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Abstract

We present several a posteriori error estimators for the so-called hybridizable discontin-
uous Galerkin (HDG) methods, as well as an a posteriori error estimator for variable-
degree, hybridized version of the Raviart-Thomas method on nonconforming meshes,
for second-order elliptic equations. We show that the error estimators provide a reliable
upper and lower bound for the true error of the flux in the L?-norm.

Moreover, we establish the convergence and quasi-optimality of adaptive hybridiz-
able discontinuous Galerkin (AHDG) methods. We prove that the so-called quasi-error,
that is, the sum of an energy-like error and a suitably scaled error estimator, is a con-
traction between two consecutive loops. We also show that the AHDG methods achieve

optimal rates of convergence.
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Chapter 1

Introduction

1.1 Background and motivation

Adaptive finite element methods (AFEMSs) are finite element methods (FEMs) which
utilize a posteriori error estimators and indicators to assess the quality of approxima-
tion and modify the mesh adaptively. These methods aim to obtain a solution with
prescribed accuracy by using a minimal amount of computational work. In practice,
AFEMs are known to outperform their non-adaptive counterparts, especially when the
solution exhibits rapid changes and singularities. To illustrate the capability of the
AFEMs, we present a simple but typical example [70]. We consider the Laplace’s equa-

tion on a two-dimensional L-shaped domain €2,
Au=0 in{,

with exact solution u = /3 sin (26 /3) written in polar coordinates. Note that V u has
a singularity at the reentrant corner. In Fig. [[T.T], we see that the adaptive mesh is able
to capture this singularity. Moreover, to obtain the same accuracy in the flux, AFEM
requires significantly fewer degrees of freedom than the standard FEM. Indeed, FEM
requires 3072 elements to bound the L? error of the flux around 0.025 while AFEM
requires only 162 elements. This example clearly reveals the advantage of the adaptive
mesh strategy.

A classic adaptive finite element method can be described by a loop as follows:

SOLVE — ESTIMATE — MARK — REFINE.



Figure 1.1.1: A comparison of uniform mesh and adaptive mesh

Let us describe each module in detail. Given a mesh 7, the module SOLVE yields
an approximation in the finite element space Vj associated with the mesh 7 by using
FEM. Then, we ESTIMATE the error by using an a posteriori error estimator. Using
this information, we MARK the elements of the mesh 7 that carries the largest value
of the estimator and then REFINE them to obtain the next mesh, 7r11. We repeat
this loop until the error is less than a prescribed tolerance. The key ingredient of the
AFEM is the a posteriori error estimator used in the ESTIMATE procedure. Next, let
us discuss the module ESTIMATE in detail.

The module ESTIMATE utilizes an a posteriori error estimator to identify the region
carrying the largest error. These error estimators provide reliable upper and lower
bound for the true error. Note that a global upper bound ensures that the quality of
approximation is below the prescribed tolerance while a local lower bound ensures that
the error estimator does not overestimate the true error, thus preventing over-refining
the mesh. Moreover, the estimators should be computed locally from the numerical
approximation and known data of the problem, and the cost of computation should be
much cheaper than solving for the numerical solution.

Starting from the pioneer work of Babuska et al. [11l 12] in the 70’s, a great deal

of effort has been devoted to the design of a posteriori error estimators for a variety of
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partial differential equations and numerical methods. We refer to [70, [3] for a review.

Although AFEMs are successfully applied in scientific and engineering computing, a
complete theory ensuring the convergence and optimal convergence rate of the adaptive
algorithm is still under development. It was not until 1996 that the convergence property
of AFEM for multidimensional cases was established in [40] by introducing a key marking
strategy, now known as Dorfler marking. Later, this result was improved in [47, 46]. On
the other hand, the optimality of the convergence rate of AFEM was established in [16].
Later, the result was improved in [66]. All the results mentioned above established the
convergence and optimality of the standard continuous Galerkin methods for second
order elliptic problems. Recently, this issue was also addressed in [31, [15] for mixed
finite element method and in [54] 43|, 17] for discontinuous Galerkin methods.

Compared with other DG methods, the HDG methods have a significantly smaller
number of globally-coupled degrees of freedom and better convergence properties. Com-
pared with well established finite element methods, they display the typical advantages
of DG methods, namely, ease in dealing with hp-adaptivity on conforming or noncon-
forming meshes, in handling boundary conditions, and in being applicable to a wide
variety of problems.

However, a theory regarding the convergence property and optimal convergence rate
of the AHDG methods is still lacking. In this thesis, we present the first convergence
result for the AHDG methods for the following model problem:

g+Vu=0 in Q, (1.1.1a)
Vig=f in Q, (1.1.1b)
u=g on T, (1.1.1c)

where Q € R? is a polyhedral domain (d > 2), f € L*(Q) and g € H/?(Q).

1.2 The hybridizable discontinuous Galerkin methods

1.2.1 Notation

Throughout the thesis, unless otherwise stated, we use 7, = { K’} to denote a conforming

triangulation, made of simplexes K, of the domain 2. We use hx to denote the diameter
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of K and h, the diameter of the face e of an element. We associate to this triangulation
the set of interior faces £ and the set of boundary faces 5}?. We say that e € &} if there
are two elements K+ and K~ in 7}, such that e = 9K+ N 9K ~, and we say that e € &7
if there is an element K in 7; such that e = K NIT". We set
Kt K- ifeeé,
Up(e) == )

K ife €&

and we set &, = & UEY. We also set 9T, = {0K|K € Ty}
We use the conventional notation [v] to denote the jump of vector valued function
v in the normal direction across the face, [v]; to denote the jump of v in the tangential

direction and [¢] to denote the jump of scalar valued function ¢, that is,

vT.on 4ot ont, eef,
0, 665,‘?,

v xn  +ovtxnt, ecé&l,

vxXxn+Vrgxn, ec&?,
] o n” +ptnt, e €&l
(p =

pn —gn, 665}?.

Here, Vr is the so-called surface gradient. The outward unit normal vector to OK is
denoted by m. For smooth functions 7 defined on €2, we have that Vprn:=Vn—(n-
Vn)n.

We use the standard notation (-, -)p, {-,-)r to denote the L? inner product on the

elements D and faces I', respectively, that is,

(o,v)p = Z /KO'(:I:) -v(x) dx,

KeD

Cwp=Y /K C(a)w(a)da,

KeD

(v -n)r = Z ((z)v(x) - ndx,

ec V¢
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We also use the notation || - ||p and || - ||r to denote the L? norm on the elements D
and faces I', respectively.

We use the notation ‘a < b’ to denote a < Cb for some generic constant C' indepen-

dent of mesh size. We also use the notation ‘a ~ b’ to denote a < b < a.

Assumptions on the meshes and on the boundary condition

Finally, we make the following assumption on the meshes 7p:
S: The meshes Ty, verify the shape-regularity condition, that is, there is some constant
o >0, such that
hig/pg <o YK €Ty,

where pi denotes the diameter of the largest ball inside K.

To avoid technical difficulties, we make the following assumption on the boundary
condition:

B: We assume the Dirichlet boundary data g is the trace of a continuous function
included in W'

1.2.2 The HDG methods

The HDG methods are finite element methods which seek an approximation to the exact

solution (q|q, u|a,u|se,), (qn, un, Up), in the space V', x W, x My, where

Vi:={veL*Q): vl € V(K) VK € Tp}, (1.2.1a)
Wiy :={we L*Q): w|x € W(K) VK € Ty}, (1.2.1b)
My : = {m € L*(&,) : m|e € M(e) Ve € &}, (1.2.1c)

The approximation (g, up) is expressed in terms of f and uy by the so-called local

solvers:

(gn,v)7, — (up, V-v)15, = —(Up,v-n)gr, YveVy, (1.2.2a)
—(qp, Vw)Th + <ah . n,w>37—h = (f,w)Th Vwe W, (1.2.2b)

and uy, € My, is determined by the boundary condition

<ahwu>l—‘ = <.gwu>1—‘a v,u € Mh7 (1238“)



and by the transmission condition

([an], we; =0, Vi € Mp. (1.2.3b)

In this general framework, to define a particular method, we only have to specify (1) the
numerical trace g, (2) the local spaces V (K)x W(K), and (3) the space of approximate

traces M(e). See the main examples in the table below.

Table 1.2.1: Main examples of HDG methods

Method @ V(K) W(K) M(e)
RT-H dn Pu(K)+xPp(K) Pp(K) Pple)
BDM-H a Pp(K) Pp1(K) Pple)
LDG-H qy + 7 (up —up)n Py(K) Po(K)  Pyle)
IP-H — Vo + 7 (up — Up)n Pp(K) Pp(K)  Pple)
CG-H new unknown Pp—1(K) Po(K)  Ppyle)

Here, P,(K) and Pp(e) denote the space of polynomials with degree no great than p
on a simplex K or a face e, respectively. And P,(K) denotes the space of vector valued
function with each of its components in P, (kK).

For the CG-H method, which as shown in [34], is nothing but a rewriting of the
original CG method, some minor modifications are in order. First, we force the space

of traces to be a space of continuous functions, that is, we take
My := M5, == {u € C°(&n) : ple € Pple)}.

Then, we define the local solver as follows. On the element K, the local solver (qy,, up, q,) €
V(K) x W(K) x T(0K), where

T(0K) :={nkg wlpx : we W(K)},
is the solution of the problem

(gy, )k — (up, V-v)g = —(Up,v-n)gxr Vv € V(K), (1.2.4a)
_(q}m Vw)K + <ah ‘n, w>8K = (fa w) Vw € W(K)v (124b)
up, = Uy, on 0K, (1.2.4¢)
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We refer the reader to [34] for more examples of hybridizable methods. For an a priori
error analysis of these methods, we refer the reader to [35, [38]; see also the previous
work in [33], 36].

1.3 Organization of the thesis

The goal of the thesis is to develop a posteriori error estimates for the hybridizable dis-
continuous Galerkin (HDG) method and to understand the convergence and optimality
of the adaptive HDG methods. In order to achieve this goal, we carried out the research
in four steps.

In Chapter 2l we propose the first a posteriori error estimator for the HDG method.

We show that the error estimator 7, provides upper and lower bound for the error
2 2
e, == g —aullg + P,

where || - |lo denotes the L?(Q)-norm, and where ®;, is expressed in terms of the diver-
gence of g — q;, inside the elements, of the normal component of g — @), on the boundary
of the elements, of the gradient of u — v} inside the elements, and of the jump of u —uj,
across inter-element boundaries. Here, u; denotes a local post-processing of the approx-
imation provided by the HDG method. Numerical experiments in two-space dimensions
are presented.

The result above is not completely satisfactory. Although we show that the estimator
is equivalent to the error ey, the term of primary interest is the L?-error in the flux only.
In order to tackle this problem, we start with the hybridized Raviart Thomas (RT)
method, which is similar to, yet much simpler than, the HDG methods. In Chapter [3]

we show that

Coni < |lg —q,, |& < Cinj,

for two positive constants Cy and C. Moreover, we show that the estimate above holds

for variable-degree hybridized Raviart-Thomas method on nonconforming meshes.
Using the technique developed for the RT method, we then establish a unified a

posteriori error estimation for a large class of HDG methods in Chapter @l In partic-

ular, we derive a reliable and efficient error estimator for the error in an energy norm.
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This result is crucial to establish the convergence and optimality of the adaptive HDG
methods.

Finally, in Chapter Bl building upon the knowledge gathered in the previous chapters,
we show that the total error, that is, the sum of the error in the energy norm and scaled
error estimator and data oscillation, is a contraction between two consecutive iterations.
Moreover, we also show that the error in the energy norm converges with the optimal

rate.



Chapter 2

A posteriori error estimation for
the LDG-H method

2.1 Introduction

In this chapter, we use the idea of employing the postprocessing [58] and the approach
used in [55] to obtain the first reliable and efficient error estimator for HDG methods
with optimal order of convergence in all space dimensions.

We show that the error is controlled only by the data oscillation and the difference
between the trace of the scalar variable and the corresponding numerical trace. Here
we assume that g is a continuous function which is piecewise polynomial of degree p on
the polyhedral boundary I'.

In section 2.2, we introduce the a posteriori error estimator and present the main
result of the chapter. In section 2.3 we present the analysis of its reliability and effi-
ciency and in section 2.4], we provide numerical results showing the performance of the

estimator.
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2.2 Main Result

2.2.1 Local postprocessing

Just as the accuracy of the approximate scalar variable of mixed methods can be im-
proved by an element-by-element computation of a new approximation [7} 19} 24, 22} 65],
for HDG methods, several postprocessings have been proposed in [33] 36, 35] which
achieve a similar goal.

Here, we take the postprocessing uj; in the space
Wi ={w e L*(K),w|k € Ppy1(K), VK € Ty}, (2.2.1)
and define it as follows. When p > 1, the solution wu} satisfies the following equations

0, Yw € Pp—1(K), (2.2.2a)
—(qh,VUJ)K, Yw € Wp+1(K), (222b)

(up — up, W)k =
(V u}';, v w)K =
for each simplex K, where

Wpi1(K) ={w € Ppp1(K) : (w,v) =0 YveP,1(K)}.

When p = 0, we define uj on the simplex K € 7} by requiring that

/u,’;:/ﬁh, VF € 0K,
F F

for each face F' of K. Note that in this case we have that g, = — V uj. The postpro-
cessed solution uj is well defined and converges with order p + 2 for p > 1, and with
order 1 for p = 0 for conforming meshes; see [35].

Note that (uj —up) depends on (uy, — uyp,) only. Indeed, from the HDG formulation

(C22), when p > 1,

(V(up, —un), Vw)g = —(q + Vu, Vu)g,

= @h —up, VW - ’I’I,>3K, Yw € Wp+1(K)

and when p = 0,

/u}’;—uh:/ﬁh—uh, VF € 0K,
F F
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We can define the following lifting operator ®. When p > 1, ®(uy, —uy,) is a polynomial
in the space W41 (K) satisfying

(VO(up —up), Vw)g = —(Up —up, Vw - n)og, Yw e Wy (K),
for each simplex K. When p = 0, we require ®(uy — up,) € P1(K) satisfying
/ Q(up —up) = / (up, —up), VF € 0K,
F F
for each face F' of K. And we have

u}i = Up + @(ﬂh - ’U,h). (2.2.3)

2.2.2 The a posteriori error estimate

To state our main result, we need to introduce some notation. We denote by || ¢ ||o,p the

L?-norm of the function ¢ over the domain D. We then set, for each simplex K € Ty,

lwllmig = (lwlfx +hEl Ve llg ), (2.2.4a)

o : —1
w120k = ¢€H1(1I?)f7T¢:w b &1l mx)s (2.2.4b)

where T'¢ denotes the trace of ¢ € H'(K) on the boundary of the triangle K. We also

set
. <w7W>3K
lwll-1j20r == sup ————r, (2.2.4c)
weH(K) | w ||1/2,8K
[0 laiwre o= (v % + Rkl Vv |13 5) 2 (2.2.4d)
Our main result provides upper and lower bounds of the error
en = (g —an g + | [u—uil 1} 2, (2.2.5)

I Vuw—up) 137 +11(@—an) nll-1j20m)"2



where

lq — ap lldiv,7 = (> lla—anllzw)"?
KeT

| [w—uplllij2e, = ( Z hig'll fu—ui] 1[5, )2,
EeaT,

|V (u—up) llo,7, = ( Z I Vu = Vuj, [I5.5)'?,
KEeT,

1@ —ap) nll—izom = (D I@=a) nl?y 000"
KEeT,

in terms of the error estimator

M= (i + 13 0) Y2,

where

mn = =Pwfll-um = () il f—Pwillgx)
KeT,

o = | L@@ —un) lloz, = (Y bt Par(id = @) (@n — un) [If o
KeTh,

+ ) b [0d = Pan)@(@s — un)] |13,

e€ly,

+ Z bl 7 (un — up) H%,aﬂlm,
KeTy,

12

(2.2.6a)
(2.2.6b)
(2.2.6¢)

(2.2.6d)

(2.2.7)

(2.2.8a)

(2.2.8b)

where Py is the La-orthogonal projection into Wj, and Py is the Lo-orthogonal projec-

tion into P, (e), for each face e € &},. Here, we point out that to numerically evaluate the

negative-order norm used to define the fourth term of the error (Z.2.5]), we approximate

it by solving a corresponding dual problem locally in some large finite element space.

We refer the reader to Lemma [2.4.1] for details.

We can now state our main result.

Theorem 2.2.1 (Reliability and Efficiency of the error estimator). Assume that the

meshes satisfy the shape-reqularity assumption A. Then there are two constants C1 and

Cy depending only on the constant o, and p such that

Cinjy < e < Camp.
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The proof is based on a key observation stated in Lemma and on the idea of
constructing an error estimator by using a post-processed solution. Thanks to these
two ideas, we avoid the conventional technique based on Helmholtz decompositions and
the saturation assumption, and establish the result for any space dimensions. This
result provides a reliable and efficient a posteriori error estimator which holds for all
dimensions under standard assumptions on the mesh. Note that the error is bounded

by the data oscillation and quantities depending solely on the jump U — uy on 97p.

2.3 Proof

In this section, we provide a proof of our main result, Theorem 22,1l We proceed in
three steps. We begin by gathering a few, simple auxiliary results that we are going to
use in the analysis. We then establish a key estimate of the error in the approximate
flux. Finally, we prove the efficiency and reliability of the estimator.

2.3.1 Step 1: Some auxiliary results

We begin by proving several auxiliary lemmas which will be useful in the proof of main
theorem.

Some relations between norms

We have the following well known trace inequality in terms of the norm defined in the

last section. The proof can be found in [55].
Lemma 2.3.1. It holds for any simplex K € Ty,
[v-nl—120k <[ ldiv s

Next, we show that the Ly-norm || - |[o,ox and negative-order norm || - ||_1 /2 o5 are

equivalent on the space
My (0K) := {wle € Pp(e) for all faces e of K}.
Lemma 2.3.2. For all w € My(90K), we have

_ 1/2
Citlwl-1yoox < il llwlloor < Cstllw|—1/0,05,
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where Cg1 depends on the shape regularity constant o and on the polynomial degree p of
the space Mp,(0K).

Proof. To prove the inequality, we begin by associating to every simplex K € Tj, the set
K defined as follow. It is a set of unit diameter, such that the transformation F' from
K to K is given by

r=F(Z) =hgZT+Db.

It follows immediately that, if we set w(Z) := w(x),

lwli g == lw ik + bl Ve [

= (I B1% + I VD [1%)

Wil D11 5,
and that (w,w)or = h% (@, W) ai2> Where d denotes the dimension of the element K.
Next, we note that, by the definition of half-order norm (2.:2.4D]) and the negative-

order norm || - [|_y /9 ox ([.2.4d)

w = inf ht
| wll1/2,01 S Tomw x 11l
o (w, w)ar
HwH—l/2,8K = sup T
weH(K) | w H1/2 oK
we have
_ <w7w>8K
||w”—1/2,8K— sup _1—
weH1(K) K HW”H1
d—1
_ g (W0, W)y
- ~ 2—1 ~
weH' () hK/ 1wl %
d/2
= W 1By o 0

On the other hand, we have
| wlloox = h Hw o0k
Using the fact that all norms on the finite dimensional space are equivalent, we get

d—1 ~
HwHO,@K < h ? Csl(K p)HwH 1/2, oK (2.3.1)

—1
= Cu (B, p)hig | w1 a0
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and,

d-1 _
| w HO,@K > th C;ll(K,p)” w H_l/g,a[? (2.3.2)
1,5 —-1/2
= Csll(Kvp)hK / | w H—l/z,aK-
where Csl(f( ,p) depends continuously on the shape of K.
Considering the family K (o) of all the simplexes K with unit diameter, one vertex

in the origin and satisfying the shape regularity condition, we get, by compactness ([25]

subsection I11.2.4), that

Cs1(o,p) == _sup Csl(l?,p) < 00.
KeK(o)

Hence, from (Z31]) and (2.3.2]), one has
_ 1/2
O @) wll-rpon < hillw ok < Carop)|wll-1/20x-

This completes the proof. O

Some relations between residuals

Finally, we need to show that residuals coming from the equations defining the HDG

method (L2.2)), are strongly connected.

Lemma 2.3.3. It holds
( Z hicll Pw f = Veay I3.5)"* < Coall (@, — an) - m || -1/2,07.-
KeTs,

Moreover,

lan + Vi llom < Coa( Y bl Par(an — i) [15.0) ",
KeTy

(> BMIPar(@n — up) 1§ 0x)"? < Caall @y + Vi, llo7,
KeTy,

where Cga 1s some constant depending on shape regqularity o and polynomial degree p

only.
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Proof. 1t suffices to show that, for each simplex K,
hig | Par (i, — uj,)

IPwf—V-qy 6. < Chhi (@n —an) - m|I§ oxc-

(2),81( < C%l ap, + Vuj, H%,K,

From the equations defining the HDG method ([L22)) and the definition of the
postprocessing u}, (2.2.3), we have that

(gy, + Vup,v)g = (Py(up —up),v - n)sxk, Yo € P,(K)?, (2.3.3a)
(Pwf—V-q,,w)={q,—qp) n,wok. Yw € Pp(K). (2.3.3b)
Taking w = Py f — V- g, in the above equation (2.3.3Dl), and using the fact that
lwlloor < Csahiz | w llo.ses
where Cso = Cso(0, p) is some constant depending on shape regularity o and polynomial
degree p, we immediately obtain
| Pw f = V-gy llosc < Coohi Il (@n — @) - 7 oo
Thus, the first inequality follows from lemma
To prove the remaining inequalities, we denote
Vo ={v € Po(K)% v-n=0on each edge e € 0K},

and V- as the Lo-orthogonal complement of Vj in P,(K)?. Note from equation ([2:3.3al)
that

(g, + Vuy,v) =0, Yo € V,

which implies that g, + Vu} € Vi-. Choosing v = g, + Vu} in (2Z3.3a), and using the
fact that

—1/2
h v ok < Csallv-nlogk,  Vve Vi,

we have the second inequality.
Similarly, for p > 1, we can take v-n = Py (up — u}) in equation ([2.3.3a)). The last
inequality follows from the fact that

—1/2
lv-nlloox < Cah v llox

For p = 0, by the definition of the postprocessing uj, the inequalities are trivially true

since all the involved quantities are equal to zero. This completes the proof. O
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By using the triangle inequality and the fact that u, is single valued across the

interior faces, we can easily obtain the following consequence of the last result.

Corollary 2.3.1.

SO Turl e + D hetllg — b I3

eegi 6683

< Coo(D h M (1d = Poa) [up] 5. + D llan + Vi, 17 x)-
eceéy KeTy,

Approximation by continuous functions

We are also going to make use of the fact that the approximate solution uj; can be
approximated by a continuous, piecewise polynomial function %} in the post processing
space Wy ([Z.21)). This will allow us to show that the quality of the approximation can
be controlled by the jump of u;. The following result can be found in [41], Theorem
2.2.

Lemma 2.3.4. For any wy, € W) and multi-index o with || = 0,1 the following
approzimation results holds: Let g be the restriction to I' of a function in W; N H'(Q).
Then there exits a function wy, € W} N HY(Q) satisfying wp|r = g and

> D% (wn —@n) i <C; Y b [wn] |12

KeTy 6652

+Cj Y he g — w2

eGSS

where the constant C; = Cj(o,p+1) depends on the shape reqularity constant o and on
the polynomial degree p + 1 of the finite element space Wp.
2.3.2 Step 2: A crucial estimate

Here we establish what we consider to be the crucial estimate of the analysis. It is a

small modification of a similar result obtained in [55].

Lemma 2.3.5. For any function ¢ in C1(Ty) N C%(Q), there exists a constant Cy de-

pending only on the shape reqularity constant of the mesh, o, such that

lg—ayllo7, < Coln; +n3) — ((q—dy) -n,g — )r,
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where

= > il f=Pwf 8+ D hxll @ —an) -1 5ok
KeTy, KeTy,

me=>_ llan+ Vel
KeTy,

Proof. Let K be an arbitrary simplex of the triangulation 7y, then, we have

lg—anllo.x =(a@—an g+ Vo —a,— Vo)k,
and, since ¢ = —Vu, after a simple integration by parts, we get
lq—an 3 =(V-(q—aqn),u—d)x — (u—¢,(q—q) ok
—(q—qn,an + Vo)k.

The estimate of the last term follows immediately by applying Cauchy-Schwarz and

Young inequalities:

1
(@—an,9,+Vo)k < @” a,+Vo ||3,K +¢llg—gqy %,K (2.3.2)

The harder part is to estimate the first two terms, namely,
Tk == (V-(@—qp)u— @)k — (u—,(q—qp) n)ox.

To do so, we add and subtract Px f in the first term and @, - n in the second term, and

obtain
Tk =Tk +Tok + T3k, (2.3.3)
where
Tk :=(f —Prf,u—9)k,

Tox :==—(u—¢,(qg —qp) - n)ox,
T3 i :=(Pxf—V-qnu— &)k — (u—0¢,(q, — q;) n)ok-

To estimate T i, we only need to note that for any constant ,
(f=Pxfiu—9)k =(f —Pxfiu—9¢—p)k

1 -
< 2kl f = Prf ok +ehillu—6—p

|2
0,K*



19
By the Bramble-Hilbert Lemma,

Wl (=0 = ) [I§ x < Gyl V(w—9) 5
where the Poincaré constant ), depends on the shape regularity constant o. Thus,
1
Tk < Iehﬂll F=Prfl3x+eColla+ Vo3 k. (2.3.4)

For the second term 75 g, note that, since ¢ is continuous across the edges, we have

that
ZT2,K == Z ((@=ay) - mu—dlox = —((@ —qp) 1, u—P)r.
K

KeTy,
It remains to estimate 73 . By the second equation defining the HDG method

([L22]), for each simplex K € Ty, we have that
((gn —ap) -mw)ox = (Pxf—V-qy,w)k, Yw e Wy(K),
which implies that
T3 = (Pr(u—9¢) = (u—9),(qn —q1) - n)ox-
< ihKH (@ — an) -G ox + ehig | Pr(u— o) = (u—6) |F oxc-
By the trace inequality and the Bramble-Hilbert lemma, we get

Wt I Pr(u—¢) —u+ ¢ llg o < Cehi || Prc(u— @) —u+ ¢ 1§ 1
< Cia| Vu— Vo 5

where Cyo depends on the shape regularity constant o. Thus, we have
1 —~
Tix < 3 bl (@ —an) - m 8.0r + €Crall @ + V& 1§ - (2.3.5)
Using the estimates obtained in (23.2) to ([2Z3.5]), we conclude that

1
la—all57, < Z EH an+ Voo + Z ellg — a5 5

KeTy, KeTy
1
+ D kI F=PrF IS+ Y Goll(a+ Vo) 5 i
KeTy, KeTy,
1 ~
+ D el @ = an) mlSox + Y0 Colla+Volix
Ke’]’h KGTh

—((g—qp) n,u—9)r, (2.3.6)
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and, after simple algebraic manipulations, that

1 1
2 2 2
la—aullor < 1 + (@ +eCp + 60t2)77¢

+e(1+Cp+Cr)llg—an iz — (g qn) - nu—o)r.

The result follows by choosing e small enough. This completes the proof of Lemma
2.9.9) O

Note that only the second equation in the HDG formulation (L2.2]) was used in the
proof, and that the function ¢ is an arbitrary, continuous and piecewise differentiable
function.

2.3.3 Step 3: Proof of the efficiency and reliability of the estimator
Theorem Z.2.7] will immediately from Lemma 2.3.6], which establishes the efficiency of
the estimator, and from Lemma [2.3.7, which establishes its reliability.

The efficiency of the estimator

We are ready now to obtain a lower bound for the error ey.

Lemma 2.3.6 (Efficiency of the error estimator). We have that
Cuigp, < e,

where C1 is some constant depending only on the shape reqularity constant o and the

degree of the polynomial p.

Proof. Let us begin by estimating 7, . By definition, (2Z.2.8a),

Min= > Wil f—Pwflie < Y. hkllf-V a,lix <et.
KeT, KeTy,

since Py f is the L2-projection into the space W), and V- q;, € W,.
Next, let us estimate 7, 5. By definition (2.2.80),

o = (TE + T35 + T%)2,
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where

2= 3 hi | Par(ld — @)(@n — wn) [3oxc

KeTy

T3 = 3 bt [0d = Pan)@(@n — un)] [
ee&y

T? .= Z hic|| 7(n — un) 1§ 0k -
KeTy

We shall proceed in three steps and estimate each component of the estimator. Our

first goal is to establish an upper bound for T2. Note from the definition of postpro-

cessing (2.2.3]), we have

TP = Y hi'lIPar(an — i) 15 ok
KeTy

and by Lemma (2.3.3), we have

TP < C% Z lan + Vuy ||(2),K
KeTy,

<2C% Y (la+Vujllox +lla—anl§x)
KeT,

2 .2
< 2C%ep,.

S

Next, our task is to estimate T%. Again, by definition of post-processing [Z.2.3), we

have

T3 = h ' (1d = Pag) [us, — unl [I5
Since Py [up] = [un], we get

T3 = h 'l (1d = Par) [up] I3 < e

We now only have to estimate T3. From the definition of numerical flux gy, - n for

LDG-H method (Table [L22]), we get

T3 = > hiel (@ —un) [§ox = Y hecll @ —an) 3ok
KeTy, KeT,
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If suffices to show that

T32 < Cy Z (I(@—gp) - n ||2—1/2,8K +1lg—ay ”CZl’L’UK)
KeTy,

We see, by Lemma 2.3.2] that we have

hill (@n —aqn) - H(2),6K < C321H (@n —qn)-m ||2—1/2,8K'
<2C%|(g—qp)-n H2—1/2,8K +2C51(g—ay) - n ”2—1/2,8K7
<2C%|(q—7qp) - n H2—1/2,8K +2C4CAlla — ap |l 1c-

by Lemma 231l Thus, we can take Cy := 202 max{1, C}}.
This completes the proof.

The reliability of the estimator

To complete the proof of Theorem 2.2.1] it only remains to prove an upper bound for

the error ep. It is contained in the following result.

Lemma 2.3.7 (Reliability of the error estimator). We have that
ey < Conp.

where Cy is a constant depending only on the shape reqularity constant o and the degree

of the polynomial p.

Proof. Since by definition of postprocessing, ([2.2.3]), we have

PM(ld — @)(ﬂh — uh) = PM(ah — u?;),

[(d = Par)®@(un — up)] = [(1d = Par)(up — un)] = (Id = Par) [uy];

and, since by definition of the numerical flux g;, we have that

T(up — Up) = (@, — qp) - 1,
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it is enough to show that

&, < Cal D Wil f=Pwfllie+ D lan+Vui gk

KeTy, KeTy,
+h M (1 =Pan) [l G + D xcll (@ — an) - 15 o)
KeTy,

By definition of the error (Z2.5)), we have that

en = (g —ay H?liv,Th 1 [u — il H%/Q"gh

+ V= i) 57 + 11 (@ —=an) - n 2 97) "

)

and so, we shall show that each of the four terms inside the square root can be bounded

by a constant times 77;21-
Let us begin by estimating || g—gy, |3, 7, - By definition ([2.2.6), and also by (2.2.4d),

la—aqy, Hfm,Th =1q—aq, H%,Th + Z h%{ | f—=V-gq, H(%,K
KeTy,

=lla—anliz + Y bk f—Pwf
KeTh

3,1{ +||Pwf—V-q, H(Q)K)

<llg—an s +min+Chhkll (@, —an)  nl3x,

by definition of 7, p, (22.84), and by Lemma 233
It remains to estimate || g — g, H%,Th' To do that, we note that, by Lemma [Z35] for
any function ¢ in C1(7;,) NC%(Q), we have

lg—an s < Cotnl+n3)—{(@—dp) g —d)r

where
M= (Y hil F=Pwil§u+ D hxll @ —an) nl5ox)
KeTy, KeTy,
We now take ¢ := @} € W, NC°(Q), where, by the result of Lemma [Z3.4] the function
uy satisfies
Uy =g onT, (2.3.7a)
SV s =) 1§ x < Ci > b Tunl 13- (2.3.7b)

KeTy, et}
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We immediately obtain that ((g¢ — @) - n,g9 — ¢)r = 0, by property (Z3.7al), and that

= Z gy, + Vi, 5 5

KeT,

< gy +Vur B g+ > 11V — ) 113 &
KeTy, KeTy,

< g+ Vui I3k + €5 > hgtll Tus
KeTy, eec‘);‘1

by property (2.3.7D). This proves that || ¢ — gy, ||div7;, is bounded by a constant times

Mh-
To bound the second term in the definition of the error e, we simply invoke Corollary

23T to get

I Tu = wil 1326, < Co2(Y hHI(1d = Pan) [l 5 + >l an + Vi [IF x)-

ecéy, KeTy

Let us now bound the third term || V(u — u}) [lo,7;,- We have

IV@u—ui)llor <2 llan+Vurl§e+2 Y la—anllx-
KeTy KeTy,

The estimate now follows from the estimate of the term |g — qh||377-h obtained above.
Finally, to estimate © := || (g — @) - 7| —1/2,07;,, We proceed as follows. By the

triangle inequality,

Z |(g—ay) n ||2_1/2,8K

KeT,
<2 Z [(@—ay) n H2—1/2,8K + 2 Z I (an—an)-n ‘|31/2,8K7
KeTy, KeTy,

and, by Lemma [2.3.1] and by Lemma [2.3.2]
0> <2 > (g —ay) lGwx + 2CH Y hill (@, —@n) - g ox
KeTy, KeTy

The estimate of || (g—gj,) 1 ||-1 /2,57, now follows from the previously obtained estimate

for || — gyl div,7;,- This completes the proof. O
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2.4 Numerical Results

In this section, we present numerical experiments devised to verify the reliability and
efficiency properties of the a posteriori estimate predicted by our theoretical result,
Theorem [Z.2.7], in the two dimensional case. Moreover, we explore how the estimates
behave as we change the polynomial degree of the HDG method, p, and its stabilization
function, 7. We do not always take the boundary value g to be piecewise polynomial.
In this case, g is approximated by some piecewise polynomial g5 and the quality of
this approximation is controlled by a boundary oscillation term 0302(9,5’,‘? ). We refer
the reader to [73] for details. However, in this chapter, for simplicity, we neglect the

boundary oscillation term.

2.4.1 Preliminaries

We do this by using a test problem with a smooth solution and one with a solution

presenting a singularity. The exact solutions are:

u = sin (7z) sin (7y), Q:=(0,1)?,
u = r*?sin (20/3), Q:=(=1,1)2\ (0,1) x (=1,0).

In both test problems, we set the Dirichlet boundary data g equal to the exact solution

u. Note that for the first problem we have f = 72

sin (mx) sin (7y), g = 0 and that for
the second we have f = 0 and g is not piecewise polynomial on the boundary T'.

We present two sets of experiments. In the first, we test the behavior of the a
posteriori estimate with uniform mesh refinement. For both test problems, we take the
stabilization function 7 to be equal to 1 and let the polynomial degree p take the values
0, 1 and 2. In addition, for the test problem with a nonsmooth solution, we take the
polynomial degree p to be 1 and take the stabilization function 7 to be 1073,10 and
102,

In the second set of experiments, we test the behavior of the a posteriori estimate
with adaptive mesh refinement. We only consider the more difficult of the test problems,
namely, the one with the nonsmooth solution, and take the polynomial degree p to be

1 and 2, and the stabilization function 7 to be 1073, 1 and 102.

In each of our experiments, we monitor the four terms of the error e, given by (2.2.6])
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as well as the four terms of the estimator n, given by (Z2.8). The computational order
of convergence of each of these quantities is calculated as follows. Suppose that e(N)
and e(N) is any of the above quantities for two consecutive triangulations with N and
N number of triangles, respectively. Then, the computational rate of convergence is
given by

log(e(N)/e(N))
log(N/N)

Let us point out that, in order to evaluate the last component of the error, namely,

(> I@=ap)-nlyp0x)",

KeTh

see ([2.2.6d)), we are going to use the following lemma; see [25].

Lemma 2.4.1.

[v* |=1/2,06 = R 0% (ke

where U is the solution of the variational Neumann problem,
h%/ Vio* - Vvd:c+/ v*ude = hi-(v*,v)or, Yo € HY(K).
K K

In practice, we use a discrete version of of this result and take v* € W, 1(K) as the

solution of

hi(/va* : vudx+/Kv*vdx = h2-(v*, V)oK, Yo € Wy (K).

Note that, from the definition of post-processing, ([2.2.3]), we have

> hMIPar(ld = @) (@ —up) 5o = Y bt I Par(@in — ) 1§ oxc

KeTy, KeTy,
> M 0 = Pan)®@@n — un)] e = D he 'l (1d = Par) [uh] 15
el ecép
> bl m(in —un) 5o = Y hicll @ — an) - 15 oxc
KeTy KeTy,

Hence, we use the above notation to denote the three components of the estimator 7 j,

hereafter.
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2.4.2 Uniform refinement

The numerical results for the smooth solution test problem are shown in Table 241} we
take 7 =1 and p € {0, 1,2}. We see that each of the components of the error as well as
those of the estimator converge at an optimal order of p+ 1; the term || f — Pw f ||-1,7;,
converges even faster, namely, at the order of p+ 2. These numerical results agree with
the a priori error estimates obtained in [35] and, more importantly, they verify that the
error estimate is reliable and efficient.

The numerical results for the non-smooth solution test problem are shown in Table
242} we also take 7 = 1 and p € {0, 1,2}. In this case, not all the components of the

error or those of the estimator converge at the same rate. Note that, all the individual

error components of and the estimators || g, + Vuj [lo,7;, and || (Id — Pas) [up] [l1/2.¢,
converge with order N~2/3 approximately, but that the estimator || (g, —gj)-n =1/2.07,
converges with order N =5/3_ that is, much faster. Furthermore, for p =0, since Vuj =
—qy,, the second estimator || g;, + Vuj |jo,7; is identically equal to zero. This seems to
suggest that the estimator 7y, could be dominated by || (Id — Pas) [uj] ||1/2,6, and the
residual || f — Pg f||-17 -

In order to explore the effect of 7, we continue our experiment on the L-shaped
domain using p = 1 and vary 7 from 1072 to 102. The history of convergence of each
individual error and estimator is displayed in Table 2.4.3l We see that the effect of 7
is negligible when 7 tends to zero. On the other hand, as 7 grows, we observe that
each individual error becomes larger, and that the estimators || g, + Vuj |jo,7; and
| (Id = Par) [u] |1 /2,6, take longer to reach the asymptotic regime and converge at with
order N=2/3. The last estimator || (g, —qy,) -1 | —1/2,07;, becomes larger as 7 grows, but
decreases much faster as the mesh gets finer. Thus, we conclude that the quality of our

estimator is not apparently affected by either small or large values of the stabilization

function 7 as the mesh gets finer and finer.

2.4.3 Adaptive refinement

Next, we present the numerical result obtained from an adaptive algorithm. The adap-

tive algorithm used in this work is the following:

1. Start with a mesh 7.
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2. Solve the discrete problem ([L2.2]).

3. Compute the estimator.

4. Decide to stop or go to the next step.

5. Mark the elements to be refined.

6. Modify the mesh with the so-called red-green-blue procedure.
7. Denote the new mesh by 73 and return to step 2.

The marking strategy, based on 7k, is originally due to Dérfler [40] and consists in
selecting a subset M of T;, such that a2 KeT, 77%( <Y kem 7]%(, where the parameter
« is taken in (0, 1). Here, we take o = 1/2.

In Fig 2.4.1] we display meshes obtained with the above adaptive procedure. Note
that the algorithm is able to properly locate the singularity of the exact solution at
the point (0,0). Note also that, for about the same accuracy ep ~ 0.040, the use of
polynomials of degree 2 requires 88 elements while using polynomials of degree 1 requires
240 elements. Since the manipulation of the mesh takes up a significant amount of
computational effort, working with high-order polynomials might be advantageous.

In the legend of Fig. 2.4.2] we use the following notation nih = || Pam(un —uj) 0,07,
ng’h = || (1d=Puas) [up] 11 /2.6, 77§,h = |1(gy —q1) m||-1/2,07,- We see that the last three
components of the estimator, namely, 725 73 and 745, and the error decrease at the
same rate. In order to judge the quality of our error estimator, we compute an effective
index, which is defined as the ratio e, /n,. In Fig. 243 we see that the effective index
is bounded from above and below, this verifies the reliability and efficiency of our a
posteriori error estimator. We also observe that the effectivity index does not show any
significant change of behavior when 7 varies from 0.001 to 1 while the index changes
drastically as 7 grows from 1 to 100. This phenomenon seems to suggests that, rouglhy
speaking, the effectivity index of adaptive HDG methods with a small stabilization

function 7 is more robust than with a large 7.



Figure 2.4.1: Example of adaptive meshes
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Table 2.4.1: The effect of the polynomial degree p for smooth solution

p=20
Mesh Ile = an llaiv, 7, Il il lly2,e, |V (u—up)llo, 75, (@=an)-mll-1/2,07,
N error order error order error order error order
16. 0.27E+01 - 0.56E+00 - 0.11E+401 - 0.84E+00 -
64. 0.14E+01 0.99 0.50E+00 0.14 0.58E+00 0.94 0.41E+00 1.05
256. 0.68E+00 0.99 0.31E+00 0.72 0.30E+00 0.97 0.21E+00 0.98
1024. 0.34E+00 1.00 0.17E+00 0.88 0.15E+00 0.99 0.10E+00 0.98
4096. 0.17E+00 1.00 0.86E-01 0.95 0.75E-01 0.99 0.53E-01 0.99
Mesh || f =Pwfll-1,75, [IPM@n —up)llo;, N0d=Pr)[uplllijze, 11@n—an) mll-1/207,
N estimator order estimator order estimator order estimator order
16. 0.89E+00 - 0.11E-14 - 0.56E+00 - 0.87E+00 -
64. 0.23E+00 1.97 0.16E-14 - 0.50E+00 0.14 0.46E+00 0.92
256. 0.57E-01 1.99 0.32E-14 - 0.31E+00 0.72 0.23E+00 0.98
1024. 0.14E-01 2.00 0.59E-14 - 0.17E+00 0.88 0.12E+00 0.99
4096. 0.36E-02 2.00 0.11E-13 - 0.86E-01 0.95 0.59E-01 1.00
p=1
Mesh Il — an laiv, 75, I Tupllliy2,e, IV (u—=wug)llo, 7, l(@—ap) nll-1/2,07,
N error order error order error order error order
16. 0.91E+00 - 0.77TE-01 - 0.19E+00 - 0.14E+00 -
64. 0.23E+00 1.97 0.28E-01 1.45 0.50E-01 1.93 0.31E-01 2.13
256. 0.59E-01 1.99 0.81E-02 1.79 0.13E-01 1.98 0.78E-02 2.01
1024. 0.15E-01 2.00 0.22E-02 1.91 0.32E-02 1.99 0.20E-02 2.00
4096. 0.37E-02 2.00 0.55E-03 1.96 0.79E-03 2.00 0.49E-03 1.99
Mesh || f =Pwfll-1,75, IPm@@r —up)lo7, I0d=Pr)[uplllijze, 1(@n—an) mll-1/267,
N estimator order estimator order estimator order estimator order
16. 0.27E+00 - 0.37E-01 - 0.57E-01 - 0.24E+00 -
64. 0.34E-01 2.97 0.88E-02 2.06 0.25E-01 1.18 0.61E-01 1.96
256. 0.43E-02 2.99 0.22E-02 2.02 0.75E-02 1.74 0.15E-01 1.99
1024. 0.54E-03 3.00 0.54E-03 2.01 0.20E-02 1.89 0.38E-02 2.00
4096. 0.68E-04 3.00 0.13E-03 2.00 0.52E-03 1.95 0.96E-03 2.00
p=2
Mesh le = an llaiv, 73, Il il lly2,e, I V(w—up) llo,7, (@—@an) -nl-1/2,67,
N error order error order error order error order
16. 0.19E+00 - 0.56E-02 - 0.25E-01 - 0.14E-01 -
64. 0.24E-01 2.97 0.12E-02 2.27 0.32E-02 2.97 0.18E-02 2.98
256. 0.30E-02 2.99 0.17E-03 2.78 0.40E-03 2.99 0.23E-03 2.99
1024. 0.37E-03 3.00 0.22E-04 2.91 0.50E-04 3.00 0.28E-04 2.99
4096. 0.47E-04 3.00 0.29E-05 2.96 0.62E-05 3.00 0.36E-05 2.99
Mesh || f =Pwfll-1,75, IPM@n —up)llo,r;, N0d=Pra)[uplllijze, 11@n—an) mll-1/207,
N estimator order estimator order estimator order estimator order
16. 0.22E-01 - 0.35E-02 - 0.55E-02 - 0.37E-01 -
64. 0.14E-02 3.98 0.45E-03 2.93 0.12E-02 2.25 0.48E-02 2.96
256. 0.89E-04 3.99 0.58E-04 2.97 0.17E-03 2.78 0.60E-03 2.99
1024. 0.56E-05 4.00 0.73E-05 2.99 0.22E-04 2.91 0.76E-04 3.00

4096. 0.35E-06 4.00 0.92E-06 2.99 0.29E-05 2.96 0.95E-05 3.00




Table 2.4.2: The effect of the polynomial degree p for non-smooth solution

p=0
Mesh  [lq— ap laio,7;, I [uillhyz,e, 19— uf) llo. 7, I(a—an) - nll_1/207,

N error order error order error order error order

12. 0.35E+00 - 0.45E+00 - 0.32E+00 - 0.36E+00 -

48. 0.23E+00 0.58 0.32E+00 0.49 0.22E+00 0.56 0.21E+00 0.80
192. 0.15E+00 0.63 0.22E+00 0.53 0.14E+00 0.62 0.12E+00 0.76
768. 0.96E-01 0.65 0.15E+00 0.55 0.91E-01 0.64 0.77E-01 0.68

3072. 0.61E-01 0.66 0.10E+00 0.56 0.58E-01 0.65 0.47E-01 0.71
12288. 0.39E-01 0.66 0.70E-01 0.56 0.36E-01 0.66 0.29E-01 0.69
Mesh [ f—Pwil—im,  1Pa@n —ui)llom, 104 —Pa)[uilliyoe, 1@ —an) nll_1/2,07,

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.91E-15 - 0.45E+00 - 0.36E+00 -

48. 0.00E+00 - 0.18E-14 - 0.32E+00 0.49 0.19E+00 0.94
192. 0.00E+00 - 0.34E-14 - 0.22E+00 0.53 0.96E-01 0.97
768. 0.00E+00 - 0.65E-14 - 0.15E+00 0.55 0.49E-01 0.98

3072. 0.00E+00 - 0.13E-13 - 0.10E+00 0.56 0.24E-01 0.99
12288. 0.00E+00 - 0.26E-13 - 0.70E-01 0.56 0.12E-01 1.00
p=1
Mesh la —anllaiv, 73, Il il lly2.e, V(v =up)llo,7, (@—an) -nll-1/2,67,

N error order error order error order error order

12. 0.16E+00 - 0.92E-01 - 0.13E+00 - 0.11E+00 -

48. 0.10E+00 0.63 0.59E-01 0.65 0.85E-01 0.62 0.70E-01 0.69
192. 0.64E-01 0.65 0.38E-01 0.65 0.54E-01 0.65 0.44E-01 0.67
768. 0.41E-01 0.66 0.24E-01 0.66 0.34E-01 0.66 0.28E-01 0.67

3072. 0.26E-01 0.66 0.15E-01 0.66 0.22E-01 0.66 0.17E-01 0.67
12288. 0.16E-01 0.66 0.94E-02 0.67 0.14E-01 0.66 0.11E-01 0.67
Mesh [ f=Pwfll-1,73, IPrm(@n—up)lo7, N0d=Pa)[uplllijee,  1@n—an) nl-1/2067,

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.38E-01 - 0.68E-01 - 0.41E-01 -

48. 0.00E+00 - 0.24E-01 0.66 0.44E-01 0.64 0.14E-01 1.53
192. 0.00E+00 - 0.15E-01 0.66 0.28E-01 0.65 0.47E-02 1.59
768. 0.00E+00 - 0.96E-02 0.67 0.18E-01 0.66 0.15E-02 1.62

3072. 0.00E+00 - 0.60E-02 0.67 0.11E-01 0.66 0.49E-03 1.64
12288. 0.00E+00 - 0.38E-02 0.67 0.71E-02 0.66 0.16E-03 1.65
p=2
Mesh g —anlldiv, 73, I Tupd g2, | V(u—up)llo, 7, l(@—an) -nll—1/2,07,

N error order error order error order error order

12. 0.81E-01 - 0.44E-01 - 0.81E-01 - 0.69E-01 -

48. 0.51E-01 0.66 0.28E-01 0.65 0.52E-01 0.64 0.43E-01 0.68
192. 0.32E-01 0.66 0.18E-01 0.66 0.33E-01 0.65 0.27E-01 0.66
768. 0.20E-01 0.66 0.11E-01 0.66 0.21E-01 0.66 0.17E-01 0.66

3072. 0.13E-01 0.66 0.71E-02 0.67 0.13E-01 0.66 0.11E-01 0.67
12288. 0.81E-02 0.66 0.44E-02 0.67 0.84E-02 0.67 0.68E-02 0.67
Mesh If=Pwfll-1,7, IPM@n—up)lo7, I10d=Pr)luplllij2e, 1@n—an) ml-1/20m,

N estimator order estimator order estimator order estimator order

12. 0.00E+00 - 0.21E-01 - 0.26E-01 - 0.16E-01 -

48. 0.00E+00 - 0.13E-01 0.66 0.16E-01 0.64 0.50E-02 1.64
192. 0.00E+00 - 0.83E-02 0.66 0.10E-01 0.65 0.16E-02 1.65
768. 0.00E+00 - 0.53E-02 0.66 0.66E-02 0.66 0.51E-03 1.66

3072. 0.00E+00 - 0.33E-02 0.67 0.41E-02 0.66 0.16E-03 1.66

12288. 0.00E+00 - 0.21E-02 0.67 0.26E-02 0.67 0.51E-04 1.67




Table 2.4.3: The effect of the stabilization function 7

r=10"3

Mesh la —anlldiv, 73, Il il lliy2.e, IV (u—up)llo, 7, (@—@an) -nll-1/2,67,
N error order error order error order error order
12. 0.16E+00 - 0.95E-01 - 0.14E+00 - 0.11E+00 -

48. 0.10E+00 0.64 0.60E-01 0.67 0.87E-01 0.65 0.70E-01 0.68
192. 0.65E-01 0.66 0.38E-01 0.67 0.55E-01 0.66 0.44E-01 0.67
768. 0.41E-01 0.66 0.24E-01 0.67 0.35E-01 0.67 0.28E-01 0.67

3072. 0.26E-01 0.67 0.15E-01 0.67 0.22E-01 0.67 0.18E-01 0.67

Mesh If=Pwfll-1,7, IPm@r—up)lo7, I10d=Pr)luplllijoe, 1@n—an) nl-1/207,
N estimator order estimator order estimator order estimator order
12. 0.00E+00 - 0.38E-01 - 0.71E-01 - 0.43E-04 -

48. 0.00E+00 - 0.24E-01 0.67 0.45E-01 0.66 0.15E-04 1.56
192. 0.00E+00 - 0.15E-01 0.66 0.28E-01 0.67 0.48E-05 1.61
768. 0.00E+00 - 0.96E-02 0.67 0.18E-01 0.67 0.16E-05 1.63

3072. 0.00E+00 - 0.60E-02 0.67 0.11E-01 0.67 0.50E-06 1.65
T = 10!

Mesh la —anlldiv, 7, Il Turdlliy2,e, IV (u—up)llo, 75, l(@=an) -nll—1/2,07,
N error order error order error order error order
12. 0.18E+00 - 0.74E-01 - 0.13E+00 - 0.16E+00 -

48. 0.11E+00 0.74 0.53E-01 0.49 0.78E-01 0.68 0.81E-01 1.01
192. 0.65E-01 0.74 0.35E-01 0.57 0.50E-01 0.64 0.46E-01 0.81
768. 0.40E-01 0.69 0.23E-01 0.62 0.33E-01 0.62 0.28E-01 0.72

3072. 0.25E-01 0.66 0.15E-01 0.64 0.21E-01 0.63 0.17E-01 0.68

Mesh || f=Pw/fll-1,7, IPm(@n—up)llo7, 10d=Pa)[uilllisze, 1@ —an) mll-1/2,0m,
N estimator order estimator order estimator order estimator order
12.  0.00E+00 - 0.32E-01 - 0.53E-01 - 0.31E+00 -

48. 0.00E+00 - 0.23E-01 0.48 0.38E-01 0.49 0.12E+400 1.39
192.  0.00E+00 - 0.15E-01 0.61 0.26E-01 0.55 0.42E-01 1.48
768. 0.00E+00 - 0.95E-02 0.65 0.17E-01 0.60 0.14E-01 1.55

3072. 0.00E+00 - 0.60E-02 0.66 0.11E-01 0.63 0.48E-02 1.60
T =102

Mesh  [la— ap llaiv,7, I [uillhz.e, 19 (u =) llo,75, I (a~an)  nll-1/2.07,
N error order error order error order error order
12. 0.25E+00 - 0.25E-01 - 0.26E+00 - 0.45E+00 -

48. 0.15E+00 0.77 0.25E-01 0.01 0.14E+00 0.85 0.19E+00 1.23
192. 0.88E-01 0.76 0.22E-01 0.17 0.74E-01 0.97 0.95E-01 1.01
768. 0.51E-01 0.77 0.18E-01 0.33 0.37E-01 0.98 0.45E-01 1.08

3072. 0.29E-01 0.81 0.13E-01 0.46 0.21E-01 0.86 0.22E-01 1.03

12288. 0.17E-01 0.80 0.87E-02 0.55 0.13E-01 0.70 0.12E-01 0.89

Mesh | f—Pwfl_i7, IPumGn—ui) o, 110d=Par)[uillljae, 1@ —an) nll_1/2.07,
N estimator order estimator order estimator order estimator order
12. 0.00E+00 - 0.91E-02 - 0.19E-01 - 0.11E+01 -

48. 0.00E+00 - 0.12E-01 -0.36 0.17E-01 0.17 0.50E+00 1.12
192. 0.00E+00 - 0.10E-01 0.18 0.15E-01 0.17 0.23E+00 1.10
768. 0.00E+00 - 0.80E-02 0.36 0.12E-01 0.32 0.98E-01 1.25

3072. 0.00E+00 - 0.57E-02 0.50 0.91E-02 0.45 0.38E-01 1.38

12288. 0.00E+00 - 0.37E-02 0.60 0.63E-02 0.53 0.13E-01 1.48
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Chapter 3

A posteriori error analysis for the
RT method

3.1 Introduction

In the implementation of adaptive finite element methods, hanging nodes are frequently
employed in order to accelerate the convergence rate, efficiently allocate degree of free-
dom and facilitate the local refinement. However, only a few a posteriori error analyzes
for the mixed methods [61, 59 22] 24] have been carried out on nonconforming meshes
most probably because the mixed methods were originally formulated on conforming
meshes only.

In fact, it was not until a decade ago that the first Raviart-Thomas (RT) element
and the Brezzi-Douglas-Fortin-Marini (BDFM) element [23] on nonconforming quadri-
lateral meshes were analyzed by Ainsworth and Pinchedez in their study in the hp-
approximation theory of mixed methods [4] in two space dimensions. In the case of
nonconforming meshes made of simplexes in arbitrary dimensions, a hybridized version
of RT method was presented by Cockburn, Gopalakrishnan and Lazarov in [34]. In this
paper, we derive an a posteriori error estimate for variable-degree hybridized Raviart-
Thomas (RT-H) method on nonconforming meshes based on the framework of [34]. We
aim to establish the reliability and efficiency of the estimator for the model problem
(CITa).

This chapter is organized as follows. In section B.2] we introduce the hybridized RT

35
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methods, the a posteriori error estimator and the main result. In section[3.3] we present
the analysis of its reliability and efficiency. In section [3.4] we end the chapter with a

concluding remark.

3.2 Main Result

3.2.1 Notation

Let 7, = {K} be a triangulation of the domain 2 made of triangles or squares K in
two space dimensions or tetrahedra or cubes K in three space dimensions.

Given two meshes 77 and T, we say 71 < Ta if T3 can be obtained from 77 via a
finite number of refinement steps. In this work, we consider the following refinement
step. Given a mesh Ty, we take a subset of Ty and, in two space dimensions, we divide
each of its triangles or quadrilaterals into four congruent triangles or four quadrilaterals;
in three space dimensions, we divide each of its tetrahedra or cubes into eight elements
[68, [60]. Thus, starting from a given initial conforming mesh 7y, a uniform refinement

gives us the following sequence of conforming meshes,

T<Th<T<. . . <Tha<Th<Ths1 <... (3.2.1)

3.2.2 Assumptions on the meshes and boundary condition

In this work, nonconforming meshes are allowed provided that they satisfy the following
assumptions:

AO0. The meshes Ty, are obtained from an initial conforming mesh Tog via a finite
number of refinement steps.

A simple fact following from this assumption is that for each element K € Ty, K is
also an element of some conforming meshes 7; in the sequence (B:Z1]). Here, we follow
the definition introduced in [I7]. We define the level of K € Tj, as L(K) =1, if K € 7.

Let Ty be the ”largest” conforming mesh such that Ty < Ty, that is,

Tn < Ty, for any conforming mesh 7, satisfying T, < 7p,.

We say an element T' € Ty is the conforming parent of an element K € Ty, if K C T.
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We also define the level of nonconformity as

Our second assumption is the following.

A1l. The level of nonconformity is bounded, that is,
L,(K) <L, foreach element K € Ty, (3.2.2)

for some positive integer L.

It follows immediately from this assumption that
C;lhKl < hg, <Cehg,, VKi, K3 such that md_l(Kl N Kg) > 0.

where mgy_1 is the (d — 1)-Lebesgue measure.
We also introduce the following notation. Set 07, = {e : e is a face of K € T }. For

each face e in 07}, set
w(e) :={K € T, mg—1(eNIOK) > 0}.
We view 07}, as the union of four disjoint classes:
€% ={eedTy :|w(e)
EMN ={ec Ty :|w(e)| =2
2 ={ecdT;, : Jw(e)| =2, eis a shared face of two elements K, K» },
Em ={eecdT, : |lw(e)| > 2

e)| =1, that is, e is a boundary face },

, e is a face of one element K only }.

, that is, there is at least one hanging node on e },

where |w(e)| denotes the cardinality of the set w(e). Figure B.2.1] illustrates the last
three different types of faces. We set

Fn:={ecdT, :e¢ &N} (3.2.3)

For every face e € Fp,, set n:= min{L(K) : K € w(e) } and m := max{L(K) : K €
w(e) }. We denote
w(e) :={K1,Ky € Ty, : e is a shared face of K; and Ks },
w*(e) :={K €Tp : K Cw(e)},
vi(e) :={K € w*(e) : my_1(eNIK) > 0},

We also denote Fe be the face of an element K € v*(e) such that F, C e.
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Figure 3.2.1: Example of nonconforming meshes I.

3.2.3 The hybridized Raviart-Thomas method on meshes with hang-

ing nodes

Under the framework of the HDG method in section [L22] to define the hybridized
Raviart-Thomas method, we only need to specify (1) the numerical trace g, (2) the
local spaces V(K) x W(K), and (3) the space of approximate traces M(e).

For the case of the variable-degree hybridized Raviart-Thomas (RT-H) method on
nonconforming meshes made of simplexes, we take V' (K)x W (K) as the Raviart-Thomas

space of degree p(K):
V(K) = Pyie)(K)? + & Pyicy (K),  W(K) = Ppey(K), p(K) >0,

where P, k) (K) denotes the space of polynomial with degree less than or equal to p(K)
on the element K and Py (K )% denotes the set of vector functions whose components

are in Py (K ). We define the space of approximate traces as:

M(e> = Pp(e) (e)a
where the polynomial degree p(e) has to be suitably related to p(K), as we show below.

For the square and cube elements, we take V(K) x W(K) as the Raviart-Thomas
space of degree p(K):

V(K) = RTp(K)(K)’ W(K) = Qp(K)(K)7 p(K) >0,
where

Pot1,p(K) X Ppp+1(K) for square,

RT(K) =
{ Ppi1,pp(K) X Pppi1p(K) X Ppppr1(K) for cube,
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and Ppy1,p,p(K) denotes the space of polynomial with degree less than or equal to p+1
in z variable and with degree less than or equal to p in the other two variables on the
element K and Q,(K) denotes the space of polynomial with degree less than or equal

to p in all variables. We define the space of approximate traces as:
M(e) = Qp(e)(e)-
Finally, for e € &, we take p(e) := max{p(K™),p(K )} and require that
if e is not a face of K, then p(K™) > p(K ™).

The variable-degree RT-H method described above is uniquely solvable [34] on noncon-
forming meshes satisfying condition Ag, A1, As. For the error analysis purpose, we
shall impose a bound for the polynomial degree p(K) and require p(K) < p for all

K € Ty, for some positive integer p, hereafter.

3.2.4 Local post-processing

Here, for simplexes, we take a crucial post-processing uj in the space

Wi ={w € L*(K),w|g € Pyx)s2(K), VK € Tp}, (3.2.4)
and for square and cube elements, we take the post-processing u; in the space

Wi = {w € L*(K),w|x € Qur)42(K), VK €T}, (3.2.5)
and define it as follows. The solution uj satisfies the following equations

(up, — up, w)7;, =0, for all piecewise constant w, (3.2.6a)

(Vup,, Vw)r, = —(qp, Vw)r,, for all w € Wy (3.2.6b)

The post-processed solution uj is well defined and converges with order p+2 for p > 1,

and with order 1 for p = 0 for uniform meshes; see [7].

3.2.5 The a posteriori error estimate

Our main result provides upper and local lower bounds of the error

en:=1q—q, ||077—h7



40

in terms of the data oscillation

ocsn(f,T) = (Y hicll f = Pwfllg.)"/, (3.2.7)

KeTy

and the error estimator

= (Y _ (3 n(e) +n3p(e) + 13 4(e))) 2, (3.2.8)
eE€Fy
where
male) = Y lay+ Vujllox, (3.2.92)
Kew(e)
nea(e) = hy ) (1d = Pagy) [u3] lloes (3.2.9b)

nsn(e) = ho V2| (Pasy — Pado) [up] |

0,e- (3290)

Here, Py is the Lp-orthogonal projection into the space W, Pjy, the Lo-orthogonal

projection into the space

Mo.n, := {p € L2(0Tn), ple € Pole), for each face e € &},
and Py, the Ls-orthogonal projection into the space

Mo, = {p € La(0Th), ple € Pole), for each face e € Fy, }.

We emphasize that, because of the nonconformity of the meshes, a face e € &, is not
necessarily a face in F},, see definition (8.23]). Note that Py, = Py, if and only if the
mesh 7j is conforming. The last estimator 73 j explicitly captures the nonconformity

on the meshes.

3.2.6 The main property of the error estimator

We are now ready to state the result.

Theorem 3.2.1 (Reliability and Efficiency of the error estimator). Assume that the

mesh assumptions Ag, A1, As and the boundary condition assumption B are satisfied.
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Then there are two constants C1 and Co depending only on the constants L,o, and p

such that
g —au ll5.7, < Co(nii + osci(f, Th))-

Moreover, for each face e € Fy,

Cini(e) < > lla—ailfx
Kew(e)

where

n(e) = U%,h(e) + U%,h(e) + Ug,h(e)-

The main result establishes the reliability and efficiency of the error estimator in
terms of the Lo error of the flux only. = Moreover, the analysis is not restricted to
quadrisection and octasection refinement. These two refinement are introduced in order
to ensure the RT-H method is well defined. The result still holds for other refinements
as long as the hybridized mixed methods are well defined. For other refinements, we

refer the interested reader to [9] [16].

3.3 Proof

We begin by gathering a few, simple auxiliary results that we are going to use in the
analysis. We then establish a key connection between the residuals. Finally, we prove

the efficiency and reliability of the estimator.

3.3.1 Auxiliary Results

We are going to make use of the fact that the approximate solution u} can be approxi-
mated by a continuous, piecewise polynomial function @; in the post-processing space
Wy BZ4), B235). This will allow us to show that the quality of the approximation
can be controlled by the size of the interelement jumps of uy. The following result is

proved in [41], 54] for nonconforming meshes with uniform polynomial degree.

Lemma 3.3.1. For any wy, € Wj and multi-index o with || = 0,1 the following

approximation results holds: Let g be the restriction to I' of a function in W N HY(Q).



42
Then there exists a function wy, € Wi N HY(Q) satisfying wp|r = g and

> D% (wn —@n) i <C; Y he™ | [wn] |12

KeTy eEEfL

+Cj Y he g —wn |2

eegg
where the constant Cj = Cj(o,p, L).

We shall also use the following estimate for the error in the flux. The proof can be
found in Chapter 21

Lemma 3.3.2. For any function ¢ in H'(Q2), there exists a constant Cy 1, = C, (0, L),
such that

la = anll7, < Corlocsi(f,Tn) +15) — {(a—an) 1,9 = O)r,

where
g = Z g + Vo5
KeTy,

We also observe from the equations defining the hybridized mixed method (2.2
that the residual in the element are strongly connected with the residual across the

faces.

Lemma 3.3.3. It holds for any face e € Fy, that

he N Pato [upl 5 < Cs Y llan + Vg, flox,
Kew(e)
where Cy = Cs(o,p, L).
Proof. From the equation defining the hybridized mixed methods ([L2:2a)) and that
defining the post-processing ([B.2.0]), we obtain for each element K,

(Qh,'U)K - (’LL;;,V’U)K = _<ahav : n>8K7

for all v in the lowest order Raviart-Thomas space, RT(K). Integrating by parts, we
have

(gn + Vup,v)g = —(Up — up, v - Mok
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Now assume v € H (div,w(e)). Since uy, is single valued on the faces, summing over all

K € w(e) yields,
Y (@ +Vupv)k=— > (Gh—uj v n)p+ ([u],v)e.
Kew(e) FedK\e

Taking v € RTy(K), such that for each K € w(e)

/'v ‘n = /PMO [up] - m, for the face e,
e

e

/v-nzo, for all F' € 0K \ e,
F

we obtain

[ P o [ur] Hg,e = Z (an + Vup,v)k.
Kew(e)

The lemma follows from the Cauchy-Schwartz inequality and a standard scaling argu-
ment

lvllox < Cshe’*lv - lox.

This completes the proof. O

3.3.2 Proof of Reliability and Efficiency of the estimator

We are now ready to prove the reliability of the error estimator.

Theorem 3.3.1 (Reliability of the error estimator). Under the mesh assumptions

Ag, A1, Az and the boundary condition assumption B, we have that

la—ayllg7 < Conp.

where Cy is a constant depending only on the shape-regularity constant o, the mazimum

polynomial degree p and the level of nonconformity L.

Proof. We note that, by Lemma B.3.2) for any function ¢ in H'(£2), we have

la—anlld7, < Corlocsi(f,Tn) + 1) — ((a—an) 1.9~ )r.
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We now take ¢ :=aj € W;nN H'(Q), where, by the result of Lemma B3.1], the function

uy satisfies

Uy =g on I,

Do IV =) 5k <G Y bl Tun] 15

KeTy 6652

We immediately obtain that
((@—an) -m,g—¢)r =0,
by property (83.1al), and that

ng =Y llan+ Vi [I5 &

KeT,,
<D g+ Vi I3+ > IV (uf —a3) 1l x-
KeTy KeTy

Hence, by property (3.3.1D), we get that

< S Nan+ Vb I3 +C; S0 | Tuf] 1

KeT, ecy

Moreover, since

D h I Tl liRe <2 he 'l (1d = Pagy) [l 15,

ee&p ecép
+23 ) (Paty — Parg) [ ] 13,
e€Ey
+2 ) b I P g [un] 116 oxc
KeTy,

after applying Lemma B33 we get

Do h M [willige <27 he 'l (1d = Pagy) [wi] 15,

ee&p ecéy

+2 ) et (Pay — Pase) Tup] 13

e€ly

+2Cs| qp, + V uj, 15,7 -

(3.3.1a)
(3.3.1b)

(3.3.2)

(3.3.3)

(3.3.4)
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We conclude, from inequalities (.3.3]), (8.3.4)) and equation (3.3.2)), that

la —an 57 < Con.
This completes the proof. O

To complete the proof of Theorem B.2.T] it only remains to prove the following local
lower bound for the error || g — g, ||lo,w(e)- To do so, we denote The proof is carried out

in two steps. Our first goal is to establish the following lemma.

Lemma 3.3.4. For any face e € Fy,

Mon(€) +15n(e) < Cla = an 130 + | Vu—Vui 1§ a0)-
for some constant C = C(o,p, L).

Proof. Because of the orthogonality properties of the projections Py, and Py,

M n(e) +mip(e) == h' || (1d = Pagy) [up] 13 e + e 'l (Pazy — Pavto) [us] 115 e
= h ' (1d = Pavgo) [zl [13.,

and we see that we only need to show that

he ' (1d = Pavig) [uid 13.e < CUl g = @i 15 ey + | Vi = Vg 15 )

for some constant C' = C(o, p, L).

To do that, we start from the following equation:
(@ —qn v)x — (u—up, V-v)g = =(g; + Vup, v)k + (u—ujp, v - n)ok.

which holds for any v € H(div, ) such that v-n € L*(&,). Adding over all K € w*(e),

we have

S @-anvk— Y (w-up Vo) (3.3.5)

Kew*(e) Kew*(e)

= Z (qh+VU2,U)K+ Z <u—UZ,U'TL>6K\6+<[[U;;]],U>6-
Kew*(e) Kew*(e)
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where [uj] = (uj —¢) - m on I'. For the case of simplex elements, we take the vector

valued function v|g € RTp12(K) such that

(v, 7))k =0 for all 7 € Ppi1(K),

(v-n,p)p, = ((d = Pury) [up], wyp. for all p € Poya(Fe),
(v-n,uyp=0 for all p € Pora(F), VF € 0K \e,

for all elements K € v*(e) and v = 0 on w(e) \ v*(e). For the case of square and cube

elements, we take the vector valued function v|x € RTp12(K) such that

(v, 7))k =0 for all 7 € Y(K),

(v-n, wr, = ((Id = Prg) [upl, wrp. for all p € Qpia(Fe),
(v-n,up=0 for all p € Qpi2(F), VF € 0K \e,

for all elements K € v*(e) and v = 0 on w(e) \ v*(e) where

Po-1,p(K) X Ppp-1(K) for square,

P(K) =
Po—1,pp(I) X Ppp—1,p(K) X Pppp-1(K) for cube.

It is easy to see that for any K € w(e),

/ v-n=0,
oK

and that the divergence theorem gives us

/V-vzo.
K

Thus, from the equation ([3.3.5), we have that
Yo @—anv)r = Y (u—uj—Pw(u—up), V-0)x = ([uj], v)e.
Kewl(e) Ked(e)

Applying the Cauchy-Schwartz inequality, we have

1(1d = Pute) [wid 13 <Cp Y (g —an o + hi! | (1d = Puwg) (w = u7) flo.x)

Kew(e)

x (v llo,x +hxll V-vlox)
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where Pyy, is the Lo-orthogonal projection into the space of piecewise constants. Thus,

by the Poincaré inequality, we obtain

1(0d = Pay) [ur] 3e < Co > (g —anllo + 1 V(u—up) llo,x)
Kew(e)

x (v llo,x +hill V-v

lo,5)

Furthermore, a standard scaling argument gives us,

> (lvllox +hill V-vllox) < Cshi? v n o,
Kew(e)

for some constant Cs = Cs(o, p, L). Hence,

heV211(1d = Pag) [u = i loe < CoCs D (la—an llo + | Vu—uj)
Kew(e)

lo,5)-

This completes the proof. ]
Our second goal is to obtain the following estimate.

Lemma 3.3.5. For each element K € Ty, it holds that

'V (u = up)

lo.x <Cllg =gy llo.x-
for some constant C = C(o,p).

Proof. The inequality follows if we show that

lan +Vupllox <Cllg—anllox

In order to do that, we introduce the semi-norm for the vector variable g:

|qh|curl,K = sup (@1, VX d)K,
$eCEe(K),
I'vxeélo k=1

where C7°(K) denotes smooth functions with compact support in K. Now we show
that

@, + Vuyllorx <Claylewix < Clla—ap |ox-
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To prove the first part of the inequality, we begin by constructing, for each element

K € 7}, a reference element K with unit diameter by using the transformation map F

given by
z = F(Z) = hgZ + b.
Setting
up (@) := (@),
qn(x) := (DF~ g, (%) = hi'q, (@),
we have
Vi = h ! Vg,
VX ¢(z) = hi VX 6(%).
Since
/ @y + V uj|?de = hi? /A G, + VUi |2dz,
K K
/ 1V x 62z = hi? [ 19 x 32d7,
K K
and

/qh-Vx¢dx:h§l<2/Aah~€x$d§,
K K

we obtain that

lan+Voupllox =hi 1@, + Vgl 7. (3.3.6a)
d_q
|Qh|cu7’l,K = h[2( ‘qh|curl,l/€' (336b)

Moreover, from the equation defining the post-processing solution (B.2.0])
(g, +Vu;,, Vw)g =0
for all w € W*(K), we obtain that

hi (@, + Vi, Vi) = 0. (3.3.7)
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for all @ € W*(K).

Now our task is to show that
H ah + Va;kl HO,[A( S C‘ah’curl,k'

Since @, is in the finite dimensional space V(K), we only need to show that ||, +

%ﬂ*fl Ho,f( vanishes when ’ah|curl,f( = 0. In fact,
(@, VX D) = (VX Ty, 0z
for all ¢ € CP(K). Hence, (¢, V X 5)1? = 0 implies that VX g;, = 0 and g, = V¢
for some function {Z)\ in the post-processing space W,’{(IA( ). From the equation (B.3.7),
taking w = QZ — U}, we have
1@y, + Vi, [z =0
Thus, it holds

lan + Vg oz < Clanl 7 (3.3.8)

~

for some constant C' depending on the shape regularity o(K) and polynomial degree p.
Considering the family K (o) of all elements K with unit diameter, one vertex in the

origin and satisfying the shape regularity condition, we get by compactness that
C(o,p) == sup C(o(K),p) < oo
KeK (o)
Hence, the first inequality now follows from (3.3.8) and the scaling argument (3.3.6al).

To prove the second part of the inequality, we note that

(anX d))K = _(VU?VX ¢)K = Oa

and so
sup  (qp, VX @)k = sup (@ —qp, VX P)k.
$ECF (K), $eC(K),
Il VX llg =1 I'VvXaéllg r=1

Cauchy-Schwartz inequality yields

sup (4, VX @)k < |la—aqy
$ECH(K),
VXl g=1

0,K-

This completes the proof.
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The efficiency of the estimator immediately follows from Lemma 3:3.4] and Lemma
9.3.0)

Theorem 3.3.2 (Local efficiency of the error estimator). Under the mesh assumptions

Ag, A1, Az and the boundary condition assumption B, we have that, for each face e €
fh7

Cimp(e) < 11g = an 11§ (e

where Cy = Cy(o,p, L).

3.4 A concluding remark

Let us end this chapter by noting that our result also holds for the triangular Brezzi-
Douglas-Marini (BDM) elements, their tetrahedral counterparts of Brezzi-Douglas-Duran-
Fortin (BDDF) elements, quadrilateral Brezzi-Douglas-Fortin-Marini (BDFM) elements

and for the recently uncovered TNT elements for squares and cubes [3§].



Chapter 4

A posteriori error analysis for
HDG methods

4.1 Introduction

In this chapter, applying a similar idea used in Chapter Bl we present a unified a
posteriori error analysis for the HDG methods based on the general framework proposed
in [34], see Table

The chapter is organized as follows. In Section 4.2, we display the above-mentioned
conditions and present out main result. In Section 3] we apply it to several particular
cases and, in Section [£.4], we present its proof. We sketch the extension of our results
to nonconforming meshes in Section L3l Finally, we end in Section by presenting

several equivalent error estimators.

4.2 Main results

4.2.1 The error, its estimators and the main assumptions
The conditions on the approximate flux

Our main result provides upper and local lower bounds of the error

&, = a—a,ll7,

o1
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where @;, is any approximation of the flux in the space
Viy={veL?Q): vlgeV(K) VKecT,},
for some auxiliary local space V(K ), which satisfies the following two conditions:

Al: —(qp, V)7, +(q) - n,w)er, = (Pwf,w)y, Yw e Wi,
A2:  (qy,v)k + (up, V-v)g = (Up,v - N)yr Vv € RTo(K) VK € Ty,

where, on each element K, RTo(K) := Po(K) + xPo(K) is the lowest index RT space

and
Wi, = {w € Hy(Q) : w|g € P1(K) VK € T}
We also require that the space of approximate trace satisfies the following condition
A3: ([gn-n],pe =0 YpeMi,
where
Mi, ={ne CY(&) : pile € Pi(e) Ve € &}

Remark 4.2.1. The approzimation q,, in all our expected case, is an element-wise
post-processing of qy, qp and Vuy. In fact, if we take q; = q;,, condition A1l is
satisfied when W (K) D P1(K) thanks to the second equation defining the HDG method;
condition A2 is satisfied when V(K) D RTo(K) thanks to the first equation defining
the HDG method; and condition A3 is satisfied when M(e) D Pi(e).

Local post-processing of the scalar solution

Applying a similar idea used in Chapter B, we define the local post-processing as follows.

We are going to take uj in the finite dimensional space
Wi ={wel*K): wlgecW"(K) VK c T}, (4.2.1a)
where we assume that the local space W*(K) satisfies the following properties:

Po(K) € W(K), (4.2.1b)
{veV(K): Vxv=0}C VW K), (4.2.1¢)
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for all K € T},
We can now define u; as the element of the space W' determined on the element

K € Tp, by the following equations:

(u}"l,w)K = (uh, w)K Yw € Po(K), (4.2.2&)
(Vup, Vu)g = —(qp,, Vw)k Yw € W*(K). (4.2.2b)

It is easy to see that the post-processed solution uj} is well defined.

Remark 4.2.2. Note that the post-processing solution uj, is closely associated with the
approximation q;,. Indeed, when VX q; = 0 on K, by property (£2.1d), q;, has to be
the gradient of some polynomial in W*(K) and, by the definition of the post-processing
solution ujy, we must have that q;, = —V u; on K. In this sense, we say that —V uj
captures the gradient part of q;, locally. This property plays a crucial role in the analysis,

as pointed out in Chapter [3.

Remark 4.2.3. Note that for the RT methods, and for the choice W*(K) := Ppy2(K),
the post processed solution defined above is different from the one used in [58]. Indeed,
in [58], the solution uj is in the space W*(K) := Ppy1(K) and thus, property ([d2.1d)
does nmot hold in this case. Moreover, our post-processed solution uj s related to the

auziliary flux q, while uy in [58] is related to q;, only.

Remark 4.2.4. Note also that for the lowest index RT method, and for the choice
WH(K) = Pa(K), our post-processed solution uj coincides with the one proposed in
[71).

Data oscillation and error estimator

Using the post-processed solution v defined above, we construct the following estima-

tors:
mine) = hel [@lllz+ D WillPwf—V-a,l% (4.2.32)
Kely(e)
Ba(e) =h M (d = Pu) [l 12+ S 1@+ Vi [1%, (4.2.3h)
Kely,(e)

M n(e) == he ' || Pug [up] |12, (4.2.3¢)
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and introduce the data oscillation term

osch (£, Tn) ==Y hxl f—Pwfllk (4.2.4)

KeTh

Here, Py is the L?(Q)-orthogonal projection into the space Wy, and Py, the L?(Q)-

orthogonal projection into the space
Mo == {p € L*(9Th), 11le € Pole), for each face e € &,}.

Remark 4.2.5. Let us note that to prove lower bounds for n3,(e) and 13, (e), we have
to proceed in very different ways. This motivates the decomposition of h; Y| [u;] ||? into
the corresponding terms in 13, (e) and 13 ,(€).

4.2.2 The main results

In what follows, we use the notation ‘a < b’ to denote
a<Cb

for some generic constant C' depending only on the shape regularity ¢ and on the
maximum dimension of the local spaces V(K), W(K) and W*(K). We also use the
notation ‘a ~ b’ to denote

a=<b<a.
We are now ready to state our main results.

Theorem 4.2.1 (Reliability of the error estimator). Suppose that assumption B on
the meshes, assumption C on the boundary condition, and conditions A1 and A3 are
satisfied. Then

lq =@, |7, =i + osch(f,Ta),

where

M = Z (U%h(e) + ﬂg,h(e) + U?Q,,h(e))- (4.2.5)



55
Theorem 4.2.2 (Local efficiency of the error estimator). Suppose that assumption B
on the meshes and assumption C on the boundary condition are satisfied. Then, for

each face e € &y,

min(e) = Y lla—anlk + osci(f.Un(e)),
KGZ/{h(e)

male) 2 > la—anlk
KelUp(e)

Moreover, if q,;, satisfies condition A2,
n%jh(e) = ngyh(e) for all faces e € &y,

Thanks to these results, to derive a posteriori error estimates for any method fitting
in our general setting, we only need to specify the auxiliary space V(K), W*(K) the

approximate flux g; and verify conditions A.

4.3 Applications

4.3.1 Main Examples

In this section, we apply our main theorems to the methods described in Table [.2.2}
see Table .31

Table 4.3.1: The auxiliary flux g, and the auxiliary local spaces V(K) and W*(K).

Method @, V(K) W*(K) p

RT-H q; Ppo(K)+xPp(K) Ppia(lK) p>0
BDM-H qy Py(K) Ppri(K) p>1
LDG-H qj Pp(K)+xPp(K) Ppia(K) p>2
LDG-H q Py(K) Ppri(K) p>1
IP-H qj Py(K) Ppri(K) p>1
CG-H —Vuy Pp-1(K) Pp(K) p>1

Next, to establish the reliability and efficiency of the estimator 7} defined in (£25),

we only need to verify conditions A for all the methods considered in the table above.
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4.3.2 Verification of conditions A

RT-H methods

Condition A2 follows immediately from the equations defining the HDG methods (L2.2)).
For the case k > 1, conditions A1 and A3 hold due to (LZ2). For the lowest order

case, we observe that, since q;, := q;, and @j, - n := qy, - n, from (L.22]), we have

(V-gp,w) = (fn,0) Y € Po(Th),
( [[ah]]vwg;; =0 Vi € Po(EL).

Since V-q;, € Po(Th), fn € Po(Tn) and [q,] € Po(E}), we obtain V-gq;, = f5 and
l[gx] = 0. Thus,

(V-qp,,w) = (fn,w) Vw € Wiy,
<H6h]],u>gz =0 Vi€ Mf .
This verifies conditions A1 and A3.

Remark 4.3.1. For BDM-H methods, conditions A can be verified in a similar fashion.

LDG-H methods

For LDG-H methods, we propose two error estimators.

1. The choice q; := gj. To define g}, we follow the idea of [13] B7, 36] 35] and
use a slight modification of the RT projection [61]. Let the local space V(K) = P,(K).
We take g5 € V(K) = RT,(K) satisfying

(g3, v)k = (q1, V) K Vv € Pp_1(K), (4.3.1a)
(g), - m, e =(qy-n,pu)e Vp € Ppyle) for all faces e of K. (4.3.1b)

2. The choice gy, := q;,. The verification of conditions A is similar to that of RT-H

methods.

The IP-H method

In view of (L22), the conditions A can be directly verified.
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The CG-H method

Since up, = up, from (LZZal), we have q;, = — Vuy,. In view of W(K) D Pyi(K) for
any K € T, and My, :== My, D M{,, conditions A1l and A3 are automatically satisfied.

Here, we remind the reader that

Mg, == {u € C°(&) , ple € Pple)}.

To verify condition A2, we note that up = up and q;, = — V up,. As a consequence, we

obtain, by integration by parts, that
(@p, V) — (up, V-0) g = —(Up, v - n)sx

for any v € RTy(K) on K € Ty, and we see that condition A2 is actually verified.

4.4 Proof

In this Section, we provide the proofs of our main results, namely, Theorem [£.2.1] and
Theorem [4.2.2]

4.4.1 Proof of the reliability of the estimator, Theorem 4.2.7l

To establish the reliability of the estimator, we follow the approach proposed in Chapter
Bl

Preliminaries

We start by gathering two useful auxiliary lemmas.

Lemma 4.4.1. Suppose that conditions A1 and A3 are satisfied. Then there exists a
constant C, depending on the shape regqularity, such that

g —ay, |15, <Co(ni, + 5+ osci(f, Th)),

where

M= hklPwf—V-a,lk+ > kel [@] 2,
KeTy, eG&‘fL

2 : ~ 2
N5 = inf a,+VolF.
R I
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Proof. We have

lq—a, 7 = Z lq—a, %
KeTy

= > (@-@q+Veé—a, - Vo,
KeTy,

= > (@~ - VutVox— (@ a4+ Vo)x)
KeTy

= > ((V-(g=ay)u—9)kx — (u—¢,(q— @) n)ox

KeTy

- (q_(}}w(jh_‘_vqb)l()v

by integration by parts. Adding and subtracting Py f in the first term, we obtain that
lg—anl7 = > (Tik +Tox + Tk +Tun),
KeT,

where

Tk = (f —Pwfiu—9)k,

ok == (u— 0,4 -n)ox,

T3 i = (Pwf—V-qpu— o)k +(u—90,q, nox,
Tk ==(q9—qnan+V k-

Let us estimate keT, T,k By definition of Py f, we have that, for any constant

¢, we have that

Thg=(-Pwfiu—9¢—c)k
1 _
Ieh%(Hf— Pwfl% +ehillu—o—clk

1
< Ml f = Pw i I+ Crell ¥ (u—9) Ik,

<

by the Bramble-Hilbert Lemma, where C'; depends on the shape regularity constant o.
Thus,

1
T\ x < A;hi(n f=Pwflk +eCillg+Vo|%

1 ~ -
< hiI = Pwi & +2eCi] @+ Vol +2€Cillg - an [
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and so
1 ~
> Tix < p-osci(f,Th) +26Ci + 201 || q — @, Il (4.4.1)
KeTy,

Let us now consider > .7 T k. Since ¢ is continuous across the edges, we have

that
Y Tog=-> (g -nu-—dx
KeTy, KeTy,
:_<qn7u_¢>F
=0, (4.4.2)

since u = ¢ = g on the boundary T.

The estimate of > KeT, I3,k is the most interesting and is the only one that uses
conditions A1 and A3. To obtain it, we begin by noting that, after a simple integration
by parts, condition A1 reads

(@, —ap)  n,wor, = Pwf —V-q,,w)T, Vw € ch,hv
and, by condition A3 and transmission condition (L.2.3D)), we see that we have

—(qy, -n,w)s7, = (Pwf—V-q,,w)T, Vw € Wiy,

If we now subtract the left-hand side of the above equation with w := II(u — ¢), where
IT denotes the Scott-Zhang interpolation [63] into the space Wi, from the term T f,
we get that

T3k =Pwf—V-q,(d=1)(u—9¢))k
+ ((Id = ID)(u — ¢), @, - n)or\1-
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Note that since u = ¢ on I'; we also have that Ilu = II¢ on I'. Summing over all the

elements K € T, we obtain

Y Tax= Y Pwf—V-a,(d-T)(u—-¢)x

KeTy KeTy

+ Y ((d =1)(u— @), [@])or\r
KeT,

1

1 - -
S I Z Wil Pwf — V@, % + I Z hell [an] |12
KeTn 6652

+e > h2(d =) (u—¢) %

KeTh

ey bt (d =) (u—9) 12,

668;

by the Cauchy-Schwarz and Young inequalities. Finally, by using the trace inequal-
ity and the approximation properties of the Scott-Zhang interpolation operator II, we

readily get that

1 - 1 -
Y Tyi < = > BkIPw S —V-a, % + P > kel [anl 12

KeT, KET, ectl

+Cs¢(]l@gn+Volr +lla—a, 7).

This implies that

1 i
Y Tk < Iﬁn%,h + Caenf + Csellqg—a, |17, (4.4.3)
KeTy,

The estimate of ) ke, 1ok follows after a simple application of the Cauchy-Schwarz

and Young inequalities,

1 . -
Z T4’K§I€ Z @, +V ol +e Z lq — ay, Il

KeTy, KeTy KeTy,
and so
T, <i 2 —q, |3 4.4.4
> Tk < g +ella—anl. (4.4.4)

KeTh
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Using the estimates obtained in ({.4.1) to (4.4.4), we conclude, after few simple

algebraic manipulations, that
1 1 1
=2 2 2 2
Ilg — ay ”Th < 4—6030 (f,Tn) + 4?7717;1 + (2C1e+ Cse + Iﬁ)’%
+e(1+2C1 +Ca)llg - @ |7,

The result follows by choosing € small enough. This completes the proof of Lemma

441
O

To obtain a computable estimator, we can choose any computable continuous func-
tions ¢ in 74. On the other hand, ¢ has to be chosen carefully so that n4 gives an
accurate estimate on the curl part of the error. In order to choose a proper continuous
function ¢, we are going to make use of the fact that the approximate solution uj; can be
approximated by a continuous, piecewise polynomial function ;} in the post-processing
space Wy, [@.2TIal). This will allow us to show that the quality of the approximation
can be controlled by the size of the interelement jumps of uy. The following result holds

for nonconforming meshes with uniform polynomial degree.

Lemma 4.4.2 ([41, 54]). For any w, € W} and any multi-index o with |of = 0,1

the following approximation results holds: Let g be the restriction to I' of a function in

Wi N HY(Q). Then there exists a function w, € Wi N HY(Y) satisfying wp|r = g and
Y 1D (wn = @) 5 <C5 > b Twnl 112+ C5 Y kel g — wn |12
KeTy, e€Ey ec&f

where the constant C; = Cj(o, k).

Proof of Theorem [4.2.11

Now we are ready to prove the reliability of estimator, Theorem E.2.Il The proof is very
similar to that of Theorem 3.1 in Chapter [3l However, therein we only considered the
case of the RT method, not the wide variety of methods considered here.

We note that, by Lemma BZT], for any function ¢ in H'(Q) with trace ¢ = g on the

boundary I', we have

la—an |7, < Colocsi(f,Th) +nip+n3)-
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We now take ¢ :=u; € Wy nN H'(Q), where, by Lemma 4.2 the function uy, satisfies
aplr = g, (4.4.5a)

DoV —ap) Ik <6 > h | Tupl 112 (4.4.5b)

KeTy, e€ly

We immediately obtain that

np= Y lan+ V%

KeTy,

<2 > lan+Vauplx+2 Y | Vi, — ;) %
KeTy, KeTy,

<23 @+ Vil +2C ) h | il 12,
KeTy, ecly,

by property (£.4.5D). Finally, by the orthogonality property of the projection Py,

m <2 Y lan+ Vil +2C5( D 'l (1d = Pug) [ui] |12
KE'Th eeé’h

+ > bl Pug Tup] 112)

ecéy,

<C Y (mn+mn)

ec&p

and the result follows. This completes the proof of Theorem 211

4.4.2 Proof of the local efficiency of the estimator, Theorem [4.2.2]

To prove the efficiency of the estimator, Theorem 221 we show that each individual

estimator is bounded by the error.

Proof of the efficiency of the estimator 77, (e)

In order to prove the local efficiency of the first estimator we need to construct proper
test functions (associated with any given face or in the element) that will allow us to
localize the error analysis.

We construct them as follows. We define the bubble function in the element K as

Bg = Hfill Ai,where \; denotes the linear function defined in K which vanishes on the



63
i-th face and equal 1 on the ¢-th node. We also define the bubble function associated
to the face e as B, = H?ill)\i,where Aj vanishes on the face e. The auxiliary result we

]
are going to use is the following.

Lemma 4.4.3. Given a face e of an element K, and a function ¢ € Py(e), there exists

a unique function w € Ppiq(K) satisfying

w = Bet) on 0K, (4.4.6a)
(w,zI))K =0 Ve Pp_l(K), (4.4.6b)
lwllZ = hell |12 (4.4.6¢)

Proof. We first show that the number of degrees of freedom is equal to the number of

equations. Indeed,
dim(Py4q(K)) = dim(Py-1(K)) + dim(Pg, 4(0K))

where P, ,(OK) denotes all the polynomials in P, 4(9K) which are continuous on 0K.
Thus, to show the existence of such a function w satisfying ([£.4.6), we only need to
prove that w = 0 when Bey) = 0. In fact, Bet) = 0 implies that w|gx = 0. Hence, w
can be written as

w = Br¢
for some ¢ € P,_1(K). Now, taking the test function @ := ¢ in the second equation

(m, we get
/ Br¢? = 0.
K

From the equation above, we deduce that ¢ = 0 and hence that w = 0.
Finally, the estimate (4.4.6h]) follows from a simple scaling argument. This completes
the proof. O

With the auxiliary result just obtained, we are ready to prove the efficiency of the
estimator nih(e). We begin by obtaining a first estimate of the term associated with

the jumps of g;,.

Lemma 4.4.4. For any face e € &, we have that

hel [@nd 12 = > (la—anlk + k) f = V-aull%)-
KEU}—L(Q)
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Proof. For the boundary edges, lemma follows immediately because by definition [g;,] =
0.
For the interior edges, we begin by noting that, for any w € H{ (U (e)), we have

([an], we= > ((@—a) nw)ox

Keuh(e)

= > ((@=@ Vwk+ -V awk)
Kelp(e)

< > (lg—anllx +hell f = V- lx)
KEuh(e)

< (I Vwllx + hi'llw ).

According to Lemma 43| for each element K € Uj(e), there is a test function
w € Pprq(K) such that

w=B[q] ondK and |lw|x =< he/?|Be[an]lle:

Since this function lies in H{ (Up(e)), we can use it in the previous equation to obtain

/BJ%P5 S (la—anllx+hel f = V- 1)

Kely(e)

x it /2 || Be [an] e

by an inverse inequality.

The result now easily follows from the fact that

[#1ar = [ = [Bar

1/2 h;l/Q

and since hf}l he by the shape-regularity assumption on the meshes. This

completes the proof. O

We also need the following auxiliary result which we can prove in a similar fashion

by using the bubble functions introduced in Lemma .43

Lemma 4.4.5. For any element K € Ty, we have that

hxllPwf—=V-q,llx = C(llq — ap & + hxll f —Pw [ | x)-



Proof. We begin by noting that, for any function w € HJ (K), we have

(f - V‘(Ih,w)K = _(q - Qh’vw)K‘

Taking w = B (Pwf — V-q,), we get

/K Bi(Pwf —V-@,)? = —(q —@n V)i — (f — Pwfw)g
< (hilla—anllx + | f = Pwflx)
% (hicll Vwllk + | w k)
< (g —anllk + 11 f - Pwfllx)
x | Bk(Pwf—V-q,) |k,

by an inverse inequality and a standard scaling argument.

Finally, the estimate follows by noting that

1Pwf=V-a ik ~ (/K Br(Pwf —V-a,)*)"* = || Bk (Pwf = V-@) | x-
This completes the proof.

We can now easily see that

min(e) = hel (@l 12+ D bklPwf—V-a,ll%
Kelp(e)
= Y lla—anli+hkl f = Ve l% + bl Pwf = V-, %],
Kely(e)

by Lemma 44l And, by Lemma Z5]

male) = > [la—ayllk + il f = Pwflk]
Kelp(e)

= > lla—anlik + osci(f,Un(e)).
Kew(e)

This shows the efficiency of the estimator 77% ,(€e) as stated in Theorem E.2.2)
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Proof of the efficiency of the estimator 73, (e)

Lemma 4.4.6. For any face e € &y,

1(d = Pwmo) [url 12 = (I1g = @n 17, 0) + | Vo= Vg |17, )
Moreover, for each element K € Ty, we have that

lan+Vouyllx 2 llg—anlx

We refer the reader to Chapter B for detailed proofs of the above inequalities. Note

that, as a consequence, we have that
2n(€) = h M (1d = Pwg) [up] 112 + @y + V uj |17
UG e Mo/ LUR] lle an Up K
Kely(e)
<la—an i+l Vu=Vuplz o
<la=anli e +1an+ Vui iz, @

= H q-— [Ih Hg{h(ey

and this shows the efficiency of the estimator 13, () as stated in Theorem L2.2]

Proof of the efficiency of the estimator 73, (e)

To prove the efficiency of the last estimator, we are going to use the fact that, thanks
to the form of the equations defining the HDG method ([L2.2]), the residuals inside the

elements are strongly connected with the residuals on their faces.

Lemma 4.4.7. Suppose that condition A2 is satisfied. Then, for any face e € &, we

have

min(€) = he 1P [upl lBe = D 1an + Vo llx < 3(e).
Keuh(e)

The proof of this fact is is similar to that of Lemma 3.3 in Chapter Bl For the

convenience of the reader, we include a detailed proof.

Proof. Taking into account the first equation defining the post-processing v}, (£.2.2al),

condition A2 can be rewritten as follows:

((Njh,’v)K — (UZ,V-’U)K = —(ﬂh,v . ’I’I,>@K Vovce RT()(K).
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This implies, after a simple integration by parts, that
(@ + Vup,v)g =—(up —uj,, v -n)yk.

Now assume that v € H(div,Up(e)). Since uy, is single valued on the faces, summing

over all K € Uy(e) yields,

Yo @+ Vupvk=— > (Gh—ujv n)p+([ui],v)e.
Kely(e) FedK\e,
Keuy (e)

Taking v € RTo(K), such that for each K € Uj(e)

/v ‘n = /PMO [up] - m, for the face e,

e

/v'n—O, for all F' € 0K \ e,
F

we obtain

1P [l I = > (@ + Vuj, o).
Kéuh(e)

The lemma follows from the Cauchy-Schwarz inequality and a standard scaling argument
vl < b2 v-nox.
This completes the proof. O

This completes the proof of Theorem (4.2.2

4.5 Extensions

Let us end this paper by sketching the extension of the error analysis to nonconforming
meshes. To do so, we combine the approaches proposed in [41] for the IP methods and

in Chapter [3] for the hybridized mixed methods.

4.5.1 Notation and construction of the meshes

The mesh 7} is obtained from an initial conforming mesh 7;50) via a finite number of

refinement steps. Let ’El(n) be the conforming mesh obtained from 771(0) via n number
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of wuniform refinement steps. We define the level of K € Ty, as n if K € 7;l(n) and we
denote it as L(K) = n. Let Ty be the largest conforming mesh such that 7, can be
obtained from 7. We say an element T € Ty is the conforming parent of an element

K e T, if K CT. We also define the level of nonconformity as

We denote 07, as the set of faces of all elements K € 7;, and
Fn:={e € dTp, enNOK is a complete face of K if mg_1(e NOK) >0 }.

Fig. M5 lillustrates the faces in Fj, in two space dimensions. For every face e € Fy,
set n:=min{L(K) : K € Up(e) } and m := max{L(K) : K € Up(e) }. We denote

Wh(e) ={K1,Ks € 77l(n) : e is a shared face of Ky and K> }.

Figure 4.5.1: Example of nonconforming meshes I1

4.5.2 Assumption on the meshes

We make the following assumption on the meshes:

D : The level of nonconformity of Tr, remains bounded.
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4.5.3 A posteriori error estimates

Assuming that the HDG methods are well defined [34], our goal is to estimate the error

lg — q, ngh in term of the following estimator

mh=>_ (miale) +m3nu(e) +n3 x5, () +maenle)),

ecFp
where
min(e) = hell (@l 17 + Z Wil Pw f = V-ay Ik,
Kely(e)
mon(e) :=h ' (1d=Pumo) [upl 12+ > 1@+ Vuj %,

Kely,(e)
1.7, (e) = he | Pt [un] 2,
e (€) 2 = || (Pmg — Povto) [un] 2
Here, Py, is the L2-orthogonal projection into the space

Mo, = {p € L%(0T3), mle € Pole), for each face e € &},
and P4, the L?-orthogonal projection into the space

Mo ={p e L%(0Th), ple € Pole), for each face e € Fj, }.

Because of the nonconformity of the meshes, &£, is not necessarily equal to Fj. Note
that the estimator n,.n(e) explicitly captures the effects of the nonconformity on the

meshes.

Theorem 4.5.1. Suppose that the assumptions B and D on the meshes and the assump-

tion C on the boundary condition are satisfied. Suppose also that q;, satisfies conditions

Al and A3. Then
H q-—- qh H’ZT;L = nsz + OSC?LQC?,EL)’

and for each e € Fy,
mae) = Y lla—aylli +osci(f,Un(e)),
Kely(e)

M) +men(e) 2 D lla—a,lk-
KeWy,(e)
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Moreover, if q,;, satisfies condition A2, then for each e € Fy

35 7, (€) <15 (e).

4.5.4 Sketch of the proof

To establish the reliability and efficiency of the above estimator, we follow the lines in
the proof for conforming meshes. Since most of the results established in Section 4 can
be trivially extended to the case of nonconforming meshes, here we only emphasize on
the main modifications.

To prove the reliability of the estimator, we only need to check that Lemma [£.4.1]
Lemma and the proof of Theorem [£2.T] hold for nonconforming meshes. The
following modifications are required to extend the results in Section 4 to nonconforming

meshes:

e Lemma [£.4.2] can be extended to the nonconforming meshes . We refer the reader

to [41] and [54] for more details.

e To prove Lemma [ZZ1] we only need to construct an interpolation from H () to
the space of continuous piecewise linear polynomials W7, on the nonconforming

meshes T, satisfying

1. Iyp = 0 on the boundary T if ¢ € HZ ().
-2

2. Yker hi 10— |l < | V3.
To construct such an interpolation, we consider the Scott-Zhang interpolation on Ty,
where Ty is the largest conforming mesh such that 7, can be obtained from Ty. It is
easy to see that such an interpolation preserves the homogeneous boundary condition.
Moreover, let T' € Ty be the conforming parent of K € Tp,. In view of the bounded level
of nonconformity (Assumption C), we have

STl -y % < hp?| v — Ty |13

KcCT
where the hidden constant depends on the level of nonconformity. Invoking the approx-

imation property of Scott-Zhang interpolation on the conforming mesh 7z, we obtain

SoohZly Tk = Y h |y T |3 | Vo3

KeTy TeT
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This verifies the approximation property.
With these modifications, it is easy to check that these proofs hold for nonconforming
meshes as well.

On the other hand, to prove the efficiency of the estimator, we need to check that
Lemma .44 Lemma [£.4.5] Lemma Z.4.6] and Lemma 4.7 hold.

e For the proof of Lemma 4.6 and Lemma 4.7 on nonconforming meshes, we
refer the reader to Chapter Bl .

o Lemma [4.4.5 holds automatically because hanging nodes are not involved.
e We modify the proof of Lemma [£4.4] as follows.

Proof of Lemma[{.7.7. We consider the two neighbouring elements K+, K~ € Uy(e) for
each e € &.

If e is the shared face of K and K, as illustrated in Fig. EE5.] (middle), then the
results follows immediately from the conforming case.

Otherwise, e is a face of K, but not a face of K, as illustrated in Fig. FE5.1] (left).
In this case, we artificially divide K into smaller elements { K ;L } via several refinement

steps such that one of these smaller elements, denoted as Kf“ , shares the face e with
K~ as shown in Fig. 5.2 We set U (e) := {K~, K;"}. From the results of the

Figure 4.5.2: Example of an artificial refinement.
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conforming case and the fact that U (e) C Uy (e), we have

hell [@nl 12 = > (la—anlk + bkl £ = V-a, %)
Kewj (e)

< > (la=anlk +rklf = V-aulli)-
KGZ/{h(e)

This completes the proof. O

It is easy to check that Proposition [4.6.1] holds for nonconforming meshes as well.

4.6 Obtaining other equivalent estimator

In this section, we show how to deduce from our results, well known a posteriori error
estimates for mixed methods as well as new a posteriori error estimates for the LDG-H
method.

4.6.1 Equivalent Estimators

To do that, we introduce the following estimators:

mnle) = hel [@lellZ+ D> bkl VX a,l%, (4.6.1a)
KEMh(e)
M n(e) = hell (gy — @) -m 2. (4.6.1b)

The relevant relations between these estimators and the estimators used in our main

theorems are contained in the next result.

Proposition 4.6.1 (Relation between the error estimators). Assume that the assump-

tion B on the meshes is satisfied. Then, for each face e € &y,
Ma,n(€) = nih(e)v

If Qh =4y, then
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and for each K € Ty,

lan+VounllFe =Y et an —un |l2.
ecOK

Proof. The last two inequalities of Proposition ELG6.] were established in Chapter 2]

Lemma 3.3. Here, we only prove the first relation, that is

77% n(e) = Ui,h(e)-

)

The proof is carried out in four steps.

Step One
We begin by showing that
1@+ Vupb % = hikll VX @, [l

From the equation defining the scalar post-processing (£.2.2h), we note that V u} is
determined entirely by q;. Hence, it is easy to check that g, + V u} can be viewed as a
linear map of g;,. Since gy, lies in the finite dimensional space V(K), a standard scaling
argument allows us to conclude that we only need to show that || g, + V uj, |2 vanishes
whenever h% || VX @, ||% equals zero and vice versa.

Assume that VX q;, = 0. Then from the definition of uy, ({2.2), and the inclusion
property ([£2Id), we have q;, + Vu; = 0. On the other hand, if g, = — V uj, then
VXxq,=VXxVu, =0.

Step Two

Next, we show that
-1 *7 (12 * 2
he |1 (d = Pag) [unl 12 = Rell [V up]e |2
Since [u}] lies in a finite dimensional space, by a standard scaling argument, we only
need to show that if one term vanishes, then the other term vanishes too.
Recall that, by definition,
[Vui]e = (Vup)™ xnt +(Vu)” xn~
= (Vru))" xn™ +(Vru))” xn~

= Vr((uy)" = (up)7) xn',
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where Vi denotes the surface gradient on the face e. Thus, if [V u;]; = 0 on the face
e, then Vr((u;)*T — (u})”) =0 and so (u})" — (u})~ is constant across the face. This
implies that (Id — Pw,) [uj] = O therein. On the other hand, if (Id — Py,) [u}] = 0,

then (u})* — (u})~ is constant on the face e. Hence we have [V u}]; = 0.

Step Three

Let us now show that nih(e) = ng’h(e). Since

nih( ) := hell [@n]: 1?2 + Z hill VX g 1%
Kely(e)

<hell [@nle 12+ Y lan+ Vi ll,
KGuh(e)

by Step one, we only need to show that
hell [@n]e 7 =2 h M 10 = Pug) [l 12+ Y ll@n + Vo, % =: 3, (e)-
Keuh(e)
To do that, we add and subtract V u;, and apply Cauchy-Schwartz and the triangle
inequalities to get
hell [anle 112 < hell [V uide 12 + hell [@n + V ui]e |I2
< he | (1d = Pag) [up] 12 + hell [@n, + V uple |12,

by Step Two. Then, by a standard scaling argument,

hell [anle 12 2 M (1d = Pug) [uil 12+ )0 1@n + Vi Ik,
Kelp(e)

as wanted.

Step Four

It remains to prove that n%,h(e) = ni’h(e). Since

nn(e) = h I (1d = Pw) [ii] 12+ Y ll@n + Vi Ik
Kely(e)

< hell [V ui]e |12 + Z hill VX ap 1%
Kelp(e)
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Adding and subtracting g, in the first term, we get

he I (1d = Pug) Tup 112 = hell [@nde 12 + hell Tan + Vil |12

< hell [anle 2+ D2 lan+ Voui i
Keuh(e)

< hel Tanle 2+ Y Wil Vxanllk,
KEZ/[}L(C)

by Step One. This completes the proof of Proposition [£.6.1]

Now we are ready to recover a well-known result for the mixed methods.

4.6.2 The mixed-H methods

Whenever we have that g, := q;, we say that the method defined by our general
formulation is the hybridized version of a mixed method and we refer to it as a mixed-H
method. The main examples are the well known RT and BDM methods. For any of

these mixed-H methods, we have the following result.

Corollary 4.6.1. Suppose assumptions B and C are satisfied. Suppose also that
V(K) D RTo(K) and W(K) D Pi(K) for all K € Ty, and that M(e) D Pi(e) for
all e € E,. Then for mized-H methods, we have that

la—anll7; = D min(e) +osch(f, Th)-
ee&y

Moreover, for each face e € &,
mae) = Y. la—aylik,
Kely(e)
where
min(e) = hell lande 12+ D hicl Vxay -
Kelp(e)

Remark 4.6.1. The corollary recovers the well known result of [6] by A. Alonso. Note,
however, that, while the estimate of [6] was established only for d = 2 space dimensions,

the above corollary shows that the estimate actually holds for d = 2,3 space dimensions.
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4.6.3 The LDG-H method

To end, we propose several a posteriori error estimates for the LDG-H method based
on different choices for g;,. We also obtain an a posteriori estimate for an energy-like

norm.

The choice g, := q;,

Corollary 4.6.2. Suppose assumptions B and the boundary condition assumption C
are satisfied. Suppose also that P1(K) C W(K), P2(K) C V(K) for all K € Ty, and
that P1(e) C M(e) for all e € &,. Then for the LDG-H methods, we have that

la— a7 = D minle) +osch(f, Th)-
ee&p

Moreover, for each face e € &,

male) = > lla—a;l%,
KEZ/{}L(G)

where

nin(e) = hell [aile |12+ > bkl Vxaj |-
Keuh(e)

The choice g, := g,

Corollary 4.6.3 (Estimate of L?-error). Suppose assumptions B and C are satisfied.
Suppose also that V (K) D RTo(K), W(K) D P1(K) for all K € Ty, and that M(e) D
Pi(e) for all e € &,. Then for the LDG-H methods, we have that

la—an 17 = (D ninle)+ D nin(e) +osch(f, Th).

eceéyp ecép

Moreover, for each face e € &,

mn(e) +mine) X Y lla—apllk+osch(f,Un(e)),
KEuh(e)
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where

nin(e) = hel land 12+ Y Wkl Pwf—V-ay i,
KEuh(e)

nin(e) = hell lanle |12+ Y bkl VXl
Keuh(e)

To end, we also derive an a posteriori error estimate for the following energy-like

norm

Ej = q—q, ngh + Z hell (qr, — @) - |12,
e€ly

where [ is some given parameter.

Corollary 4.6.4 (Estimate of an energy-like norm). Suppose assumptions B and C are
satisfied. Suppose also that V (K) D RTo(K), W(K) D P1(K) for all K € Ty, and that
M(e) D Pi(e) for all e € &,. Then for the LDG-H methods,

Ej < (Z nin(e) + Z n3n(e)) + osci (f, Th)-

e€&n e€&p
Moreover, for each face e € &,
ma(e) +male) 2 > lla—aylk + Bhell (@, —an) - n 2,
KeUp(e)

where

Win(e) = hell lande 2+ D hicll Vxay %,
Kelp(e)

Ug,h(e) = hell (@, —qp) -7 Hg



Chapter 5

Convergence and quasi-optimality
of AHDG methods

5.1 Introduction

In this chapter, we establish the convergence and optimality of the AHDG methods for
the model problem ([LI.Tal) with homogeneous boundary condition, that is, g =0 on T".

Let us briefly comment on the main difficulties to prove these results. A usual
ingredient to establish the convergence of adaptive methods is an orthogonality identity
involving the energy norm. Given the structure of the HDG methods, such property
does not seem to be readily available. On the other hand, given the similarity of the
HDG methods and the mixed methods, we could instead use a quasi-orthogonality
property as done by Chen, Holst and Xu [31]. Unfortunately, unlike mixed methods,
the approximate flux g;, is not H (div,Q)-conforming and extra effort is needed to be
able to suitably control the nonconforming part of g;.

The main difficulty to prove the optimality is to establish a “discrete” upper bound
for the a posteriori error estimator. While such an estimation was established by Chen,
Holst and Xu [3I] for the Raviart-Thomas mixed methods in the case bidimensional
case, no results are known for the tridimensional case. Our approach to overcome this
difficulty is to use an auxiliary estimator proposed in chapterd. The construction of such
an estimator is based on an element-by-element post-processing of the scalar variable

which is closely associated with the flux approximation g;. Thanks to the auxiliary
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estimator, we are able to establish a localized upper bound for the multidimensional
case.

The rest of this chapter is organized as follows. In Section 2, we describe the AHDG
methods and state and briefly discuss out main results, namely, the contraction of the
quasi-error and the quasi-optimality of its rate of convergence. In Section 3, we provide
a sketch of the proofs of these results in order to render clear their main steps. We
then provide the corresponding detailed proofs in Section 4, for the contraction of the

quasi-error, and in Section 5, for the quasi-optimality of its rate of convergence.

5.2 Main Results

5.2.1 Adaptive Procedure

We use the adaptive procedure consisting of the loops of the form
SOLVE — ESTIMATE — MARK — REFINE. (5.2.1)

Let {7i}x>0 and {g;}r>0 be the meshes and the corresponding flux approximations
obtained from the iteration above, respectively. Set fr = Py, f, where Py, is the
L? projection into the space Wj. Next, we discuss each of these four modules in the

following subsection.

The Module SOLVE

Given a mesh 7T, the module SOLVE seeks an approximation (qy, ug, uy) satisfying the
discrete HDG formulation (22):

SOLVE(fk, Tk) = (Qp, Wk Uk)-
We make the following assumptions on the stabilization function 7x on each K € Ty:
A1 The parameter 7x is a positive constant on 0K.
A2 If K DT € Ty, then 70 = 7.

A3 17ihig < C; for some constant C..
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Let us point out that the first assumption is not absolutely necessary, but allows

us to simplify the proofs by relating liftings of the residuals on the boundaries of the
elements to the residuals in their interior. Indeed, thanks to A1, we can show the

equivalence

hicll @ — ar) - m |35 = Wk PJWk(fk ~V-q) % (5.2.2)
+ T b | Py, (ar + V k) Ik,

see Lemma [5.6.1l Here, we denote P\L,k = (Id — ka) and PJWk = (ld— PWk) where Py
and PWk are the L? orthogonal projection onto the space

Vi :={veP,_1(K) for all K € Ty}, (5.2.3a)
Wi := {w € Py_1(K) for all K € Ty}, (5.2.3b)

respectively. Thanks to this equivalence, the residual on the faces can still be evaluated
on a refinement of 7 even though g, may not be defined on the new faces.

The second assumption states, roughly speaking, that the elements inherit the value
of 7 from its 'parent’. This assumption is consistent with the a priori bounds obtained
in [35, B8] which state that optimal converge for the energy norm are achieved whenever
the functions 7 and 7! are positive and uniformly bounded. Note also that if the third
assumption is satisfied for the initial mesh 7y, it is automatically satisfied by all the

meshes thanks to the second assumption.

The Module ESTIMATE

Given the data f, a mesh T and the approximate solution (g, ug, ux) = SOLVE( fx, Tk),
the module ESTIMATE outputs the error estimator

ESTIMATE(f, gy, Tr) := {C*(f, @p. K) } ke,

defined by

C(f a5 K) = i@y K) + G (£ ai, 0K), (5.2.4a)
where

Court (A K) = hic| VX a5 + | [aile 13 (5.2.4b)

Cain(f @i K) = Tichie|| (1d = P )ag [l + Rl (1d = P ) f 1% (5.2.4c)
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It is easy to see that the estimator (., gives a measure of how close is g; to being a
gradient. It is less obvious to see that the estimator (g4;,, measures how close is g, to
H (div, ) and how well fj captures the source function f. Let us argue why this is the
case. By the orthogonality property of the L?-projection Pw,, we have that

Wil (1d = Py ) f I = hicll (1d = P ) fie & + Rl f = fe Il

where fi, := Py, f. Thanks to the equivalence (5.2.2]), we see that

Cgiu(f, Qi K) ~ hi || (G, —qi) - ||52)K + h%{” f—= T ||%<

Now we see that the first term on the right hand side measures how close is g;, to
H (div, ) and that the second term measures how well fj captures the source function
f. Note that the term h2|| f — fx ||% is usually called the oscillation of f in the element
K. In previous work, this term has been treated separately from the error estimator
whereas here we completely incorporate in it.

It is interesting to note that if we formally set q, = q;, the estimator (5.2.4al)
is nothing but the well known estimator for the mixed methods proposed by Alonso
[6]. This is a reflection of how strongly related are the HDG and the mixed methods.
Moreover, from the equivalence (5:2.2)), we see that the fact that the interelement jumps
of g;, are not zero is caused by the fact that fr € W), and q;, € Vi, whereas V-gq,, € Wk
and Vu, € 17k, as well as by the fact that P#kak is not equal to zero.

The Module MARK

The module MARK selects a subset M from the mesh T according to the error
indicator {¢*(fqy, K)} ke, and a suitably defined marking strategy. Here, our marking
strategy is based on the so-called Dorfler marking [40]. We define it next.

Given the mesh 7y, the indicator {¢*(qy, i, K)} ke, and the parameter 6 € (0, 1),

the module MARK selects a minimal subset
MARK(07 77€7 {CQ(fa qi, K)}KETIC) = Mka
satisfying

0 C*(f, a5 Te) < C(fs ap Mi)- (5.2.5)
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The Module REFINE

Given a conforming mesh 7, and a marked subset My C 7T, the module generates a

conforming mesh Tz11 > T,
REFINE(Tg, Mg) := Tet1-

In this paper, the module REFINE is based on the newest vertex bisection algorithm
[16, 66l 48]. Given a conforming mesh Ty, the algorithm divides a given element K € Ty,
into two children upon joining the midpoint of an edge with the nodes off such an edge.
The choice of the refinement edges depends on a labelling associated with the initial
mesh 7Ty only, see [16] for d = 2 and [44], 48] 67] for d > 2. A simple but crucial

observation is that for each children T of an element K, we always have that
hr <rhg (5.2.6)

where r € (0,1) is the so-called diameter reduction factor.
Next, we list two important properties (P1 and P2) of the newest vertex bisection

algorithm.

P1. The newest vertex bisection preserves the shape reqularity property, that is,

hx/pr < o,

for any element K € Tiy1 := REFINE(T;, My) (each element in the marked set My, is
refined at least once), where o denotes the shape regqularity constant and py the diameter
of the largest ball inside K.

We also note that refining a marked element may create hanging nodes on the
faces. Thus, to ensure conformity, additional elements need to be refined once or several
times. The newest vertex bisection guarantees that the cumulative number of the added
elements is controlled by the number of the marked elements [16, 67, 48]. This property

is more precisely stated below.
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P2. For any initial conforming mesh Ty, the newest vertex bisection generates a
sequence of meshes {Tj }i>0 satisfying

k—1
#Te — #T0 < Yo Y _ #M,,
j=0
where Yo is a constant depending only on the initial mesh To and dimension d, and
where #S denotes the cardinality of the set S.

Finally, let us introduce some notation. We denote T as the set of all conforming
refinements of an initial mesh Ty via the bisections. We write T < Tpy1 to denote
that the Ty is a conforming refinement of 7 via bisection. We define the refined set
RT,—Tp1 i Tr as Tp \ Teq1 and the set of new elements N7, 7, ., = Ti41 \ Tr- Note
that since each marked element is refined at least once, we have M, C R, and note also
that each element T" € N1 has a corresponding element K € Ry, such that T' C K.
And we say K is the parent of T. To simplify the notation, hereafter, we use R; and

Ni41 to denote Ry, 7, 4, and N7 .1 respectively, when it causes no ambiguity.

5.2.2 Convergence and optimality

We are now ready to state and discuss our results on convergence and quasi-optimality
of the AHDG method.

The energy error, the error estimator and their modifications

The quasi-error is the sum of an energy-like norm and the error estimator. Here, we

define the energy norm as

ek = lla = ai %+ G (f ar, To), (5.2.7)

for some constant v > 1.

The following example provides a motivation of the above definition and illustrates
one of the difficulties in establishing our convergence results. Let the domain 2 be a
single equilateral triangle in two space dimensions and let the exact solution u be the
linear function equal to 1 on two nodes and to —1 on the remaining node, see Fig. 5.2.11
Set (qq, uo, Up) := SOLVE(f, 7o) with p = 0 and 7% = 1 on all three edges. A simple
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u=-1
00:0 =9 UOZO
Ug = 1/3
u=1 Og=1 u=1

Figure 5.2.1: An example shows unsual phenomena of HDG methods

calculation shows that gy = q. However, we also have that

Cc%iv(fa dg, K) 7& 0.

Moreover, if 77 is a refinement of T obtained by bisecting the edge at which v = 1, it
can be easily checked that || g — g, ||a # 0.

This example reveals two unusual phenomena of HDG methods. First, the fact that
| g—a, |l = 0 does not imply || g—g.; |3 = 0. Second, a lower bound for || g—gj,. 1 |3
in terms of (3, (f, 4y, Tx), which is a key ingredient for the optimal convergence rate, is
not available for the HDG methods. These two facts suggest the inclusion of the term
Caiv as part of the energy norm above. Our analysis also shows that this energy norm

is closely associated with the HDG methods and comes out naturally in the analysis.

Contraction and quasi-optimality for the modified quasi-error

Theorem 5.2.1 (Contraction of the quasi-error). Assume that the Assumptions A1,
A2 are satisfied and that A3 holds for some C; € (0,C%), where C¥ depends only on
the shape regularity constant o, the polynomial degree p, the diameter reduction r and
the marking parameter 8. Then there exist positive constants 3, and o < 1 depending

on o, p, r, 0 such that

e+ B anTe) < afefyy + 8 G @y, Tern) )
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The actual constant CF can be easily determined in the proof of this result; see the

inequalities (5.3.1a)), (5.3.10), (5.3.3), (5.5.1) and (5.5.7).

To state the quasi-optimality result for the let AHDG method, we need to introduce
the approximation class As. Let Ty C T be the set of meshes with at most N more

elements than 7o:
Ty :={TeT, #T—#To < N}.
Given a flux q, the quality of best approximation in the set Ty is given by

e?(N; f,q) = _inf e}

The€TN
We define the approximation class Ay as
As :={(f,q) , sup N°e(N; f,q) < oo}, (5.2.8)
N>0
and if (f,q) € As, we define
|(f, @)|.a, == sup N°e(N; f, q). (5.2.9)

We are now ready to state our main result.

Theorem 5.2.2 (Quasi-Optimality). Let the assumptions of Theorem [5.21 hold. Let
g € H(div,Q) be the solution of the continuous problem. Let {(Tg,qy)}k>0 be the
sequence of meshes and discrete solutions generated by AHDG. If the marking parameter

0 lies in (0,60.) for some suitable constant 6, and if (f,q) € As, then we have that

ex =X (#Tw —#7To) "

5.3 Sketch of the proofs of the main Theorems

In this section, we present the proof of the contraction of the loop of the AHDG method,
Theorem (B.2.1] and the proof of quasi-optimality of the method, Theorem Since
the proof is rather long and quite technical, all the auxiliary lemmas are here stated
without proof. In this way, the main features of the proofs become more transparent.

Detailed proofs of the auxiliary lemmas are presented in the remaining of the paper.
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5.3.1 Proof of the contraction property of the AHDG method

Here, we prove Theorem (. 2.1l We proceed in several steps. In what follows, C;,
1 = 1,2,3, denote constants that depend only on the shape-regularity constant of the

elements, o, and on the polynomial degree p. We also set
AM=1—r andA:=1-72

where 7 is the diameter reduction factor, see (5.2.6]).

Hereafter, to simplify the notation, we use

Cc%w,k:(sk) = ng(fa qr, Sk), Cgurl,k(sk) = <c2url(qk7 Sk)s

and CZ(Sk) := C3(f, i, Sk), for any subset Sy of the triangulation 7.

Step 1: The quasi-orthogonality property

We begin by trying to relate the L?- error in the approximation of the flux on a given
mesh to the L2- error in the approximation of the flux on an arbitrary refinement. The
result is commonly referred to as the quasi-orthogonality property. It only depends on
the properties of the HDG method.

Lemma 5.3.1 (Quasi orthogonality). Let Ty+1 and Ty be any two nested meshes with
Ti < Tey1- Assume that A1, A2 and A3 are valid. Then, for any positive parameter
d2 € (0,1), and for any € € (0,1/4), we have that
2 2 1 2
1q — G116+ Civgor1 (Thr1) + m” qr+1 — 9k 1o

1
< :H q— a5+ (14 82) v (G i (Th)

provided that the constant Cr in A3 satisfies

C;
CQ

IN

1, (5.3.1a)

€
. 5.3.1b
2C4(1+ 65 A1) ( )

IN

Here,

Pp— C4
T Ae(1 —e€)(1+d2)

(5.3.2a)
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Let us now describe the basic idea of how to use this result to prove the contraction

property. Note that if we formally take € = d9 = 0, the lemma above implies
2 1 2 2
Ck+1t §|| Q1 — 9k | < €
This suggests that we should prove the inequality
1
§|| Qi1 — 45 ||?2 > (1 — a)ei for some « € (0, 1),
since then we would immediately get that

However, the above lower bound for || g1 — g, ||3 may not hold, as was shown for the
case of the continuous Galerkin method in [47]. To overcome this difficulty, we follow
the approach introduced in [30] and obtain an lower bound for || g, — gy [|3 Which

also involves the estimators ;41 and (, as we show next.
Step 2: The estimator reduction

Here, we obtain our lower bound for | g1 — q; ||%-

Lemma 5.3.2 (Estimator reduction). Let A2 and A3 be valid. Then there ezists a

constant Cs such that, for any 61 > 0, we have

1

2(17_6)” Qi1 — k|18 =BG (Trrr) — BA+ 60){G(Te) — MG (Ri)

where B = 1/(2C3(1 + 01)(1 — €)), provided that the constant C. in A3, satisfies

C? < —Cs. (5.3.3)

DN =

Note that, if we insert the above upper bound into the quasi-orthogonality inequality
of Lemma [£.3.1] we readily get that

1q = @i 18+ (O + B)Chinri1 (Tir1) + Bt s (Test) + Oty
1
< :H a—q, &+ {71+ 62) + B(L+ 61)}Giu 1 (Tk)

+ B(l + 51)C§url,k’+1 (77<I)7
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where
Opr1/2 1= B(1+ 61) A CGH(Ry).
We can now see that we need to show that the so-called error reduction term Oy /9

contains a fixed amount of each of the three terms on the right hand. In fact, we are

going to show that
2e

T :=0Ok112 —

+ (2962 + BO1(L + 61)) Cio & (Tk) + B (1 + 61) o 1 (Ti) }
>0

with the parameters €, §1, d2 and 6 properly chosen.

Step 3: The Dorfler property

To do so, we first relate the error reduction term Oy /o with the term C,%(’]}) This is
achieved by using the Dorfler marking strategy, (5.2.5]), and the fact that My C Ry,

0 (*(Th) < C*(Mi) < C(Ra). (5.3.4)
Inserting the upper bound of this result in the expression for T', we get

T > 0B(1 + 61)ACE(Tr) —

- {2’752 + /861(1 + 61)}<c2lw,k(77€) + 651(1 + 51)C02url,k(77€)
=T+ 15+ T;.

where

T - )\—05(1 + 8)CH(T) = 5181+ 1)1 (Th),

06A(1+ 6 2
IPRES M%( )—illq—qk\l?p
95A(1+51)

T3 := Ck {2’752 —+ ﬁél 1 + 51 }de k 77@)

Our next goal is to show that each of these components of T' is non-negative. Let us

show that we can have T7 > 0 by suitably choosing the parameter §;. By definition of

Ce(Tx), (B-Z4al), we have that

A0

T > (Z - 51) B( +51) Ccurlk(n):
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if we set
51 = A 0/4

Now let us show that we can have T3 > 0 by suitably defining the parameter 2. By
definition of (x(7x), (5:2.4al), we have.

OBA(1 + 1)
2

T > { — 2v6y — 361(1+61) } ng,kz(ﬂ)

_ {(% —51) B(1+61) — 2962} o i (Th)

= 27{(@ B(1+061) — 62} ng’u,k’(ﬁ)

>0

)

provided we take
A202A 1
6’1}§ 06( +51)>\’
48C3C4 8’7
by the definition of § and 7. It remains to ensure that 75 is nonnegative.

09 := min{

Step 4: The reliability of the error estimator

To do so, we use the reliability of the error estimator.

Lemma 5.3.3 (Reliability of the error estimator). There exists a constant C; = C1 (o, p)
such that

la - a & < CLéi(Th).

Thanks to this estimate, we can now write that

OBA(1+01)  2e
4 1-—

> - C1) G(Th),

and we see that Ty > 0 if
OBA(1 + 61) S 2¢
401 - 1—6'

Using the definitions of 3, we obtain, after some simple algebraic manipulations that

the above inequalities hold if we take

T AP S |
€ = min 748C36’1’4 .

This completes the proof of the contraction result of Theorem (.21
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5.3.2 Proof of the quasi-optimality of the adaptive HDG methods

The proof of this property can be carried out in a single step as follows.
By the property P2 for the complexity of the refinement, we have that

k-1

#HTi— #To < To Y #M,.

=0

To continue, we are going to use the following property of the refinement.

Lemma 5.3.4. Let (f,q) € As and My, = MARK(6, Tx, {C(K)}) with 6 € (0,0,) for

some suitable 0. Then, the following estimate holds,

1

_1 1
#My < (2p) "= [(f @)l a6 "
for some constant p.

Hence, using the above result, we get that
k 1
AT —#T <Y e, °,
i=1

_1 1
where C = Yo(2p) 2 [(f, q)| 4, -
Finally, by the contraction property of the quasi-error, Theorem [(.2.1] we obtain

ko1, c, 1
#E_#%SC*ZGJCSOZES 1ek;s7

i=1 l—as

and this readily implies that
e < C(#Tk — #To)"

This completes the proof of the quasi-optimality result of Theorem [(£.2.2]

5.4 Completion of the Proof of the quasi-optimality prop-
erty
In this section, we complete the proof of the contraction of the adaptive HDG method

given by Theorem by proving the estimator reduction property, Lemma [5.3.2, and the
quasi-orthogonality, Lemma [5.3.11
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5.4.1 Estimator reduction

The estimator reduction property of Lemma (3.9 follows immediately from the next
lemma after applying condition (5.3.3]) on C..

Lemma 5.4.1. We have

Civtr (Tea1) = (L4 S0 {CGi0 1 (Th) = Ak (Ri)} < (1407 )CZ [l — @iy [

.1
Cc2url,k+1(77€+l)_(1 + 51){C3urz,k(77c) - /\CCQurz,k(Rk)} < (1+6; 1)5C3 Ilax — @psa 1B

Proof. Let us prove the first inequality. Let T be any element in 7;y1. Then, by the
definition of (4, (5.2.4d), we obtain, after a straightforward application of the triangle
inequality, that

[Caivk+1(T) = Caiw i (T)| < 7rhel| Py, (@) — @rsr) I
< 7rhr| gy — qria |7

< Crllay — @y lr,
by Assumption A3. Using the simple property
a? <A+ +(1+61c? ¥6>0 provided |a—bl<ec,
with a := (giv k+1(T), b := Caivx(T), and ¢ := Cr || g}, — qj41 |7, we obtain that
Groir (1) < (14 6)Cu 1 (D) + (14+57)C2 | @y — g [
Summing over all the elements T' € T;11, we get that

Cc2lw,k+1(77c+1) -1+ 51)C§iv,k(77€+1) < (1467HC% | g — Qi1 I3

Since
Clion(Thr1) = Clio i (Tost O Tk) + G e (Ni1)
< Gion(Tosr N Te) + 77y k(Ri) - by B28),
= Civn(Te) = (1 = 1) G 1 (Ri),
we have

Civkat (Torr) = (L4 00{CG & (Th) = AGGiu ik (Ri)} < (1+67)CF | @y, — @y I
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where, by definition, A = 1 —r2. The first inequality follows after dividing by (1 + &; 1)
on both sides.

Let us now prove the second inequality. Let T be any element in 7;y1. Then, by

the definition of (.., (B.24d), we obtain, after applying the triangle inequality, that

|Ccurl,k+1(T) - Ccurl,k(T)’ < V C3/2 H qr — 41 HT7

by using standard inverse inequalities. We can now proceed as before to get

) C
—1 Cort @iy 1> Tow1) — 61{Curt (@ Ti) — A (@i Rie)} < = @, — Gyt |-
(1+61) 2

This completes the proof of Lemma [5.3.2] O

5.4.2 Proof of the quasi-orthogonality inequality

Now, we provide a proof of the quasi-orthogonality inequality of Lemma B3 Our
approach is based on exploiting the similarity of the HDG methods and the mixed
methods. Indeed, using the identity

la — qryq 16+ 1] 91 — 9k 12=4a- a3

which holds provided the orthogonality condition (g — gy 1, qx1 — qr)o = 0 is satisfied,
Chen, Holst and Xu [31] established a quasi-orthogonality inequality for mixed methods.
Our strategy is to mimic this idea in the framework of HDG methods.

Step 1: A key orthogonality property

However, due to the fact that the approximate flux q;, is not H(div, 2)-conforming, the
above-mentioned orthogonality property does not hold for the HDG methods. In order

to overcome this difficulty, we are going to use the following result.

Lemma 5.4.2. We have
(@—qpi1,v)o=0 Vove H(iv,Q) NV with V-v =0.
Proof. After a simple integration by parts, we get that

(@,v)7, = (0, V-0) 7, — (u,v-n)a7 ., Yo € V.
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Subtracting the first equation defining the HDG method (L22al) from the equation

above, we obtain

(q - dr+1s ,U)’Tk-&-l = (u — Uk+1, V- 'U)Tk-u — (U — Upy1,v - n>877€+1-

Since the trace u — upyq is single-valued in the interior edges and vanishes on the

boundary I', we have
(@ — Gpy1,v)0 = (U — ug41, V- )7, — (U — Ups1,v - m)r =0,
for all v € H(div,Q) N V41 with V-v = 0. This completes the proof. O
Next, to be able to apply this property to derive a quasi-orthogonality, we construct
an H (div, Q)-conforming approximate flux by using a local post-processing.
Step 2: Post-processing

We define a post-processed flux g by using a slight modification of the Raviart-Thomas
projection [61]. We take q; € RT,(K) satisfying

(@5, )k = (qy, V) K Yo € Ppoi(K), (5.4.1a)
(g -m, e =(qy -n,p1)e Y € Pp(e) for all faces e of K. (5.4.1Db)

It is worth mentioning two useful properties of the post-processed flux qj. First, g
belongs to H (div, () because the transmission condition (L2.3h) strongly enforces the
single-valueness of the normal component of @, across the faces. Second, we have

V-q; = fr. This follows immediately from the second equations defining the HDG

method (L.2.20),
—(q;, V), + (g5, - n,w)ar, = (fyw), Yw € Wy,

after a simple integration by parts.

Step 3: Intermediate solution

In order to build a link between the solution on 7 with the one on its refinement Ty, 1,

we introduce an intermediate solution

(@1 et 1, Wk1) = SOLVE(fr, Trt1),
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and define gj ., to be its corresponding post-processed flux. The intermediate solution
qj. 1 relates the approximation gj, on the coarse mesh 7y with g, on the fine mesh

Ti+1. Indeed, we observe that
V(g — @ey1) = fo — fu = 0. (5.4.2a)
This implies that q;, — qj,,; € P,(T) on each element T" € 7}, and hence, that

Q) — sy € Vs N H(div, Q). (5.4.2)

On the other hand, the difference between g ; and gj,  is controlled by the oscillation

Oscz(fk+la Rk‘)a where

05 (fr41,8) == Y Wil frr — fie % (5.4.3)

KeS

as we see next.

Lemma 5.4.3. Let Assumptions A1, A2, A3 be valid and the constant C; satisfy
B3dal). Then there exists a constant Co = Co(o, p) such that

| @rs1 — i ”?2 <G 0302(fk+1,Rk)-

We give a detailed proof of this result in the appendix. This would allow us to
maintain the focus on the quasi-orthogonality property. Here, let us just say that the
result follows from the stability properties of the HDG methods.

Step 4: Quasi-orthogonality

Next, we use the orthogonality property of Lemma [5.4.2] to obtain the following result.

Lemma 5.4.4. Under the same assumption of Lemma[5.7.3, it holds that

1 ~ *
(1—6)|| g—qps1 |2+ Ges1 — @i 1 < ||g — ax II?fr;H Tyt — Toy1 — T + a5 )1
or any € > 0.
y

Proof. From the identity

g =@ 1B+ 1 Gerr — q &= 11a— a1 — 2(q — @ri1s Gorr — Ti)0
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we see that we have

0:=a—apilla+1ae1 — a3
=lq—ayld —2(q— qui1,qr1 — G)e-
=[q — qy H%z —2(q— Qi+159k+1 — QZH - q;+ 450,

since, by the orthogonality property of Lemma [5.4.2 and property (5.4.2]), we have that

(9 = Q1115 9k — Qry1)o = 0.
A simple application of Young’s inequality gives
0<lla—ald+ela—au B+l au - ain - g+ gl
and the result immediately follows. This completes the proof. O

Thus, to prove the quasi-orthogonality inequality of Lemma (.31l we only need to
suitably estimate the term T'(Q) == || qpy1 — @1 — qr + 4 ||3-

Step 5: Estimation of 7'(12).

Here we prove the following proposition.

Proposition 5.4.1. Let the Assumptions A1, A2 and A3 be valid and the constant
C; satisfy (5.31D). Then

T(Q) < |- Qi1 I+ %{Cfm,k(ﬁ) — (14 62) 7" CGiv o1 (Tra1) }-
To prove this lemma, we are going to use the following auxiliary result.
Lemma 5.4.5. Let Assumptions A1 and A2 be valid. Then,
T(Q) < CH{Chus(Re) + C2 | aier — ai 3.

A detailed proof is provided in the appendix. We are now ready to prove Proposition

b4l
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Proof. By Lemma [(.4.5] and by the reduction property of (y;,, that is, by the first
inequality of Lemma [5.4.T], we have

A (c%iv,k(Rk) < Cc%iv,k(,ﬁf) -1+ 51)_1C§iv,k+1(77e+1) +671C2 | gy — qpy I

We immediately obtain

T(Q) < CA™HCGi w(Te) = (14 61) 7 Gy g (T}
+ (1467 ATYC O gy — qrp 112

and the result follows from the condition on C, (5.3.1D). This completes the proof. [

Step 6: Proof of Lemma [5.3.7]

Inserting the estimate of Proposition (. 4.Tlinto the inequality of Lemma[5.4.4] we readily

obtain
1
(1-6llg—qplld+ 5” G — G2 < la—ald
+ ’7(1 - 6){(1 + 52)<02lw,k(77€) - C(%iv,k+1(7;€+1)}

by definition of ~, (53.2al). The quasi-orthogonality inequality, Lemma (.31 follows
immediately from the above inequality after dividing by (1 — ¢).

5.5 Completion of the Proof of the quasi-optimality prop-
erty

In this section, we complete the proof of the quasi-optimality of the adaptive HDG
method in Theorem £.2.2] by proving Lemma [5.3.41
Step One: Global efficiency of the estimator

Lemma 5.5.1 (Efficiency of the error estimator). There exists a constant Co = Ca(o,p, )

such that
Col2(Tr) < e}.

The Lemma follows directly from chapter @, Corollary 3.3, and the equivalence

relation (0.2.2).
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Step Two: Localized upper bound

Lemma 5.5.2 (Localized upper bound). Assume that A1, A2 and A3 holds and that
C; satisfies

1

2
< —.
CT — 4Cy

(5.5.1)

Then, for any two nested meshes Ty, < Tigt+1, there exists a constant C3 = C3(o,p,7)
such that

3@ — Qi1 18 + Vo (Rie) < C3Ci(Rie).

To prove this result, we introduce an auxiliary estimator and the following auxiliary

proposition.

Proposition 5.5.1 (Relation between the error estimators). It holds, for each face

e € &,

I + V ui [crge) + he 'l (1d = Pa, ) [uz] 12

~ hill VX g4 H%{EU;C(e) + hell [aJ: 112
where uy, is the post-processed scalar variable in the space
Wi={weL*Q) : wePpi(K) VK€ Ti},
satisfying

(up, —ug,w)g =0 Yw € Py(K),

(Vup+q,, Vw)g =0 Yw € Ppii(K),
for all K € Tg.
Now we are ready to prove Lemma

Proof. Since Cgip i (Ri) < (k(Ri), by Proposition [£.5.T] we only need to show that

et — @i lld 2D @+ Vi 15+ k'l (1d = Pug) [ui] 112 + i (Rae).
KeRy e€€L\Er+1

We proceed in several steps.
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Step 1. We start by adding and subtracting g3, — qj; to get

I 1 — i & =T1 + T,
where
Ty = (Qr41 — Do Det1 — D — o1 + G5)05
T> = (g1 — D Qo1 — Ti) 02
We can bound the first term 77 as follows:

1 ~ % *
T < ZH Qo — G S+ | Qe — @ — Tor + 4G 113

1
< (1 +G C’f) | Grs1 — ay HsQI + C4§§w,k(7€k)=

by Lemma Thanks to condition (B.5.1]), we immediately obtain
1
< 5” Qrr — i &+ CaClin 1 (Ra)- (5.5.2)

Step 2. Now our goal is to show that

Ty < 6Cs || (@ryr — ar) I, + 07l @x + Vug |17,

+070 Y M (d = Puy) [ui] 112, (5.5.3)
e€&L\Ert1

for any § > 0, where Cjs is some constant depending only on the shape regularity constant
o and the polynomial degree p.
By the first equation defining the HDG method, ([.2.2a]),

(qk+17 v)ﬁ+1 = _<ak’+17 v- n>877c+1 + (uk+l7 V- U)Tk+1 Vo € Vk+1'
Taking v := @}, — qj, we see, by (5.4.2a) and (5.4.2D), that
(Qks1> A1 — A1) Ty = —(Uky1, (@1 — @) - )r =0
by the boundary condition (LZ3al). This orthogonality relation implies that

Iy = _(q/mflz“ - qi)o-
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Similarly, by the first equation defining the HDG method, ([L2.2a),

(g, v)7, = — (U, v - N)ar, + (up, V-0)7; Vv € V.

We claim that the function v := II}"(q),, — q}), where II}!" is the Raviart-Thomas
projection into the space RT,(7), lies in V', N H (div, §2). As a consequence, repeating

the above argument, we conclude that

(@i 1T (@1 — €i)) 73 = 0,

which readily implies that

Ty = —(qy, (Id =TI ) (k11 — g1))e-

The claim follows from the fact that V-1I;"" (g5, — q;) = Pw,, V(s — q;) = 0, by

property (5.4.2al).

Using this new expression for T, we easily obtain, after a simple calculation, that

Ty = = (qy + Vg, (Id =) (@1 — gi))a + (Vug, (1d = ) (@1 — gi))e

= To1 + Tho + Ths,

where
T = — (q + Vui, (Id = T) (@11 — a}))o
Tog := — (up, V-(Id = ;") (k1 — Gk))0
Tos = _([ui], (d = ") (@511 — @h) - m)e.
e€l

Next, we estimate the three terms on the right hand side. Let us estimate T51. Since

(Id = II¥") (@)1 — q;) = 0 on the unrefined set Tj41 N Ty, we have

To = — (gx + Vil (id — TE) (s — 1),

< I0d =T (@54 — @) IR, + 07 g + Vg Il

AR

for any § > 0.
Let us estimate Thy. Thanks to (5.4.2a)), we obtain

Tz = (ug, (Id = Pwy) V-(@jy1 — qi))o = 0.
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Finally, let us now estimate Tb3. Since (Id —1II;") (g, —qj) -7 = 0 on the unrefined

edges & N Exy1, we can write that

Tys= Y ([uil, (d = )@y — gi) - 1)e

e€&\Ep41
= > {(d=Pwmy) [ui], (id = TI}")(@5.1 — i) - m)e by definition of TIFT,

e€E\Ex11

5
<3 > hell(d =T (@5ey — i) - I2

€€ \Ert1
+070 Y B (= Pwy) k] 112
eESk\5k+1

To conclude, we have

T, <6 g+ Vupllk, +67 > bt (1d = Pwy) [uz] |12
e€EK\Ek+1

Y hel (d =) (@5 — gk) -

e€E\Ep11

0 .
+ ZH (Id =TI ) (@51 — a) ||%zk-

IS

_l’_

The inequality (5.5.3) follows by using a scaling argument.
Step 3. Next, we show that

i . Cy 1
6Csll @i — ai IR, < ngzw,k(Rk) + ZH qr, — Qi |1 (5.5.4)

with a suitable choice of §. We have

@51 =i Ik, <20 @rrr — @i Ik, +20 @ — @ — Qi1 T 1%,
(24 2C4C0) @1 — i & + 2CaCip 1 (R) by Lemma

N

5
< Sl gisr = ai 16+ 2CaChio ik (Ri)
by condition (5.5.1]). The inequality (5.5.4]) follows by taking § = 10C
Step 4. Combining inequality (5.5.2), (5.5.3]) and (5.5.4]), we obtain
3
I grs1 = aille < CaCaini(Ra) + 51l qusr = gkl + Csll @ + Vi |17,
+C Y bt (1d = Pug) B 112

e€EL\Ep11
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Now the lemma follows after subtracting 2| g, — gy, [|3 to the left side. This completes
the proof.

O

Step Three: Optimal Marking

A crucial step to prove Lemma [5.3.4is to build a connection between the error reduction

and the Dorfler marking strategy. Such a connection is stated in the following result.

Lemma 5.5.3. Given two nested meshes Ty, < Trp+1 such that

erq < peg. (5.5.5)
where
1 0 Cy

Assume that the marking parameter 0 < 0, and the constant C in A3 satisfy

1
2 —_—
C% < 2 (5.5.7)

Then the set Ry, satisfies the marking strategy (5.2.5]).

Proof. The proof is carried out in two steps.

Step 1. First, we show that

et — 2ei+1 <3llar — g 15 + ’Yfgw,k(Rk)- (5.5.8)

From the definition of the quasi-energy norm e%,

¢k = 2¢ip1 = la — a8 — 21 g — g 13

1 1
+9 Y hklPw R =2y YD BEIIPw,. %
KeT KeTkt1

L L
+7 Z Tiehi | Py, g I3 — 27 Z Tie b3 PV, Qs e
KeTy KEE+1

By Young’s inequality, we have

la—alld—2la— a1 & <2llar — qri |12
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Since Pévk = PI%VkH on the set T N Ti41, We note

v NP Sl =20 D REIPw FIR <y D BRI PR,S Ik

KeTg KeTkt+1 KeRy,

Similarly, since P%,k = F’{;]ch1 on the set T N Tgy1,

Y Z Tichic | Py, an I — 27 Z b | Py, @ I

KeT;, KeTk41
<y ) TRhEIPY @k 2y Y bk Py (g — ae) Ik
KeRy KeTinTia
1
<y Y TRBEIPY, @ Ik + 29C2l @y — @i 1B
KeRy

<7 Z Tichi | Py, @i | % + |l i — @i |18
KeRy

by (55.7). We conclude that

- 26k+1 <3l gr — Gr41 HQ +7 Z h2 (Il P i HK + TKH Pv,ﬂk ”K)
KeRy

=3l g, — Qi1 16+ Cc%iv,k(Rk)'
Step 2. Our goal is to show that
OCH(Tr) < GE(Rx). (5:5.9)
From the efficiency of the estimator, Lemma [5.5.1] we have
(1= 2p)CoGi(Th) < (1 = 2p)ef, < €5 — ¢34, by (.5.5),
< 3[l gy, — @1 16+ Yook (R,
by (B5.8)). By the localized upper bound, Lemma [5.5.2] we obtain
(1= 20)Cal(Tr) < C3(i(Ry)-
We deduce that

u@c( i) < C(Ry).

Since, by (5.5.0), 1 < 5(1 — ) and 0, := 20 . This completes the proof of (5.5.9).
0
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Step Four: Proof of Lemma [5.3.4]

Thanks to this lemma, we show that the cardinality of the marked elements is controlled
by the error reduction. To do so, let us first introduce the meshes overlay and an
important property on the cardinality of the overlay mesh.

Given two meshes 7; and Tj, in T, we define the overlay 7; as the smallest conforming
mesh in T such that 7;, 7, < 7; and we denote T; := T; ® T

Lemma 5.5.4 (Overlay of meshes, [66, B0]). Let Ty be an initial conforming mesh.
Then, given any two meshes T;, Tr, € T, the overlay T; := T; ® Ty, satisfies

#T; < #Ti +#Tiw — #7o.
Now we are ready to prove Lemma .34

Proof. Set ¢? := Le?. According to the definition of the approximation class A, (E.2.3),

there exists a mesh 7; such that

e? < q? 5.5.10a
1 b

1/s
#T; — #To < {|(f’ Z)L“S } , (5.5.10b)
where €? := || g —q; ||3 —{—7(31-%1-(7;). Let 7; := T, ® T; be the overlay of 7j, and 7;. Since

T; > Ti, by taking € < 1/4 and 2 < 1 in Lemma [5.3.] we obtain

e? < 2612
where €2 := || g — q; |§ + (3, ;(T;) - In view of (5.5.10al),
e? < 22 = pes.

Hence, by Lemma [5.5.3] the refined set Ry, .7, satisfies the marking strategy property
(B23). Since the marking procedure ensures the minimal cardinality of the marked set,

we deduce that

#FMy < #R7 7 < #T; — #Te < #7Ti — # 70,
by Lemma [5.5.4 We conclude from inequality (5.5.10D]) that

1

_1 1
#Mi < (20) 72| f.qly e -

This completes the proof. O
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5.6 Proof of Lemma [5.6.2

In this section, we are going to prove Lemma which is used in Step 5 of the proof
of the quasi-orthogonality inequality. It is worth mentioning that the derivation of this
lemma depends solely on the property of the HDG methods. Here, we carry out the
proof in three steps as follows.

Step One. We introduce a crucial trace residual decomposition. To state the result,

let us introduce the following notation. We set

(@g+1,uk+1) = LOCAL_SOLVER( ft 11, Ug 41, 71, T),

where (g, ur+1) satisfies the equations defining the HDG methods (L22al), (1.2.2D)
and (L2.2) for the element T' € Tg41.

Lemma 5.6.1 (Decomposition of the trace residual). Let Assumption A1 be valid and
set (qpy1,up+1) = LOCAL_SOLVER( fi41, Ug41, 71, T). Then, for each T € Tiq1, the

trace residual admits a unique orthogonal decomposition

Up 1 — Ukl = Wey1 + Vg1 on OT,

where
W1 € WHT) := {w € Pp(T) : (w,@)7 =0 V€ Pp1(T)},
Vel €EVET) :={v € Pp(T) : (0,0)r =0 YocP, (T}
and
(Wk+1, Vg41 - M)ar = 0.
Moreover,
| whir |13 = hTTT_2|| Pévkﬂfkﬂ 17, N vesr - m 130 ~ hell P\L/',H_l(Ik—l-l -

where the hidden constant depends only on the shape regularity constant o and the

polynomial degree p.

Proof. The decomposition

Up 1 — Uky1 = Wyl + Vg1 -n on 0T,
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where wy 1, € WH(T) and vy, € VH(T), follows directly from a result established in
[38] which states that each function

1 € Pp(OT) := {p € L*(AT) : ple € Pp(e) for each e € IT}
has a unique decomposition
fp=w+v-n ondl suchthat (w,v-n)gr =0,

for some w € WH(T) and v € VH(T).

Here, we only need to prove that

-2 pl L
lwrir 30 = hrrp | Piw, . foea 1T, 1 wker - nll3r = hell Py, @i (7

After a simple integration by parts, the first two equations defining the HDG method,

(C22a)) and (L.2.2h)), read

(Ukt1 — U1,V - M)or = (Qpo1 + V upt1, )7,
(Gry1 — 1) -mwor = (fig1 — Vo Qryr, w)7.

for all v € P,(T) and w € Pp(T"). By the definition of the numerical flux, equation

T2.2),

(sz - Qk+1) 1 = T7(Up41 — Ukg1)-

In view of the Assumption A1 and the orthogonal decomposition of the trace residual,

we have

(Vg1 -1, v -n)or = (qpy + Vury,v)r Yo e VL(T),

7 (Wi 1, Wor = (fir1 — Ve @rer, w)r Y € WH(T).

To show that

2| pL L
lwis1 By < hrr Il P, fird 17 Ioken - mll3e < brll Py, a7,

we take w = wg41 and v = V41, use the Assumption A1l and obtain

Vi1 m 30 = (@rg1s Vi) Til Wit 130 = (Frtt, Wes1)7-
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The estimate follows immediately from the standard inequalities that

1/2 1/2
lorsr lr < b * | vpsr - mllor,  Jwies 7 = B3 whes [lor-

The other direction of the inequalities can be proved in a similar fashion. We take

_ plL __ plL .
w = Pwk+1fk+1 and v = PVqukJrl, and obtain

L L
1PV @it 17 = (Oks1 -1, Py, Grsn o

1 1
” PWkakJrl ||2T = <7'Kwk+1a PWk+1fk+1>6T-

The estimate follows from the inequality that

1 —1/2 1
1PV, @usr - mllor = b PP, i s

1 —-1/2) pL
1P, S lor = bz 2 Pi S Il
This completes the proof of Lemma B.6.11 O
Step Two. Thanks to this lemma, we can estimate || q;1 — gf; [|7 as follows.

Lemma 5.6.2. Let Assumption A1l be valid and set
(@hs1, wkt1) == LOCAL_SOLVER( f11, U1, 71, T).

Then

I @1 — Goor 17 = brll (@rr — @) 7 130 < CilGin(Frats @i T)-

Proof. By a standard scaling argument, we have

lakr = @i |17 = hrll (@ren = @ign) - ll3r

= hr|| (Qk+1 - ak+1) 'n H%Tv by (6.4.1D).

By the definition of numerical flux, ([.2.2)), we obtain
ki1 — g 17 = bl 7r(wiss — T 37

Thanks to Assumption A1 and the orthogonality decomposition in Lemma [5.6.1]

k1 = @iir 17 = 720 (et [Br + | vkss - 7 [l37).
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By the estimate of || wy11 |37 and || vkt - n |37 in Lemma (6.0 we have
2 2 1 pL 2 2 2 pl 2
| Grs1 — Gt [T = 7| Py, frt1 7 + hprrl PV Tt T
= Cﬁiv(fk—l—la di11; T)
This concludes the proof of Lemma [5.6.2] . O

Step Three. Proof of Lemma

With a simple calculation, we have
2 ~ 2
T(Q2) < 2(qps1 — G1 — G + 95 10 + 201 @1 — Ty 16
< 2|/ gpi1 — @1 — O + G I + 2C205¢7 (fry1, Rae),
by Lemma F.43l Since osc?(fri1, Ri) < C?lw,k(Rk)> we only need to show that
| — g — @+ 45 1B = G (Re) + C2|| —q; ?
Qi+1 — di+1 — 9k T i llQ 2 Sdiv Nk 1 dg+1 — dg llQ-

To do so, we divide the set 7T; into the set of refined elements Rj and the set of
unrefined elements Ti11 N Tk.
Step 1. For the unrefined set 7Tx11 N Tk, thanks to Assumption A2, we have

(@r41 — Qg ug+1 — up) = LOCAL_SOLVER(0, wg41 — Uy, 71, T)
for all T € Ti11 N Ti. By Lemma [5.6.2]

I @err — Topr — G + G |17 < C1CGiu (0, @1 — g, T)

L
= Cirph7 | PV, @k — ai) 17

Summing over T € Tg+1 N Tx, we obtain

i
| @ri1 — @1 — ar + ar HZTkaTk < C103 Z | ka+1(Qk — Qpy1) 7
TETK4+1NTk

< GO qr — qryr 13-

Step 2. It remains to show that, for the set R,

| Gkt1 — Qrs1 — q + G5 H%k = Cc%iv,k(Rk) +C2 Qi1 — a1
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Since
| @1 — 1 — @ + 4G R, <2l @1 — Gt R, + 2l @ — GG |3,
< 2| @1 — G I3, + 20l @ — ai 1%,
we obtain

I @ei1 — @hrr — @ + @ IR, <2C1{C0n(RE) + Civ st Nit1) -

by Lemma [5.6.2] Now, we see that it is sufficient to show that

Cgiv,k+1(-/\/k+1) < 2C§iv,k(Rk) +2 Z T%hQT” 9i+1 — 4k HQT

TENk+1
To do so, we note that
1
de ft Nig1) - Z hT” PWka ||?r + Z T:%h%n PVk+1Qk+1 ||%r
TGNkJrl TeNgt1
L
< > WP FIF+2 D 7Rl Py, a7
TGNk+1 TGNIH—I
+2 Z Teh7| PVk+1(qk — qy41) 13-

TENk11

Since || Py, ., 4x It < | Py ax 7 and [| Py, fll7 < || Pjy, f |7, we obtain
CGrornWNVia1) < D BRIPE Fllr+2 Y 77l Py, ax 17
TeNk41 TeNK 11
+2C2 | g1 — qp41 I3

< Z Wil P, f |7 + 2 Z b Py, %
KeRy KeRy

+2C2| g, — i1 18

by (5:2.6]) that hp < hg provided that T'C K. This completes the proof.

5.7 Proof of Lemma 5.4.3

In this section, we are going to prove the stability property of the HDG method as we

claim in Lemma [5.4.3]l Note that the proof is based on the trace residual decomposition
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which is introduced in the previous section. Let us start by gathering several preliminary
results.

Let (qk+1,ﬂk+1ﬁk+1) = SOLVE(fk — fr+1, Tk+1) and @}, be the corresponding
post-processed flux. To show Lemma [5.4.3, we only need to show that

| k11 HszH < Co05¢*( frt1, Th)-

To do so, we start by introducing a special vector field ® € L?(Q) and a flux projection

My, ...
For each element K € Ty, there exists a vector field ®x € H'(Q) with compact
support in K such that

V- ®g = fry1— fr inK,
satisfying
[ @k 1) < Cregll frvr = fr llz2(x)-

where the constant C,., depends only on the shape regularity of K, see [20), 10} 42]. We

b= Z by

KeRy

construct the vector filed

Since ® i vanishes outside the element K, we have that ® satisfies the elliptic regularity

| V@|x=|V®x|x < Cregll fer1 — frllz2(x) (5.7.1)

for each K € Ry.
We also remind the reader that, for all T' € Tiy1, there exists a well-defined projec-
tion from H (div,T) to P(T") such that

(<I) — HV;H_I{)"U)T =0 Yve 'Pkfl(T), (5.7.2)
(® Ty, @) n,v-n)er =0 YvePr(T), (5.7.3)

see Section 6 in [39] Moreover, the projection so-defined has the approximation property

that
| @ — Ty, ., @7 < W3 @ |13 1) (5.7.4)

Now we are ready to prove the lemma.
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Proof of Lemma [5-7.3 We divide the proof into five steps.
Step Omne. Our first goal is to establish the following energy identity,

_ 1/2 /=~ _ _
G 17, + | 77 (@1 — Trs) 137, = (Ferr = fro U1 T - (5.7.5)

From the following equations defining the HDG method,

(@s150) Ty — (g1, Vo)1, = —(Uki1, 0 - o, Vo e Vi
(@1, VO Ty + (@orr -1 whory, = (o1 — foo W)y Vw € Wiy,

we take v = @1 and w = 41, add up two equations and obtain, after some algebraic

manipulations, that

| @xi1 H2T,€+1 +{(@rs1 — Qryr) - T U1 — ﬁkﬂ)aﬁH

= (frs1 = oo W ) Togs = (g1 - 7 Uk 1) 07y -

Thanks to the transmission condition (L.2.3h) and the homogeneous boundary condition

(C234), we have

(@py1 - 1 Uks 1)o7, =0

The energy identity (5.7.5) follows from the definition of g, (L22).
Step Two. Our second goal is to show the following duality identity,

(fk+1 - fka ak:-i—l) = (Qk—i-l? (HVk+1 - HET)(I’)TICJA (5'7'6)
+ <ﬂk+1 - ak-‘rla ('1) - HVk+1 {)) : n>877c+1'

where II" denotes the Raviart-Thomas projection into the RT space RT), (7).

We start from the equation

(fet1 = fos U1) = (Uks1, V- @) 70,
= (Uk+1, ® - m)o7, — (VU1 @)
= (Uk+1, @ - o7y, — (Vg v @) by B.7.2),
= (g1, V- Ty, @) 750,

+ <ak+1’ ((I) - HVk+1(I)) : n>87—k+1

S

S

= (Qk—i-la HV;C+1(I')77C+1 + <ak’+1> P - n>877c+1

+ <ﬂk:+1 - akz—i—la (i’ - HVk+1‘I’) : n>37’k+17
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by (L22al). Due to the homogeneous boundary condition ([LZ3al), we obtain

(fra1 = fro Ua1) = (@1, v P) 704

+ (U1 — Uppr, (B — Ty, @) - m)ar;, -
To prove the duality identity (5.7.06]), it remains to show that
(@1, 11" @) 7, = 0.

We note that
V-I;"® = Py, V- @ = Py, (frr1 — fr) =0,

which implies that II}'" @ belongs to V.. We also note that II"® belongs to H (div, Q2).
By the first equation defining the HDG method, (L2.2al), we obtain

(@1, T @) 75, k1, VI @)1 — (U I @ - m) oy,

= (‘
=0.
This proves the duality identity (B.7.0).

Step Three. According to the trace residual decomposition, Lemma [5.6.1] we have

U1 — U1 = Wht1 + V1 - M
Our third goal is to show that, for each T € T 41,
(PBT - HVIc-H)@ ‘N = TrWk41 ON orT. (577)

We note the function (Pyx — Iy, )® - n defined on the boundary of T" belongs to
Pp(0K). By the orthogonal decomposition in Lemma [5.6.1] it can be decomposed as

(PaK—Hka)tI’-n:w(I,—l—’vq,-n

where wg € WH(T) and vy € V*(T). Due to the definition of Iv,,, GZ3), we
immediately have that vg = 0. Thus, thanks to Assumption A1, to prove (B.7.7), we
only need to show that

(Por — My, )® - nyw)or = (Tpik 1, w)or  Yw € WH(T).
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After an integration by parts, we obtain, for all w € W+(T),

((PE)T — HVkJrl)(I) . n,w)aT = (<I> — Hvk+1<I>, Vw)T
+(V(® -1y, ®),w)r
= (V <I)7”u))T by (m)

= (fo41 — frow)r

By the second equation defining the HDG methods (L.2.2D),

<<P3T - HVIc-H)(I) "n, w>3T - - (qk—I—lﬂ Vw)T + <ak—|—1 : n7w>3T

= (@1 — pgr) -1 0)or + (V- Qpgr w)T

By the defintion of the numerical flux (L2.2]),

((Por — Ty, )® - n, w)or = (rr (k41 — Ugt1), war
= (T7 W41, W)or + (TTVk41 - M, W)aT,
by the trace residual decomposition in Lemma B.6.Il By Assumption A1, (7p0g4q -

n,w)or = 77 (Vp41 - N, w)er = 0 for all w € P;-(T), the claim GZ7) follows.

Step Four. Next, we show

@i 5., < Creg D> Ml forr — fr - (5.7.8)
KeTy,

Combining the energy identity (5.7.5]) and the duality identity (B.7.6]), we obtain
_ _ 1/2 =~ _
@i 13 = @rsrs My, — TR 7, — 7 (s — ) 1305,
+ <ﬁk+1 - /ﬂ\’kJrl’ (PaT(I) - HVk-H(I)) ) n>37—k+1
In view of the trace residual decomposition, Lemma [(.6.1] and (5.7.7), we have
— 2 — RT 1/2 2
| @rs1 10 = @y, Ty, —IED®) 7 — 77 "0kt 157,
1/2, _ =~ _
— 72 @rr -0 37, + (Tt = T, TP D)o

_ 1/2,_
= (@1, My, — TED®) 7, — (177 (041 - 10) |3

< (Qk+1’ (Hvk+1 - HET)(P)EJA
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Hence, by the approximation properties of Iy, , and II}}*, we obtain

gk 17, < | @y, — @G =< Y bkl V@ %
KeTy

By the regularity of the vector field ® (5.7.1]), we have

g 7, = > bl fesr — il
KeT;

Step Five. Now we are in the position to prove the lemma. By Young’s inequality,

we have

1G5 15, < 201G 15, + 20 @ — @ 155,

By Lemma [5.6.2] we obtain

_ _ L -
| @rit ||%7€le < 2[| gg4q ||%'k+1 +2G; Z hp7| PV Ttt |17
Te€Tk+1

+2C1 Y b3l P, (Fen — fo) 17
T€Tk+1

< 2(CC7 + D)l gy 16 + 2C108¢ (fio1, Rae).

By the condition on C; (53.1al) and (57.8),

1@ 7, < {2(Co + 1)Cheg + 2C1}osc? (fisr, Ri).-

This completes the proof of Lemma [5.4.3 O



Chapter 6

Conclusion and Discussion

Let us note that the convergence and quasi-optimality of the AHDG methods work
not only for simplexes but for other elements like, for example, rectangular and cube
elements.

The result could be generalized to second-order elliptic equations in divergence form

whose coefficients are piecewise-constant and mixed boundary conditions, that is,

U =g on Jp,
g-n=gqy on 0Ny,

where g is the restriction to 02 of a piece-wise polynomial function and g restricted
on the boundary edges e € £2 is a polynomial in the finite element space Py (e).

The convergence and quasi-optimality of the adaptive method for other problems, for
example, convection-diffusion equation and Stokes equation, remains an open problem.

The study on these topics will constitute the subject of ongoing work.
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