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Abstract—For battery-powered mobile robots to operate for Kim and Kim [8] find the optimal velocity profile for
long periods of time, it is critical to optimize their motion so a robot moving on a straight line, when the total time to
as to minimize energy consumption. The driving motors are a 4y js fixed. However, this solution does not incorpoeatg
major source of power consumption. In this paper, we study tle b d . I, itv of th bot. In [71. th
problem of finding energy-efficient velocity profiles for carlike oun .on maximum ve 09' yo e_ robot. In [7], . Fj‘y propose
robots given a path to travel. a minimum energy rotational trajectory that minimizes the

We start with an established model for energy consumption energy. They do not present a systematic method to combine
of DC motors. First, we study the problem of computing an the solutions for translational and rotational traje@sriThus,
optimal velocity profile for a car-like robot so as to minimize it is not clear if this approach yields an optimal solution.

the energy consumed while traveling along a given path. We . . L
present closed form solutions for the unconstrained case anfor Wang et al. [13] studied the problem of finding a minimum

the case where there is a bound on maximum velocity. We also €N€rgy trapezoidal velocity profile. As we will show shortly
study a general problem where the robot's path is composed of trapezoidal profile itself is not optimal in terms of totalezgy
segments (e.g. circular arcs and line segments). We are giva&  consumption. In addition, they too do not consider any upper
velocity bound for each segment. For this problem, we presérd  hound on the velocity of the robot. Further, their technidgie

dynamic programming solution which uses the solution for tte . . .
single-constraint case as a subroutine. In addition, we pesent a only applicable for turn-in-place-move-forward type oftioa

calibration method to find model parameters. Finally, we present for differential drives, and is not experimentally verified
results from experiments conducted on a custom-built robat The general problem we study can be considered a type
of kinodynamic planning problem. In the standard version of
kinodynamic planning, the objective is to minimize the &hv
. INTRODUCTION time while satisfying velocity and acceleration consttsid].
_ ~_ Here, we focus on energy instead. The pioneering work for
In this work, we study the problem of energy efficienfihqing shortest paths for a forward-only car-like robot was
navigation. Speqﬂcally, we focus on car-like robots pcqubr done by Dubins [5]. Reed and Shepps [11] extended this work
by DC motors. It is well-known that the energy consumption g, 5 car that can go forward and backward. Balkcom and
a DC motor depends on the angu_lar velocity a_nd accglerati(mason [2] used optimal control techniques to give the time
We study the problem of computing the velocity profile of ntimal trajectories for bounded velocity differentialives.
robot so that |t_c0nsumes a minimum amount of energy ﬁ@ecently, Chitsaz et al. [3] used similar techniques to gee
travel along a given path. complete characterization for minimum wheel rotation path
Even though energy efficient navigation is a fundamentgy; gitferential drive robots. In this work, we do not addses
problem, it has received very little attention, and a corhpre ihe problem of computing an energy efficient path. Instea, w
sive treatment is missing. Existing literature includeswWork 5ssume that the path is given. Even when the path is given,
of Sun and Reif [12] who consider the problem of computingyinimizing energy is a non-trivial optimal control problem
the optimal path over a terrain. Under the assumption thattpe rest of the paper is organized as follows: After present-
the friction coefficients are known across the terrain, themg the formal problem-statement and the energy model in
show how to compute a path that requires minimum energy 3.ction 11, we present a calibration procedure for estinti
overcome frictional forces. This work generates the path bhe harameters of the energy model in Section Iil. The optima
does not yield an optimal velocity and acceleration profite. \e|ocity profiles with and without a maximum velocity bound
this sense, it is complementary to the present work. are derived in Section IV and Section V respectively. The
In order to compute the velocity and acceleration profilegppiication of these results to compute the velocity prafiler
power consumption needs to be modeled. Mei et al. [10] modg{ entire path composed of multiple segments is presented in
the power consumption as a sixth-degree polynomial of tRgction V1. Experiments on our custom-robot are presemted i

robot's speed using experimentally collected data. Howeveection VII. We conclude with a discussion on the utility of
their model does not incorporate acceleration. More impayr results in Section VIII.

tantly, they use this model to compare velocity profiles but d

not address the problem of computing an optimal profile.
Il. PROBLEM FORMULATION

I_D. Tokekar, N. Karngd and V IsI_er are w_ith the Department ofm@uter We are given a patli[ a|0ng which the robot moves. L&
Science and Engineering, University of Minnesota, 200 bn&ireet SE, be i Il h. Si h . fth bot i d
Minneapolis MN 55414 USA. e-maiKtokekar, karnad, islé@cs.umn.edu. e its total length. Since the motion of the robot Is restact

P. Tokekar is the corresponding author. to IT , we can represent the instantaenous position by a single



parameter;(t). The forward velocity and acceleration of theThe equation for energy consumption is given by,

robot are represented hyt) anda(t) respectively. We define ty
the state of the robot b (t) = [z(t), v(¢)]". The state E= {e(t)i(t)}dt,
transition equation can be written as, tff
= (¢ (¢t t
. x(t) v(t) /0 {Cla () + e2v™(t) + cv(t)
X0 = i) ~ lato .
+ ¢4 + csal(t) + cGU(t)a(t)} dt.
The problem we address in this paper is to compute thghere constants, ..., cs are combinations of, .. ., bg.

velocity profile,v(t), of the robot alondI which minimizes ~ We assume that over the pdih, the robot starts from and
the energy consumption for motion. In this section, we presereturns to rest. When the initial and final velocity values ar
the energy model that we use and then formally state ttiee same, the net contribution by the terms corresponding to

problem that we solve. ¢ andcg is zero. Hence, we can rewrite the above Equation
as,
ty
A. Energy Model E = / [cla2(t) + cov?(t) + c3v(t) + cq|dt. ()
0
We use the model described in [1] for energy consumptiothe constantsc:,...,c, depend on the motor parameters

in a brushed DC motor. This detailed model considers thghich in turn depend on the robot design and the surface on
energy dissipated in the resistive winding, the energyiredu \yhich the robot is moving. These parameters can be obtained

to overcome internal and load friction and the mechanicging the calibration procedure presented in Section Iil.
power delivered to the output shaft. The instantaneousntrr

i(t) in the motors is given by, B. Problem Statement

Recall thaflT is a path of lengthD. The energy consumption

dw(t)} (2) for avelocity profilev(t) traversindIl is given by Equation 6.

. 1
i(t) = Ky [TF + T+ Dyw(t) + (Jum + J1)

dt The final timet; can be fixed or kept a free variable. We
and the voltage (¢) across the motor is given by, study three problems of increasing generality. For each of
the problems, the objective is to minimiZé subject to the
e(t) =i(t)R+ Kgw(t) (3) constraints given below:

Problem 1: There is no bound on the maximum velocity of
the robot. The robot starts from and returns to rest i.e., the
initial boundary conditions are given as,

wherew(t) is the angular velocity of the motoK r and K1

are back-EMF and torque constants; and 7y, are internal

and load frictional torques); is the internal damping force

and.J,; and.J; are motor and load moments of inertia. z(0) =0, v(0)=0, (7)
Parameters such &3, and.J;, depend on the characteristicsand the final boundary conditions are given as,

of the wheel and the nature of the surface on which the robot is

moving. The internal parameters of the motors commonly used a(ty) =D, w(ty) =0. (8)

in robots are rarely given. However, to use the energy modBkoblem 2: The maximum velocity of the robot ovdd is

we do not need to know the individual motor parameterbounded byv,,, i.e.,

For a given flat surface, instantaneous power and energy

. . . v(t) < v, 0<t<ty. 9

consumption depend only on the velocity and acceleration () < vm ==Y ©

while all the other parameters remain constant. The initial and final velocities of the robot can be non-zero,

We can rewrite Equations 2 and 3 in terms of the moté€-» v(0) = vo andu(ty) = vy subject tovy, vy < vp,.

angular velocity and acceleration by substituting: Problem 3: IT consists of N segments made up of straight

des(t) lines and curves. There is a separate velocity bound for each
i(t) = a1 + asw(t) + a3 ==, segment. For each segmeéntve are given the velocity bound

dwft) v (1) and the distance to traveD(i), 1 < i < N. The

e(t) = aq + asw(t) + ag

(4) objective is to find the optimal velocity profile over the eati

dt pathII . The robot starts from rest and returns to rest at the
whereay,...,ag are constants obtained as combinations end of the path.

various motor parameters. Lebe the radius of the wheel and

N beth tio of the shaft. Wi ite (4)in t The solutions forProblems 1, 2and 3 are presented in
g D€ the gearratio of the Shafl, Ve can rewrite ( ) in terms %fections IV, V and VI respectively. While deriving the model
the linear velocity of the wheel(t) and acceleration(t) by

bstituti B N d usi tant we assumed that the initial and final velocity is the same.
2“ sti l;)mg w(t) = w(t)/(Nyr) and using new constantsy;, vever forProblem 2we consider non-zero terminal con-
17 ey G-

ditions. This case is used only as a subroutine Razblem
N 3, where the initial and final velocity is zero for the first and
it) = b1 + bov(t) + bsa(?), last segment, respectively. The resulting solution ovetha
e(t) = by + bsv(t) + bea(t). 5)  segments remains optimal.



[1l. CALIBRATION respect tovs.;. Figure 2 (b and c) show the plots for current

In this section, we describe a simple procedure to find tfg/ues obtained during the calibration.
energy model (Equation 6) of the robot for a given flat surface STEP 3t From Equation 5, we know that current and
We use a custom-built robot (see Figure 1(a)) for experimeny®lt@ge bear a linear relationship witf.,, when the robot
The robot is driven using two DC motors whose output shafts N0t accelerating i.eq(t) = 0. Hence, we can find the
are connected together. It has car-like steering conttaijean Parameters, by, by andb; using least-squares linear fitting
independent servo motor. Separate batteries are usedvio dif e data obtained in the previous step (see Figure 2 (b and

the DC motors and power the rest of the electronics on thY- Here, the termsé, andb, represent the current that flows
and voltage that must be applied for the robot to overcome

robot. . .
inertia.

STEP 4: To find the remaining two termi; andbg in the
model, we program the robot move from rest at a particular
set acceleration value,.;. Similar to earlier steps, we repeat
this trial for variousas.; values. Figure 2(d) shows four such
trials with varyinga.; values.

STEP 5: For each trial, for every data point collected, we

| can compute the value @ andbg as,
(a) Custom-built robot (b) Attopilot voltage and by = 1 [z(t) - —bgv(t)]
used in our experi- current measurement circuit Uset ’
ments. from SparkFun Electronics. 1
. ) b6 = [’U(t) — b4 — b5’U(t)] .
Fig. 1. Experimental setup. Aset

In the above equations, all values excepandbg are known.
The final values obs; andbg used in the model can be found
by averaging these obtained for each data point.

STEP 6: Finally, the required parameters, ..., c4 Iin the

Our method utilizes a simple current and voltage measuigindel used throughout the paper (Equation 6) can then be
ment circuit (Figure 1(b)) connected between the output ghiculated as; = bsbg, co = bobs, c3 = bibs + boby, and
the motor driver circuit and the motor. This circuit measurg., — p,p,.
the current flowing and voltage across the motor. A low-level ysing the above procedure, we calibrated our robot on two
micro-controller on the robot is interfaced with this ciitcto  syrfaces: smooth corridor indoors and grass outdoors. The

log the current and voltage values in its memory. The min%arameters obtained for each are listed in Table I.
controller is programmed to drive the robot at any set véjoci

A. Experimental Setup

An optical encoder is installed on one of the wheels. The [ Surface [ e [ co [ es [ ca ]
micro-controller takes feedback from the encoders to nreasu Corridor || 17.75 | 1.16 | 10.46 | 4.70

the actual velocity and adjusts the Pulse Width Modulation G ass 7.68 |4.39 | 24.67 | 14. 77
(PWM) signal for the motor driver to correct for the error it TABLE |

respect to set velocity. In the calibration procedure deedr ENERGY MODEL PARAMETERS(S! Unit§ OBTAINED USING THE
next, the steering of the robot is set to make the robot move CALIBRATION PROCEDURE

in a straight line.

The rest of the paper uses the parameters obtained for the

B. Calibration Procedure corridor surface for illustrations.
The calibration procedure to obtain the energy parameters
consists of the following steps: IV. OPTIMAL UNCONSTRAINED VELOCITY PROFILE

STEP 1: The robot must be programmed to accelerate In this section, we present the solution Reoblem 1 We
from rest and reach a particular set velocity,;, on the first state the necessary conditions and present the closed f
surface for which the energy parameters are to be computsdlution for the optimal velocity profile. Then, we discuss
The robot must then move at.; for some predefined time and provide insights for the structure of the optimal profile
interval. Repeat for different,.; values ranging from 0 to Finally, we compare the optimal profile with the commonly-
vm, Wherew,, is the maximum achievable velocity for theused trapezoidal velocity profile.
robot. Figure 2 (a) shows some of the actual profiles obtained
during calibration forvs.; from 0.5m/s to 2.5m/s. Current A. Solution

and voltage across the motor must be logged throughout thiSyhen there is no bound on the maximum velocity, the

run. _ Hamiltonian for this problem can be obtained using Equa-
STEP 2: For each trial, compute the average current angns 1 and 6 as,

voltage values for the period where the robot was moving 5 )
at v..;, neglecting the initial portion where the robot is (X(t),a(t), A(t),t) = c1a®(t) + c2v™(t) + csv(t)
accelerating. Plot these average current and voltagealitie +eq + A (Hvu(t) + X2 (t)a(t) (10)



Calibration Current vs. Velocity Voltage vs. Velocity Calibration
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Fig. 2. Figures obtained during calibration on the corridorface. Left to right{a) The robot initially accelerates from rest to various sebeiy values.
Feedback from the encoders is used to maintain. The average current and voltage is computed for the reglmrevthe robot has reached.: (STEP 1).

(b) Current consumption as a function of the velocity, when theamis not accelerating. Least-squares linear fitting weeduo determine the parameters
b1 andbs in Equation 5 (STEPS 2 and 3c) Voltage applied to the motor as a function of the velocity,ewhhe motor is not accelerating. Least-squares
linear fitting was used to determine the parametgrandbs in Equation 5 (STEPS 2 and 3d) Calibration procedure to determine the parametgrand

be from Equation 5. The robot is accelerated with various seelacation valuesis.: while logging current and voltage values (STEP 4).

where); (t) and)\;(¢) are the Lagrange multipliers, also calledSubstituting Equations 12-14 and 15 above results in,
the co-state variables and the accelerati6f) is the control. e o
The three necessary conditions fet(¢) to optimize the (D= +2)(1 — €M) + Q/Ektf(l +er) =0,  (18)

Hamiltonian [9] for all timet € [0,¢,] are given as, ] _Cl o )
which is an equation in single variabtg (all other terms

X*(t) _ 3_H 3 *(t) _ _3_H _ 3_H (11) are constant) and can be solved using any solvers. (We used
o’ . da MATLAB’s sol ve function). Alternatively, if the final time is
Applying these necessary conditions, we can solve for tfiged, we can directly substitute this given value in Equatié
optimal control and states to get, to find v*(¢).
* kt —kt .
a’(t) = ksie™ — ksze (12) B. Examples and observations
v*(t) = s1eM + spe7Ft — (w> (13)
2¢ Optimal Velocity Profile
kt —kt \ ‘ ‘ ‘
sie sq€ c3+ S3
(t) = — — t . 14 2
v == k (2c1>+54 (14)
wherek =, /2 ands; — s, are constants. 156
We can solve fos; —s4 in terms of the final time ; by sub- E
stituting the boundary conditions given in Equations 7 and 8 ;
for v*(t) andz*(t). We obtain, R
(]
Dk g
S1 = —
YT ktp 4 et (kty —2) + 2 05
S = slektf,
53 = 2c1(s1 + 52) — e, % 5 10 15 20 25 30
_ Time
sy = S . S2 (15) ime in secs
o ) ) . Fig. 3.  The optimal velocity profile«(*(¢)) for distanceD = 50m using
By substituting in Equations 12-14 we obtain, c1 — cq4 Obtained during calibration in Section Ill. The optimal fil® is
made up of symmetric exponential curves, reaching a maximelocity at
*(t) - D C2 ek(tf_t) _ekt t:tf/2.
“ o Cc1 ktf+6ktf(ktf—2)+2 ’

Figure 3 shows the optimal velocity profile obtained for
traveling a distance of 50m using Equation 16. It can be
Kt ke 2 » observed that. the profile cpnsists of symmetric accelqratio
() = <(€ Y —eM) — (e — 1) + kt(e™ + 1)) ~ and deceleration curves with an almost-constant veloeity r

kty+ ekt (kty —2) +2 gion in the middle. From Equation 16 and 18, we can show
(16) that the peak velocity is reached at= t;/2 and is given

LY
Since the final time is free, it can be solved for using thgy, v*(t_f) — %w_ The corresponding optimal

additional boundary condition (known as the transvengalit 27 Ve (egt_f +1) ) -~
condition) given by. control profile is shown in Figure 4. The acceleration prafile

a smooth exponentially decreasing function. The accéderat
H(X*(ty),a™(ty), N (ty),ty) = 0. (17) is almost zero in the middle region (exactly zera at ¢ /2).

2 ((1+ektf _(ek(tft)+ekt)))

Cc1 ktf + ekts (ktf — 2) +2




Optimal Control Proof: Consider any velocity profile(t) shown in Fig-

05 ure 6. LetD and E be the total distance covered and energy

consumed by (t). This profile crosse “ petween times
Co

[t1,t2] and [ts, t4]. Let d12 anddsy be the distances covered
by v(t) in these sections. The total energy consumption of
v(t) is given by,

E = Eo1 + E12 + Ea3 + Esq + Eys, (19)

Acceleration in m/s?
o

where E;; refers to the energy consumption to cover the
distanced;; .

2.1

0 5 10 15 20 25 30
Time in secs

Fig. 4. Optimal Control ¢*(¢)) obtained for traveling a distance @ =
50m corresponding to the optimal velocity profile shown in Figd.

C. Structure of Optimal Profile

Velocity

The optimal velocity profile shows similar structure when
the distance to traveD is varied. Figure 5 shows the optimal
velocity profiles for traveling various distances. The #&cce
eration and deceleration curves are similar, with changes i
the width of the near-constant velocity region depending on
the distance. Note that these profiles are obtained without a
bound on the maximum velocity of the robot.

Fig. 6. Sections of this velocity profile crossing.(= C—4) between
c2

Optima Velociy Profle [t1,t2] and[ts, t4] can be replaced by constant velocity. Y sections resulting

in a velocity profile that consumes lesser energy to travelstime distance.

N

[
o

We construct another velocity profité(¢) by replacing the
sections|ty, t2] and [ts,t4] by constant velocity, = “
2

Velocity in m/s

o
o

. . d d . .
sections for time—= and —= respectively. The total distance

0 10 20 30 40 50

Ve Ve
Time nsecs traveled byv’'(¢) is D, same a(t). The total energy con-
sumption ofv’(¢) is given by,

E' = Eo1 + Eiy + Eo3 + E, + Eus, (20)

Fig. 5. Optimal Velocity ¢*(t)) profiles obtained for traveling different
distancesD = 5, 35, 70, 100m follow a similar structure.

It is worth noting that the optimal profile reaches the sanfncev’(t) is the same as(t) everywhere except € [ty o]
peak velocity and does not go faster even if the distanceaodt € [t3,14]. Note thatv'(t) is the same ag(t) while
travel increases. From the cost function (Equation 6), vee seovering the distances;, d23 and dy5. Consequently, the
that both, higher velocities (through termas and c3) and energy consumption differs only feh > andds,.
longer times (through,) are penalized by higher energy cost. We now show thatE” < E by proving bothE{, < Ei,
Hence, this peak velocity value represents the energy-wéideand E3, < FEz4. This result can then be generalized to
between moving faster (and consequently for a lesser tingk) avelocity profiles with any number of crossing sections imeit
moving slower (and for longer times). The following lemmalirections.
sheds light on this underlying structure for the optimabedy  First, let us compute the energy consumption for v(t),

proLfe"risrﬁa 4.1:Consider an arbitrary velocity profitgt) trav- Eip = / ’ 10 (t) + c2v*(t) + cv(t) + 04} dt,

eling a distance. Let the total energy consumptionoft) be tltz "

E. If the given profile crosse 2—4 between times; andt; 1, = / _Cla2(t) + cv(t) + 64} dt + 63/ v(t)dt,
we can replace this section 0@5)?@- <t < t;+1 by a constant tltz T ) "

velocity section ofv, = 6—4, so that the resulting velocity - /n |19 (1) + e2v™(t) + 64} dt + caduz. (21)

C2
profile covers the same distance and consumes energy leddow, consider the energy consumed #yt) to travel the
thanwv(t). same distancd;, at constant velocity.. The time taken in



d12

this case would beé, = . The energy consumption is,

Ve

tC
By = / [01a2(t) + c2v*(t) + c3v(t) + ca|dt,
t1

d
= ca¥cd12 + c3di2 + ¢4 UH . (22)

c

The distancel;s can also be written as,

to
diz = / [v(t)dt]. (23)
t1
Substituting Equation 23 in 22, we obtain,
E/ _ 2 2 'U(t)
12 = C2 Ucv(t)dt + c3dio + ¢4 o dt. (24)
t1 t1 c

To prove thatF}, < F45, we must show thatE, — Ej,) >
0. Using Equations 21 and 24, we can write,

to
E12 — EiQ = / [claQ (t) + 62’02 (t) + 04} dt + ng12

t1

to ta
t
— 02/ ve(t)dt — czdia — 04/ it )dt
t1 ty

Ve
to
= 01/ a®(t)dt
ty
co [ ¢4
+—= [ve(t) — v(t)] [— - U(t)’l}c] dt
Ve th C2
S B — Ejy >0,

C .

“  For the section betweeny andt,,
C2

we can follow a similar argument to yield,

sincev(t) < v, <

ty
E34 — Eé4 = Cl/ a2(t)dt
t3
tq c

# 2 [ o) - o0 [2 = oty a

Ve ts (6]
. /
S B3y — E3y >0,

. C
sincev(t) > v, > , /= 1In general we can replace any numb
C2

of such sections crossir\#g to yield another velocity profile
Co

. . . . C,
with lower energy covering the same distance movin at.
C2

. . .. |C .
Hence, once the velocity profile hi “ there is no reason
C

2
to deviate from this value except at the boundary (initiad an
final conditions). |

D. Comparisons with trapezoidal velocity profile

A trapezoidal velocity profile is commonly used for its ease
of implementation. A trapezoidal velocity profile (see Fig-
ure 7) consists of a constant acceleration section, folliduyea
constant velocity section, followed by a constant decétema
section. In [13], Wang et al. computed the optimal trapealboid

Optimal vs. Optimal Trapezoidal

1.5F

Velocity in m/s

0.5f

0 5 10 15 20 25 30 35
Time in secs

Fig. 7. Optimal trapezoidal profile computed using the sanegy function
shown together with the general optimal profile for travglih = 50m.
The general optimal profile we compute gains higher savinigs respect to
the trapezoidal profile while accelerating and decelegatirhis yields higher
energy savings when the total distance to travel is lesse@asio commonly
seen when the robot has to frequently start and stop.

bound on the maximum velocity of the robot. Hence, we can

only compare their method for the case when there is no bound
on the maximum velocity, and not the general solution that we

present in the next section.

Figure 7 shows the optimal profile and optimal trapezoidal
profile computed for traveling a distance Bbf= 50m. We can
observe that the optimal trapezoidal profile closely maiche
with the general optimal solution except while acceleiatin
and decelerating. The general optimal profile we compute
gains higher savings with respect to the trapezoidal profile
while accelerating and decelerating. Hence, the percentag
energy savings for the general optimal profile are highemwhe
the robot has to travel for shorter distances. For example,
the optimal profile yields.94% savings when travelingm,
while the savings drop t@.32 when D = 100m for the
parameters calculated on our custom robot. In situatioresevh
the robot has to frequently stop, following an optimal peofil
would result in more energy savings and consequently longer

&un-time. 1t should be noted that these figures are highly

system-specific and the savings will vary from robot to robot
However, for all systems, the velocity profile computed iis th
work is guaranteed to minimize the energy consumption for
the stated assumptions.

V. GENERAL SOLUTION INCORPORATING MAXIMUM
VELOCITY BOUND

The optimal profile given in Section IV does not satisfy
any bound on the maximum velocity imposed by the physical
limitations of the robot. In this section, we solve for the
optimal velocity profile forProblem 2 with a bound on the
maximum velocityv(t) < v,,. We also consider the general
case where the initial and the final velocities of the robat ca
be non-zero,

v(0) = vo, v(ty) = vy

velocity profile for traveling a given distanc®. However, subjecttovg, vy < vy,,. The non-zero initial and final velocities
their result is only applicable in the case when there is rame useful in computing the optimal velocity profile when



the given path consists of multiple segments, with différen Optimal Velocity Profile
velocity bounds for each segment. We will consider this case ‘ ‘ ‘ ‘
in Section VI. In this section, we first present the structofre
optimal profile under different conditions and then presbat
solution for each.

A. Structure of optimal profile

If eithervy or vy is greater tham,,, no valid solution exists.
Otherwise, depending on the valuewf and D, the optimal
velocity profile can belong to one of the following two cases.

CASE 1: Unconstrained optimal profile does not violate
bounduv(t) < vy,

In the case that the optimal velocity profile computed in

Velocity in m/s

0 5 10 15 20 25

Section IV does not exceed the boung, then this profile Time in secs
is a valid solutlon for the constrained case too. This happen o

Fig. 8. Optimal velocity profile for the case when, > ,/— consists
whenv,,, >,/ — Addltlonally, in the case when the distance c2

of a single unconstrained arc. Herg, = 0.2m/s, v, = 4m/s andvy =
to travel D is very small, the optlmal velocity profile may nots g,,, /s for traveling 50m with , /<X = 2m/s.
C2

have enough time to reaah, or C—. This situation can be
seen in Figure 5 whe® = 5m. ’

While solving for the optimal profile in Equation 15, we The proof is similar to that of Lemma 4.1. Le{t) be any
considered only zero initial and final velocity boundary dien Vvelocity profile that contains & — U/ — C sequence. That is,
tions. Here, instead we extend this result for possibly ners  v(t) = vy, (t) for tg <t < t; andty <t <tz andv(t) < vy
vo and vy as the initial and final velocities. By following abetweent; <t < t;. The energy consumption of this profile
process similar to that described in Section IV we get,  for traveling a distanc® = do + di2 + das,

_ (vo —vp)(1 — e Rty — kty) + DE(1 — efktf) FE = Fp1 + Eio + Ebs,
ekts (2—kty)+ e~ kts (2+Fkty) —4 ’
(vo —vg)(1 — €*s + kty) — DEk(1 — e*'r)

where E;; is the energy spent in traveling; for v(t). We
construct another velocity profile that is identical #@) in

So = — y .
e (2= kty) + e M (24 ktp) — 4 [to, 1] and [ty 3] but covers the sectiotis at v(t) = vy,.
s3 = 2¢1(s1 + $2) — ¢3 — vo, The energy consumption for this new profile is given by,
S1— S
S4 = _%. (25) E = FEo1 + Eb + Fos3.

The resulting profiles can be obtained by substituting thivab By following a process very similar to that in Lemma 4.1, we
in Equations 12-14. Figure 8 shows the resulting velocigsan show thattj, < Ej, leading toE’ < E. Hence, any
profile obtained for traveling0m with vy = 0.2, vy = 3.8 C—U —C sequence can be replaced by a singkeegment to

andv,, = 4m/s. reduce the energy consumption. Hence, the optimal velocity
CASE 2: Unconstrained optimal profile violates the boungrofile will never consist of & — i/ — C sequence. [ ]
v(t) < v, We now show how to obtain the solution for this case in

If the unconstrained optimal profile violates the boung, closed form. Specifically, we show how to obtaift) for the
the constrained optimal velocity profile will consist of wme unconstrained and constrained arcs and compute the corner
strained!/ (v(t) < v,,) and constrained arad (v(t) = v,,) pointst; andts,.
joined together atorner points We show that there exists an
optimal profile with &/ —C—U sequence havingorner points g gg|ution

attimest = ¢; andt = ¢y —t,, along with its degenerate cases . . . L
(U —C,C—U,C) when either or both of, andt, equal to 0. We begin by writing the velocity constraint in the form of

By definition, there cannot be ady— or C —C sequence, state ineqqalityS‘ = (v(t) ~vm) = 0. Th(_a state inequalitﬁ_is
as these do not include amprner points Using this and the Converted into a control equality and interior point coastr
following lemma, we show that the constrained velocity peofi PY differentiatings” once leading to,
in this case is limited to the above given sequences. S — o(t) = u.

Lemma 5.1:The optimal velocity profile cannot consist any
sequence of the ford — U/ — C. v(t1) = vm (26)

Proof: Consider any velocity profile consisting ofCa— Along the unconstrained arc, the state transition is gaarn

U — C sequence covering distande. We can replace this by Equation 1. On the constrained arc, the state transigion i
C—U—C sequence with a singgsection, so that the resultinggiven by,

velocity profile covers the same distance and consumesyenerg X () — ()| |vm 27
less than the original profile. (t) = o) |0 (27)



The Hamiltonian is augmented with the control equality*(t) = v,,, t1 <t <ty —ty as,
constraint inft,, ¢y — to] and is given by,

_ (vm — o)
i NNV
H = c1a®(t) + cov*(t) + cav(t) + ca o o m =Yy
+ A (8)o(t) + Aa(t)alt) + p(t)a(t) (28) T (- )
1 cq + cwfn — 2C2V0Um,
tl = — ln( 3
where p(t) is the slack variable associated with the control €4 = C2Up )
constraint. In the interval0, 1] and [t; — t2,t¢], the Hamil- n 2(c2vm(ca — cavoUm) (Vm — vo))f)
tonian is given by, 4 — 02, ’
H = c1a®(t) + cov?(t) + c3v(t) k C4 — C2V;5, (34)
1
+ea+ M()v(t) + Az(t)a(t) (29) 4 2eavm(ca = cavyvm ) (Vm — vy))? )
cq — CoV2, '
The interior point constraint is given by, and the final time can then be calculated by using the total

distance to travel and the distances traveled in the two-expo
nential curves.

G =¢(u(t) —vm) (30)
(ty—to) —x* (2
=ttty DU T
The three necessary conditions given in Equation 11 385 easy to see that ify or v; is equal tou,,, thent, = 0
used to obtain the optimal profile in the time inter{falt,] and . t2 = 0 respectively
[ty —t2,ts]. On the constraint boundary, i.e.€ [t1,t; —ta], '

the following necessary conditions must hold,

C. Examples and observations

OH ¢+ oH ol
=X A(t) = X 0= B0 (31) Optimal Velocity Profile

Also, on the two cornerst(= t; andt = ty — t2), the 15l
following conditions must hold for the optimal solution [6]
e s
HtH) =H(t])+ — .
(1) (1)"‘ ot . osl \ \
ac1”
+) — b P Bl

H((ty —t2)") = H((ty —t2)7)
Aty —t2)") = X((tf —t2)7) (32) % 5 10 15 20 25 30

Time in secs

X+ ()

[

Velocity in m/s

. " . Fig. 9. Optimal Velocity ¢*(t)) profile obtained for maximum velocity
Using the conditions given above, we can solve for thﬁ)undvm = 1m/s. The constrained velocity profile consists of exponential

optimal control and velocity profile in terms of the constantacceleration and deceleration curves with the constramtntlary in the

for the off-boundary exponential curves and time t, and middle. This profile is not the same as that obtained from ositained
. . _ . . . solution by setting velocity t@,, wherever it exceeds.

ty. The optimal velocity profile in this case is given by,

Figure 9 shows the optimal velocity profile obtained for
s1 (M + =t — (1 4 e2ht)) 4y, traveling a distance af5m with the maximum velocity bound
0<t<t,  Settov, =1m/sanduvy,vs =0.Itcan be observed that the
v* (1) = { o, Bo<t<tp—ts optimal velocity profile follows an exponential curve tillhits .
. : the boundary at; = 4.06s and then stays on the constraint
59 (67 (tf*t*QtQ) + ek(tf*t) _ (1 + ertz)) + ,Uf . ! .
» boundary, before following a symmetric exponential curve
ly —ta <t <ty. to zero. The corresponding optimal velocity profile obtdine
(33) without any bounds (Section 1V) is shown along with the
We can obtain the values of these constants and tim&sconstrained solution. The time taken by the constrained
using the initial and final conditions, the transversalign€ solution is higher than that of the unconstrained solutidre
dition given in Equation 17 and the interior point consttaircorresponding optimal control is shown in Figure 10.



Optimal Control Equation 17.

0.5
V1. OPTIMAL PROFILE OVERMULTIPLE SEGMENTS

We now use the general optimal velocity profile solution
given above to solve for the problem of finding the optimal
velocity profile over a path consisting df segments (see
Figure 12). Depending on the surface on which a car-liketrobo
operates, the maximum feasible speed without either sigppi
or overturning for each segment will depend on the radius of
the segment. Hence, for each segment, we have the maximum

Acceleration in m/s?
o

_osl allowable velocity for the robat,, (i) and the distance to travel
0 5 10 o 15 20 2 D(i), 1§Z§N .
Time in secs The robot initially starts at and returns to rest, ig(1) = 0

Fio. 10, Opfimal forth it bound ouosi. N andvy(N) = 0. The velocitiesv (i) and vy (i) can be non-

1g. . ptimal control for the case wit ound on maximurioey. Note H H

that the control is zero whenever the velocity is on the cairgt boundary Zerf) for all Ot_her Int?rmedlate .Segments' We _Can compute the
(see Figure 9). optimal velocity profile for a given segment, if we know the

vo(i) andwy(4) that the optimal velocity profile uses.

Optimal Velocity Profile

Optimal Velocity Profile

:

20 25

1/
0.8

0.6

10 15
Time in secs.

Velocity in m/s

I
IS
.

Fig. 12. Left: Typical path for a robot composed of two straight line

0.2 | segments and two turns of different radii. Segments haferdift maximum

allowable velocities, depending on their radRiight: Optimal velocity profile

) ) ) ) ) with different bounds for different segments. The givenhpabnsists of

0 5 10 15 20 25 4 segments with bounds,, = {0.8,0.2,0.8,0.4}m/s and distances
Time in secs D ={6,0.5,6,1}m

Fig. 11. Optimal velocity profile withvg = 0.3m/s, v = 0.4m/s and
vy = 0.1m/s for traveling 30m.

A. Greedy Strategy

Figure 11 shows the optimal velocity profile obtained for From Lemmas 4.1 and 5.1, we proved that the optimal
the traveling a distance ofom, with velocity boundv,, = profile travels atmin{v,.,,/*} except at the boundaries.
0.4m/s and initial and final velocities, = 0.3m/s and ¢
vy = 0.1m/s respectively. Note that the acceleration an o
deceleration times are different in this case. will try to remain as close tanin{v,, (i), \/g} as possi-

The foIonving theorem summarizes the results for all thﬁle. We can thus come up with a greedy strategy where
cases considered. _ _ . we pick v(i) = min{om(i — 1),0m(i)} and v(i) =
Theorem 5.2:The optlmallvelocny proflle_ that minimizes min{v,. (i), vm(i + 1)} as the boundary values for segment
the energy consumption given by Equation 6 to travel a1hatis; for each segment boundary, we choose the highest
specified distancé is given by, feasible value as the initial and final velocity.
« Equations 16 and 15 when there is no bound on thewe can prove that if the distancéX) aresufficiently large
maximum velocity of the robot and initial and finalhe greedy strategy is optimal. We first define what it means

velocities are both zero, _ _ for D(i) to be sufficiently large.
o Equations 16 and 25 when the maximum velocity bound
Sufficiently Large DistancesD*(v,,(i)): Given a velocity

o boundw,,, any distance to travel for a segmeftis said to
Zero, be sufficiently largeif the optimal velocity profilev*(¢), with
« Equations 33 and 34 when the maximum velocity boung — ¢ andv; = 0 has at least one point wheré(t) = v,,,

Vi < G and initial and final velocities can be non4-€., the optimal profile contains a constrained @rc
C2
Z€ero. In Equation 33, whert; = t; — t» the optimal velocity

The final timet; in each case can be obtained by fronprofile contains exactly one point= ¢; wherev*(t) = vy,.

2
arhis suggests that the optimal profile over multiple segment

C. e . .
UV > “ and initial and final velocities can be non



10

By substitutingt; =ty — ¢t andvy = vy = 0 in Equation 34 to higher energy consumption. The optimal on the other hand

we get, will reach a much lower value for;(i). For such cases, we
Cq . can discretize the velocity at the segment boundary and use
1 Co " dynamic programming to yeild the solution.
t1 = - log ——.
koo fa
Co Um B. Dynamic Programming

Let V;,.q. be the maximum ofv,, (i), Vi} over all segments.
We then discretize the velocity space at the segment boyndar
20m, [(1+62kt1)t B (e2Ft — 1) into M equal partitonsv®) = £V,,,..0 < k < M. Let
(ektr —1)2 ! k ' C(v™ i) be the cost to reach the velocity*) at the i*"
segment boundary. LeE(vo, v, vs) be a function which

Now if D(i) > D*(v,,(i)), the optimal velocity profile has ~. . . . )
sufficient distance to accelerate from rest, reaghand return gives the energy consumption for an optimal velocity profile

to rest. Consequently, for any, vy > 0, the optimal velocity n Ia ?egme_:_]rt] startmgSv;ntl?fO gr;}d ending withyy, usmghthe

profile has sufficient distance to reach. We can show that Sr? u]:uon In theorem h' - I either, > o, Or_vf > um then

at the boundary between two segments vgitifficiently large the function returns the cost EE(U_O’U’”’W) — o _

distances, the optimal velocity profile will never deceterfar- We can then use the following recurrence for tifé

) p y P .

ther thanmin{v,, (i—1), v, (i) }. This proof can be constructed>e9ment boundary.

similar to that of Lemma 4.1, by proving that any profilec(y®) ) = min (C(v(j)72‘ —1) —i—E(v(j),vm(i)w(k))) :

decelerating belownin{v,,(i —1),v,,(7)} can be replaced by osjsM

another profile decelerating only up#in{wv,, (i — 1), v, (i)} 1<k<M.

and the energy consumption strictly increases. Hence, th

greedy strategy yields the optimal whenBl{i) > D*(v,,, (7))
Lemma 6.1:Consider a segment boundanguch that the

distancesD(i) > D*(i) andD(i+1) > D*(i+1). Then there C®,0) = {O k=0,

The total distance traveled in this case is given by,

D*(Um) =

&ince the robot initially starts from rest, we have the
following,

exists an optimal velocity profile which leaves tH& segment ~ 1<k<DM.

and enters théi + 1)!* with velocity v;(i) = vo(i + 1) = -

min{vym (i), vm (4 + 1)} The solution can be obtained by backtracking fréifv(®), N)

Proof: The key observation from the solution presente@nd finding optimal segment boundary velocity values. The

in Section V is that the optimal velocity profile starting aya optimal velocity profile can then be constructed using these

initial velocity always accelerates towarg, and stays there optimal boundary velocity values to find individual segment

except at the boundary. Hence, using a procedure similarfi®files using Theorem 5.2.

that in Lemma 4.1 we can show that at any segment boundaryf-igure 12 (right) shows the optimal velocity profile obtaine

if a velocity profile decelerates further tharin{v,,, (i), v, (i+ Uusing above dynamic programming for a path consisting of

1)}, it consumes more energy than another profile that orfly Segments. The velocity bounds for these segments are

decelerates up teuin{v,, (i), v (i + 1)}. U = {0.8,0.2,0.8,0.4}m/s. This solution is optimal up to
Consider thei'” boundary such that,, (i) > v,,(i + 1). numerical precision along the segment boundaries only and

Consider a velocity profilev(t) that crosses the segmengXact everywhere else.

boundary at a velocity < v,,(i+1). As distanceD (i +1) >

D*(i+ 1), from the solution presented in Section V, we know VII. EXPERIMENTS

that the optimal profile in théi+ 1) segment will accelerate  To test the validity of our results, we performed experirsent

up to v,(: + 1) and stay there. Now, consider anothemsing our custom robot. We used the energy measurement

velocity profilev’(¢) which crosses the segment boundary aifircuit (described in Section Ill) to compute the energy-con

v = vy, (i + 1). Again from Section V, the optimal velocity sumption for motion of the robot moving along a straight

profile will remain atv,, (i+1) till the next segment boundary.line. We begin by describing the experimental setup and then

Note the first profilev(t) will constain a section where it present the results of these experiments.

decelerates to a velocity below, (i + 1) and then again The experiments were performed on the smooth corridor

accelerates back to,, (i + 1). surface. As described in Section Ill, the robot was first
Using a proof similar to that in Lemma 5.1, we can showalibrated to obtain the model parameters for both the sesfa

that the energy consumption fof(¢) is less than that foo(t) (given in Table I). Using Theorem 5.2, the optimal profile is

for this section. Hence, the optimal velocity profile will thocomputed for the given distance. We then sample this profile

decelerate further thamin{v,, (i), v, (i + 1)} at the segment every100ms and store it in a table on the microcontroller.

boundaries. As a result, the greedy yields optimal soluition We compare the energy consumption of the optimal profile

the case where all distancé¥i) > D*(i). B with two commonly-used trapezoidal profiles. The maximum
When the distance® (i) < D*(v,,(i)), the greedy strat- speeds for these profiles are chosemrags and2m/s, so that

egy does not yeild an optimal solution. Consider a segmehe robot covers the same distance taking more and less time

boundary such thab (i) < D*(v,,(i)). The greedy strategy than the optimal respectively. We perform these compasison

forces the velocity profile to achievey (i) = v, (i) leading for two distancesD = 20, 45m.
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Optimal profile Faster and slower profiles

— e Throughout the paper, we assumed that the robot’s path is
T 25 . ; .

given. Our next step is to study the problem of computing the
optimal path that minimizes the energy consumption. From
our initial investigation, it does not seem like minimum eqe
paths exhibit the same structure as the shortest-path (BUibi
curves.

N
N

,ﬂ
-
@

Velocity in m/s
o o

o @
Velocity in m/s
e

o
=

o

o

o
~

Time |nlsoecs legr\e in secs15 A CKNOWLEDGMENT

Fig. 13. Left: Optimal velocity profile executed by the robot for traveling 1 NiS Work is supported by NSF projects 0916209, 0917676

20m in 18.4s while consuming296.J energy. The optimal profile computed and 0936710.

using Theorem 5.2 is shown as dashRédyht: Sub-optimal velocity profiles

executed by the robot for travelir@)m at maximum set velocities afm/s
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In this work, we studied the problem of computing a
velocity profile for a car-like robot so as to minimize the APPENDIXA
energy consumed while traveling along a given path on a flat PROOF. UNCONSTRAINED SOLUTION

surface. We presented closed form solutions for two cases: N The state transition equation can be written as,
constraints on the robot’s speed, and a single upper-boand o )
the speed. We also studied a general case where the robot's X(t) = F(t)} - [”(t)] (35)
path is composed of segments and we are given a speed upper- o(t) a(t)
bound for each segment. For example, the robot’s path canife objective is to find a velocity profile* (¢) which min-
composed of circular and straight-line segments. When thgizes the total energy required for motion given by the
robot is following the circular sub-path, the maximum spee@|lowing cost functional,
it can achieve can be less than the maximum speed for the ”
straight component. These bounds may vary depending on J:/ |:Cla2(t) + 0% (t) + csv(t) +C4} dt, (36)
the surface properties. For this general case, we presented 0
dynamic programming solution which builds on the solutiowhere the final timet; is kept a free variable. The initial
for the single-bound case. boundary conditions are given as,

In addition, we presented a calibration procedure for obtai
ing robot’s internal parameters related to energy consiampt 2(0) =0, v(0) =0, (37)
We demonstrated the utility of the calibration procedurd amng the final boundary conditions are given as,
the algorithms presented in the paper with experiments per-
formed on a custom-built robot. x(ty) =D, w(ty) =0. (38)
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Hamiltonian: The hamiltoniand (X, A, u, t) is defined as, By substituting in Equations 43-44 we obtain,

HX, A ut) = T+ M(0#(0) + de(O)o(t),  (39) .o (02) ( elkty —t) — elkt) )
a*(t)y=D | = o " ,
c1 F+erts(kty —2)+2

where \;(t) and \y(¢) are the Lagrange multipliers, also o7 [ (14 eMtr — (ehltr=t) | ckty)
called the co-state variables which include the state itians v*(t) = D, /= < " > )
equations as a constraint to the objective. e\ bty et (kty —2)+2

When there is no bound on the maximum velocity, the.,) _ p ((6’“(”0 — Pty — (eFtr — 1) + kt(eFtr + 1))
Hamiltonian for this problem can be obtained using Equa- kty+ekts (kty —2) +2
tions 35 and 36 as, (46)

HIKO 000 =l ) ) Sice vt e o o vt g
+eq + M (E)v(t) + Aa(t)a(t) (40) condition) given by,

where the acceleration(t) is the control.

The three necessary conditions f@f(t) to optimize the
Hamiltonian [9] for all timet € [0,¢;] are given as,

H(X*(ty),a"(ty), X" (tr),ty) = 0. (47)

Substituting Equations 43-44 and 45 above results in,
. OH =+ OH OH
XO=%x A0="3x =5 @ 02190 TR =0 @8

c
C1

which is an equation in single variablg and can be solved

@(t) = o(t), using existing solvers. (We used MATLAB'sol ve func-
() = a(t) tion). Alternatively, if the final time is fixed, we can diréct
A ’ substitute this given value in Equation 46 to fint(t).
A1(t) =0,
Ao(t) = 2¢30(t) + €5 + As, APPENDIX B
Ao(t) = —2c1a(t), PROOF. CONSTRAINED SOLUTION
(t)

We begin by writing the velocity constraint in the form of

Using the last two equations, we can write, state inequalitys = (v(t) —v,,) < 0. The state inequality is
converted into a control equality and interior point coatstr
—2¢10(t) = 2¢90(t) 4+ ¢3 + A1, by differentiatingS once leading to,
2¢10(t) 4+ 2cov(t) + c3 + A = 0. ) _ a(t) = u.
We can solve for this second order differential equation to v(t1) = v, (49)
yield,
. 1t o 3 + 3 Along the unconstrained arc, the state transition is gaern
v*(t) = s1™" + s9e™ " — ( % > (42) by Equation 35. On the constrained arc, the state tranggion
given by,
wherek = , /< ands; — s4 are constants andl; = s;. X(t) = {I(ﬂ _ {vén] (50)
Applying the state transition equations, we can get the o(t)
optimal control and states given as, The Hamiltonian is augmented with the control equality
a*(t) = kspekt — kspe (43) constraint inft,, ¢ty — to] and is given by,
() = sie sgeTM <C3 + 83> tt sy (44) H = c1a®(t) + cov®(t) + csv(t) + ¢4
k k 261 + M ()o(t) + Az (t)alt) + p(t)a(t) (51)

We can solve fos; — s, in terms of the final time ; by sub-
stituting the boundary conditions given in Equations 37 3&d
for v*(t) andz*(¢). We obtain,

wherey is the slack variable associated with the control con-
straint. In the interval0, ¢1] and [ty — t2, t 7], the Hamiltonian

is given by,
= Dk 2 2
S1= _ktf TR (kty —2) + 2 H = c1a”(t) + cov”(t) + c3v(t)
S9 = s1Mf +ca+ M(t)o(t) + Az (t)a(?) (52)
s3 = 2¢1(s1 + s2) — €3, The interior point constraint is given by,
_ 1T
e (43) G = £()(0(t) — vm). (53)
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A0<t<t B.t;y—ta<t<ty

In this section, the system is governed by the same state
equation as in the interval< t < t;. Hence, we get a similar
form for the optimal state and control given by,

. L oOH
Using the necessary condition= 2 we get,
X

X =0,
A1 = 83 . I —kty kt o kty —kt  C3 T Sh
v*(t) = sje e 4 shete ~ e
C1
and, a*(t) = Sllke—ktfekt . Sékektfe—kt7
. OH . sh sh -~ c3 + st
)\2 = _%7 (54) T (t) = Zle ktfekt - fektfe M 261 3t+ 8217
)\2 = — [262’0(t) =+ C3 + 53] . (55) /\1< (t) = Sé,
SH A5 (t) = —2c1a”(t)
Applying the third necessary conditiof,— Ba we get,
a
0 = 2cia(t) + Xao(t), wheres] ... s, are the new constants to be solved for. Using
() = —2c1a(t). the final conditionz(ty) = D, we get
! !/ !/
Differentiating the above equation we get, D= %1 _ %2 _ 63;: 310+ s,
1
. !/ ! !
/\g(t) = —261’5(15). ' 51 Sy &3 + 53
o kK k2

From Equation 55 we can write, ) ] N
Using the second final condition(t;) = v; we get,

2c10(t) = 2ca0(t) + ¢35 + 83,
c3 + 83

c3 + sh
201
!/ !/ /
84 =2c1(s] + s —vy) — cs.

7 /
Vf =81+ Sy —

o(t) — —o(t) -

C1 201

The solution for the above differential equation is given as
The equations can then be written as,

v*(t) = s16F 4 goe TRt — Cstss
ot (1) = she 0 4 b0 _ (5] 4 — ),
a”(t) = sike™ — sake™™, (1) = s ke D) _ k(=)
. S1 pt 52 g C3 1S3 * ! ! 7
Tt = k A 2¢q bt 54, AL(t) = 2¢1(s) + 85 — vf) —cs,
X (t) = ss, A5 (t) = —2cra”(t)
A5 (t) = —2c1a™ ()

Using initial conditionsz(0) = 0 andv(0) = vy, we get, C. Comer conditions

We can now use the corner conditions to determine the

51— 82 ;o .
4= ————, unknown constantsy, so, s§, s. The corner conditions state
3+ 83 that \((t; — t2)7) = M(ty — t2)7) ando((ty — t2)") =
T3, te T v((ty —t2)7) andu((ty —t2)*) =0,

Putting these together we get,

v*(t) = s1eft + e Ft — (s1 + s2 — o),

a*(t) = s1keft — soke

.”L'*(t) = Sk—l kt _ %eikt — (81 + So — ’Uo)t _ A ; 52,
/\I(t) = 26151 =+ So — Vy — C3,

A5 (t) = —2c1a” (1),

wheres; ands, are two constants left to be evaluated.

Hity) = H(ty),
a(ty —t2) =0,

11 —2kto
52 = 816 .

Using the other corner conditiar{(tf —t2) ") = v((tf—t2) ™)
we have,

vty —t2) = U,
she™ht2 fghe™ 2 (g 4 she™R2 —yp) = vy,
/ Um — Vf
(e k2 —1)2°

S1 =



Using similar arguments at the other cormet ¢; we get the
final form for the optimal velocity profile as,

s1 (ekt + ek(2ti—t) _ (1 + ertl)) + v,
0<t<ty
V(L) = < v, 1 <t<ty—ts
S9 (e—k(tf—t—2t2) 4+ ekty—t) _ (1+ ertz)) + vy,
ty—ty <t <ty

where,
_ (vm — o)
S1= (eFt —1)2”
o Um—Uf
2 (eFtz — 1)2”

Using the transversality conditioH (t;) = 0, we can deter-
mine the timesg; andt, as,

’ 1 1 cq + 02v,2n — 2C2U09Um,
1= 7
k cy — V2,

2(021}m(04 - szovm)(Um - UO))%
¢y — CoU2, ’

1 cq + cw?n — CagV Uy,
tg =—In 3 -
k c4 — CoV2,

cy — cov2,

2(caUm (ca — covfUm) (Vm — vf))% ) | (56)

and the final time can then be calculated by using the total
distance to travel and the distances traveled in the two-expo
nential curves. It is easy to see thawifor vy is equal tov,,,
thent; = 0 or t; = 0 respectively.



