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1. Introduction

In the 1934 paper [L] Leray raised the question of the existence of self-similar solutions

of the Navier{Stokes equations

ut � ��u+ (u � r)u+rp = 0

div u = 0
in R3� (t1; t2) ; (1:1)

where, as usual, � > 0. These are the solutions of the form

u(x; t) =
1p

2a(T � t)
U

�
xp

2a(T � t)

�
; (1:2)

where T 2 R, a > 0, and U = (U1; U2; U3) is de�ned in R3. (Hence u is de�ned in

R
3 � (�1; T ).) One also requires that certain natural energy norms of u are �nite. If

U 6� 0, then u given by (1.2) develops a singularity at time t = T . The Navier{Stokes

equations for u give the system

���U + aU + a (y � r)U + (U � r)U +rP = 0

divU = 0
in R3 (1:3)

for U (where we use y to denote a generic point in R3). The main result of this paper is

that the only solution of (1.3) belonging to L3(R3) is U � 0.

We make a few remarks regarding the integrability condition U 2 L3(R3). If one

requires that u de�ned by (1.2) has �nite kinetic energy and satis�es the natural energy

equality Z
R3

1

2
ju(x; t1)j

2 dx =

Z
R3

1

2
ju(x; t2)j

2 dx+

Z t2

t1

Z
R3

�jru(x; t)j2 dx dt (1:4)
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for each t1 < t2 < T , one obtains
R
R3
jU j2 dy < +1 and

R
R3
jrU j2 dy < +1, which

implies U 2 L3(R3) by standard imbedding theorems. (We remark that Leray suggests

to seek for bounded solutions of (1.3) satisfying
R
R3
jU j2 dy < +1, see [L], page 225.

Such solutions obviously belong to L3(R3).)

On the other hand, if one only requires that for some ball B = BR(0) and some t0 < T

we have (for u given by (1.2))

ess sup
t0<t<T

Z
B

ju(x; t)j2 dx < +1 andZ T

t0

Z
B

jru(x; t)j2 dx dt < +1 ;

(1:5)

one gets conditions which do not imply U 2 L3(R3). Therefore our result does not

exclude the possibility of self-similar singularities which satisfy the natural energy es-

timates only locally. Finally, we remark that our method is also applicable in higher

dimensions (speci�cally 3 � n � 7), but we will not pursue the case n � 4 in this paper.

2. Preliminaries

We shall use the following notation for balls. For x 2 Rn we denote BR(x) = fy 2

R
n; jy � xj < Rg, and for (x; t) 2 Rn�R we denote QR(x; t) = BR(x) � (t �R2; t). If

there is no danger of confusion, we will skip the center of the ball from the notation and

write simply BR or QR. We will use the following result.

Proposition 2.1. For each � > 0 there exists "0 > 0 and C0; C1; � � � > 0 such that the

following statement is true: let u = (u1; u2; u3) and p be smooth functions satisfying the

Navier{Stokes equations (1.1) in QR = BR � (�R2; 0) and assume that

R�2
Z
QR

�
ju(x; t)j3 + jp(x; t)j

3
2

�
dx dt < "0 :

Then, for each k = 0; 1; : : : ,

sup
QR

2

jrkuj � CkR
�1�k ;

where r means, as usual, the gradient with respect to the space variables x1; x2; x3.

Proof: The statement can be deduced from [CKN], Proposition 1, page 775 (see also

[Sch]), and from [Se1] (see also [Oh]) in the following way. (We remark that one could
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also use other results on the regularity of the Navier{Stokes equations, such as [Gi], [So],

[Str1], [Ta] and [vW].) We see from the scaling properties of the Navier{Stokes equations

(see, for example, [CKN], page 774) that it is enough to consider the case R = 1. Using

the local energy equalityZ
BR

ju(x; t)j2'(x; t) dx + 2�

Z t

�R2

Z
BR

jruj2' dxds

=

Z t

�R2

Z
BR

juj2 ('t + ��') dx ds +

Z t

�R2

Z
BR

�
juj2 + 2p

�
u � r' dxdt ;

where ' is a suitable \cut-o�" function, we can estimate supt2(�R2
1
;0)

R
BR1

ju(x; t)j2 dx

and
R
QR1

jruj2 dx dt in terms if
R
QR

�
juj3+ jpj

3
2

�
dx dt for a suitable R1 < R, for example

R1 = 7
8
R. Now we can apply [CKN], Proposition 1, page 775, to obtain the required

estimate for k = 0 in Q 3
4
R. (Strictly speaking, this proposition is proved only for � = 1,

but it is easy to see that it holds for any � > 0. The constants in the estimates depend

on �, of course. Also, the proposition as stated in [CKN] gives the estimates on the ball

whose radius is the half of the original radius, but it is easily seen that the factor 1
2
can

be replaced by any factor strictly less than 1. Of course, the constants in the estimates

depend on the factor we choose.) To prove the estimates for k = 1; 2; : : : , we use the

estimates we have obtained for k = 0 together with the estimate for
R
QR1

jruj2 dx dt, and

follow the proof of higher regularity in Serrin's paper [Se1]. Serrin does not write explicit

estimates, but we can follow his proof line-by-line and replace the statements about

smoothness properties of the functions which appear in the proof by the corresponding

estimates. The elliptic and parabolic estimates needed to execute this procedure are

listed in the appendix. Since this works without any additional tricks, we feel that it is

not necessary to reproduce this purely mechanical procedure here in detail.

We recall some well-known facts about the equation for the pressure

��P = @j@kUjUk in Rn: (2:2)

(Here and in what follows we use the usual convention and sum over the repeated indices.)

If U 2 L2q(Rn) for some q > 1, we can use the classical Riesz transformation to solve

(2.2). Let us recall, that for j = 1; : : : ; n the Riesz transformation Rj is the singular

integral operator given by the Fourier multiplier �i
�j
j�j
, see [St] for details.

From the classical results regarding the operators Rj (see e.g. [CZ] or [St]) we infer

that P de�ned by

P = RjRk(UjUk)
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satis�es kPkLq(Rn ) � cqkUk
2
L2q(Rn )

and solves (2.2) in the sense of distributions. If

moreoverU is smooth, then P is smooth by the classical regularity theory for the Laplace

operator.

Of course, for a given U , the equation (2.2) determines P only up to a harmonic

function, and we have to specify the behavior of P at in�nity to get uniqueness. For

example the requirement P 2 Lq(Rn) obviously guarantees uniqueness since the only

harmonic function belonging to Lq(Rn) is the identical zero.

Lemma 2.2. For j = 1; : : : ; n let Rj denote the Riesz transform given by the Fourier

multiplyer �i
�j
j�j
. For j; k = 1; : : : ; n let Fjk 2 L1(Rn) \ L2(Rn). Finally, let � be

a smooth, compactly supported function on Rn depending only on jxj and satisfying

�(0) = 1. Then

lim
"!0+

Z
Rn

RjRk (Fjk)(x)�("x) dx = �
1

n

Z
Rn

Fjj(x) dx :

Proof: Let �"(x) = �("x). Denoting by b the Fourier transformation (with the kernel

given by e2�ix��) we have from the Parseval formulaZ
Rn

RjRk (Fjk)�" dx =

Z
Rn

�
�j�k

j�j2
bFjk(�)c�"(�) d� = Z

Rn

�
�j�k

j�j2
bFjk(�) b���

"

�
"�n d� :

By using the substitution �

"
7�! �, the last integral can be rewritten asZ

Rn

�
�j�k

j�j2
bFjk("�)b�(�) d� :

Since bFjk is bounded and continuous and b� is rapidly decreasing, this integral converges

to bFjk(0)Z
Rn

�
�j�k

j�j2
b�(�) d�

as "! 0+. Using the fact that b� is radial and integrating �rst over the spheres and then

over the radii, we see thatZ
Rn

�
�j�k

j�j2
b�(�) d� = �

�jk

n

Z
Rn

b�(�) d� = �
�jk

n
�(0) = �

�jk

n
;

where �jk is the usual Kronecker symbol. Since �jk bFjk = bFjj and bFjk(0) = R
Rn
Fjk(x) dx,

the result follows.
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3. The main theorem

By a weak solution of (1.3) we mean a function U = (U1; U2; U3) on R
3 which belongs

locally to W 1;2, is divergence-free, and satis�esZ
R3

�
�rU � r'+ aU � '+ a (y � r)U � '+ (U � r)U � '

�
dy = 0

for each smooth, compactly supported, divergence-free vector �eld ' = ('1; '2; '3) in

R
3. Using the regularity theory for the linear Stokes operator (see e.g. [Ca]), standard

imbeddings, and the bootstrapping argument, we see that every weak solution U of (1.3)

is smooth. (The proof is more or less the same as the proof of regularity for steady

solutions of the Navier{Stokes equations in three dimensions, cf. [La] or [Ga].)

We note that the pressure does not explicitely appear in the de�nition of the weak

solution. Therefore the following lemma will be useful.

Lemma 3.1. Let U = (U1; U2; U3) 2 L3(R3) be a weak solution of (1.3). Assume P is

de�ned by P = RjRk(UjUk), where we use the notation introduced in Section 2. Then

both U and P are smooth, P belongs to L
3
2 (R3), and moreover

���U + aU + a(y � r)U + (U � r)U +rP = 0 in R
3 : (3:1)

Proof: Above we have proved all the statements of the lemma except for the equation

(3.1). To prove (3.1), we let

F = ���U + aU + a(y � r)U + (U � r)U +rP :

We must prove that F � 0. Our assumptions imply that curlF = 0 and div F = 0 in R3,

hence �F = 0 in R3. Let � be a radial (i.e. depending only on jxj), smooth, compactly

supported function in R3 with
R
R3
�dx = 1. Since �F = 0, we have for each " > 0 (cf.

[St], page 275)

F (0) =

Z
R3

F (x)"3�("x) dx :

For each multiindex � = (�1; �2; �3) we have �(D�F ) = 0 and hence, for each " > 0,

D�F (0) =

Z
R3

D�F (x) "
3�("x) dx = (�1)j�j

Z
R3

F (x) "3+j�j (D��)("x) dx : (3:2)

Since F is analytic (see e.g. [Mo], page 166), it is enough to prove that D�F (0) = 0 for

each � with j�j � 0. From formula (3.2) we see that this will follow if we prove that for

each smooth, compactly supported function  in R3 we have

lim
"!0+

"3
Z
R3

F (x) ("x) dx = 0 :
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Using the de�nition of F , we see that we must prove

lim
"!0+

"3
Z
R3

�
� ��U + aU + a (y � r)U + (U � r)U +rP

�
 ("y) dy = 0 :

This can be done term-by-term, by using integration by parts and the assumption U 2

L3(R3), together with the fact P 2 L
3
2 (R3). For example, we haveZ

R3

(y � r)U(y) ("y) dy = �

Z
R3

3U(y) ("y) dy �

Z
R3

U(y)("yk )(@k )("y) dy

= �

Z
R3

3U(y) ("y) dy �

Z
R3

U(y) ~ ("y) dy ;

where ~ (y) = yk@k (y). Using the H�older inequality, we can write���� Z
R3

U(y) ("y) dy

���� � kUkL3(R3 )

�Z
R3

j ("y)j
3
2 dy

� 2
3

= "�2kUkL3(R3 )k k
L
3
2 (R3 )

:

Hence

lim
"!0+

"3
Z
R3

U(y) ("y) dy = 0 :

The other terms can be dealt with in the same way, and the proof is easily �nished.

Lemma 3.2. Let U = (U1; U2; U3) and P be as in Lemma 3.1. Then, for each k =

0; 1; 2; : : : ; we have

jr
kU(y)j = O(jyj�3�k) ; jyj ! 1 and

jrkP (y)j = O(jyj�2�k) ; jyj ! 1 :

Proof: Let T 2 R. For x 2 R3 and t < T we let

u(x; t) =
1p

2a(T � t)
U

�
xp

2a(T � t)

�
(3:3)

and

p(x; t) =
1

2a(T � t)
P

�
xp

2a(T � t)

�
: (3:4)

The equation (3.1) implies that u and p satisfy the Navier{Stokes equations (1.1) in

R
3� (�1; T ). We have U 2 L3(R3) and P 2 L

3
2 (R3) and hence

lim
�!1

Z
jyj��

�
jU j3 + jP j

3
2

�
dy = 0 :
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Using this, we check easily by an elementary change of variables that for each x0 2 R
3nf0g

there exists R > 0 such that

sup
T�R2<t<T

Z
BR(x0)

�
ju(x; t)j3 + jp(x; t)j

3
2

�
dx < "0 ; (3:5)

where "0 has the same meaning as in Proposition 2.1. Since (3.5) obviously implies

R�2
Z
QR(x0;T )

�
ju(x; t)j3 + jp(x; t)j

3
2

�
dx dt < "0 ;

we see from Proposition 2.1. that

sup
QR

2

(x0;T )

jr
ku(x; t)j � CkR

�1�k (3:6)

for each k = 0; 1; 2; : : : . Let 0 < �01 < �1 < �2 < �02 and let t1 < T . Since u is smooth in

R
3�(�1; T ) and x0 was an arbitrary point of R

3nf0g, we see from (3.6) and the obvious

compactness argument that the functionsrku(x; t) are bounded in 
�0

1;�
0

2
�(t1; T ), where


�0

1;�
0

2
= fx 2 R3; �01 < jxj < �02g. Let also 
�1;�2 = fx 2 R3; �1 < jxj < �2g. We claim

that, for k = 0; 1; : : : , the space derivatives rkp are bounded in 
�1;�2 � (t1; T ). To see

this, we note that for each t < T we haveZ
R3

jp(x; t)j
3
2 dx =

Z
R3

jP (y)j
3
2 dy : (3:7)

Since for each t < T we have

��p(x; t) = @i@j
�
ui(x; t)uj(x; t)

�
in R

3 (3:8)

we see from the classical elliptic estimates (cf. [Br]) that

kp( � ; t)kCk;� (
�1;�2 )
� ck

X
i;j

kui( � ; t)uj( � ; t)kCk;� (

�
0

1
;�

0

2
) + ~ckkp( � ; t)k

L
3
2 (R3 )

;

where we use the usual notation for the H�older norms. Since, as we have seen above, we

control the terms on the right-hand side, we see that rkp is bounded in 
�1;�2 � (t1; T )

for each k, as claimed.

We can now take the space derivatives of the Navier{Stokes equations to see that for

each k = 0; 1; 2 : : : the derivatives rk @
@t
u = @

@t
rku are bounded in 
�1;�2�(t1; T ). SinceZ


�1;�2

ju(x; t)j3 dx �! 0 as t! T�
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(which can be seen for (3.3) and the assumption U 2 L3(R3)), we see from the above

estimates and the Arzela{Ascoli theorem that rku( � ; t) ! 0 as t ! T� uniformly in


�1;�2 for each k = 0; 1; : : : . Therefore we can write, for x 2 
�1;�2 ,

r
ku(x; t) = �

Z T

t

r
k @

@t
u(x; s) ds

and by the estimates for rk @
@t
u(x; t) above we have, for k = 0; 1; : : :

jr
ku(x; t)j �Mk(T � t) in 
�1;�2 � (t1; T ) ; (3:9)

whereMk are suitable constants. We have seen above that we also have, for k = 0; 1; : : :

jr
kp(x; t)j � fMk in 
�1;�2 � (t1; T ) : (3:10)

It is now a matter of an elementary calculation to verify that (3.9) together with (3.3)

implies jrkU(y)j = O(jyj�3�k) as jyj ! 1 and that (3.10) together with (3.4) implies

that jrkP (y)j = O(jyj�2�k) as jyj ! 1. The proof is �nished.

Lemma 3.3. Assume that U = (U1; U2; U3) and P are smooth functions satisfying (1.3)

in R3. Then the quantity

�(y) =
1

2
jU(y)j2 + P (y) + a y � U(y)

satis�es the maximum principle, i.e. for each bounded domain 
 � R3 we have

sup
y2


�(y) � sup
y2@


�(y) :

Proof: We let eU (y) = U(y) + ay and eP (y) = P (y) � 1
2
a2jyj2. An easy calculation

shows that (1.3) is equivalent to

���eU + (eU � r)eU +r eP = 0

div eU = 3a

)
in R3:

Multiplying the �rst equation by eU we get

���eU � eU + (eU � r)
�1
2
jeU j2 + eP � = 0 :
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Hence

���
�1
2
jeU j2 + eP �+ (eU � r)

�1
2
jeU j2 + eP � = ��jreU j2 � �� eP

= ��jrU + aIj2 � ��P + 3�a2 = ��jrU j2 + �(@iUj)(@jUi) � 0 ;

where we denote by I the identity matrix. Since 1
2
jeU j2 + eP = �, we see that

����+ (eU � r)� � 0 in R3;

and the result follows from the standard maximum principle for elliptic equations (see

e.g. [GT]).

Remark: The fact that the quantity 1
2
juj2 + p satis�es a maximum principle for the

steady Navier{Stokes equations is well-known (see e.g. [Se2], page 261, or [GW]), and

has played an important role in recent results ([FR1], [FR2] and [Str2]) regarding the

regularity of solutions of the steady Navier{Stokes equations in higher dimensions.

Theorem 1. Let U be a weak solution of (1.3) belonging to L3(R3). Then U � 0 in

R
3.

Proof: Let P = RjRk(UjUk), where we use the notation introduced in Section 2.

By Lemma 3.1 the functions U and P are smooth and satisfy (1.3). Hence �(y) =
1
2
jU(y)j2 + P (y) + a y � U(y) satis�es the maximum principle by Lemma 3.3. Since

�(y) = O(jyj�2) as jyj ! 1 by Lemma 3.2, the maximum principle (applied to large

balls) implies that � � 0 in R3. Let � be as in Lemma 2.2 and assume moreover that

� � 0 in R3. For " > 0 let �"(y) = �("y). Since � � 0 in R3, we have
R
R3
��" dy � 0

for each " > 0. Since �" is radial and divU = 0, we have
R
R3
a (y � U)�" dy = 0 for

each " > 0. Since UjUk 2 L
1(R3) \ L2(R3) by Lemma 3.2, we see from Lemma 2.2 that

lim"!0+

R
R3
P�" dy = �1

3

R
R3
jU j2 dy. We infer thatZ
R3

1

2
jU j2 dy �

Z
R3

1

3
jU j2 dy � 0

and hence U � 0. The proof is �nished.

An alternative proof of Theorem 1: We feel that the following alternative way

of proving Theorem 1 is of interest. We let Q(y) = P (y) + a y � U(y). The system (1.3)

can be rewritten as

���Uj + Uk
@Uj

@yk
+
@Q

@yj
+ a yk

�@Uj
@yk

�
@Uk

@yj

�
= 0

divU = 0 :

(3:11)
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After multipying the �rst equation by
yj
jyj
, we obtain

yj

jyj

@Q

@yj
= ��Uj

yj

jyj
� Uk

@Uj

@yk

yj

jyj
: (3:12)

Denoting � = jyj and using Lemma 3.2, we see that @Q

@�
= O(��5) as � ! 1. Since

also Q(y) = O(jyj�2) as jyj ! 1 by Lemma 3.2, we see (by integrating along the rays

through the origin) that

Q(y) = O(jyj�4); jyj ! 1 :

Multiplying (3.11) by yj and integrating over R3 (which we can because all the terms

are integrable by the decay estimates for Q above and the decay estimates for U and P

established in Lemma 3.2), we obtainZ
R3

�
� �yj�Uj + yjUk

@Uj

@yk
+ yj

@Q

@yj

�
dy = 0 :

Integrating by parts (which, again, we can because of the decay estimates we have for U

and Q), we obtain Z
R3

�
jU j2 + 3Q

�
dy = 0 :

On the other hand, jU j2 + 2Q � 0 in R3 by Lemma 3.2 and Lemma 3.3 (see also our

�rst proof of the Theorem 1) and henceZ
R3

�
jU j2 + 2Q

�
dy � 0 :

Substracting
R
R3

�
2
3
jU j2 + 2Q

�
dy = 0 from this inequality, we obtain

R
R3

1
3
jU j2 � 0 and

the proof is �nished.

Appendix

Here we recall the estimates which can be used for the proof of Proposition 2.1.

Proposition A.1. Let Q = B1(0)� (�1; 0) � Rn�R and Q0 = B1�� �
�
�(1� �)2; 0

�
,

where 0 < � < 1 is a �xed number. (Typically we imagine that � is small.) Let

1 < p < +1 and f = (f1; : : : ; fn) 2 L
p(Q). Assume that v 2 L2(Q) is a weak solution

of the heat equation
@v

@t
��v =

@fj

@xj
in Q:
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Then v satis�es the following estimates (in which we use c to denote the \generic con-

stant" which can depend on p and �):

kDvkLp(Q0) � ckfkLp(Q) + ckvkL2(Q) ;

kvkLq(Q0) � ckfkLp(Q) + ckvkL2(Q) if
1

q
=

1

p
�

1

n+ 2
> 0 ,

kvkC�
par.(Q

0) � ckfkLp(Q) + ckvkL2(Q) if � = 1�
n+ 2

p
> 0 ;

where C�
par.(Q

0) denotes the space of functions which are �-H�older continuous with re-

spect to the parabolic metric in which the distance between (x; t) and (x0; t0) is given by

jx� x0j+ jt� t0j
1
2 .

Proof: These estimates are well-known and can be obtained for example by combining

the Lp-estimates established in [LUS], Chapter IV, Section 9, Theorem 9.1 with the

imbeddings established in [LUS], Chapter II, Section 3, Lemma 3.2 and Lemma 3.3.

Proposition A.2. Let B = B1(0) � R
n and let B0 = B1��(0), where 0 < � < 1 is a

�xed number. (Typically we imagine that � is small.) Let u = (u1; : : : ; un) 2 L2(B).

Then, for k = 1; 2 : : : we have

kDkukLp(B0) � ckDk�1 curl ukLp(B) + ckDk�1 div ukLp(B) + ckukL2(B) and

kDkukC�(B0) � ckDk�1 curl ukC�(B) + ckDk�1 div ukC�(B) + ckukL2(B) ;

where 1 < p < 1, 0 < � < 1, and c denotes the \generic constant" which can depend

on �, p, and �.

Proof: This is a well-known consequence of the classical Lp- and C�-estimates for the

Laplace equation.
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