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Energy Optimal Velocity Profiles for Car-Like
Robots

Pratap Tokekar, Nikhil Karnad and Volkan Isler

Abstract—For battery-powered mobile robots to operate for
long periods of time, it is critical to optimize their motion so
as to minimize energy consumption. The driving motors are a
major source of power consumption. In this paper, we study the
problem of finding energy-efficient velocity profiles for car-like
robots given a path to travel.

We start with an established model for energy consumption
of DC motors. First, we study the problem of computing an
optimal velocity profile for a car-like robot so as to minimize
the energy consumed while traveling along a given path. We
present closed form solutions for the unconstrained case and for
the case where there is a bound on maximum velocity. We also
study a general problem where the robot’s path is composed of
segments (e.g. circular arcs and line segments). We are given a
velocity bound for each segment. For this problem, we present a
dynamic programming solution which uses the solution for the
single-constraint case as a subroutine. In addition, we present a
calibration method to find model parameters. Finally, we present
results from experiments conducted on a custom-built robot.

I. I NTRODUCTION

In this work, we study the problem of energy efficient
navigation. Specifically, we focus on car-like robots powered
by DC motors. It is well-known that the energy consumption of
a DC motor depends on the angular velocity and acceleration.
We study the problem of computing the velocity profile of a
robot so that it consumes a minimum amount of energy to
travel along a given path.

Even though energy efficient navigation is a fundamental
problem, it has received very little attention, and a comprehen-
sive treatment is missing. Existing literature includes the work
of Sun and Reif [12] who consider the problem of computing
the optimal path over a terrain. Under the assumption that
the friction coefficients are known across the terrain, they
show how to compute a path that requires minimum energy to
overcome frictional forces. This work generates the path but
does not yield an optimal velocity and acceleration profile.In
this sense, it is complementary to the present work.

In order to compute the velocity and acceleration profiles,
power consumption needs to be modeled. Mei et al. [10] model
the power consumption as a sixth-degree polynomial of the
robot’s speed using experimentally collected data. However,
their model does not incorporate acceleration. More impor-
tantly, they use this model to compare velocity profiles but do
not address the problem of computing an optimal profile.
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Kim and Kim [8] find the optimal velocity profile for
a robot moving on a straight line, when the total time to
travel is fixed. However, this solution does not incorporateany
bound on maximum velocity of the robot. In [7], they propose
a minimum energy rotational trajectory that minimizes the
energy. They do not present a systematic method to combine
the solutions for translational and rotational trajectories. Thus,
it is not clear if this approach yields an optimal solution.
Wang et al. [13] studied the problem of finding a minimum
energy trapezoidal velocity profile. As we will show shortly,
trapezoidal profile itself is not optimal in terms of total energy
consumption. In addition, they too do not consider any upper
bound on the velocity of the robot. Further, their techniqueis
only applicable for turn-in-place-move-forward type of motion
for differential drives, and is not experimentally verified.

The general problem we study can be considered a type
of kinodynamic planning problem. In the standard version of
kinodynamic planning, the objective is to minimize the travel
time while satisfying velocity and acceleration constraints [4].
Here, we focus on energy instead. The pioneering work for
finding shortest paths for a forward-only car-like robot was
done by Dubins [5]. Reed and Shepps [11] extended this work
for a car that can go forward and backward. Balkcom and
Mason [2] used optimal control techniques to give the time
optimal trajectories for bounded velocity differential drives.
Recently, Chitsaz et al. [3] used similar techniques to givethe
complete characterization for minimum wheel rotation paths
for differential drive robots. In this work, we do not address
the problem of computing an energy efficient path. Instead, we
assume that the path is given. Even when the path is given,
minimizing energy is a non-trivial optimal control problem.

The rest of the paper is organized as follows: After present-
ing the formal problem-statement and the energy model in
Section II, we present a calibration procedure for estimating
the parameters of the energy model in Section III. The optimal
velocity profiles with and without a maximum velocity bound
are derived in Section IV and Section V respectively. The
application of these results to compute the velocity profileover
an entire path composed of multiple segments is presented in
Section VI. Experiments on our custom-robot are presented in
Section VII. We conclude with a discussion on the utility of
our results in Section VIII.

II. PROBLEM FORMULATION

We are given a pathΠ along which the robot moves. LetD
be its total length. Since the motion of the robot is restricted
to Π , we can represent the instantaenous position by a single
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parameter,x(t). The forward velocity and acceleration of the
robot are represented byv(t) anda(t) respectively. We define
the state of the robot byX(t) = [x(t), v(t)]T . The state
transition equation can be written as,

Ẋ(t) =

[

ẋ(t)
v̇(t)

]

=

[

v(t)
a(t)

]

(1)

The problem we address in this paper is to compute the
velocity profile,v(t), of the robot alongΠ which minimizes
the energy consumption for motion. In this section, we present
the energy model that we use and then formally state the
problem that we solve.

A. Energy Model

We use the model described in [1] for energy consumption
in a brushed DC motor. This detailed model considers the
energy dissipated in the resistive winding, the energy required
to overcome internal and load friction and the mechanical
power delivered to the output shaft. The instantaneous current
i(t) in the motors is given by,

i(t) =
1

KT

[

TF + TL +Dfω(t) + (JM + JL)
dω(t)

dt

]

(2)

and the voltagee(t) across the motor is given by,

e(t) = i(t)R+KEω(t) (3)

whereω(t) is the angular velocity of the motor,KE andKT

are back-EMF and torque constants,TF andTL are internal
and load frictional torques,Df is the internal damping force
andJM andJL are motor and load moments of inertia.

Parameters such asTL andJL depend on the characteristics
of the wheel and the nature of the surface on which the robot is
moving. The internal parameters of the motors commonly used
in robots are rarely given. However, to use the energy model,
we do not need to know the individual motor parameters.
For a given flat surface, instantaneous power and energy
consumption depend only on the velocity and acceleration
while all the other parameters remain constant.

We can rewrite Equations 2 and 3 in terms of the motor
angular velocity and acceleration by substituting:

i(t) = a1 + a2ω(t) + a3
dω(t)

dt
,

e(t) = a4 + a5ω(t) + a6
dω(t)

dt
. (4)

wherea1, . . . , a6 are constants obtained as combinations of
various motor parameters. Letr be the radius of the wheel and
Ng be the gear ratio of the shaft. We can rewrite (4) in terms of
the linear velocity of the wheelv(t) and accelerationa(t) by
substitutingω(t) = v(t)/(Ngr) and using new constants
b1, . . . , b6.

i(t) = b1 + b2v(t) + b3a(t),

e(t) = b4 + b5v(t) + b6a(t). (5)

The equation for energy consumption is given by,

E =

∫

0

tf [

e(t)i(t)
]

dt,

=

∫

0

tf [

c1a
2(t) + c2v

2(t) + c3v(t)

+ c4 + c5a(t) + c6v(t)a(t)
]

dt.

where constantsc1, . . . , c6 are combinations ofb1, . . . , b6.
We assume that over the pathΠ , the robot starts from and

returns to rest. When the initial and final velocity values are
the same, the net contribution by the terms corresponding to
c5 and c6 is zero. Hence, we can rewrite the above Equation
as,

E =

∫

0

tf [

c1a
2(t) + c2v

2(t) + c3v(t) + c4

]

dt. (6)

The constantsc1, . . . , c4 depend on the motor parameters
which in turn depend on the robot design and the surface on
which the robot is moving. These parameters can be obtained
using the calibration procedure presented in Section III.

B. Problem Statement

Recall thatΠ is a path of lengthD. The energy consumption
for a velocity profilev(t) traversingΠ is given by Equation 6.

The final timetf can be fixed or kept a free variable. We
study three problems of increasing generality. For each of
the problems, the objective is to minimizeE subject to the
constraints given below:

Problem 1: There is no bound on the maximum velocity of
the robot. The robot starts from and returns to rest i.e., the
initial boundary conditions are given as,

x(0) = 0, v(0) = 0, (7)

and the final boundary conditions are given as,

x(tf ) = D, v(tf ) = 0. (8)

Problem 2: The maximum velocity of the robot overΠ is
bounded byvm, i.e.,

v(t) ≤ vm, 0 ≤ t ≤ tf . (9)

The initial and final velocities of the robot can be non-zero,
i.e., v(0) = v0 andv(tf ) = vf subject tov0, vf ≤ vm.

Problem 3: Π consists ofN segments made up of straight
lines and curves. There is a separate velocity bound for each
segment. For each segmenti, we are given the velocity bound
vm(i) and the distance to travelD(i), 1 ≤ i ≤ N . The
objective is to find the optimal velocity profile over the entire
pathΠ . The robot starts from rest and returns to rest at the
end of the path.

The solutions forProblems 1, 2and 3 are presented in
Sections IV, V and VI respectively. While deriving the model,
we assumed that the initial and final velocity is the same.
However, forProblem 2we consider non-zero terminal con-
ditions. This case is used only as a subroutine forProblem
3, where the initial and final velocity is zero for the first and
last segment, respectively. The resulting solution over all the
segments remains optimal.
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III. C ALIBRATION

In this section, we describe a simple procedure to find the
energy model (Equation 6) of the robot for a given flat surface.
We use a custom-built robot (see Figure 1(a)) for experiments.
The robot is driven using two DC motors whose output shafts
are connected together. It has car-like steering controlled by an
independent servo motor. Separate batteries are used to drive
the DC motors and power the rest of the electronics on the
robot.

(a) Custom-built robot
used in our experi-
ments.

(b) Attopilot voltage and
current measurement circuit
from SparkFun Electronics.

Fig. 1. Experimental setup.

A. Experimental Setup

Our method utilizes a simple current and voltage measure-
ment circuit (Figure 1(b)) connected between the output of
the motor driver circuit and the motor. This circuit measures
the current flowing and voltage across the motor. A low-level
micro-controller on the robot is interfaced with this circuit to
log the current and voltage values in its memory. The micro-
controller is programmed to drive the robot at any set velocity.
An optical encoder is installed on one of the wheels. The
micro-controller takes feedback from the encoders to measure
the actual velocity and adjusts the Pulse Width Modulation
(PWM) signal for the motor driver to correct for the error with
respect to set velocity. In the calibration procedure described
next, the steering of the robot is set to make the robot move
in a straight line.

B. Calibration Procedure

The calibration procedure to obtain the energy parameters
consists of the following steps:

STEP 1: The robot must be programmed to accelerate
from rest and reach a particular set velocityvset, on the
surface for which the energy parameters are to be computed.
The robot must then move atvset for some predefined time
interval. Repeat for differentvset values ranging from 0 to
vm, where vm is the maximum achievable velocity for the
robot. Figure 2 (a) shows some of the actual profiles obtained
during calibration forvset from 0.5m/s to 2.5m/s. Current
and voltage across the motor must be logged throughout this
run.

STEP 2: For each trial, compute the average current and
voltage values for the period where the robot was moving
at vset, neglecting the initial portion where the robot is
accelerating. Plot these average current and voltage values with

respect tovset. Figure 2 (b and c) show the plots for current
values obtained during the calibration.

STEP 3: From Equation 5, we know that current and
voltage bear a linear relationship withvset, when the robot
is not accelerating i.e.,a(t) = 0. Hence, we can find the
parametersb1, b2, b4 and b5 using least-squares linear fitting
to the data obtained in the previous step (see Figure 2 (b and
c)). Here, the termsb1 andb4 represent the current that flows
and voltage that must be applied for the robot to overcome
inertia.

STEP 4: To find the remaining two termsb3 andb6 in the
model, we program the robot move from rest at a particular
set acceleration valueaset. Similar to earlier steps, we repeat
this trial for variousaset values. Figure 2(d) shows four such
trials with varyingaset values.

STEP 5: For each trial, for every data point collected, we
can compute the value ofb3 andb6 as,

b3 =
1

aset
[i(t)− b1 − b2v(t)] ,

b6 =
1

aset
[v(t)− b4 − b5v(t)] .

In the above equations, all values exceptb3 andb6 are known.
The final values ofb3 andb6 used in the model can be found
by averaging these obtained for each data point.

STEP 6: Finally, the required parametersc1, . . . , c4 in the
model used throughout the paper (Equation 6) can then be
calculated asc1 = b3b6, c2 = b2b5, c3 = b1b5 + b2b4, and
c4 = b1b4.

Using the above procedure, we calibrated our robot on two
surfaces: smooth corridor indoors and grass outdoors. The
parameters obtained for each are listed in Table I.

Surface c1 c2 c3 c4

Corridor 17.75 1.16 10.46 4.70
Grass 7.68 4.39 24.67 14.77

TABLE I
ENERGY MODEL PARAMETERS(SI units) OBTAINED USING THE

CALIBRATION PROCEDURE.

The rest of the paper uses the parameters obtained for the
corridor surface for illustrations.

IV. OPTIMAL UNCONSTRAINED VELOCITY PROFILE

In this section, we present the solution toProblem 1. We
first state the necessary conditions and present the closed form
solution for the optimal velocity profile. Then, we discuss
and provide insights for the structure of the optimal profile.
Finally, we compare the optimal profile with the commonly-
used trapezoidal velocity profile.

A. Solution

When there is no bound on the maximum velocity, the
Hamiltonian for this problem can be obtained using Equa-
tions 1 and 6 as,

H(X(t), a(t),λ(t), t) = c1a
2(t) + c2v

2(t) + c3v(t)

+c4 + λ1(t)v(t) + λ2(t)a(t) (10)
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Fig. 2. Figures obtained during calibration on the corridorsurface. Left to right:(a) The robot initially accelerates from rest to various set velocity values.
Feedback from the encoders is used to maintainvset. The average current and voltage is computed for the region where the robot has reachedvset (STEP 1).
(b) Current consumption as a function of the velocity, when the motor is not accelerating. Least-squares linear fitting was used to determine the parameters
b1 and b2 in Equation 5 (STEPS 2 and 3).(c) Voltage applied to the motor as a function of the velocity, when the motor is not accelerating. Least-squares
linear fitting was used to determine the parametersb4 andb5 in Equation 5 (STEPS 2 and 3).(d) Calibration procedure to determine the parametersb3 and
b6 from Equation 5. The robot is accelerated with various set acceleration valuesaset while logging current and voltage values (STEP 4).

whereλ1(t) andλ2(t) are the Lagrange multipliers, also called
the co-state variables and the accelerationa(t) is the control.

The three necessary conditions fora∗(t) to optimize the
Hamiltonian [9] for all timet ∈ [0, tf ] are given as,

Ẋ
∗(t) =

∂H

∂λ
, λ̇

∗
(t) = −

∂H

∂X
, 0 =

∂H

∂a
(11)

Applying these necessary conditions, we can solve for the
optimal control and states to get,

a∗(t) = ks1e
kt − ks2e

−kt (12)

v∗(t) = s1e
kt + s2e

−kt −

(

c3 + s3
2c1

)

(13)

x∗(t) =
s1e

kt

k
−

s2e
−kt

k
−

(

c3 + s3
2c1

)

t+ s4. (14)

wherek =
√

c2
c1

ands1 − s4 are constants.

We can solve fors1−s4 in terms of the final timetf by sub-
stituting the boundary conditions given in Equations 7 and 8
for v∗(t) andx∗(t). We obtain,

s1 = −
Dk

ktf + ektf (ktf − 2) + 2
,

s2 = s1e
ktf ,

s3 = 2c1(s1 + s2)− c3,

s4 = −
s1 − s2

k
. (15)

By substituting in Equations 12-14 we obtain,

a∗(t) = D

(

c2
c1

)(

ek(tf−t) − ekt

ktf + ektf (ktf − 2) + 2

)

,

v∗(t) = D

√

c2
c1

(

(1 + ektf − (ek(tf−t) + ekt))

ktf + ektf (ktf − 2) + 2

)

,

x∗(t) = D

(

(ek(tf−t) − ekt)− (ektf − 1) + kt(ektf + 1)

ktf + ektf (ktf − 2) + 2

)

.

(16)

Since the final time is free, it can be solved for using the
additional boundary condition (known as the transversality
condition) given by,

H(X∗(tf ), a
∗(tf ),λ

∗(tf ), tf ) = 0. (17)

Substituting Equations 12-14 and 15 above results in,

(D
c2
c1

+ 2)(1− ektf ) +

√

c4
c1
ktf (1 + ektf ) = 0, (18)

which is an equation in single variabletf (all other terms
are constant) and can be solved using any solvers. (We used
MATLAB’s solve function). Alternatively, if the final time is
fixed, we can directly substitute this given value in Equation 16
to find v∗(t).

B. Examples and observations
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Fig. 3. The optimal velocity profile (v∗(t)) for distanceD = 50m using
c1 − c4 obtained during calibration in Section III. The optimal profile is
made up of symmetric exponential curves, reaching a maximumvelocity at
t = tf /2.

Figure 3 shows the optimal velocity profile obtained for
traveling a distance of 50m using Equation 16. It can be
observed that the profile consists of symmetric acceleration
and deceleration curves with an almost-constant velocity re-
gion in the middle. From Equation 16 and 18, we can show
that the peak velocity is reached att = tf/2 and is given

by, v∗(
tf
2
) =

√

c4
c2

(e
k
2
tf − 1)

(e
k
2
tf + 1)

. The corresponding optimal

control profile is shown in Figure 4. The acceleration profileis
a smooth exponentially decreasing function. The acceleration
is almost zero in the middle region (exactly zero att = tf/2).
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Fig. 4. Optimal Control (a∗(t)) obtained for traveling a distance ofD =
50m corresponding to the optimal velocity profile shown in Figure 3.

C. Structure of Optimal Profile

The optimal velocity profile shows similar structure when
the distance to travelD is varied. Figure 5 shows the optimal
velocity profiles for traveling various distances. The accel-
eration and deceleration curves are similar, with changes in
the width of the near-constant velocity region depending on
the distance. Note that these profiles are obtained without any
bound on the maximum velocity of the robot.
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Fig. 5. Optimal Velocity (v∗(t)) profiles obtained for traveling different
distancesD = 5, 35, 70, 100m follow a similar structure.

It is worth noting that the optimal profile reaches the same
peak velocity and does not go faster even if the distance to
travel increases. From the cost function (Equation 6), we see
that both, higher velocities (through termsc2 and c3) and
longer times (throughc4) are penalized by higher energy cost.
Hence, this peak velocity value represents the energy trade-off
between moving faster (and consequently for a lesser time) and
moving slower (and for longer times). The following lemma
sheds light on this underlying structure for the optimal velocity
profiles.

Lemma 4.1:Consider an arbitrary velocity profilev(t) trav-
eling a distanceD. Let the total energy consumption ofv(t) be

E. If the given profile crosses
√

c4
c2

between timesti andti+1,

we can replace this section ofv(t), ti ≤ t ≤ ti+1 by a constant

velocity section ofvc =

√

c4
c2

, so that the resulting velocity

profile covers the same distance and consumes energy less
thanv(t).

Proof: Consider any velocity profilev(t) shown in Fig-
ure 6. LetD andE be the total distance covered and energy

consumed byv(t). This profile crosses
√

c4
c2

between times

[t1, t2] and [t3, t4]. Let d12 andd34 be the distances covered
by v(t) in these sections. The total energy consumption of
v(t) is given by,

E = E01 + E12 + E23 + E34 + E45, (19)

where Eij refers to the energy consumption to cover the
distancedij .
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Fig. 6. Sections of this velocity profile crossing (vc =

√

c4

c2
) between

[t1, t2] and[t3, t4] can be replaced by constant velocity (vc) sections resulting
in a velocity profile that consumes lesser energy to travel the same distance.

We construct another velocity profilev′(t) by replacing the

sections[t1, t2] and [t3, t4] by constant velocityvc =

√

c4
c2

sections for time
d12
vc

and
d34
vc

respectively. The total distance

traveled byv′(t) is D, same asv(t). The total energy con-
sumption ofv′(t) is given by,

E′ = E01 + E′
12 + E23 + E′

34 + E45, (20)

sincev′(t) is the same asv(t) everywhere exceptt ∈ [t1, t2]
and t ∈ [t3, t4]. Note thatv′(t) is the same asv(t) while
covering the distancesd01, d23 and d45. Consequently, the
energy consumption differs only ford12 andd34.

We now show thatE′ ≤ E by proving bothE′
12 ≤ E12

and E′
34 ≤ E34. This result can then be generalized to

velocity profiles with any number of crossing sections in either
directions.

First, let us compute the energy consumptionE12 for v(t),

E12 =

∫

t1

t2[

c1a
2(t) + c2v

2(t) + c3v(t) + c4

]

dt,

=

∫

t1

t2[

c1a
2(t) + c2v

2(t) + c4

]

dt+ c3

∫

t1

t2

v(t)dt,

=

∫

t1

t2[

c1a
2(t) + c2v

2(t) + c4

]

dt+ c3d12. (21)

Now, consider the energy consumed byv′(t) to travel the
same distanced12 at constant velocityvc. The time taken in
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this case would betc =
d12
vc

. The energy consumption is,

E′
12 =

∫

t1

tc[

c1a
2(t) + c2v

2(t) + c3v(t) + c4

]

dt,

= c2vcd12 + c3d12 + c4
d12
vc

. (22)

The distanced12 can also be written as,

d12 =

∫

t1

t2

[v(t)dt] . (23)

Substituting Equation 23 in 22, we obtain,

E′
12 = c2

∫

t1

t2

vcv(t)dt+ c3d12 + c4

∫

t1

t2 v(t)

vc
dt. (24)

To prove thatE′
12 ≤ E12, we must show that(E12−E′

12) ≥
0. Using Equations 21 and 24, we can write,

E12 − E′
12 =

∫

t1

t2[

c1a
2(t) + c2v

2(t) + c4

]

dt+ c3d12

− c2

∫

t1

t2

vcv(t)dt − c3d12 − c4

∫

t1

t2 v(t)

vc
dt

= c1

∫

t1

t2

a2(t)dt

+
c2
vc

∫

t1

t2

[vc(t)− v(t)]

[

c4
c2

− v(t)vc

]

.dt

∴ E12 − E′
12 ≥ 0,

sincev(t) ≤ vc ≤

√

c4
c2

. For the section betweent3 and t4,

we can follow a similar argument to yield,

E34 − E′
34 = c1

∫

t3

t4

a2(t)dt

+
c2
vc

∫

t3

t4

[vc(t)− v(t)]

[

c4
c2

− v(t)vc

]

dt.

∴ E34 − E′
34 ≥ 0,

sincev(t) ≥ vc ≥

√

c4
c2

. In general we can replace any number

of such sections crossing
√

c4
c2

to yield another velocity profile

with lower energy covering the same distance moving at
√

c4
c2

.

Hence, once the velocity profile hits
√

c4
c2

, there is no reason

to deviate from this value except at the boundary (initial and
final conditions).

D. Comparisons with trapezoidal velocity profile

A trapezoidal velocity profile is commonly used for its ease
of implementation. A trapezoidal velocity profile (see Fig-
ure 7) consists of a constant acceleration section, followed by a
constant velocity section, followed by a constant deceleration
section. In [13], Wang et al. computed the optimal trapezoidal
velocity profile for traveling a given distanceD. However,
their result is only applicable in the case when there is no
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Fig. 7. Optimal trapezoidal profile computed using the same energy function
shown together with the general optimal profile for traveling D = 50m.
The general optimal profile we compute gains higher savings with respect to
the trapezoidal profile while accelerating and decelerating. This yields higher
energy savings when the total distance to travel is less, a scenario commonly
seen when the robot has to frequently start and stop.

bound on the maximum velocity of the robot. Hence, we can
only compare their method for the case when there is no bound
on the maximum velocity, and not the general solution that we
present in the next section.

Figure 7 shows the optimal profile and optimal trapezoidal
profile computed for traveling a distance ofD = 50m. We can
observe that the optimal trapezoidal profile closely matches
with the general optimal solution except while accelerating
and decelerating. The general optimal profile we compute
gains higher savings with respect to the trapezoidal profile
while accelerating and decelerating. Hence, the percentage
energy savings for the general optimal profile are higher when
the robot has to travel for shorter distances. For example,
the optimal profile yields1.94% savings when traveling1m,
while the savings drop to0.32 when D = 100m for the
parameters calculated on our custom robot. In situations where
the robot has to frequently stop, following an optimal profile
would result in more energy savings and consequently longer
run-time. It should be noted that these figures are highly
system-specific and the savings will vary from robot to robot.
However, for all systems, the velocity profile computed in this
work is guaranteed to minimize the energy consumption for
the stated assumptions.

V. GENERAL SOLUTION INCORPORATING MAXIMUM

VELOCITY BOUND

The optimal profile given in Section IV does not satisfy
any bound on the maximum velocity imposed by the physical
limitations of the robot. In this section, we solve for the
optimal velocity profile forProblem 2, with a bound on the
maximum velocityv(t) ≤ vm. We also consider the general
case where the initial and the final velocities of the robot can
be non-zero,

v(0) = v0, v(tf ) = vf

subject tov0, vf ≤ vm. The non-zero initial and final velocities
are useful in computing the optimal velocity profile when



7

the given path consists of multiple segments, with different
velocity bounds for each segment. We will consider this case
in Section VI. In this section, we first present the structureof
optimal profile under different conditions and then presentthe
solution for each.

A. Structure of optimal profile

If eitherv0 or vf is greater thanvm, no valid solution exists.
Otherwise, depending on the value ofvm andD, the optimal
velocity profile can belong to one of the following two cases.

CASE 1: Unconstrained optimal profile does not violate
boundv(t) ≤ vm

In the case that the optimal velocity profile computed in
Section IV does not exceed the boundvm, then this profile
is a valid solution for the constrained case too. This happens

whenvm ≥

√

c4
c2

. Additionally, in the case when the distance

to travelD is very small, the optimal velocity profile may not

have enough time to reachvm or
√

c4
c2

. This situation can be

seen in Figure 5 whenD = 5m.
While solving for the optimal profile in Equation 15, we

considered only zero initial and final velocity boundary condi-
tions. Here, instead we extend this result for possibly non-zero
v0 and vf as the initial and final velocities. By following a
process similar to that described in Section IV we get,

s1 =
(v0 − vf )(1 − e−ktf − ktf ) +Dk(1− e−ktf )

ektf (2 − ktf ) + e−ktf (2 + ktf )− 4
,

s2 =
(v0 − vf )(1 − ektf + ktf )−Dk(1− ektf )

ektf (2− ktf ) + e−ktf (2 + ktf)− 4
,

s3 = 2c1(s1 + s2)− c3 − v0,

s4 = −
s1 − s2

k
. (25)

The resulting profiles can be obtained by substituting the above
in Equations 12-14. Figure 8 shows the resulting velocity
profile obtained for traveling50m with v0 = 0.2, vf = 3.8
andvm = 4m/s.

CASE 2: Unconstrained optimal profile violates the bound
v(t) ≤ vm

If the unconstrained optimal profile violates the boundvm,
the constrained optimal velocity profile will consist of uncon-
strainedU (v(t) < vm) and constrained arcsC (v(t) = vm)
joined together atcorner points. We show that there exists an
optimal profile with aU−C−U sequence havingcorner points
at timest = t1 andt = tf−t2, along with its degenerate cases
(U −C, C −U , C) when either or both oft1 andt2 equal to 0.

By definition, there cannot be anyU−U or C−C sequence,
as these do not include anycorner points. Using this and the
following lemma, we show that the constrained velocity profile
in this case is limited to the above given sequences.

Lemma 5.1:The optimal velocity profile cannot consist any
sequence of the formC − U − C.

Proof: Consider any velocity profile consisting of aC −
U − C sequence covering distanceD. We can replace this
C−U−C sequence with a singleC section, so that the resulting
velocity profile covers the same distance and consumes energy
less than the original profile.
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Fig. 8. Optimal velocity profile for the case whenvm >

√

c4

c2
consists

of a single unconstrained arc. Here,v0 = 0.2m/s, vm = 4m/s and vf =

3.8m/s for traveling 50m with
√

c4

c2
= 2m/s.

The proof is similar to that of Lemma 4.1. Letv(t) be any
velocity profile that contains aC − U − C sequence. That is,
v(t) = vm(t) for t0 ≤ t ≤ t1 and t2 ≤ t ≤ t3 andv(t) < vm
betweent1 ≤ t ≤ t2. The energy consumption of this profile
for traveling a distanceD = d01 + d12 + d23,

E = E01 + E12 + E23,

whereEij is the energy spent in travelingdij for v(t). We
construct another velocity profile that is identical tov(t) in
[t0, t1] and [t2, t3] but covers the sectiond12 at v(t) = vm.
The energy consumption for this new profile is given by,

E′ = E01 + E′
12 + E23.

By following a process very similar to that in Lemma 4.1, we
can show thatE′

12 ≤ E12 leading toE′ ≤ E. Hence, any
C −U −C sequence can be replaced by a singleC segment to
reduce the energy consumption. Hence, the optimal velocity
profile will never consist of aC − U − C sequence.

We now show how to obtain the solution for this case in
closed form. Specifically, we show how to obtainv(t) for the
unconstrained and constrained arcs and compute the corner
points t1 and t2.

B. Solution

We begin by writing the velocity constraint in the form of
state inequalitȳS = (v(t)−vm) ≤ 0. The state inequalitȳS is
converted into a control equality and interior point constraint
by differentiatingS̄ once leading to,

S̄(1) = v̇(t) = u.

v(t1) = vm (26)

Along the unconstrained arc, the state transition is governed
by Equation 1. On the constrained arc, the state transition is
given by,

Ẋ(t) =

[

ẋ(t)
v̇(t)

]

=

[

vm
0

]

(27)



8

The Hamiltonian is augmented with the control equality
constraint in[t1, tf − t2] and is given by,

Ĥ = c1a
2(t) + c2v

2(t) + c3v(t) + c4

+ λ1(t)v(t) + λ2(t)a(t) + µ(t)a(t) (28)

whereµ(t) is the slack variable associated with the control
constraint. In the interval[0, t1] and [tf − t2, tf ], the Hamil-
tonian is given by,

H = c1a
2(t) + c2v

2(t) + c3v(t)

+ c4 + λ1(t)v(t) + λ2(t)a(t) (29)

The interior point constraint is given by,

G = ξ(v(t) − vm) (30)

The three necessary conditions given in Equation 11 are
used to obtain the optimal profile in the time interval[0, t1] and
[tf − t2, tf ]. On the constraint boundary, i.e.,t ∈ [t1, tf − t2],
the following necessary conditions must hold,

Ẋ
∗(t) =

∂H

∂λ
λ̇
∗
(t) =

∂Ĥ

∂X
0 =

∂Ĥ

∂a
(31)

Also, on the two corners (t = t1 and t = tf − t2), the
following conditions must hold for the optimal solution [6],

H(t+1 ) = H(t−1 ) +
∂G

∂t

∣

∣

∣

∣

t1

λ(t+1 ) = λ(t−1 )−

[

∂G

∂X

]T

t1

H((tf − t2)
+) = H((tf − t2)

−)

λ((tf − t2)
+) = λ((tf − t2)

−) (32)

Using the conditions given above, we can solve for the
optimal control and velocity profile in terms of the constants
for the off-boundary exponential curves and timet1, t2 and
tf . The optimal velocity profile in this case is given by,

v∗(t) =































s1
(

ekt + ek(2t1−t) − (1 + e2kt1)
)

+ v0,

0 ≤ t ≤ t1

vm, t1 ≤ t ≤ tf − t2

s2
(

e−k(tf−t−2t2) + ek(tf−t) − (1 + e2kt2)
)

+ vf ,

tf − t2 ≤ t ≤ tf .
(33)

We can obtain the values of these constants and times
using the initial and final conditions, the transversality con-
dition given in Equation 17 and the interior point constraint

v∗(t) = vm, t1 ≤ t ≤ tf − t2 as,

s1 = −
(vm − v0)

(ekt1 − 1)2
,

s2 = −
vm − vf

(ekt2 − 1)2
,

t1 =
1

k
ln
(c4 + c2v

2
m − 2c2v0vm

c4 − c2v2m

+
2(c2vm(c4 − c2v0vm)(vm − v0))

1

2

c4 − c2v2m

)

,

t2 =
1

k
ln
(c4 + c2v

2
m − c2vfvm

c4 − c2v2m

+
2(c2vm(c4 − c2vfvm)(vm − vf ))

1

2

c4 − c2v2m

)

.

(34)

and the final time can then be calculated by using the total
distance to travel and the distances traveled in the two expo-
nential curves.

tf = t1 + t2 +
x∗(tf − t2)− x∗(t1)

vm
.

It is easy to see that ifv0 or vf is equal tovm, then t1 = 0
or t2 = 0 respectively.

C. Examples and observations
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Fig. 9. Optimal Velocity (v∗(t)) profile obtained for maximum velocity
boundvm = 1m/s. The constrained velocity profile consists of exponential
acceleration and deceleration curves with the constraint boundary in the
middle. This profile is not the same as that obtained from unconstrained
solution by setting velocity tovm wherever it exceeds.

Figure 9 shows the optimal velocity profile obtained for
traveling a distance of25m with the maximum velocity bound
set tovm = 1m/s andv0, vf = 0. It can be observed that the
optimal velocity profile follows an exponential curve till it hits
the boundary att1 = 4.06s and then stays on the constraint
boundary, before following a symmetric exponential curve
to zero. The corresponding optimal velocity profile obtained
without any bounds (Section IV) is shown along with the
unconstrained solution. The time taken by the constrained
solution is higher than that of the unconstrained solution.The
corresponding optimal control is shown in Figure 10.
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Fig. 10. Optimal control for the case with bound on maximum velocity. Note
that the control is zero whenever the velocity is on the constraint boundary
(see Figure 9).
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Fig. 11. Optimal velocity profile withv0 = 0.3m/s, vm = 0.4m/s and
vf = 0.1m/s for traveling 30m.

Figure 11 shows the optimal velocity profile obtained for
the traveling a distance of30m, with velocity boundvm =
0.4m/s and initial and final velocitiesv0 = 0.3m/s and
vf = 0.1m/s respectively. Note that the acceleration and
deceleration times are different in this case.

The following theorem summarizes the results for all the
cases considered.

Theorem 5.2:The optimal velocity profile that minimizes
the energy consumption given by Equation 6 to travel a
specified distanceD is given by,

• Equations 16 and 15 when there is no bound on the
maximum velocity of the robot and initial and final
velocities are both zero,

• Equations 16 and 25 when the maximum velocity bound

vm >

√

c4
c2

and initial and final velocities can be non-

zero,
• Equations 33 and 34 when the maximum velocity bound

vm ≤

√

c4
c2

and initial and final velocities can be non-

zero.
The final time tf in each case can be obtained by from

Equation 17.

VI. OPTIMAL PROFILE OVERMULTIPLE SEGMENTS

We now use the general optimal velocity profile solution
given above to solve for the problem of finding the optimal
velocity profile over a path consisting ofN segments (see
Figure 12). Depending on the surface on which a car-like robot
operates, the maximum feasible speed without either slipping
or overturning for each segment will depend on the radius of
the segment. Hence, for each segment, we have the maximum
allowable velocity for the robotvm(i) and the distance to travel
D(i), 1 ≤ i ≤ N .

The robot initially starts at and returns to rest, i.e.,v0(1) = 0
and vf (N) = 0. The velocitiesv0(i) and vf (i) can be non-
zero for all other intermediate segments. We can compute the
optimal velocity profile for a given segment, if we know the
v0(i) andvf (i) that the optimal velocity profile uses.
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Fig. 12. Left: Typical path for a robot composed of two straight line
segments and two turns of different radii. Segments have different maximum
allowable velocities, depending on their radii.Right: Optimal velocity profile
with different bounds for different segments. The given path consists of
4 segments with boundsvm = {0.8, 0.2, 0.8, 0.4}m/s and distances
D = {6, 0.5, 6, 1}m

A. Greedy Strategy

From Lemmas 4.1 and 5.1, we proved that the optimal

profile travels atmin{vm,

√

c4
c2

} except at the boundaries.

This suggests that the optimal profile over multiple segments

will try to remain as close tomin{vm(i),

√

c4
c2
} as possi-

ble. We can thus come up with a greedy strategy where
we pick v0(i) = min{vm(i − 1), vm(i)} and vf (i) =
min{vm(i), vm(i + 1)} as the boundary values for segment
i. That is, for each segment boundary, we choose the highest
feasible value as the initial and final velocity.

We can prove that if the distancesD(i) aresufficiently large,
the greedy strategy is optimal. We first define what it means
for D(i) to be sufficiently large.

Sufficiently Large DistancesD∗(vm(i)): Given a velocity
boundvm, any distance to travel for a segmentD is said to
besufficiently large, if the optimal velocity profilev∗(t), with
v0 = 0 andvf = 0 has at least one point wherev∗(t) = vm,
i.e., the optimal profile contains a constrained arcC.

In Equation 33, whent1 = tf − t2 the optimal velocity
profile contains exactly one pointt = t1 wherev∗(t) = vm.
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By substitutingt1 = tf − t2 andv0 = vf = 0 in Equation 34
we get,

t1 =
1

k
log

√

c4
c2

+ vm
√

c4
c2

− vm

.

The total distance traveled in this case is given by,

D∗(vm) =
2vm

(ekt1 − 1)2

[

(1 + e2kt1)t1 −
(e2kt1 − 1)

k

]

.

Now if D(i) ≥ D∗(vm(i)), the optimal velocity profile has
sufficient distance to accelerate from rest, reachvm and return
to rest. Consequently, for anyv0, vf ≥ 0, the optimal velocity
profile has sufficient distance to reachvm. We can show that
at the boundary between two segments withsufficiently large
distances, the optimal velocity profile will never decelerate fur-
ther thanmin{vm(i−1), vm(i)}. This proof can be constructed
similar to that of Lemma 4.1, by proving that any profile
decelerating belowmin{vm(i−1), vm(i)} can be replaced by
another profile decelerating only up tomin{vm(i−1), vm(i)}
and the energy consumption strictly increases. Hence, the
greedy strategy yields the optimal when allD(i) ≥ D∗(vm(i))

Lemma 6.1:Consider a segment boundaryi such that the
distancesD(i) ≥ D∗(i) andD(i+1) ≥ D∗(i+1). Then there
exists an optimal velocity profile which leaves theith segment
and enters the(i + 1)th with velocity vf (i) = v0(i + 1) =
min{vm(i), vm(i+ 1)}.

Proof: The key observation from the solution presented
in Section V is that the optimal velocity profile starting at any
initial velocity always accelerates towardvm and stays there
except at the boundary. Hence, using a procedure similar to
that in Lemma 4.1 we can show that at any segment boundary,
if a velocity profile decelerates further thanmin{vm(i), vm(i+
1)}, it consumes more energy than another profile that only
decelerates up tomin{vm(i), vm(i+ 1)}.

Consider theith boundary such thatvm(i) > vm(i + 1).
Consider a velocity profilev(t) that crosses the segment
boundary at a velocityv < vm(i+1). As distanceD(i+1) ≥
D∗(i+1), from the solution presented in Section V, we know
that the optimal profile in the(i+1)th segment will accelerate
up to vm(i + 1) and stay there. Now, consider another
velocity profile v′(t) which crosses the segment boundary at
v′ = vm(i + 1). Again from Section V, the optimal velocity
profile will remain atvm(i+1) till the next segment boundary.
Note the first profilev(t) will constain a section where it
decelerates to a velocity belowvm(i + 1) and then again
accelerates back tovm(i+ 1).

Using a proof similar to that in Lemma 5.1, we can show
that the energy consumption forv′(t) is less than that forv(t)
for this section. Hence, the optimal velocity profile will not
decelerate further thanmin{vm(i), vm(i+1)} at the segment
boundaries. As a result, the greedy yields optimal solutionin
the case where all distancesD(i) ≥ D∗(i).

When the distancesD(i) < D∗(vm(i)), the greedy strat-
egy does not yeild an optimal solution. Consider a segment
boundary such thatD(i) ≪ D∗(vm(i)). The greedy strategy
forces the velocity profile to achievevf (i) = vm(i) leading

to higher energy consumption. The optimal on the other hand
will reach a much lower value forvf (i). For such cases, we
can discretize the velocity at the segment boundary and use
dynamic programming to yeild the solution.

B. Dynamic Programming

LetVmax be the maximum of{vm(i), ∀i} over all segments.
We then discretize the velocity space at the segment boundary
into M equal partitionsv(k) = k

M
Vmax, 0 ≤ k ≤ M . Let

C(v(k), i) be the cost to reach the velocityv(k) at the ith

segment boundary. LetE(v0, vm, vf ) be a function which
gives the energy consumption for an optimal velocity profile
in a segment starting withv0 and ending withvf , using the
solution in Theorem 5.2. If eitherv0 > vm or vf > vm then
the function returns the cost asE(v0, vm, vf ) = ∞.

We can then use the following recurrence for theith

segment boundary:

C(v(k), i) = min
0≤j≤M

(

C(v(j), i− 1) + E(v(j), vm(i), v(k))
)

,

1 ≤ k ≤ M.

Since the robot initially starts from rest, we have the
following,

C(v(k), 0) =

{

0 k = 0,

∞ 1 ≤ k ≤ M.

The solution can be obtained by backtracking fromC(v(0), N)
and finding optimal segment boundary velocity values. The
optimal velocity profile can then be constructed using these
optimal boundary velocity values to find individual segment
profiles using Theorem 5.2.

Figure 12 (right) shows the optimal velocity profile obtained
using above dynamic programming for a path consisting of
4 segments. The velocity bounds for these segments are
vm = {0.8, 0.2, 0.8, 0.4}m/s. This solution is optimal up to
numerical precision along the segment boundaries only and
exact everywhere else.

VII. E XPERIMENTS

To test the validity of our results, we performed experiments
using our custom robot. We used the energy measurement
circuit (described in Section III) to compute the energy con-
sumption for motion of the robot moving along a straight
line. We begin by describing the experimental setup and then
present the results of these experiments.

The experiments were performed on the smooth corridor
surface. As described in Section III, the robot was first
calibrated to obtain the model parameters for both the surfaces
(given in Table I). Using Theorem 5.2, the optimal profile is
computed for the given distance. We then sample this profile
every100ms and store it in a table on the microcontroller.

We compare the energy consumption of the optimal profile
with two commonly-used trapezoidal profiles. The maximum
speeds for these profiles are chosen as1m/s and2m/s, so that
the robot covers the same distance taking more and less time
than the optimal respectively. We perform these comparisons
for two distancesD = 20, 45m.
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Fig. 13. Left: Optimal velocity profile executed by the robot for traveling
20m in 18.4s while consuming296J energy. The optimal profile computed
using Theorem 5.2 is shown as dashed.Right: Sub-optimal velocity profiles
executed by the robot for traveling20m at maximum set velocities of1m/s
and2m/s. The energy consumption for these profiles is303J and319J .

Figure 13 shows the optimal, slower and faster velocity
profiles executed by the robot in the corridor. The optimal
profile computed is also shown in Figure 13 as dashed. As
can be seen, the actual profile executed by the robot follows
closely the desired profiles, albeit with small deviations arising
due to noise in encoders and disturbances on the surface. The
energy consumption in the robot for the optimal profile was
296J as against303J and 319J for the slower and faster
profiles.

We repeated these trials for a longer distance of45m.
Table II shows the comparison of the energy consumption for
all the trials conducted. As can be observed, the optimal profile
consumes lesser energy than the two sub-optimal profiles.

TABLE II
ENERGY CONSUMPTION DURING EXPERIMENTS

D (m) Eopt(J) Eslow(J) Efast(J)

20 296 303 319
45 656 694 696

VIII. C ONCLUSION

In this work, we studied the problem of computing a
velocity profile for a car-like robot so as to minimize the
energy consumed while traveling along a given path on a flat
surface. We presented closed form solutions for two cases: no
constraints on the robot’s speed, and a single upper-bound on
the speed. We also studied a general case where the robot’s
path is composed of segments and we are given a speed upper-
bound for each segment. For example, the robot’s path can be
composed of circular and straight-line segments. When the
robot is following the circular sub-path, the maximum speed
it can achieve can be less than the maximum speed for the
straight component. These bounds may vary depending on
the surface properties. For this general case, we presenteda
dynamic programming solution which builds on the solution
for the single-bound case.

In addition, we presented a calibration procedure for obtain-
ing robot’s internal parameters related to energy consumption.
We demonstrated the utility of the calibration procedure and
the algorithms presented in the paper with experiments per-
formed on a custom-built robot.

Throughout the paper, we assumed that the robot’s path is
given. Our next step is to study the problem of computing the
optimal path that minimizes the energy consumption. From
our initial investigation, it does not seem like minimum energy
paths exhibit the same structure as the shortest-path (Dubins’)
curves.
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APPENDIX A
PROOF: UNCONSTRAINED SOLUTION

The state transition equation can be written as,

Ẋ(t) =

[

ẋ(t)
v̇(t)

]

=

[

v(t)
a(t)

]

(35)

The objective is to find a velocity profilev∗(t) which min-
imizes the total energy required for motion given by the
following cost functional,

J =

∫

0

tf [

c1a
2(t) + c2v

2(t) + c3v(t) + c4

]

dt, (36)

where the final timetf is kept a free variable. The initial
boundary conditions are given as,

x(0) = 0, v(0) = 0, (37)

and the final boundary conditions are given as,

x(tf ) = D, v(tf ) = 0. (38)
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Hamiltonian: The hamiltonianH(X,λ, u, t) is defined as,

H(X,λ, u, t) = J + λ1(t)ẋ(t) + λ2(t) ˙v(t), (39)

where λ1(t) and λ2(t) are the Lagrange multipliers, also
called the co-state variables which include the state transition
equations as a constraint to the objective.

When there is no bound on the maximum velocity, the
Hamiltonian for this problem can be obtained using Equa-
tions 35 and 36 as,

H(X(t), a(t),λ(t), t) = c1a
2(t) + c2v

2(t) + c3v(t)

+c4 + λ1(t)v(t) + λ2(t)a(t) (40)

where the accelerationa(t) is the control.
The three necessary conditions fora∗(t) to optimize the

Hamiltonian [9] for all timet ∈ [0, tf ] are given as,

Ẋ
∗(t) =

∂H

∂λ
, λ̇

∗
(t) = −

∂H

∂X
, 0 =

∂H

∂a
(41)

By substituting we get,

ẋ(t) = v(t),

v̇(t) = a(t),

λ̇1(t) = 0,

λ̇2(t) = 2c2v(t) + c3 + λ1,

λ2(t) = −2c1a(t),

∴ λ2(t) = −2c1v̇(t).

Using the last two equations, we can write,

−2c1v̈(t) = 2c2v(t) + c3 + λ1,

2c1v̈(t) + 2c2v(t) + c3 + λ1 = 0.

We can solve for this second order differential equation to
yield,

v∗(t) = s1e
kt + s2e

−kt −

(

c3 + s3
2c1

)

(42)

wherek =
√

c2
c1

ands1 − s4 are constants andλ1 = s3.

Applying the state transition equations, we can get the
optimal control and states given as,

a∗(t) = ks1e
kt − ks2e

−kt (43)

x∗(t) =
s1e

kt

k
−

s2e
−kt

k
−

(

c3 + s3
2c1

)

t+ s4. (44)

We can solve fors1−s4 in terms of the final timetf by sub-
stituting the boundary conditions given in Equations 37 and38
for v∗(t) andx∗(t). We obtain,

s1 = −
Dk

ktf + ektf (ktf − 2) + 2
,

s2 = s1e
ktf ,

s3 = 2c1(s1 + s2)− c3,

s4 = −
s1 − s2

k
. (45)

By substituting in Equations 43-44 we obtain,

a∗(t) = D

(

c2
c1

)(

e(ktf − t)− e(kt)

ktf + ektf (ktf − 2) + 2

)

,

v∗(t) = D

√

c2
c1

(

(1 + ektf − (ek(tf−t) + ekt))

ktf + ektf (ktf − 2) + 2

)

,

x∗(t) = D

(

(ek(tf−t) − ekt)− (ektf − 1) + kt(ektf + 1)

ktf + ektf (ktf − 2) + 2

)

.

(46)

Since the final time is free, it can be solved for using the
additional boundary condition (known as the transversality
condition) given by,

H(X∗(tf ), a
∗(tf ),λ

∗(tf ), tf ) = 0. (47)

Substituting Equations 43-44 and 45 above results in,

(D
c2
c1

+ 2)(1− ektf ) +

√

c4
c1
ktf (1 + ektf ) = 0, (48)

which is an equation in single variabletf and can be solved
using existing solvers. (We used MATLAB’ssolve func-
tion). Alternatively, if the final time is fixed, we can directly
substitute this given value in Equation 46 to findv∗(t).

APPENDIX B
PROOF: CONSTRAINED SOLUTION

We begin by writing the velocity constraint in the form of
state inequalitȳS = (v(t)−vm) ≤ 0. The state inequalitȳS is
converted into a control equality and interior point constraint
by differentiatingS̄ once leading to,

S̄(1) = v̇(t) = u.

v(t1) = vm (49)

Along the unconstrained arc, the state transition is governed
by Equation 35. On the constrained arc, the state transitionis
given by,

Ẋ(t) =

[

ẋ(t)
v̇(t)

]

=

[

vm
0

]

(50)

The Hamiltonian is augmented with the control equality
constraint in[t1, tf − t2] and is given by,

Ĥ = c1a
2(t) + c2v

2(t) + c3v(t) + c4

+ λ1(t)v(t) + λ2(t)a(t) + µ(t)a(t) (51)

whereµ is the slack variable associated with the control con-
straint. In the interval[0, t1] and[tf − t2, tf ], the Hamiltonian
is given by,

H = c1a
2(t) + c2v

2(t) + c3v(t)

+ c4 + λ1(t)v(t) + λ2(t)a(t) (52)

The interior point constraint is given by,

G = ξ(t)(v(t) − vm). (53)
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A. 0 ≤ t ≤ t1

Using the necessary conditionλ̇ = −
∂H

∂x
we get,

λ̇1 = 0,

∴ λ1 = s3.

and,

λ̇2 = −
∂H

∂x
, (54)

∴ λ̇2 = − [2c2v(t) + c3 + s3] . (55)

Applying the third necessary condition,0 =
∂H

∂a
we get,

0 = 2c1a(t) + λ2(t),

∴ λ2(t) = −2c1a(t).

Differentiating the above equation we get,

˙λ2(t) = −2c1v̈(t).

From Equation 55 we can write,

2c1 ¨v(t) = 2c2v(t) + c3 + s3,

∴ v̈(t)−
c2
c1
v(t)−

c3 + s3
2c1

= 0.

The solution for the above differential equation is given as,

v∗(t) = s1e
kt + s2e

−kt −
c3 + s3
2c1

,

a∗(t) = s1ke
kt − s2ke

−kt,

x∗(t) =
s1
k
ekt −

s2
k
e−kt −

c3 + s3
2c1

t+ s4,

λ∗
1(t) = s3,

λ∗
2(t) = −2c1a

∗(t).

Using initial conditionsx(0) = 0 andv(0) = v0, we get,

s4 = −
s1 − s2

k
,

c3 + s3
2c1

= s1 + s2 − v0.

Putting these together we get,

v∗(t) = s1e
kt + s2e

−kt − (s1 + s2 − v0),

a∗(t) = s1ke
kt − s2ke

−kt,

x∗(t) =
s1
k
ekt −

s2
k
e−kt − (s1 + s2 − v0)t−

s1 − s2
k

,

λ∗
1(t) = 2c1s1 + s2 − v0 − c3,

λ∗
2(t) = −2c1a

∗(t),

wheres1 ands2 are two constants left to be evaluated.

B. tf − t2 ≤ t ≤ tf

In this section, the system is governed by the same state
equation as in the interval0 ≤ t ≤ t1. Hence, we get a similar
form for the optimal state and control given by,

v∗(t) = s′1e
−ktf ekt + s′2e

ktf e−kt −
c3 + s′3
2c1

,

a∗(t) = s′1ke
−ktf ekt − s′2ke

ktf e−kt,

x∗(t) =
s′1
k
e−ktf ekt −

s′2
k
ektf e−kt −

c3 + s′3
2c1

t+ s′4,

λ∗
1(t) = s′3,

λ∗
2(t) = −2c1a

∗(t).

wheres′1 . . . s
′
4 are the new constants to be solved for. Using

the final condition,x(tf ) = D, we get

D =
s′1
k

−
s′2
k

−
c3 + s′3
2c1

tf + s′4,

∴ s′4 = D −

[

s′1
k

−
s′2
k

−
c3 + s′3
2c1

tf

]

.

Using the second final condition,v(tf ) = vf we get,

vf = s′1 + s′2 −
c3 + s′3
2c1

,

∴ s′3 = 2c1(s
′
1 + s′2 − vf )− c3.

The equations can then be written as,

v∗(t) = s′1e
−k(tf−t) + s′2e

k(tf−t) − (s′1 + s′2 − vf ),

a∗(t) = s′1ke
−k(tf−t) − s′2ke

k(tf−t),

λ∗
1(t) = 2c1(s

′
1 + s′2 − vf )− c3,

λ∗
2(t) = −2c1a

∗(t).

C. Corner conditions

We can now use the corner conditions to determine the
unknown constantss1, s2, s′1, s

′
2. The corner conditions state

that λ((tf − t2)
+) = λ((tf − t2)

−) and v((tf − t2)
+) =

v((tf − t2)
−) andµ((tf − t2)

+) = 0,

H(t+2 ) = H(t−2 ),

∴ a(tf − t2) = 0,

∴ s′2 = s′1e
−2kt2 .

Using the other corner conditionv((tf−t2)
+) = v((tf−t2)

−)
we have,

v(tf − t2) = vm,

∴ s′1e
−kt2 + s′1e

−kt2 − (s′1 + s′1e
−2kt2 − vf ) = vm,

∴ s′1 = −
vm − vf

(e−kt2 − 1)2
.
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Using similar arguments at the other cornert = t1 we get the
final form for the optimal velocity profile as,

v∗(t) =































s1
(

ekt + ek(2t1−t) − (1 + e2kt1)
)

+ v0,

0 ≤ t ≤ t1

vm, t1 ≤ t ≤ tf − t2

s2
(

e−k(tf−t−2t2) + ek(tf−t) − (1 + e2kt2)
)

+ vf ,

tf − t2 ≤ t ≤ tf .

where,

s1 = −
(vm − v0)

(ekt1 − 1)2
,

s2 = −
vm − vf

(ekt2 − 1)2
,

Using the transversality conditionH(tf ) = 0, we can deter-
mine the timest1 and t2 as,

t1 =
1

k
ln

(

c4 + c2v
2
m − 2c2v0vm

c4 − c2v2m
+

2(c2vm(c4 − c2v0vm)(vm − v0))
1

2

c4 − c2v2m

)

,

t2 =
1

k
ln

(

c4 + c2v
2
m − ca2vfvm

c4 − c2v2m
+

2(c2vm(c4 − c2vfvm)(vm − vf ))
1

2

c4 − c2v2m

)

.

(56)

and the final time can then be calculated by using the total
distance to travel and the distances traveled in the two expo-
nential curves. It is easy to see that ifv0 or vf is equal tovm,
then t1 = 0 or t2 = 0 respectively.


