk+1. Then, by

the definition of ζcurl, (5.2.4c), we obtain, after applying the triangle inequality, that

|ζcurl,k+1(T )− ζcurl,k(T )| ≤
√
C3/2 ‖ qk − qk+1 ‖T ,

by using standard inverse inequalities. We can now proceed as before to get

δ1
(1 + δ1)

ζ2curl(qk+1, Tk+1)− δ1{ζ
2
curl(qk, Tk)− λζ2curl(qk,Rk)} ≤

C3

2
‖ qk − qk+1 ‖

2
Ω.

This completes the proof of Lemma 5.3.2.

5.4.2 Proof of the quasi-orthogonality inequality

Now, we provide a proof of the quasi-orthogonality inequality of Lemma 5.3.1. Our

approach is based on exploiting the similarity of the HDG methods and the mixed

methods. Indeed, using the identity

‖ q − qk+1 ‖
2
Ω + ‖ qk+1 − qk ‖

2
Ω = ‖ q − qk ‖

2
Ω,

which holds provided the orthogonality condition (q−qk+1, qk+1−qk)Ω = 0 is satisfied,

Chen, Holst and Xu [31] established a quasi-orthogonality inequality for mixed methods.

Our strategy is to mimic this idea in the framework of HDG methods.

Step 1: A key orthogonality property

However, due to the fact that the approximate flux qk is notH(div,Ω)-conforming, the

above-mentioned orthogonality property does not hold for the HDG methods. In order

to overcome this difficulty, we are going to use the following result.

Lemma 5.4.2. We have

(q − qk+1,v)Ω = 0 ∀ v ∈H(div,Ω) ∩ V k+1 with ∇·v = 0.

Proof. After a simple integration by parts, we get that

(q,v)Tk+1
= (u,∇·v)Tk+1

− 〈u,v · n〉∂Tk+1
∀v ∈ V k+1.
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Subtracting the first equation defining the HDG method (1.2.2a) from the equation

above, we obtain

(q − qk+1,v)Tk+1
= (u− uk+1,∇·v)Tk+1

− 〈u− ûk+1,v · n〉∂Tk+1
.

Since the trace u − ûk+1 is single-valued in the interior edges and vanishes on the

boundary Γ, we have

(q − qk+1,v)Ω = (u− uk+1,∇·v)Tk+1
− 〈u− ûk+1,v · n〉Γ = 0,

for all v ∈H(div,Ω) ∩ V k+1 with ∇·v = 0. This completes the proof.

Next, to be able to apply this property to derive a quasi-orthogonality, we construct

an H(div,Ω)-conforming approximate flux by using a local post-processing.

Step 2: Post-processing

We define a post-processed flux q∗k by using a slight modification of the Raviart-Thomas

projection [61]. We take q∗k ∈ RTp(K) satisfying

(q∗k,v)K = (qk,v)K ∀v ∈ Pp−1(K), (5.4.1a)

〈q∗k · n, µ〉e = 〈q̂k · n, µ〉e ∀µ ∈ Pp(e) for all faces e of K. (5.4.1b)

It is worth mentioning two useful properties of the post-processed flux q∗k. First, q∗k

belongs to H(div,Ω) because the transmission condition (1.2.3b) strongly enforces the

single-valueness of the normal component of q̂k across the faces. Second, we have

∇· q∗k = fk. This follows immediately from the second equations defining the HDG

method (1.2.2b),

−(q∗k,∇w)Tk + 〈q∗k · n, w〉∂Tk = (f, w)Tk ∀w ∈Wk,

after a simple integration by parts.

Step 3: Intermediate solution

In order to build a link between the solution on Tk with the one on its refinement Tk+1,

we introduce an intermediate solution

(q̃k+1, ũk+1, ̂̃uk+1) := SOLVE(fk, Tk+1),
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and define q̃∗k+1 to be its corresponding post-processed flux. The intermediate solution

q̃∗k+1 relates the approximation q∗k on the coarse mesh Tk with q∗k+1 on the fine mesh

Tk+1. Indeed, we observe that

∇·(q∗k − q̃
∗
k+1) = fk − fk = 0. (5.4.2a)

This implies that q∗k − q̃
∗
k+1 ∈ Pp(T ) on each element T ∈ Th and hence, that

q∗k − q̃
∗
k+1 ∈ V k+1 ∩H(div,Ω). (5.4.2b)

On the other hand, the difference between q∗k+1 and q̃
∗
k+1 is controlled by the oscillation

osc2(fk+1,Rk), where

osc2(fk+1, S) :=
∑

K∈S

h2K‖ fk+1 − fk ‖
2
K , (5.4.3)

as we see next.

Lemma 5.4.3. Let Assumptions A1, A2, A3 be valid and the constant Cτ satisfy

(5.3.1a). Then there exists a constant C2 = C2(σ, p) such that

‖ q∗k+1 − q̃
∗
k+1 ‖

2
Ω ≤ C2 osc

2(fk+1,Rk).

We give a detailed proof of this result in the appendix. This would allow us to

maintain the focus on the quasi-orthogonality property. Here, let us just say that the

result follows from the stability properties of the HDG methods.

Step 4: Quasi-orthogonality

Next, we use the orthogonality property of Lemma 5.4.2 to obtain the following result.

Lemma 5.4.4. Under the same assumption of Lemma 5.4.3, it holds that

(1−ǫ)‖ q−qk+1 ‖
2
Ω+‖ qk+1 − qk ‖

2
Ω ≤ ‖ q − qk ‖

2
Ω+

1

ǫ
‖ qk+1 − q̃

∗
k+1 − qk + q

∗
k ‖

2
Ω,

for any ǫ > 0.

Proof. From the identity

‖ q − qk+1 ‖
2
Ω + ‖ qk+1 − qk ‖

2
Ω = ‖ q − qk ‖

2
Ω − 2 (q − qk+1, qk+1 − qk)Ω
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we see that we have

θ := ‖ q − qk+1 ‖
2
Ω + ‖ qk+1 − qk ‖

2
Ω

= ‖ q − qk ‖
2
Ω − 2 (q − qk+1, qk+1 − qk)Ω.

=‖ q − qk ‖
2
Ω − 2 (q − qk+1, qk+1 − q̃

∗
k+1 − qk + q

∗
k)Ω,

since, by the orthogonality property of Lemma 5.4.2 and property (5.4.2), we have that

(q − qk+1, q
∗
k − q̃

∗
k+1)Ω = 0.

A simple application of Young’s inequality gives

θ ≤ ‖ q − qk ‖
2
Ω + ǫ‖ q − qk+1 ‖

2
Ω +

1

ǫ
‖ qk+1 − q̃

∗
k+1 − qk + q

∗
k ‖

2
Ω.

and the result immediately follows. This completes the proof.

Thus, to prove the quasi-orthogonality inequality of Lemma 5.3.1, we only need to

suitably estimate the term T (Ω) := ‖ qk+1 − q̃
∗
k+1 − qk + q

∗
k ‖

2
Ω.

Step 5: Estimation of T (Ω).

Here we prove the following proposition.

Proposition 5.4.1. Let the Assumptions A1, A2 and A3 be valid and the constant

Cτ satisfy (5.3.1b). Then

T (Ω) ≤
ǫ

2
‖ qk − qk+1 ‖

2
Ω +

C4

Λ
{ζ2div,k(Tk)− (1 + δ2)

−1ζ2div,k+1(Tk+1)}.

To prove this lemma, we are going to use the following auxiliary result.

Lemma 5.4.5. Let Assumptions A1 and A2 be valid. Then,

T (Ω) ≤ C4{ζ
2
div,k(Rk) + C2

τ ‖ qk+1 − qk ‖
2
Ω}.

A detailed proof is provided in the appendix. We are now ready to prove Proposition

5.4.1.
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Proof. By Lemma 5.4.5 and by the reduction property of ζdiv, that is, by the first

inequality of Lemma 5.4.1, we have

Λ ζ2div,k(Rk) ≤ ζ2div,k(Tk)− (1 + δ1)
−1ζ2div,k+1(Tk+1) + δ−1

1 C2
τ ‖ qk − qk+1 ‖

2
Ω.

We immediately obtain

T (Ω) ≤ C4Λ
−1{ζ2div,k(Tk)− (1 + δ1)

−1ζ2div,k+1(Tk+1)}

+ (1 + δ−1
1 Λ−1)C4C

2
τ ‖ qk − qk+1 ‖

2
Ω,

and the result follows from the condition on Cτ , (5.3.1b). This completes the proof.

Step 6: Proof of Lemma 5.3.1

Inserting the estimate of Proposition 5.4.1 into the inequality of Lemma 5.4.4, we readily

obtain

(1− ǫ)‖ q − qk+1 ‖
2
Ω +

1

2
‖ qk+1 − qk ‖

2
Ω ≤ ‖ q − qk ‖

2
Ω

+ γ(1− ǫ){(1 + δ2)ζ
2
div,k(Tk)− ζ2div,k+1(Tk+1)}

by definition of γ, (5.3.2a). The quasi-orthogonality inequality, Lemma 5.3.1, follows

immediately from the above inequality after dividing by (1− ǫ).

5.5 Completion of the Proof of the quasi-optimality prop-

erty

In this section, we complete the proof of the quasi-optimality of the adaptive HDG

method in Theorem 5.2.2 by proving Lemma 5.3.4.

Step One: Global efficiency of the estimator

Lemma 5.5.1 (Efficiency of the error estimator). There exists a constant C2 = C2(σ, p, γ)

such that

C2ζ
2
k(Tk) ≤ e2k.

The Lemma follows directly from chapter 4, Corollary 3.3, and the equivalence

relation (5.2.2).
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Step Two: Localized upper bound

Lemma 5.5.2 (Localized upper bound). Assume that A1, A2 and A3 holds and that

Cτ satisfies

C2
τ ≤

1

4C4
. (5.5.1)

Then, for any two nested meshes Tk ≤ Tk+1, there exists a constant C3 = C3(σ, p, γ)

such that

3‖ qk − qk+1 ‖
2
Ω + γζ2div,k(Rk) ≤ C3ζ

2
k(Rk).

To prove this result, we introduce an auxiliary estimator and the following auxiliary

proposition.

Proposition 5.5.1 (Relation between the error estimators). It holds, for each face

e ∈ Ek,

‖ qk +∇u∗k ‖
2
K∈Uk(e)

+ h−1
e ‖ (Id− PM0) [[u

∗
k]] ‖

2
e

≃ h2K‖ ∇× qk ‖
2
K∈Uk(e)

+ he‖ [[qk]]t ‖
2
e.

where u∗k is the post-processed scalar variable in the space

W ∗
k = {w ∈ L2(Ω) : w ∈ Pp+1(K) ∀K ∈ Tk},

satisfying

(u∗k − uk, w)K = 0 ∀w ∈ P0(K),

(∇u∗k+qk,∇w)K = 0 ∀w ∈ Pp+1(K),

for all K ∈ Tk.

Now we are ready to prove Lemma 5.5.2.

Proof. Since ζdiv,k(Rk) ≤ ζk(Rk), by Proposition 5.5.1, we only need to show that

‖ qk+1 − qk ‖
2
Ω �

∑

K∈Rk

‖ qk +∇u∗k ‖
2
K+

∑

e∈Ek\Ek+1

h−1
e ‖ (Id− PM0) [[u

∗
k]] ‖

2
e + ζ2div,k(Rk).

We proceed in several steps.
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Step 1. We start by adding and subtracting q̃∗k+1 − q
∗
k to get

‖ qk+1 − qk ‖
2
Ω = T1 + T2,

where

T1 = (qk+1 − qk, qk+1 − qk − q̃
∗
k+1 + q

∗
k)Ω,

T2 = (qk+1 − qk, q̃
∗
k+1 − q

∗
k)Ω.

We can bound the first term T1 as follows:

T1 ≤
1

4
‖ qk+1 − qk ‖

2
Ω + ‖ qk+1 − qk − q̃

∗
k+1 + q

∗
k ‖

2
Ω

≤ (
1

4
+ C4C

2
τ ) ‖ qk+1 − qk ‖

2
Ω + C4ζ

2
div,k(Rk),

by Lemma 5.4.5. Thanks to condition (5.5.1), we immediately obtain

T1 ≤
1

2
‖ qk+1 − qk ‖

2
Ω + C4ζ

2
div,k(Rk). (5.5.2)

Step 2. Now our goal is to show that

T2 ≤ δC5‖ (q̃
∗
k+1 − q

∗
k) ‖

2
Rk

+ δ−1‖ qk +∇u∗k ‖
2
Rk

+ δ−1
∑

e∈Ek\Ek+1

h−1
e ‖ (Id− PM0) [[u

∗
k]] ‖

2
e, (5.5.3)

for any δ > 0, where C5 is some constant depending only on the shape regularity constant

σ and the polynomial degree p.

By the first equation defining the HDG method, (1.2.2a),

(qk+1,v)Tk+1
= −〈ûk+1,v · n〉∂Tk+1

+ (uk+1,∇·v)Tk+1
∀v ∈ V k+1.

Taking v := q̃∗k+1 − q
∗
k, we see, by (5.4.2a) and (5.4.2b), that

(qk+1, q̃
∗
k+1 − q

∗
k)Tk+1

= −〈ûk+1, (q̃
∗
k+1 − q

∗
k) · n〉Γ = 0

by the boundary condition (1.2.3a). This orthogonality relation implies that

T2 = −(qk, q̃
∗
k+1 − q

∗
k)Ω.



99

Similarly, by the first equation defining the HDG method, (1.2.2a),

(qk,v)Tk = −〈ûk,v · n〉∂Tk + (uk,∇·v)Tk ∀v ∈ V k.

We claim that the function v := ΠRT
k (q̃∗k+1 − q

∗
k), where ΠRT

k is the Raviart-Thomas

projection into the space RTp(Tk), lies in V k ∩H(div,Ω). As a consequence, repeating

the above argument, we conclude that

(qk,Π
RT
k (q̃∗k+1 − q

∗
k))Tk = 0,

which readily implies that

T2 = −(qk, (Id−ΠRT
k )(q̃∗k+1 − q

∗
k))Ω.

The claim follows from the fact that ∇·ΠRT
k (q̃∗k+1 − q

∗
k) = PWk

∇·(q̃∗k+1 − q
∗
k) = 0, by

property (5.4.2a).

Using this new expression for T2, we easily obtain, after a simple calculation, that

T2 = − (qk +∇u∗k, (Id−ΠRT
k )(q̃∗k+1 − q

∗
k))Ω + (∇u∗k, (Id−ΠRT

k )(q̃∗k+1 − q
∗
k))Ω

= T21 + T22 + T23,

where

T21 :=− (qk +∇u∗k, (Id−ΠRT
k )(q̃∗k+1 − q

∗
k))Ω

T22 :=− (u∗k,∇·(Id−ΠRT
k )(q̃∗k+1 − q

∗
k))Ω

T23 :=
∑

e∈Ek

〈 [[u∗k]], (Id−ΠRT
k )(q̃∗k+1 − q

∗
k) · n〉e.

Next, we estimate the three terms on the right hand side. Let us estimate T21. Since

(Id−ΠRT
k )(q̃∗k+1 − q

∗
k) = 0 on the unrefined set Tk+1 ∩ Tk, we have

T21 = − (qk +∇u∗k, (Id−ΠRT
k )(q̃∗k+1 − q

∗
k))Rk

≤
δ

4
‖ (Id−ΠRT

k )(q̃∗k+1 − q
∗
k) ‖

2
Rk

+ δ−1‖ qk +∇u∗k ‖
2
Rk
,

for any δ > 0.

Let us estimate T22. Thanks to (5.4.2a), we obtain

T22 = (u∗k, (Id− PWk
)∇·(q̃∗k+1 − q

∗
k))Ω = 0.
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Finally, let us now estimate T23. Since (Id−ΠRT
k )(q̃∗k+1−q

∗
k) ·n = 0 on the unrefined

edges Ek ∩ Ek+1, we can write that

T23 =
∑

e∈Ek\Ek+1

〈 [[u∗k]], (Id−ΠRT
k )(q̃∗k+1 − q

∗
k) · n〉e

=
∑

e∈Ek\Ek+1

〈(Id− PM0) [[u
∗
k]], (Id−ΠRT

k )(q̃∗k+1 − q
∗
k) · n〉e by definition of ΠRT

k ,

≤
δ

4

∑

e∈Ek\Ek+1

he‖ (Id−ΠRT
k )(q̃∗k+1 − q

∗
k) · n ‖2e

+ δ−1
∑

e∈Ek\Ek+1

h−1
e ‖ (Id− PM0) [[u

∗
k]] ‖

2
e.

To conclude, we have

T2 ≤ δ−1‖ qk +∇u∗k ‖
2
Rk

+ δ−1
∑

e∈Ek\Ek+1

h−1
e ‖ (Id− PM0) [[u

∗
k]] ‖

2
e

+
δ

4

∑

e∈Ek\Ek+1

he‖ (Id−ΠRT
k )(q̃∗k+1 − q

∗
k) · n ‖2e

+
δ

4
‖ (Id−ΠRT

k )(q̃∗k+1 − q
∗
k) ‖

2
Rk
.

The inequality (5.5.3) follows by using a scaling argument.

Step 3. Next, we show that

δC5‖ q̃
∗
k+1 − q

∗
k ‖

2
Rk

≤
C4

5
ζ2div,k(Rk) +

1

4
‖ qk − qk+1 ‖

2
Ω, (5.5.4)

with a suitable choice of δ. We have

‖ q̃∗k+1−q
∗
k ‖

2
Rk

≤ 2‖ qk+1 − qk ‖
2
Rk

+2‖ q̃∗k+1−q
∗
k−qk+1+qk ‖

2
Rk

≤ (2 + 2C4C
2
τ )‖ qk+1 − qk ‖

2
Ω + 2C4ζ

2
div,k(Rk) by Lemma 5.4.5

≤
5

2
‖ qk+1 − qk ‖

2
Ω + 2C4ζ

2
div,k(Rk)

by condition (5.5.1). The inequality (5.5.4) follows by taking δ = 1
10C5

.

Step 4. Combining inequality (5.5.2), (5.5.3) and (5.5.4), we obtain

‖ qk+1 − qk ‖
2
Ω ≤ C3ζ

2
div,k(Rk) +

3

4
‖ qk+1 − qk ‖

2
Ω + C3‖ qk +∇u∗k ‖

2
Rk

+ C3

∑

e∈Ek\Ek+1

h−1
e ‖ (Id− PM0) [[u

∗
k]] ‖

2
e.
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Now the lemma follows after subtracting 3
4‖ qk+1−qk ‖

2
Ω to the left side. This completes

the proof.

Step Three: Optimal Marking

A crucial step to prove Lemma 5.3.4 is to build a connection between the error reduction

and the Dörfler marking strategy. Such a connection is stated in the following result.

Lemma 5.5.3. Given two nested meshes Tk ≤ Tk+1 such that

e2k+1 ≤ µ e2k. (5.5.5)

where

0 < µ =
1

2
(1−

θ

θ∗
) and θ∗ =

C2

2C3
. (5.5.6)

Assume that the marking parameter θ ≤ θ∗ and the constant Cτ in A3 satisfy

C2
τ <

1

2γ
. (5.5.7)

Then the set Rk satisfies the marking strategy (5.2.5).

Proof. The proof is carried out in two steps.

Step 1. First, we show that

e2k − 2e2k+1 ≤ 3‖ qk − qk+1 ‖
2
Ω + γζ2div,k(Rk). (5.5.8)

From the definition of the quasi-energy norm e2k,

e2k − 2e2k+1 := ‖ q − qk ‖
2
Ω − 2‖ q − qk+1 ‖

2
Ω

+ γ
∑

K∈Tk

h2K‖P⊥
Wk
f ‖2K − 2γ

∑

K∈Tk+1

h2K‖P⊥
Wk+1

f ‖2K

+ γ
∑

K∈Tk

τ2Kh
2
K‖P⊥

Vk
qk ‖

2
K − 2γ

∑

K∈Tk+1

τ2Kh
2
K‖P⊥

Vk+1
qk+1 ‖

2
K .

By Young’s inequality, we have

‖ q − qk ‖
2
Ω − 2‖ q − qk+1 ‖

2
Ω ≤ 2‖ qk − qk+1 ‖

2
Ω.
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Since P⊥
Wk

= P⊥
Wk+1

on the set Tk ∩ Tk+1, we note

γ
∑

K∈Tk

h2K‖P⊥
Wk
f ‖2K − 2γ

∑

K∈Tk+1

h2K‖P⊥
Wk+1

f ‖2K ≤ γ
∑

K∈Rk

h2K‖P⊥
Wk
f ‖2K .

Similarly, since P⊥
Vk

= P⊥
Vk+1

on the set Tk ∩ Tk+1,

γ
∑

K∈Tk

τ2Kh
2
K‖P⊥

Vk
qk ‖

2
K − 2γ

∑

K∈Tk+1

τ2Kh
2
K‖P⊥

Vk+1
qk+1 ‖

2
K

≤ γ
∑

K∈Rk

τ2Kh
2
K‖P⊥

Vk
qk ‖

2
K + 2γ

∑

K∈Tk∩Tk+1

τ2Kh
2
K‖P⊥

Vk
(qk − qk+1) ‖

2
K

≤ γ
∑

K∈Rk

τ2Kh
2
K‖P⊥

Vk
qk ‖

2
K + 2γC2

τ ‖ qk − qk+1 ‖
2
Ω

≤ γ
∑

K∈Rk

τ2Kh
2
K‖P⊥

Vk
qk ‖

2
K + ‖ qk − qk+1 ‖

2
Ω,

by (5.5.7). We conclude that

e2k − 2e2k+1 ≤ 3‖ qk − qk+1 ‖
2
Ω + γ

∑

K∈Rk

h2K(‖P⊥
Wk
f ‖2K + τ2K‖P⊥

Vk
qk ‖

2
K)

:= 3‖ qk − qk+1 ‖
2
Ω + γ ζ2div,k(Rk).

Step 2. Our goal is to show that

θζ2k(Tk) ≤ ζ2k(Rk). (5.5.9)

From the efficiency of the estimator, Lemma 5.5.1, we have

(1− 2µ)C2ζ
2
k(Tk) ≤ (1− 2µ)e2k ≤ e2k − 2e2k+1 by (5.5.5),

≤ 3‖ qk − qk+1 ‖
2
Ω + γζ2div,k(Rk),

by (5.5.8). By the localized upper bound, Lemma 5.5.2, we obtain

(1− 2µ)C2ζ
2
k(Tk) ≤ C3ζ

2
k(Rk).

We deduce that

(1− 2µ)C2

C3
ζ2k(Tk) ≤ ζ2k(Rk).

Since, by (5.5.6), µ ≤ 1
2(1−

θ
θ∗
) and θ∗ :=

C2
2C3

. This completes the proof of (5.5.9).
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Step Four: Proof of Lemma 5.3.4

Thanks to this lemma, we show that the cardinality of the marked elements is controlled

by the error reduction. To do so, let us first introduce the meshes overlay and an

important property on the cardinality of the overlay mesh.

Given two meshes Ti and Tk in T, we define the overlay Tj as the smallest conforming

mesh in T such that Ti, Tk ≤ Tj and we denote Tj := Ti ⊕ Tk.

Lemma 5.5.4 (Overlay of meshes, [66, 30]). Let T0 be an initial conforming mesh.

Then, given any two meshes Ti, Tk ∈ T, the overlay Tj := Ti ⊕ Tk satisfies

#Tj ≤ #Ti +#Tk −#T0.

Now we are ready to prove Lemma 5.3.4.

Proof. Set ψ2 := µ
2 e

2
k. According to the definition of the approximation class As (5.2.8),

there exists a mesh Ti such that

e2i ≤ ψ2, (5.5.10a)

#Ti −#T0 ≤

{
|(f, q)|As

ψ

}1/s

, (5.5.10b)

where e2i := ‖ q−qi ‖
2
Ω+γζ2div,i(Ti). Let Tj := Tk⊕Ti be the overlay of Tk and Ti. Since

Tj ≥ Ti, by taking ǫ ≤ 1/4 and δ2 ≤ 1 in Lemma 5.3.1, we obtain

e2j ≤ 2e2i

where e2j := ‖ q − qj ‖
2
Ω + γζ2div,j(Tj) . In view of (5.5.10a),

e2j ≤ 2ψ2 := µe2k.

Hence, by Lemma 5.5.3, the refined set RTk→Tj satisfies the marking strategy property

(5.2.5). Since the marking procedure ensures the minimal cardinality of the marked set,

we deduce that

#Mk ≤ #RTk→Tj ≤ #Tj −#Tk ≤ #Ti −#T0,

by Lemma 5.5.4. We conclude from inequality (5.5.10b) that

#Mk ≤ (2µ)−
1
2s |f, q|

1
s

As
e
− 1

s

k .

This completes the proof.
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5.6 Proof of Lemma 5.6.2

In this section, we are going to prove Lemma 5.6.2 which is used in Step 5 of the proof

of the quasi-orthogonality inequality. It is worth mentioning that the derivation of this

lemma depends solely on the property of the HDG methods. Here, we carry out the

proof in three steps as follows.

Step One. We introduce a crucial trace residual decomposition. To state the result,

let us introduce the following notation. We set

(qk+1, uk+1) := LOCAL SOLVER(fk+1, ûk+1, τT , T ),

where (qk+1, uk+1) satisfies the equations defining the HDG methods (1.2.2a), (1.2.2b)

and (1.2.2) for the element T ∈ Tk+1.

Lemma 5.6.1 (Decomposition of the trace residual). Let Assumption A1 be valid and

set (qk+1, uk+1) = LOCAL SOLVER(fk+1, ûk+1, τT , T ). Then, for each T ∈ Tk+1, the

trace residual admits a unique orthogonal decomposition

ûk+1 − uk+1 = wk+1 + vk+1 · n on ∂T ,

where

wk+1 ∈W⊥(T ) := {w ∈ Pp(T ) : (w, w̃)T = 0 ∀w̃ ∈ Pp−1(T )},

vk+1 ∈ V
⊥(T ) := {v ∈ Pp(T ) : (v, ṽ)T = 0 ∀ṽ ∈ Pp−1(T )}.

and

〈wk+1,vk+1 · n〉∂T = 0.

Moreover,

‖wk+1 ‖
2
∂T ≃ hT τ

−2
T ‖P⊥

Wk+1
fk+1 ‖

2
T , ‖vk+1 · n ‖2∂T ≃ hT ‖P

⊥
Vk+1

qk+1 ‖
2
T .

where the hidden constant depends only on the shape regularity constant σ and the

polynomial degree p.

Proof. The decomposition

ûk+1 − uk+1 = wk+1 + vk+1 · n on ∂T ,
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where wk+1 ∈ W⊥(T ) and vk+1 ∈ V ⊥(T ), follows directly from a result established in

[38] which states that each function

µ̂ ∈ Pp(∂T ) := {µ ∈ L2(∂T ) : µ|e ∈ Pp(e) for each e ∈ ∂T}

has a unique decomposition

µ̂ = w + v · n on ∂T such that 〈w,v · n〉∂T = 0,

for some w ∈W⊥(T ) and v ∈ V ⊥(T ).

Here, we only need to prove that

‖wk+1 ‖
2
∂T ≃ hT τ

−2
T ‖P⊥

Wk+1
fk+1 ‖

2
T , ‖vk+1 · n ‖2∂T ≃ hT ‖P

⊥
Vk+1

qk+1 ‖
2
T .

After a simple integration by parts, the first two equations defining the HDGmethod,

(1.2.2a) and (1.2.2b), read

〈uk+1 − ûk+1,v · n〉∂T = (qk+1 +∇uk+1,v)T ,

〈(q̂k+1 − qk+1) · n, w〉∂T = (fk+1 −∇· qk+1, w)T .

for all v ∈ Pp(T ) and w ∈ Pp(T ). By the definition of the numerical flux, equation

(1.2.2),

(q̂k+1 − qk+1) · n = τT (uk+1 − ûk+1).

In view of the Assumption A1 and the orthogonal decomposition of the trace residual,

we have

〈vk+1 · n,v · n〉∂T = (qk+1 +∇uk+1,v)T ∀v ∈ V ⊥(T ),

τT 〈wk+1, w〉∂T = (fk+1 −∇· qk+1, w)T ∀w ∈W⊥(T ).

To show that

‖wk+1 ‖
2
∂T � hT τ

−2
T ‖P⊥

Wk+1
fk+1 ‖

2
T , ‖vk+1 · n ‖2∂T � hT ‖P

⊥
Vk+1

qk+1 ‖
2
T ,

we take w = wk+1 and v = vk+1, use the Assumption A1 and obtain

‖vk+1 · n ‖2∂T = (qk+1,vk+1)T , τK‖wk+1 ‖
2
∂T = (fk+1, wk+1)T .
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The estimate follows immediately from the standard inequalities that

‖vk+1 ‖T � h
1/2
T ‖vk+1 · n ‖∂T , ‖wk+1 ‖T � h

1/2
T ‖wk+1 ‖∂T .

The other direction of the inequalities can be proved in a similar fashion. We take

w = P⊥
Wk+1

fk+1 and v = P⊥
Vk+1

qk+1, and obtain

‖P⊥
Vk+1

qk+1 ‖
2
T = 〈vk+1 · n,P

⊥
Vk+1

qk+1〉∂T ,

‖P⊥
Wk+1

fk+1 ‖
2
T = 〈τKwk+1,P

⊥
Wk+1

fk+1〉∂T .

The estimate follows from the inequality that

‖P⊥
Vk+1

qk+1 · n ‖∂T � h
−1/2
T ‖P⊥

Vk+1
qk+1 ‖T ,

‖P⊥
Wk+1

fk+1 ‖∂T � h
−1/2
T ‖P⊥

Wk+1
fk+1 ‖T .

This completes the proof of Lemma 5.6.1.

Step Two. Thanks to this lemma, we can estimate ‖ qk+1 − q
∗
k+1 ‖

2
T as follows.

Lemma 5.6.2. Let Assumption A1 be valid and set

(qk+1, uk+1) := LOCAL SOLVER(fk+1, ûk+1, τT , T ).

Then

‖ qk+1 − q
∗
k+1 ‖

2
T ≃ hT ‖ (q̂k+1 − qk+1) · n ‖2∂T ≤ C1ζ

2
div(fk+1, qk+1, T ).

Proof. By a standard scaling argument, we have

‖ qk+1 − q
∗
k+1 ‖

2
T ≃ hT ‖ (qk+1 − q

∗
k+1) · n ‖2∂T

= hT ‖ (qk+1 − q̂k+1) · n ‖2∂T , by (5.4.1b).

By the definition of numerical flux, (1.2.2), we obtain

‖ qk+1 − q
∗
k+1 ‖

2
T = hT ‖ τT (uk+1 − ûk+1) ‖

2
∂T .

Thanks to Assumption A1 and the orthogonality decomposition in Lemma 5.6.1

‖ qk+1 − q
∗
k+1 ‖

2
T = τ2ThT (‖wk+1 ‖

2
∂T + ‖vk+1 · n ‖2∂T ).
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By the estimate of ‖wk+1 ‖
2
∂T and ‖vk+1 · n ‖2∂T in Lemma 5.6.1, we have

‖ qk+1 − q
∗
k+1 ‖

2
T ≃ h2T ‖P

⊥
Wk+1

fk+1 ‖
2
T + h2T τ

2
T ‖P

⊥
Vk+1

qk+1 ‖
2
T

:= ζ2div(fk+1, qk+1, T ).

This concludes the proof of Lemma 5.6.2 .

Step Three. Proof of Lemma 5.4.5.

With a simple calculation, we have

T (Ω) ≤ 2‖ qk+1 − q
∗
k+1 − qk + q

∗
k ‖

2
Ω + 2‖ q̃∗k+1 − q

∗
k+1 ‖

2
Ω

≤ 2‖ qk+1 − q
∗
k+1 − qk + q

∗
k ‖

2
Ω + 2C2osc

2(fk+1,Rk),

by Lemma 5.4.3. Since osc2(fk+1,Rk) ≤ ζ2div,k(Rk), we only need to show that

‖ qk+1 − q
∗
k+1 − qk + q

∗
k ‖

2
Ω � ζ2div,k(Rk) + C2

τ ‖ qk+1 − qk ‖
2
Ω.

To do so, we divide the set Tk into the set of refined elements Rk and the set of

unrefined elements Tk+1 ∩ Tk.

Step 1. For the unrefined set Tk+1 ∩ Tk, thanks to Assumption A2, we have

(qk+1 − qk, uk+1 − uk) = LOCAL SOLVER(0, ûk+1 − ûk, τT , T )

for all T ∈ Tk+1 ∩ Tk. By Lemma 5.6.2,

‖ qk+1 − q
∗
k+1 − qk + q

∗
k ‖

2
T ≤ C1ζ

2
div(0, qk+1 − qk, T )

:= C1τ
2
Th

2
T ‖P

⊥
Vk+1

(qk+1 − qk) ‖
2
T .

Summing over T ∈ Tk+1 ∩ Tk, we obtain

‖ qk+1 − q
∗
k+1 − qk + q

∗
k ‖

2
Tk+1∩Tk

≤ C1C
2
τ

∑

T∈Tk+1∩Tk

‖P⊥
Vk+1

(qk − qk+1) ‖
2
T

≤ C1C
2
τ ‖ qk − qk+1 ‖

2
Ω.

Step 2. It remains to show that, for the set Rk,

‖ qk+1 − q
∗
k+1 − qk + q

∗
k ‖

2
Rk

� ζ2div,k(Rk) + C2
τ ‖ qk+1 − qk ‖

2
Ω.
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Since

‖ qk+1 − q
∗
k+1 − qk + q

∗
k ‖

2
Rk

≤ 2‖ qk+1 − q
∗
k+1 ‖

2
Rk

+ 2‖ qk − q
∗
k ‖

2
Rk

≤ 2‖ qk+1 − q
∗
k+1 ‖

2
Nk+1

+ 2‖ qk − q
∗
k ‖

2
Rk
,

we obtain

‖ qk+1 − q
∗
k+1 − qk + q

∗
k ‖

2
Rk

≤2C1{ζ
2
div,k(Rk) + ζ2div,k+1(Nk+1)}.

by Lemma 5.6.2. Now, we see that it is sufficient to show that

ζ2div,k+1(Nk+1) ≤ 2ζ2div,k(Rk) + 2
∑

T∈Nk+1

τ2Th
2
T ‖ qk+1 − qk ‖

2
T .

To do so, we note that

ζ2div,k+1(Nk+1) :=
∑

T∈Nk+1

h2T ‖P
⊥
Wk+1

f ‖2T +
∑

T∈Nk+1

τ2Th
2
T ‖P

⊥
Vk+1

qk+1 ‖
2
T

≤
∑

T∈Nk+1

h2T ‖P
⊥
Wk+1

f ‖2T + 2
∑

T∈Nk+1

τ2Th
2
T ‖P

⊥
Vk+1

qk ‖
2
T

+ 2
∑

T∈Nk+1

τ2Th
2
T ‖P

⊥
Vk+1

(qk − qk+1) ‖
2
T .

Since ‖P⊥
Vk+1

qk ‖T ≤ ‖P⊥
Vk
qk ‖T and ‖P⊥

Wk+1
f ‖T ≤ ‖P⊥

Wk
f ‖T , we obtain

ζ2div,k+1(Nk+1) ≤
∑

T∈Nk+1

h2T ‖P
⊥
Wk
f ‖T + 2

∑

T∈Nk+1

τ2Th
2
T ‖P

⊥
Vk
qk ‖

2
T

+ 2C2
τ ‖ qk − qk+1 ‖

2
Ω

≤
∑

K∈Rk

h2K‖P⊥
Wk
f ‖2K + 2

∑

K∈Rk

τ2Kh
2
K‖P⊥

Vk
qk ‖

2
K

+ 2C2
τ ‖ qk − qk+1 ‖

2
Ω,

by (5.2.6) that hT ≤ hK provided that T ⊂ K. This completes the proof.

5.7 Proof of Lemma 5.4.3

In this section, we are going to prove the stability property of the HDG method as we

claim in Lemma 5.4.3. Note that the proof is based on the trace residual decomposition
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which is introduced in the previous section. Let us start by gathering several preliminary

results.

Let (q̄k+1, ūk+1, ̂̄uk+1) = SOLVE(fk − fk+1, Tk+1) and q̄∗k+1 be the corresponding

post-processed flux. To show Lemma 5.4.3, we only need to show that

‖ q̄∗k+1 ‖
2
Tk+1

≤ C2osc
2(fk+1, Tk).

To do so, we start by introducing a special vector field Φ ∈ L2(Ω) and a flux projection

ΠVk+1
.

For each element K ∈ Tk, there exists a vector field ΦK ∈ H1(Ω) with compact

support in K such that

∇·ΦK = fk+1 − fk in K,

satisfying

‖ΦK ‖H1(Ω) ≤ Creg‖ fk+1 − fk ‖L2(K).

where the constant Creg depends only on the shape regularity of K, see [20, 10, 42]. We

construct the vector filed

Φ =
∑

K∈Rk

ΦK .

Since ΦK vanishes outside the element K, we have that Φ satisfies the elliptic regularity

‖ ∇Φ ‖K = ‖ ∇ΦK ‖K ≤ Creg‖ fk+1 − fk ‖L2(K) (5.7.1)

for each K ∈ Rk.

We also remind the reader that, for all T ∈ Tk+1, there exists a well-defined projec-

tion from H(div, T ) to Pk(T ) such that

(Φ−ΠV k+1
Φ,v)T = 0 ∀v ∈ Pk−1(T ), (5.7.2)

〈(Φ−ΠV k+1
Φ) · n,v · n〉∂T = 0 ∀v ∈ P⊥

k (T ), (5.7.3)

see Section 6 in [39] Moreover, the projection so-defined has the approximation property

that

‖Φ−ΠV k+1
Φ ‖2T � h2T ‖Φ ‖2H1(T ). (5.7.4)

Now we are ready to prove the lemma.
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Proof of Lemma 5.4.3. We divide the proof into five steps.

Step One. Our first goal is to establish the following energy identity,

‖ q̄k+1 ‖
2
Tk+1

+ ‖ τ
1/2
T (̂̄uk+1 − ūk+1) ‖

2
∂Tk+1

= (fk+1 − fk, ūk+1)Tk+1
. (5.7.5)

From the following equations defining the HDG method,

(q̄k+1,v)Tk+1
− (ūk+1,∇·v)Tk+1

= −〈̂̄uk+1,v · n〉∂Tk+1
∀v ∈ V k+1

−(q̄k+1,∇w)Tk+1
+ 〈̂̄qk+1 · n, w〉∂Tk+1

= (fk+1 − fk, w)Tk+1
∀w ∈Wk+1,

we take v = q̄k+1 and w = ūk+1, add up two equations and obtain, after some algebraic

manipulations, that

‖ q̄k+1 ‖
2
Tk+1

+ 〈(̂̄qk+1 − q̄k+1) · n, ūk+1 − ̂̄uk+1〉∂Tk+1

= (fk+1 − fk, ūk+1)Tk+1
− 〈̂̄qk+1 · n, ̂̄uk+1〉∂Tk+1

.

Thanks to the transmission condition (1.2.3b) and the homogeneous boundary condition

(1.2.3a), we have

〈̂̄qk+1 · n, ̂̄uk+1〉∂Tk+1
= 0.

The energy identity (5.7.5) follows from the definition of ̂̄qk+1, (1.2.2).

Step Two. Our second goal is to show the following duality identity,

(fk+1 − fk, ūk+1) = (q̄k+1, (ΠV k+1
−ΠRT

k )Φ)Tk+1
(5.7.6)

+ 〈ūk+1 − ̂̄uk+1, (Φ−ΠV k+1
Φ) · n〉∂Tk+1

.

where ΠRT
k denotes the Raviart-Thomas projection into the RT space RTp(Tk).

We start from the equation

(fk+1 − fk, ūk+1) = (ūk+1,∇·Φ)Tk+1

= 〈ūk+1,Φ · n〉∂Tk+1
− (∇ ūk+1,Φ)

= 〈ūk+1,Φ · n〉∂Tk+1
− (∇ ūk+1,ΠV k+1

Φ) by (5.7.2),

= (ūk+1,∇·ΠV k+1
Φ)Tk+1

+ 〈ūk+1, (Φ−ΠV k+1
Φ) · n〉∂Tk+1

= (q̄k+1,ΠV k+1
Φ)Tk+1

+ 〈̂̄uk+1,Φ · n〉∂Tk+1

+ 〈ūk+1 − ̂̄uk+1, (Φ−ΠV k+1
Φ) · n〉∂Tk+1

,
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by (1.2.2a). Due to the homogeneous boundary condition (1.2.3a), we obtain

(fk+1 − fk, ūk+1) = (q̄k+1,ΠV k+1
Φ)Tk+1

+ 〈ūk+1 − ̂̄uk+1, (Φ−ΠV k+1
Φ) · n〉∂Tk+1

.

To prove the duality identity (5.7.6), it remains to show that

(q̄k+1,Π
RT
k Φ)Tk+1

= 0.

We note that

∇·ΠRT
k Φ = PWk

∇·Φ = PWk
(fk+1 − fk) = 0,

which implies that ΠRT
k Φ belongs to V k. We also note that ΠRT

k Φ belongs toH(div,Ω).

By the first equation defining the HDG method, (1.2.2a), we obtain

(q̄k+1,Π
RT
k Φ)Tk+1

= (ūk+1,∇·ΠRT
V k

Φ)Tk+1
− 〈̂̄uk+1,Π

RT
k Φ · n〉∂Tk+1

= 0.

This proves the duality identity (5.7.6).

Step Three. According to the trace residual decomposition, Lemma 5.6.1, we have

̂̄uk+1 − ūk+1 = w̄k+1 + v̄k+1 · n.

Our third goal is to show that, for each T ∈ Tk+1,

(P∂T −ΠV k+1
)Φ · n = τT w̄k+1 on ∂T . (5.7.7)

We note the function (P∂K −ΠV k+1
)Φ ·n defined on the boundary of T belongs to

Pp(∂K). By the orthogonal decomposition in Lemma 5.6.1, it can be decomposed as

(P∂K −ΠV k+1
)Φ · n = wΦ + vΦ · n

where wΦ ∈ W⊥(T ) and vΦ ∈ V ⊥(T ). Due to the definition of ΠVk+1
(5.7.3), we

immediately have that vΦ = 0. Thus, thanks to Assumption A1, to prove (5.7.7), we

only need to show that

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = 〈τT w̄k+1, w〉∂T ∀w ∈W⊥(T ).
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After an integration by parts, we obtain, for all w ∈W⊥(T ),

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = (Φ−ΠV k+1

Φ,∇w)T

+ (∇·(Φ−ΠV k+1
Φ), w)T

= (∇·Φ, w)T by (5.7.2)

= (fk+1 − fk, w)T

By the second equation defining the HDG methods (1.2.2b),

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = − (q̄k+1,∇w)T + 〈̂̄qk+1 · n, w〉∂T

= 〈(̂̄qk+1 − q̄k+1) · n, w〉∂T + (∇· qk+1, w)T

By the defintion of the numerical flux (1.2.2),

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = 〈τT (ūk+1 − ̂̄uk+1), w〉∂T

= 〈τT w̄k+1, w〉∂T + 〈τT v̄k+1 · n, w〉∂T ,

by the trace residual decomposition in Lemma 5.6.1. By Assumption A1, 〈τT v̄k+1 ·

n, w〉∂T = τT 〈v̄k+1 · n, w〉∂T = 0 for all w ∈ P⊥
p (T ), the claim (5.7.7) follows.

Step Four. Next, we show

‖ q̄k+1 ‖
2
Tk+1

≤ C2
reg

∑

K∈Tk

h2K‖ fk+1 − fk ‖
2
K . (5.7.8)

Combining the energy identity (5.7.5) and the duality identity (5.7.6), we obtain

‖ q̄k+1 ‖
2
Ω = (q̄k+1, (ΠV k+1

−ΠRT
k )Φ)Tk+1

− ‖ τ
1/2
T (̂̄uk+1 − ūk+1) ‖

2
∂Tk+1

+ 〈ūk+1 − ̂̄uk+1, (P∂TΦ−ΠV k+1
Φ) · n〉∂Tk+1

In view of the trace residual decomposition, Lemma 5.6.1, and (5.7.7), we have

‖ q̄k+1 ‖
2
Ω = (q̄k+1, (ΠV k+1

−ΠRT
k )Φ)Tk+1

− ‖ τ
1/2
T w̄k+1 ‖

2
∂Tk+1

− ‖ τ
1/2
T (v̄k+1 · n) ‖

2
∂Tk+1

+ 〈ūk+1 − ̂̄uk+1, τT w̄k+1〉∂Tk+1

= (q̄k+1, (ΠV k+1
−ΠRT

k )Φ)Tk+1
− ‖ τ

1/2
T (v̄k+1 · n) ‖

2
∂Tk+1

≤ (q̄k+1, (ΠV k+1
−ΠRT

k )Φ)Tk+1
.
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Hence, by the approximation properties of ΠV k+1
and ΠRT

k , we obtain

‖ q̄k+1 ‖
2
Tk+1

≤ ‖ (ΠV k+1
−ΠRT

k )Φ ‖2Ω �
∑

K∈Tk

h2K‖ ∇Φ ‖2K .

By the regularity of the vector field Φ (5.7.1), we have

‖ q̄k+1 ‖
2
Tk+1

�
∑

K∈Tk

h2K‖ fk+1 − fk ‖
2
K .

Step Five. Now we are in the position to prove the lemma. By Young’s inequality,

we have

‖ q̄∗k+1 ‖
2
Tk+1

≤ 2‖ q̄k+1 ‖
2
Tk+1

+ 2‖ q̄∗k+1 − q̄k+1 ‖
2
Tk+1

By Lemma 5.6.2, we obtain

‖ q̄∗k+1 ‖
2
Tk+1

≤ 2‖ q̄k+1 ‖
2
Tk+1

+ 2C1

∑

T∈Tk+1

h2T τ
2
T ‖P

⊥
Vk+1

q̄k+1 ‖
2
T

+ 2C1

∑

T∈Tk+1

h2T ‖P
⊥
Wk+1

(fk+1 − fk) ‖
2
T

≤ 2(C1C
2
τ + 1)‖ q̄k+1 ‖

2
Ω + 2C1osc

2(fk+1,Rk).

By the condition on Cτ (5.3.1a) and (5.7.8),

‖ q̄∗k+1 ‖
2
Tk+1

≤ {2(C1 + 1)C2
reg + 2C1}osc

2(fk+1,Rk).

This completes the proof of Lemma 5.4.3.



Chapter 6

Conclusion and Discussion

Let us note that the convergence and quasi-optimality of the AHDG methods work

not only for simplexes but for other elements like, for example, rectangular and cube

elements.

The result could be generalized to second-order elliptic equations in divergence form

whose coefficients are piecewise-constant and mixed boundary conditions, that is,

u = g on ∂ΩD,

q · n = qN on ∂ΩN ,

where g is the restriction to ∂Ω of a piece-wise polynomial function and qN restricted

on the boundary edges e ∈ E∂ is a polynomial in the finite element space Pk(e).

The convergence and quasi-optimality of the adaptive method for other problems, for

example, convection-diffusion equation and Stokes equation, remains an open problem.

The study on these topics will constitute the subject of ongoing work.
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[12] I. abuška, and A. Miller. A feedback finite element method with a posteriori er-

ror estimation. I. The finite element method and some basic properties of the a

posteriori error estimator Comput. Methods Appl. Mech. Engrg., 61(1):1–40, 1987

[13] P. Bastian and B. Rivière, Superconvergence and H(div) projection for dis-

continuous Galerkin methods, Internat. J. Numer. Methods Fluids, 42 (2003),

pp. 1043–1057.

[14] R. Becker, P. Hansbo, and M. G. Larson, Energy norm a posteriori error

estimation for discontinuous Galerkin methods, Comput. Methods Appl. Mech.

Engrg., 192 (2003), pp. 723–733.

[15] R. Becker and S. Mao. An optimally convergent adaptive mixed finite element

method. Numer. Math., 111(1):35–54, 2008.

[16] P. Binev, W. Dahmen, and R. DeVore. Adaptive finite element methods with

convergence rates. Numer. Math., 97:219–268, 2004.

[17] A. Bonito and R. H. Nochetto. Quasi-optimal convergence rate of an adaptive

discontinuous Galerkin method. SIAM J. Numer. Anal., 48(2):734–771, 2010.

[18] D. Braess and R. Verfürth. A posteriori error estimators for the Raviart-Thomas

element. SIAM J. Numer. Anal., 33:2431–2444, 1996.

[19] J. H. Bramble and J. Xu, A local post-processing technique for improving the ac-

curacy in mixed finite-element approximations, SIAM J. Numer. Anal. 26 (1989),

no. 6, 1267–1275.



117

[20] S. C. Brenner and L. R. Scott. The mathematical theory of finite element methods,

volume 15 of Texts in Applied Mathematics. Springer-Verlag, New York, second

edition, 2002.

[21] F. Brezzi, B. Cockburn, L. D. Marini and E. Süli, Stabilization mechanisms in dis-
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