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1. INTRODUCTION

In the 1934 paper [L] Leray raised the question of the existence of self-similar solutions

of the Navier—Stokes equations
ug —vAu+ (u-V)u+Vp=0
in R3 X (tl,tQ), (11)
dive =0

where, as usual, v > 0. These are the solutions of the form

1 T
ule,t) = 2a(T—t)U< za(T—t)>’ (1:2)

where T' € R, a > 0, and U = (U;,U»,Us;) is defined in R®. (Hence u is defined in

R?® x (=00, T).) One also requires that certain natural energy norms of u are finite. If

U # 0, then u given by (1.2) develops a singularity at time ¢ = T. The Navier—Stokes

equations for u give the system
—vAU+aU+a(y-VU+ (U -VU+VP=0

in R? (1.3)
divU =0

for U (where we use y to denote a generic point in R®). The main result of this paper is
that the only solution of (1.3) belonging to L*(R?)is U = 0.

We make a few remarks regarding the integrability condition U € L3*(R®). If one
requires that u defined by (1.2) has finite kinetic energy and satisfies the natural energy
equality

1 1 *2
/ §|u(w,t1)|2 dz = / §|u(w,t2)|2 dz + / / v|Vu(z,t)|* de dt (1.4)
R3 R3 i1 R3
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for each ¢; < ¢ < T, one obtains [, [U|*dy < +oo and [y, |[VU|>dy < +o0, which
implies U € L*(R?) by standard imbedding theorems. (We remark that Leray suggests
to seek for bounded solutions of (1.3) satisfying fi, |U|* dy < 400, see [L], page 225.
Such solutions obviously belong to L*(R?).)

On the other hand, if one only requires that for some ball B = Bg(0) and some tg < T
we have (for u given by (1.2))

ess sup / lu(z,t)|* dz < +oo and
to<t<T JB

; (1.5)
/ / \Vu(z,t)]* dedt < +o0 ,
to vB

one gets conditions which do not imply U € L*(R®). Therefore our result does not
exclude the possibility of self-similar singularities which satisfy the natural energy es-
timates only locally. Finally, we remark that our method is also applicable in higher

dimensions (specifically 3 <n < 7), but we will not pursue the case n > 4 in this paper.

2. PRELIMINARIES

We shall use the following notation for balls. For z € R™ we denote Br(z) = {y €
R"™, |y — z| < R}, and for (z,t) € R™ x R we denote Qgr(z,t) = Br(z) x (t — R%,t). If
there is no danger of confusion, we will skip the center of the ball from the notation and

write simply Br or Qr. We will use the following result.

Proposition 2.1. For each v > 0 there exists ¢g > 0 and Cy,Cy, -+ > 0 such that the
following statement is true: let u = (u1,u2,us) and p be smooth functions satisfying the

Navier—Stokes equations (1.1) in Qr = Br x (—R?,0) and assume that

B2 [ (e +1p(e,0]F) dede<eo
R
Then, for each k =0,1,...,

sup |VFu| < CL,R™17F

R

where V means, as usual, the gradient with respect to the space variables ©1,x5, 3.

PrOOF: The statement can be deduced from [CKN], Proposition 1, page 775 (see also
[Sch]), and from [Sel] (see also [Oh]) in the following way. (We remark that one could
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also use other results on the regularity of the Navier—Stokes equations, such as [Gi], [So],
[Strl], [Ta] and [vW].) We see from the scaling properties of the Navier—-Stokes equations
(see, for example, [CKN], page 774) that it is enough to consider the case R = 1. Using
the local energy equality

t
/ lu(z,)|*p(z,t) dz + 21// / |Vul>¢ dz ds
Br —R? JBpg

t t
= / / [u|? (s + vAp) dwds—l—/ / (|u|2—|—2p)u-Vgo de dt
—R? JBg —R? JBg

where ¢ is a suitable “cut-off” function, we can estimate sup;c(_g2 ) fB lu(z,t)|* d=
and fQRl |Vu|? dz dt in terms if fQR (Jul®+ |p|%) dz dt for a suitable Ry < R, for example
R, = %R. Now we can apply [CKN], Proposition 1, page 775, to obtain the required
estimate for £k = 0 in Q%R. (Strictly speaking, this proposition is proved only for v =1,
but it is easy to see that it holds for any v > 0. The constants in the estimates depend
on v, of course. Also, the proposition as stated in [CKN] gives the estimates on the ball
whose radius is the half of the original radius, but it is easily seen that the factor % can
be replaced by any factor strictly less than 1. Of course, the constants in the estimates
depend on the factor we choose.) To prove the estimates for k = 1,2,..., we use the
estimates we have obtained for k£ = 0 together with the estimate for fQRl |Vu|? dz dt, and
follow the proof of higher regularity in Serrin’s paper [Sel]. Serrin does not write explicit
estimates, but we can follow his proof line-by-line and replace the statements about
smoothness properties of the functions which appear in the proof by the corresponding
estimates. The elliptic and parabolic estimates needed to execute this procedure are
listed in the appendix. Since this works without any additional tricks, we feel that it is

not necessary to reproduce this purely mechanical procedure here in detail. [ ]

We recall some well-known facts about the equation for the pressure
—AP = 09;0,U;Uy, in R"™. (2.2)

(Here and in what follows we use the usual convention and sum over the repeated indices.)
If U € L?*%(R") for some q > 1, we can use the classical Riesz transformation to solve
(2.2). Let us recall, that for j = 1,...,n the Riesz transformation R; is the singular
integral operator given by the Fourier multiplier —i%, see [St] for details.

From the classical results regarding the operators R; (see e.g. [CZ] or [St]) we infer
that P defined by

P = R;Ri(U;Uy)



satisfies || P|pemn) < chUH%zq(Rn) and solves (2.2) in the sense of distributions. If
moreover U is smooth, then P is smooth by the classical regularity theory for the Laplace
operator.

Of course, for a given U, the equation (2.2) determines P only up to a harmonic
function, and we have to specify the behavior of P at infinity to get uniqueness. For
example the requirement P € L?(R™) obviously guarantees uniqueness since the only

harmonic function belonging to L?(R™) is the identical zero.

Lemma 2.2. For j =1,...,n let R; denote the Riesz transform given by the Fourier
multiplyer —1 éﬁ For j,k = 1,...,n let Fj; € L*(R™) N L*(R™). Finally, let ¢ be
a smooth, compactly supported function on R™ depending only on |z| and satisfying

#(0) = 1. Then

im | R;Ru(F)(z) d(ea) do — —% / Fij(z)da .

e—04 Rn

ProOF: Let ¢.(z) = ¢(ex). Denoting by ~ the Fourier transformation (with the kernel

given by e2™*¢) we have from the Parseval formula

[ R bede = [ -SERu@mod — [ -SR03 () e

£

By using the substitution > —— ¢, the last integral can be rewritten as

é]ék N
| S Rueede .

Since ﬁjk is bounded and continuous and g/i; is rapidly decreasing, this integral converges

~ Eikp=
Fu(o) [ S5 de

as ¢ — 04. Using the fact that g/i; is radial and integrating first over the spheres and then

to

over the radii, we see that

£in= bip [ = djk djr
-SSR = =2 [ G de = ~Hro0) = -5,
where ¢, is the usual Kronecker symbol. Since 6]kng = F“ and ij fﬂ&" ie(z
the result follows. [



3. THE MAIN THEOREM

By a weak solution of (1.3) we mean a function U = (U, Us,Us) on R? which belongs

locally to W12, is divergence-free, and satisfies
/ (VVU-VQO—I—CLU-go—l—a(y-V)U-go—l—(U-V)U-go)dy:0
]Rs

for each smooth, compactly supported, divergence-free vector field ¢ = (¢1,92,¢3) in
R3. Using the regularity theory for the linear Stokes operator (see e.g. [Ca]), standard
imbeddings, and the bootstrapping argument, we see that every weak solution U of (1.3)
is smooth. (The proof is more or less the same as the proof of regularity for steady
solutions of the Navier—Stokes equations in three dimensions, cf. [La] or [Ga].)

We note that the pressure does not explicitely appear in the definition of the weak

solution. Therefore the following lemma will be useful.

Lemma 3.1. Let U = (U1,U»,Us) € L3(R®) be a weak solution of (1.3). Assume P is
defined by P = R;R;(U;U}), where we use the notation introduced in Section 2. Then
both U and P are smooth, P belongs to L%(R?’), and moreover

—vAU 4+ aU +a(y- VU 4+ (U-V)U +VP =0 in R®. (3.1)

PROOF: Above we have proved all the statements of the lemma except for the equation
(3.1). To prove (3.1), we let

F=—vAU+aU +a(y-V)U +(U-V)U +VP.

We must prove that F' = 0. Our assumptions imply that curl ¥ = 0 and div F = 0 in R?3,
hence AF =0 in R®. Let ¢ be a radial (i.e. depending only on |z|), smooth, compactly
supported function in R? with fRs ¢dz = 1. Since AF = 0, we have for each ¢ > 0 (cf.
[St], page 275)

F(0) = / F(z)e* d(ex) de .
]Rs
For each multiindex a = (a1, @2, a3) we have A(D,F) = 0 and hence, for each ¢ > 0,

DoF(0) = [ Dy F(z)e*d(ex)dr = (—1)! / F(z)e Tl (Dy¢)(ez) de . (3.2)
R3 R3

Since F' is analytic (see e.g. [Mo], page 166), it is enough to prove that D, F(0) = 0 for

each a with || > 0. From formula (3.2) we see that this will follow if we prove that for

each smooth, compactly supported function 9 in R*® we have

lim e /]1&3 F(z)y(ex)dz = 0.

e—04
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Using the definition of F', we see that we must prove

lim 83/ (—VAU—I—aU—I—a(y-V)U—I—(U-V)U—I—Vp)z/)(sy)dy:0.
]Rs

e—04

This can be done term-by-term, by using integration by parts and the assumption U €
L3(R3), together with the fact P € L%(R?’). For example, we have

[ s = [ a0 ds = [ V)en )@k dy

= /}R 3 U(y)(ey) dy — /}R . U(y)d(ey) dy,

where 1/;(y) = ypOr¥(y). Using the Hoélder inequality, we can write

[ v s < 10l { [ 1wl dr} =201 16l 00

Hence

lim e /]1&3 U(y)y(ey)dy =0.

e—04

The other terms can be dealt with in the same way, and the proof is easily finished. m

Lemma 3.2. Let U = (Uy,U2,Us) and P be as in Lemma 3.1. Then, for each k =
0,1,2,..., we have
VU (y)
[VEP(y)

O(ly™*™*), Iyl —oc  and
O(lyI>™"),  lyl = 0.

|:
|:
PrROOF: Let T € R. For z € R® and t < T we let

1 T
et = T U( 2a(T—t)) (3:3)

and

1 z
p(z,t) = 2a(T —1) P( 2T t)) . (3.4)

The equation (3.1) implies that v and p satisfy the Navier—Stokes equations (1.1) in
R® x (—o00,T). We have U € L*(R®) and P € L%(R?’) and hence

lim <|U|3—|-|P|g> dy=0.

P2 dlyl>p



Using this, we check easily by an elementary change of variables that for each zy € R*\{0}
there exists R > 0 such that

swp [ (et + oo ) ) do < oo (3.5)
T—R2<t<T JBr(zo)

where £¢ has the same meaning as in Proposition 2.1. Since (3.5) obviously implies

R [ o (W S 1pte 1) dedt < 2o,
QR anT

we see from Proposition 2.1. that

sup  |VFu(z,t)] < OpRF (3.6)
QE(anT)
2
for each £ = 0,1,2,.... Let 0 < p] < p1 < p2 < p5 and let ¢; < T'. Since u is smooth in

R®x (—o00,T) and zy was an arbitrary point of R*\ {0}, we see from (3.6) and the obvious
compactness argument that the functions V*u(z,t) are bounded in Q. o, % (t1,T), where
Q0 = {2 € R? pf < || < ph}. Let also Q,, p, = {z € R®, p1y < |z| < p2}. We claim
that, for k = 0,1,..., the space derivatives V*p are bounded in Q,, ,, x (¢1,T). To see
this, we note that for each ¢ < T we have

[ et e = [ 1P ay. (37)

Since for each ¢ < T we have
—Ap(z,t) = 0;0; (ui(w,t)u]'(w,t)) in R3 (3.8)
we see from the classical elliptic estimates (cf. [Br]) that

I Dllcnn @ < o6 X s iyt )+ E6lBC Dl 300
¥
where we use the usual notation for the Holder norms. Since, as we have seen above, we
control the terms on the right-hand side, we see that V*p is bounded in Q,, ,, x (¢1,7T)
for each k, as claimed.
We can now take the space derivatives of the Navier—Stokes equations to see that for

each k = 0,1,2... the derivatives Vk%u = %Vku are bounded in 2, ,, X (¢1,T). Since

/ lu(z,t)]* de — 0 ast — T_
Q

PLP2



(which can be seen for (3.3) and the assumption U € L*(R?)), we see from the above
estimates and the Arzela—Ascoli theorem that V*u(-,#) — 0 as ¢ — T_ uniformly in

Q,, p, for each k =0,1,.... Therefore we can write, for z € Q,, ,,,

T .0
VFEu(z,t) = —/ VF —u(z,s)ds
and by the estimates for Vk%u(w,t) above we have, for £k =0,1,...
\VFu(z,t)| < My(T —t) in Q,, ,, x (t1,T), (3.9)
where M, are suitable constants. We have seen above that we also have, for k = 0,1,...
V*p(, )] < My in D, p, % (11,7) - (3.10)

It is now a matter of an elementary calculation to verify that (3.9) together with (3.3)
implies |V*U(y)| = O(|ly|=37%) as |y| — oo and that (3.10) together with (3.4) implies
that [V*P(y)| = O(Jy|=27*) as |y| — oo. The proof is finished. |

Lemma 3.3. Assume that U = (Uy,U,,Us) and P are smooth functions satisfying (1.3)
in R3. Then the quantity

I(y) = S [U@)F + Ply) +ay- V()

satisfies the maximum principle, i.e. for each bounded domain Q C R3 we have

sup II(y) < sup TI(y) .
y€eQ yEeoN

ProOF: We let ﬁ(y) = U(y) + ay and ﬁ(y) = P(y) — 3a*|y|*. An easy calculation
shows that (1.3) is equivalent to

—vAU +(U-V)U +VP =0
- in R®
divU = 3a

Multiplying the first equation by U we get
- ~ o~ 1 ~ ~
—vAU-U+(U-V)(5UP +P)=0.
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Hence
—I/A(%|[7|2 +P)+(U- V)(%|I7|2 + P) = —u|VU] —vAP
= —v|VU + al|®> —vAP + 3va® = —v|VU|* + v(8;U;)(9;U;) <0,
where we denote by I the identity matrix. Since %|[7|2 +P= I, we see that
—vAl4+ (U -V)I<0  inR3,

and the result follows from the standard maximum principle for elliptic equations (see

e.g. [GT)). |

Remark: The fact that the quantity %|u|2 + p satisfies a maximum principle for the
steady Navier—Stokes equations is well-known (see e.g. [Se2], page 261, or [GW]), and
has played an important role in recent results ([FR1], [FR2] and [Str2]) regarding the

regularity of solutions of the steady Navier—Stokes equations in higher dimensions.

Theorem 1. Let U be a weak solution of (1.3) belonging to L*(R?). Then U = 0 in
R3.

ProOF: Let P = R;R,(U;Uy), where we use the notation introduced in Section 2.
By Lemma 3.1 the functions U and P are smooth and satisfy (1.3). Hence II(y) =
1U)|? + P(y) + ay - U(y) satisfies the maximum principle by Lemma 3.3. Since
I(y) = O(|y|™%) as |y| — oo by Lemma 3.2, the maximum principle (applied to large
balls) implies that I < 0 in R®. Let ¢ be as in Lemma 2.2 and assume moreover that
¢ > 0in R® For e > 0 let ¢.(y) = ¢(cy). Since II < 0in R?, we have [, . dy < 0
for each ¢ > 0. Since ¢. is radial and divU = 0, we have [, a(y-U)¢.dy = 0 for
each € > 0. Since U;Uj, € L*(R®*) N L?*(R?) by Lemma 3.2, we see from Lemma 2.2 that
lim, .o, fﬂ&s Pp.dy = —% fﬂ&s |U|? dy. We infer that

1 1
/—|U|2dy—/ Livpdy <o
s 2 e 3

and hence U = 0. The proof is finished. ]

AN ALTERNATIVE PROOF OF THEOREM 1: We feel that the following alternative way
of proving Theorem 1 is of interest. We let Q(y) = P(y) + ay - U(y). The system (1.3)

can be rewritten as

aU;  8Q aU;  oU,
VAU + U2 1 I gy (S TRy g
T oy T yk(ayk 3yj> (3.11)
divU =



After multipying the first equation by ﬂ/—ﬂ, we obtain

9 . U v
999 _ \p ¥ g, Yl (3.12)
|y| By; K By |yl

Denoting p = |y| and using Lemma 3.2, we see that % = O(p~®) as p — o0o. Since

also Q(y) = O(|y|™2) as |y| — oo by Lemma 3.2, we see (by integrating along the rays
through the origin) that

Qy) =0(yl™), |yl — oo

Multiplying (3.11) by y; and integrating over R*® (which we can because all the terms
are integrable by the decay estimates for ) above and the decay estimates for U and P

established in Lemma 3.2), we obtain

au; oQ
/Rs (— vy;AU; +ijk3—’ +yj5—)dy=0.

Y dy;

Integrating by parts (which, again, we can because of the decay estimates we have for U
and @), we obtain

/Rs (JU> +3Q) dy = 0.

On the other hand, |U]? 4+ 2Q < 0 in R® by Lemma 3.2 and Lemma 3.3 (see also our
first proof of the Theorem 1) and hence

/ (JUP +2Q)dy <o.
]RS

Substracting [ (%|U|2 + 2Q) dy = 0 from this inequality, we obtain [y, $|U|> <0 and
the proof is finished. [ ]

APPENDIX

Here we recall the estimates which can be used for the proof of Proposition 2.1.

Proposition A.1. Let @ = B1(0) x (—1,0) C R™ xR and Q' = B1_s x (—(1 — §)%,0),
where 0 < § < 1 is a fixed number. (Typically we imagine that § is small.) Let
1<p<+ooand f=(f1y..-,fn) € L?(Q). Assume that v € L?*(Q) is a weak solution
of the heat equation

Ov of;

— — Av =

ot = o, 9
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Then v satisfies the following estimates (in which we use ¢ to denote the “generic con-

stant” which can depend on p and §):

Doz gy < cllfllzrig) + cllvlizz() s

1 1 1
vllzecor < cllfllzrg) + cllvllzzio) if —=—— >0,
q P n-+ 2
. n -+ 2
Illcg,. @) <ellfllzr +ellolzzg  Ha=1-——>0,

where Cp,, (Q') denotes the space of functions which are a-Hélder continuous with re-

spect to the parabolic metric in which the distance between (z,t) and (z',t') is given by

lz— |+ |t — t|2.

PROOF: These estimates are well-known and can be obtained for example by combining
the LP-estimates established in [LUS]|, Chapter IV, Section 9, Theorem 9.1 with the
imbeddings established in [LUS], Chapter I, Section 3, Lemma 3.2 and Lemma 3.3. =

Proposition A.2. Let B = B;(0) C R™ and let B’ = B,_5(0), where 0 < § < 1is a
fixed number. (Typically we imagine that § is small.) Let u = (uy,...,u,) € L*(B).
Then, for k = 1,2... we have
HDkuHLP(B/) < c||D*? curl u|| By + c|[D*1 div ul|pr(B) + c|lul|L2(B) and
HDkuHca(B') < cHDk_1 curl u|ga(p) + cHDk_1 div u||ce(B) + <||v||L2(B) »

where 1 < p < o0, 0 < a < 1, and ¢ denotes the “generic constant” which can depend

on 6, p, and a.

PROOF: This is a well-known consequence of the classical LP- and C'*-estimates for the

Laplace equation. [ ]
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