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1. Introduction

We consider a functional F of C* mapping « from an open set { in R™ into R™:
(1.1) Fu) = /n f(2,u(2), Va(z))dz,
with the density function
(1.2) FiQXxR™ xR™ SR, f=f(z,v¢)

which is nonnegative, continuous, convex in £ and linear growth in £. We are interested
in extending F to the space of mappings of bounded variation BV(£2,R™) in a natural
way. It often happens that in variational problems no minimizers exist in the space of C*
mappings, so it is necessary to extend F to a wider class so that minimizers exist. There

is a natural but abstract way to extend F to BV(£2,R™) which is called the L.

loc

— lower
semicontinuous relazation of F. It is defined by

Flu) = inf{lilm inf F(u,); w, € CHQ,R™), u, — win L}OC(Q,R"’)}

for w € BV(Q,R™). In other words F is the greatest lower semicontinuous function on

BV (Q,R™) less than F on C*(Q,R™). The idea of relaxation goes back to H. Lebesgue



in the definition of area of non parametric surfaces. It was strengthened by Serrin [Se 1,2]
and extended to a very general setting by De Giorgi. Since the value of F is implicitly
defined, the problem is to find an explicit integral representation of . This problem is
posed by De Giorgi [DG] when m > 1 and f depends on y. The goal of this paper is to

solve this problem for a class of f, which we call isotropic densities (see (1.5)).

Finding a representation of relaxation is also important in many other context for
example in the theory of harmonic maps [BBC] [GMS3] and in the theory of elasticity
[GMS2).

We briefly explain our representation formula. In this section we restrict ourselves in
the case when f is positively homogeneous of degree one in ¢, for simplicity (see §4 for

general results). Our main representation formula reads:

(40, (@) 94

(1.3) Flu) = /
b [ Dl (), o)

provided that f is coercive and satisfies a growth condition:

(1.4) (a)  Col¢] < f(=,v,¢) with Cp > 0
(b) f(2,9,6) < Cl¢| with C >0

and that f satisfies an isotropic condition

(1.5) f(,9,8) > f(2,9,994q), lg/=1, qeR",

where £ is identified with an m X n matrix. Here D,(a,b,q) is a distance like function

defined by
1
Do(a,b.a) =inf{ | f(a,+(0),4(¢) @ )
0
7:[0,1] = R™ is Lipschitz and v(0) = a, y(1) = b}

for a,b € R™,q € R™. The set ¥ is the set of (approximate) jump discontinuities of u and

v represents a unit normal to X. The functions u* are the trace of » on ¥ defined by
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u*(z) = lim, | yu(z £ ev(z)) and H™~! denotes the n — 1 dimensional Hausdorff measure;
dp/d|p| denotes the Radon-Nikodym derivative of p with respect to its total variation

measure |p|. For the definition of these terminology see [F1, Giu, Si].

An explicit representation of F is previously obtained when f does not depend on £ by
Goffman and Serrin [GS]; when f is independent of y by Reshetnyak [Re] and Giaquinta,
Modica and Souéek [GMS1]; when m = 1 by Dal Maso [DM]; when n = 1 by Rockaffelar
[Ro]. Our formula (1.3) is a first natural extension of these results for m > 1 and n >
1 when f depends on y. One may interpret that (1.3) is an extension of Dal Maso’s

representation to the vector valued case.

Our results are based on [AG1] where the authors estimate F from below by using
a minimal graph (current) associated with the graph of  (even without assuming (1.4),
(1.5)). In the present paper we further investigate the minimal graph and obtain the
inequality ‘>’ in (1.3), assuming (1.4) and (1.5). This process conceptually resembles
characterization of Young measure in the theory of elasticity [D], [JK]. The opposite in-
equality is shown by Ambrosio, Mortola and Tortorelli [AMT)]. Moreover, they proved that
the inequality ‘<’ in (1.3) is not true without (1.5).

Our crucial step generalizes the elementary fact that the straight line from a point a to
b in R™ minimizes mass among all one currents T' whose boundary consists of oriental two
points a and b. We shall prove that the same fact is true for general ‘metric’ F if we replace
straight lines by F-geodesic and mass by ‘F-weighted’ mass under certain nondegeneracy
assumptions of F (Theorem 3.1). Our result generalizes a result of Federer [F2, 5. 12]
(Remark 3.2). Moreover, our proof is different from his. We approximate minimizing
current by real polygonal chain (§2) and reduce the problem to network flow problem. By
solving the network flow problem we conclude that the minimum is attained at an integral
current. We note that area minimizing integral current may not be a minimizer among
all currents when dimension and codimension of currents are more than one. This is first

shown by L. C. Young [Y]. For further development see [F2], [W] and [Mor].

The assumption (1.4a) is too restrictive to apply to the theory of phase transitions.
A typical example from the phase transition theory is
(16) 'f(z1y7£): |y”—a”y_13||£|) a,ﬁGRm,
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which corresponds to the energy density of a bi-stable phase. In the context of the van
der Waals—Cahn-Hilliard theory of phase tramsitions F with f in (1.6) is obtained as a
singular limit of some energy under an integral constraint; see [M, St1] for m = 1 and
[Ba, FT, St2] for m > 1. For further reference on phase transitions see references cited in
[AG1]. Their results in particular yields a representation of F(u) for v with two values
and B. Although our assumptions exclude (1.6) it is very likely that our theory will apply

to (1.6) by extending our approximate Lemma 2.2 for weighted (degenerate) mass.
The results in this paper have been announced in [AG2].

After this work was completed, we were informed of recent work of I. Fonseca and
P. Rybka [FR]. They obtain a representation formula without assuming the isotropy con-
dition (1.5) but for a bounded domain 2 with Lipschitz boundary. Their definition of
F apparently differs from ours but for a bounded domain Q it agrees with ours. Their

method is quite different from ours.

2. Strong polyhedral approximation

This section constructs a real polygonal approximation of a 1l-current. There is a
standard result in this direction [F1, 4.1.23] where a flat chain is approximated by real
polyhedral chains together with its mass. In our case we should arrange the approximation
so that it has the same boundary as the original one. Moreover,our original current is not
necessarily compactly supported. Although our results may be known (among a few top
specialists), it seems there is no literature including our approximation results, so we
state our results with a proof for the reader’s convenience. For the approximation by
compactly supported currents (Lemma 2.2) we shall give an analytic proof without using
geometric measure theory although it is possible to prove this fact just by using geometric
measure theory. We shall give the second proof in the Appendix. After this approximation
we further approximate by polygonal chains (Lemma 2.3). A general version (without
dimension restriction) is given in Appendix. This proof is due to R.Hardt. An elementary
proof of a weaker version of Lemma 2.3 is given in [AG2] when the space dimension m = 2.

We first establish conventions of notation ([F1]). Let D* denote the space of smooth

k-forms with compact support in R™. The space D) of k-currents is the topological dual
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of D* equipped with the usual locally convex topology. For an oriented Lipschitz curve I

parametrized by
e [011] — T CR™,

there is a corresponding 1-current [I'] € D; defined by

(2.1) i) = [o (=3 [ wt@non),

w=Y wj(y)dy; € D",

ji=1

where ¥ = (y1,** ,Tm) and 4; = dv;/dt. Let d denote the exterior derivative operator.
For T € Dj, the boundary §T € Dy is defined by

OT(w) = T(dw), w € D* 1.
For example, 8[T'] € Dy is expressed as
O[T1(¢) = [T1(dp) = ¢(b) — ¢(a), ¢ € D",
where 7(0) = a, ¥(1) = b. In other expression
(2.2) 8[T] = 6y — ba,

where 6, denotes the Dirac measure supported at a point a € R™. As expected the
boundary of [I'] consists of two oriented points.

Let M(T') be a mass of current T' € D, as in [F1]. If T € D, we have
M(T) = sup {T(w); |v| <1, w € D},

where | - | is the norm of the space A &2 R™ of 1-covectors associated with the standard

inner product. The value M(T) is called the total mass of T'. For example, it is well known
that

M([T]) = the length of T = /01 4 ()ldt.

If T' is an oriented segment from a to b, [I'] is denoted [a,b]. A real polygonal chain (or

polyhedral 1-chain) is a current of a finite linear combination of [a,}]. In other words the
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space of real polygonal chains is

P, = {Z cfas, be]; * is a positive integer
(=1

and ¢, €R, a;, b ER™ for £ =1,2,.-- ,r}.

of course P € P, is compactly supported and M(P) < co. We say T € D; is a locally

finite mass current if
sup {T(w); lw| <1, w € Dy,sptw C W}

is finite for every open W whose closure W is compact in R™. Let M; be the space of

locally finite mass 1-current. Of course Py C M. It is convenient to recall a flat norm of
T € Dy:

F(T) = inf {M(R) + M(S5); T = 6R + 5}.

We now state our key approximation result.

THEOREM 2.1.  Suppose that Top € M, with 8Ty = 0 has a finite total mass M(T,).
For every € > 0 there are a polygonal chain P,, a 2-current S, with compact support and
R, € M, with R, = 0 such that Ty is of the form

TO :Pe +R¢ +8Sc
with

(2.3) M(P.) < M(To) + ¢
M(R.) + M(S.) <e.

In particular

(2.4) F(To — P.) < e

This is a combination of the following two approximation lemmas.

6



LEMMA 2.2 (Approximation by compactly supported currents).  Suppose that Ty € M;
with 8Ty = 0 has a finite total mass M(Tp). For every € > 0 there is Ty € M; with
8T, = 0 such that Ty is compactly supported in R™ and that

M(To - T1) <eE.

LemMMA 2.3 (Approximation by polygonal chains).  Suppose that Ty € M; is compactly
supported with 8Ty = 0. For every € > 0 there are a polygonal chain P € P; and a

2-current S with compact support such that
Ty =P+8S

with M(P) < M(T1) + € and M(S) < e.

Theorem 2.1 now follows from Lemmas 2.2 and 2.3 with ¢ replaced by €/2 by setting
P,=P S.=8, R, =Tp —T1.

We shall give the proofs of Lemmas 2.2 and 2.3 based on geometric measure theory
(and its generalizations for higher dimensional currents) in the Appendix. Since we have
a short analytic proof of Lemma 2.2, we shall present it at the end of this section. An

application of Theorem 2.1 is the following approximation result which we use in §3.

THEOREM 2.4.  Suppose that T' € M satisfies T = 6, — 6, and M(T) is finite. There
is a sequence {Q.} of real polyhedral chains with 8Q, = &, — 8, such that

(2.5) lim M(Q.) = M(T)
and
(2.6) lim F(T - Q.) = 0.

In particular Q, — T, i.e.,
(2.7) lirr(l] Q.(w) =T(w) forall weD.

A sketch of a proof of Theorem 2.4 without (2.6) for two dimensional space R? is found
in a short paper [AG2].



Theorem 2.4 easily follows from Theorem 2.1. To see this we need to recall some prop-
erties of T € M;. By the Riesz representation theorem T' € M, is (uniquely) expressed

as

1) = [ sl ()duna), w =Y es(s)d; € 2

j=1
where {7 = (€71, ** ,éTm) is pr-measurable and |{7| = 1, p—a.e. and pr is a nonnegative

Radon measure on R™ (see, e.g. [Si, Theorem 4.1]). The measure pz is called the total

variation measure associated with T' and
pr(W) = sup {T(w); w| < 1, sptw C W}, W cCU.

We thus observe that T' € M is identified with a R™-valued Radon measure (7%,--. ,T™)
on R™, or a vector field on R™ with measures as coefficients. The function {7 in (2.8)
agrees with the Radon-Nikodym derivative dT'/dur and the measure pr agrees with usual
total variation measure defined for vector-valued Radon measure. For example, if T' = [I']
is defined by (2.1), it is easy to see that {r is the unit tangent vector to I' (consistent
with the orientation of I') and pr = H!|I. Here H* denotes the k-dimensional Hausdorff

measure and for a measure p and a set A C R™ a new measure p| A is defined by
(k|4)(B) :=pu(ANB), BCR™.

Proor oF THEOREM 2.4: We observe that there is a piecewise linear curve I' with
O[T] = 6 — b, such that

(2.9) M(T) = M([T]) + M(T — [T]).

Indeed, let H be a hyperplane orthogonal to the segment [a,b] such that the middle point
(a+b)/2 belongs to H. For each h € H we consider a piecewise linear curve I';, consisting
of two oriented segment [a, k] and [h,b]. Such I'y’s are mutually disjoint outside a, b. We

see pur [Ty, = 0 except for countably many h, otherwise M(T) = co. We take h such that
pr [T = 0 and observe

M(T) = M(T'[T}) = M([T]) + M(T [T}, - [T4])
= M([Ta]) + M(T - [T4]), T; =R™\T4

which yields (2.9). Here T'| A denotes the measure defined by
T|A=(T"4, - ,T™|A4).
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We now take a piecewise linear curve I' such that (2.2) and (2.9) hold. From (2.2) it

follows that
6To =0 Wlth To =T-— [F]].

We apply Theorem 2.1 to Tp and obtain the approximation P,. If we modify P, slightly,

we may assume that P, with P, = 0 satisfies

(2.10) M(P, + [I]) = M(Z.) + M([T'])

as well as (2.3) and (2.4). Since M is lower semicontinuous in F-topology, (2.3) yields
ljlrg M(P,) = M(To).

By (2.9) and (2.10) we now observe that Q, = P, + [I'] satisfies (2.5). The convergence
(2.6) follows from (2.4). Since F-convergence is stronger than weak convergence of currents,
we have (2.7) from (2.6). B

REMARK 2.5: In Theorem 2.4 the assumption
0T = by — b,

can be replaced by

T

(9T=ch5al, ct€R, a,€R™ for 1<L<K.
=1

Notice that ), ¢, is automatically zero since 7°(1) = 0. In fact it is not difficult to
construct P € P; such that

6P =0T and
M(T) = M(T - P) + M(P).

The approximation T, is now constructed in the same way as in the proof of Theorem 2.4

where [I'] shall be replaced by P.

In the rest of this section we give an analytic proof of Lemma 2.2. We recall Bogovski’s

improvement of Poincaré’s lemma for the equation divu = f.
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LEMMA 2.6 (Bogovski [Bo]). Let Q be a bounded Lipschitz domain in R™. There is a
R™-valued function k = kq(z,y) on Q x § such that

(i)  k is smooth except z = y and |k(z,y)| < C|z —y|'~™ with C depending only on
Q) and m.

(ii) Let K be an operator defined by

(£7)@) = [ Heniw.

Then K is a linear operator from C§°(f2) to (C§°(Q))m. More precisely, if the support
of f (shortly, spt f) is contained in a compact set A € Q, then, there is a compact set A'
depending only on A and 2 such that spt Kf C A'.

(i) [, fdz =0, then divKf = f in .

(iv) If f is a finite Radon measure on §, then K f € L' and

1K flls < C'l| flla

with C' = C'(m, ), where || - |1 denotes the total variation in (.
(v) Even if f is merely a finite Radon measure in Q, sptf C A C Q implies
spt Kf C A' = A'(Q, A) as in (ii). Also (iii) holds for a finite Radon measure f in Q.

Proor: In [Bo] Bogovski constructed k = kq satisfying (i)-(iil). If we look over his

construction we see that (v) holds. The property (i) yields (iv) since 2 is bounded. For
the detail see [BS] I

REMARK 2.7: (Scaling) If kg satisfies (i)—(v), then the rescaled kernel

kr(z,y) = Rl—mk(%, %) R>0

satisfies (i)—(v) with domain

Qr = {Re; z € Q}.
Here C in (i) is taken independent of R and C’ in (iv) is of the form
C' = CoR, Co=Col(Q).

Of course, A’ also depends on R. These properties are easily checked by rescaling = and v.
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ProoF oF LEMMA 2.2: Let ¢ € C5°(R™) a cut-off function of B3/, supported in B,
such that 0 < ¢ <1, ¢ =1 on Bgj3, |Vy| < 2 in B;, where Bg is the open ball of radius
R > 0 centered at the origin. We set pr(z) = ¢(z/R).

We regard Ty € M; as a R™-valued Radon measure g. Let Q@ = B, \ B, and kq be

kernel as in Remark 2.7. We set
gr =prg —wr with wr = Kr(Ver-g),

where

KRf:/n kr(z,y)f(y)dy with Qg = B;r\ Bg.

Since Vg is compactly supported in {}g, so is wg by Lemma 2.6. By extending wg to
be zero outside (g, one may regard wg as an L! function defined in R™ by Lemma 2.6

(iv). By Lemma 2.5 (iii) we see div gr = 0 since

div(erg) = Vor - g.

We now estimate wg. Since kgr(z,y) < C|2 — y|'~™ independent of R and |Vpg| <
2/R, we see

ol < A /n (2, 9)| |V or(v))g(dy)|

2C de
€ = lg|(dy sup/ —_— ).
R Qg I( )(yEﬂ Qr IZ - ylm—l)

Since

dz de .
T S —7 = CR with c¢=¢(m),
az |2 =9l Bax 2]

we end up with

lwrlls < 2¢C / 191(dy).
Q3R

This estimate yields

lo = onl < [ (1= en)lol(d) +2:C [ loltan)

Qg

<a+20) [ lgld) =0 as R oo
R"‘\BR
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For ¢ > 0 take Ty € M, as a current corresponding to gr such that

llg — grllL < e

Since 8T = —divgr = 0 and 7T} is compactly supported, T satisfies all properties in
Lemma 2.2. i

3. Minimal currents and geodesics

We consider a ‘metric’ density F(y,7) defined on R™ x R™. We assume that F satisfies
(F1) F: R™ xR™ — R is continuous and nonnegative.

(F2) F(y,n) is convex in 7.

(F3) F(y,n) is positively homogeneous of degree one, i.e.,

F(y,An) = AF(y,n) forall A >0.

(F4) k|n] < F(y,n) < K|n| holds for all (y,n) € R™ x R™ with K > k > 0
independent of y, 7.

Note that we do not assume evenness of F in 7. For an oriented Lipschitz curve T’

parametrized by

¥: [0,1] T CR™

we set

(31) )= [ PG00 0=

dt

If F(y,m) = |n|, £r(y) is nothing but the Euclidean length of 4. Since we do not assume
evenness of F in 7, the value £r(y) may depend on the orientation of the curve I'.

For a 1-current T' € M, we set
(32) In(T) = [ Pl eu))dna(a),

where ér, pr are defined by (2.8). If the measure T = (T, --- ,T™) has a density T(y)

with respect to Lebesgue measure, then, by (F3), we see

(1) = [ P, T)dL" ),
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where £™ denotes the Lebesgue measure. We thus observe that our definition of Ir(T') is
consistent with the case when T' is an R™-valued function.

Our goal is to compare two minima

(3.3) dp(a,b) = inf {£r(7); 7: [0,1] = R™ is Lipschitz
and 7(0) =a, ¥(1) = b}
(3.4) dr(a,b) == inf{IF(T); T € My, 8T = 6, — 5a}

for given two points a, b € R™. The function dr(a,bd) is a distance function from a to
b with respect to the metric density F if F satisfies the evenness F(y,n) = F(y, —7) in
addition to (F1)-(F4). For this kind of F it is also possible to prove that dp is a distance
function.

For a given oriented Lipschitz curve I' from a to b we see
[T] € M1 with O[] = 6s — éa
as in (2.1)-(2.2). Comparing (3.1) with (3.2) we see
Ir (I1) = tr(7)

since ppr) = H'|I and {[r] is the unit tangent vector to I' (consistent with the orientation

of I') as observed in §2. We now conclude from (3.3) and (3.4) that
dp(a,b) > dp(a,b).

We shall prove the converse. We say S € M; is a minimal current from a to b if

dr(a,b) = Ir(S).
In other words S is a minimizer of Ir(T') with 8T = 6, — .. The minimizer of dz may be

called a geodesic from a to b.

THEOREM 3.1.  Suppose that f satisfies (F1)-(F4). There exists a current from a to b

representing a simple Lipschitz curve from a to b which is a minimal current from a to b

if a # b.In particular

dr(a,b) = Jp(a,b) for all a, b€ R™.
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REMARK 3.2: It is interesting to compare our Theorem 3.1 with Federer’s result in [F2,
5.12]. His result may be interpreted as a localized version of our Theorem 2.1 assuming in
addition the evenness of F(y,7) in 7, so our result is not included in his result. Since the
statement in [F2, 5.12] is written by using terminology from geometric measure theory, we

reproduce his result (with our boundary constraint) for the reader’s convenience.

‘Suppose that F satisfies (F1)-(F3) and the localized version of (F4). Suppose that

F 1is even 1n,7, l.e.,

F(y,m) = F(y, —n).
Let A be a compact set in R™ and a, b € A. Then

inf {IF(T); OT = 65 — 6., sptT C A}

=inf {ZF(')/); v: [0,1) = A is Lipschitz and ¥(0) = a, v(1) = b}.’

In [F2, 5.12] he used integral currents instead of Lipschitz curve. But by the structure
theory of 1-integral currents [F1, 4.2.25] one observes that this statement is equivalent to
[F2,5.12) with U =R™, 8T =6, — 6,, B=D and ¥ = F.

Our proof of Theorem 3.1 is different from that of [F2, 5.12] and we think our proof
is very elementary compared with [F2, 5.12] where it is studied along the line of a general
framework. Let us sketch the idea of our proof. We take a minimizing sequence of dp and
approximate it by polygonal chains as in Theorem 2.4. When T in (3.4) is restricted to
real polygonal chains with a fixed support, the minimizing problem is reduced to a linear
prograinming problem called a network flow problem. It is well known such a minimum
is attained at multiplicity one polygonal chain. This leads to JF 2> dr and we conclude
dr = dp.

The remaining part of this section is devoted to the proof of Theorem 3.1. We recall
a standard result from network flow problem; see e.g. [I]. Let A be a finite subset in R™

and A be a finite subset of
N x N\ {(z,z); z € R™}.

For 1 € N we write
AG) = (N Gy5) € A}
BG) = (G €N (i) € 4)
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The set A is called vorteces of the network A. Let d;; for (i,j) € A be a given positive

real number. For

z = {2;; €R; (i,)) € A}

we consider a function

I(z) = Z d,-jz,-,-.

(i,j)eA

The vector z is called a flow on the network A.

LEMMA 3.3. Leta, b be two given different pointsin N. Suppose that thereisz = {z;;}

satisfying
-1, i=a
(3.5) Z z5 — Z z;; =< 0, i#aandi#b
jeB(i) J€A(i) 1 i b
(3.6) 2i; 20 for (i,5) € A.

Then the minimum of I(z) under (3.5) (3.6) is attained at z of the form

zi;=1 or 0 for (3,j) € A

The condition (3.5) implies the flow z begins from a and ends at b. The minimizing
problem for I(z) under the constraint (3.5), (3.6) is called a minimal flow problem. Lemma
3.3 is known as a variant of integrity of solutions in the theory of linear programming, see

e.g. [I]. We reformulate this lemma in terminology of real polygonal chains.

LEMMA 3.4.  Suppose that F satisfies (F1), (F3), (F4). For a, b € R™ with a # b let
Py € P, be given such that 8Py = 8, — 8,. Let K be the support of Py. There is a

multiplicity one current S € Py minimizing Ir(P) under the constraints

(3.7) PeP,, sptPCK with 0P =6,-86,.

Proor: Let Py € P; denote

r

Py = chﬂal,bl]] with ¢, >0, ay 7é b, (1 <I< 7').

=1
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We set
A={(a,be); 1<L<rU{(bya); 1S LS}

and VN = {a;; 1 <L <r}U{b; 1< €< 7} Weidentify P € Py with a flow z = {z;;} on
A satisfying (3.5), (3,6) by

(38) P= Y z;lijl.

(3.)eA

By (3.5) we see 9P = 8, — 8,. The correspondence z — P gives a mapping
oc: A— B,
where

A = {z = {zi;}; =i; satisfies (3.5), (3.6)}
B = {P € P;; P satisfies (3.7)}.

One easily observe that o is a surjection (but not a injection because [z, j] = 2[z, 7]+ [7, ¢]).
We consider the subset of A:

Ao = {z = {=i;} € A; for (4,]) € A, either z;; =0 or z;; = 0}.

Then o : Ag — B is now bijection and for P expressed as (3.8) with z € Ag,i.e. P = o(z)

we have

(3.9) we)= ¥ [

F(y, zijei;)dH?
(,j)eA VL

= Z d,-,-z,-,- = I(z), dij :/ F(y) eii)dHl’
(G.j)eA Lij

where L;; denotes the line segment [, j] oriented by a unit tangent vector e;;.
Since the existence of Py guarantees that A is not empty and since (F4) in particular

implies d;; > 0, we now apply Lemma 3.3 and conclude that inf, I is attained at z € A
such that

(3.10) zi; = 1 or 0 for (i,j) € A.
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By d;; > 0 we observe that z € Ao since otherwise it contradicts the minimality of z. We

set

S=o0(z)€eB

and observe that
(E) < <i .
IF(S)—I(z)\u}lfI lilf.[——lgf.[p

since o : Ag — B is bijection and Ir(P) = I(z), P = o(z) on A by (3.9). The current
S is multiplicity one by (3.10) so S fulfills all desired properties in Lemma 3.4. N

ProoF oF THEOREM 3.1:  Since dp(a,a) =0 = gp(a, a), we may assume a # b. Let
{T;}$2, be a minimizing sequence of dp in (3.4). Since Ir([a,b]) is finite by (F4), we
see dp is finite. The condition (F4) guarantees that M(T}) is finite. Let {Q;.}.>0 be an
approximate sequence of polygonal chains defined in Theorem 2.4 with T replaced by Tj;.
Let K denote the support of Q;.. From Lemma 3.4 it follows that there is a multiplicity
one current Sj, € Py satisfying (3.7) with P = S;, which attains the minimum of Ir(P)
under (3.7), i.e.,

(3.10) Ir(S;.) = inf{Ip(P); P € Py, sptP C K, OP = § — 6.}
By (F1), (F2), (F3) one applies Reshetnyak’s continuity theorem [Re] to get
(3.11) Ip(Tj.) = Ir(T;) as €0

since M(T;.) — M(T;) by (2.5), (2.7). By (3.10) and (3.11) we observe that there is
e; — 0 such that {Sjtj};?f’__l is a minimizing sequence of dg in (3.4). Since S;. may be

regarded as a Lipschitz curve from a to b we have
gp(a,b) 2 dF(a., b)

The converse inequality is trivial so we have proved df = dp in (3.3)-(3.4).
It remains to prove that the value dp(a,b) is attained at some simple Lipschitz curve

from a to b. This is nothing but the following standard lemma. R

LeEMMA 3.5.  Suppose that F satisfies (F1)-(F4). For a # b there is a simple Lipschitz

curve v from a to b such that

(3.12) dr(a,b) = £r (7).
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ProoF: The proof is standard but we give it here for the reader’s convenience. For a

Lipschitz curve v: [0,1] — R™, we introduce the arc length parameter

t
o= [ P, s
0
If t is the arc length parameter, clearly
1= F(y(s),7(s))-

From (F4) it follows that dg(a,b) = d > 0. Replace F by F/d we may assume d = 1.

Suppose that «; is a minimizing sequence of dr(a,b) defined in(3.3), say,

1
/F(‘)’j,ﬁ’j)dt=1+€j with 6510.
0

Let s denote the arc length parameter of 7v;. We introduce a parameter ¢, 0 <t < 1 such

that
t=s/(1+¢;), 0<s<1+e;.

We observe that for p > 1
1 1+e¢;
| s s@rde= ey [ Pl dn/dsyas
0 0
= (1 + €5 )p+1,
where we have used (F3) and (3.13). By coerciveness, that is (F4), we see
! p 1
([ tsora)™” <z + ey
0 k

which yields

. 1+4¢;
Y5l Lo (0,1) € 5 :

by sending p — oo. Since v;(0) = a, ¥;(1) = b is fixed, this implies
sup [|9; ||z (0,1) < 0.
j

By Ascoli-Arzela’s theorem we find a subsequence (still denoted by «;) and a Lipschitz
function v such that

(3.14) v; — v uniformly in [0, 1].
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The convexity (F2) guarantees the lower semicontinuity of the integral £7 () under (3.14).
We thus have
Lp(7) € liminffp(y;) = lim (1+¢;) = 1.
jooo j—oo

Since ¥(0) = a and (1) = b, this yields (3.12). B

4. Representation of the relaxation
Our main goal is to obtain a general representation of F including (1.3).

We consider a functional F of C' mapping u: @ — R™

f(u):/‘;f(z,u,Vu(z))d:c,

where Q is an open set in R*. Here Vu(z) denotes the Jacobi matrix at z and is identified

with an element of R™™. The energy density f is assumed to satisfy the conditions listed

below.

(f1) f:9Q xR™ x R*™ is continuous and nonnegative.

(£2) (Convexity) f(z,y,£&)is convex in £ € R*™ for all (z,y) € Q x R™.

(£3) (Linear growth) 0 < f(z,y,€) < K(1 + |¢]) with K independent of (z,y,£) €
 x R™ x R*™,

(f4) (Coerciveness) f(z,y,€) > k|¢| with k > 0 independent of (z,y,£) € 2 x R™ x
R™™.

(£5) For every (zo,%) € 2 x R™ and € > 0, there is a positive constant § such that
|z — 20| < 6, |y — yo| < 6 implies

|f(=,9,€) — f(20,%0,&)| < e(1+[€]) for all £ € R™™.
(f6) (Isotropy condition)
f(=,9,8) > f(=,9,{(v @v)) for all v € R™, with |[v| =1,

where ¢ 1s identified with an m x n matrix.
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Our goal is to derive an explicit representation of L], .~ lower semicontinuous relaxation

F of F on BV(Q,R™):
Flu) = inf{]ilm inf F(u); w € CH(Q,R™), wy — v in L}OC(Q,R"‘)}

for « € BV (R, R™). For v € BV(£2,R™) it is well-known [F1, Giu, Si] that Vu is a matrix

Radon measure decomposed as
Vu = V'u.l_Qo + V‘u,l(ﬂ — QO — 2) + ('U,+ _ 'll,_) ® V?‘{n—l [2

Here ¥ denotes the set of approximate jump discontinuities of © and v represents a unit

normal to ¥. The functions u*

are the trace of v on ¥ defined by
lclﬁlm(z + ev(z)).
By p|A we mean a measure on 2 defined by
(p|4)(B) = p(AN B) for B C Q,
where p 1s a measure. For a,b € R™ and g € R™ we introduce a distance like function:
1

(1) Dafabia)=int{ [ fuole,7(0,7(0) ® )t

0

v : [0,1] — R™ is Lipschitz and ¥(0) = a, (1) = b},

where fo, is the recession function defined by

(42) foo(m’y) 6) :Eifgf(z’y’ £/t)t'

By |p| we mean the total variation measure of g and dp/d|p| denotes the Radon — Nikodym
derivative. A combination of Theorem 3.1 and results in [AG1] yields an explicit estimate

of F from below under assumptions (f 1) - (£ 6). Combining the other side estimate of F
by [AMT)] we find a representation of F.

THEOREM 4.1.  Assume that f satisfies (f 1) - (f6). For v € BV(Q,R™)
(4.3) / £(2), w(2), Va(z)dL™ (=)
dVv
b Felele) G @I
" /2 Do(u™ (), 2™ (2), v(2))dH" " (2).
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REMARK 4.2: The representation (4.3) is a natural extension of Dal Maso’s results [DM]
to the case m > 1. As pointed out in [AMT], (4.3) may not hold for general f without
assuming the isotropy condition (f 6) although (f 6) is unnecessary for m =1 (cf. [DM]).

REMARK 4.3: If f is positively homogeneous of degree one in ¢, ({ 1), (f 2), (1.4), (1.5)
implies (f 1) — (f 6). Since (4.3) yields (1.3) if f is positively homogeneous of degree one
in ¢, Theorem 4.1 deduces (1.3).

Proor: (i) (Estimate of F from below). We first recall an estimate of 7 from below
given in [AG1]. Let D, denote

D.(a,b,q) = inf{/ foo(z,y,(Sg)); 8S; = vi(bp — 6a), Si € My, 1 <i< n}
Rm

where a,b € R™, ¢ € R and f. is defined by (4.2). The main results in [AG1, Theorems
5.1 and 8.1] yields

— dVu
4.4 F(u) > z,u, Vu)dL™ (= o2, U, ——
(4.4) @2 [ S v+ [ fulen 10

+ [ B (@)t (@) 0)ar" (2).

So far we have only invoked assumptions (f 1) — (f 3), (£ 5). If f satisfies (f 6), so does foo.
Applying (f 6) we observe

.foo(z,y) (S;J)) > foo(zay) (zsliyk)yi)

which yields

(4.5) D.(a,b,v) > dp(a,b)
with
(46) F(y,"?) = foo(z)y)n®y(z))

where dp is defined by (3.4), since 8S; = v;(8, — 8,) implies

0T = 6, — 6, with T = Zs,,u,,.
k=1
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By (f1) - (£ 5) our F in (4.6) satisfies all assumptions in Theorem 3.1 which yields
(4.7) dr(a,b) > D.(a,b,v),

where D, is defined in (4.1). Combining (4.4), (4.5) and (4.7) we have shown that F is
estimated from below by the right hand side (RHS) of (4.3).

(i) (Estimate of F from above). If f = f(z,y, £) is positively homogeneous of degree
one in ¢, Theorem 4.9 in [AMT)] implies that F is bounded from above by an integral
which is less than or equal to the RHS of (4.3). Note that their integral may be strictly
less than the RHS of (4.3) if we do not assume the isotropy condition ({f 6).

Although we do not assume homogeneuity of f in £ the method in [AMT] works to
get the estimate of F from above by the RHS of (4.3). Let us briefly sketch how to apply

their proof without assuming the homogeneuity of f.

Let f be the homogenization of f defined by
.foo(zay) 5) if €0 =0
f(=,y,€/€0)éo o> 0

By (f1) - (£3), (£ 5) we see f is continuous in @ x R™ x [0, 00) x R®™ convex in ¢, positively

f(z,y,fﬂ,f) = {

homogeneous of degree one in (&o,£) and satisfies a growth estimate
0< f(2,9,60,6) < C(L+ o] +1€])
(ef. [DM]). For u € C*(Q2,R™) we set
w:IxQ—R™, (s,2)— (s,u(z)),
where I is a unit interval. Clearly

(4.8) /ﬂf(z,u,vu)dc" =/ nf(z,u,%)dc"“,‘ vV =(4,V)

As in [AMT] for w € BV(Q,R™) we set

Fu, 4) = inf{lim/ f(z,un, Vup);  up € CH(A4,R™);up — win L (4,R™)}
4
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where A is an open set in Q. As in [AMT, Theorem 4.3] one can prove that 4 — F(u, A)

is regarded as a Borel regular measure in ).

Noting the relation (4.8) one next proves

(49) Flu, A\D) < / (2,4, VE)dL
Ix(A\E)
(4.10) —}:(u,ADE)S/D,(u_,u"',u)d?{”‘l
z

at least for v € BV(Q,R™) N L*®(Q,R™). The estimate (4.9) corresponds the estimate
outside the jump discontinuity ¥ of » and one may approximate u by a standard mollifier
technique. To get (4.10) one approximate ¥ by polyhedra and reduce the problem that u
has a two valued function whose discontinuity is a C' hypersurface. These proofs parallel
Proposition 4.6 — Proposition 4.8 in [AMT]. The extra assumption v € L*(2,R™) can
be removed as in Theorem 3.9 in [AMT)]. We note that in [AMT] they derive a sharper
estimate than (4.10).

Our desired estimate is a combination of (4.9) and (4.10) since

f(a:, u(z),1, Vu)
Q\®

_ / £z, u(z), Vu(z))dL™ (=) + / g fete o) j%;"m)lw;

see e.g. [GMSI].
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Appendix

We use some standard notation in [F1]. Let P, = P,(R™) denote the space of real
polygonal k-chain in R™. Let N} = N;(R™) denote the space of k-normal current (with

compact support in R™), i.e.,
Ny ={T € Di; M(T) + M(8T) < o0, sptT is compact},

when M denotes the mass in [F1]. We first prove Lemma 2.2 (and its generalization to

higher dimensional currents).

LemMMA A.  Suppose that Ty € D) with 8Ty = 0 has a finite total mass M(Tp). For

every € > 0 there is Ty € Ny with 8Ty = 0 such that Ty is compactly supported in R™ and
that M(TO — T]_) Le.

ProoF:  According to the deformation theorem ([F1, 4.2.9] or [Si, §29]) thereis P € P,
and S € Dy4q with M(S) < oo such that

(1) To=P+8S

since 0Ty = 0 and M(Tp) < co. Let pr be a cut-off function of B3g/, supported in Byg
as is defined in the proof of Lemma 2.2 in §2. Take R large so that spt P C By and set

T = P+ 8(S|¢r),

where

(Slpr)(w) = S(pr Aw) = S(prw), we DM,
Applying Leibniz’ rule yields
To —Tr = 0(S((1 - ¢r)) = 8S|(1 — pr) + (=1)**' S |dpr.
Since spt P C Bp, it follows from (1) that

05|(1-¢r) =Tol(1 - ¢r)

which now yields

To — Tr = To|(1 - ¢r) + (=1)**S|dpr.
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Since both M(Tp) and M(S) are finite, we observe that

M(To|(1 - ¢r)) < pro(R™\ Br) — 0
M(S|dpr) < sup|Ver|ps(R™\ Br) — 0

as R — oo, where s denotes the total variation measure ||S|| in [F1]. This shows
M(Ty —Tgr) > a as R —0.

From (1) it follows that 8P = 0 which implies §Tg = 0. We now obtain a desired

approximation Tg of Tp. I

We next prove Lemma 2.3 (and its generalization to higher dimensional currents). We

thank Robert Hardt who let us know the following lemma with a proof.

LemMA B.  Suppose that T € Ny with T = 0. For every € > 0 there are P € P}, and
S € Ny41 such that

T=P+408S

with M(P) < M(T) + € and M(S) < e.

Proor: We may assume ¢ < 1. By the strong approximation theorem [F1, 4.2.24,
4.1.24] T is expressed as

T:P1+R1+0S1

with some P, € Py, Ry € D, S; € Dy such that

M(P) + M(6P) < M(T) + %
M(R;) + M(S1) < % y = 2m2k+?

Applying the deformation theorem [F1, 4.2.9] to R with ¢ replaced by ¢/(4y(M(T) + 1))
we find that R; is of the form

R1:P2+Q+052
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with P, € Py, Q € Dy, Sz € Dp41 such that

Y€ €
H(M(T)+1) 4

eYM(8R,) = eM(8Py) e (M(T)+¢/2) <€
44(M(T)+1)  4M(T)+1) 4 MD)+1) 4

M(P;) < YM(R1) +

M(Q) <

M(S,) < eM(Ry) < S < &
(2)\5 (1\47 2"

Here we have applied R; = O P; € Py, and by this property the construction of @ in the
deformation theory guarantees that Q € Pj. We set

P=P+P,+Q, S=5+S5;

and observe that

T=P+0S
with P € Py,

E € €
< 44z
M(P) M(T)+2+4£-I-4

M(S) < +§<5.l
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